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0.1. Introduction and main results. The problem of identifying G-invariant
tempered distributions for the action of a classical group G on a vector space has
been around for some time. In particular, the case of G = O(p, q) acting on R?*4
was studied by many people, among them Methee, de Rham, Girding, Tengstrand,
Gelfand, and Shilov, in [Me], [dR], [Ga], [Te], [GS], etc. In this article, we consider
the following.

Let G be a classical group of one of the following types:

0.1.1) O(p,q9), U(p,q@), Sp(p,q), Spm,R), O0*(2m),

and let V be its standard module, namely,

0.1.2) RP*e, CP*e, HP*4, RZ™, H™.

The action of G on V induces an (linear) action of G on L?(V*) given by

(013) (g.f)(vl, Uy .nes vk) = f(g—lvlﬂ g—-1027 ey g-lvk)

where f € L2(V¥),v,e V,1 <i<k
Let #(V*) be the Schwarz space of rapidly decreasing functions on V* and #*(V'*)
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be its continuous dual. In usual terminology & *(V*)is called the space of tempered
distributions on V*. See [Tr].

G acts on #(V¥) by the restriction of (0.1.3). Thus, we have the induced action of
G on F*(V*y.

(0.1.4) (g- D) =A™ f), AeF*V", feFg (V.

Let W = V* @ V*. We can define a real symplectic form { , ) on W (§1.1) such
that our original V* is a maximal isotropic subspace (a polarization). Also, there
exists a classical group G’ such that G and G’ are mutual centralizers in Sp = Sp(W),
the isometry group of { , ). In other words, G and G’ form a reductive dual pair in

Sp ([H1]).
We list below five corresponding dual pairs:

(1) (O(p, 9), Sp(2k, R)) < Sp2(p + 9)k, R),

@ (U(p, 9), Ulk, k)) = Sp(4(p + 9)k, R),
0.1.5) (3) (Sp(p, 9), 0*(4k)) = Sp(8(p + 9)k, R),

@) (Sp(2m, R), O(k, k) = Sp(4mk, R),

(5) (0*(2m), Sp(k, k)) = Sp(8mk, R).

Let Sp be the unique double cover of Sp and 7: Sp— Sp be the projection map.
For a subgroup B of Sp, let B = n71(B).

Since V¥ is a polarization of the symplectic form, the oscillator representation of
Sp, denoted by w, has a Schrodinger realization in L2(V*) ([Ge]). By twisting |z
with a character of G, the resulting action can be made to factor through the linear
G-action on L2(V¥) given by (0.1.3). Below, we shall always twist w|g by such a
character. Thus, we shall be concerned with G instead of G.

We denote the induced action of Sp on #*(V'*) still by the same symbol w for
reasons which shall be explained at the beginning of §2.1. But this slight abuse of
notation shall not cause any confusion.

Since G’ commutes with G, #*(V*)¢, the space of G-invariant tempered distribu-
tions is a G’ module under w. Let K’ be a maximal compact subgroup of G'. The
set of isomorphism classes of irreducible finite-dimensional representations of K'is

denoted by K’ and likewise for any compact group.

THEOREM L. (a) S*(V¥)® is the closed span of the set {w(g')d|g’ € G'}, where &
is the Dirac distribution at the origin of V*. In fact, it is the closed span of the set
{o(k')d|k’ € K'}. .

(b) The multiplicity of T in S*(V*)¢ is at most one for any © € K'. All the K'-types
which do occur in S*(V¥)¢ can be explicitly described. In fact, we shall exhibit a
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G-invariant tempered distribution with one of those K'-types by proving that the
projection of the Dirac distribution to such a K'-type is nonzero.

We pause to describe w|g. Let P’ be the subgroup of G’ which stabilizes the first
factor of W = V*@ V* Then G’ is generated by P’ and an element of order four.
For simplicity we shall only give explicit formulas of w|z and the action of that
element of order four for the case G = O(p, q), G' = Sp(2k, R). We shall use the
following notation throughout this article. For two integers a and b, M, , denotes
the space of matrices of order a x b. A superscript ¢t denotes transpose, and tr X
denotes the trace of a square matrix X. I, denotes the identity matrix of order k x k,
and 1, = <IS _01 ) Jo= <_01 g) Then, obviously, V* can be identified with

q k
M, ., «(R), and under this identification O(p, q) acts on M, , ,(R) via matrix multi-
plication on the left.

We have P’ =~ MN, where

M= {m(a) = (“ (ag-1>’ ae Glik, R)},

N = {n(b) = (g Z)‘ b=b'e Mk,,,([R)} ,

and G’ = Sp(2k, R) is generated by P’ and the element J,.
Let g, be the following character of M = {(m(a), ¢)|a € Gl(k, R), e = +1}.

[=]

(0.1.6)

{1, ifdet(@ >0,
xo(m(@), &) = & {i, if det(a) < 0.

o is of order four. We then have
[w(m(a), &) 1(x) = xo(m(a), &)*|det a|** P2 f(xa),  ae Gk, R),
(0.1.8) [w®®)](x) = e”"ra®f(x), fe L (Myigu(R)), Xx€ M, k(R),

1 \(p+ak2 o
(o) f1(x) = v, (2—) J e Irad f(y) dy.
T Mg i(R)

Hence, « = p — q (mod 4), and v, is an eighth root of unity. See [KV], [Ge], etc.
For explicit formulas in the other four cases, we refer the reader to [KV], [Ge],
and [GK2].
In order to state our second main result, we shall develop some more notations.
Throughout this article, if a Lie group is denoted by a capital letter, its Lie algebra
is denoted by the corresponding lower case German letter, and vice versa. Also, for
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a compact subgroup E of Sp, the set of E-types occurring in the oscillator representa-
tion w is denoted by R(E, w).

Let U be a maximal compact subgroup of Sp. We have U = U(]), the unitary
group in [ variables where 2/ = dim W. Let 2 be the (sp, U)-module of w, namely,
the derived (sp, U)-module on the space of U-finite vectors of w, and let

0.1.9) 2= Y o,

ve R(U, o)

be the U-isotypic decomposition.
Let C™*(V*) = o™ be the space of formal linear combinations

(0.1.10) Y f, feo,.

ve R(U,w)

We shall refer to @™ as the space of formal vectors of w, f,’s as the U Fourier
components of the formal vector Y., . r(i, ) f;- Thus, C~*(V*) is the space of general-
ized functions on V* with U Fourier components. Moreover, #(V*) (resp. #*(V*))
can be characterized as the subspace of C~°(V*) consisting of those elements such
that their U Fourier components decay rapidly (resp. grow at most polynomially).
See (2.1.2) and (2.1.3).

Because of the simple way P’ acts in the oscillator representation (see 0.1.8), we see
that for any ¢ € #(V*), the function

0.1.11) g'—w(g)e0), g eq

is in the space of the induced representation IndP '(x) for a character y of P’ trivial

on N. See §2.3 for details. We denote this natural map by A: ,V(V") —Indg( x)
Since. G’ = K'P", we can define the spaces C’°°(Indp (), L(ndf (),

.V*(Ind,. '(x)) according to the growth behavior of their K’ Fourier components

(§2.3).
We extend A: L (V*) - Indp ‘(%) to A: C™2(V¥) > C’°°(Indp (%)) by linearity.

THEOREM IL 4| g pge: S*(V¥)® — C‘°°(Ind;s, (x)) is injective. Possibly except for
G = Sp(p, q), we have

M grrge: SHV*E < #*(Indf (1),

and it is a topological embedding with closed image.

