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ABSTRACT. We establish a uniform error estimate of a finite difference method
for the Klein-Gordon-Schrodinger (KGS) equations with two dimensionless pa-
rameters 0 < v < 1 and 0 < € < 1, which are the mass ratio and inversely pro-
portional to the speed of light, respectively. In the simultaneously nonrelativis-
tic and massless limit regimes, i.e., ¥ ~ ¢ and € — 01, the KGS equations con-
verge singularly to the Schrodinger-Yukawa (SY) equations. When 0 < ¢ < 1,
due to the perturbation of the wave operator and/or the incompatibility of the
initial data, which is described by two parameters o > 0 and § > —1, the
solution of the KGS equations oscillates in time with O(e)-wavelength, which
requires harsh meshing strategy for classical numerical methods. We propose
a uniformly accurate method based on two key points: (i) reformulating KGS
system into an asymptotic consistent formulation, and (ii) applying an integral
approximation of the oscillatory term. Using the energy method and the lim-
iting equation via the SY equations with an oscillatory potential, we establish
two independent error bounds at O(h2+72/¢) and O(h2 + 12+ 7" 4elta™)
with h mesh size, 7 time step and a* = min{1, o, 1+ 8}. This implies that the
method converges uniformly and optimally with quadratic convergence rate in

space and uniformly in time at O(7%/3) and O(Tl+2iﬁ) for well-prepared
(a* = 1) and ill-prepared (0 < o™ < 1) initial data, respectively. Thus the
e-scalability of the method is 7 = O(1) and h = O(1) for 0 < e < 1, which
is significantly better than classical methods. Numerical results are reported
to confirm our error bounds. Finally, the method is applied to study the con-
vergence rates of KGS equations to its limiting models in the simultaneously
nonrelativistic and massless limit regimes.
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1. Introduction. We consider the coupled Klein-Gordon-Schréodinger (KGS) equa-
tions which describe a system of conserved scalar nucleons interacting with neutral
scalar mesons coupled through the Yukawa interaction [12,27,40]:

2
0%, 1) + —— A, 1) +né(x, (e t) =0, x€RL d=1,2,3,
1 2m L, (1.1)
b (x,t) = Ad(x, t) + T2=0(x, 1) = nlib(x, ) =0, ¢ >0.

Here v represents a complex scalar nucleon field and ¢ is a real scalar meson field,
h is the Planck constant, c¢ is the speed of light, my > 0 is the mass of a nucleon,
meo > 0 is the mass of a meson and 1 > 0 is the coupling constant. The KGS system
describes a classical model of the Yukawa interaction between conservative complex
nucleon field and neutral meson in quantum field theory [40]. Tt is widely applied
in many physical fields, such as many-body physics [11], nonlinear plasmas and
complex geophysical flows [18], nonlinear optics and optical communications [33]
and nonlinear quantum electrodynamics [31].
For scaling the KGS system (1.1), introduce

- X ~ t PP T/~ T ¢(X,t)
Xx=—, I=—, 91 =2Px1), oxf)= : (1.2)
IS tS ¢S
2mqz? ha /2 . . .
where x4, ts = 7= and ¢ = W are length unit, time unit and meson

field unit, respectively, to be taken for the nondimensionalization of the KGS (1.1)
via (1.2). Plugging (1.2) into (1.1) and removing all ‘~’, we get the following
dimensionless KGS system as

0 (x, 1) + A (x, 1) + Ap(x, )Y (x,8) =0, x€RY >0,

) ~2 ) (1.3)
e 0np(x,t) — Ag(x,t) + €—2¢(x, t) — Mu(x,t)]* =0,
where 7 := 572 is the mass ratio, A = "7‘2m1hw and e := ¢ = 267511' is the ratio
of the wave speed v = 7= = Qm'?x and the speed of light. For the KGS system
(1.3), it is dispersive and time symmetric. Moreover, it conserves the mass
M) = 9601 = [ [wex0Pdx = M), ¢ 0, (1.4

and the Hamiltonian

2
= [ [5 (100 + 902 + Z162 ) + 1967~ 2olol | ax = #(0). (15)
If one sets the dimensionless length unit x, = %, then ¢ = 1, which corre-
sponds to the classical regime. This choice of x4 is appropriate when the wave speed
is at the same order of the speed of light. However, a different choice of x4 is more
suitable when the wave speed is much smaller than the speed of light. We remark
here that the choice of s determines the observation scale of time evolution of the
system and decides which phenomena can be resolved by discretization on specified
spatial/temporal grids and which phenomena is ‘visible’ by asymptotic analysis.
Different parameter regimes could be considered for the KGS system(1.3) which
is displayed in Figure 1.1:
e Standard regime, i.e., e = 1 and v = 1 (<= z, = QCZH
there were extensive analytical and numerical studies for the KGS equations

and me = 2mq):
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Standard KGS system

e = 1| classical

v = 1| regime

e=1 =1
Schrodinger- v—0 KGS system e—0 Schrodinger
wave equations W with ¢ & = m equations
limit limit

~ = O(g) | nonrelativistic &
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Schrédinger-Yukawa equations ‘

FIGURE 1.1. Diagram of different limits of the KGS system (1.3).

(1.3) with ¢ = v = 1 in the last two decades. For the well-posedness, we
refer to [12-15,19]; for the attractors and asymptotic behavior of the system,
we refer to [7,16,17,25,26,29]; and for plane, solitary, and periodic wave
solutions, we refer to [9,21,36] as well as the references therein. For the
numerical part, many efficient numerical methods have been proposed for the
KGS system, such as the finite difference method [30,38,41], the conservative
spectral method [39], the time-splitting spectral method [5], trigonometric
spectral method [20], the discrete-time orthogonal cubic spline collocation
method [37], the Chebyshev pseudospectral multidomain method [10], and
the symplectic and multi-symplectic methods [22-24].

Massless limit regime, ie., ¢ = l and 0 < v € 1 (<= z; = chnl

ma < my): the KGS system (1.3) converges — regularly — to the Schrodinger-
wave equations

0 (x, ) + AY(x, 1) + Ap(x, 1) (x, 1) = 0,
Oud(x,t) — Ap(x,t) — A(x, 1) =0, xeRY ¢>0,
with quadratic convergence rate in terms of . Any numerical methods for

the KGS equations (1.3) in the standard regime can be applied in this regime.
Nonrelativistic limit regime, i.e., v =1 and 0 < ¢ < 1: by taking the ansatz

and

(1.6)

b(x,t) = < 2(x,t) + e T E(x,t) +o(e), xR, >0, (1.7)

where Z denotes the complex conjugate of a complex-valued function z, the
KGS (1.3) converges — singularly — to the Schrodinger equations [6], i.e., (¢, z)
satisfies either the Schrodinger equations with wave operator [6]

0%, 1) + Ao, )+ A (€20, 0) 4+ e 2 (x,1)) o 1) = 0,

(1.8)
2i0;2(x,t) + 204 2(x,t) — Az(x,t) =0, x€RY >0,
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or the Schrédinger equations [6]
00, 1) + A, )+ A (€5 2(x,8) + e 50, 1) ) v(x, 1) = 0,

(1.9)
2i0p2(x,t) — Az(x,t) =0, x € RY, t>0.

In addition, a multiscale time integrator Fourier pseudospectral method was
proposed in [6] and it was proved that the method converges in space and
time with exponential and linear convergence rates, respectively, which are
uniformly for 0 < e < 1.

e Simultaneously nonrelativistic and massless limit regimes, i.e., v ~ ¢ and
0 < e < 1, the KGS system (1.3) converges — singularly — to the Schrodinger-
Yukawa (SY) equations, which was rigourously analyzed in [2]. To our best
knowledge, there is no rigorous numerical analysis for different numerical
methods for the KGS system (1.3) in this regime, especially on how the error
bound depends on the small parameter ¢ € (0, 1].

