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We establish optimal error bounds on time-splitting methods for the nonlinear
Schrédinger equation with low regularity potential and typical power-type nonlinearity
f(p) = p°, where p := |¢|? is the density with 1 the wave function and ¢ > 0 the
exponent of the nonlinearity. For the first-order Lie-Trotter time-splitting method, opti-
mal L2-norm error bound is proved for L>-potential and ¢ > 0, and optimal H'-norm
error bound is obtained for W1*-potential and o > 1/2. For the second-order Strang
time-splitting method, optimal L2-norm error bound is established for H2-potential and
o > 1, and optimal H'-norm error bound is proved for H3-potential and o > 3/2 (or
o = 1). Compared to those error estimates of time-splitting methods in the literature,
our optimal error bounds either improve the convergence rates under the same regu-
larity assumptions or significantly relax the regularity requirements on potential and
nonlinearity for optimal convergence orders. A key ingredient in our proof is to adopt
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a new technique called regularity compensation oscillation (RCO), where low frequency
modes are analyzed by phase cancellation, and high frequency modes are estimated by
regularity of the solution. Extensive numerical results are reported to confirm our error
estimates and to demonstrate that they are sharp.

Keywords: Nonlinear Schrédinger equation; low regularity potential; low regularity non-
linearity; time-splitting method; optimal error bound; regularity compensation oscilla-
tion (RCO).
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1. Introduction
In this paper, we consider the following nonlinear Schrodinger equation (NLSE):
O (x, 1) = —=AY(x,t) + V(x)p(x,t) + f([Y(x,)P)v(x,1), x€Q, t>0,
{ ¥(x,0) = o(x), x€Q,
(1.1)

where t is time, x € R? (d = 1,2,3) is the spatial coordinate, ¢ := ¥(x,t) is
a complex-valued wave function, Q = M%_,(a;,b;) C R? is a bounded domain
equipped with periodic boundary condition. Here, V : Q — R is a time-independent
real-valued potential which is assumed to be purely bounded, and f is the power-
type nonlinearity given as

flp)=Bp", p:=1[y]*>0, (1.2)

where 8 € R is a given constant and o > 0 is the exponent of the nonlinearity.

When V(x) = |x|?/2 and f(p) = Bp, the NLSE reduces to the cubic NLSE with
harmonic potential (or the NLSE with smooth potential and nonlinearity), also
known as the Gross—Pitaevskii equation (GPE), which is widely adopted for mod-
eling and simulation in quantum mechanics, nonlinear optics and Bose-Einstein
condensation (BEC).% 2% For the GPE, many accurate and efficient numerical
methods have been proposed and analyzed in last two decades, including finite
difference time domain (FDTD) methods/® €21 exponential wave integrators
(EWT) 12 B2 22 time-splitting methods,® [© [ 1319 24 2980 and | recently, low regu-
larity (resonance-based Fourier) integrators (LRI) 14 20 BLB4 B0 designed for the
cubic NLSE with low regularity initial data.

While the cubic NLSE or GPE is prevalent, diverse physics applications require
the incorporation of low regularity potential and nonlinearity into the NLSE
Typical examples include the square-well potential, which is discontinuous, the
disorder potential considered in the study of Anderson localization2”2% and the
noninteger power nonlinearity present in the Lee-Huang—Yang correction?® for mod-
eling quantum droplets/2 1% 25 B3 For more applications involving low regularity
potential and nonlinearity, we refer the readers to Refs. [11], 12} 21}, 41l and references
therein.
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Most numerical methods for the cubic NLSE with smooth potential can be
extended straightforwardly to solve the NLSE with aforementioned low reg-
ularity potential and/or nonlinearity, e.g., the FDTD method,?! the time-splitting
method 1 18123 the EWI! and the LRI 21 However, the error analysis of them
with low regularity potential and/or nonlinearity is a very subtle and challenging
question, which requires new techniques and in-depth analysis. For low regularity
potential, the first error estimate concerning L°°-potential was obtained in Ref. 21
for the Crank-Nicolson Galerkin method. Recently, some LRIg? 3 2l are designed,
aiming at reducing the regularity requirements on potential and the exact solu-
tion at the same time. In these works, low regularity nonlinearity is not taken into
account. Very recently, a first-order EWI was analyzed in Ref. [I2] for both low
regularity potential and nonlinearity.

In terms of time-splitting methods, the error estimates for the NLSE with
smooth potential and nonlinearity have been well established, and we refer to
Refs. [0l [13], 191 24 291 and [30] for the details. In the presence of low regularity poten-
tial and nonlinearity (especially the noninteger power nonlinearity), the first-order
Lie-Trotter time-splitting method was analyzed in Refs. 11l [18 and 23l In particular,
under the assumption of H?-solution, the first-order L?-norm error bound in time
requires o > 1/2 and H2-potential XX This is essentially due to the Laplacian oper-
ator in the commutator bound, which takes two additional derivatives on potential
and nonlinearity (as well as the exact solution). When considering low regularity
nonlinearity with 0 < o < 1/2, only 1/2 + o-order convergence in L?-norm can
be proved ! Moreover, for low regularity L>°-potential, there are no convergence
results at any order available. However, for the NLSE to be well-posed in H?, it
suffices to assume L-potential and o > 0 (see Remark . Then the expected
“optimal” error bound should be able to provide first-order temporal convergence
(and second-order spatial convergence when considering full discretizations) in L2-
norm under the assumptions of L>-potential, ¢ > 0 and H?2-solution. In other
words, the optimal error bound needs to satisfy: (i) the convergence order is optimal
with respect to the order of the numerical method and the regularity of the exact
solution and (ii) the regularity requirements on potential and nonlinearity for the
optimal convergence order should be optimally weak, i.e., in line with the regularity
needed for the well-posedness of the equation. In this aspect, all the aforementioned
error estimates of time-splitting methods for low regularity potential and nonlin-
earity are certainly not “optimal”. However, it is worth noting that the first-order
L?-norm error bound in time is observed numerically for & > 0 in Ref. 11, which
motivates us to improve the error estimates of time-splitting methods and to estab-
lish “optimal” error bounds. Surprisingly, our improved error bounds are also valid
for low regularity L°°-potential in addition to low regularity nonlinearity. Moreover,
the new analysis techniques can also be extended to relax the regularity require-
ments on potential and nonlinearity for higher-order error bounds on time-splitting
methods in the literature.
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The main aim of this paper is to improve the error estimates of time-
splitting methods and establish optimal error bounds under much weaker regu-
larity assumptions on potential and nonlinearity. Main results are summarized in
Sec. Compared to the error estimates of time-splitting methods in the litera-
ture /0 LI L3 1823, 29] t6 obtain optimal convergence rates, our results significantly
relax the regularity requirements on both potential and nonlinearity as follows:

(i) for the first-order Lie—Trotter time-splitting method (Theorem [2.1))

(a) optimal L?-norm error bound is proved for L>-potential and o > 0, which
relaxes the assumption of H2-potential and ¢ > 1/2 in Refs. 11l and 23}

(b) optimal H'-norm error bound is obtained for W'“-potential and o > 1/2,
which weakens the requirement of H?3-potential and o > 1 in Ref. 11l

(ii) for the second-order Strang time-splitting method (Theorem [2.2))

(a) optimal L?-norm error bound is established for H2-potential and o > 1,
which improved the assumption of H*-potential and o > 3/2 (or o0 = 1) in
Refs. [6l, [13] and 29}

(b) optimal H'-norm error bound is proved for H3-potential and o > 3/2 (or
o = 1), which relaxes the need of H°-potential and ¢ > 2 (or ¢ = 1) in
Ref. 6l

Roughly speaking, the differentiability requirement on potential is reduced by two
orders and that on nonlinearity is reduced by one order (or 1/2 in terms of o).
The price to pay is introducing a CFL-type time step size restriction 7 < h?/m
where 7 and h are the time step size and mesh size, respectively. Such time step
size restriction is natural in terms of the balance between temporal and spatial
errors. Moreover, it can be observed numerically when potential is of low regularity,
indicating that it cannot be removed or improved!

Here, we briefly explain the idea of our analysis. As highlighted in Ref. [11} to
obtain the optimal L?-norm error bound for the Lie-Trotter time-splitting method
for any ¢ > 0, one must be able to capture the error cancellation between dif-
ferent steps. To analyze the error cancellation, inspired by a recently developed
technique called regularity compensation oscillation (RCO),” we truncate the fre-
quency according to the time step size and use summation by parts formula in
the estimate of accumulation of dominant local errors. As a result, the Laplacian
operator in the commutator, which requires the strongest regularity on potential
and nonlinearity, is replaced by a first-order temporal derivative, thereby reducing
the differentiability requirement on (time-independent) potential by two orders and
on nonlinearity by one order. The same analysis can be naturally generalized to
relax the regularity requirements of optimal H'-norm error bound for the first-
order Lie-Trotter splitting and the optimal L2- and H'-norm error bounds for the
second-order Strang splitting. Actually, the idea of substituting higher-order spa-
tial derivatives with lower-order temporal derivatives can be traced back to Kato 26
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and has been extensively employed in the analysis of the NLSE from PDE per-
spectives® 18 More recently, this approach has also been adopted in the numerical
analysis of the NLSE 12

The rest of this paper is organized as follows. In Sec. [2] we present the time-
splitting methods and state our main results. Sections [3] and [4] are devoted to the
error estimates of the first-order Lie-Trotter time-splitting method and the second-
order Strang time-splitting method, respectively. Numerical results are reported
in Sec. |9| to confirm our error estimates. Finally, some conclusions are drawn in
Sec. [} Throughout the paper, we adopt standard Sobolev spaces as well as their
corresponding norms, and denote by C' a generic positive constant independent
of the mesh size h and time step size 7, and by C(«) a generic positive constant
depending only on the parameter o. The notation A < B is used to represent that
there exists a generic constant C' > 0, such that |A] < CB.