Remark 0.1.12. The complete description of #*(RP*9)°®:9 je, the case G =
O(p, 9), k = 1, was obtained by various people (Methee [Me] in the Lorentzian case,
Tengstrand [Te], etc.), though the results were not stated in our form. Here, it
is worthwhile to mention that certain structure results of &*(R?*9)°”9 can be
effectively used to give an elegant treatment for the fundamental solution of the
indefinite Laplacian ([dR], [HT]). For G = O(p, q) and arbitrary k, the description
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of #*(V*)S as the closed span of the set {(g’)d|g’ € G'} is due to Kudla and Rallis
[KR]. Our method is very different from theirs, and it is quite “canonical” from the
point of view of invariant theory.

We want to emphasize that there is another realization of the oscillator represen-
tation called the Fock model (§1.2). We shall exclusively work in this model.
Basically, there are two parts in our approach: uniqueness and existence. In the
uniqueness part we use extensively the fine structure of reductive dual pairs in the
Fock model as developed by Howe in [H2], in particular, “seesaw” dual pairs ([Ku])
and “diamond” dual pairs (§1.3). What we actually prove is that, for any 7 € K’, the
multiplicity of t in (0™ ®)®X) is at most one, where K is a maximal compact
subgroup of G. In the process we also single out all the possible K'-types which can
have a (g, K)-invariant in w~%. In the existence part we show that the projections
of the Dirac distribution to those “possible” K'-types are always nonzero. Except
for the case G = Sp(p, q) where we turn to a general result about multiplicity-free
actions ([Zhu2]), we accomplish this task by explicitly computing in the Fock model
the inner product of the Dirac distribution with some lowest highest-weight vectors.
This computation is made possible by a critical use of the famous Capelli identity
in classical invariant theory ([(W1])). Then the explicit inner product formulas are
used to derive some growth estimate for the K’ Fourier components of the Dirac
distribution, which implies Theorem II.

One feature of our approach is that the proof for various cases is parallel, and
therefore, in order to bring out the ideas clearly, we shall only give a complete proof
of Theorem I and Theorem II for G = O(p, q) (§2.1, §2.2, §2.3). The adjustments
needed for the other four cases are sketched in §3.1, §3.2.

1.1. Preliminaries: reductive dual pairs. Let F be one of the three division
algebras over R; i.e., F = R, C, H as usual. Recall that, as a real vector space, H has
a standard basis consisting of the four elements 1, i, j, k with rules for multiplication:

i?=j2=k>= —1, ij=—ji=k, jk=—kj=1, ki=—ik=j.
F has a standard involution §, namely,

identity, F = R;
h = < complex conjugation, F = C;
quaternionic conjugation, F = H.

We shall use a subscript L (resp. R) to denote a left (resp. right) vector space over
F. Let V = FF*1 be equipped with the nondegenerate b-hermitian form ( , ),

z, w,
(z, ), = z'I, ;W", z= : , w= : ev.

ptq
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Let G be the isometry group of ( , )y;ie.,

(1.1.1) G =0(p, 9), when F = R.
(1.1.2) G=U(p,q), when F = C.
(1.1.3) G = Sp(p, 9), when F = H.

We also introduce two other series of classical groups. We use the same notations
for convenience.
Let V = R?™ be equipped with the symplectic form ( , ),

X1 N1
(x’ y)l = xtmea X = s y= e R™

X2m Y2m

0 1
where J,, = ( I (')"), as usual. Let G be its isometry group; i.e.,

(1.1.4) G = Sp(2m, R).
Next, let V = HT be equipped with the §-skew-hermitian form ( , ),

hy hy
(hh), =RGIYY, h=|:|, w=|:]eHm
h, h.,

Let G be its isometry group. We identify H™ with C>™ by the rule

hy Zy
H"sh= | : | ez=| ! | eC™, ifh=z+z,uj,1<I<m.
hm Zom

Then, it is easy to see that G is isomorphic to the subgroup of GL(V, C) preserving
the two forms: z'z and z*J,,Z. In other words,

(1.1.5) G = 0*(2m).

See [Hel] for this description of O*(2m).

Definition 1.1.6. Let (W, < , ) be a real symplectic vector space. A pair of
subgroups (G, G') of the symplectic group Sp(W, { , »)is called a reductive dual
pair if
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(i) G’ is the centralizer of G in Sp(W) and vice versa, and

(ii) both G and G’ act (absolutely) reductively on W.

Below we introduce five reductive dual pairs listed in (0.1.5).

Let W = V*@ V* where V is one of the five vector spaces equipped with a
B-hermitian or B-skew-hermitian form (, ), specified above. Consider the
isomorphisms

WxVQpFidV®p Fk vV ® F2*.

Here, the right vector space structure of Fk (resp. FZ¥) is obtained by composing the
standard left vector space structure of F* (resp. F?*) with the involution .
F7* has a B-skew-hermitian form ( , ),:

((u, U), (u/, U,))Z — uvrht _ Uurlqt,
and a b-hermitian form, again denoted by ( , ),:
((u, v), (W', v')), = uo'™ + vu'™

where u = (uy, u,, ..., ;) € Ff, etc. For the first three series of classical groups, we
take (, ), to be h-skew-hermitian, and for the last two we take ( , ), to be
b-hermitian.

Let v be the reduced trace map from F to R, namely, v(1) = 3(1 + A%), A€ F.
Define ¢, > =v((, )y ®(, ))ie,

2@z, w@w) = v((z, w) (2, w)i), zZ,weV, z',w' e F3*.

Notice that, although the tensor product of forms over F does not make sense for
F = H, when you take the reduced trace, you do get a well-defined R-bilinear form.
In fact, a straightforward computation yields that { , ) is a real symplectic form
on W ([H4]). We denote the corresponding symplectic group by Sp = Sp(W).

Let G’ be the isometry group of (, ),. Obviously,

Sp(2k, R), if G =0(p, q)

Uk, k), ifG="U(p,q)
(1.1.7) G = < 0*(4k), if G = Sp(p, 9)
o(k, k), if G = Sp(2m, R)

Sp(k, k), if G = 0*Qm).

From [H1] we have the following proposition.

PrOPOSITION 1.1.8. G and G’ form a reductive dual pair in Sp.
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1.2. Preliminaries: the Fock model. For the following discussions we refer the
reader to [Ge], [Ba], [Ca], [Fo].

Fix a symplectic vector space (W, { , »),dim W = 2I,and a complete polarization
W=X®@®Y,;ie,both X and Y are maximal isotropic with respect to { , ». We
may select a basis {¢;}'_, for X, a basis { f;}-, for Y such that

<ei’ ej> = 0’ <f;’ fj‘> =0, <ei9 f)> = 6ij'

{e;, f;}}= is called a standard symplectic basis for the symplectic form { , ). Taking
the coordinates

(1.2.1) w= i (x;e; + i f0), weW

i=1

identifies W with R%' and the symplectic group Sp(W) with Sp(2l, R), the isometry
group of the symplectic form on R?! given by

X
’

< Y (x5 ¥)) = (%, )i <y )

where x = (xq,..., %), ¥y = (¥1, ..., y1) € R, etc.

Sp(W) acts on L2(X) via the Schrédinger realization of the oscillator representa-
tion w. (See [Ge, Introduction].) As usual, let sp be the Lie algebra of Sp = Sp(W).
Then w(sp) consists of the differential operators of total degree 2, i.e.,

X; X o 1 X 9 + 0
oy 2\ Max o

J

where {x;}’s are as in (1.2.1).
Now introduce a complex structure on W by setting

(1.2.2) z; = X; + iy;, 1<j<l.
Let

z2=(29,..,2) =Xy + Y1y ..., X+ iy))
with

Z2=(Z5.-5Z) = (X1 — i¥q5..0s X — iy)).

Set
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so that
|z|? =z-Z.

