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€ € (0, 1], which is inversely proportional to the speed of light. In the nonrelativistic limit
regime, i.e. 0 < &€ < 1, the solution of the NKGE propagates waves with wavelength at O (1)
and 0(e?) in space and time, respectively, which brings significantly numerical burdens
in designing numerical methods. We compare systematically spatial/temporal efficiency

ﬁ?:fﬁ?f:; Klein-Gordon equation and accuracy as well as e-resolution (or e-scalability) of different numerical methods
Nonrelativistic limit regime including finite difference time domain methods, time-splitting method, exponential wave
Numerical schemes integrator, limit integrator, multiscale time integrator, two-scale formulation method and
Comparison iterative exponential integrator. Finally, we adopt the multiscale time integrator to study
S‘T?SOIUﬁO“ the convergence rates from the NKGE to its limiting models when & — 0%,

Uniformly accurate © 2019 Elsevier Inc. All rights reserved.

1. Introduction

Consider the dimensionless nonlinear Klein-Gordon equation (NKGE) in d-dimensions (d = 1, 2, 3) with cubic nonlinearity
[10,11,29,34,48]:
1
e20u(x,0) — AuX, 0) + —uX, 0 + A jux, HPux,0) =0, xeR? >0,
€ ) (11)
U 0) =¢1(%), Fux 0)=—hx), XxeR,

where t is time, x € RY is the spatial coordinate, u := u(x,t) is a complex-valued scalar field, 0 < & <1 is a dimensionless
parameter inversely proportional to the speed of light, » € R is a given dimensionless parameter (positive and negative for
defocussing and focusing self-interaction, respectively), and ¢ and ¢, are given complex-valued e-independent initial data.

When A = 0, the above Klein-Gordon equation is known as the relativistic version of the Schrodinger equation for cor-
rectly describing the spinless relativistic composite particles, like the pion and the Higgs boson [34]. When A # 0, the NKGE
was widely adapted in plasma physics for modeling interaction between Langmuir and ion sound waves [20,37] and in cos-
mology as a phonological model for dark-matter and/or black-hole evaporation [52,73]. The NKGE (1.1) is time symmetric
and conserves the energy
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Fig. 1. Solution of the NKGE (1.1) with d =1, A =1 and the initial data taken as (1.3) for different ¢.

1 A
E(t) ;=f |:82|8[u(x, H1> + |[Vu, 0] + 8—2|u(x, H1>+ S, r)|4] dx
Rd

= f [;—2|¢2(X)|2 + Vo1l + ;—2|¢1 ® + %Im (x>|4] dx=E©0), t>0. (12)
Rd

For the derivation and nondimensionalization of (1.1), we refer to [11,34,60,61] and references therein. For the well-
posedness of the Cauchy problem (1.1) with a fixed ¢ € (0,1], e.g. ¢ =1, we refer to [34,60,61] and references therein.
We remark here that when the initial data ¢ and ¢, are real-valued, then the solution u of (1.1) is also real-valued; and
this case has been widely studied analytically and numerically in the literature [2,4,21,22,29,35,36,40,44,45,48,53-55,57,58,
70,71]. For simplicity of notations and without loss of generality, from now on, we assume that ¢ and ¢, are real-valued,
and thus the solution u of (1.1) is real-valued too. Our methods and results can be straightforwardly extended to the case
when ¢ and ¢, are complex-valued and/or general nonlinearity in (1.1) [10,11], and the conclusion will be remained the
same.

When & — 07 in (1.1), due to that the energy E(t) = O(¢~2) in (1.2) becomes unbounded, the analysis of the nonrela-
tivistic limit of the solution u becomes challenging and quite complicated. Fortunately, convergence from the NKGE (1.1) to
a nonlinear Schrodinger equation has been extensively studied in the mathematics literature [10,60,61,64]. Based on their
results, the solution u of the NKGE (1.1) propagates waves with wavelength at 0(¢2) and O(1) in time and space, respec-
tively, in the nonrelativistic limit regime, i.e. 0 < ¢ <« 1. To illustrate this, Fig. 1 shows the solution of (1.1) with d =1 and
A =1 and the initial data

3sin(x) 2e%

T2 e 24 X) = k]
e R0=T
In fact, when 0 < ¢ « 1, formally by taking the ansatz [60,61]

xeR. (1.3)

$1(x) =

ux, ) = etz t) + ez, t) + 0(e2),  xeRY, >0, (1.4)

where z:=z(x,t) is a complex-valued function and z denotes the complex conjugate of z, the NKGE (1.1) can be formally
reduced to - semi-limiting model - the nonlinear Schrédinger equation with wave operator (NLSW) under well-prepared
initial data [5,7]

2i0:2(X, ) + 20, 2(X, ) — Az(X, t) + 3A|z(x, D) [*z(x,t) =0, xeRY >0,

1
2,00 = 2 [$1(®0) —ig2 0] =:20(x),  X€R, (15)
z(x, 0) = % [—Azo(x) + 3A|zo(x)|220(x)] .

In addition, by dropping the small term £2d,z in (1.5), one gets — limiting model - the nonlinear Schrédinger equation
(NLSE) [5,7,60,61]

2i0:z(X, t) — Az(X, t) + 3r|z(x, t)|22(x, t)=0, xeRY, t>0,
1 (1.6)
2(x,0) = 2 [$100 — iy ()] := 20(x), xeR%
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When ¢ =1 in (1.1), i.e. O(1)-wave speed regime, several numerical methods have been proposed and analyzed for the
Cauchy problem (1.1) in the literature, see [21,40,54,58,59,71] and references therein. Specifically, the finite difference time
domain (FDTD) methods [40,54,70] have been demonstrated excellent performance in terms of efficiency and accuracy for
(1.1) when & = 1. However, when 0 < ¢ « 1, i.e. in the nonrelativistic limit regime, it becomes much more challenging
in designing and analyzing efficient and accurate numerical methods for (1.1) due to the highly oscillatory nature of the
solution in time (cf. Fig. 1). To address this issue, Bao and Dong [11] established rigorous error bounds of the FDTD methods
for (1.1), which depends explicitly on the mesh size h and time step 7 as well as the small parameter & € (0, 1]. Based on
their results [11], in order to obtain the ‘correct’ numerical solution of (1.1), the &-resolution (or e-scalability or meshing
strategy) of the FDTD methods is T = O(¢3) and h = 0(1), which is under-resolution in time with respect to & € (0, 1]
regarding to the Shannon’s information theory [56,67,68] - to resolve a wave one needs a few points per wavelength - since
the wavelength in time is at O(g2). To overcome the temporal under-resolution of the FDTD methods, they [11] proposed
to adapt the exponential wave integrator (EWI) [51] for discretizing temporal derivatives in (1.1) and showed rigorously the
g-resolution of EWI is T = 0(g2) and h = 0(1), which is optimal-resolution in time with respect to & € (0, 1]. Later, the
time-splitting (TS) method [63] was also applied to discretize the NKGE (1.1), and the method was shown as equivalent to
one type EWI and thus it retains the same e-resolution as that of the EWI but with an improved error bound regarding
to the small parameter ¢ € (0, 1] [39]. In fact, FDTD, EWI and TS methods perform very well when 7 — 0 under & = &g
fixed and they lose accuracy when ¢ — 0 under t = 7y fixed. At the meantime, Faou and Schratz [41] presented a class
of limit integrators (LI) for (1.1) via solving numerically the limiting model NLSE (1.6) and obtained their error bounds. On
the contrary, the LI methods perform very well when ¢ — 0 under 7 = 7¢ fixed and they lose accuracy when T — 0 under
£ = go fixed.

It is a natural question to ask on whether one can design a numerical method for the NKGE (1.1) such that it is uniformly
accurate for € € (0, 1], i.e. super-resolution in time, especially in the nonrelativistic limit regime, since we have the solution
structure (1.4) of the NKGE (1.1) via the limiting model NLSW (1.5) or NLSE (1.6). Recently, different uniformly accurate
(UA) numerical methods have been designed and analyzed for the NKGE (1.1) including a multiscale time integrator (MTI)
via a multiscale decomposition of the solution [10], a two-scale formulation (TSF) method [23] and a multi-revolution
composition (MRC) method [62] as well as two uniformly and optimally accurate (UOA) methods [18,19]. The main aim
of this paper is to carry out a systematical comparison of different numerical methods which have been proposed for
the NKGE (1.1) in terms of temporal/spatial accuracy and efficiency as well as e-resolution for ¢ € (0, 1], especially in the
nonrelativistic limit regime.

The rest of the paper is organized as follows. The FDTD, EWI and TS methods as well as the LI schemes for the NKGE
(1.1) are briefly reviewed in Section 2; the uniformly accurate methods are briefly reviewed in Section 3; and the uniformly
and optimally accurate methods are briefly reviewed in Section 4. In Section 5, we present detailed comparison of different
numerical methods; and in Section 6, we report convergence rates of the NKGE (1.1) to its limiting models NLSW (1.5) and
NLSE (1.6) and show wave interactions of NKGE in two dimensions (2D). Finally, some conclusions are drawn in Section 7.
Throughout this paper, we adopt the notation A < B to represent that there exists a generic constant C > 0, which is
independent of T (or n), h and ¢, such that |A| < CB.

2. Non-uniformly accurate numerical methods

In this section, we briefly review the FDTD, EWI and TS methods [11] as well as the LI methods [41] which have been
proposed in the literature for discretizing the NKGE (2.1) (or (1.1)).

For simplicity of notation and without loss of generality, we only present the numerical methods in one dimension (1D).
Generalization to high dimensions is straightforward by tensor product. As adapted in the literature [10,19,23], the NKGE
(1.1) with d =1 is usually truncated onto a bounded interval = (a, b) (|a|] and b are usually taken large enough such that
the truncation error is negligible) with periodic boundary condition

1
20U (X, t) — Axxlt (X, £) + S—Zu(x, H+rux )3 =0, xeQ, t>0,

1 _
UKD =G, AUk 0= h®,  xeB, (21)

u(a,t) =u(b,t), oxu(a,t) = oxu(b,t).

Choose 7 > 0 be the time step and h = (b — a)/N be the mesh size with N an even positive integer, denote the grid points
as xj=a+ jh for j=0,1,...,N and time steps as t, =nt for n > 0. Let u’} be the numerical approximation of u(x;, t,) for

0<j<Nandn>0and u" = (ug,uf,..., u’,’(,)T be the solution vector at t =t,, and define

N—-1
W"p=hY_ Wi nxo. (22)
j=0
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2.1. Finite difference time domain (FDTD) methods

Introduce the finite difference operators as

n+1 n n—1 n n
u;, " —=2u" 4+ u; u o —u"

1
2" J I shyn i+ I g2

J 2 i h

As used in [11], the Crank-Nicolson finite difference (CNFD) method for discretizing (2.1) reads

no—=2ut+u"
u'?—ujH 2uj +u;j
b h2 )

1 A _ _ .
8253u7+[—55§+ +Z[(u’}+1)2+(u’} l)2]](ug+1+u'} =0, 0<j<N—-1, n>0. (2.3)

262
Similarly, the semi-implicit finite difference (SIFD) method is [11]
1 1
242 2 1 -1 1 -1 3 . )
g*sfu} — 5ax(uj* +uiTh + ﬁ(u?+ +ulTH +a@))’ =0, 0<j<N-1, n>0; (2.4)
and the leap-frog finite difference (LFFD) method is [11]
1
2¢2..n 2..n n n\3 __ .
eétuj—éxuj+8—2uj+x(uj) =0, 0<j<N-1, n=>0. (2.5)

The initial and boundary conditions in (2.1) are discretized as [11,13]

ug=uy, u'y=uf_y, n=0; uwl=¢1(xj), j=0,...,N,
1 T T . 7\ [o 1. /T 5 (2.6)
u} = ¢10¢)) +sin () d2(xj) + 3 sin () 82010 = —sin (5 ) h1(x) = 261 () |.
We remark here that we adapt (2.6) to compute the approximation at t =t instead of the classical method
T 72 1
J =010 + )+ o |5 (X)) — a1 ) — A1) . =12, N-1 (2.7)
u] ¢1(xj)+82¢2(xj)+282 x¢1 j o2 1(&j 1) s sy ey s .

i.e. replacing 7 /&2 by sin(z/&2), such that the numerical solution u! is uniformly bounded for € € (0, 1].