2. Time-Splitting Methods and Main Results

In this section, we introduce the first-order Lie—Trotter and second-order Strang
time-splitting methods to solve the NLSE with low regularity potential and non-
linearity. We also state our main results here. For simplicity of the presentation
and to avoid heavy notations, we only carry out the analysis in one dimension
and take Q = (a,b). Generalizations to two dimensions and three dimensions are
straightforward. In fact, the only dimension sensitive estimates are the Sobolev
embedding and inverse inequalities. In our analysis, we only use the embeddings
that hold for d = 1,2,3, and we explicitly show the dependence of dimension in
inverse inequalities.

We define periodic Sobolev spaces as (see, e.g., Ref. 2] for the definition in phase
space)
H™ (Q):={pc H*(Q): ¢®(a) = oW (b),k=0,...,m -1}, m>1, meN.

per

The operator splitting techniques are based on a decomposition of the flow

of
Oy = A(Y) + B(y),
where A(v) = iAy and
B(y) = —ip()y := —i(V + f([91*)y with o(¢) =V + f(|¢]*). (2.1)
Then the NLSE can be decomposed into two sub-problems. The first one is
Ohp(x,t) = A(Y) = iAyY(x,t), x€Q, t>0,
{1/)(1”70) =o(z), z€Q,
which can be formally integrated exactly in time as

Y1) = e Bp(-), t>0. (2.3)

(2.2)
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The second one is to solve
{atw(m) = B(¢) = —iV(x)(z,t) — if (| (x, )|*)¢(x,t), >0,
Y(x,0) = tho(x), =€,

which, by noting |¢(z,t)| = |1o(x)| for t > 0, can be integrated exactly in time as

(2.4)

() = Ly (o) () 1= tho(x)e LV @H (@) 2 Q. ¢ >0, (2.5)

Different combinations of the linear step|(2.3)|and the nonlinear step will yield
different time-splitting schemes.

2.1. Lie—Trotter time-splitting Fourier spectral method

Choose a time step size 7 > 0, denote time steps as t, = n7r for n = 0,1,...,
and let ¥[")(-) be the approximation of ¥(-,t,) for n > 0. Then a first-order semi-
discretization of the NLSE|(1.1)| via the Lie-Trotter splitting is given as

Pt = e 2o gy, >0, (2.6)

with [0 (z) = 4o (x) for 2 € Q.

Then we further discretize the semi-discrete schemein space by the Fourier
spectral method to obtain a fully discrete scheme.

We remark that usually, the Fourier pseudospectral method is used for spatial
discretization, which can be efficiently implemented with fast Fourier transform.
However, due to the low regularity of potential and/or nonlinearity, it is very hard
to establish error estimates of the Fourier pseudospectral method, and it is impos-
sible to obtain optimal error bounds in space as order reduction can be observed
numerically.t4

Choose a mesh size h = (b — a)/N with N being a positive even integer and
denote grid points as

z;=a+jh, j=0,1,...,N.

N N
=Jd——,...,——1
77\[ { 27 72 }
27l

Xy =span{e™ @Y .l e Ty}, = A (2.7)

Define the index sets

and denote

Let Py : L?(2) — Xy be the standard L2-projection onto Xy as

(Pyu)(z) =Y e =), (2.8)
l€TN
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where u € L?(Q), and %; are the Fourier coefficients of u defined as

N 1
u =
T e

b
/ u(z)e M@=y, e Z. (2.9)
Let ¢™(-) be the numerical approximations of ¢(-,t,) for n > 0. Then the first-
order Lie-Trotter time-splitting Fourier spectral (LTFS) method reads
B0 (z) = =TV @HF"@F) g (),
¢n+1($) _ Z e—irulz @leiul(x—a)’ x e, n>0, (2.10)

l€TN

where 9% = Pyt in
Let ST : Xy — Xn be the numerical integrator associated with the LTFS
method

S7(¢) =2 PyPR(¢), &€ Xn. (2.11)
Then ¢™ (n > 0) obtained from the LTFS|(2.10)| satisfy
Y= ST (") = €TAPN O (4"), n 20,

(2.12)
Y% = Pnby.

2.2. Strang time-splitting Fourier spectral method

Similar to the first-order semi-discretization |(2.6)] we can obtain a second-order
semi-discretization via the Strang splitting

P+l = 22T (122 >0, (2.13)

with [0 (z) = 1o (z) for z € Q.
By using the Fourier spectral method to further discretize we get the
second-order Strang time-splitting Fourier spectral method (STFS)

D (z) = Z e—igu%@n\)leww—a),

leTn
@ (z) = e TV @H WP @P) YD (1), z€Q, n>0, (2.14)
V) = 3 e ) e,
leTn

where 90 = Py in
Introduce a numerical flow & : Xy — Xy associated with the STFS scheme
as

S3(¢) = e'22 Py O (e'229), ¢ € Xn. (2.15)
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Note that 9™ (n > 0) obtained from the STFS [(2.14)| satisfy
Y = SE(U") = €PN R (eE "), n >0,

(2.16)
¥° = Py

2.3. Main results
For ¢ (n > 0) obtained from the first-order LTFS method [(2.10)| we have the

following.

Theorem 2.1. Under the assumptions that V€ L>®(), o > 0 and the ezact
solution ¢ € C([0,T]; HZ,.(2)) N C'([0,T]; L*(Q)), there exists ho > 0 sufficiently
small such that when 0 < h < hg and T < h?/m, we have

(- tn) = 9™ ee ST+B% lCtn) =¥ " SVT+A, 0<n<T/r

(2.17)

In addition, if V. e WhHH Q) N H,(Q), ¢ > 1/2 and the solution ¢ €
C([0,T]; H, () 1 CH([0, T H (@), we have

[o(tn) =™ ST+A%, 0<n<T/7. (2.18)

For ¢™ (n > 0) obtained from the second-order STFS method we have
the following.

Theorem 2.2. Under the assumptions that V &€ ngr(Q), o > 1 and the ezact
solution ¢ € C([0,T]; Hy.(2)) N C*([0,T]; H*(€2)) N C2([0,T]; L*(R)), there exists
ho > 0 sufficiently small such that when 0 < h < hg and 7 < h?/m, we have

[oCotn) = ¥ 2 S 724 hY [[Cotn) = 9" S 72 +8%, 0<n < T/t
(2.19)

In addition, if V. € H3,.(Q), 0 > 3 (or 0 = 1) and the solution ¢ € C([0,T];
H3..(Q))NCL([0,T); H3(2)) N C%([0, T); H'(Q2)), we have

per

(s tn) =" ST2+hY 0<n<T/7. (2.20)

Remark 2.1. Our regularity assumptions on the exact solution v are compatible
with the assumptions on potential and nonlinearity. By Corollary 4.8.6 of Ref. [16
(see also Refs. 11} 12 and 26), the H?-regularity can be propagated by the NLSE
[(L.1)] with V € L>(Q) and ¢ > 0 (corresponding to the case of [2.17)), i.e., it can
be expected that 1 € C([0,T]; HZ,.(2)) N C*([0,T]; L*(2)) if o € HZ, (). The
assumptions for [(2.18)H(2.20)| are compatible with the assumption for in the
sense that the increment of the Sobolev exponent of v is the same as the increment
of the differentiability order of potential and nonlinearity.
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Remark 2.2. According to our error estimates in Theorems and the time
step size restriction 7 < h? is natural in terms of the balance of spatial errors and
temporal errors. Moreover, we can clearly observe this time step size restriction in
the numerical results in Sec. [p| indicating that it is necessary and optimal.

Remark 2.3. The H!-norm error bounds in|(2.17)|and [(2.19)| follow directly from
the corresponding L?-norm error bounds with 7 < h2, standard projection error
estimates of Py, and the inverse estimate ||¢|| g1 < h™Y|||z2 for all ¢ € X 58

3. Proof of Theorem for the LTF'S [(2.10)

In this section, we shall show the optimal error bounds for the LTFS method
We start with the optimal L2-norm error bound and present the proof of in
Theorem [2.1} In the rest of this section, we assume that V € L>*(Q2), ¢ > 0 and
Y e C([0,T); HZ.(22)) N C*([0,T]; L*(£2)), and define a constant

My = max{ ||V oo, [|¥|| Lo jo,17;12 ()5 1060 || L= (j0,77:222)) > 1] Lo (0,775 () }-

3.1. Some estimates for the operator B

For the operator B defined in [(2.1)} we have the following.

Lemma 3.1. Under the assumptions V € L>(Q) and o > 0, for any v,w € L*()
satisfying ||v||p~ < M and ||w||p~ < M, we have

[1B(v) = B(w)||z2 < [V, M)|[v — wl| 2. (3.1)
In particular, when w = 0, we have
[B(@)llz> < C([Vlzes, M)|[v]| > (3.2)
Let dB(:)[-] be the Gateaux derivative defined as

dB(v)[w] := lim Blo+ew) = B(v)7 (3.3)

e—0 e

where the limit is taken for real e (see also Ref. [I1]). Introduce a continuous function
G:C—=Cas

F1(121%)2% = Bol?7 7222, 2 #0,
G(z) = zeC. (3.4)
0, z=0,
Plugging the expression of B into|(3.3)} we obtain
dB(v)[w] = —i[Vw + (1 + o) f(|v]*)w + G(v)w@), (3.5)

where we use f(|z|?)|z]? = o f(]z|?) for all z € C and define G(v)(z) := G(v(x)).
Then we have the following.
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Lemma 3.2. Under the assumptions V € L>®(Q) and o > 0, for any v,w € L*(Q)
satisfying ||v||pe < M, we have

[dB(v)wll|Lz < C([V][Le, M)[w] L2

The proofs of Lemmas[3.1]and [3.2] can be found in Lemmas 3.2 and 3.3 of Ref.[11
and we shall omit them for brevity.