From [Ba], [Ca], we know that w may also be realized in the Hilbert space

AN
F = {f(z) holomorphic on W: (——l——) J |f(2)2e " dz, dz, ...dz, dZ, < oo}
2\/7_t w

with the inner product

i
2/n

1
(f1, f2) = ( ) wal(z)fz(z)e-‘lﬂ’ dz, dz,...dz dz,, fi.he#.

This is called the Fock realization. A straightforward calculation gives

0 \*
(1.2.3) (az,> z, 1<j<l

where A* is the adjoint operator of A4 acting on the Hilbert space #.

It is possible to write down the explicit isomorphism between the Schrédinger
model and the Fock model. (See [Fo].) For our purpose we need the following
properties of this isomorphism:

LA(X)se Lin¥2s1eF

and

1 /90 0 1 /90
(124) xj-»—ﬁ(gz-j+zj), gg_,_ﬁ(a_z;zj).

The following is an immediate consequence.
Let & be the Dirac distribution at the origin of X. Since ¢ satisfies

x;0 =0,
it must have the form
(1.2.5) d=eLn42  (up to ascalar)
in the Fock model.

Let U be the isometry group of z-Z'. It is isomorphic to the unitary group in /
variables, and it is a maximal compact subgroup of Sp. Now U can be identified



94 CHEN-BO ZHU

with {(g, 4)|g € U, A* = det g}. In the Fock model, U acts in a simple manner:

(1.2.6) o(g, Nf(e)=4"fg7'2), G=(9.Hel.

We remark that (1.2.6) is often abbreviated as

(1.2.7) w(9)f (') = (det g)2f(g7'2').

1.3. Preliminaries: structure of dual pairs in the Fock model. We now review
some results we will need from [H2]. We shall state everything in the Fock model
o of the oscillator representation of Sp = Sp(2, R), sometimes without explicitly
mentioning w.

Choose a maximal compact subgroup U of Sp as in §1.2. In the Fock model, 2,
the space of U-finite vectors in w is isomorphic to 2, the space of polynomials on

C' with complex coordinates z,, ..., z, as in (1.2.2).
Using this identification, we have
(1.3.1) o(spe) = spt Y @ sp? 9 @ sp©2
where
1 0 0
(1,1 f4(z.— + —z,
sp span o { 3 (z, 5, + azjz,)} R
(1.3.2) sp>9 = span of {z,z;},
(0,2) o
2 = f .
sp span o { oz, 6zj}
Here and afterward, a subscript C denotes complexification.
Let
(1.3.3) sp=udq

be the Cartan decomposition of sp with this choice of U. We then have
(13.4) oluc)=sp™V,  wlac) =sp*? @ sp©?

Consider a reductive dual pair (G, G’) = Sp. We may assume G and G’ are
embedded in Sp in such a way that the Cartan decomposition (1.3.3) of sp also
induces Cartan decompositions of g and g'. Thus,

g=f®p, f=ung, p=qgng,
(1.3.5)
g/__:f@p/’ f,=ungl, p/=qmg/‘
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Fact 1.3.6.  and t are themselves members of reductive dual pairs (£, m') and
(m, ¥) ([(H2, p. 539]):

f ¥
N N
m m.

The pairs of Lie algebras placed in the opposite position of the above diagram
are reductive dual pairs. Therefore, they are called “seesaw” dual pairs. See [Ku].
We have the inclusions

f ¥
In In
(1.3.7) g g
In n
m m.

Since f < u(resp. ¥ < u), ad f(resp. ad ¥') preserves the decomposition (1.3.1), and
since m’ (resp. m) is the full centralizer of £ (resp. ¥') in sp, we have

m,C = m/'LD (o) m'0 ® m'(O,Z)’ med = m’C A 5p(i,j),

(1.3.8)
me = mt Y @m0 @ m©2), md = me A sptd,
Let
(1.3.9) mit) = mbYVAgp, mgt ) = 'Y Agp,

Clearly, m§*V (resp. mg* 1) is the Lie algebra of a maximal compact subgroup of
M (resp. M').

Fact 1.3.10. (m{"D, m{* V) is a reductive dual pair in sp ([H2], p. 540).
Thus, we can expand (1.3.7) to

mgl,l) m/o(l,l)
Z ) 22 N
(1.3.11) f m w ¥,
A\ 7 S 2
g g

The pairs of Lie algebras similarly placed in the two diamonds are reductive dual
pairs. Therefore, they are called “diamond” dual pairs.
Lastly, we have the following embedding property.
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Facr 1.3.12 ([H2, p. 540])
Mm@ m® =p . @m®? =m0 @p,.

List of “diamond” dual pairs ([H2])
Casel. G=0(p,g), G = Sp(2k, R).

U(p) x U(q) U(k) x U(k)
7 AN v 2\
(1.3.13) O(p) x O(q) U(p,q)  Sp(2k, R) x Sp(2k, R) U(k)
< Z N 2
O(p, 9) Sp(2k, R)

Case2. G=U(p,q, G = U(k,k).

U(p) x U(q) x U(p) x U(q) Uk) x U(k) x U(k) x U(k)
& ©° Y A\
(13.14) U(p)x U@ U(p,q) x U(p,q) Uk k) x Uk k) U(k) x Uk)
< & \0
Up, 9 U(k, k)

Case 3. G =Sp(p,q), G = O*4k).

U@2p) x U(2q) U(2k) x U(2k)
7 N 7 N
(1.3.15)  Sp(p) x Sp(q@)  U(2p,2q)  O*(4k) x O*(4k)  U(2k)
© & o
Sp(p, @) O0*(4k)

Case4. G=Sp(2m,R), G = O(k, k).

U@m) x U(m) U(k) x U(k)
Y © v W
(1.3.16) U(m) Sp(2m, R) x Sp(2m, R) U(k, k) O(k) x O(k)
© & © Y
Sp(2m, R) O(k, k)

Case 5. G =0*2m), G = Spk, k).

U(m) x U(m) U(2k) x U(2k)
7 Q 7 N

(1.3.17) U(m) 0*(2m) x 0*(2m) U(2k, 2k) Sp(k) x Sp(k)
< Z A\

4
0*(2m) Sp(k, k)
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Let us define the space of K’'-pluriharmonics.
(1.3.18) H(K)={Pe?|X-P=0forall X e m®?}.

(By [H1], m©®? consists of all ¥-invariant differential operators of second order in
2. Therefore, we have the name K'-pluriharmonics for #(K’).)
Let

(1.3.19) P?= 3 2

te R(K’', )

be the isotypic decomposition of £ as a K’-module.
The following theorem is a generalization of the classical theory of spherical
harmonics.

THEOREM 1.3.20. (See [H2], p. 542.)

(a) The joint action of m x K’ on 2, is irreducible for each t € R(K', w).

(b) #(K'), = P.n #(K') consists precisely of the space of polynomials of lowest
degree d(t) in 2..

(c) One has 2, = UM?9)- #(K'),, where U(m'*?) is the universal enveloping
algebra of mz:9,

(d) The group K’ and the Lie algebra m**V) generate mutual commutants in #(K').
Equivalently, each #(K’), is irreducible under the joint action of mV x K', and, if
we write #(K'), = p(t) ® t for t € R(K', w), then t determines p(t) and vice versa, so
that ©+ p(z) is an injection from R(K', w) into Rm™ Y, w), defined similarly.

Below, we give the description of R(IZ’,\ w), the correspondence t+ p(r) for
G = 0(p, q), G’ = Sp(2k, R). See [KV] for the other cases. In the present case we
have U = U((p + g)k), K’ = U(k), M = U(p, q), M"Y = U(p) x U(g).

