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1 Introduction

1 Introduction

1.1 Overview

Optimal control theory is an important topic of study in applied mathematics. In some sense, it
is the culmination of a series of work on calculus of variations that originates from classical
mechanics. In modern times, optimal control finds applications in a variety of fields, including
aerospace engineering, systems engineering, financial engineering and machine learning.

These notes gives a brief introduction to the theory of optimal control to mathematics students,
with emphasis on both the underlying mathematical theory, and numerical algorithms for
control problems. Due to limited time, we will only cover the essential topics in each case, and
the interested reader may consult the cited reference books for further study.

1.2 Ordinary Differential Equations

In this section, we introduce some basics of ordinary differential equations that will be useful to
us for later chapters. We will not present any proofs since they can be found in any standard
introductory text (e.g. [Arn12, Cod12]) the readers are assumed to have some familiarity with
the topic, but we will state without proof a few useful properties and illustrate some relevant
phenomenon with examples.

1.2.1 Basic Definitions

We will work in R, An ordinary differential equation (ODE) is the equation
x(1) = fx(®),  x(0)=x € R, (1.1)

where x denotes the time derivative, f : R — R is a function or vector field and x; is the
initial condition. This called a time homogeneous ODE since the vector field on the right does
not depend explicitly on time ¢. On the other hand, a time-inhomogeneous ODE is given by

x(t) = f(t,x(t)), x(0) = xo € R%. (1.2)

We note that minus technical conditions, these two equations are equivalent. First, obviously (1.2)
includes (1.1). For the reverse direction, we define an auxiliary variable x° € R such that
2%(t) = 1, x°(0) = 0 so that x°(t) = t. Then, we can rewrite (1.2) by defining ¥ = (x°, x),
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f(x) = (1, f(x% x)) exactly in the form of (1.1). Hence, for convenience we will work with
either (1.1) and (1.2), keeping in mind that they are effectively equivalent for most purposes.

By a solution of an ODE on [0, T] we mean a function « : [0,T] — R¢ with  := {x(t) : t €
[0, T]} that satisfies (1.2).

Example 1.1: Linear ODEs

Let d = 1 and f(x) = ax with a € R. Then, check that
x(t) = e x,, (1.3)

is the solution to (1.1). More generally, consider d > 1 and f(x) = Ax where A € R%9,
Then,

x(t) = e"xq, (1.4)

is the solution to (1.1). Here e€ := 3, C'/i! denotes the usual matrix exponential.

The definition of solution requires x to be differentiable on (0, T). But we remark that it is
possible to relax this by considering integral forms. For example, we can write (1.2) as

x(t) = xo + /tf(s,x(s))ds. (1.5)
0

The advantage here is that we can consider less regular @ to be solutions of ODEs, e.g. here it is
only required for « to be absolutely continuous, meaning that «x satisfies (1.2) for almost every ¢.
One of the most basic results concerns when a solution to (1.2) (or (1.5)) exists. The following
result gives sufficient conditions, and we will hereafter always assume that a unique solution
exists to whichever ODE we deal with.

Theorem 1.2: Picard-Lindelof Theorem

Let f be continuous in ¢ and uniformly Lipschitz in x, i.e. there exists a constant C such
that || (¢, x) — f(t,x")|| < C|lx — x’|| for all x, x” € R? and t € [0, T]. Then, there exists a
unique solution to (1.2) on [0, T].

1.2.2 Flow Map and Dependence on Initial Condition

One way to look at ODEs is to look at its solution trajectories given initial condition. Alterna-
tively, we can also look at what the solution does to a set of initial conditions at a fixed terminal
time. In other words, we define the flow or the flow map ¢; : R? — R¢

@r(x) = x() where x(s) = f(s,x(s)), se[0,t], x(0)=x (1.6)
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In fact, the set @ := {¢; : t € R} forms a one-parameter continuous group of transformations
on R?, under the binary operation of function composition. Analyzing the set & can be seen as
an alternative way to understand ODEs.

The following properties are well-known and easy to check:
+ ¢, is continuous for each t
« (@ is the identity mapping, po(x) = x for all x
« If f does not depend on t, then ¢; 0 ¢s = @45, 1.€. t — ¢, is a homomorphism.

One can also ask how sensitive the terminal state of the ODE is to the initial condition. This can
be captured by the jacobian of ¢;, [V:(x)];j = 0;¢;,i(x). The following result will be useful to
us later.

Theorem 1.3: Dependence on Initial Condition

Let f be continuously differentiable in x, and Lipschitz in x uniformly in ¢. Let  be
the solution of the ODE (1.2) with flow map ¢; and v be the solution to the linear time-
inhomogeneous ODE

(s) = Vi f(s, x(s))v(s), s €]0,t], (0) = vy. (1.7)
Then, we have

@+(xo + €vg) — @+(x0)
£

lim

e—0*

—o(t)|| — 0, (1.8)

uniformly in ¢ € [0, T] for ||vg]| < 1.

Corollary 1.4

Under the same conditions as in Theorem 1.3, the Jacobian J(t) := V,¢.(x,) satisfies the
linear equation

J@) = Vo f(t,x@)J (1), J(0) =1 (1.9)

Equation (1.7) is called the variational equation associated with the ODE (1.2). It describes the
propagation of variations of the initial condition along the evolution in time, hence its name.
We will refer back to these results in our discussion of optimal control theory.

Example 1.5: Flow Map and Variational Equations for Linear Systems
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Recall the linear system in Example 1.1. In this case, the flow map is a linear function
9:(x) = e'x, (1.10)

with Jacobian J(t) = e4 (in this case, the Jacobian does not depend on x,). Check that
J(t) satisfies the variational equation

Jy=Aj@®),  JO)=1, (1.11)

as shown in the above corollary.

1.2.3 Numerical Solution of ODEs

Often, ODEs do not admit explicit solutions and we have to compute a solution numerically.
There are many methods for doing so and it is not the purpose here to give a thorough intro-
duction. Pertaining to the topic discussed in these notes, it is sufficient to first introduce the
simplest possible method, the forward Euler method.

In this method, we construct a solution to (1.2) by discretizing time and setting
x(k + 1) = x(k) + At f(kAt, x(k)), x(0) = xo, (1.12)

which can be seen as a first-order Taylor expansion of the integral form of the ODE (1.5) for
small At. The latter is called the step size. We expect that this approximation to get better as the
step size At becomes small. This is made precise in the following result.

Theorem 1.6: Global Truncation Error of Forward Euler Method

Let f be Lipschitz in x uniformly in ¢ and continuous in t. Let  be a solution of the
ODE (1.2) with initial condition x, and Z be the iterates defined in (1.12), then for each
K > 0 there exists a constant C > 0 such that

max ||%(k) — x(kAt)|| < CAL. (1.13)
k<K
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2 Optimal Control Theory

The study of optimal control theory originates from the classical theory of the calculus of varia-
tions, beginning with the seminal work of Euler and Lagrange in the 1700s. These culminated in
the so-called Lagrangian mechanics that reformulate Newtonian mechanics in terms of extremal
principles. In a nut shell, the calculus of variations studies optimization over “curves”, which
one can picture as an infinite dimensional extension of traditional optimization problems.

Optimal control theory is a nontrivial extension of the classical theory of calculus of variations
in two main directions: to dynamical and non-smooth settings. This builds on important
contributions of Weierstrass and others and led in two inter-related directions: the Pontryagin’s
maximum principle and the Hamilton-Jacobi-Bellman theory. An interesting historical account
of the developments can be found in [Lib12].

In this section, we give a minimal introduction of the problem formulation of optimal control
problems, paying particular attention to the so-called Bolza problems. The reader is referred to
comprehensive texts on optimal control theory for a more complete account [AF13, Lib12, BP07].

