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Degenerate Quantum Gas

& Typical degenerate guantum gas
— Liquid Helium 3 & 4

— Bose-Einstein condensation (BEC)
« Boson vs Fermion condensation
« One component, two-component & spin-1
 Boson-fermion mixture

& Typical properties
— Low (mK) or ultracold (nK) temperature

— Quantum phase transition & closely related to nonlinear wave
— Superfluids - flow without friction & quantized vortices
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Recent Developments

A ;-I B

& Quantum transport | |
— Move a BEC in an optical lattice " S bt
— Atomic circuit, Quantum computing

& Interaction of BEC and particles

4 Quantized vortices for superfluidity
— Vortex states
— Vortex lattice patterns
— Interaction between vortices

4 Fermion condensate, Boson-fermion, atom-molecule, ...
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Dipolar Quantum Gas

Molecules meet: there are
temporary attractions and
repulstons between electrons

& Experimental setup J el

— Molecules meet to form dipoles J g 0
— Cool down dipoles to ultracold
— Hold in a magnetic trap Nonpolar melecrles

move together
— Dipolar condensation

Weak attractions
between temporary
dipoles

— Degenerate dipolar quantum gas j"/\
% Experimental realization
— Chroimum (Cr52) T'"/k“
— 2005@Univ. Stuttgart, Germany e
- PRL, 94 (2005) 160401 e

aexpangion times from 1 to @ ms. (a) BEC released from an almost

% Big-wave in theoretical study e R ) ot
A. Griesmaier,et al., PRL, 94 (2005)160401



BEC with strong DDI
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FIi. 2 {coloronline).  TOF profiles of the spin-purified Dy gas
tor three evaporation time constants, with = 15 5 in{e) and {f ).
(a)fc)k(e) Data at centers are fit to a parabolic profile (upper
aurve), which underestimates the condensate fraction, whensas
the distributions" wings are fit to a Gavssian profile {lower
aurve). (bl (d)f) Absorption images of the emerging BEC.
(b} The transition temperatore is 9905) nK, with condensate
fracticn ZAN4)%; (d) 442)% condensate faction at 56{3) nk:
(f) a BEC of condensate fraction of 73(4)% and 1.5(2) = 1(*
atoms forms at 282 nk with density 10°* cm™
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FIti. 3 {color online). Amsotmopic expansion profle vesus
time atter trap relesse. (a) r, and r, are the dimensions of the
parabolic pmofile fit to the BEC for & = (7. Inset: Schematic of
the oblate tmp and magnetic-field orientation. (b} Images of the
expanding condensate after tmp melease. The condenzate rotates
by T1)" [9.406)"] wath mespect to the & = (1" expansion orien-
tation for & = 45" [# = 607]. Mo BEC forms for & = 90°.

Lu, Burdick, Youn & Lev, PRL 107 (2011), 190401.
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Mathematical Model

# Gross-Pitaevskii equation (re-scaled) ¥ = w(X,t) XeR

2y ()= {—%Mvm(z) F 1y E+A(Ugtly |2)}u(xt)

. 1
~ Trap potential Vo, (2) =2 (ri x* +7y y* +77 2°)
— Interaction constants 5 - 22N& (ot range), 4= N ol (long-range)

— Long-range dipole-dipole intetaction kernel °
3 1-3(A-X)*/|X[F 3 1-3cos’()
Ax 1% [ 4z IXP
% References:
— L. Santos, et al. PRL 85 (2000), 1791-1797
— S.Yi&L. You, PRA 61 (2001), 041604(R): D. H. J. O'Dell, PRL 92 (2004), 250401

Ui (X) = ieR® fixed & satisfies |fi|=1
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Mathematical Model

& Mass conservation (Normalization condition)
2 2
N =[O =[xt dx=[|p(x.0)f dx=1

R3 RS

& Energy conservation

E0)= ]| 519 F VOl F 4

R3

& Long-range interaction kernel:
— Itis highly singular near the origin ! At O 3 jsingularity near the origin !!
— Its Fourier transform reads - 3(fi - 95)2
+ No limit near origin in phase space ! Uy (&) =—1+ : EeR®
 Bounded & no limit at far field too !! ¢
* Physicists simply drop the second singular term in phase space near origin!!
* Locking phenomena in computation !!

