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In this work, we present a physics-informed recurrent neural network (PIRNN) modeling approach,
and a PIRNN-based predictive control scheme for a general class of nonlinear dynamic systems.
Specifically, we first develop a hybrid data-driven and physics-guided modeling framework that
integrates measurement data and mechanistic mathematical models to construct high-fidelity RNN
models. Then, we derive a generalization error bound of the PIRNN model based on a nominal
system model via the Rademacher complexity technique from statistical machine learning theory.
Subsequently, the PIRNN model is utilized in Lyapunov-based model predictive controllers and applied
to a chemical reactor example with Gaussian measurement noise to demonstrate its improved noise
rejection and generalization performance in comparison to the purely data-driven and the purely
physics-guided RNN-based predictive control schemes.
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1. Introduction

Model predictive control (MPC) is an optimization-based ad-
vanced control method that solves for the optimal control actions
based on a process model while accounting for the intrinsic dy-
namic behavior of the process. It is a highly flexible and powerful
control scheme that permits the inclusion of practical constraints
(e.g., temperature limits of a heating jacket) on the manipulated
variables, which facilitates the search of feasible solutions to
optimization-based control problems by respecting any physical
limits imposed. However, a major challenge that prohibits the
real-time implementation of MPC to nonlinear processes has
been largely associated with model representation and identifica-
tion. The development of accurate and computationally efficient
process models thus remains the bottleneck. In attempts to ad-
dress this limitation, one of the promising pursuits encompasses
the synergy between machine learning (ML) and MPC, which
promotes the conversion of process data into manufacturing in-
telligence via the integration between data-driven modeling and
model-based control methods. Specifically, ML-MPC has achieved
astounding computational and control performances in previous
works (e.g., in controlling a diffusion-reaction process [1], a batch
crystallization process [2], and a plasma etch process [3]).
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However, although ML-MPC seems to be the hallmark among
the state-of-the-art industrial process control techniques, a ma-
jor concern associated with this approach is the generalization
capability of the ML models, which is contingent on the quality
of training data [4]. Limited or inadequately sampled training
data can compromise the predictive prowess of ML models, and
this greatly hinders the prescriptive performance and hence the
applicability of ML-MPC to real-world manufacturing systems. To
this end, as standard ML modeling techniques generally require
an extensive set of training data, which may not always be readily
available or is cumbersome to obtain, to warrant satisfactory
predictive performance, more practicable alternatives are thus
of compelling need. To address this issue, many works have
been developed to embed prior physical knowledge into the
formulation of neural networks (e.g., Refs. [5-9]). For example,
in Ref. [9], a priori process structural knowledge was incorpo-
rated into the design of RNN architecture, and demonstrated
its superiority in improving approximation performance com-
pared to a conventional fully-connected RNN model. Additionally,
the physics-informed neural network (PINN) modeling approach,
which was initially proposed in Ref. [10], has elicited a sub-
stantial interest in the modeling industry [11]. Fundamentally,
PINN effectively overcomes the small data problem by informa-
tively exploiting a priori knowledge of the nonlinear system for
constructing robust feedforward neural networks. In the physics-
informed modeling framework, training of the neural network
is facilitated by directly embedding the underlying governing
physical laws (e.g., physical phenomena expressed in terms of
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ordinary differential equations (ODE) or partial differential equa-
tions (PDE)) as regularization terms (e.g., nonlinear differential
operators on the outputs of the model) in the cost function of
the learning problem [10,11]. Intuitively and functionally, the
addition of the penalty terms augments the learning process by
enforcing the required behavior imposed not only by empirical
data, but also by the mechanistic laws. The regularization effect
is thus instrumental to the neural network in conforming to the a
priori structure dictated by the physical laws, and this moderates
the reliance on exhaustively large process datasets [4,12].

Subsequently, a number of extensions and variants to the
original PINN modeling approach have since been proposed:
parareal PINN (PPINN) for parallelized learning of very long-
time integration of a time-dependent PDE via decomposing the
long-time problem into several distinct short-time problems [13],
multi-fidelity PINN (MPINN) that learns from training data of
disparate precisions [14,15], Bayesian PINN (BPINN) for solv-
ing both the forward and inverse nonlinear problems involving
noisy data [16], and DeepXDE that incorporates a residual-based
adaptive refinement (RAR) technique for boosting the training
efficiency of PINN [17]. In addition, the applications of PINN
are expansive and span across numerous engineering disciplines.
Previous works have explored PINN for various applications, such
as in modeling of exothermic heat transfer in a composite-tool
system [18], identification of unknown geometric and material
parameters for characterizing internal structures and defects in
materials [19], and predicting fluid flow in the gas drainage of
a water-filled porous medium [20]. However, while the physics-
informed learning methodology has been widely applied to feed-
forward neural networks [10], its applicability to other notable
neural network architectures (e.g., recurrent neural network
(RNN) that has been widely used to model nonlinear dynamic
systems) remains to be investigated. Furthermore, theoretical
analysis of the generalization performance that characterizes the
model’s ability to sufficiently adapt to previously unseen data of
the same distribution has not been reported, and the application
of physics-based machine learning modeling in advanced control
methods (e.g., MPC) is still in its infancy [12].

Motivated by the above considerations, in this manuscript, we
develop a general physics-based modeling framework for con-
structing RNN models and formulating a physics-informed RNN
(PIRNN)-based predictive control scheme for nonlinear systems.
Specifically, we first present a hybrid modeling approach (i.e.,
PIRNN) that integrates data-driven and physics-informed tech-
niques, following the framework outlined in Ref. [10]. Next, we
develop the analysis of the generalization performance of PIRNN
on the nominal nonlinear process model, and incorporate the
PIRNN model into the MPC scheme. Finally, the effectiveness of
the PIRNN-MPC scheme is demonstrated through a continuous
stirred tank reactor (CSTR) example with Gaussian measurement
noise, where the closed-loop performance of the PIRNN-MPC is
compared with that of the first-principles model-, a purely data-
driven RNN model-, and a purely physics-based RNN model-MPC
control schemes.

2. Preliminaries
2.1. Notation

The operator |-| represents the Euclidean norm of a vector. x”
is the transpose of a vector x. LfV(x) = a‘gix)f(x) represents the
standard Lie derivative. The notation “\” denotes set subtraction,
ie, A\B := {x € R" | x € A, x ¢ B}. The function f(-) is said
to belong to the differentiability class ¢! if its derivative f'(-)
exists and is continuous in its domain. A continuous function
o : [0,a) — [0, 00) is of class K if it is strictly increasing and
is zero only when evaluated at zero. E[X] is the expected value
of a random variable X, and P(A) is the probability of the event A
occurring.
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2.2. Class of nonlinear systems

In this work, the class of continuous-time nonlinear dynamic
systems, described by the first-order ODE of the following general
state-space form, is considered.

X—F(x,u):=x—f(x)—gx)u=0, x(to) = xo (1a)
y=x+ow (1b)

where x € R" is the state vector of the nonlinear system. x(t)
denotes the solution of the ODE, u € R™ is the manipulated input
vector, y € R" represents the real-time sensor measurements
of the state vector, and w € R" denotes the random Gaussian
noise vector bounded by |w| < wp, wy > 0. The constraint on
the manipulated variable u is defined by u € U = {umin <
U < Umax} C R™, where up;, and un. represent the lower and
upper bounds (i.e., physical limits) of the manipulated input, re-
spectively. f(-) and g(-) are sufficiently smooth vector and matrix
function of dimensions n x 1, and n x m, respectively. Without
loss of generality, it is assumed that the initial time t; = 0 and
f(0) = 0, and the origin is therefore a steady-state of the nominal
system (i.e., w(t) = 0) of Eq. (1), with (x}, u}) = (0, 0) denoting
the steady-state system state, and manipulated input vectors,
respectively. In addition, it is also assumed that the full system
states are measurable and are readily available in real time.

2.3. Stabilization via Lyapunov-based controller

Consider the nonlinear system of Eq. (1a) for which noise-free
state measurements are attainable (i.e, w(t) = 0 and y(t) =
x(t)). In order to guarantee the stabilizability of the closed-loop
system, it is assumed that there exists a stabilizing control law
u = @(x) € U (e.g., the universal Sontag control law [21]) that is
capable of rendering the origin of the noise-free nominal system
of Eq. (1a) exponentially stable. This stabilizability assumption
then stipulates the existence of a ¢! Control Lyapunov function
V(x) such that the following inequalities hold for all x in an open
neighborhood D around the origin:

alx? < V(x) < colxl?, (2a)

Pk 0 = s, (2b)
X

‘aV(x) < c4lx| (2¢)
X

where ¢y, 3, ¢3 and ¢4 are positive constants. F(x, u) denotes the
nonlinear dynamic system of Eq. (1a). ¢, € R" is characterized
as a set of states where the inequalities of Eq. (2) are satisfied
under the controller u = @(x) € U. The closed-loop stability
region §2, for the nonlinear dynamic system of Eq. (1a) is then
defined as a level set of the Lyapunov function embedded in ¢,,
ie, £2, = {x e ¢, | V() < p} C ¢y, where p > 0.