In this paper we consider the KGS equations (1.3) in the simultaneously nonrel-
ativistic and massless limit regimes, i.e., 0 < ¢ < 1 and v = de with 6 > 0 a fixed
constant which is independent of e. For simplicity of notation, we choose 6 = 1 and
A = 1, in which case we denote the functions as (4%, ¢%) in (1.3) and the system
reads as

0T (x, 1) + Ap°(x, 1) + ¢° (x, 1)Y°(x,1) =0, x €R?, >0,
£20u0° (x,t) — Ad° (x,t) + ¢°(x,t) — [ (x, t)|2 =0,
with initial data

UF(%,0) = ¢o(x),  ¢°(x,0) = ¢5(x), 9o"(x,0) = ¢i(x), xeR.  (1.11)
Similar to the properties of the Zakharov system [3,28,32], the solution of the
KGS equations (1.10) propagates highly oscillatory waves at wavelength O(g) and
O(1) in time and space, respectively, and rapid outgoing initial layers at speed
O(1/e) in space. This highly temporal oscillatory nature in the solution of the KGS
equations (1.10) brings significant numerical difficulties, especially when 0 < & < 1
[3,28,32]. For example, classical methods may request harsh meshing strategy
(or e-scalability) in order to get ‘correct’ oscillatory solutions when & < 1 [8,34].
Recently, we proposed and analyzed uniform accurate finite difference methods for
the Zakharov system [3] and Klein-Gordon-Zakharov system [4] in the subsonic
limit regime by adopting an asymptotic consistent formulation. The main aim
of this paper is to propose and analyze a finite difference method for the KGS
equations, which is uniformly accurate in both space and time for 0 < ¢ < 1.
The key ingredients rely on (i) reformulating the KGS system into an asymptotic
consistent formulation and (ii) using an integral approximation of the oscillatory
term. Other techniques include the energy method, cut-off technique for treating
the nonlinearity and the inverse inequalities to bound the numerical solution, and
the limiting equation via a Schrédinger-Yukawa system with an oscillatory potential.
The rest of the paper is organized as follows. In Section 2, we recall the singu-
lar limit of the KGS system in the nonrelativistic and massless limit regimes and
introduce an asymptotic consistent formulation for the KGS equations. In Section
3, we present a finite difference method and state our main results. Section 4 is
devoted to the details of the error estimates. Numerical results are reported in Sec-
tion 5 to confirm our error bounds. Finally some conclusions are drawn in Section
6. Throughout the paper, we adopt the standard Sobolev spaces as well as the

(1.10)
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corresponding norms and denote A < B to represent that there exists a generic
constant C' > 0 independent of ¢, 7, h, such that |A| < C B.

2. Singular limit of the KGS equations in the nonrelativistic and massless
limit regimes. In this section, we recall the limit behavior of the KGS system
(1.10) when £ — 0 and give an asymptotic consistent formulation for (1.10).

2.1. Convergence of the KGS system to the Schrodinger-Yukawa equa-
tions. Formally setting & — 0 in the KGS equations (1.10), one can get the follow-
ing nonlinear Schrodinger-Yukawa (SY) system [2,29]:

100 (6, ) + AP0 (x, 1) + 6°(x, 110 (3, ) = 0,
— AP (x, 1) + ¢°(x,t) — [W0(x, 1)) =0, x€RY >0, (2.12)
¥0(x,0) = ¢o(x), x€R?
It can be derived from (2.12) that ¢°(x,t) satisfies
= (x,t) = (A + D)7 O(x, )2, xeRY t>0, (2.13)
where I is the identity operator. Setting t = 0 in (2.13), we get
Bo(x) i= 0°(x,0) = (—A + ) o(®)2, x € R (2.14)

Multiplying the first equation in (2.12) by ¥ (x,t) and subtracting from its conju-
gate, we obtain

OuJu (. 1)[2 = =i [0 (x, ) AT ) — D0, A x, 1)
= —iV- [wo(x, HVIO(x, ) — 00 (x, ) VO (x, t)] (2.15)

=-V-c(x,1), x e RY t>0,

where f denotes the complex conjugate of f and ¢ is the so-called current [2] for
the SY equations (2.12) with its definition as

Ox,b) =i [wf)(x, HVEO(x, 1) — 90 (x, Ve (x, t)} . (2.16)
Differentiating (2.13) with respect to t, setting ¢t = 0 and noticing (2.15), we get
$1(x) == 0" (x,0) = (~A + 1) 'O [Y P (x,0) = —(=A + 1) "'V - ¢co(x), (2.17)

where

co(x) 1= "(x,0) = [t (x) Vo (x) — do(x) Ve (x)| , x € R,

Based on the above results, the initial data (1, ¢§, ¢5) can be decomposed as

$5(x) = do(x) +%wo(x), ¢(x) = ¢1(x) +’wi(x), x€R, (2.18)
where o« > 0 and 8 > —1 are parameters describing the incompatibility of the initial
data of the KGS equations (1.10) with respect to that of the SY equations (2.12)
in the nonrelativistic and massless limit regimes such that the Hamiltonian (1.5) is
bounded, wy(x) and w;(x) are two given real functions independent of €. Due to
the perturbation of the wave operator ‘c29;;’ or the inconsistency of the initial data,
the solution of the KGS equations would display high oscillation in time at O(e)-
wavelength with amplitude at O(smi“{z’o"l*‘ﬂ} ), and propagate rapid outspreading
initial layers at speed O(1/e) in space. To illustrate the temporal oscillation and
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rapid outgoing wave phenomena, Figure 2.2 shows the solutions ¢°(x, 1), ¢*(1,t) of
the KGS system (1.10) for d = 1 and the initial data

bo(x) = e~ FTHE wo(z) = f ((x +18)/10) £ (18 — 2)/9) sin (22 + 7/6), 2.19)
wi(x) = f ((x +10)/5) f ((10 — x)/5) sin (x/2)
with
120\ —1
F(2) = Xito0) + X0 (165 ) (2.20)

and y being the characteristic function, & = = 0 in (2.18) for different e, which
was obtained numerically by the exponential-wave-integrator and time-splitting sine
pseudospectral method on a bounded interval [—200, 200] with homogenous Dirich-
let boundary condition [5].

1.2 , . , S
............. = = 1/23
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PRNIREN ] Jr N\ v, /, RN
©-8 \\"" /i 1Y ! (9 il"\\\ 7\ 7]
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oy i SN \
IO AN [ U P T ‘\‘-,_\i' .,
K E R4 % i
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= VNS N VoRf \ / N Y
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FIGURE 2.2. The temporal oscillation (a) and rapid outspreading
wave in space (b) of the KGS system (1.10).

2.2. An asymptotic consistent formulation. Inspired by the analysis concern-
ing on the convergence between the Zakharov system (ZS) and the limiting cubically
Schrédinger equation [28] and the uniform method for solving the ZS in the subsonic
limit regime [3], we introduce

XE(x,1) = ¢F(x,1) — o (x,1) —w(x,t), xeRY >0, (2.21)

where ©°(x,t) = (=A + I)71¢°|?(x,t), and w(x,t) represents the initial layer
caused by the incompatibility of the initial data (2.18), which is the solution of the
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linear wave-type equation

£204w8 (x,t) — Aw®(x,1) + wi(x,1) =0, x€RY >0,
{ wi(x,0) = e%p(x), hw'(x,0) =c’wi(x), xeR™L (2.22)
Substituting (2.21) into the KGS equations (1.10), we can reformulate it into an
asymptotic consistent formulation as

07 (5, 1) + AGE (5, 1) + [0 (3%, £) + x5 (3, ) + w (3,8)] (3, 1) = 0,

20X (%, 1) — AXE(x, 1) + X° (%, ) + £20u¢° (x,1) =0, ¢ >0,

— AE(x,t) + o (x,t) — [°(x,1)]? =0, x€RY

VE(x,0) = o(x), X°(x,0)=0, x°(x,0)=0, xeR%

(2.23)