2.1 From Calculus of Variations to Optimal Control

2.1.1 A Motivating Example

Finite-dimensional optimization problems are of the form

inf ®(x), d:X >R, (2.1)
xeX

where X is usually a subset of a Euclidean space. On the other hand, a calculus of variations
problem minimizes some functional J over some infinite dimensional space X, i.e.

in:f\’][a:] J: X >R (2.2)

There are many possible forms of the functional J and the space X. For example, one may
encounter functionals in the form of an integral, where the argument = {x(u) : u € [a, ]} is
a function of a scalar variable u, i.e.

b
][af:]:/ L(u, x(u), x"(u))du (2.3)

Let us consider motivating example problem of this nature that is also of substantial historical
importance.
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Example 2.1: Rolling a Ball Down a Ramp

Let a < b be two points on a horizontal plane, and our goal is to build a ramp such that
when we release the ball from point g, it can arrive at a point directly under point b in the
shortest time possible. See figure below. We will assume that there is no friction.

a b

\
<

X

What shape of the ramp will achieve this task? It turns out that we can phrase this as a
calculus of variations problem. Let s(u) be the instantaneous speed of the ball when its
horizontal coordinate is at u, and let {x(u)} denote the shape of the ramp and that x(a) = 0.
By conservation of energy we find that

%ms(u)z = mgx(u) = s(u) = 4/2gx(u) (2.4)

Hence, the total time taken from a to b is the integral of the arc-length divided speed, i.e.

/m

V2gx(u)

Total time = (2.5)

which is of the form (2.3) where L(u, x,v) = V1 + v?/4/2gx.

The problem in Example 2.1 is known as the Brachistochrone' problem, and is first posed by
Johann Bernoulli in 1696. One can see from the example above that to solve this problem, it is
needed to solve optimization problems over curves. A classical result due to Euler and Lagrange
gives a necessary condition for optimality that allows us to solve this problem.

Theorem 2.2: Euler-Lagrange Equations

Let € C([a, b],R) be an extremum of J as defined in (2.3). Then, x satisfies the Euler-
Lagrange Equations

Oy L (u, x(u), x"(u)) = diu@fo (u, x(u), x"(u)), u € [a,b]. (2.6)

In Greek, “Brachistochrone” is literally “shortest time”.

10



2 Optimal Control Theory

We have deliberately left several notions rather undefined, such as the meaning of an extremum.
We will revisit this slightly subtle issue in the next part. Here, we will not present a proof of the
Euler-Lagrange equations, since it is not required for the rest of our discussions. A proof can be
found in any standard texts on the subject of calculus of variations, say [GS00, Lib12].

Exercise 2.3: Brachistochrone Solution

Consider the Brachistochrone problem in Example 2.1. By choosing appropriate units one
can set g = 1/2. Show that the optimal ramp shapes are cycloids whose parametric forms
are

w(@) = a+c(0—sin)

%(8) = ¢(1 — cos ) 0 e€[0,27], c¢>0. (2.7)

2.1.2 The Problem of Optimal Control

In passing to optimal control, we consider additionally two aspects of the problem, namely the
type of extrema studied, as well as the setting in which such calculus of variations problems are
phrased.

Throughout these notes, the word “extrema” refers to either a minimum or a maximum in the
function/functional under consideration. Since maximization is just equivalent to minimization
by replacing the objective function(al) with its negation, we will hereafter only discuss minima,
unless otherwise stated.

We start with distinguishing different types of minima.

2.1.3 Weak vs Strong Minima
In finite-dimensional optimization, it is easy to define the notion of local and global minima.
Let ® : R — R be a function.

« We say that x* is a local minimum of ® if there exists a § > 0 such that ®(x*) < ®(x) for
all ||x —x*|| < 6.

« We say that x* is a global minimum of ® if ®(x*) < ®(x) for all x € R%.

Hence, all global minima are automatically local minima. If ® is differentiable, then a necessary
condition for a local minima is that V&(x*) = 0.

In extending these ideas to infinite dimensions, one needs to be slightly more careful. Notice
that the definition of minima (local or global) depends on the norm || - || which gives us a sense

11



2 Optimal Control Theory

of closeness. We did not specify what norm we used in the finite dimensional case above, since
all of them are equivalent”.

In the infinite dimensional case of minimization of functionals, the norm we choose will affect
our results, and some curve & may be a local minimum of J under one norm but not under
another.

We now distinguish between two notions of minima — weak and strong minima — commonly
encountered in calculus of variations and optimal control.

Let us consider for the moment that our curve x is C!. Moreover, let us simplify things and
consider one spatial dimension, so that x(u) € R for u € [a, b]. Now there are two natural
choices of norm that we can use

« 0-Norm: [|zlo = sup, (4 p) [*(w)]-

« 1-Norm: [|z]ly = [[llo + sup, e 5) ¥/ @)].

Each of these norms then allows us define the notion of minimum.

Definition 2.4: Strong and Weak Minima

Let J : C!([a,b],R) — R be a functional and =* € C!([a, b], R). We say that * is a strong
local minimum if there exists a § > 0 such that J[x*] < J[x] for all ||z — x*||y < §. We say
that «* is a weak local minimum if we place the norm || - || by || - ||;. The global versions
are defined similarly.

Now, it is easy to see that any C! curve which is a strong minima must also be a weak minima,
but the converse is not true. The Euler-Lagrange equations (Thm. 2.2) apply to weak minima,
whereas we need more advanced tools to handle strong minima. We now consider a simple
example below where a weak minima simply do not exist, but we will see later that this does
not prevent the existence of a strong minima that is not C!. All of these reasons motivate us to
go past the setting of Euler and Lagrange and into the realm of optimal control.

Example 2.5: Piece-wise C! Minimizer

Consider the problem of minimizing the functional

1
Je] = / T @) - 1, (2.8

subject to the boundary conditions x(—1) = 0 and x(1) = 1. Clearly, for all z € C! we have

2Let || - |l4 and || - || be two norms on R, then there exists ¢ € (0, 1] such that c||x|[4 < ||x|lz < %||x|| for all
x € R4,

12



2 Optimal Control Theory

J[x] > 0. But the curve

0 -1<u<o0
x(u) = (2.9)
x 0<u<l1

achieves J[x] = 0, but is only piece-wise C!. In fact, C! curves can get closer and closer to
x(u) with lower and lower cost, thus a C' global minimizer does not exist.

2.1.4 A Dynamical View on the Calculus of Variations

Optimal control is another way to look at calculus of variations problems, in that we view
things in a dynamical nature. Concretely, we may re-parameterize the curves x(u) considered
via infinitesimal changes in it, in the form of a control. Let us motivate this approach in the
context of the Brachistochrone problem.

Example 2.6: Control Formulation of Brachistochrone

Consider the Brachistochrone problem 2.1, but this time we parameterize the ramp by a
parametric form from the outset, i.e. (u(t), x(t)) where t is time. Then, the speed at time ¢

is s(u(t)) = s(t) = yu(t)? + x(t)?. Then, conservation of energy leads to
2gx(t) = x(t)* + u(t)?. (2.10)

Now, we imagine the reverse scenario treating the velocities x, # as controls, by setting

01(1) = u(t)[N2gx(t)  0u(t) = %(1)//2gx(0). (2.11)

Then, we end up with a control system that defines the equation of the ramp

u(t) = 01(t)v2gx(t)

x(t) = 65(t)V2gx(t) (2.12)
0:(2)% + 0,(t)? = 1

(u(to)’ x(t())) = (aa O)’ u(tl) = b
The cost function in this case is the time taken, so J = /tjl 1dt = t; — t.

It is worth noting that by formulating the original calculus of variations problem as a control
problem, we actually gained some generality:

« It is no longer assumed that x can be written as a function of u

« It is not necessary for x to be differentiable with respect to u

13
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2.1.5 The Optimal Control Formulation

Now, let us formulate precisely the optimal control problem in the general setting.

The Dynamics. Consider the ordinary differential equation

x(t) = f(t,x(1),0(1)),  telt.t],  x(t) = Xo. (2.13)

Here x(t) € R is the state, 0(t) € ® c R™ is the control, with © the control set. We will assume
that the control set is closed (but it need not be bounded).

We will assume that the following conditions on f holds, unless otherwise stated:
« f(t,x,0) is continuous in t and 6 for all x
« f(t,x,0) is continuously differentiable in x for all ¢, 0

These conditions are sufficient to ensure that (2.13) is well-posed by a similar result as in
Theorem 1.2. See [BP07].

Remark. The conditions outlined above are certainly not the weakest possible to imply local
well-posedness of solutions, and they can be weakened in various ways (See e.g. [BP07] Ch.2).