3. Physics-informed (PI) RNN

In this section, a synergistic way of integrating and embed-
ding mechanistic knowledge into the neural network’s learning
(i.e., physics-informed (PI) learning), as proposed in Ref. [10], is
introduced. The PI learning strategy integrates the information
from both actual measurements and physical laws (e.g., process
dynamics governed by Eq. (1a)) by incorporating the governing
ODE:s as additional penalty terms into the loss function of an RNN.
Consequently, the introduction of physics-based penalty terms
imposes a priori structure dictated by the physical laws on the
RNN, which improves the extrapolating capability of the model
(e.g., predicting system dynamics beyond the range of training
data) and the model generalization performance.
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3.1. Recurrent neural network (RNN) model

In contrast to the one-way connectivity between neurons in
a conventional feedforward NN, signals in recurrent neural net-
works (RNN) travel in bi-directions (i.e., forward and backward)
due to the introduction of recurrent connections (i.e., loops) in the
network architecture. This permits the feedback of signals derived
from previous inputs back into the network, thereby exhibiting
a temporal dynamic behavior which inherently resembles the
numerical procedures (e.g., the explicit Euler method) for solving
an ODE. Therefore, the architecture of the RNN is especially
apposite for modeling nonlinear continuous systems governed by
ODEs. Furthermore, as a powerful dynamic modeling approach,
the application of RNN has achieved remarkable results across a
wide range of disciplines (e.g., natural language processing [22],
speech recognition [23], computational biology [24], and general
time-series forecasting involving sequential data [25]).

In this work, a recurrent neural network (RNN) model that
approximates the nonlinear dynamics of the system of Eq. (1) is
developed, which can be represented by the following form:

X =Fu(X u)i=Ax + ¥z (3)

where ¥ € R% is the RNN state vector and u € R% is the
manipulated input vector. z = [z1, ..., Zag,, Zdy+1, - - - » Zdy+dy] =
[0(X1),...,0(Xg), U1, ..., Ug] € R&H4 is a vector of both the
network state x and the input u, and o(-) is the nonlinear acti-
vation function (e.g., ReLu function o(x) = max{0, x} and Tanh
function o(x) = (e¥ — e™™)/(e* + e7¥)). A and ¥ are the coeffi-
cient matrices comprising RNN weights, which will be optimized
during training. Throughout the manuscript, x will be used to rep-
resent the state vector of the actual nonlinear system of Eq. (1),
and X will be used to denote the state vector of the RNN of Eq. (3).
To simplify the notation, we will use 8 to represent a matrix of
all the RNN weights to be optimized.

Traditionally, the development of an RNN model for the
continuous-time nonlinear system employs a three-step
approach:

1. A comprehensively large dataset consisting of state trajec-
tories from diverse initial conditions in the stable operating
region (i.e, Xo € £2,) and control actions spanning their
physical operating limits (i.e.,, u € U) is collected through
conducting extensive experimental runs of the nonlinear
system of Eq. (1) in a sample-and-hold fashion (i.e., the ma-
nipulated inputs are maintained at constant values within
each sampling period A, where u(t) = u(ty), Vt € [ty, tks1),
and iy =t + A).

2. A machine learning framework (e.g., Tensorflow and Py-
Torch) is utilized to develop and train an RNN to obtain the
optimal weights (i.e., the coefficient matrices A and ¥) by
minimizing the loss function that encompasses the mean
squared error (MSE) between the predicted and actual
system states from the RNN and the sensor measurement,
respectively.

3. The predictive performance of the trained RNN model will
be evaluated using a test dataset that has been intention-
ally excluded from the training process, where the model
outputs will be compared with the actual state trajectories
acquired.

However, although the universal approximation theorem
states that an RNN with a suitable architecture is capable of
approximating any nonlinear dynamic system to an arbitrary ac-
curacy on compact subsets of the state space for finite time [26],
algorithmic learnability of the optimal neural network weights
is not guaranteed. In reality, pinpointing the optimal weights
and model hyperparameters (e.g., number of layers and recurrent
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units) for the regression tasks of a large-scale and complex
nonlinear system is a multifaceted problem, which is often de-
manding due to the involvement of various factors such as the
complexity of neural network structure, availability of comput-
ing resources, and feasibility of optimization algorithms. There-
fore, improving the performance of neural networks has been
a long-standing challenge for researchers in machine learning
community over the past few decades, where significant ef-
forts have been made to optimize neural network architecture,
develop advanced optimization algorithms, and improve data
quality (e.g., via design of experiments).

In this work, we will improve the performance of RNN models
by incorporating domain knowledge of the nonlinear system into
the RNN development, as proposed in Ref. [10]. The formula-
tion of physics-informed (PI) RNN will be presented in the next
subsection.

Remark 1. Although the formulation of RNN shown in Eq. (3)
represents an RNN model with only one hidden layer (i.e., Eq. (3)
illustrates an RNN architecture comprising three layers: an input
layer, a hidden layer, and an output layer) for the purpose of
simplifying the discussion of approximating the nonlinear system
of Eq. (1) with RNN, its actual development is not confined, and
can be extended to multiple hidden layers for better approxi-
mation performance. It should be noted that the introduction
of additional hidden layers solely increases the number of RNN
parameters (or weights), and hence the model complexity, and
has no impact on the number of outputs of the model. Further-
more, in this work, since the RNN model is developed to predict
future system states given the current state measurements and
manipulated inputs, its internal states would correspond directly
to the process states output by the nonlinear dynamic system
of Eq. (1a) (when given the same initial states and manipulated
inputs) at various time steps.

3.2. Regularization through physics-guided loss function

Physics-guided learning effectively harnesses mechanistic
knowledge encapsulated in process data and mathematical mod-
els for building accurate and robust surrogate RNN models. The
incorporation of the physical-law-based regularization terms as
soft constraints in the loss function furnishes an RNN with a
priori knowledge by reasonably and informatively restricting the
weights of the neural network, which in turn reinforces the learn-
ing and identification of solutions that are consistent with the
physics-based model. The physics-informed learning can often
be viewed as a subset of multi-task learning where the RNN
model is concurrently enforced to fit the observed data (e.g., data
from sensors), and to generate outputs that conform to the
physics-based constraints (e.g., governing equation of Eq. (1a)). To
simplify the discussion, we assume that the full process model of
Eq. (1a) is known for the design of physics-informed RNNs in this
section. However, it should be clarified that the proposed PIRNN
modeling approach does not necessarily require the knowledge of
a full process model. In other words, the proposed PIRNN mod-
eling approach can be applied when the first-principles model
is partially known. For example, consider a real-world system
where data is only available for a certain number of system
states that can be easily measured. We can take advantage of
the first-principles model that describes the unmeasured states
(i.e., partial physical knowledge), and incorporate it into physics-
informed RNNs, together with training data for measured states.
In this way, the resulting RNN model with partial knowledge of
the first-principles model and limited training data will fit well
on the provided training data points, and is also able to predict
the dynamics of the unmeasured states based on prior physi-
cal knowledge. The integration of (partial) physical knowledge
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with the process data available improves the applicability of ML
modeling approaches and the generalization performance over a
wider range of operating conditions.

To put it formally, a new function G is first defined to be the
equivalent of the left-hand side of Eq. (1a).

G(R, u) =X — F(%, u) (4)

where x represents the output of an RNN, which accepts the
initial state vector xq of the dynamic system, and the manipulated
input u as its inputs. x = h(z; 6), z = [, u] denotes the RNN
input vector, and h(z; 0) is the approximation of the solution x of
the nonlinear system of Eq. (1a) for time 0 < t < A subject to
the same xy and u. Consequently, as the RNN learns to compute
the solution x of the ODE governed by Eq. (1a), the following
expression holds.

G(X,u):=%—F® u)~0, t €0, A] (5)

Specifically, the PIRNN h(z; 0) is trained using an optimizer
such as Adam and two groups of data, which correspond to
their respective penalty terms presented in the mean squared
error (MSE) loss function (Eq. (6)). The first group of data is
involved in the computation of MSE, of Eq. (6), and consists
of the process data captured by sensors from experiments or
past operations that resemble the training data used in a typical
regression problem. The second group of data pertains to MSEg,
and comprises only the collocation points of the initial state
vector and manipulated inputs that are randomly and uniformly
sampled from the designated operating regions (§2,) where the
RNN approximation (Eq. (5)) should be valid.

MSE = wxMSEx + wgMSEg (6)
where
1 o & 2
MSE y =— — X t(i),u — X, t(i),u 7
x ngwrg'”(x an) = Fn(tY U n)l (7)

1 No 1 Nt 2
MSEg =— »  — Y |GFa(tY, ug ), ig o)l
1 ©) < (0) 2
+ v 2 (e ug) = Faltg ug.) (8)
g

n=1

where Ny, Ng, and Ny denote the number of training data, collo-
cation points, and outputs of RNN at time 0 < t < A, respectively.
MSE » and MSEg represent the MSE losses with respect to the col-
lected process data (i.e., sensor measurements), and the randomly
sampled collocation points, respectively.  denotes the coefficient
that serves to balance the magnitude of the two loss terms in
MSEg. wx and wg are coefficient weights that balance the scale
of the two MSE loss terms. These coefficients are usually user-
defined to adjust the interplay between the two contributing MSE
loss terms and to facilitate the training of RNN. Subscripts & and
G denote the loss terms with respect to the conventional MSE
loss, and the physics-based loss, respectively. With a slight abuse
of notation, we use xn(tg), ug.n) to represent the solution of the
ODE for time 0 < t < A under the initial condition xn(tg))) at
t = to and the manipulated inputs u = ug,, which are kept
constant for all t € [0, A]. in(tg), ug ) represents the desired
output from the RNN at time tg), and under the manipulated
inputs ug ,. The superscript (i) in t” is the time index. It should
be noted that the training data garnered for calculating the first
loss term MSE . are directly captured from the actual nonlinear
system near a set of desired setpoints, and the collocation points
are thus sampled predominantly from operating regions that are
beyond the range of training data.
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Consequently, the two loss terms MSEy and MSEg collec-
tively aim to enforce the dynamic behavior that conforms to the
physical laws (e.g., mass and energy balances) while contempora-
neously forcing the best possible fit to plain training data points,
and this improves the interpretability of PIRNNs in the operating
region with no data available. It should also be noted that, as
denoted in Eq. (7)-(8), the output of the PIRNN model consists
of the system states from t = t, onward (instead of starting from
t = t1), and this was found to facilitate the learning process espe-
cially for minimizing the physics-loss MSEg. In addition, when the
PIRNN is trained solely by minimizing the loss function of Eq. (7),
the training process resembles the standard learning algorithm
that seeks minimize the MSE difference between the predicted
and the labeled output data. On the other extreme end where
no labeled data is available, the PIRNN model can be trained
entirely based on Eq. (8) only, for which the model will eventually
conform to the dynamic behavior dictated by the governing ODE
at the given initial conditions.