The U-finite vectors of w form a space isomorphic to # = 2, ,, the space of
polynomials on M., ,(C). Moreover, if we write the coordinates in terms of a

z
k .
(p + q) x k matrix W
(24 Zlk1
(13.21) (Z)___ e I |
w Wi ... Wi
\qu w‘lka

then U(p) x U(q) x U(k) acts by

. o~ (Zz a*d"?g,ZD!
(1322 (01,92, D)o <W> - (b-kd"(g;)-l wn‘)
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where §, = (gq, a) € U(p) with a® = det g,, §, = (g5, b) € U(q) with b = det g,
and D = (D, d) € U(k) with d? = det D. (See 1.2.6 of Preliminaries.)

m© 2, being the space of F-invariant differential operators of second order in 2,
is spanned by

and, therefore, #'(K') is the space of polynomials f on M, ,(C) x M, ,(C)satisfying
(1.3.23) (A ;f)(z w) = 0.

We denote by b;", b, the upper and lower triangular Borel subalgebras of gl(k, C),
i.c., the Lie algebras of the upper and lower triangular matrices of order k x k,
etc. With respect to b, x by x by the simultaneous highest weight vectors of
U(p) x U(q) and U(k) in s#(K') are of form ([KV])

(1.3.24) d(Z)dy(Z)%... d(Zyed (WP d,(W)P>...d(W)Ps
where
211 DY Zli
d(Z)y=det | ... ... ...|, 1 < i < min(p, k),
Zil e Zii
. Wik—j+1 -+ Wik
d(W) = det AU 1 €j < min(g, k),
Wik=j+1 <+ Wik

a;, B; are nonnegative integers. 5 ~ -
Parametrizing the irreducible representations of U(p) x U(q) (resp. U(k)) by their
highest weights with respect to by x b (resp. b;), we have the following theorem.

THeOREM 1.3.25 ([KV]).

(&) R, ) = {r=(l’_;—"?_.g_ﬂ)

+(ay,a3,...,a,0,...,0, —b,, —by_4, ..., —b,)};

a1>a2>"'>at>0, b1>b2>"'>bs>0,

t < min(k, p), s < min(k, q).
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(b) If T e R(K', ) and if

t= (p—g—q,...,p—;—q>+(a1,a2,...,a,,0,...,0, —b, —by_y,..., —by),

then the representation p(t) is equal to p,(t) ® p,(t), where

k k
pl(T)= (_—2"---, _'2‘> +(09°'-,0, —Qpy —Qpgs -y _a1)3

kK k
p,(7) = (E,...,§>+(b1,b2,...,bs,...,o,...,()).

2.1. K’—multiplicity-one property: G = O(p, q) case. We begin with some
discussions about formal vectors (see 0.1.10 for the definition) and tempered
distributions.

Let Sp = Sp(W) be a real symplectic group and let U be a maximal compact
subgroup of Sp. Let w be the oscillator representation of Sp, ? be the space of
U-finite vectors of w, and w™® be the space of formal vectors of w, as in the
Introduction.

Recall the Fock model of w. Let {z,, ..., z;} be the complex coordinates in this

L z’l‘l...z{"} form an
N e (N A
orthonormal basis of 2. Recall also that the Schrodinger model of w is realized in
L?(X), where X is a factor of the complete polarization W = X @ Y. Let {¢;,, .}

model. (See 1.2.2.) Then the monomials

correspond to ki ...zP % under the isomorphism from the

1
WPk, . ) ‘
Schrédinger model to the Fock model. Then, in fact, {¢, }’s are the so-called
normalized Hermite functions ([H5]). They are inside the Schwarz space &(X), and
they form a basis of £ in the Schrédinger model. Since £ is dense in #(X), we see
that a tempered distribution is determined by its values on ¢, ., . This fact allows
us to represent a tempered distribution A by the formal vector

(2.L.1) Z Akl,.‘.,k,¢k1 ..... ki > where ;%,,...,k, = A(¢k, ..... k,)-
Thus, we have

P PSHX) < 0.

Moreover, if we let {x,, ..., x;} be the real coordinates in X (see 1.2.1), then we

..........
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is of Schwarz class if and only if

(2.1.2) Y Ayt (1 + ki + - kY < oo
ky

.....
[

for any positive integer r ([HS]). Similarly, ) ,,
distribution if and only if

.....

(2.1.3) iyt S+ K3+ kPN

for some N.

Let us look at the reductive dual pair (G, G') = (O(p, q), Sp(2k, R)) = Sp(2], R),
I = (p + q)k. We shall write Sp instead of Sp(2!, R). Let w be the (twisted) oscillator
representation of Sp associated to the above dual pair. (See the Introduction.) Recall
that K = O(p) x O(q) is a maximal compact subgroup of G and that K’ = U(k) is
a maximal compact subgroup of G’. We may choose a maximal compact subgroup
U of Sp in such a way that (see 1.3.5)

(2.14) K=UnG and K =UnG'.
We have the (sp, ) module ™. For 7 € K’ define

M ((0~=) %) & multiplicity of 7 in (w~°)*® % dim Homg. (z, (0~®)®X).

The purpose of the remaining part of this section is to prove M((w™*)*¥) < 1.
For the compact case G = O(p) we use the following “seesaw” dual pairs (see 1.3.6)
and explore the fact that O(p) < U(p) is a compact spherical pair, i.e., dim n°® < 1,
for n e U(p).

0(p) U(k)
(2.1.5) In N
Ulp)  Spk,R)
For the noncompact case G = O(p, q) we use the following “diamond” dual pairs
(see 1.3.13) and prove a reduction result which essentially says the following: A

holomorphic representation of U(p, q) has an O(p, q) invariant only if its lowest
U(p) x U(q)-type has an O(p) x O(q) invariant.

U(p) x Ulg) U(k) x U(k)

Z © 0/ \0
(21.6) O(p)x0(q) U(p, 9 Sp(2k, R) x Sp(2k, R) U(k)

© & Q 2

0(p, 9) T Sp(2k, R)
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We shall deal with the case G = O(p), G' = Sp(2k, R), first.

PROPOSITION 2.1.7. M((0™®)?P) < 1 forte ﬁ(k). It is equal to one if and only
if T has highest weight

pp p
(5,5,...,5) + (a;,a5,...,4,0,0,...,0),

a, = a, = = a,>0, all even integers a; for j < t < min(p, k).

Proof. Recall the “seesaw” dual pairs (2.1.5). Fort € fl(k) let 2, be the t-isotypic
component of 2 as before. By the standard result of Howe ([H2]) or [KV], we have

Z.20()®7
where (1) € U(p). Thus,
POD = 6(1)°P Q1.
Observe that the injection
Homygy, (1, ) = Homygy, (1, ™)
induced by 2 <» @™ * is an isomorphism. Therefore,
M((w™=)?@) = dim Homg, (t, (0~*)°®) = dim Homg, (r, 2°®)
= dim o(1)°?.

Observe also that the pair O(p) < U(p) is a compact symmetric pair with 6 as the
involutive automorphism:

op<sUp), 6X)=X.
By a classical result due to Cartan (see [He2]), it is a compact spherical pair. Thus,
218) M(@w )" <1, and M((w ®)??)=1 ifandonlyif a()°? #0.
From the theory of models of representations for the classical groups ([BGG])
or from classical invariant theory ([H1]) (see also [He2]), we know o(z)°® # 0 if
and only if the highest weight of () is of the form

(2.1.9) D =(ay, ay,...,a,), a;e2Z, 1<i<p.

Let us describe o(t) in the Fock model of w. This is more or less a special case of



102 CHEN-BO ZHU

Theorem (1.3.25) for g = 0, except that our w|5, here is twisted by a character of
O(p). For that reason we still give some details.