From the definition of the nonlinear flow ®7% in we immediately have the
following.

Lemma 3.3. Under the assumptions V € L>®(Q2) and o > 0, for any v € L*>®(Q)
and w € L*(Q), we have

195 (W)llL2 = [[vllz2s  [1PF (W)l = [[w]|ze.

3.2. Local truncation error and stability estimates

We shall establish the local truncation error and stability estimates for the first-
order Lie-Trotter splitting. In the rest of this paper, we always abbreviate (-, t)
by 9 (t) for simplicity of notations when there is no confusion.

Define the local truncation error of the Lie-Trotter time-splitting method as

E" = Pytp(tni1) — ST(Py(tn)), 0<n<T/r— 1. (3.6)

Then the local truncation error can be decomposed into two parts based on different
regularity requirements on potential and nonlinearity.

Proposition 3.1. Assuming that V € L>(Q), o > 0 and ¢» € C([0,T]; H2..(2))N
CL([0,T]; L*(Q)), we have

EM=Er + EF,
where
1€ML S T2+ 7h2, EF = feiTA/ (I — e 2Py B(Pn)(ty,))ds.
0

Proof. The proof proceeds similarly to the proof of Proposition 3.6 in Ref. [11] and
we only sketch it here for the convenience of the reader. By Duhamel’s formula, one

has
P n _ iTAP " T i(‘rfs)AP B isA 2)d T i(T—s)A
NY(tny1) = €T Pyi(t )+/0 e NB(e*2Y(ty,)) s+/0/0 e
Pn(dB(e'C=9%4(t,, 4+ ¢))[e'C™I2B(4)(t, + <))])deds. (3.7)

Applying the first-order Taylor expansion

Pp(w) =w+ 7B(w) + 72/0 (1 — 0)dB(®Y (w))[B(®Y (w))]de, (3.8)
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to ST (Pn(ty)), we have

1
ST(PNY(tn)) = €2 Pyip(t,) + 7€ 2 Py B(Pyi(t,)) + 72 / (1—0)e™
0

Py (dB(®F (Pnth(tn))) [B(®F (Prti(tn)))])do. (3.9)
Subtracting from Section recalling one obtains
E" = PN'L/)(tn_H) — S{(P]\ﬂl)(fn)) =e€1 + e+ e3, (310)

where
o — /OT/OS ¢TI Py (dB(e' ™92 (1, + ) [TV B(4(t, +<))])dsds,
ey = 12 /01(1 — 0)e'™A Py (dB(®F (Pt (tn)))[B(®F (Pt (ta)))])do,
o — /O " =8 Py BB (1)) ds — reimA Py B(Py ().

(3.11)

By the boundedness of ¢ and Py, and using Lemmas|3.1 and Sobolev embed-
ding, we have

leallr S 72 lleallre S 72 (3.12)

Then we shall estimate e3. From ez in|(3.11), we have

os — /OT[ei(T—s)APNB(eisAw(tn)) _ eiTAPNB(PN'(/}(tn))]dS
= [ B Pl S (e - Blolta))ds

+ /T ¢ TIRPy (B(4(t)) — B(Pyi(ta)))ds

0

_ eiTA/ (I — e "2) Py B(Pnt)(t,))ds =: e} + €2 + €3. (3.13)
0

By the boundedness of Py and e**?, standard Fourier projection error esti-
mates of Py and [|(1 — e*2)¢||r2 < tl|o|| a2 for all ¢ € HZ, ()% 13 we have

lesllze <72 lle3llze < 7h%.

The conclusion follows by letting €' = e1 + e + €l + €2 and £ = e3. D

For the nonlinear flow, we have the following L®-conditional L2-stability esti-
mate.
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Proposition 3.2. Let v,w € Xy such that ||v||p~ < M, ||w|pe < M. Then
1PN (@5 (v) = v) = Pn(®p(w) — w)l[r2 < C([V][Lee, M)T]jv — w]| 2.
Proof. Let u’ = (1 — §)w + v for 0 < # < 1. Then we have, by recalling p(u) =
Vi f(Jul?)
(@5 (v) —v) = (Pp(w) — w)

N / 1 09 (P (u”) — u)do = / 1@ —w)(e” ) —1)dy
0 0

) / (o ([u’ ) (v = w) + G(u') (o —w))e~ 2o, (3.14)

From noting that |e’ — 1] < @ for all § € R, [[o(u?)||ze < ||V + M2
and
1£(1z13)] + |1G(2)] < |2*, z€C, o>0, (3.15)
we have
195 (v) = v) = (Pp(w) — w)|L2
< CIV|pee, M)T||v — w2 + C(M)T||v — w]|| 2. (3.16)

The conclusion then follows from |(3.16)| and the boundedness of Py immediately.
O

Remark 3.1. We cannot expect the constant C' in Proposition [3.2] to depend
exclusively on the minimal of ||v||f«~ and ||w| L= as is the case of Proposition 3.8
in Ref. [11] since

7—0 T T

and the constant in|(3.1)|is already optimal. This also prevents us from generalizing
the results in this paper to the LogSE considered in Refs. [9 and [10L

3.3. Optimal L?-norm error bound

We shall establish the optimal L?-norm error bound for the LTFS method
(2.12)l As mentioned before, the main idea is to replace the Laplacian A with a
temporal derivative in the dominant local error £3'.

Proof of [(2.17)| in Theorem Let e™ = Pni(t,) — 9™ for 0 < n < T/7.

We start with the L?-error bound. By standard projection error estimates of Py,
recalling that ¢ € C([0,T]; H2.,(9)), we have

per

l(tn) = Pno(ta)lze Sh?*, 0<n<T/r. (3.17)
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Then the proof reduces to the estimate of e™. For 0 <n < T/7 — 1, we have
= Pnt(tny1) — "t
= Pno(tni) = ST(PNY(tn)) + ST (Pri(tn)) — ST (")

— 17—A e + Qn + gn (318)
where £ is defined in|(3.6)| and
Q" = TPy (P (Prt(tn)) = Pxi(tn)) — (RF(4") = 9™)). (3.19)
Iterating [(3.18)L we have
en—i— _ e1(n+1)-rA 0 + Zei(n—k)'rA(Qk + gk)7 0<n< T/T _1. (320)
k=0

For Q™ in applying Proposition and the isometry property of e®*?, we
have

1Q"lz2 < C([¢"[|Loe, Ma)7[|€" |12, 0<n<T/T -1,

which, together with the isometry property of e’ and the triangle inequality,
implies
) n
l("_k)TAQk < 017'2 ||ekHLz, 0<n<T/T -1, (3.21)
L2 k=0

where the constant C' depends on maxo<p<n ||¢k||Loo and Ms. By Proposition

and the isometry property of e**2, we have
n
i(n—k)TAgk < 7’LT T+ h2 Z i(n— k)TAgk
L2 k=0 L2
=n7(1 + h?)

Z —ikTA /T — eiiSA)dSPNB(PNw(tk))
k=

L2
=n7(t+h%) + |T"||2, 0<n<T/7—1, (3.22)

where

Jr=Y eiha /T(I — e ™) dsPyB(Pyi(ty)), 0<n<T/r—1. (3.23)
0

From |(3.20)} using |(3.21)| and |(3.22)] we have

lle" e <74+ h%+ C'N'Z le¥l e + 1T 2, 0<n<T/7—1. (3.24)
k=0
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We shall estimate J™ carefully to capture the phase cancellation. Set
¢n=PNB(PN¢(tn))€XN, OS?’LST/T—l (325)
and define

6 = / (1—ei)ds, Spui=Y e*™, 1eTy, 0<n<T/T—1. (3.26)
0 k=0

For ¢; defined in [(3.26), we have

2,2

|51|S/ \l—eis“lz|d8§/ 2|Sin(s,u52/2)|ds§/ sufds:T;l, leTn.
0 0 0

(3.27)

When 7 < h?/7, using the fact that |sin(x)| > 2|z|/7 when x € [0,7/2], we have
|1 — eitn+Dmaf | 2

S| = , < —
[ |1 —eimii| = 2sin(Tui/2)

1
Hy

Combining [(3.27)] and [(3.28)] and noting that ¢; = 0 when [ = 0, we have

[0Sl ST, €Ty, 0<n<T/T—1, (3.29)

where the constant is independent of n and [. Inserting [(3.25)| into [(3.23)| and
recalling we have, for 0 <n <T/7—1

J" = Z Z etk / (1— eisuf)dsgl;eim(w—a)
0

k=01eTn
_ Z Z eikrufal(b;ceim(ﬂl—a). (3.30)
k=01eTn

From |(3.30)} exchanging the order of summation, using summation by parts and
recalling [(3.26) we obtain, for 0 <n <T/7 -1

J" = Z 6leim(:p7a) Z eikru?@

n

leTN k=0
. o n—1 — —
= Z et (z=a) (Sn,léﬁf - Z S+t — ¢f)) . (3.31)
leTn k=0

From |(3.31)] using Parseval’s identity, Cauchy inequality and [(3.29)] we have, for
0<n<T/r—1

2

17772 = (b—a) 3 6F

leTn

n—1 —_— —
) k
Sn,l¢7 - Z Sk,l( zH - ‘157)
k=0
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2

S 251 z’¢g 251 Zskl o - )

leTN leTn k=0
<7 Z |¢l + Z &5 Z Sk al? Z |¢>k2+1 |
l€TN leTn k1=0 ko=0

n—1 n—1

ST+ D0 D D 6718kl |gFa T — e ?

k}l 0 kz 0 lETN

n—1
6"172 + 07D [P — 6" (3.32)

Recalling using the L2-projection property of Py and Lemma [3.1] we have
16" [[2 < [IB(Pn¢(tn))llL2 < C(Ma)||l9p(tn)llz> S C(Mz), 0<n<T/T—1
and, for 0 <k <T/7—2
¢+t = ¢¥|| 2 = | Py B(Pnt(tys1)) — Py B(Prip(tr))l| 2

