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A GENERALIZED-LAGUERRE-FOURIER-HERMITE
PSEUDOSPECTRAL METHOD FOR COMPUTING THE DYNAMICS
OF ROTATING BOSE-EINSTEIN CONDENSATES*

WEIZHU BAO', HAILIANG LI}, AND JIE SHENS

Abstract. A time-splitting generalized-Laguerre-Fourier—Hermite pseudospectral method is
proposed for computing the dynamics of rotating Bose-Einstein condensates (BECs) in two and
three dimensions. The new numerical method is based on the following: (i) the use of a time-
splitting technique for decoupling the nonlinearity; (ii) the adoption of polar coordinates in two
dimensions and cylindrical coordinates in three dimensions such that the angular rotation term
becomes constant coefficient; and (iii) the construction of eigenfunctions for the linear operator by
properly scaling the generalized-Laguerre, Fourier, and Hermite functions. The new method enjoys
the following properties: (i) it is explicit, time reversible, and time transverse invariant; (ii) it
conserves the position density and is spectrally accurate in space and second-order or fourth-order
accurate in time; and (iii) it solves the problem in the original whole space instead of in a truncated
artificial computational domain. The method is also extended to solve the coupled Gross—Pitaevskii
equations for the dynamics of rotating two-component and spin-1 BECs. Extensive numerical results
for the dynamics of BECs are reported to demonstrate the accuracy and efficiency of the new method
for rotating BECs.
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1. Introduction. Since the realization of Bose-Einstein condensation (BEC)
of alkali atoms and hydrogen in dilute bosonic atomic gases [3, 16], much attention
has been focused on its dynamical phenomena associated with superfluidity [35, 33,
19, 14, 2, 45]. A remarkable feature of superfluids is the appearance of quantized
vortices [35, 39, 1, 38, 34, 25, 29]. In fact, quantized vortices have a long history
that begins with the study of liquid helium and superconductors. Their appearance
is viewed as a typical signature of superfluidity which describes a phase of matter
characterized by the complete absence of viscosity. In other words, if placed in a
closed loop, superfluids can flow endlessly without friction. Different research groups
have obtained quantized vortices in BEC experimentally, e.g., the JILA group [35], the
ENS group [33, 34], and the MIT group [38]. Several experimental methods of vortex
creation are currently in use for studying BEC, including phase imprinting [35], cooling
of a rotating normal gas [22], and conversion of spin angular momentum into orbital
angular momentum by reversal of the magnetic bias field in an Ioffe-Pritchard trap

*Received by the editors November 3, 2008; accepted for publication (in revised form) June 23,

2009; published electronically October 1, 2009.
http://www.siam.org/journals/sisc/31-5/73981.html

TDepartment of Mathematics and Center for Computational Science and Engineering, National
University of Singapore, Singapore 117543 (bao@math.nus.edu.sg). The work of this author was
supported by Ministry of Education of Singapore grants R-146-000-120-112 and R-158-000-002-112.

*School of Mathematics, Capital Normal University, Northern Road 105, Western Ring 3, 100037,
Beijing, People’s Republic of China (hailiang_1i2002@yahoo.com.cn). The work of this author was
supported by National Natural Science Foundation of China grant 10431060 and Beijing Nova Pro-
gram grant 2005B48.

$Department of Mathematics, Purdue University, West Lafayette, IN 47907 (shen@math.purdue.
edu). The work of this author was supported by NSF DMS-0610646 and AFOSR FA9550-08-1-0416.

3685

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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[45, 30, 31]. It is expected that more complicated vortex clusters can be created in the
future, e.g., with further developments of the phase-imprinting method. Such states
and their dynamics would enable various opportunities, ranging from investigating the
properties of random polynomials [15] to using vortices in quantum memories [26].
The recent experimental and theoretical advances in exploration of quantized vortices
in BEC have spurred great excitement in the atomic physics and computational and
applied mathematics communities, and renewed interest in studying superfluidity.

In this paper, we consider a rotating BEC in an external trapping potential
Vi(z,y,z) = %mb (w§x2 —|—w§y2 —|—w§z2) + Wi(x,y, z), with w,, wy, and w, the trap
frequencies in the x-, y- and z-directions, respectively, m; the mass of BEC atoms,
and Wy(zx,y, z) a real-valued function. We assume that the interaction strength within
the BEC is Uy, given by Uy = 4mh%a,/m; with as being the s-wave scattering length.
For temperatures well below the critical temperature of the BEC, the dynamics of the
rotating BEC is well described by the dimensionless Gross—Pitaevskii equation (GPE)
with an angular momentum rotation term in the d-dimensions (d = 2, 3) [37, 19, 14, 5]:

iatw(xat) = _%A + V(X) - QLZ + ﬁd|w(xat)|2 ‘/’(Xv t)a X € Rda t> Oa

D(x,0) = o(x), x€R™L

(1.1)

Here, ¢ = 1(x,t) is the dimensionless wave function; V(x) is the dimensionless ex-
ternal trapping potential; 8y = 8 for d = 3, and B4 = (+/7./27 for d = 2, with
8= % characterizing the interatomic interaction in terms of the total number of
particles N in the condensate, the s-scattering wave length as, and the dimension-
less length unit ag; € is the dimensionless angular momentum rotation speed; and
L, = —i(z0y —y0y) = i(y0y — x0y) = —i0y is the dimensionless z-component angular
momentum with (r, 0, z) the cylindrical coordinates when d = 3, and (r, 6) the polar
coordinates when d = 2. We split the trapping potential into two parts, i.e.,

(1.2) V(x) = Vi(x) + W(x), x € RY,

where V(x) is the radial and cylindrical symmetric part when d = 2 and d = 3,
respectively,

_ L@ y?) =, d=2,
(13) Vo) = 2 { V2 (22 4 y?) + 7222 = 42r% + 4222, d=3,
with 1 = a2 +y2, 9, = 2, 5y = 2, 9, = %, 4 = min{y, %}, and w =

min{w,, wy, w,}; and W(x) is the rest of the external trapping potential.

The above dimensionless quantities in three dimensions are obtained by scaling
the length by the harmonic oscillator length ag = /h/wmy, the time by w™!, and the
energy by hw. In fact, the two-dimensional (2D) GPE can be viewed as a quasi-3D
experimental setup with a strong confinement in the z-direction, i.e., w, ~ w, and
wy > wy [13]. Two important invariants of (1.1) are the normalization of the wave
function [37, 5]

(14 N = [ wePix= [ 0P N =1, 20

Rd
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and the energy

Boaw) = [ |51902 + V.00 + Wl o + Slult - 0 Re(i.0)| dx
(1.5) = Ega(vo), t>0,

where f and Re(f) denote the conjugate and the real part of the function f, respec-
tively. For well posedness and dynamical laws of the GPE (1.1), we refer to [5, 23].