Remark 2. In case the process model F(x, u) is not fully known
or involves unknown parameters, the inverse problem of physics-
informed machine learning has been recently developed to learn
unknown parameters from data (e.g., Ref. [10,16,27]). Specifically,
a new function G(X, u, A) :== X—F(X, u, A), similar to Eq. (4), can be
developed in the inverse problem to learn unknown parameters A
in the incomplete physics model. The inverse problem of physics-
informed machine learning is essentially a multi-task learning
where the neural network model is trained to not only achieve
the best possible fit to the observed data, but also estimate
the values of A that conform to the physical laws. After A is
identified, we can then carry out the forward problem proposed
in this manuscript to generate sufficient collocation points from
F(X, u, A) to learn the dynamics of the given system. Additionally,
in case the state functions are unknown for some states in F(x, u),
physics-informed machine learning method can include the state
functions that are fully known only, since these are the physical
knowledge we have.

Remark 3. The proposed physics-informed machine learning
method provides a solution to improving model performance
in the presence of insufficient data with the help of physical
knowledge. In addition to improved generalization performance
with the use of physical knowledge, physics-informed NNs can
potentially improve the computational efficiency compared to
first-principles model (if known) due to the nature of the matrix
operations involved in NNs. It has been demonstrated in many
recent works that NNs can significantly reduce the computational
cost for solving nonlinear dynamic systems (e.g., Ref. [2,28-31]).
Furthermore, another benefit of conventional NNs or physics-
informed NN is their ability to model a wide variety of functions
and the possibility to reduce the time and cost associated with
physical model’s design, tuning, and adaptation to new plant’s
operating conditions (see more discussions in Ref. [32]).

3.3. Physics-informed RNN training

The PIRNN model is developed using PyTorch, an open-source
machine learning framework based on the Torch library [33]. The
inputs to the PIRNN model consist of the system initial state
vector Xg, the manipulated input u, and the (optional) times t at
which the future system states are to be predicted (i.e., as outputs
of the model). In this work, the nonlinear dynamic system is
assumed to be predominantly operating at a specific steady-state
setpoint, and hence the process data collected only capture the
system dynamics in a small neighborhood around the setpoint.
Note that this assumption is made to better demonstrate the
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dxout 2 . 5.0;5
t — fE) — g(Z)u, Physics-
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|
layer @ @ @ @ :
1

Fig. 1. Schematic of the PIRNN model with data-driven MSE» and physics-guided MSE¢ regularization terms embedded into the loss function, where the derivatives
can be computed using the finite difference method based on the outputs of the RNN model. The PIRNN model will be fine-tuned repeatedly until its outputs attain
a satisfactory conformance (e.g., MSE < &) to the governing ODEs and the training data by minimizing both the physics and data losses simultaneously.

improved generalization performance of PIRNNs in the entire
operating region in the absence of sufficient data, compared to
conventional data-driven modeling approaches. It should also be
clarified that the limited data assumption made in this section is
not a requirement for the implementation of the proposed PIRNN
approach. It is used to showcase the benefits of PIRNN over purely
data-driven modeling approaches, as the latter approaches can
certainly achieve a sufficiently small modeling error when data
is exhaustive (i.e., the process data is available for the entire
operating region).

In this work, the process data is developed by numerically
solving the nonlinear dynamic system of Eq. (1a) using the Ex-
plicit Euler method with an integration time step of h,, and with
initial states xo and manipulated inputs u randomly sampled in a
small region around their respective steady-state setpoints. These
state measurements are subject to the measurement noise of
Eq. (1b) to mimic data retrieved from real-life process operations.
The collocation points are developed by randomly and uniformly
sampling xo and u beyond the setpoints and across the entire
stability region §2,, and the physical limits of the manipulated
inputs U, respectively. Specifically, no labeled data is required for
training using the collocation points. Instead, the ODE is explicitly
embedded in the loss function of the RNN in the way that the LHS
of the ODE (x = F(x, u)) is calculated based on the RNN predicted
states, where the derivative is approximated using the finite
difference method. The RHS of the ODE (i.e., the function F(x, u))
is computed by substituting the PIRNN predicted states and the
manipulated inputs into F(x, u). The second loss term MSE in the
loss function of Eq. (8) is to minimize the error between the LHS
and RHS of the ODE using the PIRNN prediction results so that
the PIRNN can learn the underlying physical principles. Therefore,
in principle, numerical solution to the ODE is not required for
the proposed PIRNN approach, which can significantly reduce the
computation time for training a PIRNN.

In addition, scaling factors wx and wg are incorporated into
the total loss function (i.e., MSE = wx - MSEx + wg - MSEg)
to ensure both MSE loss terms are of approximately equal scale.
Specifically, while MSE  is in exact analogous to the conventional
MSE loss employed in a typical ML regression task, the calculation
of MSE; demands the determination of the both the deriva-
tive of X (i.e., X) and the standard MSE between the predicted
states at t = ty and the initial states supplied to the PIRNN

. N 0 ~ /.(0 2 A
(ie. é Yol Ix,,(t(g ug.a) — Xn(f(g ) ug.p)"). As shown in Fig. 1,

X can be approximated by the finite difference method using the
predicted outputs from the PIRNN directly. h. is the integration
time step (i.e., time interval between two successive time steps).
Furthermore, we consider the PIRNN model that is developed
following the same structure of the standard RNN model of Eq. (3)
can be rewritten in the following discrete-time form: h, =
on (Uhe—1 + WX;), ¥: = o, (Vhy), where X;, h;, and y; represent
the PIRNN inputs, hidden states, and outputs at the t;; time step,
t = 1,...,T, respectively. W, U, and V are the weight matri-
ces for the input layer, the hidden layer, and the output layer,
respectively. The nonlinear activation functions in the hidden
and output layers are denoted by o, and oy, respectively. The
following conditions are assumed to hold for the construction
and training of PIRNN models. Specifically, the assumption on the
boundedness of RNN inputs and weight matrices in Assumption 1
is consistent with our data generation method that only considers
a bounded set around the steady-state of the nonlinear system
of Eq. (1) under bounded manipulated inputs. Assumption 2 is
a standard requirement in NN training to ensure all the data has
the same distribution, and it is also a requirement for the analysis
of the generalization error in the next section. Assumption 3 is
an assumption on the activation functions of the PIRNN model.
An example of an activation function satisfying Assumption 3 is
ReLu. In addition, it is noted in Ref. [34] that the requirement
on positive homogeneity is not mandatory for the derivation of
generalization error bound, and can be further relaxed to allow
more activation functions (e.g., Tanh) to be chosen for PIRNN.

Assumption 1. The PIRNN inputs and weight matrices are
bounded, i.e., |x,<,t| < By, foralli=1,....mandt =1,...,T,
and [[W|lr < Bwr, IVIF < Bvr, lUllF < By r, where |-||r denotes
the Frobenius norm.

Assumption 2. All the datasets (i.e., training, validation, and
testing) are drawn from the same distribution.

Assumption 3. The activation function for the hidden layers
is a 1-Lipschitz continuous activation function, and is positive-
homogeneous in the sense that on(@z) = waoy(z) holds for all
a>0andz R
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Remark 4. It should be noted that the calculation of Eq. (4)
is based on the PIRNN predicted states X instead of state mea-
surement data. The predicted time-derivative of state X, and the
nonlinear function F(X, u) are both calculated using the PIRNN
predicted states x(t), Vt € [0, A]. Specifically, as shown in Fig. 1,
based on the PIRNN model that is developed to predict the entire
state vector (the PIRNN output could include the prediction of
both measured and unmeasured states), X is approximated using
numerical method, and F(x, u) is calculated by substituting the
predicted X and u into the first-principles model. Furthermore,
for those states that can be measured, the conventional MSE loss
term (i.e., Eq. (7)) can be added into the overall loss function to
minimize the error between PIRNN predicted output and obser-
vational data, such that the prediction accuracy can be further
improved. However, it should also be noted that the conventional
MSE loss term and measurement data are not mandatory in the
framework of physics-informed machine learning. Therefore, re-
gardless of whether the state is measurable or not, Eq. (4) can be
calculated based on PIRNN predicted states and the process model
F(x, u). If only a partially-known process model is available, then
the physics-informed loss term of Eq. (4) can include the state
functions that are fully known, where the calculations are still
based on the full state vector predicted by the PIRNN.