< |IB(Pntp(trs1)) — B(Pnt(te))]| L2

S e(tkea) = o (e)lize S TN0 oo (e trga)iL2).
which, inserted into |(3.32)} yield

17172 S 72+ n°rt S 72 (3.33)

Inserting |(3.33)|into |(3.24)} we have

le" e < T+h2+ClTZ||e [FZR (3.34)
k=0

where C} depends on My and maxo<p<n |4¥| L, and can be controlled by discrete

Gronwall’s inequality and the standard argument of mathematical induction with

the inverse equality ||¢]| L < Cinvh™2]|@|| 12 for all ¢ € X 38

[9* iz < 10" = Prtp(ta) |l + P (te) o
_d _d
< Cih ™2l 12 + C| Pxtp(ti) | a2 < Cinvh™ 2 [|€¥]| 2 + C(Moa),

(3.35)

where d is the dimension of the space, i.e., d = 1 in the current case. To estimate

h=%|e|| 2 in we also need to use the time step size restriction 7 < h?
imposed in As a result, we obtain

lle™ |z < T4+h?, 0<n< T/,

which directly yields the optimal L?-norm error bound in by recalling
To obtain the H!-norm error bound in as mentioned in Remark by the
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inverse inequality, the step size restriction 7 < h? and standard projection error
estimates of Py, we have, for 0 <n < T/t

[ (tn) = 0"l < (tn) = Prto(ta) s + €™ S B+ el S 72 +h,
(3.36)

which completes the proof. O

Remark 3.2. The key estimate |(3.32)[ of J™|(3.23)[ can be understood as a time-
discrete and global version of Lemma 3.6 in Ref. 12l

3.4. Optimal H'-norm error bound

In this section, we shall show the optimal H!-norm error bound for the LTFS
method [(2.10)| under the assumptions that V € Wi4(Q)n H, (Q), ¢ > 1/2 and

per

¢ e C([0,T]; H3.. () N C*([0,T]; H(£2)). We define a constant
Mz = max{||[Vllwra, |9l L= o,y 2 (0 1008 oo (o, 7312 (02)) s (¥l e (0,775 (02)) }-
Note that W1 4(Q2) < L>°(Q) when 1 < d < 3. The proof follows exactly the same
framework as the proof of the optimal L?-norm error bound

We start with the estimates for the operator B and present the H'-norm coun-

terparts of Lemmas [3.1 under the above higher regularity assumptions. The
proof of these lemmas can be found in Lemmas [£.2] [£.3] and of Ref. 111

Lemma 3.4. Under the assumptions that V.€ WH4(Q) and o > 1/2, for any
v,w € H3(Q) such that ||v||g= < M, |[w|| g2 < M, we have

1B(v) = B(w)|[g < C([Vwra, M)|lv—wllg. (3.37)
In particular, when w = 0, we have
[B)llmr < C([VIIwr.a, M)||v] g1 (3.38)

Lemma 3.5. Under the assumptions that V€ Wh*(Q) N H}(Q) and o > 1/2,
for any v,w € HL (Q) satisfying |[v||p~ < M, ||w|L~ < M, we have dB(v)[w] €

per
H! () and

per
[dB(v)[w]l[gr < C(IVIIwra, M)([ollar + [[wl]lm)-
Lemma 3.6. Under the assumptions that V.€ WH4(Q) and o > 1/2, for any
v € HY(Q) satisfying ||v|| L~ < M, we have
125 )lar < 1+ C([VIlwra, M)T) 0]l
Similar to Proposition [3.1} we have the following.

Proposition 3.3. Under the assumptions V. € W14(Q) N HL,.(Q), o > 1/2 and

¥ € C([0,T]; H3..(Q)) N CL([0, T); HY()), for the local ermr%’e; defined in

per
we have

£ =E&p + &3,
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where

IEMm S 72 + 72, Ep = —eifA/ (I — =52 Py B(Py(t,))ds.
0

Proof. Again, we only sketch the proof here and the details can be found in Ref. 11l
We have the same error decomposition as in the proof of Proposition
By Lemmas Sobolev embeddings and the boundedness of e** and Py on
H! _(Q), we have

per

ledllm S 72, lleallm S 72

For e} and €3 defined in [(3.13)] using[(3.37)| the boundedness of Py and e™?, the
standard projection error estimates of Py and ||(I — e®®)¢|lz1 < t||d s for all
¢ € H3.,(Q), we have

1 2 2 2
lesllar S 775 lleslla < 7h°
The conclusion follows again by letting ' = e1 + €3 + €3 + €3 and X = e3. ]

We can also establish the following L>°-conditional H!-stability estimate of the
nonlinear flow.

Proposition 3.4. Let v,w € Xy such that ||v|]jp~ < M, |w| e < M and
vl gz < My. Then we have

1PN (@5 (v) = v) = Pn(®p(w) — w)|[gr < C([Vlwra, M, My)7|[v — wll g

Proof. From|(3.14)} we have
1
0 (2B (v) —v) — 0 (PH(w) —w) = / (W1 —itWo — itW35)d#, (3.39)
0

where, recalling p(u?) = V + f(|u?|?) in and u? = (1 - w+6v (0<0< 1)
Wi = 0, [(v —w) (e ) — 1)), Wy = Ba(af(Ju’ [2) (v — w)e ),
W3 = 0,(G(u®) (v — w)e ),
(3.40)
For Wy in by direct calculation, we have
Wi = 8, (v — w) (e ™) — 1)
—ir(v—w)(@.V + F([u’?) (u? 0l + ul8,ul))e M), (3.41)

where f/(|z]|?)z and f’(|z|?)Z with 2 € C are defined to be 0 when z = 0 and
o > 1/2. From recalling |e? — 1| < 6 for all # € R and (by the convention
|21°=1,2 € C)

- _ o 1
FUPIS 1277 1 (P2l + 1 (22 S 277 025, 2€C, (342)
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we have, by Holder’s inequality and Sobolev embedding
IWillze < 7lle(@”)]ze 102(v — w)l 22 + 7l|(v = w) 3V || 2
+ C(M)7||(v — w)Dpu?|| 12
< C(V [z, M)Tljo = wllze + 7V I[wrsllo — w]zs
+ C(M)7||(v — w)0v| 2 + C(M)O7||(v — w)Dp (v — w)|| 2
< C(IVilwra, M)rllv = wllgs + C(M)7|[vllwrallv — wllzs
+ C(M)7(|02 (v — w)]| 2
< C(IVlwra, M, My)7|lv — w| . (3.43)
For Wy in direct calculation yields
Wa = o f(|u®2) (w0 0,ul +uPd,u®) (v — w)e~ (@)
+ o f(ju8 20 (v — w)e ) o f([uf[?) (v — w)Dpp(uf e ITE),
(3.44)

From using Hélder’s inequality and Sobolev embedding and noting

we have
IWallz2 S C(M)||(v — w)dpu’|| 2 + C(|V || oo, M) |02 (v — w)|| 2
+7C(M)[|(v = w)0uV [ 22 + 7ll(v — w) f([u”[*)0s f(|u”*)]| 2
< O(M)||(v — w) 0,02 + 0C(M)]|(v — w) D (v — w)|| 2
+ C(|Vlzoe, M)|lv = wll g1 +7C(M)]| 05V || L [lv — w] a2
+ 7l (0 = w)d [ f (|u’[)]? 2
< C(M)|[0zvllzsllv — wllzs + C(M)[|02 (v — w)] L2
+C(IVwra, M) o = wlg + C(M)||(v — w)dpu’ || 2
< O([|VIlwra, M, My)|lv — wl[ g, (3.45)
where we use the identity
0ol f(Ju[?))2 = B20s(Ju’2)*7 = 2082 ([u’[*)*7~H (u*Bpu® + uP0put®), & >1/2.
Similarly, we have

Wl < C([VIlwra, M, My)|lv — wl| g (3.46)

From using [(3.43)] [(3.45)] and [(3.46)] and recalling Proposition [3.2] we obtain
the desired result. O
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Proof of |(2.18)| in Theorem |2 - The proof is similar to the proof of [2.17)]

From |(3. using Propositions and |3 ., the isometry property of e and
triangle inequality, we have

le M S 7+ k2 +Cor Do lleF s + 1T [, 0Sn<T/r=1,  (347)
k=0

where J™ is defined in (3.23E and Cy depends on Mjz and maxo<k<n |19k oo -
Recalling [(3.30)| and |(3.31)| and using Parseval’s identity, similar to|(3.32), we have
2

T2 = (0 —a) S (1 + ud)6? |Seao) — Zskl (6FFT — oF)

leTn
Z(l"'ﬂz 5szz|¢l + Z (1+ pf)é7 Zskl kﬂ—ﬁbf)
leTn lETN k=0
<SP+ > (4 e Z |Skll|22 gkt gk
1€Tn IETN k1=0 k2=0

n—1 n—1

STN R + > D D (L4 u)6 Skl |¢k2+1 2|

k1=0ko=01leTNn

n—1

SN M H + 0 Y ¢ = ¢Fll3n, 0<n<T/T -1 (3.48)
k=0
Recalling [(3.25)| using the projection property of Py and Lemma we have
T
16"z < IBPNY(E) e < C(Ma)[¢(ta)llm < C(Ms), 0<n<——1,

6" — ¥ 2 = | Pn B(Pnt(trg1)) — Py B(Pnt(te)) |l
< || B(Pn(tks1)) — B(Pny(te)) || e

N

S Y1) = ¥E)llm S 710l oo (on tayaiy, OS k< — =2,

which, inserted into [(3.48)] yield
1T™M5: ST +n?rt <72 0<n<T/r—1.