We also emphasize two crucial points not assumed
e We did not assume that f is differentiable with respect to 6

e We did not assume that t — 0(t) is regular. In fact, in the general case we can consider 0 to
be a essentially bounded function of t

The Cost Functional Let us now define the objective functionals. We will consider function-
als of the form

][9]:/lL(t,x(t),H(t))dt+<1>(t1,x(t1)) (2.14)

« L:RxR?x© — Ris called the running cost

« &:RxR? > Ris called the terminal cost

The Bolza Problem of Optimal Control Now, we state the Bolza problem of optimal
control, which will be the primary object of analysis in these notes.

i%f J[08] = /to lL(t,x(t),@(t))dt+<I>(t1,x(t1))

2.15
subject to (215)

x(t) = f(t,x(1),0@1)),  telt.t],  x(t) = Xo.

14



2 Optimal Control Theory

For historical reasons, the case where ® = 0 (no terminal cost) is called a Lagrange problem,
where as the case with L = 0 (no running cost) is called a Mayer problem. In optimal control
theory, we often consider x, (initial condition) and t; (initial time) to be fixed. However, the
terminal time #; can either be fixed or it can vary. Moreover, there can be a constraint set placed
on the terminal state x(f;). We will mostly consider the case where the final time #; is fixed (so
that we can neglect the #; dependence of ®), and there is no constraint on the terminal state,
and we will discuss how the various results may change if we consider the general case.

As with classical optimization problems, the primary object of study is optimality conditions.
One differentiates between necessary and sufficient conditions for optimality. The former asks
what conditions must any local/global optimum satisfy, and the latter concerns a condition that
is enough to guarantee optimality. In the following sections, we will investigate each of these
aspects in turn.

2.2 Pontryagin’s Maximum Principle

In this section, we discuss a necessary condition for optimality — the Pontryagin’s Maximum
Principle (PMP) - that is a hallmark result in optimal control theory and the calculus of variations.
It greatly generalizes the Euler Lagrange equations in highly nontrivial ways.

We will present the proof of the PMP in the case of fixed end time, without constraints on the
terminal state. In this case, the problem is

ir;f Jle] = / § L(t, x(t), 0(t))dt + D(x(t1))
, N (2.16)
subject to

x(t) = f(t,x(1),0(1)),  telt.t],  x(t) =X

The proof of the PMP for this case is quite accessible, and hence we will present it in full. We
will discuss the PMP for other variants of the basic formulation, but we will omit the proofs as
they can be significantly more involved.

2.2.1 The Maximum Principle

To state the Pontryagin’s maximum principle, we need some definitions. Let us define the
Hamiltonian

H:RxR‘xR?x® — R,

. (2.17)
H(t, x,p,0) = p" f(t,x,0) — L(t, x, ).

For a control @ = {0(¢) : t € [ty, t1]}, we say it is admissable if 0(t) € © for all t € [1o, t;].

15



2 Optimal Control Theory

Theorem 2.7: Pontryagin’s Maximum Principle

Let 8" be a bounded, measurable and admissable control that optimizes (2.16), and x* be
its corresponding state trajectory. Then, there exists an absolutely continuous process
p ={p(t) : t € [ty, t1]} such that
XN(t) = VpH(t,x*(1),p* (1), 67(1)),  x*(to) = xo (2.18)
pr(1) = =ViH(t,x*(0),p"(1),0°(1)),  p'(t) = =Vx®(x7(11)) (2.19)
H(t,x"(1),p" (1), 6"(t)) = H(t,x"(t),p"(t), 0)

(2.20)
VO € © and a.e.t € [ty, t1]

Proof 2.7: Proof of the PMP (Theorem 2.7)

The proof proceeds in several steps. To make the proof instructive, we will first assume
that the function t — 6(t) is continuous, and we will relax this assumption at the end.

Step 1: Convert to Mayer Problem. Define an auxiliary scalar variable x°(t), with
() = L(t, x(t), 6()), x(tp) = 0. (2.21)

Then, by going one dimension higher and setting X = (x°, x), f = (L, f), and ®(%) =
®(x) + x° we can rewrite (2.16) as one without running cost in the new augmented
coordinates. Hence, we will hereafter drop the tildes and assume without loss of generality
that L = 0.

Step 2: Needle Perturbation. Fix 7 > 0 and an admissible s € ©. Define the needle
perturbation to the optimal control

s ift e[r—e1]

Oc(t) = { 0*(t) otherwise (222)
Let . be the corresponding controlled trajectory, i.e. the solution of
Xe(t) = f(£,x:(1),0:(2)),  xe(to) = Xo. (2.23)

Our goal is to derive necessary conditions for which any such needle perturbation will
be sub-optimal, thus resulting in a necessary condition for a strong minima in the cost
functional.

16



2 Optimal Control Theory

Step 3: Variational Equation It is clear that x.(t) = x*(¢) for t < r — ¢. Let us define
fort >

L x(B)—x()
v(t) := Jim ————.

(2.24)

This measures the propagation of the effect of the needle perturbation as time increases.
In particular, at t = 7, v(r) is the tangent vector of the curve € — x.(r), given by

() = lim {1 " Flx().s)di- / ' f(t,x*(t),e*(t))dt}
e>0+ | £ € Jre

T—&

= f(@.x(1).5) - f (z.x"(), 0°(7)) .

For the remaining time t € [z, T], x, follows the same ODE (2.23). Thus, by Theorem 1.3
v(t) is well-defined and solves the linear variational equation

(2.25)

o(t) = Vi f (8, x7(2), 0°(2)) v(¢), telr, ti], (2.26)

with initial condition given by (2.25). In particular, the vector v(t;) describes the variation
in the end point x.(#;) due to the needle perturbation.

Step 4: Optimality Condition at End Point. By our assumption, the control 8* is
optimal, hence we must have

D(x"(t1)) < O(xe(t1)). (2.27)

Thus, we have

PO - Loy = Ve@ @) o) (229

=0+

0 < lim
£—0+ £

In fact, the inequality (2.28) holds for any 7 and s that characterizes the needle perturbation.

Step 5: The Adjoint Equation and the Maximum Principle. The idea is now to
derive consequence that the end-point optimality condition have on each 7. To this end,
we define p*(t) as the solution of the backward Cauchy problem

PO = =V f(t,x"(1),0°(1) 'p"(1),  p*(t1) = =VO(x"(t1)). (2.29)

Then, observe that we indeed have

%[P*(t)Tv(t)] =0 Vtelr,t] = pr(@)To(r) =p"(t) v(t) <0, (230)

17
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which implies that for any 7 € (t, t;] we have

[p" (O] f(z,x"(2), (7)) > [p" (D] f(z,x7(7), 9) (2.31)
for any s € ©. By continuity this also holds for ¢ = #,.

By undoing the conversion in in Step 1, we can back to a general Bolza problem by sending
p* — (p°, p*). In particular, observe that $°(t) = 0 and p°(t;) = —1. Hence, p°(t) = —1.
Hence, we get from the optimality condition (2.31) that

p'(0) f(z,x7(2),0°(7) - L(z,x"(1),0°(7)) 2 p"(r)" f(z,x7(7),5) - L(z,x(1),5), (2.32)

H(z,x*(r).p*(7).6*(7)) H(z,x*(7).p*(1).5)

where p* satisfies the adjoint equation

pr(@) = =VeH(tx"(0),p"(1),67°(1),  p'(t1) = =VO(x"(t1)). (2.33)

Step 6: Extending to Measurable Controls. The last step is purely of technical in-
terest, where we relax the assumption that ¢t +— 6*(t) is continuous. By the Lebesgue
differentiation theorem, we have for almost every 7 € (¢, t;),

T+

£

lim = [ |f (6" (0),0°(8) — f (r, x*(r), 0°(2))| dt = 0, (234)

e=0+ € Jo_ g
that is, the measurable function t — f(t, x*(¢), 0*(t)) is quasi-continuous. Hence, the proof
steps 1-5 proceeds exactly as before, only that 7 is required to be a Lebesgue point, and
hence the solutions of the state and adjoint equations are now only absolutely continuous,
and the maximization condition (2.32) now only holds at Lebesgue points, which is almost
every t € [to, t;]. This concludes the proof of the maximum principle. ]

Let us make some remarks on the maximum principle.