p

A S
D45 Ul )l F|d 7= Ewo)

1
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A New Formulation
r=|x| & 6,=n-V & 9,,=0,(0,)

& Using the identity (opeletal., PRL 92 (2004), 250401, Parker et al., PRA 79 (2009), 013617)

U, (1) =2 3 Ll‘g(ﬁf) J__g(x) % (41)

I Tl

1+3(ﬁ'9:)2
<]
¥ Dipole-dipole interaction becomes
2 2
Udip*lWl =—|w | —3044
1
Arr

= L]olip(f) = -

|y [fo —Ap=|y [

gp:
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A New Formulation

& Gross-Pitaevskii-Poisson type equations (ao,Cai & Wang, JCP, 10)

2y [—%A V(R + (B A) |y 340, }w(z,o

—ApX ) =y (X )F,  lime(x,t) =0
& Energy
B 00 = [| 5190 F @Iy F 2ot S iaver |ax



A Ground State

Z Non-convex minimization problem

E(¢)=minE(g) with S={4||¢|=1&E(#) <}

@peS
& Nonlinear Eigenvalue problem (Euler-Language eq.)
. 1 . 2 .
430 =| 5 84y (0)+ (5 2) | 9F 340,40 |43
~Ap(X) = ¢(X) [, lim ¢(X) =0, |4l =1
& Chemical potential
im ]| 5 IVOF Vs (OI6F +(5-2) 181 +3410,50F |d

=E(¢)+j[ﬂ;”“|¢r‘+3§|aﬁvmﬂd R & —Ap=lgf



e 2

Ground State Results

& Theorem (Existence, uniqueness & nonexistence) (Bao, Cai & Wang, JCP, 10)
— Assumptions
V() 20, VReR® &  limV,,
— Results V;
+ There exists a ground state ¢, € S if /20 & ) <ALpP

(X) =400 (confinement potential)

» Positive ground state is unique 6, =% g | with 6, eR

» Nonexistence of ground state, i.e. lim E(¢) = —o0

- Casel:  B<( pes
-Casell 550 & /1>,Bor/l<—§
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Key Techniques in Proof

& Estimate on the Poisson equation
Ap=lgfi=p & limp(R)=0 = [0,Ve|<|V(Vo)|=[ag]=]e|=]4;
& Positivity & semi-lower continuous
E(#)>E(¢)=EWp), VgeS  with p=[gf
& The energy E(,/p) Is strictly convexin £ If
f>0 & —ggzgﬂ
& Confinement potential

& Non-existence result
2 2 2
9, . (X)= 1 1 exp(— X 2+ y jexp(—zz—], X e R’

(272'81)1/2 (271'82)1/4
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Numerical Method for Ground State

& Gradient flow with discrete normalization

% ¢(X’t) T |:%A _Vext()_() — (ﬂ - /1) |¢ |2 +31 6ﬁﬁ(0 ¢(X,t)’

—Ap(X,1t) = g(X, 1) F, IMp(x,)=0,  XeQ&t, <t<t,,,

PR = HR L) = Hzgtg . %eQ&n>0

(X, 1) lheoo= @(X,1) [heao=0,120;  §(X,0)=¢,(X) 20, XeQ, with |¢|=1.

& Full discretization
— Backward Euler sine pseudospectal (BESP) method
— Avoid to use zero-mode in phase space via DST !
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Figure 1: Surface plots of |z, 0. 2)|? (left column) and isosurface plots of |dy(x,w, 2| =
0.01 {right column) for the ground state of a dipolar BEC with § = 401.432 and A = 0,163
for harmonic potential (top row), double-well potential (middle row) and optical lattice
potential (bottom row).
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Dynamics and its Computation

% The Problem
0

()= [—%mvem +(B-A) |y F -344,, }u(x,t)

—Ap(X,t) =y (X1, éfﬂg”(i’t)zo’ XeR® t>0

v (%,0) =y (X), X R,
4 Mathematical questions
— Existence & uniqueness & finite time blow-up???