Remark 5. The power of neural networks can only be fully har-
vested given suitable architectures and hyperparameters to yield
a desired prediction performance. However, manual hyperparam-
eter tuning through grid search has proven to be an arduous
task even for expert ML practitioners, where tedious episodes of
trial and error are often required. To this end, Optuna proffers
a convenient and accessible tool for efficient automatic hyper-
parameter tuning, and is especially useful for determining the
optimal hyperparameters of the PIRNN (e.g., the number of hid-
den recurrent layers and units, and the learning rate) in this work.
In essence, Optuna is a resource-effective automatic hyperpa-
rameter optimization framework that adopts the state-of-the-art
Bayesian optimization algorithms for sampling hyperparameters
while pruning unpromising trials to maximize the tuning effi-
ciency. Interested readers may refer to Refs. [35-37] for a more
detailed discussion on Optuna and Bayesian optimization.

4. Generalization error analysis for physics-informed RNN

In this section, we will evaluate the generalization perfor-
mance of the PIRNN model of Egs. (3)-(5) by developing a gen-
eralization error bound using statistical learning theory. In our
previous work, a generalization error bound for purely data-
driven RNN models with one loss term (i.e., the standard MSE loss
of the training data) in the loss function was derived in Ref. [38].
With respect to physics-informed NNs, the generalization er-
ror bounds for physics-informed feedforward NNs approximating
solutions of the forward and inverse problems for PDEs were
derived in Refs. [39,40], respectively. However, the generalization
error bounds in Refs. [39,40] were derived for a general class
of data-driven models that do not account for the architecture
of NNs, and therefore, the generalization error results cannot be
used to guide the construction of NNs in terms of the number of
neurons and layers, etc. In this section, we derive - for the first
time - a generalization error bound for physics-informed RNN
models that account for the physics-based regularization term
in loss function, and the architecture of RNNs, where the proof
technique of Rademacher complexity for RNNs follows Ref. [38].
Specifically, we consider the extreme scenario where no historical
data is available, and only the initial conditions x, and the first-
principles model of Eq. (1a) are used to develop the PIRNN model.
In other words, the PIRNN will be trained using the loss function
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of Eq. (8) only to fit the initial condition xo and capture the non-
linear dynamics of Eq. (1a). Let x = h(z; ) denote the predicted
output of the PIRNN model, where z = [xy u] is the PIRNN input
and 6 is a set of all the PIRNN weight matrices. The generalization
error for the PIRNN model h(z, ), with z drawn independently
from some underlying distribution z € Z, is defined as follows,
where Z is the set of bounded states X, € £2, and bounded
manipulated inputs u € U.

Rp(8) == Ez~z[L(G(h(z; 6), u), 0)] + yEz~z[L(Xo, Xo)] (9)

L(-,-) denotes the loss function, where the MSE loss is used in
this study. y is a positive real number that balances the two
loss terms in Eq. (9). X = x(t = 0) is the predicted initial
condition (i.e., the first element in the PIRNN model output vector
X(t) = h(z; ), Vt € [0, T]). Since the generalization error Rp(6) is
difficult to compute due to the unknown probability distribution
Z, it is generally approximated by an empirical error calculated
using a finite set of training samples z; drawn from the same
distributions Z as follows.
Ng

Ng
1 1 -

Rs(6) = - ;Lw(h(z,-, 6).).0) +y - ;L (Ro.i» X0)  (10)
where Ng is the number of training samples from the same
distribution Z. Note that in Eq. (9), the first term of the gener-
alization error represents the loss term computed based on the
first-principles model of Eq. (4) and the second term penalizes the
deviation between the predicted initial condition and its actual
value. To achieve a desired training performance in the sense
that the PIRNN model captures both the dynamics of Eq. (4) and
fits the initial condition xy, the weight parameter y needs to
be carefully chosen to balance the two loss terms. Therefore, to
mitigate the impact of y on the overall training performance, and
also to simplify the analysis of the PIRNN generalization error by
maintaining only one loss term in the loss function, we design a
new PIRNN model h(z; 6) that approximates the original PIRNN
model h(z; 6).

h(z; 6) = (t — to)h(z; 0) + Xo (11)

It can be observed from Eq. (11) that h(z; #) = Xp holds when
t = to regardless of the choice of h(z; 0). In other words, through
the design of the new PIRNN model h(z; #), the initial condition
can be predicted accurately by h(z; 0) for any h(z; 6). Therefore,
it remains to show that the approximation of h(z;0) through
Eq. (11) can capture the nonlinear dynamics of Eq. (4). Specifi-
cally, by substituting Eq. (11) into Eq. (4), we have the following
equation:
G(h(z; ), u) = (t — to)h(z; 0) + F((t — to)h(z; )+ Xo, u) + h(z: 6).
(12)

As a result, the new PIRNN model h(z; 0) is developed by mini-
mizing the loss function L(G(h(z; 6), u), 0) only, while the initial
condition can be readily satisfied using Eq. (11). The optimal
weight matrices of the new PIRNN model h(z; 6p) can be obtained
as follows.

6p = argmin Rp(0) = E,~z[L(G(h(z; 0), u), 0)]. (13)

Using Eq. (11), the PIRNN model h(z; 6p) that meets both the
initial condition and the physical law of Eq. (4) is given by

h(z; 6p) = (t — to)h(2; 6p) + Xo (14)
Similar to Eq. (10), the optimization of the PIRNN weights can be
performed based on the minimization of the empirical error as
follows.

Ng

_ 1
65 = argmin Rs(0) = - ;L (g(h(z; 0), ), o) (15)
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Finally, the PIRNN model that approximates the nonlinear system
of Eq. (1a) based on the training dataset is obtained as h(z; 6s) =
(t —to)h(z; 6s)+xo. Therefore, through the design of PIRNN model
h(z; 6p) using Eq. (11), the training process for the original PIRNN
model h(z; 0p) using the loss function of Eq. (9) is equivalent
to training the new PIRNN model h(z; 6p) using the new loss
function of Eq. (13). Additionally, since the new loss function
of Eq. (13) only includes one loss term, and does not depend
on the weight parameter y, the generalization error analysis
developed in Ref. [38] can be adopted to develop a generalization
error bound for the new PIRNN model h(z; 6p) obtained from
Eq. (13). Specifically, due to the boundedness of PIRNN inputs
and outputs implied by the boundedness of process states and
manipulated inputs, as well as the Lipschitz property assumed for
the nonlinear function F(x, u), we can show the MSE loss function
satisfies the following inequality from local Lipschitz continuity
property, for all t € [0,T], u € U,z € Z, and 6 satisfying
Assumptions 1-3:

IL(G(h(z; 0), u), 0) — L(G(ha(z; ),
<L |hi(z;0) — hy(z; )

u), 0)] (16)

where the local Lipschitz constant is denoted by L.. To derive
the generalization error bound for the PIRNN model, we will
introduce a notion termed Rademacher complexity that is widely
used in statistical learning theory to quantify the richness of
a function class. Specifically, given a set of data samples S =
{s1,...,Sm}, and a hypothesis class #H of real-valued functions
h(-), the empirical Rademacher complexity of # is defined as
follows [41].

Rs(H) =E [supZehs,:| (17)

hex M

where € = (€1, ..., €n)', and ¢; are Rademacher random variables
that are independent and identically distributed (i.i.d.) and satisfy
P(e; = —1) = P(¢; = 1) = 0.5. The subscript € of expectation will
be omitted in the following text for simplicity. _

Let # denote the hypothesis class of PIRNN models h(z; 6) that
maps the input z € R%**! (i.e,, the first t-time-step inputs) to the
output y; € R¥ (i.e., the tth output), and £; be the loss function
set associated with .

=1l : (z,y) — LG(h(z; 6),u),0), h € 1} (18)

where y and z are the true output vector and the PIRNN input
vector, respectively. Then, given a PIRNN model trained using
m i.i.d. data samples, the following inequality [41] holds with
probability at least 1 — § for all I, € £; over the data samples

S=@nY),i=1,....m

log(2)
2m

m
Bz )] < — 3z ) + 2Rs(£0) + 3 (19)
mi3

Eq. (19) demonstrates that the generalization error bound de-
pends on the training loss (first term), the Rademacher complex-
ity of the PIRNN hypothesis class (second term), and a function
with respect to the confidence § and the training sample size m
(last term). Therefore, to compute the generalization error bound
of Eq. (19), it remains to show that an upper bound can be derived
for the Rademacher complexity term, since both the training
loss and the last term can be readily obtained once the training
process is completed and a confidence level § is chosen. Following
the proof techniques in Ref. [38], we first introduce the following
contraction inequality to generalize the Rademacher complexity
of real-valued functions in Eq. (17) to vector-valued functions
since the PIRNN model is developed for a class of multiple-input
and multiple-output nonlinear system of Eq. (1a).
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Proposition 1 (c.f. Corollary 4 in [42]). Consider a hypothesis class
. of vector-valued functions h € RY, and an L, -Lipschitz function
L(-, -) that maps h € R% to R Given a set of data samples S =
{s1, ..., Sm}, the following inequality holds.

|:supZeL h(z;; ), )O)i|

heH j—q
< V2LE supZZelkhk zi; 0

heM j=1 k=1

(20)

where hy(-) is the kth component in the vector-valued function h(-),
and ey is an m x d, matrix of independent Rademacher variables.