The advantage of this formulation is that the main oscillatory wave with amplitude
at O(1) in ¢°, which is caused by the inconsistency of the initial data, is now
removed by the initial layer w® in (2.22), which is easy to solve separately. In the
nonrelativistic and massless limit regimes, i.e., ¢ — 07, formally we have 1°(x,t) —
PO(x,t) and x(x,t) — 0, where 1°(x,t) is the solution of the SY system (2.12).
Moreover, as ¢ — 07, formally we can also get 9°(x,t) — {/va(x,t), where J‘E =
1;5 (x,t) is the solution of the Schrédinger-Yukawa equations with an oscillatory
potential we(x,t) (SY-OP):

iatiza(xv t) + AJE(Xv t) + [@E(xv t) + Wg(xv t)] Ja (X7 t) =0,
— AF(x,1) + F(x,1) = [¢°(x, 1)]” =0, x€R!, >0, (2.24)
JE(Xa 0) = Q/JO(X)u X € Rd'

Similar to the convergence of the Zakharov system to the nonlinear Schrodinger
equation in the subsonic limit [28], we can obtain the following result concerning
on the convergence from the KGS system (2.23) to the SY-OP (2.24)

X[l + X[l zoe + [[0° () = 95, )| < Cre®s 0<E<T, (2.25)

where 0 < T' < T™* with T > 0 being the maximum common existence time of the
solutions of the KGS system (2.23) and the SY-OP (2.24) and Cr is a positive con-
stant independent of €. To illustrate this, Figure 2.3 depicts the convergence behav-
ior between the solutions of the KGS equations (2.23) and the SY-OP (2.24), where

() = X )l mrs s (t) := x5 )l and €3, (t) = [|U=(-, 1) = ¥=(, )| for
different € with the same initial data as in (2.19) ford =1, a =0 and 8 = —1.

3. A finite difference method and main results. In this section, we present
a finite difference scheme for the reformulated KGS equations (2.23) and give its
uniform error bounds.

3.1. A uniformly accurate finite difference method. For simplicity of no-
tation, we only present the numerical method for the KGS system on one space
dimension, and extensions to higher dimensions are straightforward. Practically,
similar to most works for computation of the Zakharov-type equations [3,30], (2.23)
is truncated on a bounded domain 2 = (a, b) with homogeneous Dirichlet boundary
condition:
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FIGURE 2.3. Time evolution of €5 (¢), e, (t) and g, (¢).

i0p°(2,t) + 02a¥® (1) + [0 (2, 1) + X" (2, 1) + w* (@, )] " (z,1) = 0,
e20uxE (2, 1) — O X (2, 1) + X (2, ) + €204 (w, 1) = 0,

— Opp® (. 1) + @ (2, 1) — [ (2, )> =0, 2€Q, t>0,

P5(x,0) = vo(z), Xx*(2,0)=0, Ox"(x,0) =0,
Ve(a,t) = ¢*(a,t) = x*(a,t) = 0,

(3.26)
z€Q,
V(b ) = (b 1) = Xx°(b, 1) =0,

where w®(z, t) is defined as the solution of (2.22) with homogeneous Dirichlet bound-
ary condition for d =1,

20w (2, 1) — Opaw® (x, 1) + W' (z,t) = 0,
W (z,0) = e%wo(x), Ohws(z,0) = Pwi(x),
w(a,t) =w(b,t) =0, t>0.

re, t>0,

z e, (3.27)

As € — 0, formally we have ©¢(z,t) — ¢°(z,t) and x*(z,t) — 0, where ¢ (z,t) is
the solution of the SY-OP equations with homogeneous boundary condition
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G00° (2, 1) + Dpu (2, 1) + [ (2, 1) + wo (2, 8)] 0% (2, t) = 0,
— OB (@) + B (m,t) — |05 (2, )2 =0, z€Q, t>0, (3.28)
VF(2,0) = ¢o(z), €0 ¢(a,t) =@ (a,t) =0, z€dQ, t>0.

b—a

Choose a mesh size h := Az = >3 with M being a positive integer and a time

step 7 := At > 0. Denote the grid points and time steps as
zj:=a+jh, j=0,1,--- ,M; tp:=kr, k=0,1,2,---

Define the index sets Tyy = {j | =1,2,--- ,M -1}, T4 ={j|j=0,1,---,M}.
Denote

Xy = {v = (vo,vl,...,vM)T | vo =vp = 0} c cM+L

equipped with inner products and norms defined as
M-1
=h Y wmy, (§fudfo) =h Y (5 uwy) (5775),  lulle = sup [ujl,
= j=0 J€Ty
lull? = (uw), 6 ul® = (GFu6tu),  (ulZn = [l + [6Ful.
Then we have for u, v € Xy,
(—=62u,v) = (6 u, 51 v) = (u, —6%v). (3.29)

Let z/;s’k, <p§’k and Xs’k be the approximations of ¥°(x;, tx), ¢° (3:] Jtr) and x°(xj, ),
respectlvely, and denote =% = (p5F, .- ,wf\f)T, ook = (5", 7@3}}“)T7 Yok =

(Xo Xy )T € Xy as the numerical solution vectors at t = ¢,. The finite
difference operators are the standard notations as:
k k k+1 k k+1 k—1
srph = B = B 5 B Eim B sepr B —E
x g h ) r ) t 5 o7 )
k+1 ko gkl k k k
2 gk - E;T —2E7 + Ej S2EF — EY, —2E; + E7 4
t5 — T2 ) ] h2

To simplify notations, for a function E(z,t), and a grid function E¥ € Xy, (k > 0),
we denote for k£ > 1
B+ B

E(x,t E(x,tgp— — )
(x k+1)‘2F (@, th 1), 2 el Eﬁk]: J 5 i jeTd.
In this paper, we consider the finite difference discretization of (3.26) as following

i0gSF 4 (02 + ok S F xSy = o, (3.30a)
6?x§ Fra-anGM et =0, jeT, k21, (3.30b)
— 8205 — WP =0, jeTu, k>0, (3.30¢)
where we apply an average of the oscillatory potential w® over the interval [tx_1, tx+1]
K 1 tr41
pok = 2_7/ Wy 8)ds, j €T, k1. (3.31)
-1

Meanwhile, the initial condition is discretized as

U0 =po(z;), x5°=0, je€Tu (3.32)
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Choice of the first step value. By Taylor expansion, we get 1/)?’1 as

2 2
U5t = dolw;) + T () + %%(%)a X5 = %1/13(%‘)7 J €T, (3-33)

where by (3.26),

U1(z) : = O (2, 0) = i [y)g () + &G (x) Yo ()],
Ya(x) : = Optp® (2,0) = i [) (z) + S (2)tho (@) + ¢ ()¢ ()],
’lﬁg(.’l]) L= 8,5,5)(8(90, 0) = —(9,5,5308(90, 0) = —(—A + I)_latt|’§/1€|2(.’li, 0)
= 2(=A+ D)7 [V @)1 (@) + Y (@) (@) |, v e Q.
Noticing (2.18), the above approximation for @[J?’l implies Jax, |¢;’1| = O(%eP)

when —1 < 3 < 0. In such case, in order to make sure ¢=! is uniformly bounded
for £ € (0,1], 7 has to be taken as 7 < £7B/2 which is too restrictive. To rescue
this, we replace ¥y () above by a modified version [3]

gl+8

Po(x) =1 [ 1(x) + (gbl (z) + sin (g) w1 (3:)) o(x) + ¢g(z)r(x) ], (3.34)

which yields the first step value with second order accuracy as

U5t = o(;) + T (z5) + % [ (25) + ¢1(x5)vb0 () + &5 (25)n (2;)]

. (3.35)
i . (T
+ —€1+B S (—) U)()(.Ij)wl(afj).
2 €
In practical computation, ,uj’k in (3.31) can be obtained by solving the linear wave-
type equation (3.27) via the sine pseudospectral discretization in space followed by
integrating in time in phase space exactly [3] as

ko LN g (T [ e Oru) + = in (0u) | d
oo D sin )| (wo), cos (Gru) + o_l(wl)lsm( )| du
—1 .
1 l — B —
= — sin (%) sin(0;7) {sa(wo)l cos (0;tr) + %(wl)l sin (Gltk)} )
!

where for [ € Ty, 0; = 7vl2ﬂ2+w, and

e(b—a)

— o N i — 9 \= i
(wo)l = M wo(xj)sin (W) 5 (W1)l = M wl(xj)sin <W> .

