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Summary

Dispersive partial differential equations (PDEs) have been arising widely from
the fields of quantum mechanics, plasma physics and nonlinear optics. In many
cases, the solutions of dispersive PDEs are highly oscillatory, which brings significant
analytical and numerical difficulties. Thus, it is important to design efficient and
accurate numerical methods for the oscillatory dispersive PDEs.

The aim of this thesis is to propose and analyse some fourth-order compact finite
difference schemes (4cFDs) for approximating several highly oscillatory dispersive
PDEs. Rigorous proofs of error estimates are presented and numerical results are
reported to verify the error bounds. Finally, we apply the 4cFD to discretize the
Laplace’s equation satisfying nonstandard boundary conditions (BCs) for prepar-
ing the initial data in simulations of quantized vortex interactions of the nonlinear
Schrodinger equation with periodic BCs.

This thesis mainly contains three parts. The first part considers the nonlinear
Klein-Gordon equitation (NKGE) in the nonrelativistic regime with a dimensionless
parameter ¢ € (0, 1] inversely proportional to the speed of light. Two 4cFDs includ-
ing a Crank-Nicolson one and a semi-implicit one are derived for solving NKGE.
Under proper assumption on the analytical solutions, error estimates of the two

schemes are rigorously derived and they are at O(h* + 72/£°) with h mesh size and

viii
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ix

T time step. From the error bounds, the strategy in choosing time step and mesh
size can be obtained. In addition, the energy conservation of the two schemes is also
studied.

The second part is devoted to efficiently solving the Zakharov system (ZS) in
the subsonic regime with a dimensionless parameter € inversely proportional to the
acoustic speed. The solutions of ZS have highly oscillatory waves and outgoing initial
layers due to the perturbation from wave operator in ZS and the incompatibility of
the initial data. The solutions propagate waves with O(e) wavelength in time,
O(1/e) speed in space, and O(e*) and O(1) amplitudes for well-prepared and ill-
prepared initial data, respectively. The high oscillation brings noticeable difficulties
in analysing the error bounds of numerical methods to ZS. At first, a conservative
semi-implicit 4cFD for ZS is given. For the well- and less-ill-prepared initial data, a

2af /3)

uniform error bound at O(h* + 7 is derived, where 1 < of < 2 is a parameter

independent of £ determined by the illness of initial data of ZS; and for the ill-

3=a7) is derived with

prepared initial data, an error bound at O(h*/e'=®" + 72/¢
0 < o* < 1 a nonnegative parameter independent of € describing the illness of
initial data. Then, a 4cFD for ZS in an asymptotic consistent formulation is given
to achieve uniform error bounds for both well- and ill-prepared initial data. The
uniform error bound for the well prepared initial data is O(h* + 7%/3) and the error
bound for the ill-prepared initial data is O(h* + 7(1+2")/(2+2")) " The main tools in
the proof include energy methods, cut-off techniques, and the error between ZS and
its limiting equation. The compact schemes provide much better spatial resolution
than standard second order finite difference methods. Thus, the computational cost
can be reduced a lot, especially for cases with ill-prepared initial data. Since we
have uniform error bounds, the mesh size can be chosen independently of ¢.

The last part is an application of the compact finite difference scheme to a numer-
ical simulation of interactions of quantized vortices under the nonlinear Schrédinger
equation with periodic BCs in two dimensions. An efficient way of initial setups via

solving the Laplace’s equation with non-standard boundary condition by a 4cFD is
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proposed. The numerical simulation results confirm the existing reduced dynamical
laws in the case that the initial data satisfy the zero momentum limit condition. We
also study vortex dynamics for initial data with nonzero momentum limit and vortex
interactions on rectangle domains. Based on our results, we formulate a conjecture
on generalized reduced dynamical laws for vortex dynamics of NLSE with periodic

BCs.



List of Tables

2.1
2.2
2.3
2.4
2.5

2.6

2.7
2.8

3.1

3.2

3.3

3.4

Temporal ¢*° errors for CN-4cFD with 7y = 4%, = }L and h =275 . 30
Temporal H! errors for CN-4cFD with 7y = ﬁ, €p = %1 and h =278 . 30
Temporal (> errors for SI-4cFD with 7 = 5, 60 =  and h =275, . . 34
Temporal H! errors for SI-4cFD with 7y = %, €0 = 21; and h=2"8% .. 35

Spatial errors and time consumptions for CN-4cFD at t = 1 with

Spatial errors and time consumptions for SI-4cFD at ¢t = 1 with ¢ = 2% 37

Spatial errors and time consumptions for CNFD at ¢t = 1 with ¢ = 2% 37

Spatial errors and time consumptions for SIFD at t = 1 with ¢ = 2%1 .37

Spatial errors of CSI-4cFD at t = 1 for the well-prepared initial data
Case I witheg =1/4,hg =08 att=1. . . . . . ... ... ... ... 60
Spatial errors of CSI-4cFD at t = 1 for the less-ill-prepared initial
data Case Il with g =1/4,hg =08 att=1.. ... ... .. ... .. 61
Spatial errors of CSI-4cFD at ¢t = 1 for the ill-prepared initial data
Case IIT with g =1/4,hg =08 att=1. . . . . . ... .. ... ... 62
Spatial errors of CSI-4cFD at t = 1 for the ill-prepared initial data
Case IV with eg =1/4,hg =08 att=1. . . ... ... .. ... ... 63

xi



xii

List of Tables

3.5

3.6

3.7

3.8

3.9

3.10

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

Spatial errors of CSI-4cFD at t = 1 for the ill-prepared initial data
Case Vwithey=1/4,hg =08 att=1. .. ... ... .. ... ... 64
Temporal errors of CSI-4cFD at t = 1 for the well-prepared initial
data Case I with g =1, 79=005att=1. . . ... .. .. ... ... 66
Temporal errors of CSI-4cFD at ¢t = 1 for the less-ill-prepared initial
data Case Il witheg =1,79=005att=1. ... .. ... ... ... 67
Temporal errors of CSI-4cFD at t = 1 for the ill-prepared initial data
Case IIl witheg =1,79=005att=1.. .. ... ... . ... .... 68
Spatial errors for second-order semi-implicit finite difference scheme
at t = 1 of Case III initial data with ¢ = 2% .............. 69
Spatial errors for CSI-4cFD at t = 1 of Case III initial data with e = 2% 69

Spatial errors of UA-4¢cFD at ¢t = 1 for the well-prepared initial data
Case I witheg=1,hg=08att=1. .. .. ... .. ... .. .... 90
Spatial errors of UA-4cFD at ¢ = 1 for the less-ill-prepared initial
data Case Il witheg =1, hg=08att=1. ... ... ... ... ... 91
Spatial errors of UA-4cFD at t = 1 for the ill-prepared initial data
Case IIl with eg =1,hg=08att=1. . . . ... .. .. ... .... 92
Temporal errors of UA-4cFD at t = 1 for the well-prepared initial
data Case I with eg = 1,7 =005at¢t=1. . . . . . . ... ... ... 93
Temporal errors of UA-4cFD at t = 1 for the less-ill-prepared initial
data Case Il witheqg=1,79=005att=1. . ... .. .. ... ... 94
Temporal errors of UA-4cFD at ¢t = 1 for the ill-prepared initial data
Case Il witheg=1,79=005at¢t=1.. ... ... ... ... .... 95
Temporal errors of UA-4cFD at t = 1 for the well-prepared initial
data Case I with g = 1,79 = 0.05 in resonance regions at t =1. . . . 96
Temporal errors of UA-4cFD at t = 1 for the less-ill-prepared initial
data Case II with ¢g = 1,79 = 0.05 in resonance regions at t =1. . . . 96
Temporal errors of UA-4cFD at ¢t = 1 for the ill-prepared initial data

Case III with g = 1,79 = 0.05 in resonance regions at t =1. . . . . . 96



List of Figures

2.1
2.2
2.3
2.4
2.5

3.1

3.2

3.3

3.4

3.5

3.6

5.1

Oscillations at point x = 0 in time direction for different e’s. . . . . .
Log-log plots of ¢2 errors (a) and H' errors (b) w.r.t h for CN-4¢FD.
Log-log plots of ¢2 errors (a) and H' errors (b) w.r.t h for SI-4cFD.
Variation of the discrete energy for CN-4cFD . . . . . . ... ... ..
Plot of scaled energies for CN-4cFD (a) and SI-4cFD (b). . . . . . ..

Log-log plots of ¢ errors of N° w.r.t h (a) and € (b) with Case I initial

Log-log plots of % errors of N® w.r.t h (a) and e (b) with Case IT
initial data. . . . .. ... Lo
Log-log plots of ¢? errors of N¢ w.r.t h (a) and e (b) with Case III
initial data. . . . .. ... oo
Log-log plots of ¢? errors of N° w.r.t h (a) and & (b) with Case IV
initial data. . . . .. ... Lo
Log-log plots of ¢* errors of N¢ w.r.t h (a) and ¢ (b) with Case V
initial data. . . . . ... Lo

Wave energy (a) and Hamiltonian (b) variation w.r.t. t. . . . . . . ..

Plot of f(r) for different e’s. . . . . . .. ... oL

xiii



xiv

List of Figures

5.2

5.3

5.4

5.5

5.6

5.7
5.8
5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

Plot of F(x) (left); plot of F'(x) — In || (right). ............ 106
Vortex trajectories of Case I with a® = 8% = 1/8 (left); contour lines
of fi (middle); value of fi(a(t),5(t)) with («, 3) solved form x; in
(5.3.9) for different time step 7 (right). . . . . . ... ... ... ... 109
Two different kinds of trajectories for RDLs and contour lines plots
of folz,y) in (5.3.03). o o o 110
Vortex trajectories of duplicated initial data with N = 3 (left); con-

tour line plot of the f, (middle); values of f,(a(t), B(t)) corresponding

to the numerical solutions of the RDLs with different time step sizes

(FERE). © o o o e e 111
Contour plots of the density (first row) and phase (second row) of

¢ (, t) with Case I'initials and (o, ) = (%, §) at time ¢ = 0,0.04,0.08, 0.12
for e = 6—4. ................................ 115
Convergence test for the Case I setup with (o, %) = (3,%). . . . .. 116
Vortex trajectories detected form numerical simulation for € = ﬁ. 117
Trajectories from the RDLs with O(355), O(555), and O(g5) per-

turbations on the initial position of vortices in Case I setup with

(% B8%) = (L, 8). 117

Density plots of Case II type setups with (Lq, Ly) = (}l %),5 = é. . 118
Density plots of Case II type setups with (Lq, Ly) = (}1 1%), = 1;8 118
Convergence test on some Case II type setups with (L1, Ly) = (3, §), (3, 1)
and (3, 5) (from left toright). . . . . ... ... ... ... ... 119
Trajectories from the RDLs of Case II setups with (Ly, Ly) = (31, &)

(first row) and (Ly, Lo) = (3, %2) (second row). . . . ... ... .. 120

Trajectories from numerical simulations with the same initial setups

as Figure 5.13 for ¢ = = (left); corresponding convergence test (right).121

256

Density plots of ¢ («, t) for a vortex hexagon with ¢ = Els at different
instants. . . ..o 122
Convergence test on Case III initials of vortex hexagon with L = % . 122



List of Figures

XV

5.17

5.18
5.19

5.20

5.21

5.22

0.23
5.24

5.25
5.26

5.27

5.28

Density plots of 1°(x, t) for a vortex octagon with ¢ = é at different
instants. . . ... oL
Trajectories of the vortex octagon from RDLs up to T"=0.1.

Contour plots of the density (first row) and phase (second row) of

1

Yf(x,t) at 4 moments with e = ;. . . .. ... ...

Mass, momentum and relative energy plots for Case IV initial setup-
s with initial vortices distance ; (first row); limiting vortex center
trajectories from (5.6.1) and convergence test (second row). . . . . . .
Contour plots of the density (first row) and phase (second row) of a
merging dipole with € = %6 at 4 moments. . . . ... ... L.
Plot of trajectories of a merging dipole in 2 (left); plot of correspond-
ing y coordinates w.r.t. t. . . ... oL oo

Plot of . in dipole configurations w.r.t. e. . . . . .. ... ... ...

Phase snapshots of Case V with (29,29) = (§,2),L, = L, = 1 and

Detected vortex trajectories for Case V initials with different ’s. . . .
Phase snapshots of Case VI with C, = (%, %),Ll = %,Lz = }1 and
Vortex trajectories of a leapfrogging motion (Case V) from GRDLs
(first row); corresponding convergence test (second row). . . . . . . .
Vortex trajectories of a leapfrogging motion (Case VI) from GRDLs

(first row); corresponding convergence test (second row). . . . . . . .



List of Symbols and Abbreviations

t time variable

T spatial variable

1 imaginary unit

€ a dimensionless parameter in (0, 1]
R? d-dimensional Euclidean space

c4 d-dimensional complex space

h spatial mesh size

T time step size

\% gradient

A Laplace operator

v < w for v,w > 0, v < Cw for some generic constant C' > 0
0] conjugate of a complex number u

NKGE nonlinear Klein-Gordon equation

7S Zakharov system

NLSE nonlinear Schrodinger equation

4cFD fourth-order compact finite difference scheme
CN-4cFD Crank-Nicolson 4cFD

SI-4cFD semi-implicit 4cFD

xvi



List of Symbols and Abbreviations

xviil

CSI-4¢FD
UA-4cFD
CNFD
SIFD
RDLs

conservative semi-implicit 4cFD
uniform accurate 4cFD

Crank-Nicolson finite difference scheme
semi-implicit finite difference scheme

reduced dynamical laws



Chapter

Introduction

This chapter serves as an introduction of this thesis. Firstly, the background of
dispersive partial differential equations (PDEs) and three typical nonlinear disper-
sive PDEs with high oscillations are introduced. Then, the compact finite difference

methods are briefly reviewed, and the main contributions of this thesis are given.

1.1 Motivation

Dispersive partial differential equations refer to PDEs with solutions experienc-
ing dispersion phenomena that waves of different wavelength propagate at different
phase velocities [76]. Dispersive PDEs have been widely used in the modelling of
quantum mechanics, plasma physics, and nonlinear optics [24,50,63]. Based on their
vast applications, there are extensive studies on dispersive PDEs both analytical-
ly [1,76,92,107] and numerically [13,24, 106].

In some singular limit regimes, such as nonrelativistic, subsonic, and semi-
classical limit regimes, the oscillation in solutions of dispersive PDEs will give severe
numerical burdens [16,116]. Without designing special solver based on the struc-
ture of the waves of the solutions, the Shannon sampling theorem [62] requires us to
resolve the finest wavelength properly, i.e., using several grid points per wavelength,

in order to get accurate numerical results. And, applications to real-world problems,
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especially in two or three dimensional space, give rise to a demand of the spatial
discretization formulations with high resolution capacity as well as low computation

and memory cost.

1.2 Some oscillatory dispersive PDEs

1.2.1 Nonlinear Klein-Gordon equation (NKGE)

The Klein-Gordon equation is the relativistic version of the Schrodinger equation,
which describes the quantized version of the relativistic energy-momentum relation.
It is prevalently adopted to model bosons without spin, such as the Higgs boson
and the weakly-interacting massive particles. The nonlinear Klein-Gordon equation

(NKGE) in d dimensions reads
2 h2
—Oyu(x,t) — —Au(z,t) + mc*u(z,t) + f(u(z,t)) =0, xe€R"t>0, (1.2.1)
mc m
where t is time, x is the spatial coordinate in d dimensions with d = 1,2,3, m is
mass of the particles, ¢ is the speed of light and A is the reduced Plank constant.
h

Applying the change of variables: ¢ — ——t and © — miaccc with ¢ = ﬁ, the
NKGE (1.2.1) takes the following dimensionless form [9,24,48 79,99, 111]:

1
e20uu(z,t) — Au(z, t) + ;u(m, t)+ f(u(z,t)) =0, £c R t>0, (1.2.2)
with initial conditions
1
u(z,0) = ug(x), dwu(zx,0) = 8—2u1(m), x c R (1.2.3)

Here, ¢ is a dimensionless parameter in (0, 1] which is inversely proportional to
the speed of light, u = u(x,t) is the unknown complex-valued wave function with
temporal wavelength of O(g?), ug and u; are O(1) functions determining the initial
data, f(u) : C — C is a given gauge invariant nonlinearity describing the nonlinear

interaction [48], which is independent of ¢ and satisfies

f(eu) = e f(u), VO €0,2n].



1.2 Some oscillatory dispersive PDEs

In most applications and theoretical investigations of NKGE (1.2.2) , f(u) is taken
as the pure power nonlinearity [52,53,80,81,103], i.e.

f(u) = g(Jul*)u, with g(p) = \p? for some A € R,p € N.

When p = 1, the nonlinear term f(u) = A|u|*u describes the standard cubic non-
linear interaction in real application on radiation theory, plasma physics, general
relativity and quantum vortices [45,59,120]. An important feature of NKGE (1.2.2)

is that it preserves the total energy [24,79,89]
1
E(t) := / [€2|3tu]2 + | Vul* + 8—2|u|2 + F(|u|2)} dx
Rd
1
= F(0) = /d [5—2(|u0|2 + |ug]?) + |Vauol® + F(|u0|2)] de, t>0, (1.24)
R

where

F(p) = /Opg(s)ds = Iﬁppﬂ. (1.2.5)

Since Klein-Gordon equation was proposed in 1920s, extensive analytical and
numerical studies of the equation have been carried out in the literature. These
studies include existence and uniqueness of analytical solutions [80, 81,100, 103] as
well as all kinds of different schemes for numerical solutions from finite difference
time domain methods [9, 12,24, 31,43,49,87,105] to spectral methods [8, 33,46, 70]
and time integrator methods [8,9,11,117]. A recent work of Bao and Zhao in [24] has
reviewed lots of finite difference schemes including Crank-Nicolson, leap-frog, semi-
implicit and explicit finite difference methods, which are all second order methods
in space. However, there are few studies on designing high order finite difference

schemes for NKGE in the nonrelativistic regime.

1.2.2 Zakharov system (ZS)

Consider the Zakharov system (ZS) in d dimensions describing the propagation

of Langmuir waves in plasma,
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10 E° (x,t) + AE®(x, t) — N (x, t)E°(x,t) = 0, zeRY t>0,
20, Ne(m,t) — AN*(x,t) — A|ES(x, 1) =0, xeR% ¢>0, (1.2.6)
Ef(,0) = Eo(z), N°(z,0) = N5(z), ,N°(z,0) = Ni(z), z € R,

where E¢(z, t) is a complex function describing the slowly varying envelope of a high-
frequency plasma field, N¢(z,t) is a real function representing the plasma ion density
fluctuation from its equilibrium position, xis the spatial coordinate, ¢ is the temporal
coordinate, and ¢ € (0, 1] is a dimensionless parameter inversely proportional to the
ion acoustic speed. FEy(x), N§(x) and N{(x) are given initial data with Nj(x)
satisfying [o, N§ (2)dz=0.

The Zakharov system is a simplified model to describe the nonlinear interac-
tion between the envelope of the electric field E¢ and the mean mode of the ionic
fluctuations of density N¢ in plasma. The Schrédinger operator is three-scale ap-
proximation of Maxwell’s equations and the wave operator is the classical long-wave
approximation of the Euler equations [64,108]. There have been extensive theoretical
and numerical studies on the ZS (1.2.6) since Zakharov described the propagation
of Langmuir waves in plasma [122]. For the analytical part, the well-posedness of
the Cauchy problem for ZS is discussed in [2,30,51]; the well-posedness of ZS in
the subsonic regime and their convergence to a nonlinear Schrodinger equation are
given in [30,82,91,98]; blow-up solutions for ZS are considered in [54,84]. For the
numerical part, an energy preserving first order finite difference method was firstly
given in [55,56]. Then Chang, Guo and Jiang improved the estimate to the optimal
second-order convergence [38]. For methods other than finite difference methods,
Bao, Sun and Wei proposed exponential-wave-integrator spectral methods in [19].
Spectral time splitting methods are considered [18,63]. In [106], Su gave an overview
of several pseudo-spectral and time-splitting methods. For other numerical methods,
we refer to [10,16,17,78,112,118] and references therein.

From the analytical analysis on ZS in [30,51], we know that the ZS (1.2.6)
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conserves the wave energy

M) = Bl = [ 1B (@) do= [ |B(@)f da=27(0), t20
(1.2.7)

and the Hamiltonian

1
He(t) = / [|VE5|2 + N B + 3 (e2|VU*]* + |N5|2)} de= H(0), t>0,
Rd
(1.2.8)
with U¢ := U*(a, t) defined by

AU¢(x,t) = —0;N°(z,t), =€ R,

(1.2.9)
lim| g 0o U%(2, 1) = 0, t>0.

As pointed out in [2,32,82], under some proper assumptions on the compat-
ible condition for the initial data, the ZS (1.2.6) converges to a cubic nonlinear

Schrodinger equation (NLSE)

i E(z,t) + AE(z,t) + |E(x, t)|*E(x,t) =0, £€R, t >0, (1.2.10)
E(,0) = Eo(z), zeR, B
as € | 0. The compatibility of the initial data between the ZS (1.2.6) and the NLSE

(1.2.10) indicates that the initial values of (1.2.6) satisfy

N§(z) = —|Eo(2)]* + ®wo(z), (1.2.11)

Ni(z) = 2Im(Ey(2) AEy(x)) + 7wy (), (1.2.12)

with «, 8 > 0 non-negative parameters for wp(z) and w;(x) smooth enough O(1)
functions. The initial data are classified into well-prepared (o, 5 > 2), less-ill-
prepared (min{«, g} € [1,2)), and ill-prepared (min{c, 8} € [0,1)) cases through
considering the leading order oscillatory term in the density N¢ [2,17,32,82]:

1. The leading order oscillation for the well-prepared initial data comes from the

£20,;N¢ term in equation with scale O(g?);

2. The leading order oscillations for the less-ill-prepared initial data comes from

the first initial layer with scale O(e™™{®#}) and bounded expansion term 9, N¢;
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3. The leading order oscillations for the ill-prepared initial data comes from the

first O(e™n{@A}) initial layer of N with unbounded 0; N¢ of scale O (emin{eft=1),

Due to the fast out-going initial layer from the wave operator in (1.2.6), the com-
putational domain should be of order O(1/¢). The high oscillation in time and the
large computational domain in space demand a spatial discretization formulation

with high resolution to achieve a small memory and computational cost.

1.2.3 Nonlinear Schrédinger equation (NLSE)

The nonlinear Schrodinger equation (NLSE), also called the Gross-Pitaevskii
equation, is a well-known mean-field model for the dynamics of a quantum system of
weakly interacting identical bosons near absolute zero temperature, such as the Bose-
Einstein condensation [6,13,28,34]. It is a frequently used model for the simulation
of quantized vortices in superfluids and Bose-Einstein condensation. Consider a
NLSE with a dimensionless parameter € > 0 in a two dimensional (2D) rectangular

domain Q = (0,a) x (0,b):
0w 1) = A+ (- P, @=(ey) Q>0 (1219

with initial condition

V(x,0) = Yg(z), x€, (1.2.14)

and satisfying the periodic boundary conditions (BCs) on €.
As mentioned in [6, 15, 36], the NLSE (1.2.13) has properties of mass conser-
vation, energy conservation and momentum conservation. With mass, energy and

momentum defined as
M(t) = / [vf (z,t)|*de, (1.2.15)
Q
1 1
B() = [ GV @ + 50 - (@ 0PPde. (1210

P(t) = Im (/Q Ve (@, t) V& (z, t)dw) : (1.2.17)
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When taking ¢§(x) = C as a constant initial, the (1.2.13) has an analytical solution
U (z,t) = Cexp(it(|C]* — 1)/e?). (1.2.18)

The solution of (1.2.13) experiences high temporal oscillations even with simple
constant initials as (1.2.18) showed.

Quantized vortex refers to a quantized flux circulation of some physical quantity,
such as the circle of quantized super current carrying magnetic flux in the type II
superconductors [39] and the quantized angular momentum in superfluid and Bose-
Einstein condensate [25]. In the mathematical model, it is a topological defect of
the order parameters ¢ with the distinguished property that the flux circulation
f7 V arg(¢f) - dl (with 7 a closed curve in ) is quantized, which means the the flux
circulation of a vortex can only take several fixed discrete numbers [25,47,65]. For
example, the circulation of the velocity of superfluid governed by the dimensionless
NLSE along any circle enclosing a vortex takes value of 2nm, with n € Z\{0}. In
two dimensional space, the vortex center refers to a point where the value of ¢° is
zero, which is a two dimensional simplification of rectilinear vortex lines in three
dimensional space [39,93]. The leading order of quantized vortex interactions of
the superfluid governed by the nonlinear Schrodinger equation are summarized into
some ODE system sketching the motion of vortex centers called reduced dynamical

laws as described in [25,41,47,61,72-75].

1.3 Fourth-order compact finite difference (4cFD)
methods

Compact finite difference schemes are frequently used in higher-order numerical
solvers for the Navier-Stokes equations for their efficiency and stability [35,44,58,69,
110,123]. The key idea of compact finite schemes is to approximate the derivative
with fewer grid points with implicit finite difference operator than the explicit central

difference method. [68] gives a summary on systematic procedure to construct higher
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order compact schemes for first, second and third derivatives up to tenth order
compact schemes. Among the compact finite difference schemes, the fourth-order
compact finite difference scheme (4cFD) is a most commonly used one [113,114,116,
119,129]. We quote the derivation of fourth-order compact finite difference operator
in [68] as follows.

Given a uniform spatial mesh A in one dimensional space with nodes denoted by
x; = jh, for a smooth function f(x), let f; = f(r;) and let f;" be the finite difference

approximation to f”(z;). Write the approximation in form

5f]{L2+afJ{L1 + fj” + Oéfgl‘lﬂ + 5f3//+2 (1.3.1)
i 2fi i fiee =20+ fie . firs—2f;+ fis
=a 3 +b 2 +c o2 ,

and balance the coefficients a, b, c and «, § by matching the coefficients of monomials
of h from the Taylor expansions of f(z) at zs from low degree to high. The first
unmatched coefficient determines the order of the approximation in (1.3.1). The

constraints on the coefficients for approximation orders are:

a+b+c=14+2a+2p, (second order) (1.3.2)
41

a+ 2%+ 2% = 5(04 +223),  (fourth order) (1.3.3)
!

a+2'+2'% = %(a +2'8), (sixth order) (1.3.4)

Equation (1.3.2) and (1.3.3) together provide the requirement for a fourth order
approximation. In order to get a compact scheme with less stencil on both sides of

(1.3.1), we choose ¢ = 3 = 0. Then, we have

4 1
a:§(1—a), 6:5(1004—1). (1.3.5)

Let b = 0, we have three-node stencils on both sides of (1.3.1)

1 1 6 fi+1 —2fi+ fia
ol T gl 2 ~

(1.3.6)
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Denote the finite difference operator §2f; = % and A, = I + %5%, then

(1.3.6) can be expressed as

Anfl =0.f;. (1.3.7)

We get the fourth order compact finite difference approximation to the second order

derivatives of the form

"= A2 f (1.3.8)

J

1.4 Contributions

As pointed out in Section 1.2, although there has been much effort devoted
to solve the above dispersive PDEs numerically, high resolution schemes and low
computational cost methods are still in demand, and detailed error bound of the
proposed schemes are worth studying.

By extending the second order finite difference operator to the fourth-order com-
pact finite difference operator, we get two 4cFDs for NLKG, including a Crank-
Nicolson one and a semi-implicit one. The optimal error estimates and the strategy
in choosing time step are rigorously analysed, and the energy conservation in the
discrete sense is also studied. With a proper smoothness and boundedness assump-
tion on the analytical solutions, we can prove that errors of the two schemes are
both of O(h* + ;—z) through the energy methods and cut-off techniques.

For the Zakharov system in the subsonic regime, we also provide two 4cFDs,
including a conservative semi-implicit one and a uniform accurate one. The conser-
vative semi-implicit 4cFD has error bounds independent of € only for well and less-ill
prepared initial data, and the uniform accurate 4cFD from an asymptotic consis-
tent formulation of ZS achieves uniform error bounds for both well and ill prepared
initial data. The uniform error bounds are constructed by the minimum of the error
bounds from energy method and the error bounds from the limiting equation.