As observed and stated in [11], the above CNFD, SIFD and LFFD methods are time symmetric and their memory cost
is O(N). The LFFD method is explicit and its computational cost per step is O (N). It is conditionally stable and there is a
severe stability condition which depends on both h and ¢, especially when 0 < ¢ « 1 [11]. In fact, it is the most efficient
and accurate method among all FDTD methods for the NKGE when &€ = 1. The SIFD method is implicit, but it can be solved
efficiently via the fast Fourier transform (FFT) and thus its computational cost per step is O (N InN). It is conditionally stable
and the stability condition depends on ¢ and is independent of h [11]. The CNFD method is implicit and at every time step
a fully nonlinear coupled system needs to be solved. One main advantage is that it conserves the energy (1.2) in the discrete
level as [11]

N—

1 1 ha
n. 2\ 8+,n2 +,,n2 +,,n+1)2 n2 n+1,2 n\4 n+1\4
E" o= e u I + 5 (N8B + I u™ R ) + o (1R + 1) + j§_ [an® + @]

—_

=E° n>0, (2.8)

which immediately implies that it is unconditionally stable when A > 0. In addition, under proper regularity of the solution u
of the NKGE (2.1) and stability conditions for the SIFD and LFFD methods, the following rigorous error bound was established
for the three FDTD methods [11]

2
el + 157" e SH+ T, Osnis 29)
where T > 0 is a fixed time and the error function e" is defined as e? =u(x;,ty) — u? for 0 < j < N and n > 0. This error
bound suggests that the FDTD methods are second order in both space and time discretization for any fixed € = &y and
the e-resolution of the FDTD methods is h = 0(1) and T = 0(¢3) in the nonrelativistic limit regime, i.e. 0 < & <« 1, which
immediately show that the temporal resolution with respect to ¢ € (0, 1] of the FDTD methods is under-resolution in time
since the wavelength in time is at O (s?).
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2.2. Exponential wave integrator (EWI)

As it has been proposed in [11], the NKGE (2.1) is discretized in space by the Fourier (pseudo)spectral method and
followed by adapting an exponential wave integrator (EWI) in time which has been widely used for discretizing second
order oscillatory differential equations in the literature [30,38,43,46,47,49-51].

Let u'J’. and it;? be the approximations of u(x;,t;) and o;u(xj,t,), respectively, for 0 < j < N and n > 0 and take
u? =@ (Xj),il? = ¢)2(Xj)/82 for j=0,1,...,N. When the EWI is taken as the Gautschi's quadrature [11,43,46,47,50], a
Gautschi-type exponential wave integrator Fourier pseudospectral (EWI-FP) method [11] reads as:

N2-1 N/2-1
witt = " @t ettt = Nty U j=0,1,...,N, n>0, (2.10)
I=—N/2 I=—N/2

where

~  cos(@wP7) —1——
COS(a)lOT) * (80)10)2 0 (uo)l + l (fo)h n= 07

0
o, (ewp)?

a®(1- cos(a)lot))i| (/u\6), N sin(w1)

Wty =

—@ur1),+2 |:cos(a);1‘f) +

T el G A

(ew])? (ew])?

with fu) =au?, f*o= f@" = (f@d), f@l),..., fap)’, w =27/ —a), of =5 /1+2uf +am (=-N/2,...,

N/2—1) with ¢" = max {a””, maxofij{)L(u'J’.)z}} for n >0 and o ~! = 0 being the stabilization constants, and V; (—N/2 <

I <N/2 —1) being the discrete Fourier transform coefficients of the vector v = (vg, v1,..., vn)T with vg = vy defined as
1 . 1 ~— . N N N
V==Y vje &m0 = _ Ny e 2N = . 211
TN Z: ] N Z ] 227 2 (211)

Of course, in practice if the approximation of the first order derivative in time is needed, then they can be obtained as [11]

N/2-1 N/2-1
it'}'H — Z (ﬂn-&-l)’ eltuxj—a) _ Z (l]”‘“), ez'ﬂ”/"’, j=0,1,....,N, n>0, (212)
[=—N/2 I=—N/2
where
~ e sin(wy T
—ay sin(@T)(u0); + cos(wy7) (11%), — ( ' )(fo)z, n=0,
@ty =
- . ~ sm(a)lr)
(u"*l), =2 sin(w )W) — 2———=(f"),, n>1.

As it can be seen, EWI-FP is explicit and time symmetric. The memory cost is O(N) and computational cost per step
is O(N InN). In addition, the EWI-FP is unconditionally stable due to the stabilization constant ™ [11]. Under proper
regularity of the solution u of the NKGE (2.1) and the assumption T < &2, the following rigorous error bound was established
for the EWI-FP method [11]

2 2

T T
lu, tn) — Inu"|| 2 Shm0+8—4: lox[u(, tn) — INu™]|l 2 5hm0_1+8—4» 0<n<—, (2.13)

!

where mg > 2 depends on the regularity of the solution u of (2.1) and Iy is the standard interpolation operator [69]. The
error bounds suggest that EWI-FP is spectral order in space if the solution is smooth and is second order in time for any
fixed € = g9 and the g-resolution is h = 0(1) and T = O(e?) in the nonrelativistic limit regime, i.e. 0 < & « 1, which
immediately show that EWI-FP is optimal-resolution in time with respect to ¢ € (0, 1] since the wavelength in time is at
0 (g?). Recently, the EWI-FP method has been extended to arbitrary even order in time [59,72].

2.3. Time-splitting (TS) method

The time-splitting method [63] has been widely used to solve different (partial) differential equations and it has shown
great advantages in many cases, such as for the (nonlinear) Schrédinger equation [6,63]. As proposed in [39], in order to
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adapt the TS method for solving the NKGE, the NKGE (2.1) is first re-formulated into a first order system by introducing
v:=v(x,t) = 0ou(x,t). Then the first order system is split into

oru =0, ou—v=0,
A5 and 1 1
Btv~|—€—2u =0, Btv—g—zaxxu+8—4u:0.
Let u;? and v’} be the approximations of u(xj, t;) and v(x;, t,), respectively, for 0 < j <N and n > 0 and take u? =¢1(x)),
v? =¢ (xj)/s2 for j=0,1,...,N. Then a second-order time splitting Fourier pseudospectral method (TS-FP) [39] reads as:

M _on A3
Vj =V;— ﬁ(uj) s
N/2—1 —
vgz) = Z [—a), sin () (u™); 4+ cos (wT) (v(l))l] eMXj—a,
I=—N/2 )
N/2-1 j=0,1,....N, n=>0, (2.14)
~  sin(oT .
uT}-H — Z |:COS (wy7) (un)l + ( | )( (1))i| l,u,[(Xjfa)’
I=—N/2

V?H _ vf) _ %(u“lf
where w; = 1/l—i-gz,uz forI=—N/2,...,N/2 —1.

Again, the TS-FP (2.14) is explicit and time symmetric. Its memory cost is O(N) and computational cost per time step
is O(N InN). We remark here that the TS-FP (2.14) is mathematically equivalent to an EWI via trapezoidal quadrature (or
known as Deuflhard-type exponential integrator [38]) for solving the NKGE (2.1) (or (1.1)) [39,49]. Under the condition
7 < &2, the following error bound was observed for the TS-FP in [39]:

2 2

- ta) — Inu"l2 S h™ + Z—z Iox[uC-, t) — Inu™ll2 S h™0 =" + 2—2 0O<n< g (215)
The above error bound could be rigorously obtained by the super-convergence analysis in [8,9,28]. It can be seen that the
error bound (2.15) is an improved error bound compared to the error bound (2.13) regarding to the small parameter &€ when
0<7<6&%and 0<e<«1 (cf Tables 9 and 10). Of course, due to the convergence restriction T < &2, the e-resolution of
TS-FP is still h = 0(1) and T = 0(¢?) in the nonrelativistic limit regime. Thus the TS-FP is also optimal-resolution in time
with respect to € € (0, 1].

2.4. Limit integrators (LIs)

As presented in [41], a class of limit integrators (LIs) has been designed for the NKGE (2.1) (or (1.1)) with different order
of accuracy in terms of € when 0 < ¢ « 1. In the LlIs, the limiting equation of the NKGE (1.1), e.g. (1.6), is solved numerically
and the numerical solution of the NKGE (1.1) is constructed via the ansatz (1.4).

In practice, the NLSE (1.6) in 1D is truncated on a bounded computational domain € = (a, b) with periodic boundary
condition and then it is discretized by the second order time-splitting Fourier pseudospectral (TSFP) method [3,6,14,15]. Let
u’} and z’]? be the approximations of u(xj, ty) and z(xj, ty), respectively, for 0 < j <N and n > 0 and take u? =¢1(x)), z? =
zo(xj) for j=0,1,...,N. Then a first order (with respect to the small parameter ¢) limit integrator Fourier pseudospectral
(LI-FP1) method was proposed in [41] as:

u1}+1 — eifn+l/€2 Z7+1 4 e—ifn+1/€2 ZI}+1, ]= 07 1, e, 1\]7 n> 0’ (216)

where z"*! is a numerical approximation of (1.6) by a TSFP method [3,6,14,15] and is given as

N/2—1
(1) Z elu, /4 (Zn)l el/L[(XJ—a)
I=—N/2
22 = 3Tl /2 20, j=0,1,...,N, n>0. (2.17)
N/2—1

Zl]1+1 Z el;l.[ T/4 (2(2)) elu,(xj—a)
I=—N/2
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Again, as presented in [41], when 0 < ¢ « 1, formally by taking the following ansatz (found by the modulated Fourier
expansion [30,31,42,49]) which is more accurate than (1.4) for approximating the solution of NKGE (2.1),

U, £) = e/ z(x,t) + e Z(x, 6) + 2wk, £) + 0(e),  xeQ, t>0, (218)

one can obtain z := z(x, t) still satisfies the NLSE (1.6) and w := w(x, t) is given by [41]

3A : ) A . .
w(x, t) =— T'Z(X’ )2 [z(x, t)e"/"f2 +Z(x, t)e”t/sz] + 3 [z(x, t)3e3't/"32 +Z(x, t)3e’3’t/‘92]

1 . .
+3 [v(x, £elt/e* L v(x, t)e*"/az] . xeQ, t>0, (2.19)

with v :=v(x, t) satisfying [41]

, 1 5 3k 5 5112 3x )

i0;v — Eaxxv+3k|z| v+ ?z V=- Bxxxxz+—| 1%z — 78’“('2' 2), xeQ, t>0; (2.20)
and the initial condition [41]

A 3 A 3 32 9 1 _ _
v(x,0)= —52(& 0)° + ZZ(X’ 0)° + 7|Z(x, 0)“z(x, 0) + Eaxx(Z(X, 0) —z(x,0)) =:vo(x), Xx€Q. (2.21)

The NLSE (1.6) can be solved by the second order TSFP method [3,6,14,15] (cf. (2.17) for the case of 1D) as before. In order
to solve (2.20) numerically [41], it is split into a Kinetic part

1
DO (t) : iatv=§8xxv, xeQ, t>0,

and a potential part

30 5 1 512 3
Dpy(t): i0rv + 3A|z|2v + 7 43XXXXZ+ —|z| z— 78XX(|2| 2), xeQ, t>0, (2.22)

and then the flow is composed by a second order splitting scheme as ®(7) ~ d>,<( )<I>,J (7) @k( ) The kinetic part can be
integrated as usual, while the potential part is integrated in its vector form by an exponentlal trapezoidal rule in [41].
Here we present the method in 1D and truncate (2.22) on the bounded domain Q = (a,b) with periodic boundary
condition. Let u'}, z?, w'} and vg? be the approximations of u(xj, tn), z(xj, tn), W(xj, tn) and v(xj, t,), respectively, for 0 <
j<N and n>0 and take u‘]? = ¢1(x)), zg.’ =20(x;), v? =vo(xj) ~ ——(zo)3 4(z?)3 + %’Wz?lzz? +1 (8,{;: 5’ 3z 5’) for j=
0,1,...,N, where 8,{;: is the standard Fourier pseudospectral approximation of the operator dxx on the bounded domain Q =
(a,b), e.g. 8;?;25-) = BXX(INZO)(XJ') [69]. Then a second order (with respect to the small parameter € € (0, 1]) limit integrator

Fourier pseudospectral (LI-FP2) method is given [41] as

i 2 i 271 .
u’}“ — pilnt1/€ Z?-H + e itnt1/e z;“ + SZW?-H, j=0,1,...,N, n>0, (2.23)
where Z"H (j=0,1,...,N) are given in (2.17) and w"*! is an approximation of (2.19) as
w’}“ —_ %WH 2 [27+1eitn+1/sz +Z?+1e—itn+1/$2i| + % I:(erl_-&-l)BeBith/sZ + (Zr}+1)3e—3itn+1/82]

+ % I:VT]H—leitnﬂ/EZ + Vr}+le—itn+1/52i| . j=0,1,...,N, n>0.