Using the contraction inequality of Eq. (20), the following
proposition is developed for the class of loss function £; associ-
ated with the vector-valued PIRNN models. The proof is omitted
here as it closely follows the proof of Theorem 1 in Ref. [38].
The key steps are to derive an upper bound for the Rademacher
complexity term in Eq. (19) through a “peeling” approach that
peels off the activation functions and the weights layer by layer.
Interested readers may refer to Ref. [38] for the full proof of this
proposition.

Proposition 2 (c.f. Theorem 1 in [38]). Given a dataset S =
(zi,t,yi,t)Ll, i=1,...,mwith miid. data samples,i=1,...,m,
let £, denote the loss function class in Eq. (18) that is associated with
the class of PIRNN functions H trained following Eq. (13). Then, the
following inequality holds, with probability at least 1 — § over S, for
the PIRNN models satisfying Assumptions 1-3.

_ 1 & _ MBx(1 + /2Tog(2)t)
E[l(z, <—Elz-,- of\Ld
[ ( J’)]_miz] t(zi, ¥i) + (ry «/ﬁ
log(%)
3,/ —387
+ 2m
(21)
where M = 1] I;‘ZJFF) By By r is the product of PIRNN weight

matrices bounds, and Bx is the PIRNN input bound defined in
Assumption 1. dy is the PIRNN output dimension and L. is the local
Lipschitz constant defined in Eq. (16).

5. PIRNN-based predictive control

In this section, we incorporate the PIRNN model outlined in
Section 3 into the design of model predictive controllers (MPC) to
optimize process performance while maintaining closed-loop sta-
bility. Specifically, for any initial condition x, € §2,, a Lyapunov-
based model predictive controller (LMPC) is developed to drive
the closed-loop state of the nonlinear system of Eq. (1) to the
steady-state setpoint while maintaining the state in the stability
region £2, for all times.

The LMPC using the PIRNN model of Eq. (3) is utilized to
stabilize the nonlinear system of Eq. (1) in the stability region.
The formulation of PIRNN-based LMPC optimization problem is
given as follows: [43]

J = min /%N (x"Qx + u"Ru)dt (22a)
ues(a) Jp,

st X(t) = Fan(X(t), u(t)) (22b)
u(t)e U, VYt e [ty, tken) (22¢)
X(ty) = x(ty) (22d)
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V(x(t), u) < VX(t), Pun(X(tK)),
if x(tx) € £2,\2p,,
V(;{(t)) < pmn, YVt € [t tirn), if x(t) € -Qpnn

(22e)
(22f)

where x is the predicted state trajectory, S(A) is the set of
piecewise constant functions with period A, N is the number
of sampling periods in the prediction horizon, and V(x, u) rep-
resents 2% (Fy,(x, u)). In the optimization problem of Eq. (22),
the objective function of Eq. (22a) is the integral of the cost
function I(x,t) = (X"Qx + u'Ru) over the prediction horizon,
where 1(0,0) = 0 and I(x, t) > 0, V(k, t) # (0, 0). The constraint
of Eq. (22b) is the PIRNN model of Eq. (3) that is used to predict
the states of the closed-loop system. Eq. (22c) defines the input
constraints applied over the entire prediction horizon. Eq. (22d)
defines the initial condition x(t) of Eq. (22b), which is the state
measurement at t = t,. The constraint of Eq. (22e) forces the
closed-loop state to move towards the origin if x(t) € £2,\2,,,,
where £, is a small neighborhood around the origin. However,
if x(t) enters §2,,,, the states predicted by the PIRNN model of
Eq. (22b) will be maintained in £2,,, for the entire prediction
horizon. The LMPC of Eq. (22) is implemented in a sample-and-
hold fashion, i.e., an optimal input trajectory u*(t), t € [tk, tysn)
is obtained by solving the LMPC optimization problem of Eq. (22)
at each sampling time, from which only the control action for the
first sampling period of the prediction horizon will be applied.
The objective of the LMPC of Eq. (22) is to achieve closed-loop
stability for the nonlinear system of Eq. (1) in the sense that
the closed-loop state is bounded in the stability region §2, for
all times, and can be ultimately bounded in a terminal set £2, ..
that is a superset of £2,,, designed accounting for the impact of
modeling error and sample-and-hold implementation.

Recursive feasibility and closed-loop stability of the nonlinear
system of Eq. (1) under the LMPC of Eq. (22) can be proven
by showing that (1) the stabilizing controller u = @,,(x) is a
feasible solution to the MPC of Eq. (22) for all times, (2) the
closed-loop state can be driven towards the origin, and ultimately
bounded in the terminal set under u = &,,(x), and (3) due to the
two Lyapunov-based constraints of Egs. (22e)-(22f), the optimal
solution solved by LMPC will achieve an equally good closed-
loop performance, if not better, than the stabilizing controller.
Interested readers may refer to Ref. [38] for the detailed proof
of closed-loop stability for the nominal system of Eq. (1), and
Ref. [44] for the discussion of closed-loop stability for uncertain
nonlinear systems with stochastic disturbances.

6. Application to a chemical process example

In this section, a chemical process example is employed to
demonstrate the application of LMPC using the PIRNN model,
whose prediction performance is augmented by leveraging a pri-
ori knowledge governed by the physical laws, to drive and main-
tain the closed-loop system state at its setpoint and within the
stability region for all times. Specifically, a nonisothermal con-
tinuous stirred tank reactor (CSTR) under homogeneous mixing,
and with an irreversible second-order exothermic reaction is
considered. The reaction proceeds to convert a reacting species
A to a product B (i.e., A — B). A heating jacket is also equipped
to either remove or supply heat energy at a rate Q, which ei-
ther accelerates or suppresses the rate of reaction. The following
material and energy balance equations collectively describe the
dynamics of the CSTR, and these governing equations also form
the cornerstone for physics-informed learning algorithms.

dCy F -

—E
T V(CAO — Ca) — koe® G4 (23a)
dT F —AH -
dt %4 ,OLCP ,OLCpV
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Table 1

Process parameter values adopted in the dynamic model of CSTR.
F =5m’/h V=1m?
ko = 8.46 x 10° m3/kmol h E =5 x 10* kJ/kmol
R = 8.314 kJ/kmol K Tp = 300 K

AH = —1.15 x 10* kJ/kmol
G, = 0231 kJ/kg K

Qs = 0.0 kJ/h

T, = 402 K

oL = 1000 kg/m3
Cao, = 4 kmol/m?
Cs, = 1.95 kmol/m?3

where C4 and F denote the inlet concentration of species A,
and feed volumetric flow rate, respectively. C4 and V represent
the concentration of reactant A, and the volume of reacting fluid
in the CSTR, respectively. ko, E, and R are the frequency factor,
activation energy, and the universal gas constant in the Arrhe-
nius equation, respectively. To and T denote the temperatures of
feed, and reacting liquid in the CSTR, respectively. AH represents
the change in enthalpy of the reaction system. In addition, the
reacting liquid is assumed to have a constant density of p; and a
constant heat capacity of C,. The values adopted for the various
parameters in Eq. (23), together with the steady-state values
for controlled (i.e., C4 and T) and manipulated (i.e., Q and Cyg)
variables, are listed in Table 1.

It is intended to operate the CSTR at an unstable steady-state
(Cas, T5) =(1.95 kmol/m?, 402 K) via the manipulated inputs Cag
and Q, where (Cyo,, Qs) = (4 kmol/m3, 0 kJ/h). The system states
and the manipulated inputs are expressed in their respective
deviation forms: ACy = G4 — Cp,, AT =T —T;, ACap = Cap — Cao,»
and AQ = Q — Q. In addition, physical constraints are also
imposed on the manipulated inputs, where | ACyo| < 3.5 kmol/m?
and |AQ| < 5 x 10° kJ/h. More succinctly, the states and the
manipulated inputs of the closed-loop system are represented as
xT = [ACa, AT], and uT = [ACao, AQ], respectively, and the
origin of the state-space therefore denotes the equilibrium point
of the system (i.e., (x{, u}) = (0, 0)).

Operationally, the control objective stipulates that the system
states of the CSTR are to be maintained at the unstable steady-
state (Cy,, Ts) by adjusting the manipulated inputs ACyo and AQ
under the LMPC using PIRNN as the predictive model. The sam-
pling period A is specified to be 1072 h, and the nonlinear opti-
mization problem of the LMPC of Eq. (22) is solved using Pylpopt,
a Python module of the state-of-the-art IPOPT solver package
for solving nonlinear optimization problems involving large-scale
continuous systems. IPOPT stands for interior-point optimizer,
which implements the interior-point methods for solving lin-
ear and nonlinear convex optimization problems. The first-order
derivatives, which are required by the IPOPT solver in determin-
ing the optimal manipulated input u at every sampling period
A, are estimated using the finite difference method (e.g., central
difference) by adding and subtracting a small perturbation Au on
the control actions u, respectively.