With the above estimate of || J"|| g1, noting the uniform L>°-bound of ¥™ (0 < n <
T/7) established in the proof of |(2.17)|in Sec. the proof can be completed by
applying discrete Gronwall’s inequality to|(3.47)| 0

4. Proof of Theorem for the STFS |(2.14)]

In this section, we shall show the optimal error bounds for the STFS method
Again, we start with the optimal L?-norm error bounds and show the proof of
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(2.19)[ in Theorem In the rest of this section, we assume that V € HZ_(9),

per

o>1landy € C([0,T); H:, (Q))NCL([0,T]; H*(Q)) N C?([0,T]; L*(R)), and define

per
a constant

My = max{||V|| g2, | Lo (0,195 (2)), 10| o< ([0, 19; 122 (92)) [ 06t || Lo ([0, 77; 22 (02)) }-

4.1. Some estimates for the operator B
Lemma 4.1. When o > 1, for any v € H?(Q2), we have
(ol < Clvllaz), NG @) < C(v]lm2).

Proof. By direct calculation, we have
8$f(|’l}|2) = f,(|v|2)(vaﬂﬂﬁ+58wv)v
Dua f([013) = f"(|0]*) (0040 + TO0)? + f'(|v|*) (0020T + TOpav + 2|050]?).
(4.1)

From [(4.1)] using Sobolev embedding and noting and
LU+ L7 ()22 + L ()] + ()27 S 12272, 021, 2€C,
(4.2)
we have
1£([o)llzz < olliZ < Cllvlla2),
102 fF([o*)llz2 < 0172 102l 22 < C(llv]l ),
10s2f (loI*)lz2 S I0I72 21000120 + 0122 10z0vl 22 < C(llv]m2),
which implies || f(|v]?)||gz < C(||v]|z2). Similarly, we can show that |G(v)| gz <
C(||v]|g2) and the proof is completed. O
Lemma 4.2. Under the assumptions V € H?(2) and o > 1, for any v,w € H*(Q)
such that ||v]| gz < M, ||w|| 2z < M, we have
|1B(v) = B(w)|z> < C(|VIlg2, M)|[v — w]| a2 (4.3)
In particular, when w = 0, we have

I1B@)ll2 < C(IVI[m2, M). (4.4)

Proof. Noting that H?(Q) is an algebra when 1 < d < 3, we get
Vo =Vwlg: <[[V]a2llv—wlg2. (4.5)
Let u? = (1 — §)w + Ov for 0 < # < 1 and define
¥(0) = f(ju’P)u’, 0<6<1.
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Then one has

F(ol)o = f(lwl*)w = (1) - 7(0) = /0 7' (0)do, (4.6)
where
7 (0) = (1+a)f(|ul*) (v —w) + Gu?)(v —w), 0<6<1. (4.7)

Inserting into by Lemma and the algebra property of H?(f2), we
have

1
1£ (oo = f(lw*)wl| = < / 17/ (0) || r2d6 < C(M)[v — w] g2,
0
which, combined with |(4.5), completes the proof. O

Lemma 4.3. Under the assumptions V € L>(Q) and 0 > 1/2, for any vj,w; €
L>(Q) satisfying ||vj||re < M and ||wj||pe < M with j = 1,2, we have

|[dB(v1)[w1] = dB(v2)[wa]| 2 < C(|V Lo, M)([lv1 — v2l[12 + [[w1 — w2 L2).

Proof. Recalling we have
ldB (v1)[wi] = dB(va)[ws]ll 2 S IV | Loellwr = wellrz + [ f(lor|*)wr = f(Jv2]*)we]| 2

+ |G (v)wr — Glvz)wal| 2 (4.8)
When o > 1/2, we have (see (4.9) in Ref. 1T
[f(l21)) = f(lz2*)] S max{|z1], [22[}*7 e — 22|, 21,22€C,  (4.9)

which implies
£ (o1 |*)wr = f(jva|*)wa] 2

< (o) = foalP)willpe + 1f (o2l ) (w1 — wa)|| 2

< £ (o) = floal)lze lwillpoe + 1 (fv2l?) | oo lwr — w22

S CM)([Jvr = vallz + flwr — wal|L2). (4.10)
Similarly, we have

|G (v1)wr — G(u2)wal| L2 < C(M)([Jor — va L2 + [lwr — wall2)- (4.11)

Inserting |(4.10)[ and [(4.11)| into [(4.8)| yields the desired estimate. O

Lemma 4.4. Under the assumptions V € H?(Q) and o > 1, for any v,w € H?(£2)
satisfying ||[v|l gz < M, ||w||gz < M, we have

ldB(0)[w]l[ 2 < C([|V |2, M).

Proof. Recalling and using Lemma and the algebra property of H2(2),
we obtain the desired result. |
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Lemma 4.5. Under the assumption that o > 1/2, for any v € L™ (Q) and w €
L2(Q) satisfying ||v||L~ < M, we have

1dG(v)[w][|2 < C(M)|w] 2.

Proof. Recalling and we have
dG(v)[w] = f"(Jv[*)0°@ + f"(jo]*)v*Tw + 2f'(Jo]*)ow, (4.12)
where f”(|z|?)2% and f”(]z|?)2?z with 2z € C are defined as 0 when z = 0. From
using the fact that
)2+ 17 (127)2%2] + 1 (1212l S 121778, o> 1/2, 2€C,  (4.13)
and Sobolev embedding, we obtain
ldG(@)[w]l|z2 < V75 lwllze < C(M)w] e,

which completes the proof. O

4.2. Local truncation error and stability estimates

Similar to the estimate of the first-order Lie—Trotter time-splitting method, we first
establish the local truncation error and stability estimates for the second-order
Strang splitting.

Define the local truncation error of the Strang time-splitting method as

L" = PnY(tnyr) — S5 (Pnyp(tn)), 0<n<T/r—1. (4.14)
Proposition 4.1.  Assuming that V. € HZ.(Q), o > 1 and ¢ €
C([0,T]; Hpe, () N CH([0, T H*(2)) N C2([0, T); L2(2)), we have
LY = LT+ L7,
where
1L |2 S T2+ 7R, Ly = —73A% /0 1 ker(0)e' ' =072 Py B(e'72 Pyap(t,))do),
with ker(0) the Peano kernel for the mid-point rule.

Proof. From Section using and Lemma the isometry property of e**4
and the standard projection error estimates of Py, we have

Pytb(tusr) = €™ Pys(t,) + / 7= Py B Pyyp(t,))ds + / / i
0 0J0

Pn(dB(e"5=92 Pyap(ty, + <)) [ S92 B(Pyy(t, 4 <))])dsds + e,
(4.15)
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where ||ep||z2 < Th%. By the Taylor expansion for &% in we have
S3(Pntp(ty)) = e T2 Pyi(tn) + 1€ 22 Py B(e'2 2 Py)(tn))

1
72 — .
7 [0y (4.16)
where
7(0) = '3 PydB(®Y (/32 Pyip(tn))) [B(DF (€22 Pye(t,)))], 0<6 <1
(4.17)

Subtracting |(4.16)| from [(4.15) we have
L" = PnY(tni1) — ST (Py(tn)) = e1 + e2 +e3 +ep,

where

T S
“a= / / T8 Py (dB(e'C =92 Pyp(tn + ))[e"C™O2 B(Prip(tn +<))])dsds,
0 JO

eg = —72/0 (1 —0)v(6)ds,

ez = /T e T8 Py B2 Pytp(t))ds — 7€' 22 Py B(e' 22 Pyt (ty)).
’ (4.18)
Set, for 0 <¢<s<T
D(s,¢) = e'T™)A Py (dB(e™2 Pyih(t,)) [ CIA B2 Py (t,))]).  (4.19)
Noting that

T T T T i T
D (3.5) =(0) = T2 PydB(e T4 Pyt () [B(e' T4 P (1)),
we have

€1 +ex =11 +7T2+ 73,

where
e / / [0 98 Py (dB(E93 Pyt + )02 B(Pb(t + <))
0 J0
— D(s, g)]dgds,
ry = / / [D6s.9) =D (.7)] dsds, s =72 / (1= 0)[(0) = (0)]do.
(4.20)

Then one has (the proof is postponed to Lemma
rillee S for j=1,2,3. (4.21)
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To estimate es in [(4.18)] let
g"(s) = eI PyB(e® A Pyip(t,)), 0<s<T. (4.22)

Then we have
- 1
= [l =g r/2)as =+ [0 G, 42

where ker(6) is the Peano kernel for the mid-point rule (see Refs. [0l and 29). For
simplicity of the presentation, we define

v(s) = PyB(e"2Py(t,)), w(s) =e“2Pyib(t,), 0<s<T. (4.24)
Note that we have ¢g"(s) = e("=)8y(s) for 0 < s < 7 and

Ossg"(s) = €I (D50(s) — iADsv(s) — A%v(s)), 0<s<T (4.25)
Then ej3 can be decomposed as

1
0y = 19 / ker(0)e! A=A (9, v(07) — iADv(67))d0
0

1
- 7'3/ ker(0)e!1=OTAA2y(07)d0 =: el + e2. (4.26)
0

From by direct calculation, we have
Osv(s) = PndB(w(s))[iAw(s)]
= Py[VAw(s) + (14 0) f(lw(s) ) Aw(s) + G(w(s))Aw(s)],  (4.27)
dssv(s) = Py[iVA*w(s) + (1 +0) f'(Jw(s)[*) (iAw(s)w(s)
—iw(s)Aw(s)) Aw(s) + (1 +0) f(Jw(s)[*)iA w(s)
+dG(w(s))[iAw(s)]Aw(s) — iG(w(s)) Aw(s)]. (4.28)

From |(4.27)| recalling that V € HZ_ () and ¢ € C([0,T]; H}.,(Q)) and using the

p
algebra property of H?(), Lemma and the boundedness of Py on H2, (Q), we

per
have, for 0 < s <71
[A0sv(s)llLz S 10sv(s)llm2 S IV Iz llwllzs + C(wlla2)||wll s < C(Ma).
(4.29)