For the application of the 4cFD to the quantized vortices under the nonlinear

Schrodinger equation with periodic BCs in 2D space. A method for initial setups
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via solving a Laplace’s equation with non-standard BCs is proposed. The numerical
simulation results coincide well with the existing reduced dynamical laws and fur-
ther simulations provide a conjecture on the generalization of the existing reduced

dynamical laws.

1.5 Organization of the thesis

This thesis is organized as follows.

In Chapter 2, two fourth-order compact finite difference schemes are given to
NKGE in the nonrelativistic regime. Detailed proof of solvability, stability and error
bounded of the schemes are given. Chapter 3 and 4 focus on the Zakharov system in
the subsonic regime. A Hamilton conservative semi-implicit fourth-order compact
finite difference scheme is given in Chapter 3; and a uniform accurate scheme from
the discretization of ZS in asymptotic consistent formulation is considered in Chapter
4. Chapter 5 is a numerical application on the simulation of quantized vortex of
NLSE in 2D with periodic BCs. Chapter 6 draws a conclusion of the thesis and

discusses some possible future works.



Chapter

Error Bounds of 4cFDs for NKGE

In this chapter, we aim to derive and analyse two fourth-order compact finite dif-
ference schemes, a conservative Crank-Nicolson scheme and a semi-implicit scheme,
for solving the complex nonlinear Klein-Gordon equation with power nonlinearity

in the nonrelativistic limit regime
1
20uu(z, t) — Au(z,t) + —u(®,t) + Au(z, )[Pu(z,t) =0, z€ R, ¢t >0, (2.0.1)
€
with initial conditions
1 d
u(x,0) = up(z), dpu(x,0) = ui(x), xR (2.0.2)
€

Solvability, stability, and proof of the error bounds of the schemes are given.

2.1 NKGE in the nonrelativistic regime and time
oscillation

For simplicity, we only show the schemes and analysis in one spacial dimension.
Generalizations to higher dimensions are straightforward. For numerical compu-

tation, we truncate our computational domain into an interval Q = (a,b) with

11
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homogeneous Dirichlet boundary conditions. That is to say, we consider the initial-

boundary value problem of NKGE as follows,

1
e20uu(z,t) — Oppu(z, t) + gu(:v,t) + AMu(z, t)[Pu(z, t) =0, z € Q,t >0, (2.1.1)

u(a,t) =u(b,t) =0, t>0, (2.1.2)

(i, 0) = uo(x), duulx,0) = Eigul(:c), req. (2.1.3)

The key point of the high-order compact finite difference method is to approximate
the derivative with the fewest nodes to get the expected accuracy. The compact
schemes draw great interest in numerical PDEs since they play an important role in
the simulation of high frequency wave phenomena [26,68,86,113,130]. The fourth-
order compact finite difference scheme is the most simple case to achieve higher
spatial order with same amount of grids used in each spatial direction compared

with the central difference method.

Re(u(0,1))

Figure 2.1: Oscillations at point x = 0 in time direction for different ¢’s.

Apart from the energy conservation in Chapter 1, the high oscillation in time
is another key property of the NKGE in the nonrelativistic regime. As indicated
in [8,81,88], the NKGE (2.0.1) has O(£?) length waves propagating in time direction
as € | 0. We plot the real part of u%(0,¢) in Figure 2.1 for different £’s. The three
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simulations have the same uy and w; in initial data as stated in the beginning of
Section 2.2.3. The figure contains nearly one period of wave for the case ¢ = % and 4
waves for the case ¢ = %. In each interval that contains one wave of case ¢ = %, there
are almost 4 waves for the case with € = 11—6. This supports the asymptotic analysis
results and suggests that we need time step 7 fine enough and also depending on
€ to catch the oscillations in time direction. This also explains why we cannot get
ride of the dependency on ¢ for the temporal error for the finite difference schemes.

The remainder of this chapter is organized as follows. In Section 2.2, the com-
monly used second order Crank-Nicolson scheme is extended to a fourth-order com-
pact scheme, stability conditions and energy conservations are also discussed. The
corresponding error bounds are analysed rigorously. In Section 2.3, the scheme of
SI-4cFD is given. The solvability, error estimate and numerical simulation results

are also provided. Several numerical simulation results and comparison with second

order methods are reported in Section 2.4.

2.2 Conservative Crank-Nicolson 4cFD (CN-4cFD)

for NKGE

In this section, we derive an implicit and a semi-implicit fourth-order compact
finite difference schemes for NKGE and analyse their stability conditions. Define
mesh size h := (b — a)/J and time step 7 := T/N with J, N two positive integers

and T > 0 a fixed time we compute to. Denote the grid points and time steps as:
zj:=a+jh,j=0,1,...,J; t, :=n7,n=0,1,...,N.

Define 7; = {1,2,---,J — 1} and 7} = {0,1,2,---,J} as the index sets of grid
points. Let u} denote the numerical approximation of u(z;,t,) for j € T? and let

X; be a space of complex-valued grid functions defined as

X;={u={u;}|j €T u=u;=0}cC/*. (2.2.1)
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We use the standard finite difference operators as noted in [9)]:

n+l . n n__ ,n—1 n+1
5+ n_uj U; 5 n_uj U, 62 (N el u; 2u +u
f Uy == O U =, OgU; =0, 0y U; = 2 )
T T T
no_ .n _n
5+u’?:uj“ uj 5_un:u (o 62u _5st n:u] = 2uj +uj_ iy
z 7 h » Yz L ) z Yz V) h2

The spatial 4th-order compact finite difference operator A, is defined as

Ahu”

= E(u}l1 + 10u} +ujy,y), j€T; (2.2.2)

This is directly from
jeTy, (2.2.3)

30

h*
Apu = (I + E5x)u
where I denotes identical operator. Asin [68,77,97], one can see that Apu,,(z;,t,) =
62u(z;, t,) + O(h*) for u(-,t,) € C%([a,b]).

2.2.1 The numerical scheme

Firstly, let us consider the fully implicit 4th-order compact finite difference
scheme (CN-4cFD) [126] from a variation of the second order Crank-Nicolson method
[37], which reads

P+ G (W) =0, (2.2.4)

]

1
826,521@1 — 5./4;152 (u;““l + u?‘l) +—

for j € T; and n > 1, where
F - F
M(w +v), if w#w,

Gw,v) = { 2w =[v]?) (2.2.5)

Mw|Pw, if w=wv,

provides a numerical approximation of Alu|Pu with F'(u) = P72 as defined in

pralu
(1.2.5). For the initial boundary conditions (2.1.2) and (2.1.3), we use the following

discretization:
uy =u; =0, n>0, (2.2.6)
ug =ug(z;), J€ 77, (2.2.7)
uf =uf 4 sin (5w () + 5 sin () [A; '8
~ L (5)ul — AudPul], €T (2.2.8)
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Here we use (2.2.8) to compute u} instead of the classical method

1 .
S~ AP, GeT,  (2:29)

2
T ~1¢2 0
2[“4h 5m '

-
ub = ud + < (z;) + o

J J 52

by substituting % with sin(%). The benefit of this substitution is that «' is uniformly
bounded for € € (0, 1] as mentioned in [8,24].

Through out this chapter, we try to get as general as possible results with less re-
strictions on the parameters in (2.1.1). Although we show the existence of numerical
solutions only for nonnegative A as [105] pointed out the blow-ups of exact solutions
for some nonlinearities with negative A\, we also consider the negative part of A\ in
the discussion of stability. The error bounds are proved for all power nonlinearities
with real p > 2.

For any grid function v € X;, we define the standard discrete £2 norm, semi-H*

norm and ¢*° norm as

J—1
ol = 4| D l0if2, ol =
j=1

J—1
TR
=0

J-1
ol = (| 2D 182052, o]l = max oy,
j=1

1<j<J—-1

For grid functions v, w € X, we introduce the discrete inner product as
J—1
(v,w) =h Z V.
j=1

Denote 62v = (0,2vy, -+ ,02v;_1,0) € X as the finite difference approximation to
the second order derivative with extended zero boundary. Then, it is easy to check

that

lollzz = (v, 0), (2.2.10)

[of? = (v, &%), (2.2.11)

for any v € X ;. Note that the (2.2.11) only holds for v € X, in which vector has

zero boundary elements.
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Throughout the thesis, we denote C' as generic positive constant which may
be dependent on the regularity of exact solution and the given initial data but
independent of the time step 7, the grid size h, and the dimensionless parameter
g; and we use the notation w < v to present w < C'v with w,v two non-negative

numbers.

Energy conservation for CN-4cFD method

Introducing two (J — 1) x (J — 1) matrices

10
1

which correspond to the linear operators A, and —d2,

(mjx) the product of A™!

1
10

1

10
1

1
10

respectively, denote by M =

and A, i.e., M = A7'A, and denote by W = (w;) the

product of A and M, i.e., W = AM = AA~'A. Under the above notations, one can

easily verify that

J-1J-1 J—-1
‘U|1 = h Z ﬁjijﬂ)k = —hz @j5§Uj7
\ j=1 k=1 \ j=1
J-1J-1 ~ J—1
‘U|2 = h T)jbﬁkvk = hZégﬁjégvj, (2212)
\ j=1 k=1 \ j=1

where b, . and b; ;, are the components in row j and column k of A and A? respectively.
By a direct computation, one can know that M is a real symmetric positive-
definite matrix with eigenvalues \; »y = (10 + 2008]“) for j € T;, hence, for any

grid function v € X, it makes sense to define semi-norms of v as

J—-1J-1
V|10 = 4| B

<

-1

<

-1
MjkVe,  [l2e = | R (2.2.13)

j=1 k=1 j

ﬁjwj,kvk,

1 1

i
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Similar to (2.2.12), one can prove that

J—1 J—1
"U’l,* = —h Z @A,;léa%vj = —h Z ’UjAgl(S%'l_}j, (2214)
\ j=1 j=1
J—1 J—1
V]2, = \ WY D 020A 2y = [h Y 5204, 82, (2.2.15)
=1 =1

Furthermore, by a similar discussion in [116], we have the following equivalence

relation of these norms:
3 9
i < vlf, < §|v\i vz < Jvl3,. < ;llvlg- (2.2.16)

Theorem 2.1. The CN-4cFD method conserves the discrete energy defined by

1
B =¢2||6fu" ||}, + (\ TR L) + @Q}u”“HZ + [[u"172)
hJ 1
1
+22_:1 wi Y + F(u}), 0<n<N-L (2.2.17)

Proof. As the proof for the Crank-Nicolson scheme of nonlinear Schrodinger equation

n [116], for any 1 < n < N — 1, multiplying h(a}™" — @}~") on scheme (2.2.4) and

summing up the result for all j € T;, we have

J—1
1
th (|67 u n‘2 |§+ noh)2 )—§h ( ?HAhl(ﬁ ;LH _;’LilAhl(ﬁ wy 1)
j=1
1 J-1
hZ (I P = 1) + 3R D (F™) = Flaj ™)) =0, (22.18)
7=1

where (2.2.14) and the summation-by-part formula being used. The above equation

immediately indicates
E"—E"1'=0, 1<n<N-1 (2.2.19)

This completes the proof. O

Solvability of the difference equations

Lemma 2.1. (Solvability for CN-4cFD) For any u™,u" ' € X; (1 <n < N —1),
the solution u™™ of ON-4cFD (2.2.4) exists. In addition, under the assumption that

T S hoand X > 0, there exists hg > 0 such that the solution is unique for h € (0, hg).
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Proof. First, we prove the existence of the CN-4cFD (2.2.4). For simplicity, we

define the average value of ©"*! and v~ ! as 4", i.e.,

~n 1 n n— N
W = §(Uj+1 + ] Y, for j e T, (2.2.20)

For any j € T, we can express (2.2.4) as
~ T ~
" =u" + —F"(a") (2.2.21)

with F™ : X; — X; defined as

1 FQ2u; —u™ ') — F(u"™)
F'(v); = |A162 — = — I J L jeTy. 2.2.22
( <U>)J h Yz £2 <|21)j . u?—llg . |U? 1|2> Vs J J ( )

Define a mapping G" : X; — X as

7_2

G"(v) =v—u" — 2—€2F”(v), veXy. (2.2.23)

Then it is obvious that G™ is continuous. And for any v € X ;, when A > 0, we have

2

Re(G"(v),v) = ||vlz2 — Re(u", v) — Re<27—§F"(v)>v>

> o]l — Re(u", v)

2 vlle(lvlle = llu™lle),

which implies,

i RGO (2.2.24)

[[ ]| j2—00 0]l 2

Therefore G™ is surjective. From the Brouwer fixed point theorem [7,66], we conclude
that there exists a solution v* such that G"(v*) = 0, witch provides a solution
20" —u™! to (2.2.4). Note the first inequality above is due to Re(%F”(v), v) =

%(F”(v),v} < 0 for non-negative \:

J — —
ol 5~ PO =) = P,
S SRR AU

(2.2.25)

(F"(v),0) = —Jol} . =

Considering the summand in last term of (2.2.25), for any «, § € C with a # (5, we

have:

F(a)-F(B)  2A (lof2) 5+t — (|8]2) 8T o
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for some &, 3 between |a|* and |3]? through the mean value theorem.
Next, we prove the uniqueness. Due to u"*! € X; forn = 0,1,2,--- , N, then

we obtain from the inverse inequality [109] that
[ e S 01, n=0,1,2,---,N. (2.2.27)

Considering (2.2.16) and the conservation of energy (2.2.17), we can extend (2.2.27)

to
"] S " S M, SET=E°, n=0,12--- ,N—-1 (22.28)

For any given u",u"! € X; (n > 1), suppose that there exist two solutions

™ "t e X satisfying (2.2.4) and denote w = v — v, Then we have

Wi = §Ah 15iwj—2—€2wj— (G (uj+1,uj 1) -G (vj+1,uj 1)) . JETr (2.2.29)
Multiply @; on both sides and sum up the equations for all j € 7, noticing (2.2.28),
we have

2
2 T 2
lwllze S (B llwllze- (2.2.30)
When h is small enough and 7 < h, we can have ||w[7% < %||w||?2 for some small
enough 7 < 79, which implies ||w||? = 0 and the solution is unique. O
Stability of CN-4cFD

Through a standard Von Neumann analysis [104], we have the following stability
condition for the locally linearized CN-4cFD:

Theorem 2.2. (linear stability) Suppose p = 0 and X > —c=2, for the linear form
of equation (2.1.1), the CN-4cFD method is unconditionally stable for any T > 0,
and h > 0.

Proof. Plugging

u;}fl _ Z U’le2ijl7r/J’ 'LL;L _ ZVlUle%ﬂﬂ-/J; u;fLJrl _ Z ’YIQUZeZijlﬂ-/J; (2231)
l l l
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into equation (2.2.4), with +; denoting the amplification factor of the I-th mode in
phase space.

Then we have characteristic equation with structure of form

J J
VP =20y +1=0, 12—5,---,5—1, (2.2.32)

with #; determined by the corresponding schemes. The quadratic equation above
has two solutions v, = 6, £ /67 — 1. The stability conditions of the two schemes

become

| <1 6]<1, 1=- —1. (2.2.33)

Syt

S
22

For the CN-4cFD, we have

2e*
2t 72 (22 (1 — Lsin?(I)) + 220+ 1)

0, (2.2.34)

where
2 [
=+ sin (§> . (2.2.35)
Since A > —¢?, we have the denominator of (2.2.34) is larger than the dominator,

i.e., |6;| <1 unconditionally. O

2.2.2 Error estimates

In order to get rigorous error estimates on our numerical methods, based on the
theoretical analysis on NKGE given in [80,89], we require the following assumption

on the exact solution u of (2.1.1):
ue C®([0,T); L) nC* ([0,T); W>*) n C? ([0, T); W) nC*([0, T, Wy N HY),

1
107 Opu(, )| oo () 55, 0<r<5&0<r+s<T. (2.A)

Here, Qr = (a,b) x (0,7) with T less than the maximum existence time of the
solution.

Define the error function e” € X; forn =0,1,--- , N as

e’ =u(xj,t,) —u?, jeETY, (2.2.36)

J 77
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with u(z;,t,) and u} the exact solution and the numerical solution at the point

(‘Ty'? tn)‘

We state the error estimate results of the proposed numerical schemes as follows.

Theorem 2.3. (Error estimates for CN-4cFD) Assume 7 < h and under the as-
sumption (2.A), there exist 19, ho > 0 sufficiently small and independent of € such
that for any € € (0, 1], we have the following error estimate of the CN-4cFD scheme
for any T € (0, 7], h € (0, h] :

2
le"lles + [l el Sh*+ 5 0<n<N. (2.2.37)

I =

In this subsection, we aim to prove Theorem 2.3. Define the local truncation

error £ € X}, of the CN-4cFD scheme for n =0,1,2,--- N — 1 as

&) =0, u (x;, )—éul(%)—%z Ah15§uo($j)—éuo(ﬁfj)—)\|uo($j)\2uo(xj) ;
(2.2.38)
&7 =207 (u(x;,t ))__Ah (02 (u (), tnyr)) + 02 (u (25, tnr))] (2.2.39)

1
—l—2—€2[u(az],tn+1)+u(aj], n-1)] + G (u(zj, thi1) ,u (2, th1)), n>1

For the CN-4cFD method (2.2.4), we have following local truncation error and

total error estimate.

Lemma 2.2. (Local truncation errors for CN-4cFD) Assume 7 < h and under the

assumptions (2.A), we have

2
10:7¢"]| 2 S h4 —), 0<n<N. (2.2.40)

€7l S B+ -

37
Proof. Taking Taylor series expansions of u(z,t) at (x;,0) to approximate the values

w(xj11,0) and u(x;, 7), we have:

e2

3 :% (u (;,0) + TOpu (z,0) + T—Qafu (27,0) + = 83 u(z,7) — u(xj,0)> )

2e
2
T 3 * 7 - *ok
=g el ) o A (1)

T _ 2 h 4 h 6 % 1
53 |:‘Ah1 (Ué @)+ — 5 us? (a) + %U((J ) (%)) - E—QUO(%) - /\|u0($j)|2uo($j)}
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for some 7* € (0,7) and x],x;* € (zj_1,%j41). Therefore,

7_2 h4 7_2

€91 S 7|0 e,y + Ha%HLOO(QT) SEta SEtht (2241

Similarly, we can have:

1 527 10| poe gy + 77 ||333§UHL00(QT + 1|05 e
+ 72 H@?“Hm )T |\atu||Loo @n t 53 Ha,?uHLOO(QT) (2.2.42)
2
S;—B + I
and
07671 S|P ey + 77 (10000 ey + 2 (01020 e
1
77 1000l ey + 1070 iy + 52 1970l 0 (2.2.43)
1 72
Ng—g(g—ﬁ +h)
This completes the proof. n

Note that if we consider the local truncation error with first step scheme (2.2.8),
then we have a new local truncation error £° for the first step: 52 = 0; u (x;,0) —
1/7sin(% )ul(:vj) 2sin(%) [A;, ' 02uo(x;) — 1/7sin(F )uo(x;) — )\|u0(:1:j)]2u0(:1:j)] :
Then, 5}0 < |9+ &1 = sin(%)/ Z | (luall oo + w0/l y2e) S [€9] + T Therefore,

the error bounds for local truncation errors in (2.2.40) work for both (2.2.8) and

(2.2.9) initial steps.

Since u is bounded under assumption (2.A), we adapt the standard cut-off tech-
nique [5,7] to truncate the nonlinearity into a global Lipschitz function with compact
support.

Denote My = ||ul| o,y B = (1 + My)*, and choose a smooth function p(f) €
Cg° (RT) such that

1, 0<6<1,
p(d)=1¢ €0,1, 1<6<2, (2.2.44)
0, 0> 2,
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and define
pp(0) = p(0/B)o, 0 ecR". (2.2.45)

Then pg(#) is a smooth function with compact support and therefore globally Lip-

schitz, i.e., there exists a positive constant C'z > 0, independent of ¢, s.t.

o5 (01) — p (05)] < C|\/01 — /05, V0:.0, € R (2.2.46)

Substituting the nonlinearity A|u[Pu in (2.1.1) by )\p%/Q(|u|2)u with p%/Q(|u|2) =
(pr(Juf2))"?, then for initial value @° = w0, 4! = u!, the discretization of CN-4cFD

scheme becomes

~

2671 — %Agléﬁ (@t +as =) + 2%2 (@i +al ) + G (aft ) =0, (2.2.47)

where

pi (W) = o) e
Gw) = T+ D sl - BEE T TN 54

AMw|Pw, if w = v.

Noting

G (u (), tni1) 0 (25,t01)) = G (U (25, tnin) ,u (25, tn1))

we know that the local truncation error of the scheme (2.2.47) is the same as the
CN-4cFD scheme (2.2.4). Hence, 4} can be viewed as another approximation of
u(z;,t,) with modified nonlinearity approximation. Notice that the scheme (2.2.47)
is uniquely solvable for sufficiently small A and A > 0, as the case of Lemma 2.1.

Define the error function é” & 7'}) for a™ as

& =u(xy t,) -4, je€Tn>0, (2.2.49)

77

and

M= G @y tun) u (@ ta)) = G (@787, JETP, 1Sn< N (2250

77

then we have the following results.
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Lemma 2.3. Under assumption (2.A), there exist hg > 0 and 19 > 0 sufficiently
small, such that for h € (0, hol, ™ € (0,70] we have

~n An—11|2 . 2

1317 S lle )5 + lel5 . (2.2.51)

7 S llen Y+ e+ et + e, n> 1 (2.2.52)

Proof. A direct calculation gives
211 +1
. A g (ule ey )P?) = p (lu@y, taa)[?)
P = w(xi, tpa) +ulx;, by
3] (] — oty p ) (4 ) + st
2410 P+l ap—
ANoopp (a5 = e (057

- ~n+112 n—1|9 (uj +uj )

2p+2) ppla;™?) — pp(la] %)

! +1
M@y i) Ful@g, ta1)) (ph (w(@) tard)l?) — pf (Jul@), ta-1)]?)
2(p+2) pu(|u(T), tni1)]?) — /)B(Iu(%,tn 1)[?)

E+1, .y L T
o (@) —pp (1P

pB(Iﬂ?“I ) = pu(la;~?)

~n p+1 nn—12
A a TP - (la; %)

+ L — (entt 1 e h. (2.2.53)

2(p+2) pp (i ?) — /)B(\ u; 1| ) ’

Byl .
—pp (J@57)

n
J
7 = pa(lag )

o5 (u(ay, tus)?) — pb (e ta ) pi (1
Py b)) — pp(u(@s tn 02 pa(]

= [ pautasstar ) + (0 = Opates )P
- / (00s(E ) + (1= 0)ps(ar ) a0
/ ¢ (Opnlutay, ) ) — pa(@2)

(U= O)pn(lueg tast) ) — ps (174 2))) do, (2254)

for some (jp € (0,2B) from the mean value theorem.

For the other part, applying the mean value theorem on function g(z) = TR

we have
ok (IU”“I ) — (IA” )2 )
pa(|a) T ?) — (!u’] )y p+2

(), (2.2.55)

o s
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for some (7 € (0,2B).
Combining (2.2.53),(2.2.54) and (2.2.55) together, we get:

A 2_1/14n An— Ziian An— AT Am—
;] S BEH(Ert e ) + Ba(ler T ey ) Slert et (2.2.56)
This gives
Rl S h(eg P+ 167 ). (2.2.57)

Sum up the above equations for all 7 € 7T, then we have:

An—1]|2 An+11|2
S PR C Y

12
[URIERS

Applying similar procedure to ;77 , we can get the second inequality (2.2.52). This
completes the proof. O

Lemma 2.4. (Error estimate for CN-4cFD with cutoff nonlinearity) Assume 7 < h
and under the assumption (2.A), there exist 19, hg > 0 sufficient small and indepen-
dent of € such that for any e € (0, 1], we have the following estimates of the scheme
(2.2.47) for any 7 € (0,70],h € (0, ho) :

2
~n T T
16" + €71 S h* + = (2.2.58)

[0 < Mo +1, 0<n<N. (2.2.59)

Proof. Subtracting (2.2.47) and (2.2.9) from (2.2.39), we get the following error
equations for CN-4c¢FD:

1
2627 — = (A; 1827 4+ A 62en )

772
toa GG =g -, GETn>2, (2.2.60)
with
=0, &=18, jeT. (2.2.61)

Define the energy for the error function é” as

~n+1

S" = e2||ofen||7, + % <|é”|i* + |é

2 1 (|2 N 2
1,*> 53 <||e 1% + |[e HH@) . (2.2.62)
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Multiplying both sides of (2.2.60) by hr(5) e} + 6;¢}™") and summing up for all
j € Ty, then we get

J—1
S"— S =hr Y (& — i) (67 E + 5 e

j=1

<hr 3 (61 + a7 DIoT & + o e~

1 n AN SN
<r (SO +171%) + 2 (lare

e llare )

ST+ ST+ 5 (O

where Lemma 2.2 and Lemma 2.3 were used. Therefore, there exists 75 > 0 small

enough and independent of £ and h such that for 7 € (0, )

Sr— gt < pgnt 4 (h4 =) n>1 (2.2.63)

The discrete Gronwall’s inequality [40] indicates that
-2

T
n 0 4
St< ST+ = — (A" + _56) , n > 1. (2.2.64)

Noting the local truncation errors from Lemma 2.2 gives

2 2 2 2
2 T
50 = el + TIR + Sl S+ SR+ T D). 2269
2 g6 2 ¢
Combining (2.2.65) and (2.2.64) gives
-2
"S5 (h4 E6)2. (2.2.66)
The definition of S™ (2.2.62) reveals that
-2
len)1z + [lentY7 < 2¢25™ < (bt + 6)2. (2.2.67)

3

For the H'-semi norm error, by multiplying both sides of (2.2.60) by h52( entt é?_l)

and summing the resulting equation up for j € 7;, then we get
1 2

+ sn—1 sn+1
|5 | ) 2 ( € 2%

+An _ An71‘2
(‘5 € 2,*)
J—
1|2

1 2 n AT ~n A —
=5z (I, L) = Z(& —AEET = (2.2.68)

~n—1

.
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Define energy

~ 1 1
§n =2 |sren|t + 5 ( e+ |é”|§’*) + 35 ( e+ \é”\i,ﬁ) . (2.2.69)
and we have
Sn— gt = —hz moz(Ertt —enh. (2.2.70)
Therefore,
n J-—1 n J-1
=—hY Y gt e +h Z AroZ(ett — ey (2.2.71)

k=1 j=1 k=1 j=1
For the right parts of (2.2.71), by using the summation-by-part formula and the

Cauchy-Schwarz inequality, we have the following estimates,

n J-—1
_hZZ§jn62 Ak+1 ~k —1)
k=1 j=1
n J-1 J—1 J—1
= |hT Y D G ) R E(aE ) —h Y GHHEET + )
k=1 j=1 j=1 j=1
= 1
=) (swa:s'fu; 1B+ 1)
£2 S ntl)2 i n|2 21| ¢n+1]|2
Hf ng |2 | 5+ 2|€ 5 +¢€ ||€ ”ez
n+1 n+1

S+ =)+ = Z|e 2 < (b4

and

n J—

+ Z’e |2>|<7

Z n52 Ak—l-l 7?—1)|

n J-—1
Z St (0Fs ek + 60 e )

k=1 j=0

=| — hr

<TZ —m’f%

1
~ 2

+€ |5+Ak2+|5+Ak 1| ))

2 n
—(h4 = )2+Z <|5+Ak2+’5+Ak 1‘2)’
k=1

(2.2.72)

(2.2.73)
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where (2.2.16), Lemma 2.2 and Lemma 2.3 were used.

Combining (2.2.71), (2.2.72) and (2.2.73) together, we get

7_2

86)2. (2.2.74)

- L - 1
5”5725’“+50+9(h4+
k=1

Since S0 < =(h* + 2—2)2 for local truncation error, from the Gronwall’s inequality

we have
&n < Ly 72 2
S" < g(h +g) ) (2.2.75)

The definition of 5" (2.2.69) and the inequality (2.2.16) indicate

2
NG 2 an T
é +1\17* <225 S (W + )% (2.2.76)

én+1ﬁ < |én|i* + -

len|} +

Combining (2.2.67) and (2.2.76), we obtain the error estimate (2.2.58) immediately.