The U-finite vectors of @ form a space isomorphic to 2, ,, the space of polynomi-
als on

Moreover, U(p) x U(k) acts by
(§, D)o Z = a*dPgZD™!

where § = (g, a) € U(p) with a> = det g and D = (D, d) e U(k) with d* = det D.
From [KR] we know that the action of U(p)|5, % U(k)

(2.1.10) (§, D)o Z =dPgzZD!

descends to O(p). We also know from Theorem (1.3.25) that, if T € 0 (k) has the
highest weight

pr p
(5,5,...,5> +(ay,a,,...,a,0,...,0),

then the representation a(t) € ﬁ(p) has the highest weight

kK k k
(—5, 50 uies —§> +,...,0, —a, —a, ..., —a,).

Thus, it is the representation of U(p) with the highest weight (0,...,0, —a,,
—a,.4, ..., —ay) which descends to the linear O(p) action.
Combining the above with (2.1.8) and (2.1.9), Proposition (2.1.7) follows.

Now we deal with the noncompact case: G = O(p, q), G’ = Sp(2k, R). Recall
K = 0(p) x 0(q), K’ = U(k), M = U(p, q), and g = I @ p is the Cartan decomposi-
tion of g, me = m*Y @ m? 9 @ m©®? is the Harish-Chandra decomposition of
me asin(1.3.8). For other notations in the following, we refer the reader back to §1.3.

Recall also the K'-isotypic decomposition of 2

7= Y 2

te R(K',w)

where R(K’, w) is defined as in §0.1, namely, as the set of the K'-types occurring in
the oscillator representation w associated to the dual pair (G, G') = Sp.
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Fix 7 € R(K’, w). By part (c) of Theorem (1.3.20)
P, = Um?M)- #(K'),.

Since all of the operators in m@9 raise the degree by 2, we have the following
(unique) decomposition for a vector v e 2.

(2.1.12) V=10, + Vg4 + Vita + e

where d = d(7), the lowest degree in 2., and deg vy,,; =d + 2i,i = 0.

We denote by P: vi—v,, forve 2.

Since K commutes with K’, it preserves #,, and, since K < U, it preserves the
degree. Therefore, the decomposition (2.1.12) is K-equivariant. In particular, if v is
(¢, K)-invariant, v, ,; is K-invariant for any i.

PROPOSITION 2.1.13.  P: (0™ ®)®K = 26K _, 3¢(K')X is injective for t € R(K', w).

Proof. Suppose v € %% and v, = 0. Let i be the smallest nonzero integer such
that v,,,; # 0. We shall arrive at a contradiction so that v = 0, and the proposition
will follow.

For any X € pc we have X-v =0 by the g-invariance assumption. Since we
choose K, K’, and U so that (2.1.4) is satisfied, we have the “embedding” property
(see 1.3.12)

(2.1.14) m>»2dm®? =p. @m®? = m>9@ p.
Thus, we can write (uniquely)
X=Ly+ Ry, Lyem®?  R,em?9,
Now
0=X-v=(Lx+ Ry) (Var2i + Vas2i42 + )
= LyVg42; + RyVgs2i + LxVsrzirs + RxVaraivz + .
Since Ly lowers the degree by 2, Ry raises the degree by 2; the above implies
Lyvg42;=0.

Since {Ly} ., spans m®? by (2.1.14), we see that v,,,; is K’-pluriharmonic, and
therefore, it has to be of the lowest degree d, a contradiction. O

By Theorem (1.3.20), #(K'), = p(r)®t, where p(t)e U(p) x U(q). So we
have #(K')¥ = #(K')2P*0@ ~ p(7)?P*%@ @ 1. Since the pair O(p) x 0(q)
U(p) x U(q)is the product of compact spherical pairs O(p) = U(p)and O(q) < U(g),
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the dimension of p(t)?P*%@ is at most one. It is equal to one precisely when the
highest weights of p(t) are “even” as in (2.1.9). Using the explicit description of p(t)
in Theorem 1.3.25 and adjusting for the fact that we are using the twisted oscillator
representation (see [KR] and the proof of Proposition 2.1.7), we obtain the follow-
ing theorem.

THEOREM 2.1.15. Let (G, G') = (O(p, q), Sp(2k, R)) be the reductive dual pair in
Sp(p + g)k, R) and w be the (twisted) oscillator representation of SpQ2(p + g)k, R).
Then M((0™®)¢%®)< 1 foranyt e ff(k). It is equal to one only if the highest weight
of t is from the set R,

P—qp—4q p—4q
< 2 Py 2 IREEE) 2 >+(a1,a2,...,a,,0,...,0, —bs,..., ""bz, —bl)’

aza,z=2a>0, by=2b,z2-2b>0, t<min(k p), s<min(k,q),

a;, b; are all even integers.

Remark 2.1.16. The injective map P in Proposition (2.1.13) has to be bijective,
for the multiplicity of t in #(K')¥ is at most one. Thus, we can replace the word
“only if” in Theorem (2.1.15) by “if and only if”. We caution the reader that, even
with this improved version, we are still not sure whether there are O(p, g)-invariant
tempered distributions with the U(k)-types specified in the above theorem. At this
point we have only proved that there are (o(p, q), O(p) x O(q))-invariant formal
vectors with these U (k)-types.

2.2, Existence of invariant distributions: G = O(p, ¢) case. In this section we
shall exhibit O(p, g)-invariant distributions with appropriate U (k)-types by showing
that the projections of the Dirac distribution onto those U (k)-types are nonzero.
Our strategy is as follows: For G = O(p) we first use a variant of procedure (1.2.5)
to give an explicit formula of the Dirac distribution J as a formal vector in the Fock
model. We then explicitly compute the inner product of 6 with the simultaneous
U(p) x U(k) highest-weight vectors. For G = O(p, q) the desired result is an easy
consequence of these inner product formulas together with the explicit description
of U(k)-pluriharmonics and functorial properties of the Dirac distribution.

Let (G, G') = (O(p), Sp(2k, R)) = Sp(2l, R), | = pk. Let (x;); <i<p,1<j<k D€ the real
coordinates of V* = M, ,(R) and Z = (z;)); <i<p, 1< j<i_be the complex coordinates
in the Fock model of the oscillator representation of Sp(2/, R), as in §2.1.

Since the isomorphism of the Schrédinger model with the Fock model is such that

1 0 0 1 0
2.2.1 o | — a1, — | =z
( ) Y \/5 <azij * le) axij ” \/5 (azij z])

and since the Dirac distribution at the origin of V* satisfies

xijé = O,



INVARIANT DISTRIBUTIONS OF CLASSICAL GROUPS 105
then it must have the form
22.2) §=e LuZ?  (up to a scalar)

in the Fock model. See (1.2.4) and (1.2.5).
Recall the “seesaw” dual pairs (1.3.6)
0(p) U(k)
In In
Ulp)  Sp(2k R).

We know that all the simultaneous highest-weight vectors of U(p) x U(k) are of the
form

(2.2.3) dirdsz...d*
where
le Y 21”
d,=d,2Z)=det | ... ... ...|,
Zyi  eer Zpg

oy, 0, ..., O, are nonnegative integers, n < t < min(p, k). See (1.3.24). Let

(0 o 0
0zyy 0zy, 021,
a a LI a
(2.2.4) a” = det 6221 6222 aZZn
0 d . 0
L 0z,, 0z, 0z, |
) 0
Therefore, since —52—6 = —z;0, we see that
ij
J 0 0
2.2.5 0,0 = sgn(o o
( ) v;S.. n )aza(l)l aza(z)z aza(n)n

=(=1 ZS $80(0)Z4(1)120(2)2 - --Za(n)n5 =(—1)"d,0.
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Let us now recall the Capelli identity ((W1], [H1]). In our context it asserts

(2.2.6) d,0, = det(Ej; + 6(t — 1)1 <i<r,1 <)<t
Ei,+@t—-1) E, ... EY,
= det 21 Ep+(t—2) ... Ej
Bl B .. E,
where

! 0
t
Ej= ) Zuig >
n=1 uj

and det(A;), for a matrix {4, 1 < i, j < n} of noncommuting variables, is defined
to be

Z Sgn(U)Ac(l y14s2)2 -+ Aot -

ceS,

LemMA 2.2.7. Ejdf{dy...d)=0,1<i<j<t.