From [(4.28)] recalling that V e HZ2,(Q) and ¢ € C([0,T]; H.,(€)), using

per

Lemma Sobolev embedding, and the boundedness of Py, and noting|(3.15), we
have

10ss0(s)llz2 S NIV |z llwllzzs + w22 [ Aw[ s + [[wl|7% [w] s

+ C(Jwl g | Aw| e < C(My), 0<s<T. (4.30)
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Combing |(4.29)| and [(4.30)} recalling |(4.26), we have, by the isometry property of
it

lezll > S 7°. (4.31)

The conclusion then follows from letting £} = e; +ea + €3 + €5 and L3 =e2. DO

Lemma 4.6. Under the assumption of Proposition forr; (j =1,2,3) defined
in we have

HTjHLZ /S T3a .7 = 17273'

Proof. Recalling by the boundedness of ¢ and Py, Lemmas [3.1] and
we have

[r1ll2 < /0 /O ‘ [dB(e!=)2 Pyap(ty, + <))€’ C~2 B(Pyt(tn +<))]

— AB(¢*3 Pyip(t)) [0 OP B(e<S Pip(t))] | 2 dsds
< / / (€65 Pyt +6) — €155 Poyap(t) | 2

+ | TIAB(Py (e + <)) — e CTIRB( 2 Pyip(ty))|| £2)dsds

<72 sup |[W(tn +<) — e“2(tn)] L2
0<o<T

<72 sup / i C=)AB()(t, + 5))||L2ds
0<¢<T

<73 sup I1B((tn + )|z S 73, (4.32)
0<s<7

where we also use the Duhamel’s formula for ¥ (¢,, + ¢). To estimate 72, recalling

and w(t) = e Pyip(t,) for 0 <t < 7 in we have
9sD(s,¢) = —iAD(s,<) + €' TIA Py O (dB(w(s)) [T B(w(s))]).  (4.33)
Recalling by direct calculation, we have
5(dB(w(s))[e'"™ 92 B(w(s))))
= —i0,[Ve'* 92 B(w (<)) + (1 + 0) f(Jw(s)|*)e'* ™92 B(w(s))
+G(w(s))e'e=I2B(w(s))]
= Velt=9I2AB(w(s))
—i(140)f (Jw(s)]*)(w(s)dsw(s) + w(s)dsw(s))e’ ™) B(w(s))
+ (1+0) f(lw(s)]*)e' ™ IPAB(w(s)) — idG (w(s))[Dsw(s)]
x e T2 B(w (<)) — G(w(s))e ¢TI AB(w(<)),
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from which, noting [(3.15)| and [(3.42)| and
[w(s)l[e S llws)lla> < d(E)lla < M, 0<s <7, (4.34)

we have

105(dB(w(s))[e'*~ 92 B(w(<)))) || 2
S IBw() a2 + [105w(s)l|2]|e" ™% Blw(s))[| o
+ 1dG (w(s))[0sw(s)][| 2 eI 2Bw (<)) | e - (4.35)
From using Lemma Sobolev embedding and the isometry

property of e*, we have
105(dB(w(s))[e" ™92 B(w(<))))| 2
S CUV a1 )l a2) + @) [ 2] B(w(s)) || 2
+ Clw(s) o) 105w ()] L2 | B(w () 2 < C(Ma). (4.36)

From using Lemma and and the boundedness of e and Py, we
obtain

10D (s,6) | 2 < [IAD(s,6)]| 2 + 1|05 (dB(w(s))[e" ™2 B(w (<)) | 2
< C(My). (4.37)

Similarly, using and Lemma we have [|0.D(s,¢)||rz < C(My), which,
combined with [(4.37)] yields

IVD(s,9)llp2 < C(My), 0<c<s<rm, (4.38)
which further implies
Irollz: <73 sup  [|[VD(s,6)||z2 < 72 (4.39)
0<¢<s<t

For r3 in recalling and w(t) = e Pyi(t,), by Lemma
and |(3.1)} we have

1
Irallze <7 / 17(8) — ~(0)]] 26

1
S72/0 |dB(®%Y (w(7/2)))[B(®%Y (w(r/2)))]
— dB(w(1/2))[B(w(7/2))]|| 2d0

S7°osup ([|@F (w(r/2)) — w(r/2)|| 2
0<6<1

+ | B(@F (w(7/2))) = B(w(7/2))l12)

<72 sup [hw(r/2)(e” TVH IR/ 1)), < 13, (4.40)
0<6<1

Combing ((4.32)} [(4.39) and [(4.40), we complete the proof. |
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Proposition 4.2. Let v,w € Xy such that |[e'2%w||p~ < M and ||v||gz < My,
then we have

1(85 (v) = €%0) = (85 (w) — e w) || 2 < C(IV ||z, M, My)7[lv — w]| 2.

Proof. Recalling[(2.15)| and noting that Py is an identity on Xy, we have
(S7(v) = e'™%v) = (S (w) — e w)
= e T2 Py (DL (e'250) — e'220) — e T2 Py (DR ("2 w) — e 32 w).  (4.41)

By using Proposition the isometry property of e’*2 and Sobolev embed-
ding, we have

1(85 (v) — €'20) — (85 (w) — ™ w)]| 2
< [|Pn (5 (%) — e'320) — Py (@F(e'5%w) — €2 %) 12
< O(IVliz=, €2 20|z, I3 2wl o) €72 20 — €2 2w e
< OV, Iollzz, le"2 2wl o) o — w]| 2,

which completes the proof. O

4.3. Optimal L?-norm error bound

Proof of |(2.19)| in Theorem Let € = Py¢(t,) —¢" for 0 < n <
T /7. By the standard Fourier projection error estimates and noting that ¢ €
C([0,T); H2..(2)), we have

per
[4(tn) — Pxtp(tn) L2 S A%
Then the proof reduces to the estimate of e”. For 0 <n <T/7 —1
= Pntp(tngr) — "t
= PNw(th) = S (Pnyp(tn)) + 83 (Pny(tn)) — S5 (")

where L™ is defined in and
= (85 (Pnt)(tn)) — €T Pyip(tn)) — (S3(4") — €T29™). (4.43)

Tterating [(4.42)) we have, for 0 <n < T/7 —1

entl _ez(n+1 )TA O+Zezn ]CTA(Zk+£k) (444)
k=0
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For Z™ in by Proposition and the boundedness of ¢ and Py, we have
1Z™ 22 < CUV Lo, 19(tn) e, e 9™ Lo )T I Pyt (tn) — 47|12
< O(My, ||€"5 29| poo)Tlle™ |2, 0<n<T/7—1,
itA

which, together with the isometry property of e’*> and the triangle inequality, yields

Z ei(nfkr)TA Zk
k=0

<Y 282 < Csm Y b2, 0<n<T/T—1,
2 k=0 k=0
(4.45)

where C3 depends on maxg<j<y ||€?229F|| L~ and My. It follows from Proposi-
tion [4.1] and the isometry property of e?*2 that

zn:zn k)‘rAﬁk Zezn k}TAﬁk

k=

Snr(r? +ht) +

L2 L2

3 § efszAAQ k

nt(t? + ht) + , (4.46)

LZ
where

1
0" = / ker(0)e!1 =072 Py B(eTA Pyap(t,))d0 € Xy, 0<n<T/7—1.
0

(4.47)
Moreover, define
n
gn — 7_3 Z e—i.’m’AAan7 0 <n< T/T —1. (448)
k=0
From |(4.44)] using |(4.45)| and |(4.46)| and recalling |(4.48), we have
n
le" M lne S 7%+ Bt 4+ Cor 3 et Iz + 16" 122 (4.49)
k=0

We shall use similar techniques as before to analyze G™. Note that

g =3 % eikruf/i;l;]l;eim(l’—a)’ (4.50)

k=01eTn

from which, exchanging the order of summation, using summation by parts and

recalling |(3.28)] we obtain
_ 7_3 Z M4ezm(w a) Zelkrul n

leTn

— 3 Z Iu?eiuz(xfa) ( T — Z Skl k+1 . 771k)> ) (4.51)

leTn
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Noting that g = 0 when [ = 0, similar to|(3.29), we have
|Tu?Sn) <1, 1€Tn, 0<n<T/7—1, (4.52)

where the constant is independent of n and [. From|(4.51) using Parseval’s identity

and |(4.52)] we get
IG" 172 = b~ a)7® > ui

2

Snang' — ZSM kH—EIE)

l€Tn
2
<O S Y ZSM a = f)
leTn l€TN
Sl nf P10 > ouf Z Sk, al? Z W”H \
lETN leTN k1=0 ko=0

n—1 n—1

4”7] HH +7_4 Z Z Z Mz|77k2+1 kz|

k1=0ko=01eTNn

n—1

ST G + 07t Y I = |, (4.53)
k=0

Recalling and using and the boundedness of e and Py, we have

"2 S Sup IB(eT* Pytp(tn)) |l < C(My), 0<n<T/r—1. (4.54)
0<0<1
Moreover, for 0 < k < T/7 — 2, we have

1
nkJrl o nk _ / ker(o)ez(lfe)-rAPN(B(EZOTAPNw(t]H_l)) - B(GZOTAPNw(tk)))dQ.
0

(4.55)
From using and the boundedness of e and Py, we have
1
7 = e S [ BT P ) — B Pyw(tn)) o0
0
1 .
S [ 1 P (ltan) - w(te)) ot
0
T
S ”w(tk-l-l) - w(tk)”HQ 5 T||6t'(/)||L°°([tk,tk+1];H2)’ 0<k< ; -2,

which together with inserted into yields

IG"2: ST+ 02 <7t 0<n<T/r—1.