6.1. Process data generation

In continuous flow processes, operational data collected are
generally clustered within a small region around the steady-state,
and this renders purely data-driven modeling approaches implau-
sible and unattractive since extrapolation beyond the operating
range captured by the process data is immensely hampered by its
limited and ill-sampled nature. Furthermore, real-world process
data garnered are often corrupted by random measurement noise
due to instrumentation uncertainties and hardware limitations,
and this poses an additional practical barrier for effective learn-
ing that is ascribed to the high capacity of neural networks in
overfitting the noisy data. Nevertheless, the latter challenge can
be adequately addressed by using the dropout technique, which
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is a powerful and yet facile regularization method that reduces
overfitting in neural networks. Functionally, the dropout method
randomly masks selected neural network weights during train-
ing, thereby deliberately reducing dependencies in deep neural
networks. This haphazardly dropping of connections between
neurons in a network facilitates the intrinsic reduction of model
complexity and the realization of several independent internal
representations of the training data which are instrumental in
promoting the learning of the underlying true system dynamics.
Specifically, standard dropout technique has been successfully
applied to various types of neural networks to reduce overfitting,
and Monte Carlo (MC) dropout that was proposed by Ref. [45]
has been demonstrated to achieve better performance for RNNs
with some types of data noise. For example, in Ref. [46], we
have integrated MC dropout with purely data-driven RNNs for
modeling nonlinear systems with noisy data. It is demonstrated
in Ref. [46] that an RNN model using MC dropout method is
able to reduce the overfitting to non-Gaussian noisy data. The
main difference between MC dropout and standard dropout tech-
niques is that the random masking behavior is preserved after
training for MC dropout, but not for standard dropout. Therefore,
the predictions made by RNNs with MC dropout are seen as
random samples drawn from a probabilistic distribution, which
will be non-deterministic. While MC dropout may be superior
to standard dropout for some types of data noise (e.g., non-
Gaussian noise), we have shown in Ref. [46] that standard NN
modeling without dropout, or with standard dropout may achieve
a comparable modeling accuracy to that using MC dropout for
noisy data of Gaussian distribution. Therefore, in this work, the
standard dropout method is used in PIRNN to reduce overfitting
to data with Gaussian noise, and is demonstrated to achieve the
desired modeling performance in this section.

Additionally, process data are assumed to be limited and are
available only in a small region around the unstable steady-
state of (Cp,, Ts) = (1.95 kmol/m>, 402 K). The process data are
generated via open-loop simulations by numerically solving the
dynamic process model of Eq. (23) based on a moderate num-
ber of initial conditions and control actions using the SciPy im-
plementation of the standard explicit Runge-Kutta fourth-order
numerical algorithm with an integration time step of h, = 1 x
102 h in the Python programming language. The manipulated
inputs are fed to the dynamic model of Eq. (23) as piecewise
constants (i.e.,, ACao(t) = ACuo(ty), and AQ(t) = AQ(ty) Vt €
[tk tew1), where g := ty + A with A = 1 x 1072 h indicating
one sampling period). Furthermore, to simulate the effect of
measurement noise on process data garnered in reality, Gaus-

sian noises wc, ~ N (0 kmol/m?, 1.0 x 1073 (kmol/m3)2), and

wr ~ N (0K, 25(K)*) are added to the concentration Cy, and
temperature T measurements retrieved from open-loop simula-
tions, respectively, to yield the noisy dataset.

Specifically, the initial states (AC4, AT) are uniformly and
randomly sampled from a small region around the unstable
steady state Cp, and Ts (i.e., ACy (kmol/m®) ~ U(—0.2, 0.2)
and AT (K) ~ U(—20, 20)), as shown in Table 2. Similarly, the
manipulated inputs (ACyo, AQ) are randomly and uniformly se-
lected from a small neighborhood around their respective steady
states Cao, and Qs (i.e., ACy (kmol/m3®) ~ U(—1.5, 1.5), and
AQ (KJ/h) ~ U(=5 x 103, 5 x 10%), as shown in Table 2.

With the aforementioned configurations, dynamic state trajec-
tories (AC4 and AT), subject to their respective Gaussian mea-
surement noises wc, and wr, are sampled at every integration
time step h, = 1x 103 h within each sampling period A. Specifi-
cally, as shown in Table 2, state trajectories are simulated for each
of the 64 pairs of initial system states (e.g., 8 from each state) that
are sampled from their respective uniform distributions, and are

Journal of Process Control 128 (2023) 103005

Table 2
Sampling distributions of initial states and manipulated inputs for generating
process data.

Variable Distribution No. of points
Initial AC,4 (kmol/m?) U(—0.2, 0.2) 8

Initial AT (K) U(—20, 20) 8

ACyo (kmol/m?) U(-1.5, 1.5) 10

AQ (KJ/h) U(—5 x 10°, 5 x 10%) 15

Total number of state trajectories generated 9600

subject to each of the 150 pairs of manipulated inputs (e.g., 10
from ACy and 15 from AQ) in a sample-and-hold fashion. As a
result, 9600 state trajectories (comprising noisy measurements)
are obtained, which are then partitioned into training (80%), and
validation (20%) datasets. Fig. 2 shows a few samples of the state
trajectories obtained within a small neighborhood (£2, . ) around
the steady-state for one sampling period A.

Subsequently, a PIRNN model is developed using the noisy
dataset and the governing physical laws expressed in the form
of the dynamic system model of Eq. (23). A conventional RNN
model (i.e., without incorporating any physics knowledge into
the model) is constructed solely based on the noisy process
data, which serves as a baseline for comparison with the PIRNN
model to demonstrate its predictive capability beyond the range
of training data. Additionally, a purely physics-based RNN model
(i.e., without utilizing the observed process data) is also devel-
oped, and serves as another baseline for comparison with the
PIRNN to showcase its robustness against measurement noise.
The dropout technique is implemented in both the PIRNN and
the purely data-driven RNN models to reduce overfitting and to
support the learning of the underlying noise-free process dynam-
ics. Similarly, dropout is added to the purely physics-based RNN
model for consistency.

The collocation points (i.e., consisting of the initial system
states AC4 and AT, and the manipulated inputs ACs and AQ
including and beyond the range captured in the process data)
that are used to embed the system dynamics knowledge and to
enforce the structure imposed by Eq. (23) to the PIRNN are uni-
formly sampled across the closed-loop stability region §2,, defined
for the CSTR, as shown in Fig. 2. Specifically, the control Lyapunov
function V(x) = x"Px is designed with a positive definite matrix
P = 1820 0?532 . The closed-loop stability region £2, for the
CSTR is then characterized as a level set of the Lyapunov function
with p = 368, where the origin can be rendered exponentially
stable under the controller u = &(x) € U. Similarly, the manip-
ulated inputs ACsp and AQ are uniformly sampled across their
physical limits (i.e, —3.5 kmol/m?® < ACy < 3.5 kmol/m?
and —5 x 10° kJJh < AQ < 5 x 10° kJ/h). Altogether, 110
pairs of initial states are sampled across the closed-loop stability
region £2,, as shown in Fig. 2, with each subject to 500 pairs
of uniformly sampled manipulated inputs in a sample-and-hold
fashion, thereby yielding 55,000 collocation points (i.e., 55,000
different combinations of 110 pairs of AC4 and AT with 500
pairs of ACyo and AQ) for physics-informed learning. Similar to
process data, the collocation points are also split into training
(80%), and validation (20%) datasets.

The noise-free process data, which correspond to the noisy
dataset with the absence of measurement noise wc, and wr, are
also collected for training the three aforementioned RNN mod-
els and their prediction performance are compared with those
trained using the noisy dataset.

Pmin
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Fig. 2. Collocation points sampled uniformly across the stability region §2,, together with a few examples of the noisy process state trajectories captured within a

small neighborhood around the origin (i.e., steady-state G4, and T).

6.2. Open-loop simulation results of RNN and PIRNN

In this section, the three RNN models described in Section 6.1
are developed and their generalization performance are com-
pared. Specifically, the first RNN model is a standard RNN trained
solely using the process data captured; the second model is the
PIRNN model, for which the governing equation (i.e., Eq. (23)) of
the nonlinear dynamic process is incorporated as regularization
terms in addition to the loss term based on the process data
in its loss function; the third model is a purely physics-driven
RNN model that is trained entirely based on the physics-informed
loss function using uniformly sampled collocation points across
the operating regions, and without the involvement of any pro-
cess data. Furthermore, the three RNN models are constructed
with, and without considering the effect of measurement noise,
respectively.

6.2.1. RNN prediction performance without Gaussian noise

With the noise-free process data generated using the proce-
dures outlined in Section 6.1, the three RNN models are devel-
oped with the identical network architecture consisting of three
hidden recurrent layers with 128, 256, and 64 recurrent units,
respectively. It should be noted that no dropout is incorporated
into these RNN models as the process data utilized for training
is not subject to measurement noise. Moreover, the three RNN
models are trained using the same parameter settings in terms
of the number of epochs = 300, optimizer = Adam, learning
rate = 0.001, weight initialization ~ U(—+v/k, k) where k =
Fidden Tayer size” and activation function = Tanh in order to compare
their prediction performances on the same ground. With these
configurations, the three RNN models are developed with 4 input
features and 2 outputs (i.e., Fyy(X, u), with X € R? and u € R?),
using the state-of-the-art deep learning framework PyTorch in
the Python programming language, to predict the future system
states (i.e., AC4 and AT) for one sampling period A = 1 x 1072
h given the initial state measurements (AC4 and AT att = 0.0
h), and the manipulated inputs (ACs and AQ). In addition, to
facilitate a more efficient learning process, all inputs and outputs
of the RNN models are standardized by subtracting the mean of
noise-free process data and dividing by their respective standard
deviations.