Jj=1 J=1

3.2. Main results. Let 7" > 0 be the maximum common existence time for the
solutions of the KGS system (3.26) and the SY-OP equations (3.28). Then for any
fixed 0 < T < T*, according to the known results in [29,32], it is natural to assume

that the solution (1%, v%, x) of the KGS (3.26) and the solution (¢, @%) of the
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SY-OP (3.28) are smooth enough over Qp := Q x [0, 7] and satisfy

(19 -5, oo (@) T ||1/1§||W1,oo(9) S [[ellwe. 00 (Q) N S /e, ||a?7/}5||L°°(Q) < 1/527
X lwace ) S €% 10X lwaco @) Se IXetllwzee@ S 1,

102X w2 o) S 1/, @ llwae () + 0t lwa.o @) + 1t lwiee @) S 1,
105X (| oo @) + 1107 6% ooy S 1/€°, 107X | poe () + 1859 || Lo (0 S 1/€%,
9% [lws .o (@) + 195 llws.oo 0y + 1B° liwra, co(m + 1@t llwa.ee @) S 1,

155l wriioe () S 1, 1023 | ooy S 1/,

where a* = min{1, o, 1 4+ 8} € [0, 1]. Moreover, we assume the initial data satisfies
(B) l[thollws.o () +llwollwa .o () Hllw [[wa. @) S 1.
Then one can obtain

10w (-, 8) [ wao () S € ™, m=0,1,2,3. (3.36)

Define the error functions ef/;k, efo’k and ei’k € Xy for0 <k < % as

61/” =% (@, ) — 7/}5 kv 6;,]; = X" (zj,tr)— Xj kv 6;5 = ¢ (@), tk) — E"k- (3.37)
Then we have the following error estimates for (3.30) with (3.31)-(3.35).

Theorem 3.1. Under the assumptions (A)-(B), there exist ho, 70 > 0 sufficiently
small and independent of 0 < € < 1 such that, when 0 < h < hy and 0 < 7 < 79,
the following two error estimates of the scheme (3.30) with (3.31)-(3.35) hold

2
||€ff||H1+||e;’“IIH1+||ej;’“||H15h2+%, 0<k<=, 0<e<1, (3.38)

||€2,’k||H1 + ”ei,k”Hl 4 HengHl §h2+72+7-50‘* +€1+a . (3.39)

Thus by taking the minimum among the two error bounds for ¢ € (0, 1], we obtain
a uniform error estimate for a > 0 and g > —1,

2

|@ﬂm+waw4@wmsﬂ+£%mm&ﬁmav+a%}(Mm

< B2 4R

4. Error estimates. In order to prove Theorem 3.1, we will use the energy method
to obtain one error bound (3.38) and use the limiting equation SY-OP (3.28) to get
the other one (3.39). To deal with the nonlinearity and to overcome the difficulty
that there is no a priori bound for the numerical solution, we use the cut-off tech-
nique which has been widely used in the literatures [8,35], i.e., the nonlinearity is
firstly truncated by a global Lipschitz function with compact support and then the
error bound can be achieved if the exact solution is bounded and the numerical
solution is close to the exact solution under some conditions on the mesh size and
time step. Specifically, choose a smooth function p(s) € C°°(R) such that

L,

|s]
p(S) == S [07 1]7 | |
0, |s]

AV VARVAN

1,
2,
2,
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and by assumption (A) we can set My > 0 as

Mozmax{ sup [|U°| L (r), SUD ||J€||Lm(QT>}.
c€(0,1] €€(0,1]

For s > 0, y1,y2 € C, define p,(s) = sp (%), with B = (Mg + 1)2, and

1
1ty
ovnse) = L0 [ sl + (1 9)luel)ds
0
Then p,(s) is globally Lipschitz and
5 (s1) = ps(s2)l S V51— V82l Vs1,82 20 (4.41)

Set 1}5”“ ok XSk = x&F k =0,1, and define 7,/)5 k XoF € Xy as following
ww¢+W+%>¢W+w]+%WM@“ﬁ@#5:a
525328. Fra-)yM 12t =0, jeTa, k>1, (4.42)

ﬁ@“mmwﬂ>:&jenhkzo

Here (¢€ ok =k Y=F) can be viewed as another approximation of (¥°, %, X%)|s=t, -

Define the error function €f/§, €;];, ek 5 € Xy for k>0 as

k k ; K ~c.k
et = f (g, ) — U5, %J—sﬁ(l‘;,tk) GF ek =y te) — X

X5J ’

and the local truncation error fs k) n; k Cj’k € Xy as
g_? = i(sszs(‘rja tk) + |:5£ + :uj) =+ @E(xjv tk) =+ XE(IEJ‘, t[k]) 1/15(333‘7 t[k])a
05 = 267X (g, th) + (1 — 02X (), tyg) + 2070 (wj,t), k> 1, (4.43)

Z;’k = SD (xjatk) 6m30 (‘Tjutk) |w8(xj7tk)|27 j € TM’ k 2 0

For the local truncation, we have the following error bounds.

Lemma 4.1 (Local truncation error). Under the assumption (A), we have

ek < 12 7 T Fek|| < 12
1€z S h + 1§/€<;§ 7 <Shs, 0<k<

Al

~ T ~
I6/CFI SR 0<k <=5 GRS h?, 1<k<

21N

)

T 2 T
IS p+r% 1<k< = |EERI S+, 2<k< = -1
T e T

Proof. By Taylor expansion, we have
(62 5™ + % (s ta) + X (s b)) 0 g, )

= S, (w5, tr) + (9% (2, t0) + 15" + X7 (5, 1) ) U8 (25, 1)

2 1
+ % (1- |s|)3 (Bﬁgbg(xj + sh,ti +7) + nga(xj + sh, t — T)) ds
1

1
i
*”51/ (1 Isl) (Ware g, i+ 57) + 0% (2, )5 (25, + 57) ) ds
—1

7_2

1
+ 5 (ws(ﬂﬁj,tk)+#§’k+xs(l‘j,t[k]))/ (1 = [sDvs(zj, ti + s7)ds.
—1
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By (3.26) and using Taylor expansion, we get for j € Tpy and 1 <k < L —1,

; tr41
iS50t = o [ 0 (ay.s)ds
tr—1

k

— (_ £ _¢€ £ _¢€ €)| _ i s 3 i ) E( X d
- T 12 X (xj,tk) o ] ¢ (JI],S w (EJ,S) s
k—1

2 1
T [ PO+ 0 0N g e+ s
—1

Note that by (3.31), we have

e,k 1 tht
3 Y (g, te) — —/ Ve (24, 8)w" (2, 8)ds
2T P
7_2 1 s
= 7%@5(%‘,%)/ S/ WS (24, by + 07)dOds
0 —s

2 1 s
+ %/ / (s — ) w®(xj, ti + sT)Uf, (2, ti + O7)dOds.
—1J0

Accordingly, by the assumption (A) and (3.36), we can conclude that
&1 < B2 05E e + 72 [ll%bixttHLoo + (Wil ([wfl[zee + 11X Iz + 19" llze)

il (lwillzee + Xzl e + lwillzee) + 9% poe (IxGll 2o + gl e
2

T
<2+l jeTu, 1<k<= -1
g T

Applying 4} to €% and using the same approach, we can get |5;L§Ajk| < h?+ %2

Similarly, we obtain

2,2 [l
ﬁ;’k = / (1-— |5|)3 (8fxs(3:j,tk +s7) + 8?905(:1:j,tk + 57‘)) ds
1

7'2 !
# 5[ = 1) (ot +57) — Xyt + 57)) ds
—1

h2 1
(1-— |5|)3 (8;1)(8(333- + shyty +7) + 8;1)(5(:@ + sh,ty — 7')) ds,

12 /4
which implies

K
7571 S B20ax o 4+ T2 (IXE Lo + IXGaeellzoe + 210X L + €2[107 6% <)

SER 4%, jeTy, 1<k<—-—L
.