832 W. Bao, Y. Ma & C. Wang

Recalling [(4.49)] we have
le" M lze S 72+ h*+ Csm Y [leFll2, 0<n<T/7—1, (4.56)
k=0
where C3 depends on maxo<g<n |le?524*|| L~ and My. The proof can be completed

by applying discrete Gronwall’s inequality to [(4.56)| and using the standard induc-
tion argument with the inverse estimate

€289 || Lo < [J€" 22 (W8 — Panap(ty))l|poe + [l 22 Paap(t)[| oo
< Cinyh ™2 || 52 (4% — Pyop(ty))| 12 + Clle? 22 Pyap(t) ||
= Ciuvh™ 2 |[€¥|| 12 + C(My), (4.57)

to control the constant Cj in The H!'-norm error bound in can be
obtained similarly to |(3.36)[ by using inverse inequalities and the time step size
restriction 7 < h?, and we omit the details here. Thus the proof is completed. O

4.4. Optimal H'-norm error bound

Then we shall show the optimal H'-norm error bound for the STF'S method
under the assumptions that V € H3. (Q), o > 3/2 and ¢ € C([0,T}; H,,.(2)) N
CH([0,T); H3(Q)) N C2([0,T); H'(£2)). All the results in this section hold trivially
for 0 = 1, and we shall omit this case for simplicity. We define a constant

My = max{ ||Vl zs, [l L= o115 €)) 1060 | Low 0. 17:183 (2 1960 | Lo 0,71 (92)) }-
We first show the higher-order counterparts of Lemmas (4.1

Lemma 4.7. When o > 3/2, for any v € H3(Q), we have
1ol < Cllvllas), NG @) < C(v]lm2).
Proof. By some elementary calculation, we have the point-wise estimate
|Oaaaf ()] < (" (o) Pl (o) ]o])0zv]?
+ (1 ()P + 1 (0] D102 |00
+ 1 (o) 0]l|0zaavl, (4.58)

where f'(|z1?)|z]3, f"(]2)?)|z| and f”(|z|?)|z|* with z € C are defined as 0 when
z = 0. From |(4.58)| using Sobolev embedding and Hélder’s inequality and noting

(3:42)} [(&-13)| and
PGNP+ 151l S 7773, 02 3, zeC, (4.5)

we have
[10wa f ([0 |22 S N0l17% 2102176 + 101175 21l 24 | 0zavll Lo + [0l 7% | Onzav]l L2

< C([lvllms),
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which, combined with Lemma yields ||f(|v]*)||gs < C(||v]|gs)- Similarly, we
have ||G(v)||gs < C(||v]|g3) and complete the proof. O

Lemma 4.8. Under the assumptions V € H3(Q) and o > 3/2, for any v,w €
H3(Q) such that ||v||gs < M, ||w||gs < M, we have

1B(v) = B(w)llzs < C(IV s, M)l[v — w|gs. (4.60)
In particular, when w = 0, we have
I1B)az < C(IVlga, M). (4.61)

Proof. With Lemmal4.7] the proof follows the same way as the proof of Lemma[1.2]
and we shall omit it for brevity. O

Lemma 4.9. Under the assumptions V.€ WH4(Q) and o > 3/2, for any v;,w; €
H?(Q) satisfying ||vjl|gz < M and ||wj||gz < M with j = 1,2, we have

[dB(v1)[ur] — dB(v)[wa] | < C(IVI[wra, M)([lor — v2ll e + llwr — wal[m2)-
Proof. By Lemma [4.3 it suffices to prove
102 (dB(v1)[w:] — dB(v2)[w2])]| L2
< C(VIlwrs, M)(Jlor = o2l + [wr — wa[ ) (4.62)
Recalling we have
Oz (dB(v1)[w1] — dB(v2)[ws])
= —i0,(V (w1 — w2)) — i(1 + )0 (f(Jor]*)wr — f(lv2|*)w2)
— 10, (G(v1)wy; — G(va)ws) =: Y1 + Y5 + Vs. (4.63)
For Y7, by Sobolev embedding and Hélder’s inequality, we have

Yil[2 <[10:V|zallwy —walls + (Ve [wr — wallgr S IV IIwrallv — wllar.

(4.64)
For Y5, we have
V2|2 S 1 (I ?)orwi 8201 — [ (Ja|*)vaw28, 73 | 2
+ 1f (Jor Y orw18pv1 — f(Jv2]?)02w20, 02 L2
+ £ (1) Bpwr — f([va]?)Dpws| 2
= [|Y5 |2 + Y5 [l 22 + [[Y5)]] 2 (4.65)

One can easily check that when o > 3/2, for 21,29 € C satisfying |2z1] < My and
|z2] < My

/(12 )zn = f/(l22]?)22] S M7 %o = 22,

/ 2\z— _ g/ 2o < M2y, (4.66)
[F iz )z0 = flz2)z2] S Moo — 22
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Using Sobolev embedding and Hoélder’s inequality and noting that
1F(12%)z] + | £/(|2[2)Z] < |2|2771 for all z € C, we have, for Y3 in [(4.65)]
Y3 1z < I (foalP)or = f'(Jvzl*)vz ]| o || oo [| 0201 s
+ 1 (lo2*) 2| oo s — wa pa |02 1] 14
+ 1 (lval*)va | os llwe| oo (| 0207 — B22]| L2
M)

([lor = vallpa + w1 — wal[a + [|0xv1 — Bav2]|2)
(

C(M)([lvr = vallmr + [[wr — wal[ ). (4.67)
Similar to|(4.67), we have, for Y in

Y32 < CM)(lor = vallzrr + [lw — wa| ). (4.68)

For Y3} in we have, by using Sobolev embedding and Holder’s inequality
and noting |(3.42)

V3 2 < [ ([o1f?) = Floa*) [ pall0zwr oo + 1 f(foz*) || o [[Oewr — Dpws| 2
< C(M)([lor = v2llza + [[0pw1 — Dpwa]|L2)

S CM)([lor = vallar + lwr — wa|lg). (4.69)
Combining |(4.67) and noting |(4.65)] we have
1Yalze < C(M)([lor = vallzr + [wr — wallg1). (4.70)

Similar to the estimate of Y5, we have

1YsllL2 < C(M)([lor = o2l + [lwr — wal[g1). (4.71)
Inserting [(4.64)] |(4.70)[ and |(4.71)| into [(4.63)| yields |(4.62)] The proof is thus
completed. O

Lemma 4.10. Under the assumptions V € H*(Q) and o > 3/2, for any v,w €
H3(Q) satisfying ||v]| s < M, ||w||gs < M, we have

[dB(v)[wl[[gs < C([V g5, M).

Proof. Recalling and using Lemma and the algebra property of H3(f),
we obtain the desired result. m|

Lemma 4.11. When o > 1, for any v € H*(Q) and w € HY(Q) satisfying
||v]| gz < M, we have

[dG () [w]l| 1 < C(M)||w]| g

Proof. By Lemma it suffices to prove
[[02(dG (v)[w])[| 2 < C(M)||w]| s (4.72)
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Recalling |(4.12)| we have the point-wise estimate
102 (dG @) [w)| < (F" (W)l + £ () ol + 1 (o)) 0wl w]
+ (1 ()Pl + [ (o vD)osw]. (4.73)

From |(4.73)] noting |(4.13)| and

(=P + L (P P+ (P S =272, 2€C o2, (474)
and using Sobolev embedding and Hélder’s inequality, we have

102 (dG (v) [w]) | 2 < [0l|77 2100l o wll s + [0l 7% 1 0pwll 2 < C(M)|w]| a1,

which proves [(4.72)| and completes the proof. DO

With Lemmas [4.7] and the product estimate
low|| g S wllwrallwlg, veWh(Q), we HY(Q), (4.75)

similar to the proof of Proposition we can obtain the following local error
decomposition.

Proposition 4.3. Assuming that V. € H3,(Q), ¢ > 3/2 and ¢ ¢
C([0,T); H3.,.(Q)) N CL([0,T); H3(Q)) N C%([0,T); H(R2)), for the local truncation

per

error defined in |(4.14), we have
Lr=LY 4L, 0<n<T/t—1,

where

1
1L S 73+ 7ht, L) =73A2 / ker(0)e!1 =72 Py B(e7A Pyip(t,,))do.
0

Proposition 4.4. Let v,w € Xn such that |e’22w|[p~ < M and ||v||gz < M;
Then we have

1(85 (v) — €%v) = (85 (w) — ™ w) | 2
< C(IVIlwra, ol gz, €72 2wl oo )7l|v — w] 1.

Proof. Recalling using Proposition the isometry property of e and
Sobolev embedding, we have

(83 (v) = e™50) = (85 (w) — ™ w)||
< ||Pn (@ (12 %0) — e'220) — Py (0% (e'2%w) — ' 22w)|| g
< C(IVlwra lleF 0] o, [le"2 2wl oe, €72 20 r2) €5 20 — 2 2w | g1
< C(IVlwra lollzz, leF 2wl L) [0 = wl a1,
which completes the proof. DO
By Propositions {.3] and we can establish the proof for in a manner

analogous to the proof of [(2.19)]in Sec. To maintain brevity, we will not detail
this process here.
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5. Numerical Results

In this section, we present some numerical results for the NLSE with either low
regularity potential or nonlinearity. In the following, we fix Q = (—=16,16), T =1
and d = 1. Here, we only focus on temporal errors. Standard convergence orders of
the Fourier spectral method can be observed as in Ref. 12 and we omit them for
brevity. To quantify the error, we introduce the following error functions:

er2(tn) = 19 tn) =" l2,  em(tn) == 19 tn) = 9", 0 <n <T/7.