Here v"*! is a numerical solution of (2.20) by a TSFP method [41] and is given as:

N/2-1
(1) Z el,u,,r/4 (V”) el/},[()(j a)
I=—N/2
v =a? +ip?, j=0,1,...,N, n>0,
N/2-1
Vn+1 Z oM T/A (V(z)) e Xj=0)
I=—N/2

where

(2) (1) n n+1
o (AR YA ,)) o T [ Im(x}) T Im(x{™)
] — 2( R.j *21, R.j*I, ] _
|:'B(2) :| =e JTL 77 ﬁ(]) + = 2 Re(XJn) + 2 Re(Xn+]) (224)

J J
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with
M () ) M
o :Re(vj ) B :Im(vj ) Zhy j=Re(@), Z,;=Im@)),
2zgz; 7% +327
— —27ZRrz; ’

1 512 31
X' = Za,{jxng + T|z§|“zg - 7a,{j(|z'}|2zy).

Here Re(f) and Im(f) denote the real and imaginary parts of f, respectively, and 3;5,(,( is the Fourier pseudospectral
approximation of dyxxx on the bounded domain Q = (a, b) [69].

As stated and proved in [41], both LI-FP1 and LI-FP2 are explicit, unconditionally stable and time symmetric, and their
memory cost is O(N) and computational cost per step is O(N InN). In addition, under proper regularity of the solution u
of the NKGE (2.1) and z of the NLSE (1.6), the following rigorous error bound was established for the LI-FP1 method [41]

T

luC,tn) — InuMlgn SH™ + 72 +€%,  n=0,1,..., = (2.25)

where m; > 1 depends on the regularity of the solution u of (2.1). Similarly, the following rigorous error bound was estab-
lished for the LI-FP2 method [41]

T
luC,tn) — InuMlgn SH™ + 72 +e%, n=0,1,..., = (2.26)

These error bounds suggest that both LI-FP1 and LI-FP2 methods are spectral order in space if the solution is smooth
and when & — 0%, and LI-FP1 and LI-FP2 are second order in time when 0 <& <7 and 0 < & < t1/2, respectively. The
g-resolution of the two methods is h = 0(1) and t = O(1) in the nonrelativistic limit regime, i.e. 0 < & <« 1, which imme-
diately show that both LI-FP1 and LI-FP2 are super-resolution in time with respect to 0 < ¢ < 1 since the wavelength in
time is at 0(e2). On the contrary, when & = &g is fixed, e.g. € = 1, there is no convergence of LI-FP1 and LI-FP2 for the
NKGE (2.1) (or (1.1)).

3. Uniformly accurate (UA) methods

In this section, we review the uniformly accurate MTI [10,13] and TSF method [23] which have been proposed in the
literature for discretizing the NKGE (2.1) (or (1.1)).

3.1. A multiscale time integrator (MTI)
As proposed in [10,16,17], the MTI was designed via a multiscale decomposition of the solution of the NKGE (1.1) and

adapting the EWI-FP method for discretizing the decomposed sub-problems (Fig. 2).
For any fixed n > 0, by assuming that the initial data at t =t; is given as

uX, ty) = ¢ (x) = 0(1), du(X, ty) = ;—2¢3 x)=0(c7?), xeRY, (3.1)
and decomposing the solution u(x, t) = u(x, t; +s) of the NKGE (1.1) on the time interval t € [t;, tp+1] as [10,60,61]

UK, by +5) = e/ %, s) + e /€ (%, 5) +1(x,5), xeRY 0<s<rt, (3.2)
then a multiscale decomposition by the e-frequency (MDF) of the NKGE (1.1) can be given as [10,12]
232" (X, 5) + £28552" (X, 5) — AZ" (X, 5) + 3A|2" (%, 5)[*2" (%, 5) = 0,
£2 35 (X, 5) — AT(X, 5) + ;—zr“(x, )+ fr (2" (x,5),r"(x,5); 5) =0,

with the well-prepared initial data for z" and small initial data for " as [10,12]

2'(x,0) = % [6"x0) — il ()], 9:2"(x,0) = % [—Az"(x, 0) + 34|2"(x, 0) 22" (x, 0)] ,

r(x,0) =0, 3" (X, 0) = —9s2" (X, 0) — 8527(x, 0), X € Rd,
where
fr(zr:s) = )Le3is/szz3 + Ae—3is/8223 +3A (eZis/szzz + e—2i$/8222) 43 (eis/azz + e—is/szz> r2

+ 61|z 4+ Ar3.
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€=0.5 €=0.25

-, - =u(1,b
[ - - - Im{z(1,t)}

: r(1,t)

t t

Fig. 2. Decomposition of the solution u(1,t) of (1.1) and (1.3) with d =1 and A =1 via the MDF (3.3) with t = 0.5 for different ¢: z(1,t) = z"(1,s) and
r(1,t)=r"(1,s) if t =nt +s.

Then the problem (3.3) with (3.4) is truncated on a bounded domain with periodic boundary condition and then dis-
cretized by the EWI-FP method [10] with details omitted here for brevity. After solving numerically the decomposed problem
(3.3) with (3.4), the solution of the NKGE (1.1) at t =t;41 is reconstructed by the ansatz (3.2) by setting s =7 [10].

For the convenience of the reader and simplicity of notation, here we only present the method in 1D on = (a, b) with

the periodic boundary condition. Let u and u” be the approximations of u(xj, ty) and d:u(x;, ty), respectively; and let z”+1

Z?'H. r?+ and r?'“ be the approx1mat10ns of Z"(xj, 7), 32" (xj, T), r"(xj, T) and dsr" (x}, T), respectively, for j=0,1,...,N

and n > 0. Choosing u? = ¢1(x;) and il? = ¢2(Xj)/82, then a multiscale time integrator Fourier pseudospectral (MTI-FP)
method for discretizing the NKGE (2.1) is given as [10]

2 2T .

u’}'”:e'f/‘9 z?+1+e ir/e z’?+l+r'?+1, j=0,1,...,N, n>0,

- n+1 it/e2 [ sn+1 i 1+ —it/e2 [ on1 U -n+1 (3.5)
N G A R R A R

where z'*1, 701 141 apd #+1 are numerical approximations of (3.3) with (3.4) as

N2-1 N/2-1

n+1 Z (Z’H'l) e’“’(xl_a) r7+1: Z m/\.H_/)leim(xj—a)7
I=—N/2 I=—N/2 36)
N2-1 N2-1 3.
n+1 Z (Zn‘H) ez,u,(xj a) );?Jrl: Z (,‘-n-&-l)[ewz(xjfa)’
I=—N/2 I=—N/2
with
@+ = a(0) @) + by (T) ED); — (D) (M) — di(H D),
<z"+1),=a;<r>ﬁl+ezb;(r>%,—cf(r)(n“))l—df(r)(ﬁ“»z, l=—N/2,....N/2—1,
iy = 222G, — ()0 — @ D) - i) (87) ~aio) (8D)
(f"+1>l=cos<wlr><f“>>l—p,’(r)(gm)l—q,’(r)(g“m—p_;(w(ﬁ)l—q_;m(@)l 5o (W
and

1 2 3 i
1 _ 2 2:n 1M _ 1) 1) (1) (1) (1) _ ]-' 1 (€]
Zj _2<“J ie ”J) n; _3)“21' ‘ Zjs &) (J' ) S [ FuZj” +10j ]

2
(1) _ o) oD M EORQ) M,M32 EOMNSEO)
ry ==z z; n] 6Az Re< >+3kz |z | g 3A( ) i (3.8)
w'}.'H :3Ar'}“ (ezir/sz(zl}+1)2 +e72ir/£2(z?+1)2> +3)\(r§.‘+1)2 (eir/azz?-H +e7ir/szz?+l)

+6A|z”+l|2 "+1+k(r?+])3, j=0,1,...,N, n>0.
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Here we adopt the following functions [10]

AFelH e oiSh _ i L 11+ pfe?
—_———————— bi(s):=i Al =

ai(s) == , A S =y
1) W=y 205 —xh 2

S S
ci(s) :=/b1(s—9)d0, di(s) :=/b1(s—9)0d6, 0<s<r,

0 0

S . 9 S . 9
pi(s) ::/Sm(wl;é))em/‘82 ae, qi(s) ::/Wem/azed&

Ecw) E“wy
0 0

The MTI-FP is explicit, unconditionally stable, and its memory cost is O (N) and computational cost per step is O (N InN).
As established in [10], under proper regularity of the solution u of the NKGE (2.1), the following two error bounds were
established by using two different techniques for the MTI-FP method [10]

2

T T
lu(, tn) — INU™| g2 SH™2 4+ T2 4 €2, ||u(-,tn)—INu”||Hz§hm2+8—2, n=01,.., (3.9)
which imply a uniform error bound for € € (0, 1] [10]
[, T2 T
NluC, ta) — Inu"||y2 Sh™ + max min{e ) <h™ 4+, o<n<-—, (3.10)
0<e<1 € T

where my > 1 depends on the regularity of the solution u of (2.1).

These error bounds suggest that the MTI-FP method is uniformly spectral order in space if the solution is smooth and is
uniformly first order in time for 0 < &€ < 1. The &-resolution is h = 0(1) and t = O(1) in the nonrelativistic limit regime,
which immediately show that the MTI-FP is super-resolution in time with respect to ¢ € (0, 1] since the time step can be
chosen as independently of ¢ although the solution is highly oscillatory in time at wavelength O (g2).

3.2. Two-scale formulation (TSF) method

As presented in [23], the TSF method was constructed by separating the slow time scale t and the fast time scale
& =t/¢? and re-formulating the NKGE (1.1) into a two-scale formulation. This approach offers a general strategy to design
uniformly accurate schemes for highly oscillatory differential equations and PDEs which contain general nonlinearity or

strong couplings [24,32,33].
Introducing [23]

1 _
Vi= v, ) =u®t) —ie2(1 — 2 A) "V 2ux, ) = uXx,t) = 5 [vx,t) +V(x,0)], xeR% t>0, (311)
then the NKGE (1.1) can be re-written as a first order PDE

1 A _
iatv(x,t):—g(l—82A)1/2v(x,t)—g(l—szA)_”Z[v(x,t)+v(x,t)]3, xeRY, t>0,

(3.12)
V(x,0) =vo(X) :=¢1(0) —i(1—&*A) p(x),  xeR%
Let
W= wx, £) = e /EVIZEA o 1y vk, t) = /YIS A wx r), xeRY, >0, (3.13)
so as to filter out the main oscillation in the above PDE. Then one gets [23]
dw = %(1 _ 82A)—1/28—it/62\/1782A I:eit/ez\/lfezAW +e—it/52\/1—£2AW:|3 . xeR% >0, a4
w(X, 0) = vo(X), xeRY,
Introduce U := U(x, t, §) with & interpreted as another ‘space’ variable on torus T =R /(27w Z) such that
t
w(X, t):U(x,t, 8—2), xeRd, t>0, (3.15)

with t the slow time variable and £ =t/&2 the fast time variable [23]. Noticing (3.14), one needs to request U satisfies the
following PDE [23]
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1
BtU(x,t,E)-i-E—ZBgU(x,t,S):F(t,E,U(x,t,E)), xeRd, t>0, £€T,
UX,0,8)=Up(x.£), xeRY £eT, (3.16)
U t,&)=UXt,E+21), xeRY t>0, £eT,

where Up(X, £) to be determined later satisfying Ug(Xx, 0) = vo(x) and

ir o o R & 1
F(t.6.9) = 5 (1= e22)" 2o e e [eePeg + e k], D, = = [Vi-s2a-1], (317)

with ¢ := ¢ (x).

The initial data Up(x, &) in (3.16) is only prescribed at one point, i.e. £ =0, so there is some freedom to choose the
initial data in order to bound the time derivatives of U. By using the Chapman-Enskog expansion, the initial data Up(X, &)
was obtained at different order of accuracy in term of € [23]. For example, the initial data at first order of accuracy was
given as [23]

Uo(x, £) := UP™ (X, £) = vo(X) + G1(§,vo) — G1(0, vg), ~ xeR?, 0<é&<2rm, (3.18)

such that 32U (x,t, &) = 0(1) for fixed t >0 as & — 0 [23], where

Gi(5,¢) =8> AF(0,£,¢) with A:=L£"Y(Z—T1),

with the operators £ and IT defined as

2 3
1
L@©) =p®. Tp=5_ / oE)ds, and £'g=(Z -1 / ¢(©)d0 when Tip =0,
0 0

for some periodic function ¢ :=@(¢) on T.
Let U™(x, &) be the numerical approximation of U(x, t,, &) for n > 0. Then (3.16) with (3.18) can be discretized in time
as

U”H(x,é):U"(X,E)+IF(tH,E,U”(x,é))—;—zagun“(x,é), xeRY £eT, n>o0, (3.19)

with U"(x,&) = Ué“(x,f). In the &-direction, thanks to the periodicity, one can further discretize (3.19) by the Fourier
pseudospectral method as: Let hy =2 /Nz with N¢ an even positive integer, &, = mhg and U}, (X) be the approximation of
U™(X, &n) for m=0,1,..., Ng, denote U"(x) = (Uj(x), U (%), ..., Ugé )T, take U2 (x) = U(I)St(x, &m) for m=0,1,..., Ng,
then one can get

Mg /2-1
uptleo= Y Uf'me® . m=0.1,....Ne, n>0, (3.20)
l:—NE/Z

. o~ Neg—1 i
with Ul(x) =Y"," o Um(x)e~m and

~ ~ Ne—1

- UrX)+TF'(X) ~ ¢ » N N

UIHH(X)ZW, Fl'(x) = Z F(tn,gm,U%(x))e im, l=—7§,-~,§— (3.21)
m=0

Then (3.20) with (3.21) will be first truncated (in X) on a bounded computational domain with periodic boundary condition
and then discretized by the standard Fourier pseudospectral method with details omitted here for brevity [23]. Finally,
noticing (3.11), (3.13) and (3.15), one can reconstruct the approximation of the solution u of the NKGE (1.1) (or (2.1)).
For the simplicity of notations, here we only present a first order two-scale formulation Fourier pseudospectral (TSF-FP1)
method in 1D as [23]:

n+1 _1 n+1 , —n+1 n+1 _ ”"%1 1-820f; In. UM (x; 0<i<N.n>0 3.22
Wit =S VT VT v e (In, (x]))‘szt%l, <j<N,n>0, (3.22)
where u?:qh(xj) for j=0,1,...,N.
Similarly, by taking the initial data as
Uo(x, &) = UaM(x, £) := vo(x) + G1 (£, U3 (X)) — G1 (0, U (%)) + G2 (&, vo(X)) — G2(0, vo(X)), (3.23)

such that 3t3U(x, t,£€) =0(1) for fixed t >0 as € — 0 [23], where
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Ga(E,¢) 1= —e* A* [ F(0,8,¢) + 34 F (0, &, ¢TI (F(0,&,9))].