Applying df to 7 * we have

65775
S 20Xl + (109X ML + 107Xzl e + 2 (107X ML + 1107¢%[|))

2
<el?+ L, jeTuy, 2<k<= -2
19 T
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Finally, it can be easily deduced that

’\skih2

1
¢’ (1= |s)?0p¢° (x; + sh, ty)ds,

6/
which gives that
ek e,k e,k
G S BP0z L= S B2 187 ¢G7 I+ 167¢77 | S P20z e S B2
Thus the proof is completed. O
For the initial step, we have the following estimates.

Lemma 4.2 (Error bounds for & = 1). Under the assumption (A), the first step
errors of the discretization (3.33) satisfy
~€,0 ~€,0 ~e,1 +-£,0 2 +A€ 0 2 3
e =0, [ lm +llerEtl S = 10rell s <

_ . 1
€y =& = ¥ e OIS =k ||€§||H15?-

Proof. By the definition of 7@51 (3.35), and noticing 3 > —1, we obtain

V5 (x;,0), €° sin (Z

et < [ - opitassmids — B0 1 e a1 - 22

2 i 7

S 7% (95l e + €fllvolloe lwnllLe) S -

On the other hand, we also have

7 ' [o(j)wr ()] | [ :
|e¢J| < — [ /0 (1-— 5)2¢ftt(wj757)d3 + ;17 J /0 (1—29) sm( . )ds }

3

S (Il + e Yol Lo lwrlle) S g2’

which implies that |5+ew ISR . Tt follows from (3.33) and assumption (A) that

~e,1 3 ! 2 3 3

B € €

|6x,j| Y /0 (1= 8)"Xiue (x5, 87)ds| S 7°|IxGell L S =

Recalling that AE’O = 0, we can get that |(5+A5’0-| < 78—2 Similarly, we can get
|5;FAZ}1]| <z |5;LA;1J| < 2 which completes the proof. O

Proof of Theorem 3.1. The proof is divided into three main steps.
Step 1 (Establish (3.38)-type error estimate for %k, ’e\;k, e k) Subtracting (4.42)
from (4.43), we have the error equations for j € Ty,

coek ; cek
iogest + (02 + et ¢ = (4.44a)
kL ,k k k T
e20%esk (1 o2l 25?;] =7", 1<k< -1, (4.44D)
- T
k & &
ek -zl —pt=GF o<k < gt (4.44c)

-~

where ﬁik = [%(z;,t)]* — pB( gbj |?), and
K ~¢&,[k e,k e, k—
P = (% (g, t) + X5 (g, 1)) 0% (25, ) — (5% + 35 ) g (5 * 1, 0541,

By the property of pp (cf. (4.41)), one can easﬂy get that

1551 = los (167 (x5, t)1”) — pu (105" )| S 6551, 4 € Tar, 0<k < — (445

~
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By the definition of g(-,-), and noticing that
(x5, ) = g (V° (@5, trgr), % (25, te—1)),
it is known from (8] that for j € Tar, 1 <k <L —1,
o5, aF M S 1 [0 (@ t) —gw;”“,w’“*)\ < leghl + 655,

B G CN ) B R )| B S (ol B oM I iR
l=k+1

(4.46)

Hence
1 k—1 k41 k—1
PR SRS + g + S+ e + ek (4.47)

Multiplying both sides of (4.44a) by 41 ew”[j], summing together for j € Ty and

taking the imaginary parts, we obtain for 1 < k < T'/7,
”Ae k+1||2 ||Ask 1”2 :2T1m(gs’k Feok A€k+1+A1€pk 1). (448)
Multiplying both sides of (4.44a) by 41 51& ew -, summing together for j € Tj; and
taking the real parts, we obtain for 1 < k < T/T
||5+A€ k+1||2 ”(S-i-/\5 k— 1”2 _ 2Re(?‘\€’k N ga,k + N87kéi[k] sek+1 _ sek— 1)_ (4'49)

Cyp T 6y
Multiplying (4.44b) by 27 (50( —|— e ) summing for j € Tys, we have
1

(16 (@F +eM)I1” - ||5,e+(”e"’“’1 +e P + —(Ilés”““llip — e I3
+2r(es, o¢p° kg §eCERy = 21 (5F, sgesk + oges),  (4.50)

where we used (3.29) and (4.44c). Multiplying (4.44¢) by eg;)j, summing together
for j € Tar, we obtain

[E5k)12 = (55F + ¢k ek,

which together with Cauchy inequality and (4.45) gives that there exists C; > 0
such that

ok e
[ 17 < Crllleg™ 12 + 165 11%). (4.51)

Introduce a discrete ‘energy’ for 0 < k <7T/7 — 1 by

1
k+1 k+1
= Cr ([l 117 + 1185 H1%) + 16385 1> + lofes " ||2+§||5§’k||?{1
1

+ e I + 207 (& + eI, (4.52)

Combining Cyx(4.48)+(4.49)+(4.50), we get for 1 <k <L —1
le\a,k i le\a,k—l
= 20y Im (€% — 7= @ gt ) —or (5 6 + 5;551’6)
+2Re ( - &k g ek 27553‘;’“) +o7 (75, 6565k + 50esk) . (4.53)

Now we estimate the terms in (4.53) respectively. It follows from (4.47) and
(4.51) that

T (€% — 720, e )| S IR + 712 4+ 12502 + et )2

SYIEH|? 4 G2 + Ak 4 AoR1 (4.54)
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In view of (4.44a), (4.47), (4.51) and (3.36), and using Cauchy inequality, we find
’2 Re(#s,ké‘i[k] _ gs,k, 27_55%16 ’ = 47 Im(us,kéfp»[k] o gs,k7 5262;[16] + ?s,k)‘

ST A1 oo + 1851 * oo) (1€F 13 + ICH]1% + A7F + A5471)

~ -~ ~ ~ T
< (||§€»k||§,1 +[ICFP + ATF AE»k—l) , 1<k<—-1L (4.55)
T
We rewrite ?‘Ej’k as ?;’k = qff + @gf with

Cﬁf = (& (25, th) + Xe(xjat[k])) (V° (w5, ) — 9($§’k+1=$§’k_1)),
Gy = 9@ LT ES ey, ie T
Applying assumption (A), (4.44a), (4.46) and (4.51), we obtain

[2Re(@ ", 27625 ") | = a7 [Tm (G0F, (52 + ety + 7ok — )|
71 = o) (17 W3 + 72412 + |55 2 4 A2 4 A=)
7 (IEEH2 + 152 + Ak 4 A1) 1<k < ; -1 (4.56)
Moreover, in view of (4.44c), we get
2Re (75", 2r0575")
= 2Re (g(@=F+1, PP @0 + ), 0 ( thga) — 05 tin) )
— (B o, (10512 = p, (197 ))

2 (g;k _|_é~;,[k]7p\s,k+l _ﬁs,kfl)

>k+27_( J[K] ,05p° )—|—2T /e\gk’ 1_5926)5)?/6\3k_5tc€~5,k)

T

Ae,k k] scoe ~,k+1 =g,k ~,k ~e,k—1
= (G5 ) + (@ e - @ )
((

v v v 16
k

5 k+1’5 é\sk) (5+/\sk 5+Aek 1)) (Ae

o ,65C5M, (4.57)

_|_

o z o 50z €y

where
" = 2Re((g(™ DY) — g () @3+ B, 0 () — 67 ().
By Assumption (A), (4.46) and (4.51), we have
13 S O [l (ATF + AF T4 [|CH) S m(ASF + A5 4| 5F)1). (4.58)
Noticing
(@M, 67C5%) S AR H AR L SECR|P, (85F,65C5) S AT CHIP+ (165841
and combining (4.53)-(4.58), we can get
A\a,k _ A\a,k—l _ ((5;5;’k+1,5:€3k) (5+A€ k 5"1"\6 k— 1))

zgpa

_ ((ge(p,k—i—%gak) _ (ggk7€3k—l)) 27_(/\6 k 50/\5 k + 50/\5 k)