In order to study effectively the dynamics of rotating BEC, it is important to
design an efficient and accurate numerical method for solving the problem (1.1). For
nonrotating BEC, i.e., @ = 0 in (1.1), many efficient and spectrally accurate numerical
methods were proposed in the literature (cf. [6, 7, 10, 36, 17] and the references
therein). For rotating BEC, i.e., 2 # 0 in (1.1), the angular momentum rotation term
introduces new numerical difficulties which have to be properly tackled. Recently,
Bao, Du, and Zhang [5] presented an efficient and accurate method based on the
adoption of polar coordinates in two dimensions and cylindrical coordinates in three
dimensions so as to make the coefficient of the angular momentum rotation term
constant; Bao and Wang [12] proposed an efficient and spectrally accurate method
based on properly using the alternating direction implicit (ADI) technique for the
coupling of the angular momentum term. For rotating BEC in the strong repulsive
interaction and/or rapid rotation regime, i.e., 84 > 1 and/or |©2] = O(1) in (1.1), due
to the appearance of quantized vortex lattices, multiscale structures appear in the
solution of the GPE (1.1) [18, 14, 13, 27]. In this case, most of the numerical methods
for rotating BEC have some drawbacks:

(i) Often the original whole space is truncated to an artificial computational do-
main with an artificial boundary condition (usually homogeneous Dirichlet boundary
conditions are used). How to choose an appropriate bounded computational domain
is a difficult task in practice: If it is too large, the computational resource is wasted;
if it is too small, the boundary effect will lead to wrong numerical solutions.

(ii) The method in [5] uses polar coordinates in two dimensions and cylindrical
coordinates in three dimensions such that the angular momentum rotation term be-
comes constant coefficient, but the method is only second- or fourth-order accurate
in the radial direction. On the other hand, the method in [12] is of spectral accuracy
in space, but it decouples the angular momentum rotation term into two steps which
may cause some problems in the rapid rotating regime, i.e., || =~ 1.

The aim of this paper is to develop a method which enjoys the combined advan-
tages of the numerical methods in [5] and [12]. That is to say, the method is explicit
and of spectral accurate in space, and it adopts polar coordinates in two dimensions
and cylindrical coordinates in three dimensions. We shall present such an efficient and
spectrally accurate numerical method for discretizing the GPE in (1.1) by applying
the time-splitting technique for decoupling the nonlinearity, adopting polar coordi-
nates in two dimensions and cylindrical coordinates in three dimensions such that
the angular rotation term becomes constant coefficient, and using the properly scaled
generalized-Laguerre, Fourier, and Hermite functions as spectral basis.

The paper is organized as follows. In the next section, we preset a time-splitting
pseudospectral method based on the scaled generalized-Laguerre, Fourier, and Her-
mite functions for computing the dynamics of rotating BEC in two and three dimen-
sions. In section 3, the numerical method is extended to coupled Gross—Pitaevskii
equations (CGPEs) for the dynamics of rotating two-component and spin-1 BEC. In
section 4, we report numerical results on the dynamics of rotating BEC to demonstrate
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the efficiency and accuracy of our new numerical methods. Finally, some concluding
remarks are drawn in section 5.

2. Time-splitting generalized-Laguerre—Fourier—-Hermite pseudospec-
tral method. In this section we present a second-order time-splitting generalized-
Laguerre—Fourier—Hermite pseudospectral method for the problem (1.1) in two and
three dimensions by using polar and cylindrical coordinates, respectively.

2.1. Time-splitting. Denoting

1/0* 92 1
1 0? 1
(2.2) B.¢ = [—5@ + 5“/322] ®,
B ¢, d=2,
(23)  Ao=[We)+Bldl*] o, Bo= { Blepge -
the GPE in (1.1) becomes
(2.4) i0p)(x,t) = Atp + B, xeR? t>0.

For a given time step At > 0, let ¢, = nAt, n =0,1,2,..., and Y™ := " (x) be the
approximation of ¥(x,t,). A second-order symplectic time integrator [42, 6, 7] for
(2.4) is as follows:

(2.5) 1/)(1) _ e—i%Awn, ¢(2) _ e—iAth(l), ¢n+1 _ e—i%Aw(Q).

Thus the key for an efficient implementation of (2.5) is to solve efficiently the following
two subproblems:

(26)  iOw(x,t) = Av(x,t) = [W(x) + Bald (x, )] (x,1),  x€RY,

and

i000(x,1) = Bb(x,t) = |~ LA+ Vi(x) - QL. | ¥(x,1),  x € RY,
(2.7) . 2

|x|1inioo@/1(x,t) =0.

The decaying condition in (2.7) is due to the external trapping potential, and it is
necessary for satisfying the normalization (1.4).

Multiplying (2.6) by ©(x,t), we find that the ODE (2.6) leaves |1(x, t)| invariant
in time ¢ [6, 7). Hence for ¢t > t, (¢s is any given time), (2.6) becomes

(28)  i0(x,t) = [W(x) + Balvo(x, t5)P] (x, 1), t>t,,  xeRY
which can be integrated ezactly, i.e.,
(2.9) U(x,t) = e IWOITAav ) Fli—t)yyx ¢) t>¢,, xeR%

Thus it remains to find an efficient and accurate scheme for (2.7). Since B is a linear
operator, it is most convenient to use its eigenfunctions as spectral basis functions.
Thanks to (2.3), we need only to find eigenfunctions of the linear operators B and
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B,. Below we shall construct suitable spectral basis functions by properly scaling
the Hermite functions, generalized-Laguerre functions, and Fourier series which are
eigenfunctions of B so that e *** 54 can be exactly evaluated in phase space, which
is necessary for the final scheme to be time reversible and time transverse invariant.
Here, the only time discretization error of the corresponding time-splitting method
(2.5) is the splitting error, which is second-order in At. Furthermore, the scheme is
explicit, time reversible, and time transverse invariant, and as we shall show below,
it also conserves the normalization in time discretization.

Remark 2.1. Tt is straightforward to design a high-order, e.g., fourth-order, sym-
plectic time integrator for (2.4) [46, 10, 44]. The details are omitted here for brevity.

2.2. Generalized-Laguerre—Fourier pseudospectral method for rotating
BEC in two dimensions. In the 2D case, we use the polar coordinates (r, ) and
write the solutions of (2.7) as v (r,0,t) . Therefore, for t > t, (¢, is any given time),
(2.7) collapses to

, 19 /(0 1 9% 1 ,
10u(r, 0,1) = [—EE (TE) 572 92 + ’yrr + Q20| Y(r, 6,1)

(2.10) = B1y(r,0,1),
U(r,0 4 2m,t) = (r,0,t), 0<r<oo, 0<6<2m,
lim ¢ (r,0,t) = 0.