As shown in Fig. 1, since the process data are collected at an
integration time step h. during the open-loop simulations, the
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time interval between two consecutive internal states h;_; and
h; of the unfolded RNN is thus chosen to directly correspond
to h¢, where h; represents the RNN hidden state at the t time
step, t = 1,...,T. Furthermore, all the states between t = 0
and t = A (i.e.,, the RNN states in one prediction horizon) are
treated as the internal states of the RNN and can be used as
the predicted system states by the RNN models for one sampling
period forward, where the total number of the RNN outputs over
one sampling period is T = A/h.. The resulting purely data-
driven RNN, PIRNN, and purely physics-driven RNN attained MSEs
of approximately 1.1 x 1073, 1.6 x 1073, 1.3 x 1072 on their
training datasets, respectively, and of approximately 2.3 x 1073,
2.1 x 1073, 1.9 x 1073 on their validation datasets, respectively.
The MSEs on the training and validation datasets are of the same
magnitudes, indicating that the RNN models are not overfitting
and can generalize well to the process dynamics within the
operating range dictated by their respective datasets.

Fig. 3 shows the comparison of open-loop state profiles pre-
dicted by the three RNN models, with RNN, PIRNN, and
PIRNN _without_MSE, denoting the purely data-driven RNN,
PIRNN trained with both process data and collocation points, and
purely physics-driven RNN, respectively. Specifically, the system
states are initially set to be at their respective steady-states of
(AC4, AT) = (0, 0), which are then subject to small perturba-
tions triggered by the pseudo-randomly generated manipulated
input profiles (as shown in Fig. 4) in a sample and hold fashion
where ACy ~ U(—1.5, 1.5)and AQ ~ U(—1x 1073, 1x 1073)
are fed to the RNN models as piecewise constants (i.e., ACpo(t) =
ACao(tr), and
AQ(t) = AQ(ty) Vt € [ty, ty+1), where tyq := t + A) for 15
sampling periods from t =0 h to t = 0.15 h. Beyond t = 0.15 h,
the dynamic system is subject to more vigorous control actions
with ACy ~ U(—3.5, 3.5)and AQ ~ U(—1x107>, 1x107?) for
another 15 sampling periods from t = 0.15 h to t = 0.3 h. The
true process dynamics in Fig. 3, subject to the same manipulated
input profiles shown in Fig. 4, is used as the benchmark to
evaluate the prediction performance of the three RNN models.

Since all of the three RNN models are developed to predict
only one sampling period A = 1 x 1072 h forward given the
current state measurements and the manipulated inputs, they are
recursively invoked to predict the entire trajectory from t = 0 h
tot =30 x A = 0.3 h. As shown in Fig. 3, it is apparent that the
purely data-driven RNN (trained using solely noise-free process
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Fig. 4. Open-loop manipulated input profiles: ACyo (top figure), and AQ (bottom figure) for the three RNN models.

data), PIRNN (trained using noise-free process data and colloca-
tion points), and purely physics-based RNN (trained using only
collocation points) achieve excellent predictions that conform to
the true process dynamics (i.e., data generated from the first-
principles model of Eq. (23)) between the time interval t = 0 h to
approximately ¢ = 0.25 h. This can be ascribed to the observed
dynamics of the system states (i.e., AC4, AT profiles shown in
Fig. 3) and the manipulated inputs (i.e., ACyy, AQ profiles shown
in Fig. 4) remaining within a small neighborhood around their
respective steady-state values for t fromt = 0htot = 0.25 h,
which have been well captured by all of the RNN models during
their training.

However, as the dynamic system experiences more rigorous
manipulated inputs of larger magnitudes beyond t 0.15 h
and with system states beginning to drift considerably from their
respective steady-state values, the prediction performance of the
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purely data-driven RNN becomes unsatisfactory, as shown by the
appreciable deviations of its predicted state profiles from the
ground truth in Fig. 3 from t = 0.25 h onward. This highlights
the limitation of the purely data-driven RNN, which suffers from
poor generalizability beyond the operating range captured in
the training data. In contrast, the PIRNN model, which learns
the underlying process dynamics from both the noise-free pro-
cess data and through the governing physical laws of Eq. (23),
demonstrates remarkable extrapolation performance where its
predicted state profiles are well matched with the true profiles, as
shown in Fig. 3 from t = 0.25 h to t = 0.3 h. Moreover, the purely
physics-driven RNN model also demonstrates indistinguishable
prediction performance to the PIRNN model as it is trained using
collocation points that span the entire operating regions of the
system states and manipulated inputs, respectively. Therefore,
the advantage of physics-informed learning approach over the
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standard RNN training approach manifests in its generalization
capability, and this is especially instrumental for controlling dy-
namic systems in the chemical industry, where the process data
collected are usually ill-sampled (e.g., predominantly within a
small neighborhood around the steady-state setpoints). The em-
bedding of mechanistic knowledge (e.g., the governing ODEs of
the system) into the RNN models thus tremendously enhances
their predictive performance, thereby fostering a more effective
control with ML-MPC.

6.2.2. RNN prediction performance with Gaussian noise

Similarly, with the noisy dataset generated using the proce-
dures outlined in Section 6.1, three RNN models are developed:
(1) a standard RNN is designed with three hidden recurrent layers
comprising 128, 256, and 64 recurrent units, respectively, and
with each layer regularized by a dropout probability of 0.25; (2) a
PIRNN is constructed with the identical network architecture and
dropout rates as the standard RNN described in (1); (3) a purely
physics-driven RNN model is built with the same configurations
as (1) and (2). It should be noted that, contrary to the RNN
models in Section 6.2.1, dropouts are incorporated into the RNN
models in this section to prevent overfitting the noisy process
data which are subject to the measurement noises wc, and wr.
The three RNN models in this section are trained using the same
parameter settings with number of epochs = 150, optimizer =
Adam, learning rate = 0.001, weight initialization ~ U(—+/k, +/k)
where k = -, and activation function = Tanh for the

yEl‘ size . . .
purpose of comparing their prediction performances on the same
ground.

The resulting purely data-driven RNN, PIRNN, purely physics-
driven RNN models attained MSEs of approximately 0.339, 0.409,
and 3.0 x 1072 on their respective training datasets, and of
approximately 0.379, 0.510, and 2.6 x 1072 on their respective
validation datasets. For purely data-driven RNN and PIRNN mod-
els, their relatively high MSEs (as compared to the MSE values
yielded using noise-free process data in Section 6.2.1) on the
training and validation datasets indicate that the RNN models are
not capturing the noisy process data in its entirety, but are rather
attempting to learn the underlying true dynamics. The incorpo-
ration of dropout thus indeed seeks to alleviate susceptibility
to overfitting of the noisy process data. Furthermore, while the
identical set of collocation points to those utilized in Section 6.2.1
has been used to train the purely physics-driven RNN model in
this section, the resulting MSEs generated are larger than those
reported in Section 6.2.1. This can be attributed to the inclusion
of dropouts in the purely physics-driven RNN model, which in-
trinsically reduces the model complexity and thereby diminishing
its ability to learn the complex dynamic behavior entailed in the
governing equation of Eq. (23).

Fig. 5 shows the comparison of open-loop state profiles pre-
dicted by the standard RNN (denoted by RNN), PIRNN (denoted
by PIRNN), and the purely physics-driven RNN models (denoted
by PIRNN_without_MSE ), respectively, together with the noisy
process data and the true process dynamics, under the same
pseudo-randomly generated manipulated input profiles as shown
in Fig. 6. Specifically, similar to Section 6.2.1, the system states are
initially set at their respective steady-state values of (ACy4, AT) =
(0, 0), which are then subject to small perturbations triggered by
the pseudo-randomly generated manipulated input profiles (as
shown in Fig. 6) in a sample and hold fashion where ACy ~
U(-1.5, 1.5) and AQ ~ U(—1 x 1073, 1 x 1073) are fed to
the RNN models as piecewise constant functions for 15 sampling
periods from t = 0 h to t = 0.15 h. Subsequently, the dynamic
system is subject to more vigorous control actions with ACyg ~
U(—3.5, 3.5)and AQ ~ U(—1 x 107>, 1 x 107>) for another
15 sampling periods from t = 0.15 h to t = 0.3 h. Further-
more, while the true process dynamics without measurement
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noise, subject to the same manipulated input profiles shown in
Fig. 6, is used as the benchmark to evaluate the prediction and
noise rejection performance of the three RNN models, the system
states that are supplied to the RNN models are corrupted by the
measurement noise wc, and wr, respectively.

As shown in Fig. 5, it is evident that both the purely data-
driven RNN (trained using solely noisy process data) and PIRNN
(trained using noisy process data and collocation points) are ro-
bust against measurement noise where their predictions conform
more closely to the true underlying process dynamics between
the time interval t = 0 h to t = 0.15 h. This can be ascribed
to the inclusion of dropout layers that aid in noise rejection by
preventing overfitting via model complexity reduction. Moreover,
as the observed dynamics of the system states (i.e., AC4 and AT
profiles shown in Fig. 5) and the manipulated inputs (i.e., ACag
and AQ profiles shown in Fig. 6) are found to remain relatively
close to their respective steady-state values fromt = 0 h to
t = 0.15 h, their dynamic behaviors have already been well
captured by the purely data-driven RNN and PIRNN models in
their training phases. It is also noticed that, in Fig. 5, the noise
rejection performance of the purely physics-driven RNN model is
inferior to that of the RNN and PIRNN models, and this is expected
since the noisy process data has been excluded from training
the purely physics-driven RNN model, and its adaptability to
measurement noise is therefore unsatisfactory.