T(IEF I3 + 1T + 1650517 + A8 4 A4, (4.59)
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In addition,

k k+1 1
Z /\6 l 5(:/\5 N + 5(:/\5 l) Z(ﬁ’l_l,é\i’l + /e\al) _ Z(n/\e,l-i-l,/e\i,l + /e\fa,l)
=1 1=k =0
k—1
=27y (et et +83h), (4.60)
=2

with
‘(6?’\6l A€l+é\€l)| < Aa N + ||6C/\6 l||2 + ||E€,l||2.
Summing (4.59) from 1 to k, we obtain that

A\s,k _ .Zs,o _ (5:@k+17 52’65,]6) _ (gs,k+1 gs,k) (5+A€ 1 5+As 0) + (gs,l 55’0)

w %% z o > v %
k+1 1
~,l—1 »e,l ~z,l ~e,l+1 =e,l ~,l
_§ (77 an +€¢)+§ (77 an +eap)
=k 1=0

k k— k
STy A+ Z 1657741 7 (e I3 + 111> + 157C711%). (4.61)

=0 =2 =1

2

Noticing that by Cauchy inequality and (4.51), we have

A&k
(675 5rek) + (e e < T+ TP + 18 ),
k+1
— 1 Jk+1
S ]S ST ) + T E P 1)

Ci - 1
+ = (IR UCHH%) + 5 (11 + e 1%)

A\s,k
<

_ Ci= =
+ 3R 177 R0 + = (IR 4 1)

Thus it can be deduced that

Aa,k _ AE,O _ (5;—’6‘3]6-‘1-1, 5;-/6\2716) _ (é\fa,k-l-l,é\a,k) _ Z(ﬁ&,l—ljé\f{,l + é\fa,l)

1~ 3C1 - ~
> AT — A0 - o (ICEFIZ 4 ) = 3= 11 + =" H11%),
which together with (4.61) yields that

k+1 k
AR S A0 [P 1207+ Y (7P A+ I P) + ) A

=k =1

+TZII5 ﬁ”ll”TZ (1€ 13 + IS 1 + 165C1%). (4.62)
=1

To estimate A%C, applying 8, to (4.44c) for k = 0 followed by multiplying both
sides by §;" 630 and summing together for j € Ty, we get

1625 M7 = (6,7€5°, 6 0 + 6, ¢=).



1054 WEIZHU BAO AND CHUNMEI SU

Recalling p=¥ = 0, applying the Cauchy inequality, (4.45) and Lemmas 4.1, 4.2, one
can obtain

1625012 S 0570112 + 116, G011 S 107 € 12 + 105 CO0l1 < (B2 4 72/2%),

which together with Lemma 4.2 derives that As0 < (h2 +72/ 5) . Applying Lemma
4.1, it can be concluded that there exists 7 > 0 such that when 7 < 71, we have

N

-1
Ak < (024 72)e) 47y A
=1

Using discrete Gronwall inequality, for sufficiently small 7, we can get that
Ak < (W24 72/e)?, 0<k<

which yields (3.38) for € ew ek e k by recalling (4.52), i.e.,

X

2
ek ek ek 2, 7 T
e + [les + [les <hi+—, 0<k<—, 0<e<l. 4.63
ey e + el m + lleg" |l < . Sks<— < (4.63)
Step 2 (Establish (3.39)-type error bound for ?;’_p’k, e=k, "), Define another set
of error functions éfpk, ek, ’engk € Xy for0<k <L as
ok e K k k& & ~, k .
Efp,j:1/)8($jvtk)—1/)§ ) g;)j:_)?; ) gi;’_j:@a(zjatk)_@j ) .]ETMv

where (@ZE ©°) is the solution of the SY-OP (3.28), and their corresponding local
truncation errors {5 kopek CE * ¢ Xy are defined as

5;—”“ = 050 (x5, 1) + [62 + 1ot + P (wj, t) |07 (25, )
ﬁ?’k =070 (wyte), jE€Tm, k>1, (4.64)
G = & (g te) = 826°(@y, ta) = [0F (2 ti) %, € Tar, k20,
Similar to the proof in [3], we can get the local truncation error as
~ « _ T
1€ e S h? + 7% +7e®, PR Se® 1<k<—;

T ~ 7 ~ (4.65)
ot s e, 2<k < — =2 IR 116 CF 116 S B2

and the error bounds at the first step as

E0 =0 =0, |15 e+ i S T4, 60+ 6O S e
Subtracting (4.42) from (4.64), we obtain the error equations o
Zécew J (52 + M? )ew{a] +7; gﬂgjk’
5252%,1@ 41— 52) k] i 525t2~;l§ _ ﬁ?,k7 1<k<T/r, (4.67)

~.k 62~6 k

k k
e, — 0., — by _g“" 0<k<T/T,

where 7 € Xy and p* € X, are defined as

7o = % (ag, i)Y (g, tyg) — G5 F g F T SR, 558 = 197 (2, ta) 1P — g (105 P).
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Define another discrete energy for 0 < k < % —1 by

qe Jk+1 Jk+1 k
Ak = Cr(IE 1P + 11 1P + o e 1P + o egt1? + —II’éi’kII?p
1 k k k
+ I I + 2o (" + &) (4.68)

Applying the same approach as in Step 1, there exists 75 > 0 sufficiently small and
independent of 0 < £ < 1 such that when 0 < 7 < 73,

k+1

k
Ask <A50_|_||~s 1”2_'_”,'75 2||2_|_Z(||~sl 1||2_|_||<s,l||2) _|_7_ZAE,Z
=1

+TZII5 “||2+TZ (1€ 1 + 117 + 165C1%).

=1

Moreover, by the Cauchy inequality, (4.65) and (4.66), we have
1625017 S 16511 + 116, CO1 S 11675 1 + 116, C0N1* S (B + 7+ 272,

which together with (4.66) yields that A=0 < (72 47e%" +1+2")2. Applying (4.65),
we have

k—1
~ B A 2 - T
AP < (h2+72+75°‘ + glte ) +7 E AL 1<k< = -1,
-
1=1
Using the discrete Gronwall inequality, when 0 < 7 < 79, one has
~ . «\ 2 T
VELES (h2+7'2+7'5°‘ 4 glte ) , 1<kE<—-1
-

which immediately gives ||€fpk||H1 + ek + e | g S A2+ 72+ Te® +elte’,
Similar to (4.51), using (2.25), we can get the inequality

l® = &%l S 1" —9%|le S €2
Then (3.39) for €f1j’k, éf(»’fj /e\f’gk can be established via the triangle inequality, i.e.,
€5 1 + 185 + 1855 i S B2+ 72 4 7 41, (4.69)
Step 3 (Obtain e-uniform estimate (3.40)). Combining (4.63) and (4.69), when
7 < min{7y, 72}, it is established that
2
s,k ~e,k ~e,k < h2 : 2 a* T_
JE5 i+ 165 e+ 5 2+ g min {72 4 2 (7490, -}
< h? + Fitafar
This, together with the inverse inequality [35], implies

~ OC* 1
~e,k ~ S

||1/}51k||00 ||1/}E(atk)||00 < ||e1/; ||00 5 ||6 1k||H1 5 h2 +7-1+2+a ) 0 < k < T

E

Thus, there exist hg > 0 and 73 > 0 sufficiently small and independent of 0 < 1

such that when 0 < h < hg and 0 < 7 < 73,

105 oo < 14 [0, th)loo <14 Moy, 0<k<
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Taking 79 = min {71, 7,73}, when 0 < h < hp and 0 < 7 < 79, the numerical
method (4.42) collapses to (3.30), i.e.,

ok & & ko ek ko
vt =ut = XU =G €T 0<ks
Thus the proof is completed. O

Remark 4.1. The error bounds in Theorem 3.1 are still valid in high dimensions,
e.g., d = 2,3, provided that an additional condition on the time step 7 is added

1
a* ITPRENE) d - 27

r=o0 (Od(h)1*—2+za*) . with  Cy(h) ~{ Al
h/2, d=3.