211 - 2y
Proof. Gl(t,C)actsonZ,= | . . . | byrighttranslation with the derived
Z! 1 M ztl
action of gl(z, C) given by ef; — E};, where ej; is the t x t matrix with one at the (i, j)
entry and zeros elsewhere. The lemma follows by observing that d§:d52...d* is
invariant under the upper triangular matrices with ones in the diagonal.
Applying the Capelli identity to d$:d52...d, we get

d,0,ddg ... d%) = det(EYy + 5,(t — i))d2d%...d%  (by 2.2.6)
t
=[] (% + (¢ — i))dude...d=  (by2.2.7)
i=1

= B(ay, 03, ..., a,)d{rd5?...d¥*

where

(2.2.8) B(oy, a3, ..oy t) = [ {ﬁ [o, + (t — i)]}.

i=1 (s>i
In other words,

(2.2.9) 8,(dnde...d*) = B(ay, ay, ..., a)dB1d% ... do L,



INVARIANT DISTRIBUTIONS OF CLASSICAL GROUPS

%*
Since in the Fock model, we have (;,Z—) = z;;(see 1.2.3), we have
ij

(2.2.10) ax =0,.
We compute the inner product

(22.11) (0, dprdsz...dY)
=(0,d,-dprdg...d="")
=(8,0,dpd%...d»"")  (by 2.2.10)
= (—1)'(d,5,dpd3...d»"")  (by22.5)
= (—1)(5, o,(d{d5>...d>""))  (by2.2.10)
= (—1)B(ay, 0g, ..., 0 — 1)(5, d31d%...d*"?)  (by 2.2.9).

By the above recursion formula we obtain the following proposition.

107

PROPOSITION 2.2.12. Let ¢, = d{1d32...d¥ for o = (0y, 0y, ..., &), 0; 20, t <

min(p, k). Then
(6, ¢,) #0

if and only if o; € 2Z*,1 < i < t. Moreover,

1<ist f1<e;€a;-1
c;odd

(2'213) (6’ ¢a) = [ H ],_[ ('— l)iB(“la “2’ (RS ] ai—la ci)J (1, 1)

if ay, dy, ..., o are all even.

For Theorem II we need a formula for (¢,, ¢,). We derive it by similar means.

PROPOSITION 2.2.14.

(¢a’ ¢¢)= ( 1_[ B(“l,ab""ai—l’ci))(l’ 1)
1<ist 1<¢<y
Proof. We have
(> ¢) = d*d3>...d7, dT'd3>...d)
= (0,(dd>...d™), d3rd3>...dM"1)
= (B(ay, ay, ..., 0)d0d% .. . d%, ddse .. d=1).

By induction we get the desired formula for (¢,, ¢,).
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Now assume G = O(p, q). Let R, be the set of 7€ ﬁ(k) specified in Theorem
(2.1.15).

THEOREM 2.2.15. The Dirac distribution at the origin of V* = (RP*9)* has a
nonzero projection to the t-type for any t € R,,.

Proof. Recall again the two diamonds of reductive dual pairs (1.3.13)

U(p) x U(g) U(k) x U(k)
G < 2 X
O(p) x 0(q) U(p, 9) Sp(2k, R) x Sp(2k, R) U(k).
N & N 7
O(p, 9 Sp(2k, R)

From Theorem (1.3.25) we know that, if 1€ R, & 0 (k) has the highest weight

(p~q pP—4q p—4q

e )+(a1,a2,...,a,,0,...,0,—bs,...,——bz, —b,),

a,za,z22a>0, bjz2b,=2--2b>0, t<mink, p), s<min(k,g),

a;, b; all even, then the simultaneous highest-weight vector of #'(K’), (the K" = U (k)-
pluriharmonics of type t) under the joint action of U(p) x U(q) x U(k) is

U, =0, ® v,
where
v, = dy(Z)"72d,(2)7% .. d(Z)™
and
v, = dy (W) 2d, (W)™ d(W)Ps.

See §1.3 for the notations.

Let 8, (resp. 8,) be the Dirac distribution at the origin of (R?)* (resp. (R9)¥), the
direct sum of k-copies of R” (resp. R?) for which R?*4 = R? @ R Since ay, ..., a,,
by, ..., bsare all even integers, we have (3, v,,) # 0,(J,, v, ) # 0 by the inner product
formula (2.2.13).

Now the Dirac distribution § at the origin of (R?*9)* can be expressed as

(2.2.16) 0=6,®9,.
We have

(2.2.17) (6, v) = (6, v:,) (0, v, ) #0. O
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Combining Theorem (2.1.15) with our present Theorem (2.2.15), Theorem I
follows for G = O(p, q).

2.3. A topological embedding. In this section we show Theorem II for G =

O(p, 9).
Recall the dual pair (G, G') = (O(p, q), Sp(2k, R)) < Sp(2(p + q)k, R). Recall also
the Siegal parabolic subgroup P’ of G'. P' @ MN, where M, N are given in (0.1.6).
For o € Z/4Z, s € C, let x*(s) be the following character of M:

1°(5)(m(g), &) = |det(g)I°xo(m(g), &)

where y, is as in (0.1.7). We extend this to a character of 13;’ by letting N act trivially
and define I*(s) = Ind§ x*(s) to be the representation of G’ induced from x*(s), i.e.,

231)  IPs)={f: G >Clf(g'p) = 1*(5)P)f(g'). g’ € G,p e P}.

G’ acts on I%(s) by left translation.
From the explicit formula (0.1.8) of the oscillator representation, we see that the
image of the natural map

SV 2 ¢ o(g)4(0)

lies in I*(s,) for s, = Pt q’ oy = p — g (mod 4). We denote this map by

2
(2.3.2) A L(VF) - I%(sg).

Recall C™(V*) = 0™, the space of formal vectors of the oscillator representa-
tion. (See the Introduction.) We would like to extend the domain of the map A from
F(V¥) to C™°(V*). To do this we need to define the space C~°(I*(s,)).

Recall that K’ = U (k) is a maximal compact subgroup of G'. Since G’ = K'P’ and
K'n P’ = O(k), we see that restriction to K’ yields an isomorphism: I*(s,)
Indg{(x*), where x* is the character of U(k) whose differential on the maximal

torus is given by the weight 1_7_'2'_9_(1’ 1,...,1). Obviously, we have Indg{’,g(x“") =

Indj®1 ® x*% =~ L3(U(k)/O(k)) ® x*, where 1 is the trivial representation of U (k),
L*(U(k)/O(k)) is the U(k) module by left translation. Thus,

(2.3.3) I%°(s) = L> (U (k)/O(k)) ® x*.
This isomorphism allows us to identify I%(s,) with the space of functions on
U (k)/O(k).
Let
(234 LAU(k/O(k)) = Y. L*(U(k)/O(k)),

teR
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be the U(k)-isotypic decomposition, where R is the set of U(k)-types occurring in
L2(U(k)/O(K)). By (2.1.9), T € R if and only if the highest weight of 7 is “even”. But
we shall not need this fact.

Let C™°(U(k)/0(k)) be the space of formal linear combinations

(2.3.5) tEZth, f. € LAU(K)/O(K)), -

We define #(U(k)/O(k)) to be the subspace of C™*(U (k)/O(k)) consisting of those
elements such that its U (k) Fourier component f; decreases rapidly; namely,

2.3.6) Y @+ Py IfilE < o for any positive integer r.
teR

(See [Wal] for the definition of ||z}, etc.) We also define &*(U(k)/O(k)) to be the
subspace of C™*(U(k)/O(k)) such that

23.7) 112 <@+ (t)?)¥  for some positive integer N.