Then (3.16) with (3.23) can be discretized by a second order scheme in time as

U2, ) = UM ) + S F (00,6, U, 6) = 550U 20, 6), xR g €T,
(3.24)
U™ ,8) = UMk, 6) + T (tnsa/2. 6, U120, 8)) = 550 (U 00, 6) + UM%, 6)).

with U™ (x,&) = U%“d(x,é). Similarly, (3.24) can be discretized in &-direction via the Fourier pseudospectral method, trun-
cated in x-direction onto a bounded computational domain with periodic boundary condition and then discretized via the
Fourier pseudospecral method with details omitted here for brevity [23]. Finally one can obtain a second order two-scale
formulation Fourier pseudospectral (TSF-FP2) scheme for the NKGE (1.1) (or (2.1)) via the reconstruction (3.22).

As shown in [23], both TSF-FP1 and TSF-FP2 are explicit, unconditionally stable, and its memory cost is O(Ng¢N) and
computational cost per step is O(NgN In(NgN)). Under proper regularity of the solution U of the PDE (3.16), the following
error bound was established for TSF-FP1 [23]

T
luCot) = Inu"llgr SH™ +he' +7, n=0.1,..., -, (3.25)
and respectively, for TSF-FP2 [23]
T
) = Inu"lyn SH™ + B 477 =01, (3.26)

where mgy and m; are two positive integers which depend on the regularity of solution U of (3.16) in x- and &-direction,
respectively.

These error bounds suggest that both TSF-FP1 and TSF-FP2 methods are uniformly spectral order in space and in
&-direction if the solution is smooth, and the TSF-FP1 and TSF-FP2 are uniformly first and second order, respectively, in
time. Again, the e-resolution is h = 0(1) and T = O(1) in the nonrelativistic limit regime, which immediately show that
both TSF-FP1 and TSF-FP2 are super-resolution in time with respect to ¢ € (0, 1] since the time step can be chosen inde-
pendently on ¢ although the solution is highly oscillatory in time at wavelength O (¢%). We remark that the finite difference
integrator (3.19) or (3.24) from [23] is not the unique choice for discretizing the two-scale system (3.16). The formulation
(3.16) and the well-prepared initial data (3.18) or (3.23) are essential for the TSF approach, and other numerical discretiza-
tions such as EWI-FP can also be applied to solve (3.16), see [24,33,74].

3.3. Multi-revolution composition (MRC) method

The multi-revolution composition (MRC) method is a geometric framework proposed in [27] for solving highly oscilla-
tory differential equations in the spirit of heterogenous multiscale method [1]. Recent works [25,62] revealed the uniform
accuracy of MRC in its extended form. We are going to present a second order version of the extended MRC from [62] for
solving the NKGE (1.1).

Suppose we are solving the NKGE (1.1) till some Ty > 0, by a rescaling of the time t — &2t, we can rewrite the formula-
tion (3.12) into

. 2 2 Ty
VX D) = —V(X. 1)+ & [—ng(x,t)—Agk|v(x,t)| v(x,t)], 0<t=L. 5.2

v(x,0) = u(X, 0) — ig2 A du(x, 0),

where we denote
1
Dg:;z[\m —SZA—I], Ae=(1—g2A)"12. (3.28)

This formulation casts the NKGE (1.1) into a perturbation of a motion of 2w -period on a large time interval, where we can
write the time interval by the number of periods as

Ty Ty
8—2=2an+Tr, Mg = T el eN, 0<T,<2m.

Then by choosing an integer 0 < Mg < My, we proceed the flow each time (at the macro level) by a step of length 2 Mo,
and the flow is approximated by

V(tny1) = Ep(—2m)E ) V(tn), 0=n=N¢—1, (3.29)

where &, (27) denotes the flow
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iatv:—v—}-oeH[—ng—A5k|v|2v], 0<t<2m,
and Eg(—2m) denotes

iatv:—v—,BH[—ng—Angzv], 2w <t <0,
with

w=t(14- PRy . N=Mi  y_em (3.30)

2 Mo) " 72 Mo) T Mg '

After evaluating (3.29) till n = N, the MRC method is completed by solving the remaining flow & (T;):

8V =—v+ &2 [—ng—Aaﬂvlzv], 0<t<T,.

Each of the sub-flows &y, £g and & can be done by Strang splitting. For example for £, (2) (similarly for others), the flow
can be split as

EXt):idv=(—1—aHDg)v and EL(t):idv = —aHAA|V|* V.

Note that v is time-independent in 8<’§(t), so both 8[; (t) and &L (t) can be evaluated exactly. When Mg = 1, then in (3.30)
o =1, =0 and the MRC coincides with standard splitting [25]. Therefore, as the extended version of MRC presented
in [25], one starts with a given N € N7, and if Mg = Tf/sz/(ZnNt) <1, the MRC scheme is taken as the direct Strang
splitting scheme on (3.27).

The detailed extended second order MRC Fourier pseudospectral (MRC-FP) scheme, by assuming T, = 0 for simplicity,
for solving the NKGE (2.1) in 1D reads: take N; which is the number of total macro steps to discretize the time interval
[0,27] for the subflows and denote the micro time step size as t = 2w /N¢; denoting u'} ~ u(xj, NltTf) as the numerical

solution of (2.1), vsf ~ V(xj, 2rnMp) as the numerical solution of (3.27) for j=0,...,N; choosing v? = v(xj,0), then if
Ts/e?/aNp) > 1

VI = (€8 (—t 2k (—DEl (/)M (€2 (e /e (el (/)M v, 0<n <N -1, (331)

and u’} = %(v’} +v_§) for j=0,...,N; if Tf/Sz/(ZTL’N[) <1, solve (3.27) by Strang splitting with time step 7. Again, the
spatial discretization can be done by the Fourier pseudospecral method.

The MRC-FP scheme is explicit with computational costs O (N¢NIn(N)) at each step due to the micro solver. It is geo-
metric since it essentially uses compositions, and it is exactly charge preserving for vortices dynamics in NKGE [62]. The
error bound is formally and numerically justified in [25,62] as

‘ ("f» NltTf) —uj=0(N*)+ 0@+ 0(h™), n=0,....Np j=0.....N,

for some integer mg > 0 which depends on the regularity of the solution. Since the total computational cost of MRC-FP is
O(N?Nln(N)), so MRC-FP in time is first order uniformly accurate in terms of total cost. We remark that the integer for
discretizing the subflows could be different from N; in general [27].

4. Uniformly and optimally accurate (UOA) methods

In this section, we review briefly two UA methods with optimal convergence rate in time and/or computational costs, i.e.
uniformly second-order in time without solving a problem in one more spatial dimension. One is the iterative exponential-
type integrator in [19], and the other is a MTI based on higher order multiscale expansion by frequency in [18].

4.1. An iterative exponential integrator (IEI)

Without using higher order approximations or extra dimensions, a second order UOA method for the NKGE (1.1) (or
(2.1)) was very recently proposed in [19] by using an iterative exponential integrator. By reformulating the NKGE (1.1) into
the first order PDE (3.12) and then introducing

Ve, t) = e iy, b), (4.1)
one finds
3

A , : o
i9ve(X,t) = —Dgvi(X, t) — g.Age’”/a2 [e't/azv*(x, t) + e"t/gzv*(x, t)] xeR? t>0,

which based on the Duhammel’s formula gives
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Vi (X, th +5) = ePev (x, ty) (4.2)
S

/ ei(s=0)De—itn+6)/¢2 [ei<rn+9>/szv*(x, ty+0) + e it/ g t 4 9)]3 do.

0

A
+

Here D, is defined the same as in (3.17) and A, is introduced as in (3.28). As used in [19], an exponential integrator is

proposed by plugging (4.2) iteratively into the cubic terms (see this technique also in [65]). To describe the scheme, the
following functions and operators are introduced.

e —1 ze? —e? +1
91(2) = 7 <P2(Z)=T, zeC,

DI = gel(TDe+2n/e%) g (it (25—2 - A/Z)) , k=1,2,n>0,
Dp, = relTPe—min/eD g (—il’ (me‘2 + Dg)) , k=1,2,m=2,4,n>0.
For simplicity of notations, here we only present the method in 1D. In this case, A = dx. Let v? be an approximation
of v.(x,ty) for n > 0 via time integration, and take u®(x) = ¢ (x) and v% = ¢ (x) — i(1 — £28xx) "/?¢2(x). Then an iterative

exponential integrator (IEI) scheme for approximating (4.2) reads:

) . 3T . A
v’;“ :eer€/263Mt|w2\2/8W:+ . (A — 1)e‘rD8/2|wZ|2wi+t2k2K”+ gAan

3ite?a? —
g A (ZIVZIZASC(’Q + (VZ)ZAsf(’}) , n=0, (4.3)
where
: 3Ai ; R
wh=elPT 2Vl P = e W (VD e, ik =0.1.2, m=—4,-2.2, n =0,
9 —
K" = e [ A (WA = DIWEPWE = (s — DI W] =24 IR, = DIwPw].

X" =D +iTD} [ (Oh/2 — D) (VI)® + 312D vE| + 3D} VIV + D, (V) — 15048
+3iTD} 5 [ (VD)2De vl — 2V 2D,VE | - 3iTD} J)2DVE — Ty U, + 20 WS + Ty Wi,
: 2 . . _9i 2 .
gh = glitn/e ((p1 ((m+2)it/e?) — ¢y (mlr/82)> (v1)3 — 3¢~ 2iMn/e ((p1((m —2)it/e?)

o—dity/c2 1M = AT /62) — o1 (mi/6?)

— i(mit/e?)) |VIPVE - .

(v, m=-2,0,2,4,n>0,

with

£ 2 £ .2
1€ J— 1€ —
Ul =3¢y (mit /e)|v? 2yt — E;,ﬁ, WIL = 3¢y (mit /e2)|v! 2V + g{%, m=-2,2,4, n>0.

Combining (3.11) and (4.1), a semi-discretized approximation of the NKGE (2.1) is given as

un-H (X) — % I:eitn+1 /62 VZ+1 (X) + e—itn+1 /82 v2+1 (x):l , Xxe Q, n> 0.

In practice, performing all the differential operations in the above IEI method by the Fourier pseudospectral approximation
with details omitted here for brevity [65], we obtain the iterative exponential integrator Fourier pseudospectral (IEI-FP)
scheme.