& Existing results
— Carles, Markowich & Sparber, Nonlinearity, 21 (2008), 2569-2590
— Antonelli & Sparber, Physica D (2009) --- existence of solitary waves.
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Well-posedenss Results

& Theorem (well-posedness) (Bao, Cai & Wang, JCP, 10))

— Assumptions
(i) V. (X)eC*(R®), V. (X)>0,vXeR® & D%V

ext

() e L"(R%) |af>2

(i) w,eX = {u e H'(R?) ||l =Jull: + VUl + [ Ve (D) u(x)d X < oo}
— Results -

* Local existence, I.e.
3T €(0,00], s.t. the problem has a unique solution w € C([O, T ), X)

e If 20 & —g <A< fglobal existence, i.e. T, =400
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Finite Time Blowup Results

& Theorem (finite time blowup) (Bao, Cai & Wang, JCP, 10)
_ Assumptions (i) f<0 o B>0& A< —g or i>p

i) 3V (X)+X-VV._(X)>0, VXeR’
_ Results ( ) ext( ) ext( )

+ Forany y,(X) e X , there exists finite time blowup, i.e. Tmax <+
« If one of the following conditions holds

(i) E(wy)<0
(i) E(we)=0 & Im[g(x)(X-Vy,(X)dx<0

R

(ii)) E(e) >0 & Im [ 7,(x) (X- V() d X < —[3E(w,) [R

R

L2
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Numerical Method for dynamics

% Time-splitting sine pseudospectral (TSSP) method, [t, t;..]

— Step 1: Discretize by spectral method & Integrate in phase space exactly

: _ 1
10y (X,t) = —EVZz//

— Step 2: solve the nonlinear ODE analytically
| D (X,1) = [ Voo () + (B =) [y (X,t) F =328,,0(X,1) [y (X,1)
~Ap(X,t) =y (X, 1) [,
Voly(RDF)=0=ly (XD Hw(Xt) | &  o(Xt)=p(Xt,)
| By (X,1) = |V, () + (B D) lw(X,t,) F —320,,0(X.t,) [w(X,1)
~Ap(X,t,) =ly(Xt,) [,

_ —i (t=t, ) Vo () +( 8=y (X1, )P =320 70 (X -
:>l//(X,t) S F(t=ty ) [Vext (X)+(B-A)lw (Xt p(X.t))] W(X’tn)
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New numerical methods for DDI

# How to compute nonlocal DDI $:=Ug* |y [
— FFT (fast Fourier transform) 3(fi - &)

& T

p=—|w[ 30,0 & —Ap(Xt)=ly(X1)[
— Nonuniform FFT (Bao, Jiang, Greengard, SISC,14")

¢=[Ugp(£)p(¢ 1)dE p=lyf

sphere coordinate

= [ Ug@1EF a1

Lj\dip (f) =-1+

— DST (discrete sine transform)
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Dimension Reduction

& Gross-Pitaevskil-Poisson equations
0

= (D) - [—%A SV, (R)+ (B A) |y [ -32 @ﬂw(xt)
—Ap(%, 1) =|lw (X0 [, lgmogo(z,t) =0, XeR’ t>0
& Strongly anisotropic potential
Vo (X) = %(yf X*+y2yt+yiz?)

— Casel: 3D-> 2D
v, @2y, & d=(n,n,n)', [Af=n +n;+n; =1

— Case ll: 3D - 1D
7/z>>7/x & 7/y>>7/x
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Dimension Reduction

& Existing results
— BEC without dipole-dipole interaction: A = ()

 Formal asymptotic (ao, Markowich, Schmeiser & Weishaupl, M3AS, 05)
* Numerical results (Bao, Ge, Jaksch, Markowich & Weishaeupl, CPC, 07))
* Rigorous proof (Ben Abdallah, Mehats et al., SIMA, 05; JDE 08)

 From N-body to mean field theory (Lieb, Seiringer & Yngvason, CMP, 04’; Erdos,
Schlein & Yau, Ann. Math., 10°)

— Dipolar BEC (Carles, Markowich & Sparber, Nonlinearity, 08") — formal result



P,
/%@on Reduction (3D-> 2D)