The normalization (1.4) collapses to

2m 2
(2.11) v, 0)|? = / / U(r,0,t)|?r drdf —/ / [0 (r, 0))?r drdf = 1.

Note that it can be shown, similarly as for the Poisson equation in a 2D disk [40, 20,
21], that the problem (2.10) admits a unique solution without any condition at the
pole r = 0.

We now construct the eigenfunctions of the linear operator B, in (2.10). For any
fixed m (m =0,£1,£2,...) and g(r), we have

By (g(r)e™?) = [_iﬁ (7,2) B + 1%7" —HQ(‘?@] (g(r)e™™®)

2r Or \ Or 2r2 962
» 1d d m? 1
__ ,imb m ~A2,2
- ° [ 27 dr < dr) + 2r2 + 2%70 mQ} 9(r)
(2.12) = BJ"l(g(r)) e’ — m€ g(r)e™,
where
1d d Im|? 1
|m| [ e el e - A2,.2
(2.13) B™g(r) [ 5 O <Tdr) + 572 + 5T ] g(r).

This immediately suggests that we construct eigenfunctions of the linear operator
B™ for any fixed m (m =0,1,2,...). To this end, we recall below the definition and
properties of the generalized-Laguerre polynomials.

For any fixed m (m = 0,1,2,...), let L7(r) (k =0,1,2,...) be the generalized-
Laguerre polynomials of degree k satisfying [41, 11, 20, 21, 28]

d2 d rm rm
(2.14) < — —l—(m—l—l—r)dr)Lk (") +kLr@) =0, k=0,1,2,...,
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(2.15) / ™ e L (r) L (r) dr = CF S, koK =10,1,2,...,
0

where 0y is the Kronecker delta and
m k+m ks .
Cy :I‘(m+1)( 3 ):l_ll(k+]), k=0,1,2,....
J:
We define the scaled generalized-Laguerre functions L}* by
(m+1)/2 , )
(2.16) L (r) = T ™ e 2 L (0%).
TCl
Plugging (2.16) into (2.14) and (2.15), a tedious but simple computation [11, 10] leads

to

1 d d 2 1
m%mwzf——( )+ﬁﬁ~ﬁﬁme

o dr \' dr 2r2 2
(2.17) = [w(2k + m+ D] L (r),
(2.18) 2r [ 1P () L) 7 dr = b
0

Hence {L}"}72, are eigenfunctions of the linear operator B;".
For any fixed m (m = 0,+1,42,...), we derive from the above that

B, (L‘kml(r) eime) = (B‘Tm|L‘km|(r)) e™? — mQ L‘kml(r) etm?

= [v(2k + |m| + 1) — mQ] (L\kml(r)eime)

(2.19) = fm L) k=0,1,2,...,

where

(2.20) rm = Yr(2k 4+ |m| + 1) — mQ, k=0,1,2,....

This immediately implies that {L‘kml(r) em k=0,1,..., m = 0,%£1,42,...} are

eigenfunctions of the linear operator B .

For fixed even integer M > 0 and integer K > 0, let Xxy = span{L‘kml(r) emf
k=0,1,....,K, m=-M/2,-M/2+1,...,—-1,0,1,...,M/2 — 1}. The generalized-
Laguerre-Fourier spectral method for (2.10) is to find ¥ xar(r,0,t) € Xk, i€,

M/2-1 K
(221) Yrum(r.0,t) = > leime Z&km(t)LL’”(r)] , 0<r<oo, 0<6<2m,

m=—M/2 k=0
such that
OV (r,0,t) 10 0 192 1 ,, .
! ot o 2r Or rar 2r2 002 + 2%7‘ +iQ0p | Yicn (r,0,1)
(2.22) = BivYgm(r,0,t), O<r<oo, 0<6<2m.
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A PSEUDOSPECTRAL METHOD FOR ROTATING BEC 3691

Noting that lim, .o L{™(r) = 0 for k = 0,1,2,... and m = 0,41,+2,... [41],
lim, 00 Y (1, 0,t) = 0 is automatically satisfied. In addition, the expansions in the
r- and f-directions for (2.21) don’t commute. Plugging (2.21) into (2.22), thanks to
(2.19), and noticing the orthogonality of the Fourier series for £ = 0,1,..., K and

m=—M/2,~M/2-1,...,~1,0,1,...,M/2 — 1, we find
g (t ; .
(2.23) ZWT() = lkm Yrm (t) = [1(2k + |m| + 1) — mQ] Yim (t).

The above linear ODE can be integrated ezactly, and the solution is given by
(2.24) Do () = e7Hem =) gy (), t >t
Plugging (2.24) into (2.21), we obtain the solution of (2.22) as

¢KM (’f’, 97 t) = e_i(t_tS)BJ— 1p}{]W(ra 97 ts)

M/2—1 K
(2.25) = > [ei’”GZe““m““M&km(ts)Lkm'(r)}, t>ts,

m=—M/2 k=0
with

27 [e%s)
220) it =g- [ [ [T ventnor orar] o
™ Jo 0

The above procedure is not suitable in practice due to the difficulty of comput-
ing the integrals in (2.26). We now present an efficient implementation by choosing
% ,;(r,0) as the interpolation of ¢ (r,8,0) on a suitable grid, and approximating
(2.26) (for all m) by a quadrature rule on this grid.

For each fixed m, it is clear that the optimal quadrature rule, hence the collocation
points, for the r-integral in (2.26) depends on m [11]. Since we need to take the Fourier
transform in the azimuthal direction too, we have to use the same set of collocation
points for all m to form a tensorial grid in the (r,0) domain. Therefore, let {7; }jK:JBM/ 2
be the Laguerre-Gauss points [41, 40]; i.e., they are the K + M/2 + 1 roots of the
standard Laguerre polynomial IAJ(I)HM/QH(T) i= Ly a2 (r). Let {@j}f:JBM/Q be
the corresponding weights associated with the generalized-Laguerre—Gauss quadrature
[41, 40]; i.e., we have

K+M/2

(2.27) /0OO fre "dr = Z f(#)w; Vf € Pag s,
=0

where Psx 4 ar4+1 are the space of polynomials of degree less than or equal 2K + M + 1.
Hence, for k, k' =0,1,..., K, |m| < M/2, we have

K+M/2 Emiay Tmia ) Tm Tm
(28) 3 Gy(ry)ym ) L) / pm e B0 L) g
j=0 Ck Ck’ 0 \/Ck Ck/

We then define the scaled generalized-Laguerre—Gauss points and weights by

(2.29) rp= L, =T o0, K+ M2,
Vr Yr
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We derive from (2.16) and (2.28) that

K+M/2 KyM/z o
S L) L) = S z”(\/fj/w) Ly (\/@-/%)
i=0 =0

K+M/2

_ O ()M Ly (7)) Lp(#)
jgo J( J) \/@ \/C_]?}

(230) :5kk/; k,k’:O,l,...,K, |m|§M/2

Note that the computation of the weights {w;} from (2.29) is not a stable process for
large K and M. However, they can be computed in a stable way as suggested in the
appendix of [40].