The IEI-FP is explicit, unconditionally stable, and its memory cost is O(N) and computational cost per step is O (N InN).
As established in [65], under proper regularity of the solution u of the NKGE (2.1) [65] (which is weaker than that is needed
for MTI-FP or TSF-FP), the following error bound was established for IEI-FP [65]

T
luC,ta) — InuMlpn SH™ +72 n=0,1,..., - (4.4)
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4.2. A higher order MTI
Another uniform second-order in time UOA method for solving the NKGE (1.1) was very recently presented in [18] via a

higher order multiscale expansion of the solution of the NKGE. As obtained in [18], the solution u(x,t) of (1.1) is expanded
as

u(x,t)=[ et/ yx, 1)+ =2 s * it/ V(X, t)3+cc:|+82R(x,t), xeRY, t>0, (4.5)

where c.c. represents the complex conjugate of the whole expression before it within the bracket, and v := v(x,t) solves
the following nonlinear Schrédinger equation with wave operator (NLSW) under well-prepared initial data [7,10,18]

242
&2
2iatv+823nv—Av+3(k|v|2+T|vl4>v=O, xeRY, t>0,

‘ (4.6)
1
v(X,0) = wo(X) + £ro(X) =: Vo(X), ;v (X.0) = 3 (—AwO(x) + 3x|wO(x)|2wO(x>) =:v1(X),
where
1 , A 3 A 3 .
wo(X) = 5(¢1 (X) —ig2(x)), To(X) = ng(x) - ZWO(X) +iRe(vi(x)),
and R := R(x, t) solves the following NKGE with small initial data [18]
1
€294R — AR + SR+AF, +FR) =0, xeRY t>0,
g2 ) d
R(x,O):—TRe(rl(x))::Ro(x):O(e ), xeRY (4.7)

31 5 3A
8R(x.0) = ——Re (vo00?v1(0) + S~ Im (11 (0) =: R1 () = O (1),
with
M) =ro() [vo®)? + vo(woX) + wo(? ],

it 332 sit (3 9i 1 3 3 4303
Fyx,t) = | e ——g2|v[fv e [ = |v|2v3 + =v28v — = AV + 22 (3v)2 + e22v20v + & v[6y3
v()[932||+?<4|| +4 ¢ 3 +4(t)+8 tt+5||

+ eSit/82 (%vs + gzﬁ

2 3
2.5 7it/e2 2307 4 9it/e2 4 A g
v|cv e ec—v' +e e*——v +c.c.|,
64 M >+ 64 + 512 +

. 3 ; 322 & 3h 3
FR(X, t) — |:621t/52 <3V + 4 P |V| )R +361t/8282vR2 + aeﬁlt/8284V6R + ?e3lt/8284V3R2

30 4 322
+ Ze‘“t/‘szszv“R + c.c} +6[v’PR+e*R3 + §S4|V|6R.

It was shown that R(x,t) = O(¢?) [18] and thus the multiscale expansion (4.5) without the last term is a higher order
multiscale expansion of the solution of the NKGE (1.1) at O(s*) [18]. Then the decomposed problems (4.6) and (4.7) are
solved numerically by the EWI-FP method [18].

Again, for the convenience of the reader and simplicity of notations, here we only present the method in 1D on © = (a, b)
with the periodic boundary condition. Let u’]? and 1'1’} be the approximations of u(xj, t;) and d:u(x;, ty), respectively; and let

v], v R" and R" be the approximations of v(xj, tn) 0 v(xj, tn), R(x], tn) and 9:R(x;, ty) respectively, for j=0,1,...,N and
n> 0 Choosmg u =¢1(xj) and u = ¢ (xj)/€2, v = vo(x)), v =v1()), R0 = Ro(xj) and R0 = R1(xj) for 1_0 1...,N,
then a high- order multiscale t1me integrator Fourler pseudospectral (MTI- FP2) method for dlscretlzmg the NKGE (21) is

given as [18]

2
; 2 AES 4 2 .
u?ﬂ — [eztn+1/6 Vl}“rl + ?e3lfn+l/8 (V?H)B +C'C'] +82R'}H, j=0,1,...,N, n>0,
X i itn itg1 3i) ittt 31 3t 4.8
u'}“:[—ze n+1+e s 7+1+ e 5 (Vn+1) n sze ot (v”+])2v"+1+cc (4.8)
&

+ EZR?H.
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Here v"*! and v"t! are approximations of the NLSW (4.6) by an EWI-FP [7,10,18] as

N2-T N2-1
V?-H = Z (vl elM—0) ‘-,r];+1 = Z (el el®i=0) i _0 1. N, n>0, (4.9)
I=—N/2 I=—N/2
where
a() (VO + &by (1) (V0); — ci(T) (g0, n=0,
(v = o
a0V + &2 (0 T — (0 @ — L2 [ @ — (@], n=1,
aj(7) (VO + &2by(T) (V0) — cj(T) (8)y, n=0,
(\‘,n+l)l = o o
aj(©) T + &2 T — ()@ — L2 [ @ - @] nz1,
with g" = (gll, g1, ..., gh)T given as
g (MVI +—|v|> i ji=0,1,...,N, n>0.
Similarly, here R™*! and R"*! are approximations of the NKGE (4.7) by an EWI-FP [10,11,18] as
N2-1 N/2-1
Rn+1 Z (R, el Xj=0) R?H = Z (Rm+1y, eM™i=® i —0.1,...,N, n>0, (4.10)
I==N/2 I=—N/2

where

—

R = costanr R -+ S G — 03 (65), (63 o) (5), - 50 (),
—_— . = - — A .
_pIS(T)(G = qﬁs(t)(Gg)l—pﬂs(r)(G’;)l—q}fs(t)(Gg) T%W(D")

(k1) = —arsin(r) (R, + cos(@r) (RN — (of5) (1)(G3), — (@) (1) (G8), — b5 () (G3)

l

—~——

— @Y @(C), — (bl (O(GD, — (@) (0(GE), — BV () (C) — a5/ () (CE)

A
= 2 [cost@m @M, + @ ],

— —~——

with
31 9i . 3A
3= —|v'?|2(v"->3 + Z(v'})2 - —af<v ), Gij= —(v"-)S, DU =F"  +F} .

. 3 9i
1= o 40PV o] 2 [ 4+ 2] - —a 2@V,
~1 ]5 ny\4.-n n 1 i Fn n2 e*x n4 n

Gs’j:?(vj) v, Vj:_g_z 21v 3xij+3 A|vj| +T|Vj| vils

and

it 762 332 ; 53 323
Fli= [e'fn/szgﬁwgﬁv’}+e3""/82 <e ~yn (v”)2+82 CHREEES =5V S(v" )3)

2 3
5it, /&2 30 9 n2.om5 Tity /€2 332 PN 9it, /&2 A4, mo
+e —e Vet +e —e“ (v +e —&" (V)7 +c.c. |,
TRAMIR) eV 275 VD

; 3x
Fg’j _ |:621tn/52 <3(vn) + "

312
2 e |V I (Vn) >Rﬂ+3eltn/€ SZVH(R ) 4+ = Gl[n/é‘ € (VH)GRTI

3}‘3itn/524 n\3, piy2 3)‘4itn/522 n\4 pn n2pn 4,pn\3 3}‘24n6n
+ ?e e (vj) (Rj) +Te e (vj) Rj—i—c.c. —|—6|vj| Rj—i—e (Rj) +¥8 |vj| Rj.

Here we adopt the following functions from [18]: forn >0,l=—-N/2,...,N/2—1 and k=3, 5,
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Table 1

Spatial error of ECFD for different ¢ at time t =1 under 7 =107>.
ef;h(t=l) ho=0.5 ho/2 ho/4 ho/8 ho/16 ho/32
g=1.0 3.10E-1 8.37E-2 2.09E-2 5.31E-3 1.24E-3 3.11E-4
rate - 1.89 2.00 1.98 2.09 2.00
£0/2 4.26E-1 1.19E-1 3.11E-2 7.92E-3 1.83E-3 4.58E-4
rate - 1.84 194 197 211 2.00
";“()/22 6.67E-1 2.16E-1 5.71E-2 141E-2 3.30E-3 8.26E-4
rate - 1.63 1.92 2.01 2.09 2.00
60/23 9.05E-1 2.77E-1 7.58E-2 1.98E-2 4.46E-3 111E-3
rate - 1.70 187 194 214 2.00
60/24 8.48E-1 3.00E-1 8.37E-2 2.21E-2 5.11E-3 1.21E-3
rate - 1.50 1.84 1.92 210 2.07

Table 2

Spatial error of LI-FP1 for different & at time t =1 under T =107,
elMe=1) h=2 h=1 h/2 h/4 h/8
g0=1.0 9.53E-1 149 144 144 1.44
{;‘0/22 9.42E-1 4.80E-1 5.06E-1 5.05E-1 5.05E-1
60/24 7.48E-1 3.04E-1 5.39E-2 5.38E-2 5.38E-2
80/26 110 4.98E-1 1.98E-2 3.29E-3 3.29E-3
60/28 1.08 4.89E-1 1.76E-2 2.07E-4 2.07E-4
80/2]0 9.74E-1 3.45E-1 2.57E-2 2.11E-5 1.33E-5
£0/212 1.04 4.74E-1 1.54E-2 6.77E-6 8.17E-7
80/214 7.31E-1 2.52E-1 1.06E-2 1.34E-5 7.69E-8

s s
Asin(wy(s —0)) 2 Asin(wy(s —0)) 2
n ki(tn+6)/e n | ki(tn+0)/e
plk(s)=/276 G0/ dp,  qf i (s) = | ——5 e/ gdg.
’ E“w) ’ E“w)
0 0

Again, the MTI-FP2 is explicit, unconditionally stable, and its memory cost is O(N) and computational cost per step is
O(N InN). As established in [18], under proper regularity of the solution u of the NKGE (2.1), the following error bound
was established for MTI-FP2 [18]

. T
JuC, tn) = INu"llg + €20, t) = ING" g S T2 +R™, n=0,1,...—. (411)
We remark here that two new UOA schemes named as micro-macro method and pull-back method were proposed very
recently in [26] based on the averaging theory. The accuracy of the micro-macro method is very similar to TSF-FP2 and the
efficiency is very similar to MTI-FP2 and IEI-FP. The pull-back is implicit but with superior long-time behavior over other
methods [26].

5. Numerical comparisons and results

In this section, we report the performance of different numerical methods reviewed in previous sections and carry out a
systematical comparison.
In order to do so, we take d =1 and A =1 in (1.1) and choose the initial data as

3sin(x) () = 2e%
e2/2 f o2 AT T

The problem is solved numerically on a bounded computational domain © = (—16, 16). The ‘exact’ solution of the NKGE
(2.1) is obtained numerically by TSF-FP2 with a very small step size, i.e. T =105 h=1/64, he = 7 /64. Define error

P1(x) = xeR.

et =tw) = [ PruC to) = Inu" 1

where Py is the standard projection operator [69]. We depict the errors at t = 1. The temporal error and spatial error of
each numerical method are studied and shown separately in the following.

5.1. Spatial errors

We first test and compare the spatial discretization error of different numerical methods. For spatial error analysis, the
time step T is chosen small enough such that the discretization error in time is negligible, e.g. T =107.
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Table 3

Spatial error of LI-FP2 for different ¢ at time t =1 under T =10".
elMe=1) h=2 h=1 h/2 h/4 h/8
g0=1.0 7.41E-1 10.2 129 14.2 14.2
50/22 8.84E-1 6.07E-1 5.86E-1 6.50E-1 6.50E-1
50/24 7.51E-1 2.77E-1 2.54E-2 9.77E-3 9.77E-3
80/26 110 4.97E-1 1.90E-2 6.46E-5 6.38E-5
50/28 1.08 4.89E-1 1.76E-2 7.03E-6 2.39E-7
80/2]0 9.74E-1 3.46E-1 2.57E-2 1.66E-5 6.24E-9
£0/212 1.04 4.74E-1 1.54E-2 6.73E-6 7.20E-9
50/2]4 7.31E-1 2.52E-1 1.06E-2 1.34E-5 4.41E-9

Table 4

Spatial error of MTI-FP for different & at time t =1 under 7 =10~7.
elMe=1) h=2 h=1 h/2 h/4 h/8
g =10 5.88E-1 2.10E-1 9.61E-3 7.58E-6 1.61E-11
£0/2 5.88E-1 4.52E-1 2.37E-2 1.70E-5 1.63E-11
60/22 8.99E-1 4.60E-1 3.05E-2 1.29E-5 1.61E-11
80/23 7.07E-1 1.57E-1 7.35E-3 6.05E-6 8.31E-12
50/24 7.58E-1 2.76E-1 2.60E-2 1.72E-5 7.75E-12
60/25 112 4.66E-1 2.43E-2 1.55E-5 9.33E-12
50/28 1.08 4.90E-1 1.64E-2 7.58E-6 6.56E-12
go/211 7.35E-1 2.32E-1 1.64E-2 1.66E-5 7.29E-12

Table 5

Spatial Error of TSF-FP1 in & for different & at time t =1 under T =10~7,h =1/16.
ett=1) he =7 he /2 he /4 hs /8 he /16
go=1 4.51E-1 2.01E-1 147E-2 4.21E-5 9.05E-10
£0/2 4.16E-1 1.32E-1 4.33E-3 1.92E-6 1.08E-12
80/22 6.33E-1 1.27E-1 7.46E-4 2.59E-8 1.34E-11
50/23 6.22E-1 1.10E-1 1.44E-5 2.34E-12 4.45E-13
80/24 8.14E-1 9.84E-2 3.70E-7 4.12E-13 4.12E-13
£0/2° 9.33E-1 1.13E-1 3.22E-8 5.14E-13 3.74E-13
50/28 1.07 9.16E-2 5.48E-12 4.56E-13 291E-13
50/211 7.24E-1 1.06E-1 5.18E-13 3.07E-13 2.64E-13

The three finite difference methods share almost the same discretization error in space. Thus, we only give the spatial
error of ECFD in Table 1 as a representative and omit the results of SIFD and LFFD. The errors of LI-FP1 and LI-FP2 are given
in Table 2 and Table 3, respectively. These errors are the spatial errors mixed with the model reduction errors. The spatial
error of MTI-FP is given in Table 4. The results of EWI-FP, TS-FP, TSF-FP2, MRC-FP, IEI-FP and MTI-FP2 behave similarly
as that of MTI-FP since they share the same Fourier discretization, so the corresponding results have been omitted for
brevity as well. The error of TSF-FP1 in the extra space direction & is given in Table 5, which represents the very similar
corresponding results of TSF-FP2.