The reason is due to the discrete Sobolev inequality [8,35]: ||[¢a]|c0 < ﬁ(h) 1¥nl e
where 1y, is a mesh function over 2 with homogeneous Dirichlet boundary condition.

5. Numerical results. In this section, we present numerical results for the KGS
equations (1.10) by our proposed finite difference method. Furthermore, we apply
the method to numerically study convergence rates of the KGS equations to its
limiting models (2.12) and (2.24) in the nonrelativistic and massless limit regimes.
In order to do so, we take d =1 in (1.10) and the initial condition is set as (2.19).

5.1. Accuracy test. We mainly consider two types of initial data:
Case I. well-prepared initial data, i.e., « =1 and 8 = 0;
Case II. ill-prepared initial data, i.e., « =0 and = —1.

-1
10
10-1 L
@ (b)
2108 =103

——c=1/2 ——c=1/2
—a—e=1/2 —A—c=1/2
—4—5:1/23 __,_521/2:
——c=1/2 ——c=1/2
—v—c= 1;29 10°f €= 1?29 |

10° : i A

107 10t 10 1072 10t

h -

FIGURE 5.4. Spatial errors for Case II (a) and temporal errors of
¢ for Case I (b).

Practically, the problem is truncated on an interval €2, = [—30 — %,304— %],
which is large enough such that the truncation error of (3.26) to the original whole
space problem (2.23) can be ignorable due to the homogeneous Dirichlet bound-
ary condition. Due to the rapid outspreading waves with wave speed O (%) (cf.
Figure 2.2(b)) and the homogeneous Dirichlet boundary condition truncated at the
boundary, the computational domain €2, has to be chosen as e-dependent. The com-
putational e-dependent domain can be fixed as e-independent if one applies other
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TABLE 5.1. Temporal errors of ¢° for Case I initial data.

eg(1) 1=01 79/2 70/2%  10/2%  1/2'  10/2° 10/25 10/27
e=1/2 2.15E-2 5.48E-3 1.39E-3 3.49E-4 8.75E-5 2.19E-5 5.48E-6 1.38E-6
rate - 1.97 1.98 1.99 2.00 2.00 2.00 1.99
e=1/2 4.72E-2 1.57TE-2 4.19E-3 1.07E-3 2.68E-4 6.72E-5 1.68E-5 4.21E-6
rate - 1.59 1.91 1.97 1.99 2.00 2.00 2.00
e=1/2% 2.38E-2 1.36E-2 4.60E-3 1.24E-3 3.15E-4 7.92E-5 1.98E-5 4.96E-6
rate - 0.81 1.56 1.89 1.97 1.99 2.00 2.00
e=1/2" 2.19E-2 8.12E-3 4.79E-3 2.16E-3 6.21E-4 1.59E-4 3.99E-5 1.00E-5
rate - 1.43 0.76 1.15 1.80 1.97 1.99 2.00
e=1/2° 2.45E-2 5.22E-3 1.83E-3 1.37E-3 9.03E-4 3.11E-4 8.20E-5 2.07E-5
rate - 2.23 1.51 0.42 0.60 1.54 1.92 1.99
e=1/2% 257E-2 7.93E-3 1.70E-3 4.97TE-4 3.25E-4 3.06E-4 1.44E-4 4.16E-5
rate - 1.70 2.22 1.77 0.61 0.09 1.09 1.79
e=1/2" 2.61E-2 6.58E-3 1.90E-3 4.20E-4 1.25E-4 7.70E-5 8.50E-5 5.75E-5
rate - 1.99 1.79 2.18 1.75 0.69 -0.14 0.57
e=1/2% 2.62E-2 6.26E-3 1.75E-3 3.85E-4 1.05E-4 3.12E-5 1.97E-5 1.94E-5
rate - 2.07 1.84 2.19 1.87 1.75 0.67 0.02
e=1/2 2.62E-2 6.21E-3 1.54E-3 5.00E-4 1.06E-4 2.63E-5 7.80E-6 4.92E-6
rate - 2.08 2.01 1.62 2.24 2.01 1.75 0.67
e=1/219 2.62E-2 6.19E-3 1.50E-3 3.97E-4 1.17E-4 2.62E-5 6.58E-6 1.95E-6
rate - 2.08 2.04 1.92 1.76 2.16 2.00 1.75

appropriate boundary conditions, e.g., absorbing boundary condition, or transpar-
ent boundary condition, or perfected matched layer for the wave-type equations in
(3.26) and (3.27) during the truncation (cf. [3]).

To quantify the numerical errors, we introduce the following error functions

e e,k
G tx) = T ey = 1) =
19 (s te) | o 6= (- ti) | o
where efp’fj =Y (zj, ty) — 1/Jfk and (bj’k = tpj’k + xj’k + w(z;,ti) for j € Tas. The
“exact” solution is obtained by the phase space analytical solver & time splitting
spectral method [5] with very small mesh size h = 1/32 and time step 7 = 1075.
The errors are displayed at ¢ = 1. For spatial error analysis, we set the time step
7 = 107° such that the temporal error can be neglected; for temporal error analysis,
the mesh size h is set as h = 2.5 x 1074 such that the spatial error can be ignored.

Figure 5.4(a) depicts the spatial errors for Case II initial data with different mesh
size h and 0 < ¢ < 1. Tt clearly demonstrates that our proposed finite difference
method is second order accurate in space, which is uniformly for all £ € (0, 1]. The
results for other initial data are analogous, e.g., different « > 0 and 8 > —1 and
thus are omitted for brevity.

Figure 5.4(b), Tables 5.1 and 5.2 present the temporal errors for Case I and II
initial data for different time step 7 and 0 < £ < 1, respectively. Figure 5.4(b) shows
the temporal errors of 1)¢ for Case I initial data, which suggests that the method is
uniformly second order accurate for the nucleon field ¥ with well-prepared initial
data. While for the messon field ¢°, the upper and lower triangle parts of Table
5.1 suggest the error at O(72/¢) and O(72 + €2), respectively. There is a resonance

N
||€fp [l 21

s e (tk) = ey (tr) + eg(tr),
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TABLE 5.2. Temporal errors for Case II initial data.