& Assumptions

2
1
v, >y &y, =0(1) & V. (X)=V,;(x, y)+— :T
& Decomposition of the linear operator
1 1 : "
L:—§A+th(x)——2A +V,5 (X, ¥)+L, . Lo } "
A PN
2 52
LZ :_Eazz _|_Z_:i _iazz _|_Z_
2oy 260 s 27 2 BEC et e o i o

atoms are confined to th pl TI dpl are p olarized along

El: Ansatz . Thcaxisn=(r )v» hpl ngle & (i.e cosd).

it 1 A
W(X, y’ Z,t) ~ e 2¢ W(X’ y,t) a)g(Z) & a)g(z) = (8272')1/4 exp[_zgj
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Dimension Reduction (3D-> 2D)

& 2D equations (Bao, Cai, Lei, Rosenkranz, PRA, 10

—2(1-3n?
pAl=30), ¢
EN2TT

0 1
I Ew(x, y,t) =1 —EAL +V,5 (X, y) +

31
== O ~MA ) Ty (X, i)

(X, y,t) =U2x |y [,

1 exp(—s/2
2\/§7z3’2]1£ ( )ds, r=x°+y°

UZP(x,y)=Uz"(r) =
Jr? + £%s?




)

/@Tsymptotic of 2D Kernel

% For fixed & >0

1
—Inr+In2¢+C), r—0
UZD(r)z<ﬂ3/25\/§( )
¥ 1
— I — oo
\ 27"
#When -0
1
Uz°(r) ~ — r>0

271
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Fourier Transform of 2D Kernel

& Fourier transform .
U(6,6) =V ) =—]
% Asymptotic N
_ Forfixed € >0

exp(-£°s* 1 2)

ds
£ +5°

—, &[>0
U2°(&N) =+ , Jfll
(Zj slep e
- When g > ()
0P( e~  EeR?

&1



P,
mtate Results for quais-2D
91, 1T

0= f eH(R?)

L2 (RZ
4

f ‘L“(Rz)
& Theorem (Existence & uniqueness) (Bao, Ben Abdallah, Cai, SIMA, 12))

L2(R?) -

C, = - Gagliardo-Nirenberg inequality

— Results V- (X) >0,vX e R* & lim 1V,5(X) =+ (confinement potential)

X|—>

« There exists a ground state ¢, €S if
_Casel: A=0&B-1A>-e27C,
_ Orcasel] A<0 & ﬁ+§(1+3|2n§—1|)>—g\/ﬂcb

e Positive ground state Is unigue g, =g | with 6, eR
- Casel: A>20 & p-420

- Orcasell 7 g & ﬂ+£(1+3|2n§_1|)20
* No ground state If 2

ﬂ+%(1—3n§) < —eJ27C,
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panel




P,
/QD@On Reduction (3D-> 2D)

& 2D equations when ¢ -0 (Bao, Cai, Lei, Rosenkranz, PRA, 10))

0 1 B-A+3in2
I — (X, y,)=[-=A, +V,,(X,y)+ 3
at‘//( y,t)=1 5oL 25 (X, Y) 5\/% 172
31
_7(8@@ - n??AJ_)(D ly(x,y,1)
(_AL)UZ(D(X’ y,t) :l W(X1 y1t) |21 KX!E/';D)@ (D(X’ y,t) =0
& Energy 1

B C0) = [ IV F Voo () F oo (= 2+ 320) Iy

#2210, (A" of ~nE[V,(-a,)" ¢ X



P,
mtate Results for quais-2D

Vo (X) >0,vX e R® & lim V,, (X) = +o0 (confinement potential)

|X]—>o0

& Theorem (Existence & uniqueness) (Bao, Ben Abdallah, Cai, SIMA, 12))

* There exists a ground state ¢; €5 if
_Casel: A=0&pB>-s27C,
_Orcasell A>0, n,=0 & p—-A>-eJ2zC,
~- Orcaselll 2<0, nf=21/2 & pB-Ai(1-3n)>-&y/22C,
e Positive ground state Is unigue g, =g | with 6, eR
~-Casel: A=0 & pf=20
- Orcasell 4>0, n,=0 & pf=>41
- Orcaselll 1<0, ni>1/2 & p-A(1-3n})20
 No ground state

A>0&n,#0 or A<0&2ni<1 or A=0& B <—-&27C,
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Well-posedness & convergence rate

& Well-posedness of the Cauchy problem related to the
2D equations

& Finite time blow-up may happen!!