When £ is small enough and considering 7 < h, 7 = o(g?), we have:
el <Cle", <1, n=1,2,---, N. (2.2.77)
And we get the boundedness of 4" in (2.2.59):
@ o < Mlu (s tn)llpoe + 1€ e < Mo+1, n=1,2,--- N (2.2.78)
This completes the proof. n
Based on the above analysis, we now give the proof of Theorem 2.3.

Proof. From (2.2.59) and the definition of p, we know that (2.2.47) and (2.2.4) share
the same solution, since G(@"*+!, 4"~) equals to G(a" !, a"~") for ||@"|> < B. From
the unique solvability of the CN-4cFD scheme in Lemma 2.1, we have u™ = u" for

each 0 < n < N. Therefore, Theorem 2.3 is a direct inference from Theorem 2.4. [J

2.2.3 Numerical results

In this section, we show the numerical results to support our error estimates
in section 2.2.2. We choose the initial data for all the numerical solutions in this

section as follows,

A=4, p=2, up(x) = sech(z?) + ie ", uy(x) =0, for z € R.
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In order to quantify the convergence, we use following standard error functions as

in [9] for the discrete (*-error, (*-error and H'-error,

epo = ||€"|poes €2 = ||€" |2y e =1/ ||e”||§2 + |en|3. (2.2.79)

During our numerical simulation, we truncate our computational domain to be
(a,b) = (—8,8) and T" = 0.4. Since the wave speed for the linear problem is O(1),
the domain is large enough for us to use the homogenous boundary condition to
simulation the original whole space problem (2.0.1). The ‘exact solution’ is computed
by a fine mesh with h = 271° 7 = 10~7 for comparison. The following four figures
show that the spatial discretization errors of both methods converge in 4th order.
The first two figures in Figure 2.2 are the log-log plots of errors for CN-4cF'D methods
with respect to spatial mesh size h for different €’s. The slope of each error line is
the same as the dashed line for h*, which indicates that the spatial error has 4-th
order convergence rate. The errors are independent of ¢ since the error scale does

not change as € decreases.

1074 | |—a—e=2"

Eqtl

1070 -7

10*8€

Figure 2.2: Log-log plots of ¢% errors (a) and H' errors (b) w.r.t h for CN-4cFD.
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Table 2.1: Temporal £ errors for CN-4cFD with 79 = 55, ¢p = 1 and h = 275,

et T=1 T=T0/4 T=1/4 T=70/4 T=10/4" T=710/4°
€ =¢p 4.64E-1 3.51E-2  2.24E-3 1.40E-4 8.75E-6 5.18E-7
Order - 1.86 1.98 1.99 2.00 2.04
€= 60/4% 8.81 3.00E-1  2.27E-2 1.42E-3 8.86E-5 5.22E-6
Order - 0.66 1.98 2.00 2.00 2.04
€= 80/4% 5.T7TE-1 1.70 2.41E-1 1.64E-2 1.02E-3 6.02E-5
Order - -0.80 1.41 1.94 2.00 2.04
€= 60/4% 1.38 1.81E-1 2.24 1.44E-1 8.43E-3 4.94E-4
Order - 1.47 -1.87 2.03 2.05 2.05
€= 80/4% 1.37 0.65 1.27 1.18 2.62E-1 1.54E-2
Order - 0.54 -0.48 -0.05 1.08 2.05

Table 2.2: Temporal H' errors for CN-4cFD with 7y = %, £y = i and h =278,

em T=T1 T=T0/4 T=1/4 T=719/4 T=710/4 T=1/4°
€=¢p 1.20  9.19E-2 5.87E-3 3.68E-4 2.30E-5 1.36E-6
Order - 1.85 1.98 2.00 2.00 2.04
€= 60/4% 3.19 9.43E-1 6.14E-2 3.85E-3 2.40E-4 1.42E-5
Order - 0.88 1.97 2.00 2.00 2.04
€= 60/4§ 2.23 5.14 6.92E-1 4.59E-2  2.87TE-3 1.69E-4
Order - -0.60 1.45 1.95 2.00 2.04
€= 60/4% 3.68 1.10 6.42 0.49 2.97E-2 1.75E-3
Order - 0.87 -1.27 1.85 2.02 2.04
e=¢o/43 | 3.83 2.54 3.84 4.13 7.16E-1  4.23E-2
Order - 0.29 -0.30 -0.05 1.26 2.04
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2.3 Semi-implicit 4cFD (SI-4cFD) for NKGE

2.3.1 The numerical scheme

In practice, however, the conservative scheme could be difficult to use when
n+1 n—1| : .
[ui™| — |uj"7| is close to zero, and the nonlinear system (2.2.4) generally needs
iterative solvers which are time consuming. Therefore, we consider the semi-implicit
4th-order compact finite difference scheme (SI-4cFD) as follows

lAgldi (uit +uf™t) +

252, n
e70; u; 5

50 (ui*t + u?_l) + fu}) =0, (2.3.1)

for j € Ty and n > 1.

Lemma 2.5. (Solvability for SI-4cFD) For any u™,u" ' € X; (1 <n < N —1),
there exists a unique solution u™™ of SI-4cFD (2.3.1).

The proof is similar to Lemma 2.1. The existence of a solution can be shown by

the solvability of G"(v) = 0 for the map G" : X; — X defined by

~n n 7-2 —152 1 n
G ) =0t = T | (A7 = e — )

This can be proved by the Brouwer fixed point theorem similar as the procedure
in lemma 2.1. The uniqueness of the solution is directly from the linearity of the

SI-4cFD (2.3.1).

Theorem 2.4. (linear stability of SI-4cFD) Suppose p = 0 and X\ > —&~2, for the

linear form of equation (2.1.1), we have the following stability condition

1. when —e=2 < X\ < 72 the SI-4cFD scheme is unconditionally stable for any

7,h > 0;

2. when €72 < X the SI-4cFD scheme is stable under the condition

2 2
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Proof. Plugging (2.2.31) into equation (2.3.1), with 7; denoting the the amplification
factor of the [-th mode in phase space. Then, we have characteristic equation of
form as in Theorem 2.2

N=20m+1=0, I=-
with

2et — 72e2)\

2et + 72 (e2p3/ (1 — 3 sin® (%)) + 1)
When —e™2 < A < 72, we have the denominator of (2.3.3) larger than the

0, = (2.3.3)

dominator, i.e., [6;] < 1. When A > £72, we have 2e* — 722\ > —(2¢* + 72) =

0, > —1. Therefore |0;| < 1, which indicates 7 < We obtain the stability

\/7
condition for SI-4cFD as stated in Theorem 2.4. O

2.3.2 FError estimates

Theorem 2.5. (Error estimates for SI-4cFD) Assume 7 < h and under the as-
sumption (2.A), there exist 7o, ho > 0 sufficient small and independent of € such
that for any e € (0, 1], under the stability condition stated in theorem 2.2, we have
the following error estimate of the SI-{cFD scheme for any T € (0,70, h € (0, ho :

2
le™ | + [|o5e"]] §h4+—, 0<n<N. (2.3.4)

Substituting u(z;,t,) into (2.2.9) and (2.3.1), we can have the following expres-

sion of local truncation errors for SI-4cFD scheme.

€0 =5 u (2,0) — éul(xj) (2.3.5)
— o0 | A o) — Spuoles) — Muola) Puo(as) | 5 € T,
& =207 (u (), tn)) — A 02 (u (25, tnr1)) + 02 (u (5, 1)) (2.3.6)
+ 2—; [w(zj, tn1) +u(zj, tn )] + Mu(zj, to) Pulzy, t,), 7€ 7T, n>1

Through Taylor expansions, we have the following error estimates for the local trun-

cation errors as in Lemma 2.2,

2 1 7_2
n 4 +¢n
02~ _’ N_2 e ) S =~ .
1€ Sh+ 55 (07| S 50t +55), 0<n<N
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Define 0} = AMu(z;, tn)[*u(z;, tn) — Au}[*u?, then the error equation for SI-4cFD
method reads

1

1
257 v - 3 (.A,:l&ie?“ + A;lézeg‘fl) +

n+1 n—1 n n
52 (emtt+er )y =& =0, (237)

for j € Tar,m > 2, with
) =0, e =18, jeT;. (2.3.8)

J J

The proof to Theorem 2.5 is similar to the case of CN-4cFD method by constructing

2 energy functions
1 1
5" = &|5ren |l + 5 (e + [e™* 1) + 525 (el + e [[2) . (23.9)
and

Sn = g2 Hé:é;rennjz + % <|e”|§* + |ent! §*> + 2%2 <|e”|f* + {e”+1|i*) . (2.3.10)

and using the discrete Gronwall’s inequality and a mathematical induction argu-

ment.

2.3.3 Numerical results

We adopt the same initial data and mesh size for the numerical simulations of SI-
4cFD. Figure 2.3 shows result on spatial errors of the SI-4cFD method quite similar
to Figure 2.2. The slopes of each error line for different €’s are the same as the line
h*, which indicates that the convergence rate of spatial errors are of 4-th order. the
error scale does not change with ¢ indicates that spatial errors are independent of ¢.
Although converging at the same order, the error for the SI-4cFD scheme is smaller
than the CN-4cFD scheme under the same spatial mesh size especially for small h
cases. This is because of the tolerance error in the iteration solver for CN-4¢cFD. In
the numerical application of CN-4cFD, we choose the tolerance error of the iteration
solver to be 107'2 which is much large than numerical error introduce by solving the
SI-4cFD scheme, a conditional number of a normal matrix times the round-off error

of double precision.



34 Chapter 2. Error Bounds of 4cFDs for NKGE

T J—— 4

2—8 2‘—7 2‘—6 2‘—5 2—1

Figure 2.3: Log-log plots of £2 errors (a) and H' errors (b) w.r.t h for SI-4cFD.

Table 2.3: Temporal £*° errors for SI-4cFD with 75 = 4—10, g9 = % and h = 278,
€gos T=T T=T0/4 T=T/4 T=79/4 T=T10/4" T="19/4°
e=¢o |271E-1 1.87E-2 1.18E-3  T7.40E-5  4.58E-6  2.34E-7
Order - 1.93 1.99 2.00 2.01 2.14
€= 50/4% 8.44E-1 2.68E-1 1.71E-2 1.07E-3 6.66E-5 3.92E-6
Order - 8.27TE-1 1.99 2.00 2.00 2.04
€= 60/4§ 1.07 1.59 2.14E-1  1.44E-2  898E-4  5.29E-5
Order - -2.86E-1 1.45 1.95 2.00 2.04
€= 60/4% 2.41 1.80E-1 2.43 1.38E-1 8.13E-3 4.77E-4
Order - 1.87 -1.88 2.07 2.04 2.05
€= 50/4% 1.61 1.56 1.28 1.18 2.57E-1 1.51E-2
Order - 2.36E-2 1.42E-1 5.74E-2 1.10 2.04

From the Table 2.1-2.4 of temporal errors, we can see clearly that the temporal
convergence rates of both methods are second order. The bold diagonals of these
tables indicate that the temporal error has dependency on ¢, which is of size O(Z—z):

the data above each diagonal experience well second order convergence, while the
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errors below the diagonals do not have second order convergence. The errors for
large time steps are always bounded, which coincides with our stability analysis in
section 2.2.1 that both schemes have good stability. The £*° errors for two methods
also converge in second order, which is due to the special case of Sobolev embedding

theorem that H'(Q) C L>(Q) for Q C R.

Table 2.4: Temporal H! errors for SI-4cFD with 75 = ﬁ, €o = i and h = 278,

e T=T1 T=T0/4 T=19/4* T=10/4 T=10/4" T=10/4°
€ =¢gp 7.79E-1 5.40E-2 3.42E-3 2.14E-4 1.32E-5 6.91E-7
Order - 1.93 1.99 2.00 2.01 2.13

€= 60/4% 3.80 747E-1  4.80E-2  3.01E-3 1.87E-4 1.10E-5
Order - 1.17 1.98 2.00 2.00 2.04

€= 60/4% 3.58 4.98 6.25E-1  4.10E-2  2.56E-3 1.51E-4
Order - -0.24 1.50 1.96 2.00 2.04

e=¢c/45 | 584  9.70E-1 6.56 473E-1 2.88E-2  1.69E-3
Order - 1.30 -1.38 1.90 2.02 2.04

€ = 60/4% 4.35 4.44 3.96 4.17 7.04E-1 4.16E-2
Order - -1.53E-2  8.33E-2 -3.82E-2 1.28 2.04

2.4 Comparison with existing methods

2.4.1 Comparison with second order methods

In this section, we compare the time consumption of the 4cFDs with the corre-
sponding second order finite difference schemes. All algorithms are run on a single
kernel of Intel Xeon Gold6132 CPU with frequency at 2.60GHz for a fair compar-
ison. As introduced in [9], we adopt the following seconder order Crank-Nicolson
finite difference scheme (CNFD)

1
e20pul — 55320 (Wt +ul ) +

503 (W +ul ™) + G (W ul ) =0, (24.1)

J
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with G(-,-) defined in (2.2.5), and the seconder order semi-implicit finite difference
scheme (SIFD)

1
525t2u? — 553 (U?H + u?_l) +

5.3 (W +u 1) + f(ul) = 0. (2.4.2)

We use the same numerical example as in Section 2.2.3. When comparing the time
consumption between SI-4cFD and SIFD in Table 2.6 and 2.8, we can find that
the time consumption for same mesh size are nearly equal for the two methods.
However, the time consumption for CN-4cFD and CNFD mainly depends on the
the number of iterations in each time step and therefore differs a lot as in Table 2.5
and 2.7. The semi-implicit methods use less time for both second-order and fourth-
order schemes. In our numerical example, the average CPU time consumption for
CN-4cFD is 2.4 times of SI-4cFD. The time consumption for CNFD is 5 times of
SIFD.

When it comes to achieve a fix accuracy for numerical solutions, the higher
order methods are much more efficient than second order methods. Considering the
bold columns in the four tables, the two bold columns have O(10~*) and O(107°)
accuracy for all four methods respectively, but the time consumption for the second
order methods have the same order as the square of the fourth-order methods, which
imply the fourth-order methods can reduce the computational cost by a square root,

especially for the cases that need high accuracy.

Table 2.5: Spatial errors and time consumptions for CN-4cFD at ¢t = 1 with ¢ = 2%1

h ho=1%  ho/2 ho/2? ho/2%  ho/2*  ho/2°  hgy/2°

e, (t=1) [8.24E-1 4.24E-1 2.24E-4 1.43E-5 8.99E-7 5.62E-8 5.12E-9
Order - 9.58E-1 1.09E1  3.97 3.99 4.00 3.46
CPU time (s)| 9.13 13.3 20.3 34.4 60.1 114 220
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Table 2.6: Spatial errors and time consumptions for SI-4cFD at t = 1 with € = 2%

h ho  ho/2  ho/22  ho/23  ho/2  ho/2°  hg/2
en(t=1) |824E-1 424FE-1 2.24E-4 1.43E-5 8.99E-7 5.67E-8 3.52E-9
Order - 958E-1 1.09E1 3.97 399 399 401

CPU time (s)| 3.35 0.45 8.15 14.2 25.9 49.6 94.8

Table 2.7: Spatial errors and time consumptions for CNFD at t = 1 with € = 2%1

h ho/2  ho/2® ho/2®  ho/2*  ho/2°  ho/2°  ho/2T  ho/2°
¢ (t=1) |4.10E-1 2.08E-1 8.30E-3 2.10E-3 5.26E-4 1.32E-4 3.28E-5 8.11E-6
Order - 983E-1 464 198 2.00 200 2.00 2.02

CPU time (s)

23.2 39.1 68.0 1.24E2 2.42E2 4.57E2 8.90E2 1.76E3

Table 2.8: Spatial errors and time consumptions for SIFD at t = 1 with € =

L
21"

h ho/2  ho/22  ho/28 ho/2'  ho/2°  ho/2°  ho/2T  ho/28
eip(t =1) |4.10E-1 2.08E-1 8.30E-3 2.10E-3 5.26E-4 1.32E-4 3.28E-5 8.11E-6
Order - 983 E-1 4.64 1.98 2.00 2.00 2.00 2.02

CPU time (s)

4.52 6.94 12.8 24.1 47.9 92.8 1.79E2 3.46E2
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2.4.2 Energy conservation of the 4cFDs

x10714
& 50 .
™~
|
0 0.2 0.4 0.6 0.8 1
t

Figure 2.4: Variation of the discrete energy for CN-4cFD

During our iteration solver of the CN-4cFD, the computational error tolerance
is taken as 107'2. From the Figure 2.4 we can see the relative change of the discrete
energy E™ in (2.2.17) is quite small and E" is well conserved. Figure 2.5 shows a
comparison of the discrete energies w.r.t. different €’s. The energy is the same order
of O(E%) as the energy formula (1.2.4) shows. Therefore, we rescale each energy by
a factor 2. In order to show the variation of the energy of SI-4cFD, the discrete

energies are calculated with a coarse spatial mesh with A = %

0]

4 : 4
e=272 e=27
=273 e=273
35+ e=2"1 3.5+ e=2"
£ =
Mgt !
NQJ N(U
25F 4 2.5¢
2 : : : : 2 : : : :
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(a) (b)

Figure 2.5: Plot of scaled energies for CN-4cFD (a) and SI-4cFD (b).



Chapter

Error Estimate of a 4cFD for ZS

3.1 7S in the subsonic regime

In their recent work [32], Cai and Yuan considered a semi-implicit conservative
finite difference scheme to ZS in the subsonic regime. They got a rigorous uniform
error bounds independent of the dimensionless parameter ¢ for suitable initial data.
Due to the high speed outgoing wave from the initial layer [2,17,91], the numerical
method needs a large spatial domain, which arouses large computational cost if
we need small h to achieve a required accuracy. This situation can be severe for
the ill-prepared initial data, whose error bound is inversely proportional to a power
of &, such as a spatial error of order O(h?/e) for the scheme in [32]. Therefore,
we adopt the fourth-order compact scheme [68,116] to ZS, by approximating the
spatial derivatives at a grid point with the same number of nodes as the second
order method needs to achieve a higher accuracy, and the computational cost can
be reduced with a coarser grid partition.

The rest of this chapter is organized as follows. In section 3.2, we introduce a
semi-implicit fourth-order compact finite difference scheme for ZS. The solvability,
stability, and conservation laws of both the discrete wave energy and the Hamiltonian
are also discussed. In section 3.3, the error estimates of the scheme, especially the

dependence of spatial and temporal errors on the small parameter ¢, and a biased

39
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error estimate transferred by the nonlinear Schrédinger limit are analysed rigorously.
Several numerical simulations are reported in section 3.4 to test the convergence rate

from the theoretical analysis.

3.2 A conservative semi-implicit 4cFD (CSI-4cFD)

In this section, we present the conservative semi-implicit fourth order compact
finite difference (CSI-4cFD) method to approximate the ZS. For simplicity, we only
show the scheme and analysis in one spacial dimension. Generalizations to higher
dimensions are straightforward. For numerical computation, we truncate our com-
putational domain into an interval Q) = (a, b) with homogeneous Dirichlet boundary
conditions. The ZS (1.2.6) now collapses to
1O EF (x,t) + Opu B (z,t) — N¥(x,t)E*(2,t) =0, z€Q, t>0,
=0, z€Q, t>0,

20, N°(2,1) — Dpu N (2, 1) — Dy | E° (2, 1)) (3:2.1)
E¢(z,0) = Ey(z), N*(x,0) = N§(z), s N*(x,0) = Ni(z), z € Q,
\ Ef(z,t)]5q = 0, N°(z,t)| 5, =0, t >0,
With initials
N¢(z) = —|Eo(7)]? + e®wo(w), (3.2.2)
Ni(z) = 2Im(Ey(z)AEy(z)) + 7wy (), (3.2.3)

where Ey(z), wo(z), and E;(z) are smooth O(1) initial data with compact support
on () with parameter o, 5 > 0. As the unbounded case in Section 1.2.2, we have the
three type of initial data classified as well-prepared initial data («, 5 > 2), less-ill-
prepared initial data (min{«, 8} € [1,2)), and ill-prepared initial data (min{«, 5} €

[0,1)). The conserved wave energy and Hamiltonian for (3.2.1) are

M) = 1By = [ B (@0 do= [ |Bo(@) do= M0), (32:)

and

HE(t) ::/ﬂ<|8IE€(:1:,75)|2+N5|E€|2+%(52|6xU6|2+|N6(m,t)|2)> dz, (3.2.5)
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with potential function U solves

— DU = N, U%|yq = 0. (3.2.6)

3.2.1 The numerical scheme

Define mesh size h := (b — a)/J and time step 7 := T/N, with J, N positive
integers and 7" > 0 a fixed time less than the maximum common existence time for
the solutions of (3.2.1). Denote the grid points and time steps as

rj:=a+jh,j=0,1,...,J; t,:=n7,n=01,...,N.

Let Ty ={1,2,--- ,J—1} and TP = {0,1,2,--- , J} be the index sets of grid points.
Let £ and N;™ be the numerical approximation of E°(x;,t,) and N°®(x;,t,) for

j € T? and denote the possible solution space as
Xy =A{u=(u)ero | uo =uy; =0} c ¢/t (3.2.7)

We use the standard finite difference operators as noted in section 2.2:
sy =L =) o = 2 () o = (- 2 ).
- 1
0wy =g (Wi — i), o = 5 (uf —winy), 3w = g (ufy — 2uf +uiy)
for uf = E;" or N". Let Aj be the standard fourth order approximation of the
discrete Laplacian as in Section 2.2:

L
Apult = 253 . (3.2.8)

Then we give the conservative SI-4cFD scheme [125] as

NE’VL 1+N€7L E;’n_l—f‘E;’n

s C— e —1 2

jeTrn>1, (3.2.9)

lAgldg (N;,n+1 + N;,n—l) + A}:léﬁ ’Ej’n

> Pl jeTim>1, (32.10)

22 en
eSO, N, =

with boundary and initial conditions

Ey"=E3" =0, Ng"=N"=0,

Y

(3.2.11)
670 E,O +
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and
€,1 7-2
Nj’ = Ng (ZEJ> +TatN€ (l’j,O) + Eatth (ZL’j,O)

~ NS (z;) + 7 (2Im (A, Ey (2;) 62 (5)) + " wy (25)) (3.2.12)

7_2

+ 75%2A,;16§w0 ().

Note that the equations for initial conditions in (3.2.11) are from the discretization
of (3.2.2) and (3.2.3). In order to ensure the boundedness of N=! for a, 3 > 0, we
adopt the method in [32] and [24] to bound the terms containing °~! and €2 in

(3.2.12), using the trigonometric function sin(7/¢) which is uniformly bounded for

€ (0, 1], and substitute (3.2.12) by:

() € - I 1 T
Nj’1 = N§ (z;) + 27 Im (AhlEO (z;) 62F, (95])) + &P Sln(g)wl ()
+ % sin2(£)Ag1(5§wo (). (3:2.13)

For any grid function u € X, we recall the standard discrete L? norm ||-|| 2, semi-H*

norm |-|;, the equivalent semi-H* norm |-, , and ¢* norm ||-||,. respectively as

J-1
Ry lugl?, Jul, =
j=1

Jull s =
J—1
ol = | B0 020 Nl = o

3.2.2 Energy conservation

Theorem 3.1. The CSI-4cFD scheme preserves the discrete wave energy and Hamil-
ton defined by

M =||E*"||%, 0<n<N, (3.2.14)

2

2

-1

en+1 en en+112 e,m |2
(NS NS B2+ |ES"?), 0<n< N-—1, (3.2.15)
1

2 1
N I 7 <||Ne,n+1H?2 X ”Nan||§2)

| =
<

+

<.
Il
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n+i n+i en . ..
where U;’ "2 solves —A}f&ng;’ g 5t+Nj’ with homogeneous Dirichlet boundary

Ui =U7"=0, for0<n<N.

Proof. For proof of (3.2.14), multiplying h(E;n + E;’nfl) on both side of (3.2.9),

and summing them up for all j € T, we have:

’ J-1

o A S )
o (3.2.16)
AR e N ey e

J=1

. 1<n<N,

en—1 n— . . .
where N7 * = %(N]671 + Ny " is real-valued. The imaginary part of the above

equation indicates

¢ £,n g,n—
= (e~ lE ) =0, 1<n< A, (3.2.17)

ie.,

1E="|% = ||[E=" Y5, 1<n<AN. (3.2.18)
For proof of (3.2.15), multiplying h(E:" — E;-’”_l) on both side of (3.2.9), summing
them up for all j € T;, and considering the real parts, we have

1 1 1 1
SIBE = S| B (N B By =0, 1< < N (3.2.19)

Multiplying Th(U;’nJr§ + U;’nﬁ) on both side of (3.2.10), and summing them up for

all j € T;, we have

n+s 1 n 1 n—
s LI = e

_1
. 52‘Ua,n 5

1,%

(3.2.20)
+ <|E€’n|2,N€’n+1 _ Ns,n—1> — 07 1<n<N-1.
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(3.2.19)+5(3.2.20) reveals

e n+1|2 e,n|2 52 enti 2
<‘E }1*+|E7 |1,*>+§‘U7 ’

1,%

1
1 (v v )

1
2

J
h e,n eg,n €, £,1
+ZZ(NJ" +1+Nj, )(‘Ej’ +1|2_|_|Ej, |2)
=0

1 2 112 1
:5 <‘Es,nflﬁ’* + ’Ean‘i*) + %‘Us,nfg + Zl (HNs,nleZZ + HNa,nﬂ?Q)

1,
h J
+7 SN A NSV (ESTP 4 [ESTP), 1<n< N -1, (3.2.21)
7=0
ie.,
Ho""s = F*""3 1<p<N-—1. (3.2.22)
This completes the proof. n

3.2.3 Solvability of the difference equations

Lemma 3.1. (Solvability for the CSI-4cFD) For any given initial data E=°, N*0, N1 €
X, there exists a unique set of solutions E=™ and N°" to the CSI-4cFD (3.2.9) and
(3.2.10) for n > 1.

Proof. The lemma can be proof by induction. During the sequential update of the

numerical solutions:
ES' — N9% — B2 — N°°% — ... | (3.2.23)

a linear system is solved at each step. Therefore, the solution exists and is unique

since two non-degenerated linear systems are solved consecutively in each iteration.