However, as the dynamic system experiences more rigorous
manipulated inputs of larger magnitudes beyond t = 0.15 h, the
system states begin to drift considerably from their respectively
steady-state values, and the prediction performance of the purely
data-driven RNN model becomes unsatisfactory, as shown by the
appreciable deviations of its predicted state profiles from the
ground truth in Fig. 5 from ¢t = 0.2 h onward. This highlights
the limitation of the purely data-driven RNN model, which suffers
from poor generalizability beyond the range of training data. In
contrast, the PIRNN and the purely physics-driven RNN models,
which have been incorporated with the knowledge of the under-
lying process dynamics through the governing physical laws of
Eq. (23), demonstrate excellent extrapolation performance where
their predicted state profiles are well matched with the true
profiles, as shown in Fig. 5 fromt = 02 htot = 03 h
The advantage of physics-informed learning over conventional
algorithms manifests in its integration of a priori knowledge with
existing data in augmenting the generalization capability of the
resulting RNN models, and this is especially instrumental for
controlling dynamic systems in the chemical industry, where the
mechanistic knowledge (e.g., the governing ODEs of the system)
can be directly embedded into the RNN models to enhance their
predictive performance in MPC. Note that beyond t = 0.15 h,
inputs to all the three RNN models switched from noisy states
to true system states as both the PIRNN and the purely physics-
driven RNN are trained to approximate the noise-free dynamic
model of Eq. (23) based on the collocation points. In addition, it
is noticed that the overall prediction performance by the PIRNN
and purely physics-driven RNN are inferior to those seen in Fig. 3
for t > 0.15 h. This can be attributed to the inclusion of dropout
layers, which reduces the model complexity and hence their
ability to model the complex nonlinear dynamics.

6.3. Closed-loop simulation results of RNN- and PIRNN-based LMPC

The CSTR dynamic system, which is described by Eq. (23) and
is subject to measurement noise wc, and wr, is used to illus-
trate the application of PIRNN-based LMPC of Eq. (22) with the
objective of operating the CSTR at an unstable equilibrium point
(Cag» Ts) = (1.95 kmol/m?, 402 K) by adjusting the manipulated
inputs ACy and AQ. Three additional LMPCs using the standard
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Fig. 6. Open-loop manipulated input profiles: ACy (top figure), and AQ (bottom figure) for the three RNN models.

RNN model, the purely physics-driven RNN model, and the true
process dynamic model of Eq. (23), respectively, will serve as
benchmark cases for evaluating the performance of the PIRNN-
based LMPC. All RNN models employed in LMPCs in this section
are taken from those illustrated in Section 6.2.2 (i.e., with the
inclusion of dropout). Specifically, the LMPC objective function of
Eq. (22a) has the following form which yields a minimum value
at the steady-state values Cy,, Ts, Cag,, and Qs:

Lt u) = %2, + [ul?, (24)

where Q; and Q, denote the coefficient matrices that balance the
scale of each contributing term (i.e., the system states x and the
manipulated inputs u in their respective deviation forms) and
to indicate the relative importance of one process specification
(e.g., energy and reactant expenditures) to another. In this work,
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Q; (1 x 103 1)and Q = (1 x 107, 1 x 10719) are
selected to reflect the priority of maintaining system states at
their desired setpoints over resource consumption, with the scale
of |x|2Q1 chosen to be of approximately an order of magnitude
larger than that of |u|fb. The nonlinear optimization problem of
the LMPC (i.e., Eq. (22)) is solved using the Pylpopt optimizer with
a sampling period A = 1 x 1072 h and a total operation time of
0.2 h (i.e., 20 MPC iterations).

The state-space trajectories (ground truth) and the state pro-
files (corrupted by noise) for the dynamic system with an initial
state X = (—1.5, 70) are shown in Figs. 7 and 8, respectively.
While the ground truth process dynamics under the various LM-
PCs are presented in Fig. 7 to facilitate a more convenient as-
sessment of their relative control performance, the states input
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to the various LMPCs are corrupted by noise during the closed-
loop simulations, as shown in Fig. 8. In Fig. 7 (ground truth
dynamics), it is observed that the dynamic trajectories produced
by the true process dynamic model of Eq. (23) (denoted by
First — principle), the purely data-driven RNN (denoted by RNN),
the PIRNN (denoted by PIRNN), and the purely physics-driven
RNN (denoted by PIRNN_without_MSE~ ) based LMPCs remain
inside the stability region £2, for the entire duration of the CSTR
operation, and with the dynamic trajectories of the true process
model-, the PIRNN-, and the purely physics-driven RNN-based
LMPCs ultimately oscillate in a small neighborhood around the
state-steady that is beyond the small ball £2, . in the presence
of Gaussian measurement noise. However, it is apparent that
the state trajectory yielded by PIRNN-based LMPC results in a
smaller oscillation (i.e., nearly converges to £2, . ) around the

Pmin
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state-steady as compared to that of true process model- and
purely physics-driven RNN-based LMPCs. This can be attributed
to its adaptability to measurement noise, thereby delivering a su-
perior noise rejection performance. In this example, it is assumed
that the first-principles model of Eq. (23) captures the evolution
of process states in the absence of measurement noise. The LMPC
using purely physics-informed RNN or the first-principles model
will thus engender deteriorating control performance in the pres-
ence of measurement noise, as evident in their larger oscillations
around the steady-state (Fig. 7). On the contrary, standard RNN-
based LMPC provides inadequate control and completely fails to
drive the CSTR to its desired setpoints. This is ascribed to the
employment of ill-sampled process data, which greatly hampers
the prediction performance of RNN beyond the range of train-
ing data. Fig. 8 shows the individual state profiles (corrupted
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Fig. 9. Closed-loop manipulated inputs under the LMPC using first-principles model (blue solid line), purely data-driven RNN (green dotted-dashed line), PIRNN (red
dotted line), purely physics-driven (orange dashed line), respectively, for the initial system state of (—1.5 kmol/m?, 70 K).

by measurement noise) produced by the various LMPCs, with
purely data-driven RNN- and PIRNN-based LMPCs yielding the
most undesired and desired closed-loop control performances,
respectively.

Fig. 9 shows the respective control profiles of the four LMPCs
studied. Specifically, the true process model-, the PIRNN-, and the
purely physics-driven RNN-based LMPCs implement aggressive
control actions (i.e., utilizing AC4o and AQ values that are close
to their imposed physical limits) in the initial CSTR operation to
drive the system states towards the setpoints rapidly from t =
0.0 h to t = 0.06 h. Subsequently, the control actions of the three
LMPCs oscillate around their setpoints, and their magnitudes are
dependent on the values of state measurements, which are cor-
rupted by Gaussian noise, received. Since measurement noise has
the least effect on PIRNN-based LMPC, its control action outputs
exhibit oscillations of the smallest magnitude from t = 0.06 h
onward.

Remark 6. As demonstrated in Fig. 7, the true process dy-
namic model- and the purely physics-driven RNN-based LMPCs
are capable of providing adequate control to successfully drive
the CSTR from x, to a small neighborhood around its steady-
state setpoints, and the effect of measurement noise on the two
LMPCs is minor in the initial operation of the CSTR as the absolute
difference between xo and the setpoint is much larger in magni-
tude than that of the Gaussian noise. Therefore, the prediction
performances of the true process dynamic model and the purely
physics-driven RNN will only become inferior to PIRNN when the
predicted states required are close to the input state x supplied,
and the adverse impact of measurement noise thus manifests
only when the LMPCs are required to stabilize the system in a
small neighborhood (e.g., £2,,,,) around its steady-state setpoints.

Remark 7. While more sophisticated RNN variants (such as
long short-term memory (LSTM) and gated recurrent unit (GRU)
networks) exist, they tend to have minimal impacts on the model
generalizability since all of them are data-driven models in na-
ture. Additionally, the dominant benefits of LSTM and GRU over
traditional RNN, which include a better capacity at handling long
sequential data as they are less susceptible to the vanishing gra-
dient problem [47], are not explicitly favored in this case as the
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number of time steps required in the model prediction is only 10.
In fact, the exploitation of more involved RNN architectures such
as LSTM and GRU might even be detrimental to LMPC implemen-
tations as these complex networks generally require more plant
data in order to learn effectively. Moreover, the training of LSTM
and GRU can be computationally intensive given their inherent
more complicated architecture, and this may engender a potential
hindrance to their applications in real-time online learning MPC,
where the predictive performance of RNN models are improved
in real-time by updating them using the latest plant data re-
trieved once a significant discrepancy between model predictions
and sensor measurements are discovered. Refs. [2,48] demon-
strate the outstanding modeling capacity of RNN in describing a
highly complex and nonlinear batch crystallization process, and
its superior computational efficiency in an online learning-based
RNN-MPC scheme. In principle, although the physics-informed
modeling approach can be applied to LSTM and GRU, the number
of prediction time steps required should be sufficiently large that
renders the simple RNN ineffective, and a switch to the more
complex variants is thus necessary to warrant adequate modeling
performance for satisfactory control. In other cases, RNN should
be the preferred choice of surrogate model in LMPC applications.

7. Conclusion

In this work, we developed a physics-informed recurrent neu-
ral network modeling scheme that seamlessly integrates the
noisy process data and mechanistic mathematical models in
augmenting the learning process. A generalization error bound
was first derived for the PIRNN models based on the nomi-
nal system using the Rademacher complexity technique from
statistical learning theory. Subsequently, a PIRNN-LMPC control
scheme was formulated and implemented to control nonlinear
systems subject to Gaussian measurement noise. A chemical
reactor example was employed to demonstrate the effectiveness
of the PIRNN-LMPC scheme, in which the dropout technique
was utilized to facilitate the learning of the underlying process
dynamics (ground truth) and to prevent overfitting the noisy
data. Both the open- and closed-loop simulations demonstrated
improved model accuracy and control performance using PIRNN
models.
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