From Tables 1-5, we can draw the following observations:

(i) ECFD, SIFD and LFFD have second order accuracy in space error, while EWI-FP, TS-FP, MTI-FP, TSF-FP1, TSF-FP2 and
MRC-FP have spectral accuracy in space. The errors are uniform in space in terms of & with spatial ¢-scalability h = 0 (1).
Thus, when the initial data of NKGE is smooth enough, the Fourier pseudospectral discretization in space is obviously more
efficient than finite difference discretization.

(ii) The spatial errors of the LI-FP1 and LI-FP2 are mixed with the residue of O(g?) and O(g*), respectively from the
model reductions. Thus, for a fixed 0 < € < 1, the spectral accuracy of space discretization is broken and the error is bounded
from blow.

(iii) The errors of TSF-FP1 and TSF-FP2 in the extra space direction & are of spectral accuracy. The error is uniformly
bounded for all ¢ € (0, 1] which allows the use of hs = 0(1). The computational resource needed in the &-direction is not
very heavy, i.e. Ng =32 is enough to get machine accuracy for all the ¢ in this example. The smaller ¢ is, the less grid
points are needed in & direction to reach the machine accuracy.

5.2. Temporal errors

For temporal error analysis, the mesh size h (and so is he for TSF-FP) is chosen small enough such that the discretization
error in space is negligible. The detailed data of the used h, hs is given case by case below.
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Table 6
Temporal error of ECFD for different ¢ at time t =1 under h =1/1024.
elMie=1) 70=0.2 70/23 70/28 70/2° 70/212
go=1 2.90E-1 6.79E-3 1.15E-4 1.81E-6 3.57E-8
rate - 1.80 1.96 2.02 1.89
£0/2 2.73 713E-2 1.15E-3 2.04E-5 3.47E-7
rate - 1.76 198 194 195
80/2° 3.16 2.32 3.90E-2 6.28E-4 151E-5
rate - 0.15 1.97 197 193
60/23 6.22 3.23 173 2.71E-2 4.28E-4
rate - 0.32 0.30 1.99 2.00
&o/. 24 4.03 7.30 7.01 1.61 2.60E-2
rate - 0.29 0.02 0.71 1.98
Table 7
Temporal error of SIFD for different ¢ at time t =1 under h =1/1024.
elMit=1) 70=0.2 70/23 70/26 70/2° 70/212
go=1 2.42E-1 5.46E-3 9.27E-5 1.72E-6 3.50E-8
rate - 1.82 1.96 1.99 187
£0/2 2.28 5.83E-2 9.67E-4 2.11E-5 3.51E-7
rate - 1.76 1.98 1.84 197
80/22 4.06 2.07 3.39E-2 5.63E-4 8.88E-6
rate - 0.32 1.96 1.97 2.00
80/23 6.05 2,67 1.67 2.66E-2 4.14E-4
rate - 0.39 0.22 1.99 2.00
80/24 4.05 6.78 7.07 1.60 2.60E-2
rate - —0.24 —0.01 0.71 1.99
Table 8
Temporal error of LFFD for different ¢ at time t =1 with rule (5.1).
elMt=1) 1=02 70/8 70/8% 70/83 70/8%
ho=0.5 ho /851 (€) ho/8283(¢) ho/8383(¢) ho/8%84(¢)
g=1 2.29E-1 3.94E-3 6.22E-5 9.78E-7 3.07E-8
rate - 195 199 2.00 1.66
£0/2 6.05E-1 9.05E-3 1.45E-4 2.27E-6 1.68E-8
rate - 2.02 1.99 2.00 236
80/22 unstable 3.12E-1 4.93E-3 7.13E-5 1.24E-6
rate - - 2.00 2.03 195
£0/2° unstable unstable 2.38E-1 3.56E-3 6.22E-5
rate - - - 2.02 195
£0/24 unstable unstable 2.68 2.35E-1 3.64E-3
rate - - - 117 2.00

The results of ECFD, SIFD, LFFD, EWI-FP, TS-FP, LI-FP1, LI-FP2, MTI-FP, TSF-FP1, TSF-FP2, MRC-FP, IEI-FP and MTI-FP2 are
shown in Tables 6-18, respectively. For the LFFD method, in order to show the temporal discretization error but meanwhile
to satisfy the stability condition, we choose [8,9]

2, g0/2l <e <1,

£2/4, O<e<gop, ITOL (5.1)

dj(e) = {
in Table 8 for the temporal error. To illustrate the UA property of MTI-FP, TSF-FP1 and TSF-FP2, we also define the error
eTh(T) := max {eg»"(T)} .
&

The convergence rate of each method is shown along with the error. In the tables, we highlight the error of each classical
method in the table when the time step is chosen according to its &-scalability. The efforts made here are to illustrate the
convergence rate of each method and the &-scalability in the limit regime.

As a summary, a detailed table on the comparison of computational complexity of each method has been given in
Table 19. The comparison of the temporal error of each method in the classical regime, i.e. ¢ = 0(1), and the comparison in
the limit regime have been given in Tables 20 and 21 together with the computational time. An efficiency comparison plot
is made in Fig. 3. Table 22 shows the temporal error of different methods under the natural mesh strategy, i.e. T = 0(g2)
which fully resolves the temporal wavelength of the oscillation. All methods are programmed with Matlab and run on an
Intel i3-3120M 2.5 GHz CPU laptop.
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Fig. 3. Efficiency comparisons of the methods in classical regime & = 1 (left) and in the limit regime & = 1/2'1 (right): the error ez'h(t = 1) against
computational time (h =1/8 for all methods and hg =7 /16, 7r /4 for TSF-FP2 under ¢ =1, 1/2'" respectively). Note for & =1 MRC-FP coincides with TS-FP.

Table 9

Temporal error of EWI-FP for different ¢ at time t =1 under h=1/8.
el =1) 70=0.2 70/2% 70/24 70/28 70/28 70/210
go=1 1.41E-2 8.14E-4 5.07E-5 3.09E-6 1.62E-7 1.06E-8
rate - 2.05 2.00 2.02 213 1.96
£0/2 111E-1 4.40E-3 2.75E-4 1.72E-5 1.07E-6 6.79E-8
rate - 2.32 2.00 2.00 2.00 1.99
£0/22 247 6.56E-2 3.90E-3 2.42E-4 1.51E-5 9.50E-7
rate - 2,61 2.04 2.00 2.00 2.00
£0/23 6.73E-1 2.82 6.62E-2 4.00E-3 2.51E-4 1.56E-5
rate - —-1.03 2.71 2.02 2.00 2.00
£0/24 9.50E-1 9.28E-1 2.67 6.73E-2 4.00E-3 2.49E-4
rate - 0.02 —0.46 2.66 2.04 2.00
£0/2° 9.96E-1 1.05 111 3.87 6.34E-2 3.70E-3
rate - —0.04 —0.04 —0.90 297 2.04

Table 10

Temporal error of TS-FP for different ¢ at time t =1 under h=1/8.
elMe=1) 70=0.2 70/2% 70/24 70/28 70/28 70/210
go=1 8.49E-3 5.12E-4 3.19E-5 2.00E-6 1.24E-7 7.64E-9
rate - 2.02 2.00 2.00 2.00 2.01
&o/2 8.60E-2 3.20E-3 197E-4 1.23E-5 7.69E-7 4.73E-8
rate - 2.37 2.01 2.00 2.00 2.01
£0/22 7.18E-1 2.15E-2 111E-3 6.90E-5 4.31E-6 2.65E-7
rate - 2.53 213 2.00 2.00 2.01
£0/23 6.39E-1 6.39E-1 5.05E-3 2.74E-4 1.70E-5 1.05E-6
rate - 0.00 349 210 2.01 2.01
£0/24 6.84E-1 2.58E-1 2.56E-1 1.32E-3 718E-5 4.39E-6
rate - 0.70 0.01 3.80 210 2.02
£0/2° 7.64E-1 5.03E-2 5.77E-2 5.88E-2 3.89E-4 2.94E-5
rate - 1.96 —-0.10 —0.01 3.62 1.86

5.3. Comparison of different methods

From Tables 6-22 and Fig. 3, we can draw the following conclusions:

(i) All FDTD methods have temporal e-scalability T = 0(g3) (cf. Tables 6-8). In the classical regime, LFFD is the most
accurate and efficient method among the three. However, all FDTD methods become inefficient when ¢ becomes small.

(ii) Both EWI-FP and TS-FP have temporal &-scalability 7 = 0(&2) (cf. Tables 9 and 10). While when t < &2, TS-FP has
an improved error bound at 72/¢2 with respect to the small parameter ¢ € (0, 1]. Both methods perform very well in the
classical regime (cf. Tables 21 and 22), but they are unsatisfactory in the limit regime. They have very similar efficiency but
TS-FP is more accurate when ¢ is small.

(iii) The two LI methods are accurate in the limit regime, but both of them do not have convergence in the classical or
the intermediate regime (cf. Tables 11 and 12). LI-FP2 is more accurate than LI-FP1 due to the correction.
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Table 11

Temporal error of LI-FP1 for different ¢ at time t =1 under h =1/8.
elMie=1) 70=0.2 70/2% T0/2% 70/28 70/28 70/210
go=1 144 144 144 144 144 144
rate - 0.00 0.00 0.00 0.00 0.00
£0/22 5.05E-1 5.05E-1 5.05E-1 5.05E-1 5.05E-1 5.05E-1
rate - 0.40 0.00 0.00 0.00 0.00
£0/24 7.11E-2 5.37E-2 5.37E-2 5.37E-2 5.37E-2 5.37E-2
rate - 1.68 0.03 0.00 0.00 0.00
£0/28 4.06E-2 3.40E-3 3.29E-3 3.29E-3 3.29E-3 3.29E-3
rate - 1.79 0.02 0.00 0.00 0.00
£0/28 4.00E-2 1.07E-3 2.12E-4 2.07E-4 2.07E-4 2.07E-4
rate - 2.61 117 0.01 0.00 0.00
£0/210 419E-2 1.11E-3 7.03E-5 1.44E-5 1.33E-5 1.33E-5
rate - 2.61 1.99 114 0.06 0.00
£0/212 4.00E-2 1.05E-3 6.38E-5 4.00E-6 8.33-7 8.16E-7
rate - 2.62 2.02 2.00 113 0.01
g0/214 4.13E-2 9.43E-4 5.76E-5 3.60E-6 2.38E-7 7.82E-8
rate - 2.72 2.01 2.00 1.96 0.8

Table 12

Temporal error of LI-FP2 for different ¢ at time t =1 under h=1/8.
elMe=1) 70=0.2 70/22 70/2% 70/28 70/28 70/2'0
go=1 124 133 141 141 141 141
rate - —0.05 —0.04 0.00 0.00 0.00
";“()/22 1.18E-1 6.40E-1 6.07E-1 6.47E-1 6.50E-1 6.50E-1
rate - —1.21 0.04 —0.04 —0.01 0.00
£0/24 7.01E-2 6.52E-3 9.46E-3 9.75E-3 9.77E-3 9.77E-3
rate - 171 —0.02 —0.01 —0.01 0.00
80/25 4.62E-2 1.01E-3 1.01E-3 1.07E-3 1.07E-3 1.07E-3
rate - 275 0.00 0.00 0.00 0.00
£0/2° 4.11E-2 1.05E-3 4.99E-5 6.11E-5 6.36E-5 6.38E-5
rate - 2.64 219 —0.15 —0.01 —0.01
£0/27 4.26E-2 1.08E-3 6.39E-5 3.15E-6 3.63E-6 3.80E-6
rate - 2.65 2.03 217 0.1 0.03
£0/28 4.00E-2 1.07E-3 6.48E-5 3.89E-6 1.93E-7 2.31E-7
rate - 2.61 2.02 2.03 216 —0.13
£0/2° 4.14E-2 1.13E-3 6.90E-5 4.30E-6 2.60E-7 1.41E-8
rate - 2.59 2.01 2.00 2.02 210

(iv) MTI-FP, TSF-FP1, TSF-FP2, IEI-FP, MTI-FP2 and MRC-FP have temporal &-scalability T = O (1) and they offer uniformly
correct results for all € € (0, 1] (cf. Tables 13-18). MRC-FP is of first order accuracy in terms of total costs in the limit regime
(cf. Fig. 3). All the other five UA methods have some temporal convergence order reductions in the resonance regime.
Between the two first order UA schemes, MTI-FP is more accurate than TSF-FP1 (cf. Tables 13 and 14). TSF-FP2 is the most
accurate method among the first five under the same step size (cf. Tables 21 and 22), while from the computational cost
point of view, TSF-FP2 is more expensive than the UOA methods due to the extra dimension (cf. Table 19 and Fig. 3),
especially the memory cost in high dimensions (cf. Table 19), and IEI-FP is found to be most efficient (cf. Tables 20-22 and
Fig. 3).