]

3.3 Error estimates

Let T be the maximum common existence time for the solutions (E¢(z,t), N*(z,t))
and E(x,t) to the ZS (3.2.1) and the corresponding cubic NLSE (1.2.10) respective-

ly. For any T € (0,7%], as the asymptotic analysis showed, we may assume that
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the exact solutions (E°(z,t), N¢(z,t)) and E(z,t) are smooth enough and satisfy-
ing the homogeneous Dirichlet boundary conditions and the following boundedness

assumptions:

BN oo o rpsmmoe ) F 1B e o zpswrsce ey + e HE= 2. g0, 71507202 (20
—af
+ €2 ||E€||W3v°°([0,T};W1’°°(Q)) S L
c —a* € 70[1— &
IV oo o.rpwrosiy + 6 INlwreeqompwoseqy T % INllwae o rpwoe )

3—af 4—af
e N lpa e oz H €T 1N lwace o) S 1

(3.A)
with the convergence
1+a* 2 ot
||EME - E||L°°([O,T],H1(Q)) 5 € ’ ‘Na - |E| HLoo([QT],LQ(Q)) 5 e, <3B>
under a good initial data assumption
HEOHHG(Q) + ”w0HH4(9) + ||w1||H4(Q) S L (3.0)
where
of =min(l,a, ), o' =min(a, 3,2). (3.3.1)
Define the error functions =", v=™ € X; for n > 0 as
;" = E*(z,t,) — B, V5" = No(x;,t,) = NI, j €T, (3.3.2)

3.3.1 Main results
For the CSI-4cFD (3.2.9), we have the following error estimates.

Theorem 3.2. (Error estimates for well-prepared and less-ill-prepared initial data)
Assume T < h and under the assumption (3.A), there exist 7o, ho > 0 sufficiently
small and independent of € such that for any e € (0, 1], we have the following error
estimate of the CSI-4cFD scheme with well-prepared and less-ill-prepared initial data
(a, 8> 1) for any T € (0,70),h € (0, ho :

7_2

€3fo/f ’

e e + 1]y + 0"l S B + Osnso, (339

SN
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T
<4+ 0<n< =
o

~Y

e |2 + €71 + 17"l 2 : (3.3.4)

Furthermore, combining (3.3.3) and (3.3.4) together, we have the following uniform

error estimate independent of €:
T
e e + e + [0l S B+ 722 0 << (33.5)
T

Particularly, for the well-prepared initial data case (o, 3 > 2), we have o =2 and

T
el + 1=+ V5" S B4, 00— (336

Theorem 3.3. (Error estimates for ill-prepared initial data) Assume 7 < h and
under the assumption (3.A), there exist 79, hg > 0 sufficiently small and independent
of € such that for any € € (0,1], we have the following error estimate of the CSI-
4cFD scheme with ill-prepared initial data (min{a, B} € [0,1)) for any 7 € (0,70],
h € (0, ho] :

EnNn EN En h4 7—2
e e + e, + 1 e S 57—+ =—, 0<n<

~ 81—04* 53—&*

iR

. (3.3.7)

Note that the uniform error bound (3.3.5) in Theorem 3.2 can be illustrated in
the following triangle diagram with error scales labelled on each arrow connecting

two terms:

O(h4+ 72 )

e3—af

(E'a,n7 NE,n)

(E, N°).
O, o
(/54%72\/\ oo X € )
é‘@f) OK&
(E,—|E[")

Define the local truncation errors n=", £5™ € X ; of CSI-4cFD (3.2.9) and (3.2.10) as
NE(IJ', tn—l) + Na(xj, tn>1 EE(.T]‘, tn—l) + EE<LL’j, tn)

775-’" =10, E*(xj,t,) + {A;ldi —

2 2 ’
(3.3.8)
Ne(x;,t, Ne(x;, t,_
fj’”zg%fzvf(mj,tn)—xt;lai( (s +1>‘g L 1)+|E6<xj7tn>|2),
(3.3.9)

for j € T;,n > 1.
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Lemma 3.2. Under assumption (3.A), we have

2

77" e + 185 s + 11y S B+ (3.3.10)
N h4 ,/_2
16" e S o + o (3.3.11)

Proof. For each n > 1 and j € T, take Taylor expansion of E¢(z,t) at point

i, t, — %), and B, at points (x;,t,) and (z;,t,_1) we have

J j j

en a 12 x], n— 1)+N (.%'],t ) Es(xj,tn_l)—i—Ee(a:j,tn)
n;’ =id, E°(zj,ty [ o 5 5

— (z‘@tE (wj,t,,_ )+82E5(a:], e ) Ne(mj,tn_%)Es(xj,tn_%))

e O2E° (xj,tn—1) + O2E° (2,1, i
=4 <5t E° (xj, n) — OE (37], §)> +< ( J )2 ( J ) —6§E (xﬁtn—é))
i (i Bt B te) OB o) £ BB )
+ Ne (:L‘]a n— 1) + N* (xjv ) <E€($j>tn1) . Ea(xj’tnfl) +E€(xj7tn))
2 2 2
€ iy bn— € ‘7tn
<N€(x],tn 1)—N (2, ¢ 1)2+N (; )>E€(x]~,tn_é) (3.3.12)

2 1 0
3 e L 252 (2. 5T
/ / / oy FE x], +t ;)dadsd@%— 3 /0 /_eﬁtaxE <$], 5 +tn_%>dsd9

N (A}—LI(SQQCE (%, tn—1) + E*(2j,tn)  O3E°(xj,tn-1) +3§E€(3«“g‘7tn)>

2 2
2

1 r0
— 71;6 (N® (xj,tn—1) + N° (xj,t / / for O (CE]', sT/2 + tn_l/g) dsdf
0 —0
7_2 1 0
— §E€ (:13]-, tn_1/2) / / O?N*® (J:j, sT/2 + tn_1/2) dsd#.
0 J-6

For the third term in the last equality of (3.3.12), we have

Ap (AVO2E (2, t,) — O2E° (24,1,)) = 52Ea(xj,t ) — AROZE*(z4,t,)

_ " abpel,.
= 2408IE (¢rta), (3.3.13)

for some (; € (xj_1,xj41). Therefore, we have the following bound

Eg(l'j,tn,1) —+ EE(Ij,tn> _ 8§E6(xj,tn,1) + 8§E€(a:j,t

—152
0
Ah T 2 2

W] < pifasEe

HLC’C(QT)'
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Under assumption (3.A), we have

i " ShH|02E7 | + 7 (107 7|, + |0702E7

HINFIL B EE]| .+ 1EE I [|87 Ve | L) (3.3.14)

7_2

<h'+

g2—at’
Similarly, we have

571 b (R [P ) + = (ot + gt )

7_2

S+ o (3.3.15)
Apply 6} and d; to (3.3.8) and (3.3.9) respectively, we have
(055" | SPHIOLE | o + 7 (10700 E7 | + 102027 o + 10N 07 E7 |l

HIN o[l 00 EF |, + 110 7]l

7_2

PN + 1Bl 070 N?| )

ol

<h'+

82—0ﬂ ?

065" Sh* ([[020N7|  + 1020 E=| ) + 72 (%] 0F V¥l + (1972 N]l)

h4 7_2
S :
gl-a 63—oﬁ

]

Lemma 3.3. Under assumption (3.A) and (3.C), we have the following estimates

for the first step error:

Tht 73 3 h* 72
[z | P
t v 52 ~ 1

e S 5 + 5= e :
2~ cl—ar 63704T’ gl—a* &-Sfoﬁ

(3.3.16)

The first estimation in (3.3.16) is from a direct Taylor expansion of N¢(z,t) at
(x,0) for (3.2.13). The second estimation is a direct induction of the first one.

In order to give a rigorous error estimate without presumption on the bound-
edness of the numerical solutions, we adopt the cut-off technique to the nonlinear
terms in ZS (3.2.1) as [5,7,32] did. We apply the cut-off function onto E* for
the nonlinear terms N°E° A|E¢|? in (3.2.1) as in [32]. Choose a sooth function
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p(s) € C*°([0,400)) such that

)
1, 0<s<1,

p(s)=qel0,1], 1<s<2, (3.3.17)
0, s> 2.

\

Let My be a uniform upper bound of E(z,t) and E°(x,t) for all € € (0,1] on
Qr =Q x (0,7). For example, choose

My = maX{HE(x>t)HL°°(QT)7 Sl(l()pl} HE€<x7t)HL°°(QT)}7 (3318)
ee(0,

Define the cut-off function for norms

pp(s) =sp(s/B), s>0, (3.3.19)
where B = (1 + Mj)?. Let
1
g(u,v) = / P (0lul® + (1 — 0)|v]*)dé. (3.3.20)
0

Let B0 = F=0, N=0 = N=0 N=! = N=! and let (K=", N=") be the solution of
a variation of the CSI-4cFD scheme (3.2.9) and (3.2.10):

. Nsn Ns,n—l ) R Ee,n _i_EA;,n—l

i0; 5" = [ A102 + fjg(E;v”,Ej’"*l) . (3321
~ 1 ~ ~ ~

SOENT" = AT (NP ) AT (1B (3.3.22)

for j € T7,n > 1. Notice that (E=", Ne") is another numerical approximation of
(E°(xj,t,), N*(z;,t,)) and is equal to (E=", N*") if the function g(EE" EE" H=1
in (3.3.21) and pp (|Ej"\ ) = |Ej”| in (3.3.22) for all j, n. Since p'5 is bounded, we
know pp and g are Lipschitz functions. Therefore, the system composed by (3.3.21)
and (3.3.22) is uniquely solvable for small time step 7. In the following context, we

will prove the theorem 3.2 and 3.3 type error estimates for (E=", No™) at first.
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3.3.2 An error bound via the energy method

We will show (3.3.3) type error estimate for (E*", N®™). Define new error func-

tion e=", =" € X for n > 0 as
& = Ef(x,t,) — BT, 05" = Ne(ay,t,) — N7"°, j € T7, (3.3.23)

J

and local truncation error 7*", €5 € X for the new scheme (3.3.21) and (3.3.22).

Ne(z: t, Ne(x;,t,
(.77], 1) + <x‘7 )g(Ea(l'jatn—l)vEa(x]"t"))]

i =it B ) + | A8 -

2
% Ee(xj,tn,l) + E€($j,tn)
2 Y
Fen € - Ljs + N (z ) = €
£ —e252N (xj,tn)—Ahlag( @) 5 Uit |y (18 (:cj,tn)IQ))7

for j € T;,n > 1.

Under assumption (3.A), we have g(E®(z;,t,-1), E°(xj,t,)) = L and pp (| E*(z;,t,)]?)
= |E*(25,t,)|*. Therefore, 77" = 07" and fjn = ¢;". As in Lemma 3.2, we have the
following error bounds for 7", 55’” e Xy

h4 7_2

< -
~ gl-ar + g3—at’

P e R T e L

62—04T ’

. Tht 73 5ol ht 72
v HZQ ~ <,:-l—oz* 63—oﬁ’ || ¢V Hﬁ ~ <,:-1—01* + 63—041‘ :

(3.3.24)

As in the conservation proof of the discrete Hamilton, we introduce the discrete

potential function @ e X s such that

_1
— AN = 605, (3.3.25)

j
for j=1,---,J—1, n > 1. Note that (3.3.25) and (3.3.24) give the bound of first

layer of u®
h4 7_2

i | SN0 0 S =
Wl S0P |2 S T T at

Subtracting (3.3.21) from (3.3.8) and (3.3.22) from (3.3.9), we get the following

(3.3.26)

error equations:

1
id; 5" = —5,4;153(@;’" e + R+, (3.3.27)

~EM ~e,n—1
v+ v . ~
225" = A2 (% - PJ”) +E, (3.3.28)
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for j € T;,n > 1, with

Ry = (N 2 t) 4 N (23,8,0)
X g (B (), tn) B (2, tn-1)) (B (25 tn) + B (25, tn-1)) (3.3.29)
 LNET g N g(BS B (B B,

Pi = pp(|B* (2, ta) ) = pu(1E5" ). (3.3.30)

In order to bound R” by [€5"] and [05"]’s, we rewrite [} as a summation of three

differences:

1 ~EN ~EN— fhen  fhen— e e, n—
R} =" + 05 Dg(ES™ BT (ES 4 B

J J J

1 5 [IEN  ThEN— SEM ~E—
+Z(N (x]a )+N (xja n— 1))9(533'7 7Ej 1)( +6 1)
(3.3.31)

* %(Q(Ee(xj, tn)? Es(xjv tn*l)) - g(E?na EAj’nil»
X (V¥ (@) + N (5, ta)) (B (25, ) + B (1),

From the construction of f and g, we know | f'|| . || f”|l., are bounded. Therefore

we have

o5 (1B (z;,t0)1) — pu(| E5" )] < \/Cplé}], (3.3.32)
9(E* (2, tn), B (2, ta-1)) — g(ES", B )| S len] + [er, (3.3.33)
|9e (¥ (), tn), B (2, tn1)) — ge(BS", BN S 1ep| + (77, (3.3.34)

163 (9e (B (25, tn), B (2, t01)) = e (B5™ ES" NS Y (€] + €74 + 167 €7')),

m=n—1
(3.3.35)

where g.(u,v) = g(u,v)(u+wv), for u,v € C, and Cp is a number depending on B and

p(+). After combining (3.3.31), (3.3.33) and (3.3.34) and using Cauchy inequality,

we have

LA

DT (3.3.36)

Asn
J ‘—i_ e]

~EM
7" +

In order to bound the [|€;"[|, term, multiplying hr(e5" + & ") on both side of
(3.3.27), summing up for all j, and taking the imaginary part, we have:

Hés,nHP _ Hés,nfl”e2 — TIHl(En,éE’n 4 és,n71> 4 TIm<ﬁ8’n,éE’n 4 és,n71>. (3337)
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In order to bound the [¢3"[ term, which is equivalent to [&;"| as showed in

(2.2.16), multiplying h(é5" — é?"_l) on both side of (3.3.27), summing up for all j,

and taking the real part, we have:

1 .
3 (Iés’"h,* - |é€’"*1|1,*> = —Re(R",&" + &™) — Re(", 65" — & 71). (3.3.38)
In order to bound the ||ﬁj" .en—

et d 1
term, multiplying hT(ﬁ;’ AR @;" *) on both side

[P

of (3.3.27) and summing up for all j, we have:

el el L. e
& (laeme3,, = 18 )+ (107 = 97 )
(3.3.39)
+ <pn ﬁe,n—i-l . I;a,n—l) _ _7_<ée,n ﬁa,n—&—% + aa,n—%)
7 Y .

For energy S defined by
§" =3Cp|le | + 206, + asm
1 , 1 R (3.3.40)
SN 4 SN + (B 5 g,
3Cp(3.3.37) 4+ 4(3.3.38) + (3.3.39) indicates
S"— S =3CETIm(R", 65" + 65"71) + 3CHT Im(f™", 6" + 6"7)
(P = Pt g 2y ARe(RY e 4 ) (33.41)
— 4Re(fo", &5 — &) — (€57, amte 4 ff’"‘é>.
Note that the coefficient 3C5 in S™ is designed to make sure
5> € (Il + o+ 1°7),0)

for some positive constant C'. We have the following lemma to bound each term on

the RHS of (3.3.41).

Lemma 3.4. Under assumption (3.A), we have the following estimates

‘Im<Rn,é£’n—|—éa’n_l>‘ S ||éa,n |?2 + ||Da,n||§2 + éa,n—lHEQ + ﬁa,n—l}ljm (3.3.42)
~EMN AEN ~EN— ~E,N ~E,M AE,MN— 2
[Im (577", 65" + e N S 97" I + 16" 17 + [|e=" || - (3.3.43)
~ ~ 112 1
‘(P”, e 4 pently| < QHP” .t <Hz§€’”||§2 + ﬁavnﬂui) , (3.3.44)

n
[Re(i™", e=" — e | <7 (Iﬁa’”lf,* + 17 + Y (e ™ I + e

n—1

Lt ||19‘5’m||§z)) ;

(3.3.45)
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’<]3n . pn—l7 pEm + ﬁa,n—1> . 4Re<fi”, pEm + és,n—1>

Ll 2 2 2 (3.3.46)
s+ S0 (el +1em i, + 1) )

m=n—1
and

n
- <é€,m7 ,ae,m—&—% + as,m—%>

m=1
+ 21: (0‘
m=0

with C' a constant independent of h, T and ¢.

sén |, + 1o
t 2 v 22

2
~E,n+m
v Hﬁ) ’

n—1
<T Z (C
m=1

AE,n+1fTrL 2 ~E.m 2
genrtm|| oo +

(3.3.47)

~ 2
e

Proof. The first 4 inequalities are direct from the Cauchy inequality. For any u,v €

X ; and any positive constant C'; we have
C. oo 1 2
{u, v)] < Sllulle + 55 11v]e- (3.3.48)
Substituting the error equation (3.3.27) into (3.3.44), we have
1 .
Re(i®™, " — " 1) = 7 Im (5", —5./4;152@6’" + e+ R+ 77", (3.3.49)

Then, (3.3.42)-(3.3.45) are direct inference of (3.3.48).
For (3.3.46), from the definition of R;L and ]5]” in (3.3.31) and (3.3.30), we have

~

<Pn _ pn—l’ﬁe,n + 1)5’”_1> _ 4Re<Rn7éa,n + éa,n—1>
— Re((0°" + 07" )G2, B (%, 1) — B*(X, 1)) (3.3.50)

o Re<(N€(X, tn) + ]\f‘g(X7 tnfl))G?, PR ée,n—1>’

where x = (zg = a, 1, %9, -+ ,x; = b) is the vector of all spatial grid points, and
Gn = ge(Ee(Xa tn), EE(X, tn_1>) — ge(E57n7 EA’E,TL—I).

e

From (3.3.34), we have ||G2| 2 < [1€5™]|2 + ||é5™ Y| ;2. From Cauchy inequality and
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mean value theorem, we get

|Re({(0°™ + 05" HG™ E5(X, t,) — E°(X, tp_1))|

~

gn—1 2
€ HP +

~e,n—1 2
v He?) ’

STUOEE (5, Dl (e 17 + 197 +

~e,n—1 2
v He?)

<7 (6% + 151 + e +

(3.3.51)
‘ Re<<N8(X7 tn) + Na(X, tn*l))G:, éa,n + éE,n—lH

1 .
=|7 Im((N®(x,t,) + N°(x,t,—1))GY, —5./4}:162((%5’” + &= ) + RY + 7™

x

n
<r (nﬁwup £ 30 (e + o + |é€’m|i*)) -

m=n—1

(3.3.52)

Combining (3.3.51) and (3.3.52) together, then we have the bound in (3.3.46).
For (3.3.47), we have the Abel summation:

n

S 1 e,m—1 2 N N
_r Z<£s,m7ﬁs,m+§ + ﬁjv 2> — Z<(5§)71Ah£s,m’ pEmtl Vs,m71> (3353)
m=1

m=1
n+1

1
S A ) 4 ST (0 A, 5,

m=0

n—1

= D (B0 A ) +
m=2

Since ((5923)_1,4;155’" € X, has zero boundary, there exists a positive constant C'

independent of h, 7 and ¢, based on the discrete Poincaré inequality such that

H((Si)”/lhés’" L <ojer (3.3.54)

e
The estimate (3.3.47) holds for a direct application of Cauchy inequality (3.3.48) to
(3.3.53). O

From (3.3.44) and (3.3.32), we get

R 1
<Pn7 e ﬁa,n+1> < ZCBHés,nH?Q + Z <”ﬁa,n”§2 +

L) (33.55)
Therefore, the 5™ defined in (3.3.40) has a lower bound

Q 5 AET L. n
§" > Cplle" I + e[y, + 71197 > 0. (3.3.56)
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Summing up (3.3.41) for time steps from 1 to n < % and applying the estimations

in Lemma 3.4, we obtain

1
Sr<Sh 4y (C‘
m=0

2
N (AT )
m=1

h* 2\’ NP
5 (81—04* + 53——04T) + T Z S s (3357)
m=1

with C' a large enough positive number independent of h, 7, and . The last inequality

~ 2 N 2
6’3,mHK2 +C’ ga,n—f—l—me + ||ﬁa,m||§2 +

o)

b N 1 I + 1 €

above depends on

1 R
_Hﬁs,luig 4 <Pn,ﬁs’1 4 ﬁ8’0>

~ 2
8° =20}, +e*a3,, + 5

h4 7_2 2
5 ( 1—ak + 3—af ’
15 €

From the discrete Gronwall’s inequality, for sufficiently small 7 > 0, we have

4 2 2
5"5( L ) . (3.3.59)

cl—ax {_:370/r

(3.3.58)

Combining (2.2.16), (3.3.56) and (3.3.59), we get

. . . A . . h4 7_2
e e + 1€y + 127" e S NE e + 161 + 17" e S S + =
(3.3.60)

3.3.3 Another error bound via the limiting equation

We will show (3.3.4) type error estimate for (E=™, N®") in this subsection. Define

the biased error function as

&;" = Bl tn) — E;", 07" = N(zj,t,) = N;", j€T)n>1, (3.3.61)
where N(z;,t,) = —|E(x;,t,)|*. Also define the discrete potential @z e X,

satisfying gen—e = —(62)71 AL, ﬁ;’" and define local truncation errors 75", £&" €
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X as

Nx'atn— —{—Naj,tn
( J 1)2 ( J )g(E(xj,tn—l>7E(xJ’tn))

E(l’j, tn—l) + E(l‘j, tn)
2 )

;" =ioy, Bz, tn) + [A,:léi —

X

(3.3.62)

é'?’n 2826152]\[(1’]', tn)

— A2 (N(xj’t”) +2N(Ij’t”‘1) v f (|E(xj,tn)|2)> . (3.3.63)

As proved in Lemma 3.2 and 3.3, under assumption (3.A) and (3.B), we have the

following local truncation errors

17+ 0377 | S B2 €0+ [oéer]|, s+t 3.364)
and
Hﬁ&lHeQ S Th* + 72 4% + 557 ‘ ff’% 02 N H(S;ﬁ&lH@ N W' 74t

(3.3.65)
The differences between (3.3.62),(3.3.63) and (3.3.21),(3.3.22) yield the error func-

tions
1 — B ~£,n
i0; " = —QA,jléi(éj’" +EM) + R+, (3.3.66)
D;,n + Dg,n—l ~ ~
20" = AL ( / 5 I+ Pf) +&7, (3.3.67)

for j € T;,n > 1, with I;’;I and 15]” defined similarly as ]:2? and ]5]” in Section 3.3.2:

R =2 (N (2, t0) + N (2,1)

74
X g (E (xJ'?tn) 7E (xjﬁtn*l)) (E (mJ'?tn*l) +E (xjﬁtn)) (3'3'68>
1 e,n— €,n e faE,n— e, n— (e
_Z(Nf 1+Nj7 )Q(Ef 7Ej7 1)(Ej’ 1+Ej7 )s
PP = f(|E(xj, ta)]*) = FOES" ). (3.3.69)

Define a discrete energy function

~ 2
gn :BCBHéE’nH?Q +2|é€’n|i* +g2|1~f’”+%‘17*

Lo (3.3.70)
+ §||Ua,n+ ||€2 + 5”1/87””42 + <Pn, Va,n-i— + V‘S’n)'
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Similar to the procedure in Section 3.3.1, with the discrete Gronwall’s inequality,

we have
225 4. 2 212
(18 + 1671, + [5710) S 8" S (B 472 e 48 42 (3.871)
Combining (3.3.71) with assumption (3.B) and we have

165" 2 + €], + 127" || 2
<[|E™ o + 16", + N ECytn) = E°Cotn)llgn + INCotn) = N t0)]l 2 (3:3.72)
<ht 472 4
3.3.4 Proof of the main results

Based on the above analysis, we now give the proof of (3.3.3) in Theorem 3.2
and (3.3.7) in Theorem 3.3. For any u € X, from the discrete Sobolev inequality,

there exists a constant Cp depending on the domain €2 such that

lull. < Calul,. (3.3.73)

Under assumption (3.A) and (3.C) and from (3.3.60), we have

HE&,n

< B (@, )l + 167 0 < Mo + 1, (3.3.74)

for small enough h and 7. Then we have E=" = E=" and N°" = N=" since the
equations for E5" and N" collapse to (3.2.9) and (3.2.10). From the uniqueness of
the solution of the CSI-4cFD method in Lemma 3.1, we have the boundedness of the
original numerical solutions (E=", N®"). Applying the whole estimating procedure

of Section 3.3.1 to €™ and v*", we have the error bound

h4 7_2
e llee +1e=" 1y + 1™l S = + =7y 0= <

, (3.3.75)

al !

as in (3.3.60).
For well- and less-ill prepared initial data cases, (3.3.75) becomes (3.3.3) since

o = 1. Applying the procedure in Section 3.3.2 to e=" and v*" as above, we
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obtain the error bound (3.3.4) in Theorem 3.2 as (3.3.72) with the extra assumption
(3.B). Taking the minimum of (3.3.3) and (3.3.4), followed by taking the supreme
for £ € (0,1], we have an ¢ independent error bound:

2

. T T
e ||,2 + Hé;“ea’”Héz + ™ e S B +€21(tpl] min{7r? + ¢* ’53——6”}’ 0<n<

41N

t 2
The two terms 72 + ' and ——— have the same order when 72 ~ &*, therefore
£ —Q

2
sup min{r? + &', %} < 72l (3.3.76)
£€(0,1] grme

For the ill-prepared initial date case, o' = o* = min{a, 8} < 1, and we get (3.3.7)
from (3.3.75).

3.4 Numerical results

In this section, we present numerical results of the CSI-4cFD scheme (3.2.9) and

(3.2.10) for the ZS (3.2.1). The initial data is chosen as [32]:
Ey(x) = e wo(z) = e/ wy () = we /A (3.4.1)

The parameter v and 3 are taken several typical cases:

Case 1. A well-prepared initial data, « = 2 and § = 2;

Case II. A less-ill-prepared initial data, « =1 and g = 1;

Case III. An ill-prepared initial data, o = 0 and g = 0;

Case IV. An ill-prepared initial data, « =0 and g = 2;

Case V. An ill-prepared initial data, « =1 and g = 0.5.

During our numerical simulation, the computational domain is fixed to 2 =
(200,200), such that the error due to the truncation with homogeneous Dirichlet
boundary condition is negligible. The ‘exact solution’ is computed by a finer mesh
or by the time splitting spectral method introduced in [18] with a fine enough mesh
h=1/32,7=10".
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In order to quantify the convergence, we use following standard error functions

for the discrete ¢2-error and H'-error at t,, = nt:

e(tn) = 6"l € (tn) = [l 2 + "1, VR (tn) = [lv*"

e (3.4.2)

Tables 3.1-3.5 and Figures 3.1-3.5 show the spatial errors of the 5 cases all converge
at 4-th order. As Table 3.1 and Figure 3.1 show, the spatial convergence rate is
independent of the dimensionless parameter ¢ for well-prepared initial data, which
coincides well with theorem 3.2. This is also true for the less-ill-prepared initial
data with example Case II showed in Table 3.2 and Figure 3.2. For the ill-prepared
initial data with o = 8 = 0 in Case III, the convergence rate of v¢ is reciprocal to e
as showed in Figure 3.3 (b).

In Figure 3.1 (a), the L? error lines for N¢ are parallel to the dashed reference
line h*, which shows the spatial convergence rates are of fourth order. In the plot of
Vp V.S. €, the error lines become parallel to horizontal axis as € decreases to zero,
which shows the converge in space is uniform of €. The error lines for E¢ are not
well separated, therefore, we list the convergence tables of the H' Errors for E°’s.
In Table 3.1, apart form the fourth order convergence rate detected in each row,
the error in each column will not increase as ¢ | 0, which shows the spatial error is

uniform of €. The analysis for the other four groups of initial cases is similar.
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Figure 3.1: Log-log plots of ¢2 errors of N w.r.t h (a) and € (b) with Case I initial
data.

Table 3.1: Spatial errors of CSI-4cFD at ¢ = 1 for the well-prepared initial data
Case I with eg =1/4,hg =0.8 at t = 1.

esn(t=1)h="hy h=ho/2 h=ho/2*> h = hg/2* h = hy/2*
e=¢o |9.85E-2 7.85E-3 5.27E-4 3.29E-5 2.05E-6
Order - 3.65 3.90 4.00 4.01

e=¢9/2 [1.01E-1 843E-3 5.42E-4 3.38E-5 2.10E-6
Order - 3.59 3.96 4.00 4.01

e =¢g0/2? |1.00E-1 8.62E-3 5.58E-4 3.48E-5 2.16E-6
Order - 3.54 3.95 4.00 4.01

€ =¢e0/2% |1.00E-1 8.64E-3 5.60E-4 3.50E-5 2.17E-6
Order - 3.53 3.95 4.00 4.01

e =¢go/2* |[1.00E-1 8.65E-3 5.61E-4 3.50E-5 2.18E-6
Order - 3.53 3.95 4.00 4.01

€ =¢e0/2° |9.99E-2 8.65E-3 5.61E-4 3.50E-5 2.18E-6
Order - 3.53 3.95 4.00 4.01
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Figure 3.2: Log-log plots of £2 errors of N w.r.t h (a) and e (b) with Case II initial

data.