« The equation (2.18) is called the state equation, and it is simply

x*(t) = f(t,x*(),67(1)), (2.35)
and it describes the evolution of the state under the optimal control.

« The equation (2.19) is called the co-state equation, with p* being the co-state. As evidenced
in the proof of the PMP, the role of the co-state equation is to propagate back the optimality
condition and is the adjoint of the variational equation. In fact, one can also connect p*
formally to a Lagrange multiplier enforcing the constraint of the ODE. However, this
approach can only derive the weaker optimality condition that H is stationary at the
optimum.

« The maximization condition (2.20) is the heart of the maximum principle. It says that
an optimal control must globally maximize the Hamiltonian. One can regard this as
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a nontrivial generalization of the Euler-Lagrange equations to handle strong extrema
(See [BP07], Theorem 6.5.2), as well as a generalization of the KKT conditions to non-
smooth settings.

2.2.2 Other Forms of the Maximum Principle

The reason why we called the result (2.7) a maximum principle is to emphasize that it is not
just one result, but a class of results of similar nature. Indeed, there are many variants of the
maximum principle, and we state one of them below, which is for a fixed-end-point variant of
the Bolza problem (variation highlighted)

inf J10] = / ' L(t, x(t), 0(t))dt+PCx(tr))

. (2.36)
subject to
X(t) = f(t’ X(t), 9(1’)), te [tO’ tl]’ X(to) = X0, x(tl) = X1.
In this case, the maximum principle now reads
(1) = VpH(5,x"(0),p7(0),0°(1)),  x (o) =x0  x'(11) =x1 (2.37)
p(1) = =V H(t, x" (1), p" (1), 0" (1)), =V 06 (2.38)
H(t,x*(t),p" (1), 67(t)) = H(t, x* (1), p"(2), ) (2.39)

VO € ©® and a.e. t € [ty, 1]

Example 2.8: Piece-wise C' Minimizer Revisted

Let us consider the problem in Example 2.5 and we now show that the piece-wise C!
minimizer satisfies the PMP (2.37). Notice that we can convert the problem into a fixed-
end-point problem

mein/lx(t)z(e(t) —1)%dt

-1

subject to

x(t) = 0(1), te[-1,1], x(-1) =0, x(1) = 1.

(2.40)

That is, f(t,x,0) = 0 and running cost is L(t, x, 0) = x*(9 — 1)*>. Writing out the PMP
equations for an optimal 8%, we get H(t, x, p, 0) = p0 — x*(1 — 0)?

x*(t) = 607°(t), x(-1)=0, x"(1)=1, (2.41)

p(1) = 2x"(1)(1 = 0*(1))%, (2.42)

0*(t) € arg max{p*(t)0 — [x*(1)]*(1 - 6%)}. (2.43)
feR
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One can then check that the control

0 -1<t<0
0*(t) = - 2.44
® {1 0<t<1 ( )

satisfies the PMP above with x*(¢) given by (2.9) and p*(¢) = 0.

Example 2.9: Driving a Car

Suppose we are driving a car on a straight road for ¢ € [0, T]. Let x(¢) denote the position
of the car at time . We suppose that we are initially at rest at the origin, and we want
to drive forwards on the road. We have control over an accelerator, which we can use
to accelerate or brake, but acceleration costs fuel. The problem statement is, suppose we
want to drive far yet save fuel, how should we drive?

This problem can be formulated as a Bolza problem with fixed end time and free end
point (2.16) as follows:

T
inf J10] = /0 %max(o, 0(+))%dt — x(T)

subject to

x(t) = o(t), x(0) =0,
o(t) = 0(1), v(0) = 0,
0(t) € [-1,1] for all £.

(2.45)

Here, the fuel cost is related to the acceleration by % max(0, )? (braking spends no fuel).

Let us now apply the PMP (2.7) to derive a solution. In this case, the Hamiltonian is
1
H(t’X,'U,Px,pv,e) :va+pv0_ Emax(o’ 6)2 (246)

Thus, the PMP equations are

(1) = v* (), x*(0) = 0, (2.47)
05 (t) = 6% (1), v*(0) = 0, (2.48)
py(t) =0, (D) =1, (2.49)
Pp(t) = —pi(t), po(T) =0, (2.50)

and hence pi(t) = 1, p}(t) = T — t. Therefore, the optimal control is found by maximizing
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the Hamiltonian:

6°(t) € arg max H(t, x" (), v" (1), pi(0), py (1), 6)
0e[-1,1]

1
€ argmax v*(t) + (T — )0 — — max(0, 0)* (2.51)
0e[-1,1] 2
=min(T - t,1).

Thus, we should drive at maximum acceleration, and then ease off on the accelerator
linearly.

Exercise 2.10: Driving a Better Car

As an extension of Example 2.9, we can consider the following scenario: the car has been
upgraded so that the fuel cost now scales linearly with acceleration, i.e. the running cost
is now max(0, 0) instead of max(0, 8)>. What is the optimal way to drive in this case?

2.2.3 Further Reading

Besides the basic fixed end time setting considered in the previous part, other variants of the
PMP can be derived for different scenarios, including: variable end time, general set constraints
on initial and final states. The proofs of these results are more involved than what is proposed
above, requiring some machinery from functional analysis. For the purpose of the application
cases in these notes, the previous formulation is enough. However, the interested reader is
encouraged to consult optimal control references for various generalizations, or proofs under
weaker assumptions e.g. [Lib12, BP07].

2.3 Hamilton-Jacobi-Bellman Equations

As a key alternative to the maximum principle, we now discuss another line of work that
establishes necessary and sufficient conditions for optimality for optimal control problems. This
presents another approach to optimal control theory that is important in its own right, as it
depends on the very general idea of dynamic programming [Bel66].

2.3.1 Motivating Example of Dynamic Programming

Example 2.11: A Toy Maze

Consider the following maze where we want to get to the orange circle while maximizing
the reward obtained along the way. When we cross each arrow, we gain a reward equal
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to the number attached to that arrow. The red path shows an example path with a final
reward of 4.

¢ ®
+2 1
V @ % 3
+1

3 -2

NG >@ -

Suppose that there are N circles to choose from per step and T steps in total. Then, the
total number of paths is N7 and grows exponentially with T. This is known as the curse
of dimensionality.

O

Instead of a brute force search over all paths, we can use the principle of dynamic programming
to find a solution much more efficiently. To do this, let us introduce some notation. We will
index each time step in the maze by t = 0,1, ...,T. Also, we denote by S; the circle we step on
at the " step, and R; the reward we obtain at the ¢ step.

Define the function
T
V(t,x) = max{ Z Ry: S, = x} . (2.52)
s=t+1

In other words, V(t, x) is the best possible reward we can get starting from state x at time ¢.
Then, we can work backwards easily!

Let us just consider the case in Example 2.11, where S; = 1 or 2 for t = 1,2,3. Here, S; = 1
denotes the top circle and S; = 2 is the bottom circle. The initial state is Sy = 0. Then, clearly
we have

V(3,1)=+3,  V(3,2) = -3, (2.53)

since both cases we only have one choice — and this is the best we can do. Now, let us consider
t = 2. Given we are at S; = 1, then there are two choices, either we go to S3 = 1 or S5 = —1.
If we go to S3 = 1 we get a reward of —1 and then, the best we can do from there would be
V(3,1) = +3. Similarly, if we take S5 = 2 then we get +4 reward and the best we can do from
S; = 2is V(3,2) = —3. Hence,

V(2,1) = max{-1+ V(3,1), +4 + V(3,2)} = +2. (2.54)
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A similar calculation shows that V(2, 2) = +1. Once we know these values we can then compute
V(1,-) and so on. This allows us to calculate backwards to obtain V(0,0) = +6. This is the best
possible reward we can get, and we have obtained it without resorting to brute force search
over all the paths! Moreover, once we have solved for V (¢, x) for all ¢, x, we can also easily find
the optimal policy to navigate this maze. We simply proceed greedily with respect to the value
function: at time t we always go the circle in the next step with the highest V(t, x) plus the
immediate reward.