(v) Among all the methods, in the ¢ = O(1) regime, the EWI-FP method and TS-FP are the most accurate and efficient
methods (cf. Tables 20 and 22 and Fig. 3). While in the intermediate regime and the limit regime, the two UOA methods,
i.e. I[EI-FP and MTI-FP2 are significantly more powerful than the others (cf. Tables 21 and 22 and Fig. 3).

Remark 5.1. The second order uniform accuracy of TSF-FP2 has been shown in [23] under condition T < C with C >0
independent of ¢. Here in our test (cf. Table 15), we are interested in performance of the scheme with a wide range of time
step. Hence the order reduction here does not conflict with the theoretical results.

To address the long-time performance of each method, we define the numerical energy of the UA methods as:

. 1 A
E" :=/ [82|u”|2+|axu"|2+ 8—2|u"|2+ 5|u”|“} dx, n=0,1,...,

where u" = u"(x) 2 u(x, t,), " =u"(x) ~ d:u(x, t,) denote the numerical solutions from the schemes, and then we test the
energy error for the NKGE (2.1) on the torus € = (0, 27r) with initial data
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Fig. 4. Energy error |[E" — E(0)|/E(0) of the second order UA methods for (5.2) till t =20 under & =1/27: T =103 for IEI-FP, MTI-FP2, TSF-FP2; T = 77 /64

and Mo = 14 for MRC-FP.

Table 13
Temporal error of MTI-FP for different ¢ at time t =1 under h =1/8.
elME=1) 70 =0.2 70/22 70/24 70/26 70/28 79/210
=1 1.90E-1 1.98E-2 1.49E-3 9.73E-5 6.16E-6 3.82E-7
rate - 1.63 1.87 1.97 1.99 2.01
£0/2 1.63E-1 1.19E-2 8.26E-4 5.26E-5 3.30E-6 2.04E-7
rate - 1.85 1.92 1.99 2.00 2.01
£0/2% 1.63E-1 3.22E-2 2.62E-3 1.63E-4 1.01E-5 6.28E-7
rate - 117 1.81 2.00 2.00 2.01
£0/23 1.01E-1 3.68E-2 6.22E-3 5.13E-4 3.23E-5 2.00E-6
rate - 0.73 127 1.80 1.99 2.01
£0/24 9.67E-2 1.30E-2 9.62E-3 1.60E-3 1.32E-4 8.26E-6
rate - 1.44 0.23 1.30 1.80 2.00
£0/2° 9.50E-2 6.22E-3 2.77E-3 2.62E-3 5.03E-4 3.86E-5
rate - 2.00 0.58 0.04 119 1.85
£0/27 9.56E-2 5.61E-3 4.30E-4 1.19E-4 1.62E-4 1.69E-4
rate - 2.04 1.85 0.93 —0.22 —0.03
£0/2° 9.44E-2 5.48E-3 3.43E-4 2.06E-5 119E-6 3.51E-6
rate - 2.06 2.00 2.02 2.05 —0.77
go/21 9.67E-2 5.60E-3 3.48E-4 2.19E-5 1.66E-6 1.67E-7
rate - 2.05 2.00 1.99 1.86 1.66
£0/213 9.50E-2 5.48E-3 3.40E-4 212E-5 1.29E-6 7.35E-8
rate - 2.05 2.00 2.00 2.01 2.06
£0/21° 9.50E-2 5.50E-3 3.41E-4 213E-5 1.33E-6 8.60E-8
rate - 2.05 2.00 2.00 2.00 1.98
et 1.90E-1 3.68E-2 9.62E-3 2.62E-3 5.03E-4 1.69E-4
rate - 119 0.97 0.94 119 0.80
2sin(x) 2+ 2cos(2x)
)=+, h®¥=—T—"—"— Q.
2 — cos(x) 2 + sin(x)

(5.2)
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Table 14

Temporal Error of TSF-FP1 for different ¢ at time t =1 under h =1/8, hg =7 /32.
elMie=1) =02 /2% /24 /28 7/28 7/210
=1 1.07E-1 3.05E-2 7.92E-3 2.01E-3 5.04E-4 1.26E-4
rate - 0.91 0.97 0.99 1.00 1.00
£0/2 8.88E-2 4.18E-2 1.70E-2 5.18E-3 1.38E-3 3.53E-4
rate - 0.54 0.65 0.86 0.95 0.99
£0/2% 6.39E-2 1.70E-2 7.35E-3 4.76E-3 2.14E-3 6.96E-4
rate - 0.96 0.60 031 0.58 0.81
£0/23 8.43E-2 1.98E-2 5.04E-3 1.44E-3 6.90E-4 4.75E-4
rate - 1.04 0.99 0.90 0.53 027
£0/24 9.67E-2 2.15E-2 5.28E-3 1.32E-3 3.38E-4 9.79E-5
rate - 1.09 1.01 1.00 0.98 0.89
£0/2° 9.05E-2 1.98E-2 4.96E-3 1.24E-3 3.11E-4 7.81E-5
rate - 11 1.00 1.00 1.00 1.00
£0/28 9.61E-2 2.03E-2 5.08E-3 1.27E-3 3.22E-4 8.48E-5
rate - 112 1.00 1.00 0.99 0.96
go/211 1.01E-1 2.20E-2 5.45E-3 1.36E-3 3.40E-4 8.48E-5
rate - 110 1.01 1.00 1.00 1.00
et 1.07E-1 4.18E-2 1.70E-2 5.18E-3 2.14E-3 6.96E-4
rate - 0.68 0.65 0.86 0.64 0.81

Table 15

Temporal error of TSF-FP2 for different ¢ at time t =1 under h=1/8, h; = /32.
elMit=1) =02 7/22 7/24 7/26 7/28 /210
=1 1.86E-2 1.18E-3 7.35E-5 4.57E-6 2.84E-7 1.67E-8
rate - 1.99 2.00 2.00 2.00 2.04
£0/2 3.45E-2 5.25E-3 3.44E-4 2.15E-5 1.35E-6 8.26E-8
rate - 136 197 2.00 2.00 2.01
£0/22 2.94E-2 2.82E-3 9.16E-4 8.77E-5 5.47E-6 3.39E-7
rate - 1.69 0.81 1.69 2.00 2.01
£0/23 2.43E-2 1.01E-3 2.00E-4 7.07E-5 1.15E-5 7.35E-7
rate - 2.29 117 0.75 131 1.98
£0/24 3.34E-2 5.94E-4 7.47E-5 1.39E-5 1.28E-6 5.94E-7
rate - 2.90 1.50 121 1.72 0.55
£0/2° 3.73E-2 5.43E-4 3.54E-5 5.12E-6 1.00E-6 8.14E-8
rate - 3.05 1.97 1.40 118 1.81
£0/28 3.85E-2 5.25E-4 3.11E-5 1.94E-6 1.21E-7 7.81E-9
rate - 3.09 2.04 2.00 2.00 1.98
g0/21 3.79E-2 5.25E-4 2.82E-5 1.76E-6 1.10E-7 6.39E-9
rate - 315 2.04 2.00 2.00 2.04
el 3.85E-2 5.25E-3 9.16E-4 8.77E-5 1.15E-5 7.35E-7
rate - 1.44 1.26 1.70 147 1.98

23

The relative energy errors |E™ — E(0)|/E(0) of MRC-FP, IEI-FP, TSF-FP2 and MTI-FP2 are shown in Fig. 4 as functions of time.
We can see by the numerical results that in this example: i) the numerical energy of the IEI-FP or TSF-FP2 has a linear
drift as time evolves, while the other two remain bounded within the time of computation. ii) MTI-FP2 shows the smallest

energy error among them.

6. Applications

In this section, we apply the UOA MTI-FP2 method to study numerically the convergence rates from the NKGE (1.1) to

its limiting models (1.5) and (1.6), and to simulate wave interaction in two dimensions (2D).

6.1. Convergence rates of NKGE to its limiting models

We take d =1 and A =1 in the NKGE (1.1). Let u be the solution of NKGE (1.1), zsw be the solution of the NLSW (1.5)
and zs be the solution of the NLSE (1.6). Take the initial data as

2

e—x
P (x) = ﬁ
or
2
B X™|x|e~*
P11 (x)=

JT

. a(x) = %sech(x2) sin(x), xeR,

, $ax)= %sech(xz) sin(x), xeR,

(6.1)
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Table 16

Temporal error of MRC-FP for different ¢ at time t =1 under h =1/8.
elMie=1) T=m/4 /2 7/22 7/23 /24
go=1 2.11E-1 4.48E-2 7.78E-3 1.86E-3 4.61E-4
rate - 223 2.52 2.06 2.01
£0/2 6.50E-2 9.69E-3 2.26E-3 5.56E-4 1.36E-4
rate - 2.74 21 2.02 2.03
£0/22 1.58E-2 3.40E-3 7.96E-4 197E-4 4.88E-5
rate - 221 2.09 2.01 2.01
£0/23 4.10E-3 9.08E-4 2.36E-4 5.95E-5 1.48E-5
rate - 217 1.94 1.98 2.01
80/24 3.10E-3 4.15E-4 6.95E-5 1.68E-5 411E-6
rate - 29 2.58 2.05 2.03
£0/2° 4.00E-3 7.11E-4 1.64E-4 2.00E-5 9.97E-7
rate - 249 211 3.03 4.32
£0/28 4.00E-3 6.63E-4 1.56E-4 3.86E-5 9.64E-6
rate - 2.59 2.08 2.01 2.00
go/211 3.40E-3 5.34E-4 1.22E-4 2.99E-5 7.45E-6
rate - 2,67 213 2.03 2.00
e;;h 211E-1 4.48E-2 7.78E-3 1.86E-3 4.61E-4
rate - 223 2.52 2.06 2.01

Table 17

Temporal error of IEI-FP for different ¢ at time t =1 under h =1/8.
elMe=1) 7=0.2 /2% /24 /28 7/28 7/210
g=1 5.43E-2 3.58E-3 245E-4 1.57E-5 9.84E-7 6.11E-8
rate - 1.96 194 1.98 2.00 2.00
£0/2 2.43E-2 2.16E-3 1.40E-4 8.77E-6 5.48E-7 3.43E-8
rate - 175 1.97 2.00 2.00 2.00
£0/22 1.19E-1 2.36E-3 1.36E-4 8.43E-6 5.27E-7 3.26E-8
rate - 2.83 2.06 2.00 2.00 2.01
£0/23 5.71E-2 1.70E-2 8.48E-5 4.75E-6 2.91E-7 1.35E-8
rate - 0.88 3.82 2.08 2.01 221
£0/24 3.62E-2 5.31E-3 147E-3 4.61E-6 3.43E-7 1.67E-8
rate - 139 0.92 416 1.88 218
£0/2° 3.68E-2 6.73E-4 6.11E-5 1.51E-5 3.26E-7 2.12E-8
rate - 2.89 173 1.01 2.77 1.97
£0/28 3.85E-2 7.07E-4 4.19E-5 2.58E-6 1.57E-7 7.81E-9
rate - 2.88 2.04 2.01 2.02 217
go/211 3.85E-2 6.96E-4 4.21E-5 2.62E-6 1.62E-7 7.58E-9
rate - 2.89 2.03 2.00 2.01 221
efx‘)h 1.19E-1 1.70E-2 147E-3 1.57E-5 9.84E-7 6.11E-8
rate - 141 1.76 3.27 2.00 2.00

Table 18

Temporal error of MTI-FP2 for different ¢ at time t =1 under h =1/8.
elMe=1) =02 /2% /24 7/28 7/28 7/210
g=1 5.65E-2 3.91E-3 247E-4 1.54E-5 9.60E-7 5.44E-8
rate - 193 199 2.00 2.00 2.07
£0/2 9.35E-2 8.88E-3 5.40E-4 3.34E-5 2.08E-6 1.31E-7
rate - 1.70 2.02 2.00 2.00 1.99
£0/22 1.33E-1 2.13E-2 1.15E-3 7.02E-5 4.34E-6 2.68E-7
rate - 132 211 2.02 2.01 2.01
£0/23 2.10E-1 1.35E-2 2.00E-3 9.72E-5 5.83E-6 3.59E-7
rate - 1.98 138 218 2.03 2.01
£0/24 2.45E-1 1.55E-2 9.77E-4 1.38E-4 6.66E-6 3.97E-7
rate - 2.03 199 141 218 2.04
£0/2° 2.62E-1 1.59E-2 9.97E-4 6.23E-5 8.88E-6 4.31E-7
rate - 2.02 199 1.98 141 218
£0/28 2.64E-1 1.62E-2 1.00E-3 6.28E-5 3.94E-6 2.48E-7
rate - 2.00 2.01 2.00 2.00 2.00
go/21 2.58E-1 1.64E-2 1.01E-3 6.33E-5 3.94E-6 245E-7
rate - 199 2.01 2.00 2.00 2.00
et 2.64E-1 213E-2 2.00E-3 1.38E-4 8.88E-6 431E-7
rate - 1.82 171 192 198 218
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Comparison of properties of different numerical methods. Here N denotes the number of grid points in x-direction

and Ng¢ denotes the number of grid point in £-direction.