Table 3.2: Spatial errors of CSI-4cFD at t = 1 for the less-ill-prepared initial data

Case IT with eg = 1/4,hg = 0.8 at t = 1.

h:ho h:h0/2 h:h0/22 h:ho/23 h:h0/24

= [9.80E-2 8.02E-3 5.40E-4
Order - 3.61 3.89
1.01E-1 8.45E-3 5.46E-4
Order - 3.58 3.95
1.00E-1 8.60E-3 5.56E-4
3.54 3.95
8.64E-3 5.60E-4
3.53 3.95
8.65E-3 5.61E-4
3.53 3.95
8.65E-3 5.61E-4
3.53 3.95

1.00E-1

1.00E-1

9.99E-2

3.37TE-5
4.00
3.40E-5
4.00
3.4TE-5
4.00
3.49E-5
4.00
3.50E-5
4.00
3.50E-5
4.00

2.10E-6
4.01
2.12E-6
4.01
2.16E-6
4.01
2.17E-6
4.01
2.18E-6
4.01
2.18E-6
4.01
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Table 3.3: Spatial errors of CSI-4cFD at t = 1 for the ill-prepared initial data Case

e (t=1)h="hy h="ho/2 h=ho/2% h = h/2® h = hy/2*
e=¢y |1.20E-1 1.06E-2 7.00E-4 4.37E-5 2.72E-6
Order - 3.50 3.92 4.00 4.01

e =1¢0/2 |[1.01E-1 9.95E-3 6.90E-4 4.32E-5 2.69E-6
Order - 3.34 3.85 4.00 4.01

£ =50/2?|9.93E-2 850E-3 5.53E-4 3.45E-5 2.15E-6
Order - 3.55 3.94 4.00 4.01

£ =1¢0/2° |9.97E-2 8.61E-3 5.59E-4 3.48E-5 2.17E-6
Order - 3.53 3.95 4.00 4.01

£ =1¢c0/2* [9.99E-2 8.64E-3 5.61E-4 3.50E-5 2.18E-6
Order - 3.53 3.95 4.00 4.01

£ =¢0/2°|9.99E-2 8.65E-3 5.61E-4 3.50E-5 2.18E-6
Order - 3.53 3.95 4.00 4.01
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Figure 3.3: Log-log plots of £2 errors of N® w.r.t h (a) and ¢ (b) with Case III initial
data.
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Figure 3.4: Log-log plots of ¢? errors of N¢ w.r.t h (a) and € (b) with Case IV initial
data.

Table 3.4: Spatial errors of CSI-4cFD at ¢t = 1 for the ill-prepared initial data Case
IV with g = 1/4,hg = 0.8 at t = 1.

esn(t=1)|h="hy h="ho/2 h=ho/2* h="ho/2° h = hg/2*
e=¢o |9.34E-2 850E-3 5.79E-4 3.61E-5 2.25E-6
Order - 3.46 3.88 4.00 4.01

e =¢0/2 |9.64E-2 8.87E-3 5.96E-4 3.72E-5 2.32E-6
Order - 3.44 3.90 4.00 4.01

€ =¢e0/2%|9.82E-2 8.29E-3 5.32E-4 3.31E-5 2.06E-6
Order - 3.57 3.96 4.00 4.01

e =¢g0/2%(9.94E-2 8.57E-3 5.55E-4 3.46E-5 2.15E-6
Order - 3.54 3.95 4.00 4.01

€ =¢e0/2" |9.98E-2 8.63E-3 5.60E-4 3.49E-5 2.17E-6
Order - 3.53 3.95 4.00 4.01

e =1¢e0/2°|9.99E-2 8.64E-3 5.61E-4 3.50E-5 2.18E-6
Order - 3.53 3.95 4.00 4.01
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Table 3.5: Spatial errors of CSI-4cFD at t = 1 for the ill-prepared initial data Case
V with Ep = 1/4, h,() =08att=1.

h=hy h=ho/2 h=ho/2 h=ho/2® h = hy/2!

£=¢p
Order
e=¢0/2
Order
£ =¢eo/2?
Order
e=¢g/2?
Order
g =1¢go/24
Order
£ =¢gp/25

Order

1.03E-1 8.37E-3 5.60E-4

1.01E-1

1.00E-1

1.00E-1

1.00E-1

9.99E-2

3.63
8.57E-3
3.56
8.61E-3
3.54
8.64E-3
3.53
8.65E-3
3.53
8.65E-3
3.53

3.90
5.55E-4
3.95
2.58E-4
3.95
5.60E-4
3.95
0.61E-4
3.95
2.61E-4
3.95

3.49E-5
4.00
3.46E-5
4.00
3.48E-5
4.00
3.49E-5
4.00
3.50E-5
4.00
3.50E-5
4.00

2.17E-6
4.01
2.16E-6
4.01
2.16E-6
4.01
2.17E-6
4.01
2.18E-6
4.01
2.18E-6
4.01
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Figure 3.5: Log-log plots of ¢2 errors of N w.r.t h (a) and e (b) with Case V initial

data.
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The left part of Figure 3.1-3.5 shows that the spatial error converges in 4-th order
for all types of initial data when ¢ is fixed. The right part of the figures shows that
only the ill-prepared initial data has spatial errors depending on the dimensionless
parameter €. These numerical results verify our statements in Theorem 3.2 and 3.3.
Furthermore, the error scales showed in Figures 3.3(b), 3.4(b), 3.5(b) have different
dependent rate —1, —1, and —% on . This coincides with the O(elhfz) spatial error
bounds given in Theorem 3.3, which is a tight spatial error bound depending on ¢.

The time convergence test corresponding to Case I-V is showed in Tables 3.6-
3.10. For a fixed ¢, the temporal error of each case converges in second order. When
¢ decreases to 0, the error €%, of £°(x,t) remains the same scale, but the error v,
of N¢(x,t) starts to increase. This situation is more clear for the ill-prepared data.
In Table 3.8, for the last three columns of v/, the error in each row is approximate 8

times of the value of the above row form the line of ¢ = %, which shows the temporal

error is of order O(72/¢3) and coincides with Theorem 3.3.

%1074 1 %1013
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< 0 1
| 05" 1
= ‘f -l p
1t &
2 5
1.5 : ‘ ‘ 2 ‘ ‘ ‘
0 10 20 30 40 0 10 20 30 40
t t
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Figure 3.6: Wave energy (a) and Hamiltonian (b) variation w.r.t. t.

Figure 3.6 shows the variations of discrete wave energy and Hamiltonian for Case
11 initials with ¢ = 3%, J =128, and 7 = 0.05. We run the simulation to a long time
T = 40. The variations of wave energy and Hamiltonian are close to the round-off

error of the double precision, which verifies the conservation numerically.
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Table 3.6: Temporal errors of CSI-4cFD at ¢t = 1 for the well-prepared initial data
Case I with eg = 1,79 = 0.05 at t = 1.

€ To 0/2  T0/2%2 T[22 T/2%  To/2'  71/2°
e=c¢9 |1.62E-2 4.77E-3 1.24E-3 3.12E-4 7.81E-5 1.95E-5 4.87E-6
Order - 1.77 1.95 1.99 2.00 2.00 2.00
e =¢€0/2|1.39E-2 4.10E-3 1.06E-3 2.68E-4 6.71E-5 1.68E-5 4.18E-6
Order - 1.76 1.95 1.99 2.00 2.00 2.00
£ = €0/2%|1.36E-2 3.97E-3 1.03E-3 2.58E-4 6.45E-5 1.61E-5 4.02E-6
Order - 1.78 1.95 1.99 2.00 2.00 2.00
€= 80/23 1.44E-2 4.03E-3 1.04E-3 2.62E-4 6.55E-5 1.64E-5 4.08E-6
Order - 1.83 1.95 1.99 2.00 2.00 2.00
€= 80/24 1.43E-2 4.06E-3 1.05E-3 2.63E-4 6.58E-5 1.65E-5 4.10E-6
Order - 1.82 1.96 1.99 2.00 2.00 2.00
£ = £0/2°]1.43E-2 4.07E-3 1.05E-3 2.64E-4 6.60E-5 1.65E-5 4.11E-6
Order - 1.82 1.96 1.99 2.00 2.00 2.00

Vo To 0/2  T0/2%  10/2% T9/28 T/2'  1/2°
e=c¢y |1.67E-3 4.18E-4 1.04E-4 2.61E-5 6.52E-6 1.63E-6 4.09E-7
Order - 2.00 2.00 2.00 2.00 2.00 2.00

e =¢e0/2 |4.69E-3 1.20E-3 3.01E-4 7.53E-5 1.88E-5 4.70E-6 1.17E-6
Order - 1.97 1.99 2.00 2.00 2.00 2.00

£ = g0/2%|1.29E-2 3.85E-3 9.96E-4 2.51E-4 6.27E-5 1.57E-5 3.91E-6
Order - 1.75 1.95 1.99 2.00 2.00 2.00

£ = €0/2%|9.74E-3 3.46E-3 1.38E-3 3.77E-4 9.51E-5 2.38E-5 5.93E-6
Order - 1.50 1.33 1.87 1.99 2.00 2.00

e = g9/2[8.76E-3 3.97E-3 1.30E-3 4.83E-4 1.52E-4 3.91E-5 9.77E-6
Order - 1.14 1.61 1.43 1.66 1.96 2.00

£ = £0/2°|4.30E-3 2.68E-3 1.48E-3 5.87E-4 1.83E-4 6.86E-5 1.86E-5
Order - 6.83E-1 8.55E-1 1.33 1.68 1.42 1.88




3.4 Numerical results

Table 3.7: Temporal errors of CSI-4cFD at t = 1 for the less-ill-prepared initial data

Case Il with g = 1,79 =0.05 at t = 1.

T0 ’7'0/2 T0/22 70/22 7'0/23 7'0/24 7'0/25
1.62E-2 4.77E-3 1.24E-3 3.12E-4 7.81E-5 1.95E-5 4.87E-6

Order

Order

- 1.77 1.95 1.99 2.00 2.00 2.00
1.45E-2 4.29E-3 1.11E-3 2.80E-4 7.02E-5 1.75E-5 4.37E-6
- 1.76 1.95 1.99 2.00 2.00 2.00
1.46E-2 4.23E-3 1.09E-3 2.74E-4 6.87E-5 1.72E-5 4.28E-6
- 1.79 1.95 1.99 2.00 2.00 2.00
1.49E-2 4.17E-3 1.08E-3 2.71E-4 6.77E-5 1.69E-5 4.22E-6
- 1.83 1.95 1.99 2.00 2.00 2.00
1.47E-2 4.13E-3 1.06E-3 2.67E-4 6.67TE-5 1.67E-5 4.15E-6
- 1.83 1.96 1.99 2.00 2.00 2.00
1.49E-2 4.15E-3 1.06E-3 2.67E-4 6.69E-5 1.67E-5 4.17E-6
- 1.84 1.96 1.99 2.00 2.00 2.00

To 0/2  T0/2%  10/2% T9/28 T/2'  1/2°

1.67E-3 4.18E-4 1.04E-4 2.61E-5 6.52E-6 1.63E-6 4.09E-7
- 2.00 2.00 2.00 2.00 2.00 2.00

5.73E-3 1.45E-3 3.65E-4 9.12E-5 2.28E-5 5.70E-6 1.42E-6
- 1.98 1.99 2.00 2.00 2.00 2.01

1.67E-2 4.69E-3 1.20E-3 3.02E-4 7.55E-5 1.89E-5 4.71E-6
- 1.83 1.96 1.99 2.00 2.00 2.00

4.12E-2 1.12E-2 3.02E-3 7.73E-4 1.94E-4 4.85E-5 1.21E-5
- 1.88 1.89 1.97 2.00 2.00 2.00

9.59E-2 3.68E-2 1.03E-2 2.65E-3 6.70E-4 1.68E-4 4.18E-5
- 1.38 1.84 1.96 1.98 2.00 2.00

9.55E-2 6.30E-2 3.11E-2 9.87E-3 2.56E-3 6.44E-4 1.61E-4
- 6.00E-1 1.02 1.66 1.95 1.99 2.00
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Table 3.8: Temporal errors of CSI-4cFD at ¢ = 1 for the ill-prepared initial data
Case III with eg = 1,79 =0.05 at t = 1.

€ To 0/2  T0/2%2 T[22 T/2%  To/2'  71/2°
e=c¢9 |1.62E-2 4.77E-3 1.24E-3 3.12E-4 7.81E-5 1.95E-5 4.87E-6
Order - 1.77 1.95 1.99 2.00 2.00 2.00
e =¢e0/2|1.71E-2 4.98E-3 1.29E-3 3.25E-4 8.13E-5 2.03E-5 5.07E-6
Order - 1.78 1.95 1.99 2.00 2.00 2.00
£ = €0/2%|2.70E-2 7.27E-3 1.85E-3 4.64E-4 1.16E-4 2.90E-5 7.23E-6
Order - 1.90 1.97 2.00 2.00 2.00 2.00
€= 80/23 2.73E-2 7.72E-3 2.00E-3 5.05E-4 1.26E-4 3.16E-5 7.87E-6
Order - 1.82 1.95 1.99 2.00 2.00 2.00
€= 80/24 4.28E-2 1.07E-2 2.67E-3 6.67E-4 1.67E-4 4.16E-5 1.04E-5
Order - 2.00 2.00 2.00 2.00 2.00 2.00
£ = £0/2°(8.87TE-2 2.04E-2 4.99E-3 1.24E-3 3.09E-4 7.72E-5 1.92E-5
Order - 2.12 2.03 2.01 2.00 2.00 2.00
Vo To 0/2  T0/2%  10/2% T9/28 T/2'  1/2°
e =cy |1.6TE-3 4.18E-4 1.04E-4 2.61E-5 6.52E-6 1.63E-6 4.09F-7
Order | - 200 200 200 200 200 2.00
&= c0/2 |8.61E-3 2.17E-3 5.44E-4 1.36E-4 3.40E-5 8.49E-6 2.11E-6
Order | - 199 200 200 200 200 201
e = £0/22|4.34E-2 1.12E-2 2.82E-3 7.07E-4 1.77E-4 4.42E-5 1.10E-5
Order - 1.96 1.99 2.00 2.00 2.00 2.00
£ = €0/2%|3.10E-1 8.22E-2 2.09E-2 5.24E-3 1.31E-3 3.28E-4 8.17E-5
Order - 1.91 1.98 1.99 2.00 2.00 2.00
€= 80/24 1.51 5.75E-1 1.60E-1 4.06E-2 1.02E-2 2.55E-3 6.35E-4
Order - 1.39 1.85 1.98 2.00 2.00 2.00
e =1¢e0/2°| 3.04 2.00 9.85E-1 3.11E-1 8.05E-2 2.02E-2 5.04E-3
Order - 6.01E-1 1.02 1.66 1.95 1.99 2.00
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Table 3.9: Spatial errors for second-order semi-implicit finite difference scheme at

t = 1 of Case III initial data with € = 2%,

h ho  ho/2  ho/22  ho/28  ho/2Y /25 ho/2°  ho/2T
e, (t =1) [3.74E-19.90E-22.71E-2 6.88E-3 1.72E-3 4.31E-4 1.08E-4 2.69E-5
Order - 1.92 187 198 200 200 200 2.00
CPU time (s)| 3.72 9.02 2.35E1 6.59E1 2.01E2 5.39E2 1.40E3 4.47E3

Table 3.10: Spatial errors for CSI-4cFD at t = 1 of Case III initial data with ¢ = 2%

h ho ho/2  ho/2%  ho/2®  ho/2% ho/25 ho/28  ho)2
s (t=1) |9.97E-28.61E-3 5.59E-43.48E-5 2.18E-6 1.36E-78.46E-9 4.98E-10
Order - 353 395 400 400 4.00 4.0l  4.08
CPU time (s)| 3.08  7.48 2.14E1 5.59E1 1.58E2 4.04E2 1.20E3 3.96E3

Table 3.9 and 3.10 provide a comparison between the second-order semi-implicit
finite difference scheme in [32] and our CSI-4cFD. From last rows of the two tables,
we can see the computation cost at a fixed mesh are the same for both methods.
Comparing two consecutive time consumptions in both tables, we find that a spatial
mesh refining will increase the CPU time by a factor around 2.7 for both method-
s. The bold cases in two tables are four groups of experiments that achieve same
numerical error for both methods respectively. The CSI-4cFD reduces the computa-
tional cost a lot to achieve an aimed accuracy comparing to the second order method

since the CSI-4cFD methods has higher spatial convergence rate.



Chapter I

Uniform Error Estimate of a 4cFD for ZS

4.1 An asymptotic consistent formulation

Consider the Zakharov system (ZS) in d dimensions describing the propagation

of Langmuir waves in plasma,

i0,E°(x,t) + AE®(x,t) — Né(z,t)E*(x,t) =0, xe€R% t>0,

20y Ne(x,t) — AN®(x,t) — A|E(x,t)]> =0, xeR% t>0, (4.1.1)

E*(z,0) = Ey(x), N*(x,0) = N§(z), 9;N°(x,0) = Ni(x), =€ R?,
where E¢(x,t) is a complex function describing the slowly varying envelope of a high-
frequency plasma field, N¢(z,t) is a real function representing the plasma ion density
fluctuation from its equilibrium position, « is the spatial coordinate, t is the time
coordinate, and ¢ € (0, 1] is a dimensionless parameter inversely proportional to the
ion acoustic speed. Fy(x), N§(x) and N (x) are given initials with N7 (x) satisfying
Jga Ni(x)dz=0. The asymptotic expansion [32] of the solution (E°(z,t), N°(x,t))

ase | 0is
E*(w,t) =E(w,1) + & EV(,0) + ' B (@) + -
+ e YO (g t/e) + UM (gt fe) 4 - (4.1.2)
NE(:B, t) _ ]E(a:, t)|2 +82N(1)(IIJ, t) +53N(2)($,t) 4.

+e VO (xt/2) + VO (@ t/e) + eV (z t/2) + O(e?),  (4.1.3)
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with V1, V@) satisfying
( (

VW (z,5) — AV (x,5) = 0, 05V (z,5) — AV (x,5) = 0,

VO (z,0) = wy(x), V@ (z,0) =0, (4.1.4)

\(f)sV(l)(:c, 0) =0, \85V(2)(:1:, 0) = wi ().

The initial data can be classified into well and less-ill prepared («, 5 > 1) and ill
prepared (min{a, 8} € [0,1)) cases through considering the leading oscillation in
the density N¢ as [2,17,32,82] did. Inspired by the fitting corrector adopted by [2],
we introduce the following asymptotic consistent formulation for the incompatible

initial data as in [16]. Solve a linear wave function G*(x,t) from

055G (x,5) — 5AG(x,5) =0, xR s>0,

G (,0) = e%wy(a), ze R, (4.15)
0,Gé(x,0) = 1wy (), z € RY,
and let
Fé(x,t) = |E*(x,t))* + N°(x,t) — G*(x,t), x€R%Lt>0. (4.1.6)

Substituting (4.1.6) into ZS (4.1.1), we get the asymptotic consistent formulation of
ZS:

i0,E° (x, 1) + AE* () + [|E* (2, t)|* — G (x,t) — F°(x, )| E*(x, 1) = 0,

20 Fe(x,t) — AF*(x,t) — 20y | E*(x,t)] =0, z€R%t >0,

E¢(x,0) = Eo(x), F*(x,0) =0, 9,F(z,0) =0, = € R
(4.1.7)

Note that the fitting corrector term G®(x, t) is exactly the union of the first and
second initial layers of N¢(x,t) arising in (4.1.2). It can be solved exactly as long as
the initial data wy and w; are given. When ¢ | 0, the convergence to NLSE (1.2.10)
can be depicted by higher order approximation: E¢(x,t) — E¢(x,t) with E*(x,t)
satisfying a nonlinear Schrodinger equation with an oscillatory potential G¢(z,t)
(NLS-OP):

i0, B (,t) + AE (1) + (\Ea(az, 1% — G=(x, t)) B (z,t) = 0,
E¢(x,0) = Ey(x).
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[16] proposed a uniform accurate finite difference method for the Zakharov sys-
tem with asymptotic consistent form. They achieved uniform second order spatial
convergence independent of the dimensionless parameter . Due to the high speed
outgoing wave from the initial layer [2,17,91], the numerical method needs a large
spatial domain of size O(%), which arouses large computational cost if we need small
h to achieve a required accuracy. Fortunately, the high oscillation in ZS wavelength
of ZS is O(1) on spatial direction provided non-oscillatory initials [16,32]. and we
are not restrict to use tiny h for spatial resolutions. Therefore, we adopt the 4th
order compact scheme to ZS, by approximating the spatial derivatives at a point
with the same number of nodes as the second order method needs to achieve a higher
accuracy. The computational cost can be reduced a lot with a coarser grid partition
than the second order method for an aimed error.

In this chapter, we apply the fourth order compact finite difference schemes to
the asymptotic preserving formulation. For simplicity, we only show the schemes
and analysis in one spatial dimension. Generalizations to higher dimensions are
straightforward. For numerical computation, we truncate our computational domain
into an interval 2 = (a,b) with zero Dirichlet boundary conditions. The asymptotic

consistent form of ZS (4.1.7) is

10, EF (2, 1) + Ope B (2, 1) + [|E* (2, 1)|* — G5 (x, 1) — F&(x,t)|E*(x,t) = 0,
20 Fe(2,1) — Opu F(2,1) — €20y |E*(x, )" =0, z€Q, t>0,

(4.1.9)
with boundary condition
E(z,0) = Eo(x), F<(z,0) =0, 8,F(z,0) =0, z €,
(,0) = Bol@), F*(2,0) =0, 9F(2,0) =0, 7 o)
EE(QZ,t”aQ = O, Fg(l“,t)‘ag = 0, t Z 0,
where G®(x,t) solves
0ssGe (1, 8) — 6%81:06*5(3:, s) =0, x e s>0,
Ge(2,0) = e®wp(x), 0;G(x,0) = e’ lwi(z), =€, (4.1.11)

Ge(x, $)|oq = 0, s> 0.
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The rest of this chapter is organized as follows. In Section 4.2, we introduced
the uniform accurate fourth order compact scheme (UA-4cFD) for the asymptotic
consistent formulation. The solvability, stability, and main results on error esti-
mation are also presented. In Section 4.3, the uniform accurate error estimates of
the UA-4cFD, combined by the optimal dependence of spatial and temporal errors
on the small parameter €, and error bounds through the biased error function are
analysed rigorously. Several numerical simulations are reported in Section 4.4 to

test the convergence rate from the theoretical analysis.

4.2 A uniform accurate 4cFD (UA-4cFD)

4.2.1 The numerical scheme

For mesh size h := (b—a)/J and time step 7 := T'/N, with .J, N positive integers
and 7" > 0 a fixed time less than the maximum common existence time for the
solutions of (4.1.9). Denote the grid points and time steps as:

zj:=a+jh,j=0,1,....J; t,:=n7,n=0,1,...,N.

Let T; ={1,2,---,J—1}and T) = {0,1,2,--- , J} be the index sets of grid points;
let E;™ and F;™ be the numerical approximation of E®(x;,t,) and F*(x;,t,) for

J € T?; and denote the possible solution space as
Xy =A{u= (uj)jero : uo = uy = 0} c c/th (4.2.1)

Apart from the standard finite difference operators as noted in Section 3.2.1, we

introduce two more finite difference operators:

n+l _  n—1
Y j

5tu? - 27

2h

for uf = E;" or N". Let Aj be the standard fourth order approximation of the
second order derivative as
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then we have the uniform accurate fourth-order compact scheme (UA-4cFD) [124]

of form:
‘ . an 1 F‘s,n+1 . R Eg,nfl +E;,n+1
0" = | = AL + o G B A (423)
e,n r _ en—1 e,n+1 e,n|2 .
SO = A (BT FT) + 0 |, e Tn > 1, (4.2.4)
with boundary and initial conditions
EX =Ey(x;), F'=0, jeT,
ES" = E5" =0, FS"=F"=0, n>0,
and first step discretization from the Taylor expansion of (4.1.9) at ¢ = 0:
€,1 7—2 g,1 7—2 .
B = Eo(z)) + 7¢a(x)) + 3¢3(95j)a Fo = 5¢4(%’)7 J €Ty, (4.2.5)
where
(
é1(x) := ON®(x,0) = 2Im(E] (z) Eo(x)),
¢2(x) := OB (x,0) = i (Ej(x) — N () Eo(x)) ,
zeQ. (4.2.6)
¢3(x) == O (x,0) = i (¢3(x) — Ni(2)Eo(x) — Nj(x)g2(z)),
| 6u() == 0,F"(2,0) = 2Im (@@)Eg@) + Fol(2)#())

In order to ensure the boundedness of No! constructed from N! = G&1 — |E=1|* —
F=! for o, 8 > 0, we adopt the method in [32] and [16] to bound the terms con-
taining £°~! in (4.2.5) originating from (1.2.12): using the trigonometric function
sin(7/¢e) which is uniformly bounded for € € (0, 1]. Then, the first equation of (4.2.5)
becomes:

;2

o ((xy) — ;) Bolwy) — NE () ()

ES =Eo(x;) + ¢a(x;) + 5

itel T
— T sin(D) Bofay (7). (42.7)

The G?” can be solved directly by the sine pseudo-spectral method. After sine

transform of the initial values, the amplitude of each mode in time can be integrated
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exactly in the phase space. We have
< . (jkm 1 e’ I
y 521 sin ( 7 ) (5 woy, €08 { — + . wyysin | — ( )

where

km P jkm g J-1 ikn

We treat the G*™ as a source term in the iteration solver of (4.2.3) and (4.2.4). For

simplicity, we introduce time average symbols at time t = ¢, for a grid function

u™ € X; (with n > 0) and a continuous function v(x,t) on Qp :

n—1 n+1
[u]} = F—F—— 5 I n>1,j€ Ty

v(,th-1) +0(T, thy1)

, 1 €Q.
9 x

(W) (z,tn) =

Then, the 4th-order compact schemes (4.2.3) and (4.2.4) become
05" = (—A 024 Y+ 65 — | ) [T (4.2.9)

0 F" = AN OIFEL) + €267 |Ej»”|2, jET,n>1 (4.2.10)

4.2.2 Solvability of the difference equations

As in Lemma 2.1, the solvability of (4.2.3) and (4.2.4) can be proved by the

Brouwer fixed point theorem as in [9,115].

Lemma 4.1. (Solvability for the UA-4cFD) For any gwen initial data E°, F=0,
E=Y Fol € X, there exists a unique set of solutions E=™ and F" to the UA-4cFD
(4.2.3) and (4.2.4) forn > 1.

Proof. Firstly, we will show the solvability of the UA-4cFD. For every j € T;, we
can rewrite (4.2.9) and (4.2.10) as

[EE]? _ E;‘,Tl—l + T <A]:152 + |E]6,n|2 _ [FE];’L . G;,n) [EE]?, (4211>

2
en e,n T — eqn £ n €,n 2
[F ]j - Fj + ;Ahléi[F ]j +[E |2]j - ‘Ej | . (4.2.12)
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Define a continuous map ¥" : X; x Y; — X; x Y by
U (u,v) = (U7 (u, ), 3 (u, v)) (4.2.13)
with
n e,n—1 . —1¢2 em|2 e,n
(VY (u,v)); = u; — B —ir (.Ah o2+ BT — v — G )uj,

2
n T - n|2 n 2 n n|2
(V3 (u,v)); = v; — gv‘lhlfsivj +ES"T = F7" = 20wy + 2Re(uy ES) = 2| ES

forue X;,veY,={v=(vo,v1,-,v5) € R : vy = v; = 0}. Thus, we can

express (4.2.11) and (4.2.12) by

Y ([E°]", [F°]") = 0. (4.2.14)
Note that
T USROS (4.2.15)
l[ull 200 ||,
since

Re(uf (u,v), u) = lul} — Re(E=""u) > = (Jlull? = | E="|) - (4.2.16)

| —

Similarly, we have

2
n T
(W5 (u,v),v) > ||v]|% + E—QIUIT,* — C(u)[|v]|, (4.2.17)
and
m 200 (4.2.18)
lolla—oo o]l

Combine (4.2.15) and (4.2.18) together, we have

(4" (u, v), (u, v))|

lullgz vl =00 [|ulle + [J0]lp

= +o0. (4.2.19)

Since 9" is a continuous self mapping on finite dimensional space X; x Y, we
know 9" is a surjection from [57]. The Brouwer fixed point theorem [7,66] indicates
that ¢" has a preimage (u*,v*) for 0, i.e., ¥"(u*,v*) = 0. Then 2u* — E*"~! and
20" — F="1 are solutions to (4.2.3) and (4.2.4) respectively. O
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4.3 Uniform error bounds

Let T* be the maximum common existence time for the solution (E¢(x,t), F¢(z,t))
to the ZS (4.1.9) and the solution E°(z,t) to the corresponding NLS-OP (4.1.8).
For any T € (0,7*], as the asymptotic analysis showed, we may assume the ex-
act solution (E°(x,t), F*(x,t)) of the ZS (4.1.9) and the exact solution E°(x,t) of
the NLS-OP (4.1.8) are smooth enough and satisfying the homogeneous Dirichlet

boundary conditions with the following assumptions:

1B\ oo o.mpwmoo @)y T 1B lwooo.rpwace @) + € 1B [lwzs (o, ma.00 ()

+ 1 E s oo o,rpwaceqy S 1
HE LT HE W (0Tl () S W20 ([0,T]; W4 (2)) S
||F5||L°°([O,T];W7v°°(§2)) S e HFa||le°°([0,T];W2v°°(Q)) Se,
1E= 2.0 0,1 w3000y + € 1 FE liwsioo o rpmzce () + €2 I1F waceorpwase ) S 1
(4.A)
where
o = min(1, o, B). (4.3.1)
Under a good initial data assumption
1 Eoll 7o ) + llwoll gagay + [0l gaey S 1, (4.B)
we can obtain
IGE oo (0.7 v500 () S €F ™, m=10,1,2,3. (4.3.2)
Define the error functions e*", f*" € X; for n > 0 as
;" = B (xj,tn) — B, f;" = Fe(x),t,) — F}", j € 77, (4.3.3)

and we have the following error estimates.