In fact, the above methodology is known as dynamic programming [Bel66]. Let us look at the
computational complexity of dynamic programming versus a brute force search, which takes
NT steps. In dynamic programming, we simply have to traverse the time steps once, starting
the from the end. For each time step, we have to compute N values of V(t, x), each depends on a
linear combination of V(¢ + 1, s). Hence, for each time step we incur a computation overhead of
N?2. Therefore, the entire dynamical programming procedure solves the problem in N?T steps.
This is much less than N1,

The key idea behind dynamic programming is defining the so called cost-to-go V (¢, x) (2.52),
which allows us to derive a recursion in V(t, x) that gives a solution to our original problem.
The function V(t, x) is also known as the value function, emphasizing the fact that it represents
the “value” of a given state. This understanding will motivate the alternative approach we
present next on optimal control.

2.3.2 The Dynamic Programming Principle

Now, let us state and prove the dynamic programming principle as applied to optimal control
problems. We recall the Bolza problem with fixed end time:

i%f Je] = / § L(t, x(t), 0(t))dt + D(x(t1))
. 5 (2.55)
subject to

X(t) = f(t’ X(t), e(t))’ te [t()’ tl]’ X(t()) = Xo-

Following the idea of dynamic programming, we embed this problem in a bigger class of
problems:

V(s,2) = inf / Lt x(1), 0()dt + B(x(t,))
subject to

x(t) = f(t,x(¢), 6(t)), t € [s, t1], x(s) = z.

(2.56)

The function V : [to, t;] x R? — R is called the value function. In words, it is the minimum cost
attaininable starting from the initial condition z at time t. Observe that V(t,, x¢) is the optimal
cost of (2.55).
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It may appear that we have made the problem more difficult, since we are not considering a much
larger class of optimal control problems. However, it turns out that we can derive a recursion
on V in terms of a partial differential equation, thereby deriving an elegant characterization of
optimal controls.

Now, let us state and prove the dynamic programming principle concerning the value function
for the optimal control problem.

Theorem 2.12: Dynamic Programming Principle

For every 7,s € [tp, 1], s < r,and z € R9, we have

V(s.2) = inf { / " LGt x(1), 0(0))dt + V(. x(f))} , (2.57)

N

where on the right hand side, « solves x(¢) = f(t, x(¢), 0(¢)) on t € [s, 7] with x(s) = z.

The meaning of the dynamic programming principle is that the optimization problem defining
V(s, z) can be split into two parts:

« First, solve the optimization problem on [z, t;] with the usual running cost L and terminal
cost @, but for all initial conditions z’ € R?. This gives us the value function V(z, )

« Next, we solve the optimization problem on [s, r] with running cost L and terminal cost
V(z,-) given by the step before.

Proof 2.12: Dynamic Programming Principle

Let us denote the right hand side of (2.57) as J*. We first show that J© < V (s, z). We fix
& > 0 and choose a control 0 : [s, t;] — © such that

J[0] < V(s,z) +e. (2.58)

This 0 always exists since V (s, z) is defined as the infimum of such J[@]. Under this control,
we have again by the definition of the value function

V(r,x(7)) < /tl L(t, x(t), 0(t))dt + P(x(t1)). (2.59)
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Then, we have

J' < /T L(t, x(t), 0(t))dt + V(z, x(1)) (2.60)
< /tI L(t, x(t), 6(1))dt + D(x(t1)) (2.61)
=J[0] < V(s,z) +e. (2.62)

Since ¢ > 0 is arbitrary, we have J* < V(s, 2).

Next, we show the reverse inequality. Fix ¢ > 0. Then, there exists a control 8, : [s,7] — ©
such that

/ " LGt x(0), 0,(0)dt + V(r.x(z) < T +e. (2.63)

N

Now, similarly there exists a control 8, : [z, t;] — © such that

/ § L(t, x(t), O5(t))dt + ®(x(t1)) < V(r,x(1)) + €. (2.64)

This allows us to concatenate the two controls together to define

o={ato 1l
Then, combining (2.63) and (2.65) we have

V(s,z) < J[O] < J° + 2¢, (2.66)
and since ¢ > 0 is arbitrary, we obtain the desired result. O

2.3.3 Hamilton-Jacobi-Bellman Equations

In this section, we will derive the key result from the dynamic programming approach to optimal
control problems, which establishes connections with partial differential equations, in particular
the Hamilton-Jacobi equations. As defining the right sort of solutions for these equations turns
out to be a slightly involved problem, we will proceed mostly formally in this section, but we
will discuss at the end the key ideas in making these steps rigorous.

The basic motivation here is to derive an infinitesimal version of the dynamic programming
principle (Theorem 2.12). To this end, we will make extensive use of Taylor expansions by as-
suming that 7 = s+ As with As < 1in Eq. (2.57), giving the infinitesimal dynamic programming
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principle

s+As
V(s,z) = i%f {/ L(t,x(t), 0(t))dt + V(s + As, x(s + As))} , (2.67)
N
where again on the right hand side « follows the ODE

x(t) = f(t,x(t), 6(t)), t € [s,s+ As], x(s) = z. (2.68)

Applying Taylor’s expansion on the ODE, we have

s+As
x(s+As)=z+ / f(t,x(t),0(t)dt = z + f(s,z,0(s))As + o(As), (2.69)
Furthermore, assuming that V is sufficiently regular, we have
V(s + As,x(s + As)) = V(s,z) + sV (s, 2)As + [V, V(s,2)]" £(s,2z,0(s))As + o(As). (2.70)

Similarly, we can also expand the running cost

s+As
/ L(t,x(t), 0(t))dt = L(s, z, 0(s))As + o(As). (2.71)

Combining (2.67), (2.70) and (2.71), we have

V(s,z) = ir(;f {L(s, 2,0(s))As + V(s,2) + 05V (s, 2)As + [V, V(s,2)]" f(s,2,0(s))As + o(As)} .
(2.72)

Cancelling the term V(s, z) on both sides and taking the limit As — 0, the infimum over paths
Oont € [s,s + As] becomes an infimum over a scalar 6 = 6(s) € ©, thus we obtain:

05V (5,2) + Inf {L(5,2.60) + [V:V(5.2)] f(5.2.0)} = 0. (2.73)

This is known as the Hamilton-Jacobi-Bellman (HJB) equation for the value function. It remains
to specify the boundary conditions. One can quickly observe that at time s = t;, we in fact have
by definition, V(t4, z) = ®(2).

Now, we note that the derivations above are purely formal for at least two reasons:
« We do not know if V (s, z) is sufficiently regular to admit Taylor expansions.

« We do not know if the partial differential equation (2.73) is well-posed, i.e. whether it
admits a unique solution, and in what sense should a solution be defined.

This is a common difficulty faced by many nonlinear partial differential equations. In this case,
the Hamilton-Jacobi structure allows one to use the concept of viscosity solutions [CL83] as
an appropriate notion of solution. Loosely speaking, viscosity solutions are a class of weak
solutions to nonlinear PDEs defined by being some sense of an extremum of a sequence of
smooth functions that satisfy an inequality corresponding to the PDE. One can also see them
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as limits of solutions of the original PDE regularized with a diffusive term (hence the term
“viscosity”). For more information on viscosity solutions, the reader is referred to [FS06]. With
the notion of viscosity solutions, we in fact can put the HJB equations on a rigorous footing. Let
us now state the main theorem in this section, whose proof we omit (but see [BP07], Theorem
8.7.1). For convenience we will replace (s, z) by (t, x) in the following.

Theorem 2.13: Hamilton-Jacobi-Bellman Equation

Let V : [t, t;] X R — R be the value function defined by (2.56). Then, V is the unique
viscosity solution of the Hamilton-Jacobi-Bellman equation

A,V (t,x) + inf {L(t,x,0) + [V V(t, )] f(t,x,0)} (t,x) € (to, 1) X R?

(2.74)
V(t1, x) = ®(x)
2.3.4 Implications for Optimal Control
Recall that we have the correspondence
V(to, x0) = igf][@], (2.75)

hence the solution of the HJB equations will give us the optimal cost that we can obtain for the
Bolza problem. In fact, we will see that this gives us much more.