Let 0, = 2% (s = 0,1,...,M —1). For any given set of values {tjs, 0 < j <
K+ M/2;0<s<M -1}, we can define a unique function v in X s interpolating
this set, i.e.,

M/2—-1 K

e(r,0) = Z Z&)\km L™ (e such that

m=—M/2 k=0

(2.31)

By using the discrete orthogonality relation (2.30) for the scaled generalized-Laguerre
functions and the discrete Fourier orthogonality relation

(2.32) % le ¢h0s gm0 — 5, 1 k| < M2,
we find that
R ] M-l o K+4M/2
(2.33) Vkm = 77 STle ™0 ST wiug Lry)
5=0 Jj=0
and that
(2.34)

M/2—1 K+M/2 M—1

2 [eS) K
~ 2m
W= [ Prarr=2n 3 S =15 Y Wl
j=0  s=0

m=—M/2 k=0

We can now describe the second-order time-splitting generalized-Laguerre—Fourier
pseudospectral (TSGLFP2) method for the GPE (1.1) with d = 2 as follows:

Let @[J?S =o(rj,0s) for0<j < K+M/2and0<s<M—-1. Forn=0,1,2,...,
we compute z/J;ZH 0<j<K+M/2,0<s<M-—1)by

S

wj(? = e*i[wm,es)wz\wg\ﬂm/zws,
M/2-1 K -
(2.35) D D D e O N NI C I
k=0

m=—M/2

; . (2)
w;_m;rl — o~ iW(r;.05)+82 95, |2]At/2wj(§)’

where {w/@km} are the expansion coefficients of 1! given by (2.33).
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LEMMA 2.1. The TSGLFP2 method (2.35) is normalization conserving, i.e.,
(2.36) lo" 12 =[¢°1*  Vn2>1.

Proof. One derives immediately from (2.35) that [ ||? = ||¢"]|? and ||y ]|]? =
@2 By using (2.30), (2.32), and (2.33), we find

o M—1KM/2 o M—1K+M/2
||w<2>||2—ﬁz X WP =5 S = .

s=0 j=0

Therefore, we have |[1p"*1(|2 = ||v"||? for alln > 0. O
It is clear that the memory requirement of this scheme is O ((K + M/2)M), and
the computational cost per time step is O (M (K + M/2)(K + M/2 +1n M)).

2.3. Generalized-Laguerre—Fourier—-Hermite pseudospectral method
for rotating BEC in three dimensions. In the 3D case, by using the cylindrical
coordinates (7,0, z), we can write the solutions of (2.7) as ¥(r, 0, z,t). Therefore, for
t > ts (ts is any given time), (2.7) collapses to

; 1] 10 0 1 62 0? )
000,50 =3 |15 (rar) ~ g~ g+t 2o

(2.37) = (BL+ B.)¢(r,0,2,t) = Bi(r,0,2,1),
V(r,0 427, 2,t) =(r, 0, 2, 1), O<r<oo, 0<O<2m, z€R,
lim ¢(r,0,2,t) =0, —0 <2< 00, t>ts.

The normalization (1.4) collapses to

00 00 2T
(-, )2 :1 /O /0 [ (r, 0, z,t)|*r drdfdz
00 00 2T
(2.38) = / / / [0 (r, 0, 2)|*r drdfdz = 1.
—o0 J O 0

We now consider B, in (2.2). To this end, let H;(z) (I = 0,1,2,...) be the
standard Hermite polynomials of degree [ satisfying [41, 10, 11, 32, 43]

(2.39) H'(z) — 2z H[(2) + 2l H|(z) =0, z €R, 1=0,1,2,...,

(2.40) / Hy(z) Hi(2) e = de= a2 oy, 1,I=0,1,2,....

As in [10, 11], we define the scaled Hermite functions
(2.41) h(z) = e %12 Hy (\z2) V2 (. /m)Y4, z€R.

It is clear that lim,|_o hi(2) = 0.
Plugging (2.41) into (2.39) and (2.40), a simple computation shows

1 1
(2.42) B.hi(z) = —Ehfl(z) + ?yzzzzhl(z) =N h(z), zeR, 1>0,
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(2.43) / h[(z) hl/(z) dz 25”/, l,l/ = 0,1,2,...
where

1
(2.44) Al=<l+§)~yz, 1=0,1,2,....

Hence {h;}2, are eigenfunctions of the linear operator B, in (2.2).
Finally, for any fixed m (m = 0,+1,42,...), we derive from the above that

B (L) e hi(z)) = (B + B.) (10" () €™ hu(2))
— hi(2)B. (L‘km' (r) eime) + LM ) €™ By (2)
= L LI (1) € hy(2) + X LI () €77 1y (2)
(2.45) = (ptkm + M) L™ () €™ Iy (2).
Hence {L‘kml(r) e hy(2), k0 =0,1,..., m = 0,41,4£2,...} are eigenfunctions of
the linear operator B = B} + B, defined in (2.3) for d = 3.
For fixed even integer M > 0 and integers K > 0 and L > 0, let

Yicarr = span{ L™ (r) e™? hy(z) : 0< k<K, —M/2<m<M/2—1,0<1<L}.

The generalized-Laguerre—Fourier—Hermite spectral method for (2.37) is as follows:
Find '@ZJMKL(Ta 6‘, z, t) € Yxumr, ie.,

L M/2-1 K
(2.46) 'l/)KML r0,z, t Z Z <ezm9 Z¢kml(t)Lkml(T)>
1=0 m=—M/2 k=0
such that
Ognmr 1] 10 0 102  0? .
=9 "3 [‘;5 (a_> “ag g TN 0 2000 Vi
(2.47) = (BL+ B.)YxmrL, O0<r<oo, 0<O<2m, z€eR.

Plugging (2.46) into (2.47), thanks to (2.45), and noticing the orthogonality of the
Fourier series, we find

Z.d@mm

(2.48) o

= (e + \0) Vrama (1), t >t

Similar to the 2D case, the above linear ODE can be integrated ezactly, and we obtain
the solution of (2.47) as

i (r,0,2,t) = e Ut BLtBYy (002 t,)

L M/2—1
(2.49) _ hu(2) Z <1m026—1(#km+>\1)(t £) e (£) L™ (1 )) ,
k=0

1=0 m=—M/2
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where
(2.50)
[e%s) 27 [e’e)
Bt = [ ) [ (e [T veanntr0,2, 00 L ar ) ao)

As in the 2D case, we need to approximate the above integral by a suitable
quadrature rule. Let {ép}ﬁzo be the Hermite-Gauss points (i.e., they are the L + 1
roots of the Hermite polynomial Hy 41 (z)), and let {&Z}L_, be the associated Hermite—
Gauss quadrature weights [41]. Then we have

00 L
(2.51) | f@eTa =3 1605 V€ Pu,
. 2
which implies that
Soap M) Hi() [T G Hily) e,
(2.52) Pral/ayoull pt/a/2U 1 ) ml/4V2011 m1/4/2U 1)
= oy, OSZ,ZISL.