4.3.1 Main results

Theorem 4.1. (Error estimates for well-prepared and ill-prepared initial data) As-

sume T S hoand under the assumption (4.A), there exist 19, ho > 0 sufficiently

Y
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small and independent of € such that for any e € (0, 1], we have the following error

estimate of the UA-4cFD for any 7 € (0,70], h € (0, ho] :

72 T
1€ |2 + €] + 1/ |l,2 S h* + = 0<n< P (4.3.4)
* * T
el + 16 A 1" e S 1* 472 472 4 0SS — (43.5)

Furthermore, combining (4.3.4) and (4.3.5) together, we have the following uniform
error estimate independent of :

for well-prepared and less-ill-prepared initial data (o, 8 € [1,+0)),

2
* 7-
e+ e, + 155 S B+ mingr? + 7+ T} S AU+ (43.6)

~Y

for ill-prepared initial data (o, B € [0,1)),

~

2
. " T -

6 + 165+ £ o S B+ minger? 4+ (4 €), T} S W75 (437)

for()gngg.

In order to get theorem 4.1, we use the energy method and cut-off technique
to prove the optimal error bound (4.3.4) and use the NLS-OP as a middle term
to prove the error bound (4.3.5). The diagram below shows the two approaches to
estimate the error between (E=", F=™) and (E°, F’¥) with the error scales labelled
on each arrow. The first path gives the error bound in (4.3.4) while the second path
gives (4.3.5).

O(h*+7)

(Es,n7F6,n) (Ea’Fs)
O

2

747‘ a* 2
€ Fetp 0Ol€ )

(E*,0)

Define the local truncation error 7=, 5™ € X; of UA-4cFD (4.2.3) and (4.2.4)
as
;" =i6,EF (v, tn)
+ A+ B ()] — G5 = (F) (@ )] (B) (5, tn),  (4.3.8)

&1 =0 F (), tn) — AL ON(FE) (), tn) — €267 | BF (5, 1) [, (4.3.9)
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for j € T;,n > 1.

Lemma 4.2. Under assumption (4.A), we have

2
177"l + 7"y S W+ — (4.3.10)
1€ |2 S 2R + 7, (4.3.11)
2
.
1665 2 S €h* + — (4.3.12)

Proof. For eachn > 1 and j € T, take Taylor expansion of £°(z,t) at point (x;,1,),

and, ES (z,t) at points (x;,tn+1) and (z;,t,—1) we have

i tn+1

n; =3- - O E° (x,5)ds
+ A2+ B (2, 1) — G5 = (F) (@, )| () (2, )
. tn+1
== | (0B — |EPE + EFFY) (a,8) + EF (a,5) G (,9)]ds
tn—l

[0 4 B (. 1) [P = (F) (. a) = G57] (E) (a; t)

= — / s|)?07 02 EF (x;, 8T + t,) ds
+ (A O2(E) (), tn) — (O2E) (24, L)) (4.3.13)
—/ — |s|)20?(EEF® — |E°|*EF) (), 87 + t,) ds

1

T (B ) = G — () (e 1) [ PO E (o sr 4 1) ds

1

2 1
- (xj,tn)/ (1= |s)202F (), 57 + £,) ds
—1

1 tn+1

tom [ B (y,8) GF (g, ) ds — B (x,,) G5

tn—1

For the second term in the last part of (4.3.13), we have

Ap (A 2B (2, t,) — O2E (25, 1,))
240  Oab

for some (; € (xj_1,2;41). Therefore, we have the following bound

= 02E°(zj, t) — AWOLE (x5, t,) = —

| A O (E) (g, t) — (2B () tn)| S WH|ORE"|| e - (4.3.15)
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Under assumption (4.A), we have

57 SN+ 7 (0002 + R P+

o0 ‘

+ (10:G% || o + 105 0) 1055 ]|o + (NEZNZ + 1G5l + I1FE1|0) 1022 )

2

Sht+—,
: (4.3.16)
for j € 77,1 <n <T/7 — 1. Similarly, we have
R R L R L N T IO R

<e’ht + 12,
for j € 77,1 <n <T/7—1. Apply d; and ¢; to (4.3.8) and (4.3.9) respectively, we
have

| SAITE L + 72 (oot + R (B P B + ol o2

+ (10:G° o + 10:F 1) 100 E7 | + (1EZ (1% + G lloo + I1F7 1) (|07 0. 7|

B 1330, F |+ (100:C L + 19,0, F ) 057
(10 B9 + 106 + 10 F .0 (|0 <))

2
T
Sh’4+_7
£

for jeT;,1<n<T/T—1.
065" | ShH[002F"| o +7° (20|, + 7|07 7|, + [|0P02F7|,)
2
<eh' + T—,
~ €
forjeT;,2<n<T/T—2. O
Lemma 4.3. Under assumptions (4.A) and (4.B), we have the following estimates
for the first step errors:
2 -3
0 =, e+ foze 5 2 et 5 5 fare] 5 5,
% < (4.3.18)
f =0, |f51‘< }6+f£0‘<
The first row estimation in (4.3.18) is from a d1rect Taylor expansion of E¢(z,t) at
(z;,0) for (4.2.7); the second row is from the fact f° = 0 and the Taylor expansion
of F*(z,t) at (z;,0).
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4.3.2 An error bound via the energy method

In order to give the error bound without prior assumptions on the boundedness
of our numerical solutions, we adopt the cut-off technique to the nonlinear terms in
ZS (4.1.9) as [5,16] did. We apply the cut-off function onto £ for the nonlinear
terms |E¢|? and FE° in (4.1.9) as in [16] and [32]. Choose a sooth function p(s) €
C>°([0, +00)) such that

L, 0<s<1,
p(s)=q€e(0,1), 1<s<2 (4.3.19)
0, s> 2.

Let My be a uniform upper bound of E(z,t) and E°(x,t) for € on Qp = Q x (0,7).

For example, choose

My = max{||E(x,t)||; 00y, SUP HEE x,t H , 4.3.20
o= masl B, Dll o, s B, 3 @s20)

Define the cut-off function for norms

pe(s) =sp(s/B), s>0, (4.3.21)
where B = (1 + Mj)?. Let
o) = [ (0l + (1= oppyas — L=

Let o0 = =0 [0 — pe0 f=l — =l and Fo! = F&!. Choose (E=", Fom)
to be the solution of a variation of the UA-4cFD (4.2.3) and (4.2.4) with cut-off

nonlinearity:
i B = | A0+ G5+ (= (1E5"2) + LTy g5 5 L5
(4.3.23)
E202EE = AT ET + 2262 (|E;v”|2) 7 (4.3.24)

for j € T;,n > 1. Notice that (EE’”,FE’") is another approximation of (E¢(z;,t,),
Fe(x,t,)) and it is equal to (E=™, ") if the function g(E;’"_l,E;’”H) =1in
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(4.3.23) and pp (|E’j’" 2> = |E]€"|2 in (4.3.24) for all 7, n. Since p/(s) is bounded, we
know pp and g are Lipschitz functions. Therefore the system composed by (4.3.23)
and (4.3.24) is uniquely solvable for small time step 7. In the following context,
we will prove (3.3.3) type error estimates for (E°", F=") at first. Define the error

functions é=", fs’” € Xy forn >0 as
&M = B (xy,t,) — EST, f77 = Fo(2y,t,) — ES", 5 €T, (4.3.25)
then we have the following error estimate.

Theorem 4.2. (Error estimates from the standard energy method) Assume 7 <
h and under the assumption (4.A), there ezist T1,hy > 0 sufficiently small and
independent of € such that for any ¢ € (0,1], we have the following error estimate

of the UA-4cFD for any T € (0,71, h € (0, hy] :
fs,n

Subtracting (4.3.23) from (4.3.8) and (4.3.24) from (4.3.9), we get the following

2 T
el + e+ |77, s 0+ T osasT s
02 € T

error equations:

i0:65" = (= A 02+ G5 [E1) + RY 445", (4.3.27)
6 fi" = AT + 6P + & (4.3.28)

for j € T;,n > 1, with

A

RY = ((F) (@, tn) — |E= (25, ta)[*) (B) (), tn)

) ) ot (4.3.29)
e,m|2 eqn £,1n €,n—
+ (on(1E5" ) — BT o (B3 B
P = pp(|E*(z5,t,) %) — pp(|ES" ). (4.3.30)

In order to bound R;L by [€5"| and | f;’"|’s, we rewrite R? as summation differences:
R! =g} + g5, (4.3.31)
with ¢, ¢ € X defined by
@ty = ((F) w5 ta) = By, ta)) (B ta) — g (B 5577) ).

a = (P =P ) g (B B ) e
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From the construction of p and g, we know ||p%s]|, [|#%||., are bounded. Therefore
we have
(1B (x5, t0)?) = ps(|ES" )] < V/Cilé] |, (4.3.32)
9(E (25, tan), B (25, t-1)) — g (B ES" N S Ut + 1871, (4.3.33)
190(B= (5, s ), B (1)) — go(BE™L B < el ], (43.34)
103 (9e (B (25, tus), B (25, tumr)) — ge (B3 E5"))
S D (epl+ el +lster), (4.3.35)
m=n=+1

where ge(u,v) = g(u,v)(u+v), and Cp is a number depending on B and p(-). Then,
combining (4.3.31), (4.3.33) and (4.3.34) and using Cauchy inequality, we have

> ~en+1 ren+1
‘R? Slem ] + ; ‘-F

G+

~E,M
& +

f;v”*’. (4.3.36)

In order to bound the [|€;"]| , term, multiplying 2h7(¢; et 4 e ") on both side of

(4.3.27), summing up for all j, and taking the imaginary part, we have:
165"l = €% o = 4 Im(R" + 577", [6°]"); (4.3.37)

In order to bound the |¢;"| term, which is equivalent to [;"|, as argued in (2.2.16),

‘1,*
5n+1 ~e,n—1

multiplying 2h(é; — €;"7") on both side of (4.3.27), summing up for all j, and

taking the real part, we have:
’66 n+1|1 i ’esn 1|1 .= -9 R6<G€ n[és]n 4 Rn 4 nsn se,n+1 es,n71>; (4338)

€n+%

nfl .
In order to bound the [|75"| , term, multiplying h7(d;" > + aj 2) on both side

of (4.3.27) and summing up for all j, we have:

el L/ fen—
& (jasm i, — a3, ) + (Hfa,w”p — 15 )

) 1 (4.3.39)
= ([f1,270,P") 4 (€, aemtE o).

Aa,n—I—% . .
Here, 4, is the solution of

en+i ren PN
— AT = S - P, (4.3.40)
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For energy S™ defined by

A

5" =C (Jle" 7 +

) 1 e
2 Aan—f—l 2 1 fentl 2 1 fem 2 (4341)
+ e*la® 2|1,*+§||f’ ||g2+§||f’ [

Cp(4.3.37) 4+ 4(4.3.38) + (4.3.39) indicates

S«n _ S«n—l —4r Im(Rn + 775,717 [éa]n> _ 2Re<Ga7n[éa]n + Rn + ﬁa,n’ éa,n-i-l . éa,n—1>

+ ([f1, 200, Py 4 (€ o 057,

(4.3.42)
Note that the Cg coefficient in S™ is designed to make sure
S«n > % ||é6,n||2 + éa,n+ll|2 > <jfm pn+1>
- 2 £2 £2 jall 3 .
We have the following lemma to bound each term on the RHS of (4.3.42).
Lemma 4.4. Under assumption (4.A), we have the following estimates
Im(R", [])| < 8™ 4 5771, (4.3.43)
[T (=", )] S Ml [l + 97+ ™7, (43.44)
AR(GT[ET + BT+ 0", 70e™") S | + 10717 + 8"+ 5" (4.345)
Re(R"™, 476,65™) < (1557 4+ S™ + S™71), (4.3.46)
‘Re(f%”, 476,65y — ([f°1, 270, P™) | < 775" |2 + S™ + S™7Y), (4.3.47)
and
an n ) 1 nol 2
fem se,mts nE,mM—% &0 Fe,m om
STy s (o -5
" " (4.3.48)

ée,nJrlfm

ée,m 2 +‘
22

2 2
+3 L)
m=1
The proof is mainly based on Cauchy inequality as in Lemma 3.4. (4.3.48) used

the technique of summation by part. Summing up (4.3.42) for time steps from 1 to

n < % and applying the estimations in Lemma 4.4, we obtain
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éa,n+1—m

n—1 2 9
STy Sy (‘é”” . +‘
nm:1 " n—1
w730 (I + ) + 7>
< (h +?) +rmz:15m,

The last inequality above depends on

2
02

“ 2
5,Em (4.3.49)
e?

A e 012 e 1,2 1,4 4,2
SO:’66,0|1,*+82|u672|1,*+§||f€’1H82
A 7_2 2 (4350)
<(h +— ) .
s(1+%)

From the discrete Gronwall’s inequality, there exists 7 > 0 such that for 0 < 7 < 7,

we have

2\ 2
gn < <h4 + %) . (4.3.51)

Combine (2.2.16) and (4.3.51) , we get

2
<nt+ T
2™ €

el + [l6F & | o + [ £ for

LSl + e+ |

(4.3.52)

4.3.3 Another error bound via the limiting equation

We will show (4.3.5) type error estimate for (E=", F<™) in this subsection. Define

the biased error function as

~ A

& = By, t,) — B, " =0— ", jeTin>1, (4.3.53)

J

Theorem 4.3. (Error bound from limiting equation) Assume 7 < h and under the
assumption (4.A), there exist T, ha > 0 sufficiently small and independent of € such
that for any e € (0, 1], we have the following error estimate of the UA-4cFD for any
T € (0,m),h € (0,hs] :

&7+ [5E ], + |75 (43.54)

2§h4+72+75a*+51+a*, 0<n<
¢

S
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Define the discrete potential "2 € X satisfying 4" 2 = —(02) " ARd; (f;" =

p;"”) and define local truncation errors 7°", éa’" e X
;" =0T B (2, ) + (A 107 — G57) (EF) (5, )

~ 2 ~ ~
om (|2 ]| ) o (B ) B 0

~ ~ 2 -
=i6E° (z,t,) + (,4;153 + ’E (z,tn) © ) (E9) (z4,t,) (4.3.55)

2) .Y ()E (25, 60)

As proved in Lemma 4.2 and 4.3, under assumption (A) and (B), we have the

~ ~ 2
& =—e%pp (‘E (zj,t5) ) , jE€T;  (4.3.56)

following local truncation errors

175" |2 + 777, S A+ 72 + 7 55” 5t§5” < glte (4.3.57)

Y

and

1
us2

Sh T4t 4 (4.3.58)

The differences between (4.3.55),(4.3.56) and (4.3.23),(4.3.24) yield the error func-

re,l < < — 7,1
/ 2 ’ e~ Hét / 2

tions

i0, &5 = (A, 02 + GSM[ENT + R + 7, (4.3.59)
S5 I = A G + 5P+, (4.3.60)

for j € T;,n > 1, with R;l and ﬁjn defined similar as R?’ and p]" in Section 3.3.2:

]?”:— EE(x;,t ) Ef)(x,t,)

(4.3.61)

En fren fren+1l fren—1

( ’E [F ]])g(E] 7Ej )7
= | E%(xj, ta)[* ~ (|E§’"l2)- (4.3.62)
Define a discrete energy function

an ~g,n ~e,n 2 ~g,n ~£,n 2

S =Ci (IlE 17 + =+ ) + e, + le s,
(4.3.63)

- 1,2 1, = 2 1, = 2
A S S
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Similar to the procedure in Section 3.3.2, with the discrete Gronwall’s inequality,

we have
~ 2 ~ * *
(1=l + 157, + ( fom ﬁ) <8< (W42 re f a2 (4.3.64)
Combining (4.3.64) with assumption (4.B) and (4.3.2), we have

~
fe,n

<le e + 16+ [ B tn) = B2, 1)

el + 1=+

42

o TIEE Gt e (4.3.65)
Sh 472+ (1 +¢).
4.3.4 Proof of the main results

Based on the above analysis, we now give the proof of (4.3.6) and (4.3.7) in
Theorem 4.1. For any u € X, from the discrete Sobolev inequality, there exist a

constant C depending on the domain €2 such that

Jull, < Calul,. (4.3.66)

Under assumption (4.A) and (4.B) and from (4.3.52), we have

HEa,n

< E (2.0l + 7], < My +1, (4.3.67)

for small enough h and 7. Then we have Een = Fon oand Fe" = F°" since
the equations for £5" and F=" collapse to (4.2.3) and (4.2.4). Thus, we have the
boundedness of the original numerical solutions (E=", F=™). Applying the whole
estimating procedure of Section 3.3.2 to e*™ and f*", we have the error bounds
(4.3.6) and (4.3.7).

Applying the procedure in Section 4.3.2 to =" and f" as above, we have the
error bound (4.3.5) in Theorem 4.1 as (4.3.65) with an extra assumption (B). Taking

the minimum of (4.3.4) and (4.3.5), we have

2

. * 7—
el + 15765, + 1557 o S ° 4 minge? 4’ (42, D), (43.68)

L

for 0 <n < % Take a common upper bound of RHS independent of e gives (4.3.7).
When a, 5 > 1, a* is 1 and we get (4.3.6).
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4.4 Numerical results

In this section, we present numerical results of the UA-4cFD (4.2.3, 4.2.4) for
ZS (4.1.9). The initial data is chosen as [32]:

Eo(z) = e /2 wo(x) = e /4wy () = sin(z)e /3. (4.4.1)

The parameter o and 3 are taken several typical cases:

Case I. A well-prepared initial data, « =2 and g = 2;

Case II. A less-ill-prepared initial data, « =1 and g = 1;

Case III. An ill-prepared initial data, « =0 and g = 0;

During our numerical simulation, the computational domain is fixed to 2 =
(200,200), such that the error due to the truncation with homogeneous Dirichlet
boundary condition is negligible. The ‘exact solution’ is computed by a finer mesh
or by the time splitting spectral method introduced in [18] with a fine enough mesh
h=1/32,7=10"".

In order to quantify the convergence, we use following standard error functions

as in [32] for the discrete ¢*-error and H'-error at t,, = nr:
ep2(tn) = 1€l 2, €5 (tn) = 6"l + 17" |1, V2 (tn) = |77 - (4.4.2)

Tables 4.1-4.3 show the spatial errors of the 3 cases all converge at 4-th order.
As showed in each column of the three table, the error does not increasing when
¢ decreases, which means the spatial convergence rate is independent of the di-
mensionless parameter € for all the initial data, which is exact as in Theorem 4.1.
Table 4.4 to 4.6 have second order time convergence rate for 7 much smaller than e,
which coincide with the error bound in (4.3.4). Although the convergence in time
is disturbed in the resonance region of the temporal error tables, the error scale is
unchanged when ¢ | 0 with 7 fixed, especially for the cases where £ decreases near
to €9/2°. This shows that the temporal error of UA-4cFD is uniform for e.

As in the analysis for (3.3.76), the resonance regions for ZS in subsonic regime

is from the matching 72 + & (7 + &) ~ é raised in (4.3.68). For the well-prepared
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and less-ill prepared initial data, the resonance region is 7 = O(£%?) from &% ~ 72
for o = 1. For the ill prepared initial data, the resonance region is 7 = O(e2+*")/2)
from €2+ ~ 72. We show the convergence rate in the resonance direction in Table
4.7 - 4.9 for the Case I-III initial data. Corresponding convergence rates in these
tables coincide well with the uniform temporal error bounds stated in Theorem
4.1. For the well-prepared and less-ill-prepared cases, the numerical convergence
rates in Table 4.7 and 4.8 for resonance region are nearly equal to 4/3; for the ill-
prepared case, the numerical convergence rates in Table 4.9 for resonance region are
approximately equal to 1. The errors in Table 4.7 - 4.9 are from the bold case errors

in Table 4.4-4.6.
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Table 4.1: Spatial errors of UA-4cFD at t = 1 for the well-prepared initial data Case
I with Ep = 1,h0 =08att=1.

eat=1) | hg=08  he/2 ho/22  ho/2  ho/2* o/
€=¢o 6.69E-2  9.18E-3 6.15E-4 3.84E-5 2.39E-6 1.40E-7
Order - 2.87 3.90 4.00 4.01 4.09

€=¢0/2 5.49E-2 8.44E-3  5.61E-4 3.50E-5 2.18E-6 1.28E-7
Order - 2.70 3.91 4.00 4.01 4.09
£ =¢gg/2% 9.88E-2  7.85E-3 5.28E-4 3.29E-5 2.05E-6  1.20E-7
Order - 3.65 3.90 4.00 4.01 4.09
€= 80/23 1.01E-1 8.43E-3  5.42E-4 3.38E-5 2.10E-6 1.23E-7
Order - 3.59 3.96 4.00 4.01 4.09
£ =1¢g9/2" 9.99E-2  8.65E-3 5.61E-4 3.50E-5 2.18E-6 1.28E-7
Order - 3.53 3.95 4.00 4.01 4.09

g =1¢0/2° 9.99E-2  8.65E-3 5.61E-4 3.50E-5 2.18E-6 1.28E-7
Order - 3.53 3.95 4.00 4.01 4.09

vi.(t=1) | hg=038 ho/2 ho/2* ho /23 ho/2* ho/2°
£=¢p 446E-2  1.67TE-3 9.87TE-5 6.09E-6 3.78E-7  2.38E-8
Order - 4.74 4.08 4.02 4.01 3.99

€=¢0/2 4.37E-2  2.60E-3 1.51E-4 9.27E-6 5.75E-7  3.29E-8
Order - 4.07 4.11 4.03 4.01 4.13

€= 80/22 3.84E-2 2.73E-3 1.61E-4 981E-6 6.07TE-7  3.64E-8
Order - 3.81 4.09 4.03 4.01 4.06

€ =¢go/2} 1.85E-2  8.66E-4  5.98E-5 3.65E-6 2.25E-7 1.56E-8
Order - 4.42 3.86 4.03 4.02 3.85

g =¢gp/2" 1.53E-2  3.85E-4 2.35E-5 1.46E-6 9.08E-8 5.75E-9
Order - 5.31 4.03 4.01 4.01 3.98

€ =¢gg/2° 1.53E-2 3.84E-4  2.34E-5 145E-6 9.04E-8  5.34E-9
Order - 5.31 4.04 4.01 4.01 4.08
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Table 4.2: Spatial errors of UA-4cFD at ¢t = 1 for the less-ill-prepared initial data
Case Il with eg =1, hg =08 at t = 1.

eat=1) | hg=08  he/2 ho/22  ho/2  ho/2* o/
€=¢o 6.69E-2  9.18E-3 6.15E-4 3.84E-5 2.39E-6 1.40E-7
Order - 2.87 3.90 4.00 4.01 4.09

€=¢0/2 5.56E-2  8.66E-3 5.78E-4  3.60E-5 2.24E-6 1.32E-7
Order - 2.68 3.91 4.00 4.01 4.09
£ =¢gg/2% 1.01E-1 8.02E-3 5.40E-4 3.37E-5 2.10E-6 1.23E-7
Order - 3.65 3.89 4.00 4.01 4.09
€= 80/23 1.03E-1 8.57TE-3  5.51E-4  3.44E-5 2.14E-6 1.25E-7
Order - 3.58 3.96 4.00 4.01 4.09
£ =1¢g9/2" 9.99E-2  8.65E-3 5.61E-4 3.50E-5 2.18E-6 1.28E-7
Order - 3.53 3.95 4.00 4.01 4.09

g =1¢0/2° 9.99E-2  8.65E-3 5.61E-4 3.50E-5 2.18E-6 1.28E-7
Order - 3.53 3.95 4.00 4.01 4.09

vi.(t=1) | hg=038 ho/2 ho/2* ho /23 ho/2* ho/2°
£=¢p 446E-2  1.67TE-3 9.87TE-5 6.09E-6 3.78E-7  2.38E-8
Order - 4.74 4.08 4.02 4.01 3.99

€=¢0/2 4.60E-2  2.64E-3 1.53E-4 941E-6 5.84E-7 3.30E-8
Order - 4.12 4.11 4.03 4.01 4.14

€ =1¢9/2% 3.93E-2 2.73E-3 1.60E-4 9.80E-6 6.0TE-7  3.59E-8
Order - 3.85 4.09 4.03 4.01 4.08

€ =¢go/2} 1.90E-2 8.73E-4 6.01E-5 3.68E-6 2.26E-7 1.52E-8
Order - 4.44 3.86 4.03 4.02 3.89

g =¢gp/2" 1.53E-2  3.85E-4 2.35E-5 1.46E-6 9.08E-8 5.75E-9
Order - 5.31 4.03 4.01 4.01 3.98

€ =¢gg/2° 1.53E-2 3.84E-4  2.34E-5 145E-6 9.04E-8  5.34E-9
Order - 5.31 4.04 4.01 4.01 4.08
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Table 4.3: Spatial errors of UA-4cFD at t = 1 for the ill-prepared initial data Case
III with Eo — 1, ho =08att=1.

eat=1) | hg=08  he/2 ho/22  ho/2  ho/2* o/
€=¢o 6.69E-2  9.18E-3 6.15E-4 3.84E-5 2.39E-6 1.40E-7
Order - 2.87 3.90 4.00 4.01 4.09

€=¢0/2 7.45E-2 9.51E-3 6.35E-4 3.96E-5 247E-6 1.45E-7
Order - 297 3.91 4.00 4.01 4.09
£ =¢gg/2% 1.82E-1 1.10E-2  7.20E-4  4.49E-5 2.79E-6 1.66E-7
Order - 4.05 3.93 4.00 4.01 4.07
€= 80/23 3.13E-1 1.83E-2  1.14E-3 7.12E-5 4.43E-6 2.61E-7
Order - 4.09 4.01 4.00 4.01 4.09
£ =1¢g9/2" 997E-2  856E-3  5.55E-4  3.46E-5 2.15E-6 1.27E-7
Order - 3.94 3.95 4.00 4.01 4.09

g =1¢0/2° 9.99E-2  8.64E-3 5.61E-4 3.50E-5 2.18E-6 1.28E-7
Order - 3.53 3.95 4.00 4.01 4.09

vi.(t=1) | hg=038 ho/2 ho/2* ho /23 ho/2* ho/2°
£=¢p 446E-2  1.67TE-3 9.87TE-5 6.09E-6 3.78E-7  2.38E-8
Order - 4.74 4.08 4.02 4.01 3.99

€=¢0/2 5.33E-2  2.89E-3 1.67E-4 1.03E-5 6.37TE-7  3.80E-8
Order - 4.20 4.11 4.03 4.01 4.07

€= 80/22 7.05E-2 3.21E-3  1.89E-4 1.16E-5 7.19E-7 4.45E-8
Order - 4.46 4.08 4.03 4.01 4.01

€ =¢go/2} 6.99E-2  237E-3 1.43E-4 886E-6 5.50E-7 3.13E-8
Order - 4.88 4.05 4.02 4.01 4.14

€= 80/27 1.51E-2 3.94E-4 240E-5 149E-6 9.29E-8 5.84E-9
Order - 5.27 4.04 4.01 4.01 3.99

€ =¢gg/2° 1.52E-2  3.85E-4 2.34E-5 146E-6 9.05E-8 5.35E-9
Order - 5.31 4.04 4.01 4.01 4.08
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Table 4.4: Temporal errors of UA-4cFD at t = 1 for the well-prepared initial data

Case I with eg = 1,79 = 0.05 at t = 1.