A Necessary Condition. It should be clear from our discussions so far that what we have
formally derived is that the HJB constitutes a necessary condition for global optimality. Indeed,
suppose we have a family of optimal controls {65 , : s € [to, t1],z € R4} and define

V(o.2) = 000 + [ " Lt (0,0 (),

where x; (1) = f(t,x; (1), 0; (1)), te s t], x5 ,(s) = z.

(2.76)

Then, by Theorem 2.13 V = V satisfies the HJB equation.

In fact, let us fix s, 7 € [to, t;) and z € R?. By the assumption of global optimality we can rewrite
the dynamic programming principle (2.57) as

V(s.2) =inf { / " LGt x(1), 0(0))dt + V(. x(r))}

N

. (2.77)
- / L(t.x! (1), 0% L(0)dt + V(r.x. (7).

We may now proceed as before using Taylor expansions to derive an infinitesimal version

of the above. Let us call 8" = 6; , the optimal control for our original problem, and " is
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corresponding controlled state trajectory. Then, Taylor expanding and comparing with the
usual dynamic programming principle we obtain the equality

=05V (s, (1)) = min {L(t,x" (1), 0(1)) + [V V (&, x* ()] f(t,x"(2), 0},

= L(t,x"(1), 0" (1) + [V V(t, x" ()] f(1,x7(2), 0°(1)), @7
which we can rewrite as
H(t,x*(t), -V, V(t,x*(t)), 0% (t)) = max H(t,x*(t), =V, V(t,x*(¢)), 0) (2.79)
where the Hamiltonian is defined exactly as in the case of the PMP (2.17)
H(t,x,p,0) = p" f(t,x,0) - L(t, x, 0). (2.80)

Thus, this is similar to the statement of the PMP, except that the co-state p*(t) is now replaced
by =V, V(t, x*(t)). However, there is a nontrivial difference in that now, this is also a sufficient
condition for global optimality, as we now show.

A Sufficient Condition. Let us now assume that a continuously differentiable function V
satisfies the HJB (2.74) and moreover that a control 8 : [ty, t;] — © satisfies

H(t, %(t), -V, V(t, %)), 0(2)) = max H(t, 5(t). =V V(£ X(1)). 0). (2.81)

forall t € [ty, t;], where T is the state process corresponding to the control 6, then O is a globally
optimal control that solves (2.55) with optimal cost V (¢, x).

To show this, observe that if we set x = x(t) in the HJB equation for V, noting the condition (2.81),
we have

8,V (£, (1)) + [V V(t, x(1)]T £(£, (1), 6(t)) + L(t, %(£), 6(t)) = 0, (2.82)
which means
%V(t, X(t)) + L(t, (1), (1)) = 0. (2.83)

Integrating from f, to ¢; and using the boundary condition V(t;, x) = ®(x), we have

V(ty, xo) = / 1L(t,5€(t),§(t))dt+<D(f(t1)): J16]. (2.84)

ty

On the other hand, if 0 be any other control whose trajectory is x, we would have

0,V (t,x(t)) + [V V(t, x()]T £(t, x(t), 6(t)) + L(t, x(t), 6(t)) > 0, (2.85)
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which yields

0 < /tl L(t, x(t), 0(t))dt + V(t1, x(t1)) =V (to, x0), (2.86)

ty

J16], since V(t1,x(t1))=®(x(t1))

or

—~

J16] = V(to, x0) < J[6]. (2.87)
This shows that  is globally optimal, with cost V(t,, xo).

Example 2.14: Nondifferentiable Value Function ([Lib12], Example 5.2.1)

Consider the scalar control system
x(t) = x(1)0(t), t €[0,T], x(0) = xp € R, 0(t) e ©® =[-1,1]. (2.88)

We set running cost L = 0 and terminal cost ®(x) = x. The optimal control is just —Sign(xo)
if xo # 0, and if xo = 0 the cost is always 0. Hence, the value function is simply

e TDx ifx>0
V(t,x) =14 el 'x ifx <0 (2.89)
0 ifx=0

Observe that it is not differentiable at x = 0.
Let us now check that the value function satisfies the HJB, which is now

0:V(t,x) — |x0xV(t,x)| =0, V(T,x) = x. (2.90)
Clearly, this is the case. In fact, we can derive the value function from the HJB by applying

the method of characteristics (See [Eva98], Ch. 3).

Remark. We end this section with a remark on the HJB solution. Recall that we can write the
optimal control as

0"(1) = u(t,x" (1) = min{L(t.x" (). 0) + [VxV(t.x" ()] (1 x"(1). ). (2.91)

In other words, provided we can solve the HJB, the optimal control solution is of feed-back or
closed-loop form, meaning that it tells how to steer the system by just observing the state trajectory
x*. We can contrast with the PMP, where we obtain open-loop controls that are pre-computed (since
it also depends on the co-state) and cannot be applied on-the-fly. This is an important distinction.
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2.3.5 Further Reading

The principle of optimality has been referenced in different manners throughout the development
of calculus of variations, dating back to the solution of the Brachistochrone problem of Jacob
Bernoulli in 1697. The building of the Hamilton-Jacobi-Bellman theory for optimal control
rests on important works of Carathéodory, Bellman and Kalman in the early 1900s. The theory
is first put on rigorous footing via the introduction of viscosity solutions by Crandall and
Lions [CL83]. See also [FS06] for a general exposition of viscosity solutions. Here we also
omitted the interesting topic of how the HJB and the PMP are related. In fact, they can be
related via the method of characteristics ([Eva98] Ch. 3): the PMP equations can be interpreted,
at least formally, as characteristic equations associated with the HJB. See [Lib12], Ch. 5.2.

2.4 Stochastic Control

So far, optimal control problems are analyzed in the deterministic (ODE) setting. This follows
as a natural development from classical calculus of variations. Recently, many applications
requires the control of a noisy process, examples of which includes control of robots in uncertain
environments, optimal execution of trading strategies, etc.

In this section, we will briefly introduce the stochastic variant of the theory of optimal control.
For mathematical simplicity, we will only introduce the Hamilton-Jacobi-Bellman approach.
The Pontryagin’s approach turns out to be rather involved for stochastic processes, and requires
some theory on backward stochastic differential equations which are beyond the scope of these
notes. The interested reader may consult standard references, e.g. [YZ99] on this topic.

We assume a basic familiarity with stochastic differential equations. Unfamiliar readers may
refer to textbooks e.g. [Jks03]. Note that we will not use any advanced techniques beyond Itd’s
formula.

2.4.1 Control of Stochastic Differential Equations

We consider the following It6 stochastic differential equation, also known as a diffusion process:
dX(t) = f(t,X(t),0(t))dt + o(t,X(t),0(t))dW(t), X(0) =x,, te][0,T] (2.92)

Here, X(t) € R? is the stochastic process, and we use capital letter to highlight its stochastic
nature, as is conventional. The process W(t) is the standard Wiener process, or Brownian
motion in R?. The matrix-valued function o : [0, T] x R¢ x R™ — R%*? is called the diffusion
matrix. In some applications, f is called the drift and o is called the volatility. We hereafter
assume they are uniformly Lipschitz in the state argument to guarantee existence of strong
solutions to (2.92) (see [@ks03]). The initial condition x, € R¢ can be deterministic or random.

Next, we specify the cost functionals. Similar to the deterministic counterpart, we consider a
terminal cost ® and a running cost L. The only difference now is that the cost function should be
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defined in an averaged sense, so we simply add an expectation. Thus, we obtain the stochastic
version of the Bolza problem (2.15)

T
inf J[@]=E [/ L(t, X(t), 0(t))dt + ®(X(T))
OcAy T 0

. (2.93)
subject to

dX(t) = f(t,X(1),0(t))dt + o(t, X(t), 0(t))dW(¢) t e0,T], X(0) = xq.

Here, the expectation is taken over the Wiener process, and possibly over the initial condition.
The control set Ay, 7 is a subset of W-adapted processes, meaning that they cannot look into
the future of the Wiener process. Sometimes, Ay r is called the admissable set of the control
problem. Note that this control problem generalizes the classical control problem of Bolza, and
reduces to it if we take o = 0.