& Theorem (convergence rate) (Bao, Ben Abdallah, Cai, SIMA, 12)

Assume S >0, —éSls,B, L =0(¢), 1=0(¢)
Then we have

_it
w(X,y,z,t)—e 2 w(X,y,t)o.(z)] <C.e, 0<t<T

L2




P,
MOn Reduction (3D-> 1D)

& Assumptions o ,
- X+
7=7,>7,=00) & V,(N)=Vp(@)+L, &=

2% \/Z

& Decomposition of the linear operator

L;—£A+V
2

ext

_ 1
(X) — _Eazz +V1D(Z) + ny

Y 2 v 2" gt 27 2
& Ansatz
- 1 X° +y?
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Dimension Reduction (3D-> 1D)

& 1D equations (Bao, Cai, Lei, Rosenkranz, PRA, 10))
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Asymptotic of 1D Kernel
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Fourier Transform of 1D Kernel

& Fourier transform
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P,
mtate Results for quais-1D

Vp(2)20,VZeR & limV,;(z) =+ (confinement potential)
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& Theorem (Existence & uniqueness) (Bao, Ben Abdallah, Cai, SIMA, 12))

+ There exists a ground state @y €S forany S, 4,&,N,
» Positive ground state is unique =€ |g,| with g, eR
~ Casel: A(1-3n})20 & B-A(1-3n})20
- Orcasell  2(1-3nf)<0 & B+4(1-3n7)/220
4 Dynamics results — global well-posedness of the Cauchy problem
& Convergencerateif p=0(s%)&A=0(&?)
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FIG. 3. (Color online Linear density of the quasi- 11 BEC according
to the solution of our 2D equation. Eq. (9) (blue solid lines). the
corresponding analy tical prediction of Eq. (12 (gray dotted ). and the
full 3D GPE of Eq. (1) (shaded area). In the upper panel dipoles are
aligned with the BEC axis, while in the lower panel they are aligned
perpendicular to the BEC axis. We choose Fip = 100, eqa = 0.9
and the -~ given in the plots.
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Reduction in Multilayered Potential

& With multilayered potential in z-direction
V.. (X) =V, (X, y) +V,sin’(zz) V, > ho

iy

FIG. 1. (Color online) Setup of the multilayered dipolar BEC
polarized along d. An optical lattice along z separates the dipolar
BEC into 2D layers in the x-y plane with distance 4. Apart from
the intralayer DDI Uy, each layer interacts with other layers via the
- r JE
interlayer DDI Usy,.
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Reduction in Multilayered Potential

& GPEs with infinite many equations; Effective single-mode
approximation; Bogoliubov enegies (rosenkranz, cai &8ao, PRA, 88 (2013) 013616)
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FIG. 6. (Color online) Bogoliubov energies for different polariza-
tions and DDI strengths. (a) Polar plots marked with the magnitude
and angle of g. White areas mark unstable regions. (b) Cuts through
Bogoliubov energies at the polar angles indicated in (a). Solid
lines include intra- and interlayer DDIs, whereas dashed lines only
2700 include the intralayer DDI. The green dotted line represents >Cr. The
interlayer DDI does not influence high energies where the in-plane
excitations become particle-like. Parameters are as in Fig. 3, with
g="0and v =1/10.
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Conclusion & future challenges

# Conclusion

— Ground state in 3D — existence, uniqueness & nonexistence
— Dynamics in 3D — well-posedness & finite time blowup

— Efficient numerical methods via DST

— Dimension Reduction --- 30> 2D & 3D->1D

— Ground states and dynamics in quasi-2D & quasi-1D

& Future challenges

— Convergence rate for reduction in O(1) regime
— In rotating frame & multi-component & spin-1
— Dipolar BEC with random potential — disorder!!
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