en(t=1)|19=005 19/2 170/22  10/2%  1/2'  1/2° 7/28
€ =gy 4.45E-2 1.64E-2 4.82E-3 1.25E-3 3.14E-4 7.77E-5 1.85E-5
Order - 1.44 1.77 1.95 1.99 2.01 2.07
e=¢0/2 | 3.47E-2 140E-2 4.14E-3 1.08E-3 2.70E-4 6.69E-5 1.59E-5
Order - 1.30 1.76 1.95 1.99 2.01 2.07
e=-¢e0/2% | 296E-2 1.22E-2 3.70E-3 9.66E-4 2.43E-4 6.01E-5 1.43E-5
Order - 1.28 1.72 1.94 1.99 2.01 2.07
€= 80/23 3.63E-2 1.33E-2 3.71E-3 9.55E-4 2.40E-4 5.93E-5 1.41E-5
Order - 1.45 1.84 1.96 1.99 2.01 2.07
e =1¢0/2" | 3.63E-2 1.36E-2 3.87E-3 9.97E-4 2.50E-4 6.19E-5 1.47E-5
Order - 1.42 1.81 1.96 1.99 2.01 2.07
e=1¢0/2° | 3.63E-2 1.36E-2 3.87E-3 9.97E-4 2.50E-4 6.19E-5 1.47E-5
Order - 1.42 1.81 1.96 1.99 2.01 2.07
vi.(t=1)| 70 =0.05 79/2 T0/22 70/23 10/2%  19/2° 70/2°
€ =¢g 2.67E-3 6.73E-4 1.70E-4 4.28E-5 1.07E-5 2.65E-6 6.33E-7
Order - 1.99 1.98 1.99 2.00 2.01 2.07
e=¢0/2 |5.67TE-3 1.51E-3 3.85E-4 9.71E-5 243E-5 6.01E-6 1.43E-6
Order - 1.91 1.97 1.99 2.00 2.01 2.07
€= 50/22 1.23E-2 4.15E-3 1.13E-3 2.89E-4 7.25E-5 1.80E-5 4.28E-6
Order - 1.56 1.88 1.97 1.99 2.01 2.07
e=1¢e0/2° | 5.72E-3 2.46E-3 1.19E-3 3.55E-4 9.15E-5 2.28E-5 5.44E-6
Order - 1.21 1.05 1.74 1.96 2.01 2.07
€= 50/25 1.61E-3 9.33E-4 7.05E-4 3.81E-4 1.40E-4 6.06E-5 1.62E-5
Order - 7.87E-1 4.04E-1 8.89E-1 1.44 1.21 1.91
e=1¢e0/2" | 1.39E-3 3.45E-4 1.04E-4 6.68E-5 5.91E-5 4.60E-5 2.37E-5
Order - 2.01 1.73 6.40E-1 1.77E-1 3.61E-1 9.57E-1
e=1¢0/2° | 1.39E-3 3.28E-4 8.28E-5 2.08E-5 6.44E-6 4.31E-6 4.21E-6
Order - 2.09 1.99 2.00 1.69 5.79E-1 3.49E-2
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Table 4.5: Temporal errors of UA-4cFD at ¢ = 1 for the less-ill-prepared initial data
Case Il with g = 1,79 =0.05 at t = 1.

en(t=1)|19=005 19/2 170/22  10/2%  1/2'  1/2° 7/28
€ =gy 4.45E-2 1.64E-2 4.82E-3 1.25E-3 3.14E-4 7.77E-5 1.85E-5
Order - 1.44 1.77 1.95 1.99 2.01 2.07

e=¢0/2 | 3.63E-2 145E-2 4.31E-3 1.12E-3 2.81E-4 6.96E-5 1.66E-5
Order - 1.32 1.75 1.95 1.99 2.01 2.07

e=-¢0/2% | 3.07E-2 1.25E-2 3.80E-3 9.94E-4 2.50E-4 6.19E-5 1.47E-5
Order - 1.30 1.72 1.94 1.99 2.01 2.07

€= 80/23 3.72E-2 1.36E-2 3.80E-3 9.78E-4 2.45E-4 6.07E-5 1.45E-5
Order - 1.46 1.83 1.96 1.99 2.01 2.07

e =1¢0/2" | 3.63E-2 1.36E-2 3.87E-3 9.97E-4 2.50E-4 6.19E-5 1.47E-5
Order - 1.42 1.81 1.96 1.99 2.01 2.07

e=1¢0/2° | 3.63E-2 1.36E-2 3.87E-3 9.97E-4 2.50E-4 6.19E-5 1.47E-5
Order - 1.42 1.81 1.96 2.00 2.01 2.07

vi,(t=1)|10=005 79/2 70/22 70/23 0/2"  T9/2° 70/28
€ =gy 2.67E-3 6.73E-4 1.70E-4 4.28E-5 1.07E-5 2.65E-6 6.33E-7
Order - 1.99 1.98 1.99 2.00 2.01 2.07
e =¢0/2 | 6.20E-3 1.65E-3 4.20E-4 1.06E-4 2.65E-5 6.57E-6 1.56E-6
Order - 1.91 1.97 1.99 2.00 2.01 2.07
e =¢e0/2% | 1.26E-2 4.21E-3 1.14E-3 2.92E-4 7.33E-5 1.81E-5 4.33E-6
Order - 1.58 1.88 1.97 1.99 2.01 2.07
e =1¢e0/2% | 6.09E-3 2.52E-3 1.18E-3 3.53E-4 9.10E-5 2.27E-5 5.41E-6
Order - 1.27 1.09 1.75 1.96 2.01 2.07
€= 80/25 1.63E-3 9.47E-4 7.14E-4 3.86E-4 1.41E-4 6.05E-5 1.62E-5
Order - 7.85E-1 4.07E-1 8.86E-1 1.45 1.22 1.91
€= 80/27 1.40E-3 3.48E-4 1.05E-4 6.71E-5 5.93E-5 4.62E-5 2.38E-5
Order - 2.00 1.73 6.45E-1 1.78E-1 3.62E-1 9.57E-1
e =1¢0/2° | 1.39E-3 3.30E-4 8.34E-5 2.10E-5 6.48E-6 4.32E-6 4.21E-6
Order - 2.08 1.98 1.99 1.69 5.86E-1 3.60E-2




4.4 Numerical results

Table 4.6: Temporal errors of UA-4cFD at ¢ = 1 for the ill-prepared initial data

Case III with eg = 1,79 =0.05 at t = 1.

en(t=1)|10=005 7/2 1/2> 1/2° T10/2* 1w/2° 15/2°
€ =gy 4.45E-2 1.64E-2 4.82E-3 1.25E-3 3.14E-4 7.77E-5 1.85E-5
Order - 1.44 1.77 1.95 1.99 2.01 2.07
e=¢0/2 | 4.56E-2 1.66E-2 4.86E-3 1.26E-3 3.16E-4 7.83E-5 1.87E-5
Order - 1.46 1.77 1.95 1.99 2.01 2.07
e =-¢e0/2% | 5.47E-2 1.74E-2 5.00E-3 1.29E-3 3.25E-4 8.04E-5 1.91E-5
Order - 1.65 1.80 1.95 1.99 2.01 2.07
e=1¢0/2% | 1.OS8E-1 3.04E-2 7.94E-3 2.01E-3 5.01E-4 1.24E-4 2.95E-5
Order - 1.84 1.94 1.98 2.00 2.02 2.07
e =1¢g0/2" | 5.72E-2 3.40E-2 6.15E-3 1.63E-3 4.19E-4 1.05E-4 2.50E-5
Order - 7.49E-1 247 1.92 1.96 2.00 2.07
e =1¢0/2° | 5.60E-2 4.48E-2 1.33E-2 8.19E-3 1.27E-3 3.25E-4 8.01E-5
Order - 3.22E-1  1.75  T7.00E-1  2.69 1.96 2.02
vi.(t=1)|10=1005 79/2 70/22 70/23 70/2* 70/2° 70/2°
€=¢p 2.67E-3 6.73E-4 1.70E-4 4.28E-5 1.07E-5 2.65E-6 6.33E-7
Order - 1.99 1.98 1.99 2.00 2.01 2.07
e=¢o/2 | T.66E-3 203E-3 5.18E-4 1.31E-4 3.27E-5 8.09E-6 1.93E-6
Order - 1.92 1.97 1.99 2.00 2.01 2.07
e=1¢0/2? | 1.64E-2 5.07E-3 1.35E-3 3.45E-4 8.65E-5 2.14E-5 5.10E-6
Order - 1.69 1.90 1.97 2.00 2.01 2.07
e=¢9/2% | 1.2TE-2 4.32E-3 1.46E-3 4.10E-4 1.05E-4 2.60E-5 6.21E-6
Order - 1.56 1.57 1.83 1.97 2.01 2.07
e =1¢0/2° | 7.04E-3 292E-3 143E-3 6.94E-4 2.37E-4 7.45E-5 1.90E-05
Order - 1.27 1.03 1.04 1.55 1.67 1.97
e=1¢0/2" | 1.29E-2 6.02E-3 1.50E-3 4.86E-4 1.99E-4 9.38E-5 4.31E-5
Order - 1.10 2.01 1.62 1.29 1.09 1.12
e=1¢0/2° | 1.24E-2 1.29E-2 3.12E-3 1.49E-3 3.63E-4 1.02E-4 3.01E-5
Order - -6.59E-2 2.05 1.06 2.04 1.84 1.75
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Table 4.7: Temporal errors of UA-4cFD at t = 1 for the well-prepared initial data

Case I with eg = 1, 79 = 0.05 in resonance regions at t = 1.

T To 70/23 70/2°

5 £0/2 go/23 g0/2°

vi,(t=1) | 5.67E-3 3.55E-4 1.62E-5
Order - 1.33 1.48

Table 4.8: Temporal errors of UA-4cFD at t = 1 for the less-ill-prepared initial data

Case II with g = 1, 79 = 0.05 in resonance regions at t = 1.

T To 70/23 70/2°

5 €0/2 g0/2° g0/2°

1/22 (t = 1) 6.20E-3 3.53E-4 1.62E-5
Order - 1.38 1.48

Table 4.9: Temporal errors of UA-4cFD at ¢t = 1 for the ill-prepared initial data

Case III with ¢y = 1, 79 = 0.05 in resonance regions at t = 1.

T To/2 T0/22 T0/23 70/24 70/2° 70/2°
£ g0/22 g9/23 go/24 £0/2° g0/2° g0/27

vi,(t=1) | 5.07E-3 1.46E-3 5.51E-4 237E-4 1.06E-4 4.31E-5
Order - 1.80 1.40 1.22 1.16 1.30




Chapter

Quantized Vortex Interactions in NLSE
with Periodic BCs

In this chapter, we will study the interaction of quantized vortices under the non-
linear Schrodinger equation with periodic boundary conditions (BCs). An efficient
way of initial setups is proposed and the numerical simulation results coincide well
with the reduced dynamical laws under the zero initial momentum limit assumption
on flat torus. We also simulate the non-vanishing momentum cases as well as gener-
al rectangle domain cases, which provide us some extending guesses on the reduced
dynamical laws. Some interesting vortex interaction configurations, such as periodic

vortex trajectories, vortex merging, and leapfrogging type motions, are also studied.

5.1 The NLSE in two dimensions

Consider the two-dimensional nonlinear Schrodinger equation (NLSE) or the
Gross—Pitaevskii equation under the periodic BCs with a dimensionless parameter

e>0:
100 (x,t) = AY© + 512(1 — e ?)ys, x=(z,y) € Qt>0, (5.1.1)

with initial condition

U (2, 0) = Y(x), ze, (5.1.2)
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and periodic BCs on rectangular domain
Q= (0,a) x (0,b),
ie.,
Y(x,0,t) = Y°(x,b,t), 0,0% (2,0, t) = Oy9°(z, b, t), for z € [0, al,t > 0;

U=(0,,t) = ¥*(a, y,1), 0:9°(0,y,t) = 0:¢"(a, y, t), for y € [0,0],¢ = 0.
As mentioned in [36], the NLSE (5.1.1) with periodic BCs has properties of mass

(5.1.3)

conservation, energy conservation and momentum conservation. With mass, energy

and momentum defined as
M(O) = M) = [ 0@t Pda (5.1.4)
B = B (1) = [ GIVe(@oF + 50— @0 e (515)
P(t) = P(4"(- 1)) = Tm (/Q 0 (2, )V (, t)dw) , (5.1.6)

we have
M(t) = M(0), E(t) = E(0), and P(t) = P(0). (5.1.7)

Note that for the current j defined by

j@Wf(x,t)) =Im (1/78(1:, H V& (a, t)) , (5.1.8)
we have
P(ye(- 1)) = / (0% (2, 1), (5.1.9)

and conservation of mass flow
d e
S @D + 2V - (1) = 0. (5.1.10)

These three conserved quantities in (5.1.7) can be used to validate our numerical
simulations, since they should to be kept in acceptable numerical errors. The NLSE
is also unchanged under the rescaling £ — Cx,t — C?t, and ¢ — Ce with C > 0
a positive constant. Therefore, without loss of generality, we can assume the edge
lengths of 2 are O(1) and then study the influence of ¢ and vortex center distances

on vortex dynamics.
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5.2 Quantized vortices and setups of initial data

A quantum vortex of the 2D NLSE (5.1.1) is a topological defect of the solution
1 (x,t), where the density is zero at the vortex center and the phase change along
any closed curve enclosing the vortex center is a nonzero integral multiple of 2.
And the integer is called degree or winding number of the quantized vortex [21,42].
A simple vortex refers to a vortex with winding numbers +1 and it is the only kind
of stable vortex under small disturbance of initial data or the potential function in
NLSE [85,128]. Therefore, we only consider simple vortices in following context.

A special property from periodic BCs is that the summation of all winding num-
bers is zero: let arg(z) be the argument of complex number z, and Arg(z) be the
principle argument (between 0 and 27), then from the periodicity of initial data

(5.1.3), we have
/ Varg(yg) - 7ds = 0, (5.2.1)
o0

where 7 is the unit tangent vector along 02, and s is the arc length parameter of
oN.

This exerts a restriction on the vortex configuration of the initial data of our
numerical simulation: we need even number of initial vortices and half of them have
winding number 1 while the other half have winding number —1. We can assume
that the initial data ¢§(x) has 2M distinct simple vortices with center located at
:B? and winding number d; € {—1,1} for j =1,2,--- ,2M. For easy description, let
#;(t) denote the location of j-th vortex center at time .

We set up the initial profile by multiplying the profile of several simple vortex

in steady state with proper phase tune. The initial value is of form

vi(@) = explig(@) [ ] 67, (@ - ), (5.2.2)

0
where ¢ (z —

) is a single steady vortex profile with winding number d; and
center :1:? for Dirichlet BCs on domain €2, which has constant modulus near 0f2.

And ¢(z) € R is a phase tune for ¢§(x) that satisfies
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e Ag(z) = 0;

e ¢5(x) is periodic on 2.

5.2.1 A single vortex profile under Dirichlet BCs

In [21], there are detailed descriptions of setting initial data ¢§ ( — i) for
Dirichlet BCs. At first, we can assume that the single steady solution has radial

symmetric form
() = f*(|a])e "™ (5.2.3)

with 0(x) = Arg(z +iy) , d = £1, and f¢(r) chosen as

1, for r > Ry,
fe(r) = (5.2.4)
fv(g)a fOI' 0 S r S R07

where f, is the solution of
(5.2.5)

Here Ry is the maximum radius for computing the modulus profile of an initial vortex
and should be less than the distance between initial vortex centers and 9. Ry is
a truncate radius that is far greater than 1 and makes sure that each single vortex
profile ¢g (x — )) has constant modulus near 0 (Ry < Ry/e). The proposition of
fo(r) is for calculating (5.2.5) once and working for all initial single vortex profiles
with smaller €. Equation (5.2.5) is derived from substituting single vortex profile ¢
into NLSE (5.1.1) with the time derivative term eliminated:

L (1= logl)es = 0. (5.2.6)

AG+ 5

This is a common handling procedure of the initialization for vortex simulations as
in [3,20,23,65,127,128]. ¢4 in (5.2.6) is called a steady state of a single vortex since

its modulus is time independent. We can discretize (5.2.5) into a finite difference
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scheme and then use Newton iteration to get numerical solutions to (5.2.5) with a
proper initial guess from asymptotic analysis [90, 128]. Here is a plot of f*(r) for

different €’s in Figure 5.1, which shows that the core size of our initial setups is O(¢)

clearly.
12 T T T T
e=27°
e=2"
e=2"
1 R
1 T T T T
0.8} 4
0.8t
f8
0.6 —> 1
06
0.4 1 0.4 1 .
0.2t 1
0.2 i
0 ‘ ‘ ‘ ‘
0 0.02 0.04 0.06 0.08 0.1
0 | | | |
0 0.2 0.4 0.6 0.8 1

Figure 5.1: Plot of f¢(r) for different ¢’s.

5.2.2 Conditions on initial data satisfying periodic BCs

After acquiring the Dirichlet boundary type initial value ¢3,,(x) = ijl 93, (x—

@), we can construct a periodic initial value ¢ through (5.2.2) with solving

(5.2.7)
q(x) + Arg(v5(x)) is periodic up to first-order derivatives on €.
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Note that the solution of ¢(x) is only unique up to a constant and the periodicity
of phase is up to 2r. Without lost of generality, we may assume [, ¢(x)dz = 0.
Since the initial data satisfies Z?fl d; = 0, we can view the initial data as mul-
tiplication of M vortex dipoles ( a dipole means a system of two single vortices with
opposite winding numbers). Without loss of generality, we may assume the M dipole
has initial profile U5, ; = ¢f(|@ — @2;-1])¢% (| — @z5|). Since every dipole satisfies
the Dirichlet boundary conditions, we can choose the segment with endpoints at

vortex centers as a branch cut of their phase.

5.2.3 Some setups with zero initial momentum limit

Another observation from our numerical simulation is that without applying
phase in-painting, when the vortex core size converges to zero, the limit of the
initial momentum relies on the weighted mass center [23,121]

2

8
Il
=

d;x). (5.2.8)

J

I
—

J
Theorem 5.1 (Initial momentum limit). For a set of initial data ¥§(x) with vortices
centered at @)’s, O(e) core sizes and Arg(Yg(x)) continuous on 0, their initial

momentum satisfies

lim P(y5) = 2nJea, (5.2.9)
e—0

0 1
-1 0

where J =

Proof. At first, let us consider the limit momentum of a vortex dipole as ¢ | 0. As

noted in [42], it is easy to verify that if initial value 9§ is written in polar form

Y(@) = pla)e®@

with p and © real functions on €2, then the current j defined in (5.1.8) has expression

i(W5(@) = (@) VO (a). (5.2.10)
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For the vortex dipole centered at o = (29,4?) and 25 = (29,49) with winding
number d; = 1 and dy = —1, The module and phase of the initial data in polar form

can have expression

x) = f*(|o— a|)f(|z— b)), (5.2.11)
O(z) = q(z) +0(x— ) — O(x— =), (5.2.12)

where 0(x) = Arg(x + iy), lir% i%f |f(x)| = 1 for some fixed ry > 0, where B =
e—0 ze ,GO

M\ B,,(0) with B,,(0) the ball centered at 0 with radius 7, and ¢(z) denotes a

continuous differentiable function inside €.

Then from (5.2.10) and (5.2.11), we have

lim P(y5) = /QV@d:L', (5.2.13)

e—0

provided that the integrands on right hand are integrable.
Note that (5.2.10) is defined locally, we have

VO(z) = Vl(z— o)) — V(x — ) + Vq(z) (5.2.14)

at place where 0(x — o)) — 0(x — 23) + q(x) is continuously differentiable. On the
other hand, from the periodic BCs (5.1.3) and small initial momentum condition we

know

q(a,y) + Arg(Vpe(a, v) = q(0,y) + Arg(¥pe(0,y)), (5.2.15)
Q("L‘a b) + Arg(¢%0(x’ b)) = Q<x’ 0) + Arg(¢€DC<x7 0))7 (5'2'16)

for Y (@) = f*(J& — af]) f(|2 — af])e’ et -0le=a2),
Denote I = {\x) + (1 — A\)a : XA € (0,1)}, then
lim P(¢g) = / Vo(z— ) — Vl(z— 2)) + Vg(z)dz
e—0 Q

= Q\Ive(m x) — Vo(z— x)) + Vq(z)dz (5.2.17)

= Vo(z— ) — Vi(z da:—l—/Vq de.

I
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Due to a phase jump on the segment I, the second component of the last term in

(5.2.17) can be computed by following integration by part:

— /Oa’ Arg(Vpe(z,y)) |2:bd$
a !
- /0 (/0 %Afg(%c(w,y))dy + (0(x—af) — 0z —23)) ;7
+ /Za %Arg(w%otv, Z/))dy> dx
= — / ay9<$— w?) - aye(in— J?S)dm— / (9(%— ;B(I]) _ (9(3}— wg)) |;il_dx
o\l i

= — 9,0(x— o)) — 0,0(x — zy)dzx + 27 (2] — ),
o\
(5.2.18)

with [ satisfying that (x,l) lies on the segment I, i.e.,

(23 — 2D = 91) = (v — o))z — 21). (5.2.19)

With similar procedure, we can get

a b
/ / 0xq(z)dydzr = —/ 0,0(x — @) — 0,0(x — x3)dx — 27(y? — 19), (5.2.20)
o Jo O\

Therefore,

limP = 2nJz. (5.2.21)

e—0
It is easy to extend the calculation above to any general case of vortex configuration
by considering more vortex dipoles instead of one. And the momentum value comes
from the phase jump on all the segments, each of which links the two vortex centers

in a dipole like [ inside €. O
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5.3 The reduced dynamical laws under zero initial

momentum limit

5.3.1 The reduced dynamical laws (RDLs)

In [41,42], Colliander and Jerrard gave the reduced dynamical laws (RDLs) for
vortex interactions of the NLSE under periodic BCs, which provides a set of ODEs
describing the motion of vortex centers for ¢ | 0.

Take Q = (0,1)? to be the computational domain and T? = S' x S! to be the
unitary flat torus. Under three assumptions on the initial conditions [42] including
the zero initial momentum limit condition, i.e.,

lim [ j(u5)dz =0, (5.3.1)

e—0t Q

the trajectories of vortex centers converge to solutions of the following ODEs as

el 0:

de: ( 2M
%() = 2 S dyVF (2 — ),
i (5.3.2)
z;(0)  =aj,
0, F () . . .
where VF(z) = , and F(x) is the Green function on the unitary flat
Oy F ()
torus that solves
AF(x) =27m(6(x) — 1), &€ T, (5.3.3)

with §(z) the Dirac function. The Green function F'(x) has an analytical expression

by theta function 6,(z) [71]:
F(z,y) = In|0;(z + iy)| — 7y, (5.3.4)
where 6;(z) is an exponentially convergent series

61 (2) = 2 i(—n"eﬂnﬂ/@? sin((2n + 1)72), (5.3.5)
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which benefits the numerical computation a lot.
From (5.3.4) and Figure 5.2 we can see that the F(x) is singular at the origin.
Since In(x) satisfies

Aln|x| = 276(x), (5.3.6)

the difference between In|z| and F(x) (left part of Figure 5.2) is a smooth func-
tion whose Laplacian equals to —27 in € . Therefore VF(x) has almost the same
direction as Vn(z) = z/|z|*> where |z| is small. As in [121], we can have the fol-
lowing qualitative description on vortex dynamics from the interaction terms of two
vortices in (5.3.2): two vortices in a vortex dipole move parallelly and two vortices
in a vortex pair (two single vortices with same winding number) rotate about each

other.

F(x) F(x) —In|x|

0.5

Figure 5.2: Plot of F(x) (left); plot of F'(x) — In || (right).

5.3.2 Several analytical solutions under specific setups

The ODE system from RDLs is an autonomous system. From considering the
first integral of the system, we can find several analytical solutions. In this part,
we will discuss several periodical analytical solutions for the ODEs from RDLs. For
more general cases, we adopt the standard fourth order Runge-Kutta method (RK4)

to solve the ODEs, which can provide comparison with numerical simulation results
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from solving the NLSE.

Define the Case I initial vortex setup as 0 = Cq + (—a°, —3%)7, 2§ = Cq +
(% =BT 2) = Cq + (%, BT, &} = Cq + (—a°, 80T, dy = d3 = 1,dy = dy = —1,
with Cq = (%, %)T the center of €). Note the initial vortex configurations are sym-

metric about Cq with the considerations of vortex locations and winding numbers.

Lemma 5.1 (A vortex polygon type periodic solution of the RDLs). For initial
value chosen as the Case I setup on Q = (0,1)2, the solution of (5.3.2) is @ =

(3 —alt).} — BO), @ = (5 + alt), 5 — BO), @ = (+ alt), b + SO, @1 =
(3 —at), 2+ 8@1)", with (a(t), B(t)) satisfies

fila(t), B(t) = fi(a”, 8°), (5.3.7)

where

fi(z,y) = F(2z,2y) — F(22,0) — F(0,2y). (5.3.8)

Proof. Substituting the initial data into (5.3.2), we get an ODE system:

(

%) = —2IV(—F(xy —x) + Fx3 — ) — Fzy — 1)),

L = —2JV(F(z — 1) + F(13 — 1) — F(@s — 1)),

@3 = —2JV(F(@ — @3) — F(@ — 3) — F(@y — a3)), (5.3.9)
&y = —2IV(F (2 — 24) — F(xy — @) + F(x3 — ),

2 (0) = @, 2(0) = @, 23(0) = a3, 2,(0) = i

\
From the symmetry of the initial setting, we can see that the solution is of form
o = (5 —at),; - BM)", & = (5 +alt),; - W), & = (5 +alt),; +81)7,
x, = (3 —a(t), 5+ B(t))", and the ODE system (5.3.9) can be reduced to a system
with two variables «(t), 5(t).
As in [71], we know the Green function F(z,y) in (5.3.3) is unique up to a

constant, then we get F(+x,+y) = F(x,y) for the F' in (5.3.4). Consequently, we
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have

( —VF((IZ,Z/>,

—y) =
(=2, y) = —0.F(x,y),
yF (=, y) = 0,F (x,y),
L F (2, —y) = 0. F (2, y),
yF(x, —y) =

x,—y) = —0,F(z,y).

Substituting the above equalities into (5.3.2) and adding up the equations of # and
T, yields

B = 2F,(20,,0) — 2F, (2, 28); (5.3.10)
and adding up the equations of @, and @3 gives us

& =2F,(20,205) — 2F,(0,20). (5.3.11)

Thus we have

4 (P (20,28) — F(20.0) — F(0,26))

dt
=2(F,(20,28) — F,(0,28))8 — 2(F,(2a,0) — F,(20,28))é (5.3.12)
=& — Ba = 0.

The solution of («a(t),5(t)) falls on a level set of function f; in (5.3.8), which is
called the first integral of the system composed by (5.3.11) and (5.3.10). O

We solve (5.3.2) with Case I setup for o’ = 3° = 1/8 by RK4 method up to time
T = 0.2. The numerical trajectories with time step 7 = 107 is showed in the left
part of Figure 5.3, where ‘+’ and ‘—’ sign indicate the position of initial vortex with
winding numbers 41 and —1 respectively. A contour plot of f; in (5.3.8) is showed
on the middle graph. A orbit of a single vortex from the left picture is one of the
level sets of f;. The last picture shows the convergence of the numerical solution of

(5.3.2) through RK4 to a level set of f; as 7 decreases.
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fila, B) . %10 fila(®), B(1) - fi(a®, 8°)
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Figure 5.3: Vortex trajectories of Case I with a® = 8% = 1/8 (left); contour lines of
f1 (middle); value of fi(a(t), B(t)) with («, ) solved form a; in (5.3.9) for different
time step 7 (right).

Define Case II initial vortex setup as two vortex dipoles located on the same
straight line: o = Cq + (—L; — Ly, 0)", @ = Cq + (=L + L,0), 23 = Cq +
(L1 — Ly, 0)", af}f = Cq + (Ly + Ly, 0)7, for Ly, Ly € (0, 5) satisfying Ly + L, < 3,
di=dy=1,and dy =d3 = —1.