5.1. For the NLSE with low regularity potential

In this section, we only consider the cubic NLSE with low regularity potential and
a Gaussian initial datum as

10 (2, t) = —AY(x,t) + V(2)p(x,t) — [h(x, t)[*p(x,t), z€Q, t>0,

(5.1)
P(2,0) =2 zeqQ,
where V' is chosen as V; with j =1,2,3,4 defined as
_47 T e (_272)5
Vi(z) = . Va(z) = |2|"7°,
0, otherwise,
xreQ.  (5.2)

$2 2 x2 3
) = 1ol (1- 55 ) o V) = (1o 5 )

Note that the potential functions V;(1 < j < 4) defined insatisfy V1 € L2 (Q),
Vo e WHH(Q) N ngr(Q), Vs e ngr(Q) and Vy € Hg’er(Q).

We shall test the convergence orders of the LTFS and the STFS
for the NLSEWith V =V;(1 < j <4). We remark here that the results shown

in Figs. [1] and [2| cannot be observed if one use the standard Fourier pseudospectral

"V elL®(0) ' v TV e wH(Q)
%{n '1 s
J 10
102} —
—{
g 3
R —h= 2*2 Y = 2*2
O e h =92 : — 92—
b= 574 10 3 _ 374
4 ——h =277 —h =275
104 | h—26 3 h=2"
10 10° 7 1072 10™" 10 10° 7 1072 10"
(a) (b)

Fig. 1. Temporal errors of the LTFS method with different mesh sizes for |(5.1)| (a) V =V €
L>*(Q) and (b) V = Vo € WH4(Q) N H] ().
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"VeH(Q)

103}

1074 10% 7 1072 107 10 10° T 102 107"
(a) (b)

Fig. 2. Temporal errors of the STFS method with different mesh sizes for |(5.1)[ (a) V = V3 €
HZ,.(Q) and (b) V = V4 € H3.. ().

per

method for spatial discretization since the spatial errors will become dominant and
thus hide the temporal errors when 7 < h2. The “exact” solutions are computed
by the STFS with 7 = 7. := 107% and h = he := 27°.

We start with the LTFS method and choose V = V; and V' = V; for optimal
first-order L?- and H'-norm error bounds, respectively. The numerical results are
shown in Fig. [} where the marker on the line corresponding to h = 272/2* is placed
at 7 = 79/4F for k = 0,1,...,4 to highlight the data points satisfying 7 ~ h2.
We can observe that the optimal first-order L?- and H'-norm error bounds are
only valid when 7 < h?, and there is order reduction when 7 > h? (approximate
half order as observed in the numerical results). This confirms our error bounds in
Theorem [2.1] for the NLSE with low regularity potential and indicates that the step
size restriction 7 < h? is necessary and optimal.

Then we present the results of the STFS method with V = V3 and V =V} for
optimal second-order L2- and H'-norm error bounds, respectively. Figureexhibits
that the optimal second-order L?- and H'-norm error bounds can be observed only
when 7 < b2, and there is order reduction when 7 > h? (approximately first order
as observed in the numerical results). This observation validates our error bounds
in Theorem for the NLSE with low regularity potential and indicates that the
step size restriction 7 < h? is necessary and optimal.

5.2. For the NLSE with low regularity nonlinearity

In this section, we consider the NLSE with power-type nonlinearity and without
potential as

i0p)(2,t) = —A(2,t) — [Y(z, 1) Y(x,t), €Q, t>0, 53

M

x

Yo(z) =ze” 2, x €
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The initial data is chosen as an odd function such that the solution to will
satisfy ¢(0,t) = 0 for all ¢ > 0 to demonstrate the influence of the low regularity
of the nonlinearity at the origin. Moreover, we numerically check that the exact
solution ¥(t) € H35t29(Q) and thus the assumptions on the exact solution in
Theorems 2.1] and 2.2 are satisfied.

In this section, we shall test the convergence orders of the LTFS and the
STFS for the NLSE with different ¢ > 0. The “exact” solutions are
computed by the STFS With T=7:=10"%and h = h, :=277.

Figure [3| exhibits the temporal errors in L?- and H'-norm of the LTFS method
with different mesh size h for 0 = 0.1 (¢ > 0) and 0 = 0.5 (¢ > 1/2), respectively.
Figure a) shows that the temporal convergence is first order in L?-norm when
o = 0.1 and Fig. b) shows that the temporal convergence is first order in H'-
norm when o = 0.5. The results in Fig. [3| confirm our optimal error bounds in
Theorem for the NLSE with low regularity nonlinearity.

Figure [4| displays the temporal errors in L2- and H'-norm of the STFS method
with different mesh size h for 0 = 1.1 (¢ > 1) and 0 = 1.5 (¢ > 3/2), respectively.
Figure a) shows that the temporal convergence is second order in L?-norm when
o = 1.1 and Fig. b) shows that the temporal convergence is second order in
H'-norm when ¢ = 1.5. The results in Fig. 4] confirm our optimal error bounds in
Theorem [2.2] for the NLSE with low regularity nonlinearity.

Nevertheless, the numerical results in Figs. 3] and [4] indicate that the temporal
convergence order seems to be independent of the mesh size h, which suggests that
the step size restriction 7 < h% may be relaxed in cases of purely low regularity
nonlinearity. This phenomenon will be further investigated in our future work. It
is worth noting that this step size restriction remains necessary and optimal in the
presence of low regularity potential, as discussed in the preceding section.

Then we show the temporal errors of the LTFS and the STFS methods for
different o > 0 with a fixed h = h, = 279, which can be regarded as testing the

=01 =05
B 102t
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(b)

Fig. 3. Temporal errors of the LTFS method with different mesh sizes for [(5.3)| (a) o = 0.1 and

(b) ¢ =0.5.
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Fig. 4. Temporal errors of the STFS method with different mesh sizes for |(5.3)| (a) o = 1.1 and
(b) o =1.5.

(a) (b)

Fig. 5. Temporal errors of the LTFS method for|(5.3)| with fixed mesh size h = he and different
values of o (a) L2-error and (b) H!-error.

convergence at the time semi-discrete level. We choose several time steps 7 from
10=* to 107!. From Figs. |5 and |§|7 we observe that: when there is no step size
restriction, first-order L2-norm error bound holds for any ¢ > 0 while the first-
order H'-norm error bound only holds for ¢ > 1/2; and second-order L2- and
H'-norm error bounds can only hold for ¢ > 1 and o > 3/2, respectively. This
observation implies that the threshold values of ¢ in Theorems [2.1] and [2.2] for
optimal convergence orders are indeed sharp at semi-discrete level.

5.3. Comparison with the first-order Gautschi-type EWI

In this section, we shall compare the performance of the first-order Lie-Trotter
time-splitting method and the first-order Gautschi-type EWT (also known as the
exponential Euler schemé®?) analyzed in Ref. 12 when applied to the NLSE with
low regularity potential and nonlinearity. Since the EWI is a first-order scheme,
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10 10° 7 107 10" 10% 10° 7 107 107"
(a) (b)

Fig. 6. Temporal errors of the STFS method for |(5.3)| with fixed mesh size h = h. and different
values of o (a) L2-error and (b) H!'-error.

here, we only present the comparison between the EWI and the first-order LTFS
method

According to our analysis before, for the time-splitting method, we only present
the results computed at the fully discrete level by using the Fourier spectral method
for spatial discretization subject to the CFL-type time step size restriction 7 <
h? /7. While for the EWI, we present the results computed with fixed h = h, since
the mesh size h has almost no influence on the performance of the EWI as long
as it is small enough (such that the spatial error is smaller than the temporal
error). The comparison between the time-splitting method and the EWI both at
the semi-discrete level (i.e., 7 > h?) can be found in Sec. 5.3 of Ref.

In Fig. Eka), we show the L2-errors of using the LTFS and the EWI to solve the
NLSE with V(z) = Vi (2) defined in[(5.2)] In Fig. [f{b), we show the H'-errors
of using the LTFS and the EWI to solve the NLSE [(5.1)] with V' (z) = Va(z) defined

Ve L¥(Q) 10 Ve WH(Q)
=
T
\B)
1073}
A-EWI
104t ©LTFS|
10 10° 7  10% 10 10° 7 1072

(a) (b)

Fig. 7. Temporal errors of the LTFS method and the EWI for solving|(5.1)|(a) V = V1 € L*°(Q)
and (b) V =12 € WH4(Q).
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Fig. 8. Temporal errors of the LTFS method and the EWI for solving (a) o = 0.1 and (b)
o =0.5.

in We can observe that both the LTFS and the EWI show optimal first-order
convergence in each case, while the value of errors of the LTFS is smaller than those
of the EWL.

In Fig. (a), we show the L%-errors of using the LTFS and the EWI to solve
the NLSE with ¢ = 0.1. In Fig. [§(b), we show the H'-errors of using the
LTFS and the EWI to solve the NLSE with ¢ = 0.5 defined in We can
observe that both the LTFS and the EWI show optimal first-order convergence in
each case, while the value of errors of the LTFS is smaller than those of the EWI.

Based on the observation above, we can conclude that the time-splitting methods
perform better than the EWI at fully discrete level under the CFL-type time step
size restriction 7 < h?/7.

6. Conclusion

We established optimal error bounds on time-splitting Fourier spectral methods
for the NLSE with low regularity potential V' and typical power-type nonlinearity
f(p) = p°(c > 0). For the first-order Lie-Trotter time-splitting method, optimal
L?- and H'-norm error bounds were established for V€ L*® ¢ > 0 and V €
W4 o > 1/2, respectively. For the second-order Strang time-splitting method,
optimal L?- and H'-norm error bounds were established for V€ H?,o0 > 1and V €
H3,0 >3/2 (or o = 1), respectively. Compared to the error estimates of the time-
splitting methods in the literature, our optimal error bounds require much weaker
regularity on potential and nonlinearity for optimal convergence rates. Extensive
numerical results were reported to validate our error estimates and to show that
they are sharp. In particular, a CFL-type time step size restriction which is needed
in our proof can be observed numerically in the presence of low regularity potential,
indicating that it cannot be removed or improved. Furthermore, numerical results
for various values of o > 0 suggest that the above threshold values of ¢ for optimal
convergence orders are also sharp.
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