2.4.2 The Stochastic Dynamic Programming Principle

The procedure is almost identical to the deterministic case. We define the value function

T
V(s,z) := inf E;, [/ L(t, x(t), 0(t))dt + ®(x(T))

OcAs. T
2.94
subject to 294)

dx(t) = f(t,X(t),0(t))dt + o(t, X (), 0(2))dW(t) telsT], X(s) =z.
The expectation E , represents a conditional expectation on X; = z.

The first main result is the stochastic version of the dynamic programming principle
Theorem 2.15: Stochastic Dynamic Programming Principle
For every 7,s € [0,T], s < 7, with 7 a stopping time?, and z € R4, we have

V(s.2) = inf By . { / " LG X(2), 0(t))dt + V(T,X(T))} , (2.95)

N

¢ A random variable 7 is a stopping time if {7 < t} is measurable with respect to the Brownian filtration up
to time ¢.

The proof is identical to that of Thm. 2.12, since one can observe that whether the dynamics is
an ODE or an SDE is not used in the derivation, which only requires some arguments based on
optimality. The stopping time criterion is required as a technical condition so that the combined
control (analogue of Eq. (2.65)) is adapted to the Wiener process. The reader should prove
Thm. 2.15 as an exercise.
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2.4.3 Stochastic Hamilton-Jacobi-Bellman Equation

As in the deterministic case, the form of the dynamic programming principle can be turned into
a more instructive form by infinitesimal perturbations, i.e. when 7 = s + As. In the deterministic
case, we obtained the HJB PDE. We now show that in the stochastic case, we obtain a very
similar PDE. To avoid mathematical technicalities, we will proceed formally by simply assuming
that we have the required smoothness to perform Taylor expansions using It6’s formula.

Let us recall the the It0’s formula.
Theorem 2.16: Itd’s Formula
Consider the stochastic process in R?

dX(t) = £, X(£)dt + o(t, X()dW (t). (2.96)

Let F : R x R? — R be twice differentiable, then

F 1
dF = aa_t + (Vo F) f + ETr [0 (ViF)o || dt + (V<F) adW, (2.97)
where all functions are evaluated at (¢, X(t)).
One can write the above in integral form
t OF T 1 —
F(r,X(r)) — F(s,X(s)) = s +(VxF)' f + ETr [cr (VXF)O'] dt
s (2.98)
+ / (Vi F) odW.

We start with the stochastic dynamic programming principle with 7 = s + As
s+As
V(s,z) = igf E, . {/ L(t, X(¢),0(t))dt + V(s + As, X(s + As))} . (2.99)
S

Applying It6’s formula (2.16), we get

s+As
V(s + As, X(s + As)) =V(s, X(s)) + / (%—‘: LTV + %Tr [aT(V§V)a]]) dt

e (2.100)
+ / (VoeV)TodW(t).

Note that the last term is a Martingale and thus has zero conditional expectation. Substitute
this into (2.99), we get

s+As A4 1
. f Esz —_ L TVxV _T T VZV dt - 0. 9101
Ocnsns [/ (as L+ fTVV + ST [07(V5 >o]]) ] (2.101)
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Now, we can replace all the time varying terms (¢, X(t)) in the integral By (s, X(s)) = (s, z) and
incur only errors of o(As). Taking the limit As — 0, we get

0sV(s,z) + ir;f {L(s, 2,0)+ f(s,2,0) TV, V(s, z) + %Tr [a(s, z,0)"(ViV(s,2))o (s, z, 6)]]} = 0.

(2.102)
As in the deterministic case, the terminal condition is V(T, z) = ®(z). This is the stochastic
Hamilton-Jacobi-Bellman equation.

As before, our derivation is not rigorous, since the Taylor expansion based on It&’s formula
requires regularity of the value function, which we typically cannot guarantee. The more
mathematically precise method to handle this issue again appeals to viscosity solutions and
comparison principles [CL83].

Theorem 2.17: Stochastic HJB Equation

The value function is the unique viscosity solution of the following Hamilton Jacobi
Bellman equation

OV (t,x)
+ ir(;f {L(t, x,0)+ f(t,x,0) 'V, V(t,x) + %Tr [O'(t, x,0)T(VEV(t, x))a(t, x, 9)]]} =0,

V(t,x) = (x).
(2.103)

Following the same line of argument as the deterministic case, we can show that the infimum
in the HJB actually obtains a globally optimal control.

2.4.4 Further Reading

Here we only introduced the bare-basics of stochastic control. For a more complete treatment of
the theory, the reader may consult many standard references, such as [FR12]. Backward SDEs,
which began with the attempt to generalize Pontryagin’s theory, was introduced in [Pen90,
PP90]. This development led to topics beyond stochastic control, including the theory of
nonlinear expectation. See [Pen10].
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3 Numerical Methods for Optimal Control

3.1 Overview

So far, our discussion focused on formulating necessary and sufficient conditions for optimality
for (stochastic) optimal control problems. There were two main lines of approach, namely
the Pontryagin’s maximum principle, and the Hamilton-Jacobi-Bellman equation. In practice,
these conditions rarely lead to explicitly solvable equations. Hence, numerical solution is an
important tool to study control problems.

This section gives a brief introduction to a few types of numerical algorithms that can be used
to solve optimal control problems.

3.2 Numerical methods based on the PMP

We begin with methods based on the Pontryagin’s maximum principle. This are also known as
indirect methods, in that we solve a necessary condition for optimality, which typically involve
integration of ODEs and small optimization problems, instead of the complete solution of a
non-linear programming problem. The latter are known as direct methods.

3.2.1 The Method of Successive Approximations

The first such method is called the method of successive approximations (MSA) or the sweeping
method. The derivation of this method is very simple. Let us consider the Bolza problem on the
time interval [0, T]. Recall that the PMP equations take the form

X)) = f(6,x7(1),0°(1)),  x7(0) =xo (3.1)

p(t) = =VieH(t,x7(1),p" (1), 0°(1)),  p*(T) = =V @(x™(T)) (3.2)
H(t,x* (1), p" (1), 67(1)) = H(z, x" (1), p"(1), 0)

(3.3)
VO € ® and a.e.t € [0,T]
where the Hamiltonian has the form
H(t,x,p,0) =p" f(t,x,0) - L(t, x, 0). (3.4)

Notice the following:
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« Three equations for three unknowns

« If we know 0", we can compute x* via (3.1)

« If we know 0%, x*, we can compute p* via (3.2)

« If we know «* and p*, we can compute 8" via (3.3)

Observe that this then forms a loop that we can iterate. If the iteration stops, then we have
found a solution of the PMP equations, from which the 8* thus obtained is now a candidate
optimal control. This is just the method of successive approximations. We summarize this
algorithm in Alg. 1.

Algorithm 1: Method of Successive Approximations

Initialize: @ € L*([0,T], ©)

while stopping criterion not reached do
& <« Solution of x(t) = f(¢,x(t), 6(t));
p « Solution of p(t) = =V, H(t, x(t), p(t),0(t)), p(T)=-VI(x(T)).;
fort € [0,T] do

| 0(t) « argmaxy o H(t, x(2), p(2), 0)

end

end
return x, p, 0

The solutions of @, p relies on the solution of differential equations. Thus, they can be solved
by any ODE solution methods, such as Euler methods, Runge-Kutta methods, or symplectic
methods, whichever is better suited to the dynamical problem at hand. The third step requires
some discussion. While this is still an optimization problem, this is a finite-dimensional one,
since we solve a separate optimization problem for each time t. This is often quite tractable for
a variety of reasons, e.g.

1. There may be an exact solution
2. A simple sub-routine can calculate an approximate solution very quickly
3. In fact, we do not really need an exact solution to this problem

The last point stems from an error estimate that one can derive [KC62], which says that for any
controls 0, §’, suppose we define by x? the solution of the ODE (3.1) with control 6, and by p?
the solution of the ODE (3.2) with control @ and state %, then we have the following estimate
(subject to some technical conditions)

T
J0’'1-7J[0] < —/0 H(t,x?(1),p% (1), 0'(1)) — H(t, x° (1), p° (1), 0(1))dt
, (3.5)
+ C-/o 16°(t) - 6(t)|1%dt
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One can imagine @ as the current MSA iterate, and 6’ is the next iterate obtained by not
necessarily solving the maximum of the Hamiltonian. The bound (3.5) then tell us that as long
as 1) The Hamiltonian is sufficiently increased; and 2) The parameters do not change too much,
then we should see a decrement in the objective functional. In fact, this turns out to be necessary,
as the MSA is known to diverge if 8 moves too much. These can be achieved by two methods:

1. Replacing the maximization by steepest ascent:

0(t) « 6(t) + nVoH(t, x(t), p(t), 0(t)) (3.6)

2. Replacing the maximization by a regularized problem

O(t) — arg max H(t, x(t), p(t), 0) — |6 — 6(2)]||? (3.7)
0

3.2.2 Solution of Two-point Boundary Value Problem

Observe that the MSA is an iterative algorithm, and we need to perform a potentially large
number of iterations to find a solution. In the special case where the Hamiltonian maximization
step has an exact solution, we can simply this procedure.