efb(l) T0=0.1 79/2 10/2%  10/2%  T/2* 7/2° 10/25  7/27
e=1/2 1.85E-1 7.00E-2 2.19E-2 5.89E-3 1.50E-3 3.76E-4 9.41E-5 2.36E-5
rate - 1.40 1.67 1.90 1.98 1.99 2.00 2.00
e=1/22 3.64E-1 1.99E-1 6.66E-2 1.75E-2 4.40E-3 1.10E-3 2.76E-4 6.90E-5
rate - 0.87 1.58 1.93 1.99 2.00 2.00 2.00
e=1/2 1.31E-1 5.94E-2 3.36E-2 1.62E-2 4.95E-3 1.28E-3 3.23E-4 8.09E-5
rate - 1.14 0.82 1.05 1.71 1.95 1.99 2.00
e=1/2" 1.46E-1 4.21E-2 1.12E-2 2.91E-3 7.34E-4 1.84E-4 4.59E-5 1.15E-5
rate - 1.79 1.91 1.95 1.99 2.00 2.00 2.00
e=1/2° 1.05E-1 4.15E-2 1.09E-2 2.62E-3 6.38E-4 1.57E-4 3.90E-5 9.75E-6
rate - 1.35 1.93 2.06 2.04 2.02 2.01 2.00
e=1/2% 1.00E-1 3.14E-2 9.05E-3 3.02E-3 6.81E-4 1.60E-4 3.86E-5 9.53E-6
rate - 1.67 1.79 1.58 2.15 2.09 2.05 2.02
e=1/2" 1.01E-1 3.30E-2 8.75E-3 2.88E-3 9.29E-4 1.93E-4 4.23E-5 9.88E-6
rate - 1.61 1.92 1.61 1.63 2.27 2.19 2.10
e=1/2% 1.00E-1 3.30E-2 9.80E-3 2.59E-3 1.16E-3 3.30E-4 6.16E-5 1.21E-5
rate - 1.61 1.75 1.92 1.17 1.81 2.42 2.35
e=1/2 1.01E-1 3.31E-2 9.84E-3 3.05E-3 8.71E-4 5.22E-4 1.36E-4 2.31E-5
rate - 1.61 1.75 1.69 1.81 0.74 1.94 2.55
e=1/219 1.01E-1 3.34E-2 9.96E-3 3.11E-3 1.08E-3 3.41E-4 2.50E-4 6.16E-5
rate - 1.59 1.75 1.68 1.52 1.67 0.45 2.02
62(1) 7'020.1 T0/2 T0/22 T0/23 7'0/24 T0/25 T0/26 7'0/27
e=1/2 1.71E-2 4.30E-3 1.09E-3 2.74E-4 6.88E-5 1.72E-5 4.31E-6 1.08E-6
rate - 1.99 1.98 1.99 2.00 2.00 2.00 1.99
e=1/2 2.76E-2 9.96E-3 2.63E-3 6.69E-4 1.68E-4 4.21E-5 1.05E-5 2.64E-6
rate - 1.47 1.92 1.97 1.99 2.00 2.00 2.00
e=1/2% 9.75E-3 8.65E-3 3.62E-3 1.05E-3 2.71E-4 6.83E-5 1.71E-5 4.28E-6
rate - 0.17 1.26 1.79 1.95 1.99 2.00 2.00
e=1/2" 6.62E-3 2.61E-3 2.72E-3 1.58E-3 4.52E-4 1.15E-4 2.90E-5 7.25E-6
rate - 1.34 -0.06 0.78 1.81 1.97 1.99 2.00
e=1/2% 3.24E-3 1.64E-3 7.12E-4 6.54E-4 7.69E-4 2.66E-4 6.90E-5 1.73E-5
rate - 0.98 1.20 0.12 -0.23 1.53 1.94 1.99
e=1/2% 3.47E-3 1.17E-3 6.10E-4 2.23E-4 1.75E-4 1.47E-4 1.38E-4 3.84E-5
rate - 1.57 0.94 1.45 0.35 0.26 0.09 1.84
e=1/2" 3.51E-3 1.12E-3 3.07E-4 2.75E-4 8.62E-5 4.14E-5 4.63E-5 5.33E-5
rate - 1.65 1.86 0.16 1.67 1.06 -0.16  -0.20
e=1/2% 3.53E-3 1.01E-3 3.85E-4 1.19E-4 1.32E-4 3.88E-5 1.21E-5 1.19E-5
rate - 1.80 1.39 1.70 -0.15 1.77 1.69 0.02
e=1/2% 3.56E-3 9.95E-4 3.38E-4 1.45E-4 5.13E-5 6.48E-5 1.86E-5 3.96E-6
rate - 1.84 1.56 1.22 1.50 -0.34 1.80 2.23
e=1/219 3.57E-3 1.01E-3 3.29E-4 1.34E-4 5.64E-5 2.39E-5 3.22E-5 9.21E-6
rate - 1.82 1.62 1.30 1.24 1.24 -0.43 1.81

regime when 7 ~ £3/2 where the convergence rate degenerates to 4/3 (cf. Table
5.3). For Case II initial data, the resonance regime is 7 ~ &, where the convergence
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TABLE 5.3. Temporal error analysis at time ¢ = 1 in the resonance
regions for different ¢ and 7.

Case I go=1/2 g0/22 g0/2* g0/2°
720(63/2) 7'0:0.1 7'0/23 7'0/26 7'0/29
e;(l) 2.15E-2 1.24E-3 8.20E-5 5.18E-6
rate in time ] 412/3 3.92/3 3.98/3
Case II g0 =1/22 €0/2 £0/22 £0/23 g0/2% £0/2°
7=0(¢) 0 = 0.1/22 To/2 70/22 70/23 T0/2% 70/2°
efb(l) 2.63E-3 1.06E-3  4.52E-4 2.66E-4 1.38E-4 5.33E-5
rate in time - 1.32 1.21 0.76 0.95 1.37

rate is downgraded to the first order (cf. Table 5.3). Numerical results suggest that
our analysis is sharp for ¢°.

5.2. Convergence rates of the KGS system to its limiting models when
e — 0. Let (¢°,¢°) be the solution of the KGS equations (1.10) with initial data
(2.19) which is obtained numerically by the proposed finite difference method on a
bounded interval €. for initial data (2.19) with a very fine mesh h = 1072 and a time
step 7 = 1074, Let ¢° and {/JVE be the solutions of the SY equations (2.12) and SY-
OP equations (2.24), respectively. Denote ¢°(z,t) = (—A+I)~ 2 (2, ) +ws (x, 1)
and ¢ (z,t) = (—A + )7 f|2(z,t) + w(x, 1) with w®(z,t) being the solution of
the linear equation (2.22). Define the error functions as

nS(8) = 1" (1) = 0Dl + 167 ( 1) = 6 Ol
Mo (0) = 17 () = 9 Cot)llan + 1167 (1) = 6 () -

Figure 5.5 (a), (b), (c) plot the errors between the solutions of the KGS system
(1.10) and the SY equations (2.12) with compatible initial data, i.e., wo(z) = 0 and
wi(xz) = 0 in (2.18), well-prepared initial data, i.e., « = 1, § = 0, and ill-prepared
initial data, i.e., « = 0, § = —1 for different ¢ > 0; Figure 5.6 depicts the errors
between the solutions of the KGS equations (1.10) and the SY-OP system (2.24)
for ill-prepared initial data. The results for other initial data are similar and thus
are omitted here for brevity.

From Figures 5.5-5.6, we can draw the following conclusions:

(i) The solution ¢ of the KGS equations (1.10) converges to that of the SY
equations (2.12) 1% and ¢° converges to ¢° when € — 07. In addition, we have the
following convergence rates

19, 1) = 0 Cot) L+ 1167 (o 8) = 67 (D)l < Cre™ e, (5.70)
where C is a positive constant independent of ¢ € (0, 1].
(ii) The solution ¢ of the KGS system (1.10) converges to ¢ of the SY-OP

equations (2.24) and ¢ converges to ¢° with the following quadratic convergence
rate for any kind of initial data

[9° (o) = 9o s + 11655 8) = ()l < Ca e, (5.71)

where Cy > 0 is a constant independent of . Based on the above results, we can
see that the SY-OP (2.24) is a more accurate limiting model to approximate the
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KGS equations in the simultaneously nonrelativistic and massless limit regimes,
compared to the SY equations (2.12), especially for ill-prepared initial data.

6. Conclusion. We presented a uniformly accurate finite difference method for
the Klein-Gordon-Schrodinger (KGS) equations in the nonrelativistic and massless
limit regimes — parameterized by a dimensionless parameter 0 < ¢ < 1 — which
is inversely proportional to the speed of light. When 0 < ¢ < 1, the solution of
KGS equations propagates highly oscillatory waves in time and rapid outspreading
waves in space. Our method was designed by reformulating KGS system into an
asymptotic consistent formulation and applying an integral approximation for the
oscillating term. By using the energy method and the limiting model, we established
two independent error bounds, which depend explicitly on the mesh size h, time step
7 and the parameter 0 < ¢ < 1. From the two error bounds, a uniform error estimate
was obtained, which is uniformly accurate at second order in space and at least first
order in time. Numerical experiments suggest that the error bounds are sharp. By
adopting our numerical method, we observed that the Schrodinger-Yukawa system
with an oscillatory potential approximates the KGS system quadratically in the
nonrelativistic and massless limit regimes.
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