Method LFFD SIFD ECFD EWI-FP TS-FP LI-FP1

(or LI-FP2)
Time symmetric Yes Yes Yes Yes Yes Yes
Energy conservation No No Yes No No No
Unconditionally stable No No No Yes Yes Yes
Explicit Yes No No Yes Yes Yes
Temporal accuracy 2nd 2nd 2nd 2nd 2nd 2nd
Spatial accuracy 2nd 2nd 2nd spectral spectral spectral
Memory cost O(N) O(N) O(N) O(N) O(N) O(N)
Computational cost O(N) O(N) > O(N) O(NInN) O(NInN) O(NInN)
Resolution h=0(1) h=0(1) h=0(1) h=0(1) h=0(1) h=0(1)
when 0 <e <« 1 =03 1=0(% T=0(3) T=0(e?) T=0(1) t=0()
Uniformly accurate No No No No No No
Method MTI-FP TSF-FP1 TSF-FP2 MRC-FP IEI-FP MTI-FP2
Time symmetric No No No Yes No No
Energy conservation No No No No No No
Unconditionally stable  Yes Yes Yes Yes Yes Yes
Explicit Yes Yes Yes Yes Yes Yes
Temporal accuracy 2nd 1st 2nd 1st 2nd 2nd
Spatial accuracy spectral spectral spectral spectral spectral spectral
Memory cost O(N) O(NgN) O(NgN) O(N) O(N) O(N)
Computational cost O(NInN) O(NgN InN) O(NgN InN) O(N:NInN) O(NInN) O(NInN)
Resolution h=0(1) h,hg =0(1) h,hs =0(1) h=0(1) h=0(1) h=0(1)
when 0 <e «1 T=0(1) T=0() T=0(1) T=0(1) T=0() T=0(1)
Uniformly accurate Yes Yes Yes Yes Yes Yes
Optimally accurate No No No No Yes Yes

Table 20

Comparison of temporal errors and their corresponding computational time (seconds) of different meth-
ods for the NKGE (1.1) with ¢ =1, h=1/8 and hg = /16.

elMie=1) 70=0.2 70/2% 70/24 70/28 70/28 70/210
EWI-FP 1.41E-2 8.14E-4 5.07E-5 3.09E-6 1.62E-7 1.06E-8
time (cpu) 4.5E-4 1.7E-3 6.6E-3 2.6E-2 1E-1 4.2E-1
TS-FP 8.49E-3 5.12E-4 3.19E-5 2.00E-6 1.24E-7 7.64E-9
time (cpu) 7E-4 2.6E-3 1E-2 3.7E-2 1.5E-1 5.9E-1
LI-FP2 12.4 13.3 141 141 141 141
time (cpu) 2.1E-3 8.3E-3 3.3E-2 1.3E-1 5E-1 21
MTI-FP 1.90E-1 1.98E-2 1.49E-3 9.73E-5 6.16E-6 3.82E-7
time (cpu) 2.5E-3 8.5E-3 3.4E-2 1.4E-1 5.5E-1 22
TSF-FP2 1.86E-2 118E-3 7.35E-5 4.57E-6 2.84E-7 1.67E-8
time (cpu) 4E-2 1.6E-1 6.3E-1 2.5 9.9 391
IEI-FP 5.43E-2 3.58E-3 2.45E-4 1.57E-5 9.84E-7 6.11E-8
time (cpu) 5.6E-3 1.6E-2 9.4E-2 3.4E-1 14 5.6
MTI-FP2 5.65E-2 3.91E-3 2.47E-4 1.54E-5 9.60E-7 5.44E-8
time (cpu) 1.6E-2 4.7E-2 1.9E-1 7.3E-1 3.0 116
Table 21

Comparison of temporal errors and their corresponding computational time (seconds) of different meth-
ods for the NKGE (1.1) with ¢ =27, h=1/8 and hs = /4.

elMit=1) 70=0.2 70/2% 70/24 70/25 70/28 79/210
EWI-FP 9.97E-1 112 118 1.20 1.22 121
time (cpu) 4.5E-4 1.7E-3 6.6E-3 2.6E-2 1E-1 4.2E-1
TS-FP 6.39E-1 3.07E-1 8.48E-3 5.65E-3 6.22E-3 2.03E-4
time (cpu) 7E-4 2.6E-3 1E-2 3.7E-2 1.5E-1 5.9E-1
LI-FP2 415E-2 9.45E-4 5.77E-5 3.60E-6 2.27E-7 1.63E-8
time (cpu) 2.1E-3 8.3E-3 3.3E-2 1.3E-1 5E-1 21
MTI-FP 9.67E-2 5.60E-3 3.48E-4 2.19E-5 1.66E-6 1.67E-7
time (cpu) 2.5E-3 8.5E-3 3.4E-2 1.4E-1 5.5E-1 22
TSF-FP2 3.79E-2 5.25E-4 2.82E-5 1.76E-6 1.10E-7 6.39E-9
time (cpu) 9E-3 3E-2 1.2E-1 4.8E-1 18 7.4
IEI-FP 3.85E-2 6.96E-4 421E-5 2.62E-6 1.62E-7 7.58E-9
time (cpu) 5.6E-3 1.6E-2 9.4E-2 3.4E-1 14 5.6
MTI-FP2 2.58E-1 1.64E-2 1.01E-3 6.33E-5 3.94E-6 2.45E-7
time (cpu) 1.6E-2 4.7E-2 1.9E-1 7.3E-1 3.0 116
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Table 22
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Comparison of temporal errors and their corresponding computational time (seconds) of different methods for the

NKGE (1.1) with T = 0(¢%), h=1/8 and hs = 77 /16.

elhie=1) g0=1.0 £0/2 £0/22 £0/23 g0/24 £0/2°
70=0.2 70/2% 70/24 70/25 79/28 70/210
EWI-FP 1.41E-2 4.42E-3 3.88E-3 4.01E-3 3.99E-3 3.74E-3
time (cpu) 4.5E-4 1.7E-3 6.6E-3 2.6E-2 1E-1 4.2E-1
TS-FP 8.48E-3 3.20E-3 111E-3 2.74E-4 7.18E-5 2.94E-5
time (cpu) 7E-4 2.6E-3 1E-2 3.7E-2 1.5E-1 5.9E-1
LI-FP2 124 316 6.47E-1 1.18E-1 9.77E-3 1.07E-3
time (cpu) 2.1E-3 8.3E-3 3.3E-2 1.3E-1 5E-1 21
MTI-FP 1.90E-1 119E-2 2.62E-3 5.12E-4 1.32E-4 3.86E-5
time (cpu) 2.5E-3 8.5E-2 3.4E-2 1.4E-1 5.5E-1 22
TSE-FP2 1.87E-2 5.25E-3 9.16E-4 7.07E-5 1.28E-6 8.14E-8
time (cpu) 4E-2 1.6E-1 6.3E-1 25 9.9 391
IEI-FP 5.41E-2 2.16E-3 1.36E-4 4,75E-6 3.44E-7 2.14E-8
time (cpu) 5.6E-3 2.2E-2 9.5E-2 3.6E-1 14 55
MTI-FP2 5.64E-2 8.87E-3 115E-3 9.72E-5 6.66E-6 431E-7
time (cpu) 1.5E-2 4.7E-2 1.9E-1 7.2E-1 3 115
25 50 ; ‘ ‘
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Fig. 5. Time evolution of nsy(t) and ns(t) for the smooth initial data (6.1) under different ¢.

where m = 1, 2. The solutions are obtained numerically with very fine mesh on a bounded interval Q = (—128, 128) with
periodic boundary conditions. Define

. 2 : 2 : 2 ; 2__
Usw(X, £) i= /% Zg (X, 1) + €7 25 (X, 1), us(x, £) i= e/ zg(x, 1) + e T Z(x, 1),

and define the error functions as

Nsw(t) := [lu, t) — usw(-, Ol g1, Ns(®) == luC, £) — us(, Oliyr- (6.3)
Fig. 5 shows the errors defined in (6.3) as functions of time with the smooth initial data (6.1). Fig. 6 and Fig. 7 show the
results from the nonsmooth initial data (6.2) with m =2 and m = 1, respectively. More systematical study and comparision
of different asympototic expansions are given in [66].
From Figs. 5-7, we can draw the following conclusions:
(i) The solution of the NKGE (1.1) converges to that of the NLSW (1.5) quadratically in ¢ (and uniformly in time) provided
that the initial data in (1.1) is smooth or at least satisfies ¢ and ¢, € H%(Q), i.e.

u,t) — usw(-, gt < Cog?,  £>0,

where the constant Cy > 0 is independent of € and time ¢t > 0.
(ii) The solution of the NKGE (1.1) converges to that of the NLSE (1.6) quadratically in & (in general, not uniformly in
time) provided that the initial data in (1.1) is smooth or at least satisfies ¢1 and ¢, € H3(Q), i.e.

lu(,t) — us(-, )llyr < (C1 + C2T)e?,

where C; and Cp are two positive constants which are independent of ¢ and T. On the contrary, if the regularity of the
initial data is weaker, e.g. ¢1 and/or ¢, € H2(2), then the convergence rate collapses to linear rate, i.e.

0<t<T,

luC,t) —usC, Hllgr < (C3+C4T)e, 0<t =T,
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Fig. 6. Time evolution of nsy(t) and ns(t) with nonsmooth data (6.2) for m =2 under different ¢.
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Fig. 7. Time evolution of nsy(t) and ns(t) with nonsmooth data (6.2) for m =1 under different .

where C3 and C4 are two positive constants which are independent of ¢ and T. Rigorous mathematical justification for
these numerical observations is on-going.

(iii) Under the same ¢ and at the same time t, the error 7sy, (t) is much small than ny(t). It indicates that the NLSW (1.5)
would be a better choice to design the LI scheme than the limit model (1.6), especially considering the long time behavior
of the approximation.

6.2. Wave interactions in 2D

We take d =2 and A =1 in the NKGE (1.1) and choose the initial data as
$1(x, y) =exp (=(x+2)* — y*) +exp (—(x —2)* = %),
hr(x.y)=exp(-X* —y?),  (x.y)eR%.

The problem is solved numerically on a bounded computational domain = (—16, 16) x (—16, 16) with the periodic bound-
ary condition. Fig. 8 shows contour plots of the solutions of the NKGE (1.1) in 2D under different ¢.

(6.4)

7. Conclusions

We systematically studied and compared different numerical methods to solve the nonlinear Klein-Gordon equation
(NKGE) in the nonrelativistic limit regime, while the solution is highly oscillatory in time in the limit regime. The numerical
methods considered here include the classical finite difference time domain methods, the exponential wave integrator (EWI)
spectral method, the time-splitting (TS) spectral method, the limit integrators, and the recently proposed uniformly accurate
(UA) methods namely the multiscale time integrator (MTI) spectral method, the two-scale formulation (TSF) method and the
iterative exponential integrator (IEI). We emphasized the finite time error bound of each method and the resolution capacity
in terms of the oscillation wavelength in the limit regime. Systematical comparisons between the methods in the accuracy,
computational complexity and other mathematical properties were carried out. Numerical experiments were done to show
and compare the performance of each method from the classical regime to the limit regime. Our results show the EWI and
TS methods are most efficient in the classical regime, while the UA methods are more powerful in the intermediate and
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Fig. 8. Contour plots of the solutions of the NKGE (1.1) in 2D at different time t under & = 0.05 (first row) and & = 0.005 (second row).

limit regimes. Among the UA methods, the uniformly and optimally accurate methods are the most efficient and accurate
for € € (0, 1]. Finally, the UA numerical methods were applied to study numerically the convergence rates of the NKGE (1.1)
to its limiting models and to simulate wave interaction in two dimensions.
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