We then define the scaled Hermite-Gauss points and weights by

R 2
2 _wper
= w, = = p=0,1,2,..., L.

(2.53) Zp =

22
z Zp

L L ~

wy e
> "wp hi(zp) hur(zp) =Y =y
p=0 3 p=0 V V=

(&) (%)
l/
- V= V7=
L . .
_ Z(’DZ H, (%) Hy (2p)
=0 P/ a/2u T /420 !
(2.54) —ow, LI'=01,... L

Similarly, care must be taken when computing the weights {w?} for large L (cf.
the appendix of [40]).

For any given set of values {¢jsp, 0 <j < K+ M/2; 0<s<M—1; 0<p <L},
we can define a unique function v in Yk sp, interpolating this set, i.e.,

M/2—-1 K

L
Y(r,0,z) = Z ZZJ’\’CW LLm‘(T)eimehl(z) such that

m=—M/2 k=0 1=0
W(rj,0s,2p) = Vjop, 0L J<K+M/2; 0<s<M-1;, 0<p<L.

(2.55)

By using the discrete orthogonality relations (2.30), (2.32), and (2.54), we find
that

R 1L M—1 . KtM/2
256 =X e X (Y )
p=0 5=0 §=0
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and that
2
]| == / / / (r,0, 2)|*r dodrdz
(2.57) M/2—1 27T K+M/2 M—1 L
Z ZZMWF Z Do el ww
—M/2 k=0 1=0 = s=0 p=0

Then the TSGLFHP2 method for the GPE (1.1) with d = 3 is as follows:
Let z/stp =o(rj,0s,2p) for 0 < j < K+ M/2,0<s<M-1,and0<p < L.

For n =0,1,..., we compute W;&l by
1/13(2) o= ilW(rj,05,25)+B3¥7, | 1at/2ym

L M/2-1 .
(258) W= |llz) Y (EM&EZé““m“““wﬂmmL?«mQ :

1=0 m=—M/2 k=0

(2)
w;;;l oW (r;.05,2p) +Bs] 4%, 1° ]At”w(szﬁ

where {1)(1), 1 are the expansion coefficients of (1) given by (2.56).

Following a similar procedure as in the proof of Lemma 2.1, we can prove the
following.

LEMMA 2.2. The TSGLFHP2 method (2.58) is normalization conserving, i.e.,

[" 12 = [lW°*  Vn>1.

The memory requirement of this scheme is O ((K + M/2)M L), and the compu-
tational cost per time step is O (M L(K + M/2)(L + K + M/2+ In M)).

3. Extension to rotating two-component and spin-1 BEC. The numerical
methods TSGLFP2 for two dimensions and TSGLFHP2 for three dimensions, intro-
duced above for GPE with an angular momentum rotation term, can be extended to
CGPEs for the dynamics of rotating two-component and spin-1 BEC.

3.1. For rotating two-component BEC. Consider the dimensionless CGPEs
with an angular momentum rotation term and an external driving field for the dy-
namics of rotating two-component BEC in d-dimensions (d = 2, 3) [37, 47, 4]:

1011 (x,t) = {—%A +Vi(x) = QL. + B[ |* + 512|¢2|2} P1 — Mg,

B i t) = [~ S A+ Va(0) = QL + Barl + Baaltial] w2 — M,

i(x,0) =" (x),  a(x,0) =y (x), xR

Here U = U(x,t) := (¢1(x,1),92(x,t))T is the dimensionless wave function of the ro-
tating two-component BEC; Vi (x) and V3 (x) are the dimensionless external trapping
potentials; o = 2—; > 0, with m; and msy the atomic masses of the two species; ()
is the dimensionless angular velocity of the rotating laser beam; A is the dimension-

less effective Rabi frequency describing the strength of the external driving field; and
ﬂjl _ 27rNajL(mj+ml)m1 (],l — 172)

e , with N the total number of particles in the two-
om;mg

component condensate, aj; = ai; (j,I = 1,2) the s-wave scattering length between
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the jth and lth component, and ag = y/f/wm; the dimensionless length unit. Again,
we split the external trapping potentials into two parts:

(3-2) Vi(x) = Vi(x) + Wi(x),  Va(x) = aVi(x) + Wa(x),  x€RY,

where V(x) defined in (1.3) is the radial and cylindrical symmetric part when d = 2
and d = 3, respectively; and W1 (x) and Wa(x) are the rest of the parts of the external
trapping potentials.

Two important invariants of (3.1) are the normalization of the wave function
[47, 4]

2
N = [ weolax = [ oo
R4 R S
2
(3.3) = / > |¢§.°)(x)|2dx =NwD)y=1, t>0,
R %
j=1
with ¢(© = (1/)50), éo))T, and the energy per particle

2 2
EB,Q(‘I’):/W > (v;«x)w Q2 Re(i); L:1;) ZTJ%M W)
j=1

1 _
(3.4) +§|w1|2 + %|w2|2 — 2\ Re(@[zlwg)l dx = Eg o(0®), t>0.

In addition, if there is no external driving field, i.e., A = 0 in (3.1), the density of each
component is also conserved, i.e.,

35 NO=Nw) = [ o= PP 20, =12

Similar as for the case of single-component BEC, for n = 0,1,2,..., from time
t =t, =nAt tot =t,y1 = t, + At, the CGPEs (3.1) can be solved in two splitting
steps. One first solves

101 (x,t) = {—%A + Vi(x) — QLZ:| Y1 — Mpg = By — Aha,
(3.6)

1 -
iOtha(x,t) = {04 (—§A + Vs(X)> - QLz] Wy — Mpr = Bipg — Ay, x € RY,
for the time step of length At, followed by solving

01 (x,1) = [Wi(x) + Bua|va|* + Bralwal*] 1,

3.7
(37) 0o (x,1) = [Wa(x) + Bor|th1]* + Bazloa|*] 2, x € RY,

for the same time step. For ¢ € [ty,t,+1], the nonlinear ODE system (3.7) leaves
|t1(x,t)| and |¢2(x,t)| invariant and thus can be integrated exactly. For simplicity,
we present below only the extension for the scheme TSGLFP2 in two dimensions with
« = 1. The others can be done in a similar way, and we omit the details here for
brevity.
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The TSGLFP2 method for the CGPEs (3.1) with d = 2 is as follows:
Let (49);s = Pmﬂgwuwm=w9m,>m0<j<K+med
0<s<M-—1.Forn=0,1,2,..., we compute (¢}""");s and (5 11);s by
—i s ny . |2 ny . |2 n
( §_1))]S —e [Wi( ])05)—"_/611‘(1;[)1 )isl +512‘(¢’2 )is| ]At/Q(d)l )j57
—i s ny . |2 ny . |2 n
( él))JS —e [Wa( ])05)—"_/621‘(1;[)1 )isl +522‘(¢’2 )is| ]At/Q(dh )j57