It is well known that these characterizations completely determine the topologies
of #(U(k)/O(k)) and £*(U (k)/O(k)).

We now transport everything back to I*(s,) by using the isomorphism in (2.3.3)
and define the corresponding spaces C~°(I*(s,)), L(I%0(s0)), L*(I*°(so)).

We extend A: #(V*) - I%(s) to A: C™(V*) = C~°(I%(s,)) by linearity.

THEOREM 2.3.8. 4| g*prjou0 is injective. Moreover,
(Vk) Y

1 SHVROD < FHI%(sy)),

and it is a topological embedding with closed image.
Proof. Injectivity. For A € #*(V*)0P9 Jet

A= Z~ A,
te Roc U(k)

be its isotypic decomposition into U (k)-types. (R, is given in Theorem 2.1.15.) Also,
let

5= Y. 6.

teRoc U(k)

By Theorem (2.2.15), 8, # 0 for 7 € R, o
Suppose that A # 0. We can pick some 7 € R, & U(k) such that 4, # 0. Now for
k' € U(k) we have

(2.3.9) MA) (k') = w(k')A.(0) = (6, w(k')A4,) = (6., w(k')A,).
See convention (2.1.1) for the equality w(k')A4,(0) = (9, w(k')A,).
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Since S*(V*)2®-9 is multiplicity one, {w(k')4,|k’ € U(k)} spans S*(V*)2®9, Since
0 # 6, € S¥(V*)?P9_expression (2.3.9) cannot be identically zero. This proves that
A g*pryowo 18 injective.

Topological embedding. For G = O(p)let us prove the following growth estimate
for the U (k) Fourier components of the Dirac distribution:

(23.10) (—%%'-)a, 1) < 16, )1 < (s $(1, 1)

where o = (24, 5, ..., &) is “even” as in (2.1.9), P is some polynomial. See Proposi-
tion (2.2.12) for the notations here.
From (2.2.13) and (2.2.14) we have

1<ist f1<g<a—1
c;odd

(6’ ¢a) = ( l_[ l—[ ("l)iB(al’ 02y w0y Xiog, C,-))(l, 1)’

(¢aa ¢a) = < H l_[ B(al’ Ay eeny Ximyg,s ci))(la 1)

1<i<t 1<ei<ay
Therefore,

I(‘S’ ¢a)|2 = B(al’ Oy evns Xi—ys ci)
(¢a9 ¢a)(13 1) 1<igt f1<ei<ay—1 B(al’ Olgy eevy ®i—q, C; + 1) '

c;odd

Since
(23.12)  B(oy, a5, .05 #—y, X) < Blotg, g,y ...y %1, ), 0<x<y,

by the explicit formula (2.2.8) of the function B, we obtain the second equality in
(2.3.10).
On the other hand, we have

B(oty, 0tpyevvs 0yg,s C;)

1<c;<a—1 B(al, Upyeeey Biqs C; + 1)
¢;odd

_ Bloy, a5, ..., 044, )B(aty, g, .05 0, 3). .. B(oty, 00, .0, g, 0, — 1)
B(oty, 0tpyuny 0_qs 2)B(0ty, Oy ooy 81, 4) ... B(aty, 0lpyvvny 0_q, &)

B(oty, 0ty eevy 0iq, 1)
=
By, %y vnvy 0y, 0)
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again by inequality (2.3.12). Clearly, B(2,, ..., ®;) is a polynomial of ay, ..., o; so
we arrive at the first inequality in (2.3.10).

A consequence of the above estimate is the following: Let 7, be the irreducible
representation of U (k) generated by the highest-weight vector ¢,. Since |(5, ¢,)|* =

(8., $)I> < (8., 6, )¢y, ¢,) by the Schwarz inequality, we have (d;,, 3;,) > (11) ( 1))

the other hand, since J is tempered, we have (J,, 3,) < (1 + ||7||?)" for some N. (See
2.1.3.) Thus,

(1,1
Pl '

(2.3.13)

o

We continue the proof of Theorem (2.3.8) for G = O(p). Let A € £*(V*)°P, From
(2.3.9), A(A,)(k') = (3, (k') A,). Thus,

(2.3.14 IA(AZ = J 10, (k) A dk’ = ——— |81 | 4,112

Uk) dim(7) ( 7)

by the Schur orthogonality relation ([Wa2]), where dim(z) is the dimension of 7.
Notice that we have used the multiplicity-one property of &*(V*)°®, namely,
F*(V¥)2P is an irreducible representation of U (k) via w. Also, by the Weyl dimen-
sion formula, dim(t) is a polynomial of 7, meaning a polynomial of the highest
weight of 7.

Combining the above with (2.3.13), we conclude that

() A i V2P o A(FL*(VF)PP) is a partial isometry, and

(ii) || A4.]|? is (at most) of polynomial growth if and only if |A(4,)||3 is (at most) of

polynomial growth.

For G = O(p) Theorem (2.3.8) clearly follows from these two assertions. For
G = O(p, q) we use (2.2.17), and, therefore, we can obtain a similar growth estimate
for the U (k) Fourier components of the Dirac distribution as in (2.3.10). Then exactly
the same argument as for G = O(p) yields the desired result for G = O(p, q). O

3.1. K’-multiplicity-one property: other four cases. Let (G, G') = Sp be one of
the four reductive dual pairs (2-5) in (0.1.5) and let w be the (twisted) oscillator
representation of Sp. Recall that K (resp. K') is a maximal compact subgroup of G
(resp. G') and that M((w™*){®) is the multiplicity of 7 in (w™°)®X), the (g, K)-
invariants in the space of formal vectors of .

We now state the analog to Theorem (2.1.15). Our parametrizations for various
irreducible representations are the same as in [KV].

THEOREM 3.1.1. M((0™®)®®)< 1 for any 1€ K. It is equal to one only if the
Jfollowing conditions are satisfied.
2 G=U(p,q,G =U(k,k),t1=1,®1,,7,7, € U(k) 7, = 1%, and the highest
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weight of T, is

P—qp—q pP—4q
27 27772

>+(a1,a2,...,a,,0,...,0, —b, ..., —b,, —by),
ar=za,z22a>0,b,2b,=--2b;>0,
t < min(k, p), s < min(k, gq).
() G = Sp(p, q), G' = 0*(4k), T € U(2k), the highest weight of T is
r—ep—¢.-...,p—9q)
+(a, a4, a3, 0,,...,4a,,a,,0,...,0, —b,, —b,, ..., —b,, —b,, —b,, —b,),
ayzayz"z2a>0, by2b,z22b>0,
t < min(k, p), s < min(k, q).
@) G =SpCmR), G =0(k, k), 1=1,®71,, 7,, 1€ OK), 1, =¥, and the
highest weight of t, is, if kis odd, k = 2r + 1,

m m m ta
(E,E,...,5>+(al,az,...,a,,O,...,O;s), g = (—1)utatta

a,=za,=2""=2a>0, t < min(m, r),

or
<5,—2~,...,5)+(al,az,...,a,,O,...,0;8), g = (~—1)ntazttatl

a,=za,=2"2a>0, 2r+ 1 —m<t<min(m,r),
or, if k is even, k = 2r,

m

m m
(5,5,...,5)+(a1,a2,...,a,,0,...,O)+,

a,za,z2""=2a>0, t < min(m, r).

or
m m m
<E,§,,..,~2~)+(al,az,...,a,,O,...,O)_,

a,za,z"""z2a>0, 2r —m < t < min(m, r).
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(5) G = 0*Cm), G' = Sp(k, k), T =1, ® 1, Ty, T € Sp(K), 1, =% and the
highest weight of t, is

m m m
(—2—,5,...,—2—)+(a1,az,...,a,,0,...,0),

aza,z2a>0, t < min(m, k).