Lemma 5.2 (A periodic solution with collinear initial vortex centers). For the
Case II type setup with Ly = 1/4, Ly = o, the periodic solution of (5.3.2) is of form
T = (411 - O{(t)u% - 5<t))T7 Ly = (% + Oé@)v% - ﬁ(t»Ta T3 = (% - Oé(t),% + ﬁ(t))Tv
xy = (2 + at), 5+ B(t)T with (a(t), B(t)) on the level set of

fo(z,y) = F(22,0) + F(%, 2y) — F(% —2x,2y). (5.3.13)

Remark: The proof is quite similar to Lemma 5.1 and we omit it here. Not like
Case I, the Figure 5.4 shows that the orbits in Lemma 5.2 have two types. One
crosses the boundaries and the other is closed cycle inside 2. When considered on
T2, a loop for one period in the left chart of Figure 5.4 corresponds to the unitary
element of the fundamental group of T? while a one-period loop from the middle
chart corresponds to the zero element. Based on numerical solution and binary
search algorithm, we can detect that the bifurcation point for these two kinds of

trajectories is ap = o™ =~ 0.138621.
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Figure 5.4: Two different kinds of trajectories for RDLs and contour lines plots of

fo(z,y) in (5.3.13).

Define an initial setup (Case III) with vortices centered at a regular 2N-side

polygon:

a:? =Cq+ L (cos(%),sin(@j;—]vl)ﬁo ydj = (—=1)7h (5.3.14)

for j =1,2,--- ;2N and L € (0,1/2).

Lemma 5.3 (A vortex octagon type periodic solution of the RDLs). For initial
value chosen as the Case III setup with N = 4, the solution of (5.3.2) is ¢ =
Ca + (—alt), —BW)T, @ = Co + (—B(1), —a(t))T, @5 = Cao + (B(1), —a(t)T, @4 —
Ca + (a(t), =BT, & = Cq + (a(t), ()", s = Cq + (B(t),a(t))T, & = Cq +
(=B(1), a(t))", @5 = Cot(=a(t), B(1))", andd; = (=1)"~1, with (a(t), B(t)) satisfies

f3(0&(t),ﬁ(t)) = fS(aoaﬁo)a (5315)
where

—(Fl@-yr—y)-Fla+tyz—y) - Fla-yz+y).
For the general rectangular domain, there still exist periodic solutions as stated

in Lemma 5.1 and Lemma 5.2. Inspired by the periodic boundary conditions of

the PDE problem, there should be periodic solutions if we duplicate the initial
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vortex configuration several times. If the total vortex number equals to 4N for
some N € NT, there exists some configuration of initial vortices to assure periodic

solutions for the RDLs. One example is stated in following theorem.

Theorem 5.2 (A periodic solution of the RDLs with 4N initial vortices). If the
initial configuration of the 4N wvortices are ), _5 = Cx + (—a®, —=f°), @, _, = Ci +
(%, =8, &, | = Cp + (a*,89), &, = Cx + (=, 8°), dip—3 = dagx—1 = 1 and
dyp—o = da, = —1 with Cp, = (1/2725—&1), for k = 1,2,--- N, then the vortices
trajectories from the RDLs are of form xy—3 = C + (—a(t), —B(t)), @ag—2 = Cy +
(a(t),—B(t)), ag—1 = Cr + (a(t), B(t)), and @y, = Cr + (—a(t), B(t)), with a(t) and
B(t) on the level set of function

fole,B) =) (F(O, % —28) — F(2a, % —28) + F(2a, %)) . (5.3.17)
k=1

The proof is similar to 5.1. Figure 5.5 shows an example for N = 3. The vortex
orbits in the left figure are of the same shape as the level sets of f, in the middle pic-
ture, also the numerical value of f,(a(t), 5(t)) corresponding to the orbits converges

to a constant when the time step decreasing.

1 , 5 %107 Jola(t), B(1) = fo(a®, 5°)
r 1
C > D) .
Bl e »)
G i GEE
> C > .

Figure 5.5: Vortex trajectories of duplicated initial data with N = 3 (left); contour
line plot of the f, (middle); values of f,(a(t),5(t)) corresponding to the numerical
solutions of the RDLs with different time step sizes (right).
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5.4 Numerical methods

5.4.1 A time splitting Fourier spectral method for NLSE

Since we have periodic boundary condition, Fourier pseudo-spectral method in
space is the first choice for its computational efficiency [13,15,102]. In time direction,
we adopt the standard Strang splitting method as in [4,14,27,83] as follows.

Let 7 > 0 be the time step for numerical simulations and for each (n+1)-th time

step evolution (n € N), split the NLSE (5.1.1) into the following two equations:
10 (, t) = éa — [°)P)Yf, € Q, (5.4.1)
10" (x, t) = AYS, x € Q. (5.4.2)
In each time step evolution, we do following three steps:
L. solve (5.4.1) with initial data ¢*(x,t,) = 5, (z) to t = t, + 7, and denote the

solution at time t, + % as Y5 (x);

2. solve (5.4.2) with initial data ¥*(x,t,) = ¥i(x) to time t = ¢, by Fourier

spectral method, and denote the solution at time ¢, as ¥, (x);
3. solve (5.4.1) from t = t, +7 to t = t,4 with initial data ¢°(x, t, + %) = ¥, ()
and take the solution at time ¢, as 95, ().
Remarks:

e For the first time evolution step, ¢§(x) is the initial data; for the subsequent

(n + 1)-th step, the ¢ (x) is the result of n-th step.

e As the splitting operation in [21] pointed out, the special structure of the

nonlinear terms in (5.1.1) determine that the solution ¢ of (5.4.1) satisfies
Oy|v* (. t)]* = 0, (5.4.3)
and that there is an analytical solution of (5.4.1):

V(1) = 0F (, £,) exp (-“t;—j”)u o (m, tn)|2)> Cfort>t,me Q.
(5.4.4)
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This unchanged density of (5.4.1) gives us a convenient to combine the last step in n-
th iteration together with the first step in the (n+ 1)-th to save some computational

resources.

5.4.2 A 4cFD method to prepare the initial data

In the numerical discretization of initial data, we use fourth-order compact finite
difference to approximate Ag(x) = 0. After rearranging the numerical value of ¢(x)
on grid points into a vector ¢, combining the boundary condition in (5.2.7), we can

formulate a linear system of form
Aq=Db. (5.4.5)

The matrix A is one rank lower than full rank. Combined with an additional re-
quirement » |, ¢, = 0, we can get a unique q. This is consistent with the continuous
case in (5.2.7) where g(x) is only unique up to a constant. In the following part of
this section, the detailed construction of A and q is presented.

Here we give the numerical scheme for calculating the g(z) on Q = (0,a) x (0, b)
[22]. For two positive integers J and K, let space-steps be hy = a/J and hy = b/ K.
Denote x; = jhy, for j € TP ={0,1,--- ,J}, yp. = kho, for k € T§ ={0,1,--- , K},
and the spatial grid points Q, = {(z;,yx) : j € T}, k € T2}. For simplicity, denote
O(z,y) = Arg(V5e(r,y)), Xz, y) = 0,P(x,y) and D*(z,y) = 9,P(z,y). Let g;x
be the numerical approximation of ¢(x;,yx) and denote ®;;, = O (z;, yi), CD;’,C and

(I)ik are defined similarly. We introduce the finite difference operator as in formal

sections
Ujr1k — Ujk _ Ujk — Uj—1k
5+u ik e —‘7 2 2 5 U k = 0 <
x 7 h1 ) x 7 hl ’
Uj1 e — 2Ujp + Uj—1k

2 _ S— 5t _
5ruj7k - 6s0 5s0 uj,k; -

ht

The spatial 4th-order compact finite difference operator Ay, is defined as

h? 1 .
Apu = (I + 1—;5i)u]~7k = E(uj_l,k + 10w + wjr1), J €T (5.4.6)
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Notations of &, d,°, 55 and Ay, are denoted similarly. Then, the compact finite

difference discretization of (5.2.7) is
Any 02050 + Any t0oqie =0, j € Tk € Tk, (5.4.7)

with equations from the periodic boundary condition

Qor+ Por = qrr + Pyx, k € T, (5.4.8)
G0+ Pjo = @ik + @ik, jE€ TS, (5.4.9)
(J(l),k + (I)(l),k = Q},k + (I)Llf,kv ke Tg, (5.4.10)
Go+ o=+ Pk, €T, (5.4.11)

where qé’k = h% (—%qo,k + 31k — %quk + %quk) that comes from a one-side Taylor
expansion for ¢(x) at (0,yx) to approximate 0,q(0,yx). Similarly, we have q}Lk =
hil (Fak = 3qr-1k + 2qu—2k — 30-3k) » To = h% (=% g0+ 3051 — 3qj2 + 3¢53) »
G g = % (Yajx + 3a5,k-1 — 3¢j, k-2 + 34;,k—3) - Note that we have (J+1) x (K +1)
unknowns of g; ; and we have (J—1) x (K —1) equations of form (5.4.7) and 2J+2K
equations from (5.4.8)-(5.4.11). Therefore, we can rearrange (5.4.7)-(5.4.11) into a
linear system of form (5.4.5) with A a squared matrix having (J + 1) x (K + 1)
rows. Since (1,1,---,1) is an eigenvector of A with corresponding eigenvalue 0, we
know rank(A) = (J 4+ 1) x (K + 1) — 1. Form the construction of our ¥%.(x,y)
for periodic initials, we know [, 50 V®dn = 0 and the summation of elements of b in

(5.4.5) converges to zero as h | 0. Thus we can solve (5.4.5) by least square method

and get a periodic initial phase for vortex dynamics simulations.

5.5 Verification for the RDLs

In our numerical simulation of the NLSE with periodic BCs, we use phase transi-
tion along grid points combined with the convexity of module to detect the position
of vortex centers. Since we have second order accuracy in time and spectral accuracy

in space, our vortex centers position can achieve higher accuracy than the mesh-size
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in space h. We can apply linear interpolation to the numerical value of 1° on grid
points and then apply the detecting rules [20,21,127] to the interpolated numerical
values. In practice, we detect the vortex center to O(h?) accuracy. In following
context, we use ;(t) and x;(t) to denote the j-th vortex center corresponding to

the NLSE and the RDLs respectively. Let &5(t) = |#(t) — @;(t)| and define

5° (1) = max & (t) (5.5.1)

j
as a measurement of the difference of trajectories between the RDLs and numerical

solutions of the NLSE.

5.5.1 Vortex interactions of 4 vortices

As in section 5.2.3, the simplest configuration of zero initial momentum of simple
vortices needs four vortices with zero weighted mass center (5.2.8). There is a list
of phase and density plot of ¢°(x,t) for Case I setup in Figure 5.6. The mesh size

is chosen as h = -1

=5 and 7 =5 X 1077, From t = 0 to t = 0.12, each vortex moves

on a loop with the shape of a square with round corners. The four snapshots are

corresponding to the times when vortices are in corners of each loops.

t=0.04 t=0.08 t=0.12

t=0
1 1 1 1 1
o ©
o © ] o
0.5 0.5 0.5 0.5 05
o o o L]
o ©
0 0 0 0 0
0 0.5 1 0 0.5 1 0 1 0 0.5 1
. 05 1 0 0.5 1

0 0.5 1 0 1 0

Figure 5.6: Contour plots of the density (first row) and phase (second row) of ¥°(, t)

with Case I initials and (a?, 8°) = (3, §) at time ¢ = 0,0.04,0.08,0.12 for € = 4.
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We show the convergence test of Case I setups in Figure 5.7. The left picture
of the first row depicts the vortex center trajectories from the RDLs on 2. Since
there are some overlaps after one period, we plot the coordinates of 2 representative
vortices w.r.t. time ¢ in the right side picture. The points denoted by o, A and ¢ are
corresponding to the positions of vortex centers in Figure 5.6 for ¢ = 0.04,0.08, and
0.12 respectively. The last row shows the convergence of vortex trajectories from

numerical simulations to RDLs: as € | 0, §° in (5.5.1) decreases to zero.

1 T 1

08r -7

y 06—~
0.4 pmrmmrmg P K
0.2

0

05} 1 t

\ 081

0.6
y

04k P
,.}' ~ -7 N
02} ~ s s~

Figure 5.7: Convergence test for the Case I setup with (a?, 3%) = (3, 3)-

The three charts in Figure 5.8 are vortex trajectories form numerical simulation

with Case I setups with (o, 5°) = (55, 15), (5, 5) and (5, ).

Although we have periodic orbits for solutions of the RDLs, the numerical simu-
lation will not preserve the periodic pattern for a long time simulation. The reason
is that the periodic orbits come from symmetry and they are not stable. We can

see this by solving (5.3.2) with initial values 2’s perturbed a little bit. The corre-

sponding trajectories are showed in Figure 5.9.
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Figure 5.8: Vortex trajectories detected form numerical simulation for € = 13-

0.5 0.5

T )
N

0 0 - - 0
0 05 x 1 0 05 X 1 0 05 x )

Figure 5.9: Trajectories from the RDLs with O(3555), O(555), and O(155) perturba-

tions on the initial position of vortices in Case I setup with (a, 3°) =

Numerical simulations on Case II setups

We simulate vortex interactions with collinear initial data of Case II setups and
show the convergence test in Figure 5.12. The first row shows the periodicity solution
of RDLs and the trajectory plots coincide well with the level sets in Figure 5.7. The
second row shows the convergence of vortex trajectories from numerical simulations
to RDLs very well. In Figure 5.10 and 5.11, snapshots of density plots are listed to
show a period of vortex motions with Case II setups. Artificial lines of vortex center
trajectories are added to the density plots for a good understanding of vortex center
motions.

As mentioned in Section 5.3.2, the solution of the RDLs has two topological types
for L; = Z—i. One kind has orbits crossing the boundary y = 1,y = 0 and the other
kind does not. If we view the two kinds of orbits on T2, they belong to different
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t=0 t=0.01 t=0.03 t=0.06

t=0.083 t=0.105

0 0.5 1 0 0.5 1

Figure 5.10: Density plots of Case II type setups with (L, L2) = (5, %), €= 4.
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Figure 5.12: Convergence test on some Case II type setups with (Lq,Ly) =
11y (1 3 3 1 :
(1>3) (1, 75) and (55, 5) (from left to right).

homotopy classes of loops. A loop moves through an orbit in the first picture of
Figure 5.12 once is isomorphic to (1,0) of the fundamental group of T?, and a loop
moves through an orbit in the second picture is isomorphic to 0. When L is small,
the vortex dipole interaction effect takes control and the trajectories are almost two
paralleling moving vortex dipoles; when L, is large, the vortex pair interaction effect
dominates and the trajectories are almost two rotated vortex pairs. Since ODEs are
easier to solve rather than PDEs, we can study the critical L, as a parameter for
bifurcation. We get the critical Ly = 18169/2'7 with accuracy O(51-) using bisection
method and this result coincides well with the result from the saddle point of f5 in
(5.3.13) up to the fourth decimal place. Two kinds of orbits near the bifurcation
parameter is drawn in Figure 5.13. The left column of the figure plots the axes of
vortex centers w.r.t. time t. For the first case, L, is less than the critical value and
x9(t) does not intersect with z3(t); the second case has Lo greater than the critical

value and vortices @, and x3 rotate about each other.
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05 + H H +

0 0
0 0.5 X 1 0 t 0.1 0.2 0.3 0.4 0.5

Figure 5.13: Trajectories from the RDLs of Case II setups with (L, Ly) = (L, 2341)

47 915
(first row) and (L1, La) = (1, 22) (second row).

We do one challenging simulation to see how the vortex moves if the Ls is near
the bifurcation point. Trajectories of vortex centers detected form the solution of
NLSE and relating convergence test are in Figure 5.14. The trajectories in Figure
5.14 are pretty different from solutions of the RDLs in Figure 5.13. §°(¢)’s increase
rapidly This is also reflected from the plots of 0°’s which increase a lot after t = 0.1.
This sharp change is due to the intrinsic bifurcation of (5.3.2) with intentionally

constructed initial data we discussed before.
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Figure 5.14: Trajectories from numerical simulations with the same initial setups as

Figure 5.13 for ¢ = (left); corresponding convergence test (right).
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5.5.2 Vortex interactions of 6 vortices and beyond

In this section, let us consider vortex interactions of polygonal distributed vor-
tices as the Case III mentioned in Section 5.3.2 with initial vortex profiles satisfying
(5.3.14).

For the motion of vortex hexagon of Case III setups with N = 3 and

L = 1/3, we show a series of density plots for the vortex interactions with ¢ = Els
in Figure 5.15. The black dot lines in the density plots are artificial lines to indicate
the continuous motion of vortex centers, which provides better understanding of
the dynamics of vortices, especially for the cases with complex vortex interactions.

The convergence to RDLs as € | 0 is show in Figure 5.16: the trajectories of vortex

centers converges to the RDLs as € | 0. Note the discontinuity of 6°(¢) is due to the
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failure detection of vortex centers who are crossing the boundaries.

0

0 0.5

Figure 5.15: Density plots
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Figure 5.16: Convergence test on Case III initials of vortex hexagon with L =
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To compare with periodic trajectories from RDLs of Case III setup with eight

vortices in Lemma 5.3, we carry a simulation on the interaction of vortex octagons.

Figure 5.17 shows eight snapshots of the density distribution for almost one period.
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Figure 5.17: Density plots of ¢°(x,t) for a vortex octagon with ¢ = 6—14 at different

Instants.
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Figure 5.18: Trajectories of the vortex octagon from RDLs up to T' = 0.1.
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5.6 Numerical results for the nonzero initial mo-

mentum limit

5.6.1 Numerical results for 2 vortices

As mentioned in section 5.2, a vortex dipole is the most simple configuration of
vortices for periodic BCs. We fist start our simulation of vortex interactions of a
dipole with & = (3 —a®, 3 — °), 4 = (3 + % 5 + °),d; = 1,d» = —1 (Case IV)
on Q = (0,1)%. The ODE for the limiting case of vortex motion is simple due to

less vortex interaction. Based on our numerical simulations, we observed that the

vortex center for the limiting case (e | 0) is paralleling moving with a fixed speed:
@ =1 = —2(V x F(2a°,28°) + Py) . (5.6.1)

We do the numerical simulation of the NLSE under Case IV setup with (a?, %) =
(0, %) for e = 6—14, Els and %6 up to 7' = 0.06. Here is a list of snapshots of a vortex

dipole with initial vortex center distance 7 on y-axis in Figure 5.19. The vortex

i
centers move parallelly to the direction of x-axis, and they can cross the boundary
near t=0.052 due to the periodic BCs. In another view, the dipole moves out through
the right boundary and then a new dipole generates from the opposite boundary.
For simplicity, we regard the disappeared vortex dipole and the newly generated as
a same one.

The mass, momentum and energy are showed in the first row of Figure 5.20,
which affirms that the three quantities were well preserved during our simulation.
Since the second component of the momentum is always 0, we only plot the first com-
ponent of it. The third chart shows the relative energy define by £(t) = E(t)/E(0)
for e = 6—14. Although the relative kinetic and potential energies (£ and &, respec-
tively) vary a little bit, they are in a steady state during the motion which differs a
lot with the merging case. The second row of Figure 5.20 shows the trajectories of

limiting vortex centers from our observation in € (left) and w.r.t. time ¢ (middle),

and the last chart shows the maximum distance between @(t)’s and @;(t)’s. The



5.6 Numerical results for the nonzero initial momentum limit

125

0°(t) decreases as ¢ decreases, which shows the converges to (5.6.1) clearly.

’ t=0 t=0.045 t=0.052 | t=0.06 ;
0.5 0.5 . i 0-5
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Figure 5.19: Contour plots of the density (first row) and phase (second row) of
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Figure 5.20: Mass, momentum and relative energy plots for Case IV initial setups

with initial vortices distance }L (first row); limiting vortex center trajectories from

(5.6.1) and convergence test (second row).

RDLs describe the limiting case of vortex center motions as € | 0 only suitable for
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well separated initial vortices. There are notations about merger of vortices both in
physical experiment [25,29,101] and theoretical studies [67]. Figure 5.21 presents an
example of merging dipole snapshots for Case IV initials with ¢ = 1/16 and vortex
center distance 3¢. The two vortices are overlapped at the initial moment. As time
involved, the vortex dipole moves right as the well separated case in Figure 5.19 but
with vortex centers moving toward each other. Finally, the two vortices merged at

= 0.0125, which can be see from the fourth phase plot. Vortex trajectories from
numerical detection are showed in Figure 5.22. The critical merger distance denoted
as d., i.e. the maximum distance for vortices in a dipole that can merge, depends
on € [21] and the shape of vortex [96]. We studied the critical distance numerically
and got a the relation between . and : d. =~ 3.55¢. From the plot of §. w.r.t. e

showed in Figure 5.23, the linear dependency of . on ¢ is clear.

t=0 t=0.005 t=0.01 t=0.0125

1 1 1 1
) n ) E ) n H 0‘5
0 0 0 0
1 0 0.5 1 0 0.5 1 0 0.5 1

t=0 t=0.005 t=0.01 t=0.0125
1 E— TEE 1 1 T
0.5 0.5 c. 0.5 0
0 0 0 -
0 0.5 1 0 0.5 1 0

Figure 5.21: Contour plots of the density (first row) and phase (second row) of a

merging dipole with € = 1—16 at 4 moments.
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Figure 5.22: Plot of trajectories of a merging dipole in 2 (left); plot of corresponding

y coordinates w.r.t. t.
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Figure 5.23: Plot of . in dipole configurations w.r.t. €.

5.6.2 Numerical results for 4 vortices

If we put two vortex dipoles parallel to each other as an initial configuration,
they will do the famous leapfrogging type motion [47,60,94,95]: the smaller dipole

(the dipole with smaller vortex center distance) has larger speed and it will pass
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through the larger dipole. Later, the larger dipole will shrink into a smaller one and
then move fast and experience the same motion pattern of smaller dipole again.
Let us define the Case V initial vortex configuration as @) = (29,3 — L1/2)7,
) = (29,5 — La/2)7, @ = (29, 5 + L1/2)7, &) = (23, 5 + L2/2)", with dy = dp =1
and d3 = d4 = —1. Several snapshots for different moments are in Figure 5.24 and
the crossing happens at around ¢ = 0.02. We plot the vortex trajectories detected

from the NLSE of Case V initials with (29, 23) = (%, 2), L1 = L, = § in Figure 5.25.

1 ™ 1 3 1
0.5 EO 0-5 E | 0.5 |
0 - 0 - 0
0 0.5 1 0 0.5 1 0 0.5 1
t=0 t=0.01 t=0.02
1 . 1 w
0.5 EO 0‘5 E |
0 - 0 T
0 0.5 1 0 0.5 1

t=0.03 t=0.04

Figure 5.24: Phase snapshots of Case V with (z9,29) = (

0|

1

E‘::m.
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Figure 5.25: Detected vortex trajectories for Case V initials with different ¢’s.
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5.6.3 Numerical results for 6 vortices and beyond

We carry a numerical simulation of three parallel dipoles on 2 = (0,2) x (0, 1).
Let the Case VI vortex configuration be @ = (—L1,—L2) + Cy, 25 = (—L1, L2) +
Cpy @) = (0, —L2) + Cp, 2§ = (0, L2) + Cy, 22 = (L1, —L2) + Cy, 23 = (L1, L2) + Cy,
with d; = (1) and C, = (3,1
5 snapshots of Figure 5.26, one period of leapfrogging type motion of three dipoles
are shown. The vortices with the same winding number rotate about each other and

the three dipoles are always parallel to y—axis. The ending configuration of next

1

period is shown in the sixth snapshot.

) the mass center of all six vortices. In the first
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t=0 t=0.015 .

0
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Figure 5.26: Phase snapshots of Case VI with C, = (%,%),Ll = %,Lg = % and

_ 1
8_64'

5.7 A conjecture on the RDLs for NLSE under
periodic BCs

The sufficient conditions for periodical initial data in section 5.2.2 indicate that

there are many initial setups with non-zero initial momentum limits. Therefore, we
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proposed our generalized reduced laws based on our numerical observations. For

generality, we consider the NLSE on a rectangle domain Q = (0,a) x (0,b).

Conjecture 1 (Generalized reduced dynamical laws (GRDLs)). For initial data
g satisfies the conditions of the RDLs without vanishing initial momentum limit

assumption on Q = (0,a)x(0,b), the governing ODEs for the limit vortex trajectories

are
)
dx; (¢ M —2 v L
%() =2 ) d,VEu(x — x;) — 22 o
’;2};;1 p 0 o (5.7.1)
K:Izj(()) = 33?7

with Py the limiting initial momentum and Fy, the periodic Green function on T2, =

(R/aZ) x (R/bZ) that solves
1
AF,(x) = 27(0(x) — %),for xec T (5.7.2)

Note that for initial data 1§ of the form in section 5.1, we have Py = 2nJx. The
corresponding numerical test is in section 4 and 5.

Figure 5.27 presents a verification on the convergence of the GRDLs. The tra-
jectories from GRDLs are in first row of Figure 5.27 and the plot of 6° in the second
row shows the convergence of vortex trajectories clearly. In the trajectories plots
w.r.t ¢, we can also see that the crossing time (when x; = z5) of two vortex dipoles
is approximate t = 0.02, this coincides well with the simulation in Figure 5.24. The
plots of 4%(¢) show the convergence of vortex center trajectories to GRDLs as € | 0.
Figure 5.28 gives a verification for GRDLs on general rectangle domain. Comparing
the trajectories from GRDLs (first chart of Figure 5.28) with vortex center detected
from simulation of Case VI setups (the artificial dot line in Figure 5.26), we can see
they have the same shape quantitatively. The second chart in Figure 5.28 shows

that the trajectories of vortex centers converge to the GRDLs in (5.7.1) as € | 0.
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Figure 5.27: Vortex trajectories of a leapfrogging motion (Case V) from GRDLs

(first row); corresponding convergence test (second row).
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Figure 5.28: Vortex trajectories of a leapfrogging motion (Case VI) from GRDLs
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Chapter

Conclusions and Perspectives

This thesis proposed several fourth-order compact finite difference schemes (4cFD-
s) for some highly oscillatory dispersive PDEs, including the nonlinear Klein-Gordon
equitation (NKGE), Zakharov system (ZS), and nonlinear Schrédinger equation
(NLSE). Both conservative and efficient 4cFDs were considered, and rigorous er-
ror bounds of these schemes were established.

For NKGE in the nonrelativistic regime, two 4cFDs including a Crank-Nicolson
one and a semi-implicit one were derived. The optimal error estimates for the two
4cFDs were rigorously analysed through energy methods and cut-off techniques.
The conservation of discrete energy of CN-4cFD was also proved. Under proper
boundedness and smoothness assumptions on the analytical solutions, the error
bounds of the two schemes are both at O(h* + 72/¢5).

For ZS in the subsonic regime, with a dimensionless parameter ¢ inversely pro-
portional to the acoustic speed, the solutions oscillate with O(e) wavelength in
time, O(1/¢) speed in space, and O(e?) and O(1) amplitudes for well-prepared
and ill-prepared initial data respectively. For CSI-4cFD, a uniform error bound at
O(h* + 722'/3) for the well- and less-ill-prepared initial data and an error bound at
O(h* /et~ +7% /&3 for the ill-prepared initial data were proved, where af € [1, 2]
and o* € [0,1) are parameters independent of ¢ that describe the illness of initial

data. For UA-4¢cFD, the uniform error bound independent of ¢ for the well- and
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less-ill-prepared initial data is at O(h* + 7%/3); and the uniform error bound for
the ill-prepared initial data is at O(h* + 7(1+9)/(2+2")) " The uniform error bounds
were achieved by taking a minimum of two errors depending on ¢, an error from
standard energy method and an error between ZS and its limiting equation. The
compact schemes provide much better spatial resolution than general second order
methods and reduce the computational cost a lot, and these techniques can easily
be generalized. Therefore, we can extend this asymptotic consistent formulation of
ZS to other coupled Zakharov system such as Klein-Gordon-Zakharov system and
get some uniform error bounds in the future.

Last but not least, we studied systematically the quantized vortex interactions
in two dimensional NLSE with periodic boundary conditions (BCs). Here, we adopt
the 4cFD method to discretize the Laplace’s equation with non-standard BCs in
order to prepare accurate initial data satisfying the periodic BCs. We verified the
convergence to the reduced dynamical laws under the zero initial momentum limit
assumption, which confirmed the analytical results in the literature. In addition,
based on our numerical results for nonzero initial momentum limit cases, we formal-
ized a conjecture on generalized reduced dynamical laws. Further simulations on
general cases of vortex dynamics such as vortex dynamics of NLSE with non-local
interaction and quantum turbulence simulations are worth considering for future

works.
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