—

M/2-1 K
( gz))js Z leimes Ze‘“‘km& [cos(x\At) ( §1))km

=—M/2 k=0

+i sin(AAt) (@)km} Lkml(rj)] )

M/2—1 K —
@)= leimesze—wmﬁt [isin(mt)(wi”)km

=—M/2 k=0

+ cos(AAL) (¢ )km} le(rj)} ,

(W) = €W a0 H81 1) P Bral (W )ss P1A /2 (2))
(BH1) 5 = e~ W50 +821 (W5 )ge P Bzl (65750 P180/2 ()

where (@[é”)km and (@bél))km are the generalized-Laguerre—Fourier transform coeffi-
cients of 1/)51) and wél), respectively, given by (2.33).
Using the same argument as in the proof of Lemma 2.1, we can prove the following;:
LEMMA 3.1. The above TSGLFP2 method for rotating two-component BEC is
normalization conserving, i.e.,

2 2
(3.8) o2 = //Z|¢"r€)|2rd6‘dr—||\110||2 n> 1

In addition, if there is no external driving field, i.e., A = 0 in (3.1), the density of
each component is also conserved, i.e.,

oo 2
(3.9) HWW:A A|wmw%meww% n>1 j—1.2

3.2. For rotating spin-1 BEC. Consider the dimensionless CGPEs with an
angular momentum rotation term for the dynamics of rotating spin-1 BEC in d-
dimensions (d = 2, 3) [24, 8]:
i1 (%, 1) = [H + Wi(x) + Bup + Bs(p1 + po — p—1)] 1 + Bt 195,
iOpho(x,t) = [H + Wo(X) + Bnp + Bs(p1 + p—1)] Yo + 2Bstp_1¢0¢1,
i0pp_1(x,t) = [H + W_1(x) + Bup + Bs(p—1 + po — p1)] ¥—1 + B3 ¢n,
vi(x,0) =" (x), xeR?  j=-10,1.

(3.10)

Here U = U(x,t) := (¢Y1(x,1t), ¢o(x
of the rotating spin-1 BEC, H = —
the dimensionless angular velocity

t),%_1(x,t))T is the dimensionless wave function
A—i—V (x) —QL, with Vi(x) defined in (1.3), Q is
the

™
2
of the rotating laser beam, W;(x) (j = —1,0,1) are
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the rest of the external trapping potentials, p; = p;j(x,t) := |1;(x,t)|? is the spatial
density of the hyperfine spin component mp = j (j = —1,0,1), and p = p1 + po + p—1
is the total density. (, = w and 0 = M are the dimensionless
mean-field and spin-exchange interaction constants, resf)ectively7 with N the total
number of particles in the spin-1 condensate, ay and as the s-wave scattering length
for scattering channel of total hyperfine spin 0 and 2, respectively, and as = /fi/wmy,
the dimensionless length unit.

Three important invariants of (3.10) are the normalization of the wave function
[24, 8]

1
N = [ weeolPac= [ 3 0P

Jj=-1

1
(3.11) 5/ S [l )2dx = N@©O) =1, >0,
Rd

j=-1

with 0 = (1/)50), ¢60),1/)£()1))T, the total magnetization

M) = [ e OF = 0o ) ] dx
(312) = [ [0 607 = 6P ix = a0,

with —1 < M < 1, and the energy per particle

1

Epa(V) = § l|Wj|2 + (Va(x) + W;i(x)) [05]* — Q Re(h; L)
]Rd 2
j=—1
+—52” lpol® +

Bn + Bs
2

(93 + P21+ 2p0(p1 + p-1)) + (Bn — Bs)prp—1

+B8s (V_1951 + ¢1¢§¢1)1 dx
(3.13) =Ezo(@®),  t>0.
Unlike the TSGLFP2 method for GPE (1.1) and CGPEs (3.1), here it is advan-

tageous to split the CGPEs (3.10) into three subsystems. More precisely, we rewrite
(3.10) as

(3.14) 10V (x,t) = AV 4+ BV + 5,CV,

where

(3.15) A=diag{H, H, H}, B = diag {b1, be, b3},
0  ¢atve 0

(3.16) C=C¥)=| v-1%o 0 tovn |,
0 Yo ¢ 0
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with
1
H:—§A+Vs(x)—QLZ7 by = Wi(x) + Bnp + Bs(p1 + po — p-1),

by = Wo(x) + Bnp + Bs(p1 + p-1), by = W_1(x) + Bup + Bs(p—1 + po — p1).

As shown in the previous section, the first subsystem i0;¥(x,t) = AU can be dis-
cretized in space by the generalized-Laguerre—Fourier method in two dimensions
and the generalized-Laguerre-Fourier—Hermite method in three dimensions, and in-
tegrated in time ezactly. The second subsystem i9;¥(x,t) = BV is a nonlinear ODE
system that leaves |11 (x,t)|, [o(x, )|, and |p_1(x,t)| invariant in time ¢, and thus
can be integrated ezactly. The third subsystem i9;¥(x,t) = 85 C(¥)V is a nonlinear
ODE system which cannot be solved exactly. We shall take the approach used in [9],
namely, integrating it over the time integral [t,,t,+1] and then approximating the
integral by the second-order Runge-Kutta approximation [9],

W o W(tyy) = e~ Jol T @@ dT gy
(3.17) ~ e IO (COUM O D)) /2 yn . (=i, DY)
where
T = 0" — i AL B, OO = (i, ¢, )T,
1 0 di2 O
D(\I/n) — 5 (C(\Ifn) + C(\I}(l))) = d12 70 d23 ,
0 das O
with

/-, . —0,.a Lon n 7 (1
dlzzg(wq@/’o +¢£f¢é))’ d23:§(¢0¢1+¢6)¢§ ))'

Since C (V) is a Hermitian matrix, thus D(¥™) is also a Hermitian matrix, following
[9], we can explicitly compute the approximation in (3.17) as

(3.18) gl = omiAB D(YY) g . p o—ifsAtA BT gn
where
00 0 1 V2das  diz  —di2
A= 0O X O , . 0 A A ,
0 0 —=A \/5/\ —\/idlz CZ23 —C?23

with

A = /|d12]? + |das]?.