We give ideas about the proof in the following. We refer the reader to [Zhul] for
details.
One first proves an analog of Proposition (2.1.7) for G = U(p), Sp(p). To do this,
one just needs to replace the “seesaw” dual pairs (1.3.6)
0(p) U(k)
n n
U(p)  Sp(2k,R)

with the “seesaw” dual pairs

U(p) U(k) x U(k)
In In
U(p) x U(p) U(k, k)

and

Sp(p) U(2k)
In In
U@p)  0%4k),

and then applies the corresponding result for the spherical pairs U(p) € U(p) x
U(p), Sp(p) = U(2p) from the theory of models of representations ((BGG]) or from
classical invariant theory ([H1]), as follows.

An irreducible finite-dimensional representation of U(p) x U(p), n; ® n,, has a
U(p)-invariant if and only if n, is isomorphic to the contragradient of =, . Moreover,
the dimension of U(p) invariants is one.

An irreducible finite-dimensional representation of U(2p) has a Sp(p)-invariant if
and only if its highest weight is of the form

@y, ay, a3, 05, ..., 4, a,).

Moreover, the dimension of Sp(p) invariants is one.
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For the noncompact cases the reduction result (Proposition 2.1.13) is still valid;
ie, P: (0 )80 = 2@B  4(K')X is injective for T e R(K’, w), except that, in
its proof, one uses the other four sets of diamond dual pairs instead (1.3.14—
1.3.17).

Now in all cases except G = Sp(p, q), we have explicit descriptions of pluri-
harmonics #(K’) given in [VK]. For G = Sp(p, q) the description is analogous;
see [Zhul]. Combining these descriptions with the result in the compact
cases, the reduction theorem, everything follows. (See the proof of Theorem
(2.1.15))

3.2. Existence of invariant distributions: other four cases. Let R(K', w), be the
set of T € R(K', ) such that s#/(K')¥ # 0. All the highest weights of 7 € R(K', ®),
are listed in Theorem 3.1.1 for the four cases we are concerned with.

THEOREM 3.2.1.  The Dirac distribution at the origin of V* has a nonzero projection
to the t-type for any T € R(K', w),.

The present theorem together with Theorem (3.1.1) imply Theorem I for G =
U(p, 9), Sp(p, 9), Sp(2m, R), O*(2m).

Sketch of proof of Theorem (3.2.1) for G = U(p, q), Sp(2m, R), 0*(2m). One first
proves analogs of the inner-product formulas (2.2.13), (2.2.14) for the dual pair
(U(p), U(k, k)), again using the Capelli identity. Since their derivation is parallel to
the case of the dual pair (O(p), Sp(2k, R)), we state below the result without proof.
(See [Zhu1] for details.)

In the Fock model the U(2pk)-finite vectors in w form a space isomorphic to
2,.x,5.k> the space of polynomials on

911 912 -+ 9w 411 Giz -+ Guk
©, Q) = (921 922 -+ Q2 421 922 -+ Qu
qpl qp2 e qpk qpl ‘7‘,2 e qpk

The Dirac distribution at the origin of V* is of the form

o= exp(——z‘igﬂij) (up to a scalar).

With respect to a suitable Borel subgroup, the simultaneous highest-weight
vectors of U(p) x U(p) x U(k) x U(k) are of the form

dsdg...dxdhds.. . df
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where
q11 412 -+ 4ai 911 1z - Gu
d; = det q21 422 --- 92 ’ Ei = det 21 G22 - Qo ,
91 92 --- Qi G iz -+ Qu

«;, B; are nonnegative integers for i <t < min(p, k).
Denote by y,,=dyd3...dxdfrds>...dfs for o= (o, a5,...,%) B=(B,
B,, ..., B;). Then we have

(0, Yup) # 0

if and only if « = . Moreover,

O¥en)= [1 TI (=227 "B(cy, ¢35, c)(1, 1),

1<ist 1<¢<ay

('/’a,aa wa,a) = I‘I I‘[ (2)201+4c2+"'+2w‘B(Cl, Cayenns C,)z(l, 1)’

1<i<t 1<e;<ay

and, therefore,

I((S, '/’a,a)'z = (v/a,a’ Wa,a)(l’ 1)

Combining the above inner-product formulas with the explicit descriptions of
H(K') ([KV]), one proves Theorem (3.2.1) for G = U(p, q), Sp(2m, R), 0*(2m). (See
the proof of Theorem 2.2.15.)

Sketch of proof of Theorem (3.2.1) for G = Sp(p, q). Unfortunately, the author
was unable to obtain similar inner-product formulas for the pair (Sp(p), 0*(4k)). In
this case we proceed as follows.

In the Fock model the U(4pk)-finite vectors in @ form a space isomorphic to
P2, 26 the space of polynomials on

r 3\
X1,1 X1,2 -ee Xg2k-1 X1,2k
<X ) _ | *p1 Xp2 - Xpo2k-1 Xp2k
Y Yi,1 V1,2 oo V1,21 Vi1,2k
(Yt Yp2 -+ Vp2k-1  Vp,2x ]
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The Dirac distribution at the origin of V* has the form

5= exp<_21sj<k A2j—1,2])

2

s (X i = Ve i1 X: s
=exp(_21<i<p,1<;<k( ;,2,21,\’1,2, Yi,2-1 ;,2)) (up to a scalar)

where

x\ ., (x\_ ., ,
A—<Y> JP(Y>—XY—YX,

a 2k x 2k complex skew-symmetric matrix with rank less than or equal to
min(2p, 2k). Let Pf,(A) be the nth principal Pfaffian of A, 1 < n < min(p, k). (See
[W1] for its definition.)

Observe that in the twisted oscillator representation, U(2k), a maximal compact

subgroup of O*(4k) acts by (‘;{) — (det g)7? (i) g~'. (See 1.2.6.) Therefore, U(2k)

actson A = (f,)' J, (?) by
A= (i)t Jp (?) > (det g)* <(§> g-1>t J, (";) gt

= (det ) Pg"'Ag™!, geU(2k).

This action is multiplicity-free ([Shi], [HU]).

Fora, > a, > > a,, t < min(p, k), let p3, be the irreducible representation of
Gl,, generated by the highest-weight vector (with respect to b3, the upper Borel
subgroup of Gl,;)

vp = Pfi(AY" " Pfp(AY="% ... Pf_y(AY* " Pfi(A)*

with the highest weight D = (p, p, ..., p) + (a,, a,, a3, a5, ..., 4, 4,, 0, ..., 0). Let &,
be the projection of § = e~¥2Z1<ssxAa-1u to the isotypic component of p%; and

61) = A’DUD + ND

where Nj, is a sum of weight vectors in this isotypic component with weights strictly
less than that of vy,.
Let H be stabilizer in Gl,, of the linear functional

1
A'—") = Z A2j—1,2j'

2 1<k
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Clearly, H is isomorphic to Sp(2k, C). Since p2 contains a Sp(2k, C)-invariant
([Shi], [H1]), we see from [Zhu2], Theorem 1’ that A;, # 0. This implies Theorem
(3.2.1) for G = Sp(p).

For G = Sp(p, q), Theorem (3.2.1) follows from the nonvanishing of 1, in the
above, the explicit description of U(2k)-pluriharmonics (see [Zhul]) and functorial
properties of the Dirac distribution. (See the proof of Theorem 2.2.15.) O

Finally, the topological embedding for the case of G = U(p, q), Sp(2m, R), 0*(2m)
can be proved by following exactly the same argument as for G = O(p, q) and using
10, Vo, )I* = W05 ¥, a) (1, 1) instead of (2.3.10). The lack of inner-product formulas
for G = Sp(p) explains the possible exclusion of Sp(p, q) in Theorem II.
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