Therefore, we can use the second-order Strang-type TSGLFP2 to solve (3.14). We
omit the detailed algorithms here for brevity.

Using the same argument as in the proof of Lemma 2.1, noticing that D(¥") is a
Hermitian matrix, we can prove the following.

LEMMA 3.2. The above TSGLFP2 method for rotating spin-1 BEC' is normaliza-
tion conserving, i.e.,

[e'e) 27 1
o2 = / / S |02, 0) P dédr

Jj=-1

(3.19) = || w03, n>1.
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Remark 3.1. Another way to discretize the third subproblem i0,¥(x,t) =
Bs C(V)V is as follows:

(3.20) U = (T +i B, ALt C(U™)/2) 7" (I —i B AL C(U™)/2) U7,

where I is the 3 x 3 identity matrix. It is easy to show that this discretization is
normalization conserving and second-order in time, too.

4. Numerical results. We now present some numerical results by using the nu-
merical methods introduced in previous sections to compute the dynamics of rotating
BEC. To quantify the numerical results of a solution ¥ (x, t), we define the condensate
widths along the - and z-axes as o, and o, respectively, by

(4.1) = [ @ woPdx a=eps  -alial
and the angular momentum expectation which is a measure of the vortex flux by

(4.2) (L)(t) == g P(x,t) Lp(x,t) dx = i/Rd V(x,t)(ydy — 20, )1h(x,t) dx.

Example 1. Dynamics of a rotating BEC in two dimensions; i.e., we take d = 2,
B2 =100, Q = 0.5, and W (z,y) = (y; —72)y>/2 in (1.1). The initial data in (1.1) is
chosen as

(4.3) Yo(z,y) = %6_@2*7’2)/2, (z,y) € R%.

We solve the problem by the scheme (2.35) with At = 0.0005, M = 128, and K =
100. Figure 1 depicts time evolution of the normalization N(v), energy Eg o (v),
condensate width §,(t), and angular momentum expectation (L,)(t) for three sets
of parameters in (1.1): (i) 72 = 7y = 2 := Y, (i) 72 = vy = 0.8 := ,, and (iii)
Yz = 0.8 1=, 7y = 1.2,

From Figure 1, we can draw the following conclusions:

(1) the normalization N(v) and energy Eg o(v) are conserved well in the compu-
tation (cf. Figure 1(a) and (b));

(ii) the angular momentum expectation (L,)(t) is conserved when 7, = 7, (cf.
Figure 1(d)); i.e., the trapping is radial symmetric, which again confirms the analytical
results in [5];

(iii) the condensate width 0,(t) is a periodic function when 7, = v, (cf. Figure
1(c)), which again confirms the analytical results in [5].

Example 2. Dynamics of a rotating BEC in three dimensions; i.e., we take d = 3,
Bz = 3 =100, Q = 0.5, and W(z,y,2) = (v, —v2)y*/2 in (1.1). The initial data in
(1.1) is chosen as

(4.4) Yolz,y,2) = z _g/iye_(erryz“Q)/z, (z,y,2) € R®.

T
We solve the problem by the scheme (2.58) with At = 0.0005, M = 128, K = 100,
and L = 50. Figure 2 depicts time evolution of the energy Eg (1), condensate
widths 6,(t) and §,(t), and angular momentum expectation (L.)(¢) for three sets of
parameters in the (1.1): (i) 72 = v = 2 := ¥, 7. = 0.8, (ii) 72 = vy = 0.8 := 7,
v, =2, and (iii) 7, = 0.8 :=~,, 7, = 1.2, and ., = 1.2.
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F1c. 1. Time evolution of a few quantities for the dynamics of rotating BEC in two dimensions
with three sets of parameters: (a) normalization N (1)), (b) energy Eg o(v), (c) condensate width

6r(t), and (d) angular momentum expectation (L.)(t).

From Figure 2 and additional results not shown here for brevity, we can draw the

following conclusions:
(i) the energy Ej3 o(1) and normalization N (v) are conserved well in the compu-

tation (cf. Figure 2(a));

(ii) the angular momentum expectation (L.)(t) is conserved when 7, = v, (cf.
Figure 2(d)); i.e., the trapping is cylindrical symmetric, which again confirms the
analytical results in [5];

(iii) the condensate widths 6, (t) and §,(¢) are periodic functions with perturba-
tions (cf. Figure 2(b) and (c)), which again confirms the analytical results in [5].

Example 3. Dynamics of a rotating two-component BEC in two dimensions; i.e.,
we take d =2, Q =105, v =9 =2:=7v, a=1 Wi(x) = 2, and Wa(x) =0 1in

(3.1). The initial data in (3.1) is chosen as
3@+ )2,

(0) _A@ ) 242 (0) _
(4'5) wl (x,y)— 5ﬁ € ’ ¢2 (x,y)— 5ﬁ €
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Fic. 2. Time evolution of a few quantities for the dynamics of rotating BEC in three dimensions
with three sets of parameters: (a) energy Eg (), (b) condensate width 6r(t), (c) condensate width
62(t), and (d) angular momentum expectation (L.)(t).

We solve the problem by our numerical method with A¢ = 0.0005, M = 128, and
K = 100. To additionally quantify the numerical results of a solution W¥(x,t) =

(V1(x,t),12(x,t))T, we define [4],

Wit) =i [ [ )ba(x.t) = 1, 1, 0] dx,
(4.6) R
Wa(t) = /]R il el t) + (e ha(e )] dx, 120,

Figure 3 depicts time evolution of the total density N(¢) := N(¥), density of each
component N;(t) = N(¢;) (j = 1,2), and Wi (t) and Wy(¢) for four sets of parameters
in (3.1): (1) ﬁll = 512 = 522 = 100, A= 0, (ii) 511 = 100, 512 = 80, 522 = 120, and
A= 0, (111) 611 = 612 = 622 = 100, A= \/5, and (IV) ﬂll = 100, ﬁlQ = 80, ﬁ22 = 120,
and A\ = /3.

From Figure 3 and our additional numerical results omitted here for brevity, we
can draw the following conclusions:
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Fic. 3. Time evolution of a few quantities for the dynamics of a rotating two-component BEC
in two dimensions with four sets of parameters: (a) for case (i) 11 = P12 = f22 = 100, A =0, (b)
for case (ii) 11 = 100, B12 = 80, B22 = 120, and A = 0, (c) for case (iii) B11 = P12 = P22 = 100,
A =+3, and (d) for case (iv) 11 = 100, Bi2 = 80, P22 = 120, and A = V3.
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(i) the densities of each component Ny (t) and No(t) are periodic functions when
B11 = P12 = Paz (cf. Figure 3(c)), which confirms the analytical results in [4, 47];

(i) W1 (t) and Wa(t) are periodic functions when 11 = f12 = P22 (cf. Figure 3(a)
and (c)), which confirms the analytical results in [4, 47];

(iii) the normalization N(¥) and energy Eg o(¥) are conserved well in the com-
putation;

(iv) the angular momentum expectation (L,)(t) is conserved when v, = 7,; i.e.,
the trapping is radial symmetric, which again confirms the analytical results in [4, 47].

Example 4. Interaction of two vortex pairs and dipoles in a rotating BEC in two
dimensions; i.e., we take d = 2, B =100, Q = 0.5, 7, =7y = 1 :=,, and W(x) =0
n (1.1). The initial data in (1.1) is chosen as follows.

Case 1. Interaction of two vortex pairs, i.e.,

Yo(x,y) = C((x — x0) +iy) ((x + z0) + iy) (z + i(y — yo))
(a+i(y + o) e T2,
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FIG. 4. Contour plots of the density |1 (z,y,t)|? (row (a)) and phase S(x,y,t) (row (b)) of the
wave function (with 1 = || €5 ) over the dimensionless domain [—5,5] x [=5,5] for the interaction
of two vortex pairs, i.e., Case I, in a rotating BEC in two dimensions at different times t =
0,0.5,1.0,1.5,2.0,3.0,4.0,5.0 (in order from left to right and from top to bottom).
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Case 1I. Interaction of two vortex dipoles, i.e.,
. . . . (224q?
Yola,y) = C ((x — w0) + iy) (2 + z0) +iy) (x — iy — yo)) (x —ily + yo)) e~ @ /2,

where the constant C' is chosen such that [[¢o]|* = [g [¢o(x,y)|*dzdy = 1 and we
take zg = yo = 1.25.

We solve the problem by the scheme (2.35) with At = 0.0005, M = 128, and
K = 150. Figure 4 shows the density p(x,t) = [¢(x,t)|* and the phase S(x,t) (with
v =./p ') of the wave function at different times for Case I, and Figure 5 shows
similar results for Case II.

From Figures 4 and 5, we can draw the following conclusions:

(i) In Case I, we initially have two vortex pairs with winding number or index
m = 1, and they are located at (£zo,0) and (0, +yo). When time ¢ evolves, the two
vortex pairs rotate clockwise (cf. Figure 4) and they never collide and annihilate.

(ii) In Case II, we initially have two vortex dipoles, and they are located at (£, 0)
(with index m = 1) and (0, £yo) (with index m = —1). When time ¢ evolves, the two

0.07
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0.05
0.04
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0.02
0.01
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o

, M“‘

— il
j By L
(b) %‘.:Xti

FiG. 5. Contour plots of the density |¥(z,y,t)|?> (row (a)) and phase S(z,y,t) (row (b))
of the wave function over the dimensionless domain [—5,5] X [—5,5] for the interaction of two
vorter dipoles, i.e., Case II, in a rotating BEC in two dimensions at different times t =
0,0.5,1.0,1.5,2.0,3.0,4.0,5.0 (in order from left to right and from top to bottom).

S

w
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vortex dipoles rotate clockwise (cf. Figure 5) and they annihilate simultaneously at
t=1t <3.0.

(iii) In both cases, after t = to (to < 1.5 in Case I and ¢y < 1.0 in Case II), several
vortex dipoles are generated near the boundary of the condensate, and they propagate
into the condensate and interact and annihilate with each other (cf. Figures 4(b) and
5(b)).

(iv) During the dynamics, vortices are always generated or annihilated in vor-
tex dipoles and thus keep the angular momentum expectation unchanged. This is
due to the fact that the trap is radial symmetric, and thus the angular momentum
expectation is a conserved quantity [5].

(v). From the two cases, we can see that the interaction of vortex pairs and
dipoles in rotating BEC can be very interesting and complicated.

FEzample 5. Dynamics of vortex lattices in a rotating BEC in two dimensions; i.e.,
we take d = 2, 82 = 1000, © = 0.9, and W (z,y) = (y; —v2)y*/2 in (1.1). The initial

0.07
0.06
0.05
0.04
0.03
0.02
0.01

\

Al

FIG. 6. Contour plots of the density |1 (x,y,t)|? (row (a)) and phase S(zx,y,t) (row (b)) of the
wave function over the dimensionless domain [—8,8] x [—8,8] for the dynamics of a vortez lattice
under radial symmetric external trapping, i.e., Yo = vy = 1 := 7r, n a rotating BEC in two
dimensions at different times t = 0,0.2,0.4,0.6,0.8,1.2,1.6,2.0 (in order from left to right and from
top to bottom).
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data in (1.1) is chosen as

25
2 z—x;+ iy —y,)
(4.7) o(,y) = Cem T/ - —,
U=

where the constant C' is chosen such that |[¢ho]|* =[5, [¢o(2,y)|*dzdy = 1. Here we
initially have a vortex lattice consisting of 25 vortices with winding number m = 1 and
their centers uniformly located at a 5 x 5 lattice over [—2,2]?. We solve the problem
by the scheme (2.35) with At = 0.0001, M = 256, and K = 180. Figure 6 shows
the density p(x,t) = |1(x,t)|? and the phase S(x,t) of the wave function at different
times for v, = 7, = 1 := 7, and Figure 7 shows similar results for v, = 1 := ~, and
vy = 2.0.

The results in Figures 6 and 7 show that the dynamics of vortex lattice in rotating
BEC may be very complicated and interesting, and they also demonstrate the high
resolution of our method.
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0.05
0.04
0.03
0.02
0.01

FiG. 7. Contour plots of the density |1 (x,y,t)|? (row (a)) and phase S(zx,y,t) (row (b)) of the
wave function over the dimensionless domain [—8,8] x [—8,8] for the dynamics of a vortez lattice
under asymmetric external trapping, i.e., vz = 1 := vy and vy = 2.0, in a rotating BEC in two
dimensions at different times t = 0,0.2,0.4,0.6,0.8,1.2,1.6,2.0 (in order from left to right and from
top to bottom).
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5. Concluding remarks. We developed a new generalized-Laguerre—Fourier
in two dimensions and generalized-Laguerre-Fourier—Hermite in three dimensions,
pseudospectral method to discretize the GPE with an angular momentum rotation
term for the dynamics of rotating BEC. The new method adopts polar coordinates in
two dimensions and cylindrical coordinates in three dimensions such that the angular
momentum rotation term in the GPE becomes constant coefficient. The new method
is based on appropriately scaled generalized-Laguerre, Fourier, and Hermite functions
and a time-splitting technique to decouple the nonlinearity in the GPE. Hence it is
spectrally accurate in space, second-order or fourth-order accurate in time, explicit,
time reversible, and time transverse invariant. In addition, the new method has an
additional important advantage; i.e., it solves the problem in the whole space instead
of in a truncated bounded artificial computational domain.
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