Concretely, suppose that there is a function & : R x R? x R — © such that
H(t,x,p, E(t, x,p)) = max H(t,x,p,0). (3.8)
€
Then, the PMP equations reduce to the following set of ODEs

X(1) = f(t,x"(0), £(t, x7 (1), p" (1)), x"(0) = xo,
p (1) = =V H(t, x* (), p" (1), E(t, x7 (1), p" (1)), p™(T) = =VO(x™(T)).

This is simply a pair of ODEs, but this is not a usual initial value problem. The equation for
the state has an initial condition, but the equation for the co-state has a terminal condition.
This equation is known as a two-point boundary value problem (2PBVP). There are a variety of
numerical methods developed for 2PBVPs. Here we outline a simple method called shooting
method, which guess an initial condition for p*, integrates the ODEs in (3.9) (now an initial value
problem) forward in time. We would obtain a solution to the 2PBVP (3.9) if the terminal co-state
agrees with —V®. This can be solved by a root-finding algorithm, such as Newton’s method,
quasi-Newton methods (e.g. L-BFGS), or Krylov sub-space methods (e.g GMRES, Conjugate
Gradient). The resulting algorithm is summarized in Alg. 2.

Remark. It is well known in the solution of boundary value problems that shooting methods
become unstable when the time horizon [0, T] increases. This is because the ODEs may be ill-
conditioned and a small change in the initial conditions may produce a large change in the final
state, or vice versa. In either cases, the root-finding step becomes very difficult. An effective method
to deal with this is to break the time interval into small sub-intervals {[T,,, Tp41] : n=0,...,N—1}
with Ty = 0 and Ty = T. We can then apply shooting individually to each time interval. This is
known as multiple shooting [SB13], and can be used to improve the usual shooting method for large
T.

(3.9)
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Algorithm 2: Shooting Method for 2PBVP Formulaton of PMP Equations
Hyperparameters: RootFind (root finding algorithm), & (explicit solution of

Hamiltonian maximization)
For a € R?, Define (x?, p®) as the solution of the IVP

x(t) =f(t, x(2), £(t, x(t), p“(1))), x4(0) = xo
pe(t) = = VL H(t, x(t), p*(2), £(t, x*(t), p“(1))), p“(0) =a

(3.10)

a* « RootFind(p?(T) + V&(x*(T)))
return 0*(-) = £(,x% (), p% ()

3.3 Nonlinear Programming

Now we briefly discuss another approach which falls under the category of direct methods.
Here, instead of solving for optimality conditions, we directly solve a discretized version of the
optimal control problem.

First, we introduce a time-discretization size At < ¢q. Then, we can approximate the control
space L*([0,T],®) by ® with N = T/At the number of discretization points.

Similarly, the ODE

x(1) = f(t, x(1), 6(t) (3.11)
is now discretized as o — x
%tn = f(nAt, xp, 0) (3.12)

so that x,, ~ x(nAt).

Performing a similar discretization to the cost functional, we obtain

N
9n€1(19r1{f O(xn) + Z AtL(nAt, x,, 0,)

n=0 (3.13)
Subject to

Xnt1 = Xp + Atf(nAt, xp, 0,), n=0,...,.N—1.
This is a constrained optimization problem of the form

min F(z) subject to G(z) = 0, (3.14)

where z = (x, 0). This is a standard equality-constrained optimization problem, and can be
solved by any of the standard nonlinear programming methods. [Ber97].
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3.4 Numerical Methods based on the HJB

The PMP based methods solves optimal control problems by solving coupled ODEs and a point-
wise in time optimization problem. The advantage is that these methods are quite cheap to
implement, especially when the ambient dimension d is large. However, one disadvantage is
that the optimal control calculated is specific to the initial condition x. If we are given another
initial condition, in general we will have to repeat the calculation again.

Recall that the dynamic programming approach and the HJB precisely avoids this issue. The
control we compute from the HJB equations are of feed-back form

07 (t) =&(£,x7 (1))

= arg min{L(t, x"(1), ) + F(£,x"(£), )TV V (2, x*(t))} (3.15)
0O

where V is the value function computed from the HJB equations. This control can be applied to
any state trajectory, whether or not it begins with x is irrelevant. Thus, the HJB equations give
a stronger solution to optimal control problems. This is also known as a closed-loop control. Let
us now discuss some methods for solving the HJB equations.

Recall the HJB equations
0:V(t,x)+ éng {L(t,x,0) + [V V(£ )] f(t,x,0)} (t,x) € (0,T) x RY
€

(3.16)
V(T,x) = ®(x)
It is customary to define the function
H(t,x,p) =+ érelg {L(t, x,0)+p" f(t,x, 9)} (3.17)
Then, the above reduces to the standard Hamilton-Jacobi equation
OV, x)+ H(t,x,ViV(t,x)) =0 (£, x)€(0,T) xR? (3.18)
V(T,x) = O(x)
In fact, we can also consider the stochastic control problem where we have
OV (t,x) + H(t, x, Vi V(t,x), VEV(t,x) =0 (t,x) € (0,T) x R? (5.19

V(T,x) = ®(x)
with
H(x.p,0) = inf {L(t%,0) +p7 f(1,x,0) + TH(o(t,x, 0 Qo(t,x, 00} (3:20)
€
We will now consider this case since it is more general.

Note that the PDE (3.19) is a fully nonlinear PDE, in the sense that the highest order derivative
V2V enters non-linearly. Such equations are notoriously hard to solve due to numerical insta-
bilities. However, in the case of control problems we can exploit the special structures that are
present in Hamilton-Jacobi equations. For an introduction to the theory of HJ equations, the
reader is referred to [Eva98]. The theory and methodologies presented here are from the works
of [BS91].
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Ellipticity. Let S, denote the set of d X d real symmetric matrices. We say that a function
H:RxRYxR¥xSy - R (3.21)
is elliptic if for any A > B (meaning A — B is positive semi-definite), we have
H(t,x,p,A) < H(t,x,p,B)  forall (t x,p) € RxR? xR, (3.22)

Clearly, for the case of deterministic control this is automatically satisfied since H is independent
of the last argument. In general, it can be shown that under standard technical conditions, HJBs
arising from stochastic control satisfies ellipticity.

The main results of [BS91] shows that if the ellipticity condition is inherited by the numer-
ical discretization scheme, then the numerical method converges to the right solution. The
discretized version of this result is called monotonicity, which we now introduce.

Monotonicity and Consistency. Let us consider a discretized version of Eq. (3.19). By
setting t — T — t, we can regard it as a standard Cauchy (initial value) problem. Using a spatial
grid size of Ax and a temporal grid size of At, we get

S(h’ t’x’ Vh(t,X), [Vh]t,x) =0 in gh \ {t = 0}

(3.23)
Vi(0,x) = ®(x) on G, N {t =0}

where h = (Ax, At) and Gy, = At{0,1,...,N7} x AxZ? with Z c Z (|Z| = Ny) a subset of grid
points in space. Thus G denotes a regular grid in [0, T] X R¢. The function S encodes the
discretization schemes for the differential operators, whose forms may vary. Here Vj (¢, x) is the
approximation of the solution V at (¢, x) with grid size h. For (¢,x) € Gp, the symbol [V} ]; x
denotes the values of V}, at all points in G, except (¢, x).

Let us assume the following:

« Monotonicity: If u < v (element-wise), then

S(h,t,x,r,u) > S(h,t,x,r,v) (3.24)

« Consistency: For any smooth function V(¢, x), we have

Illim S(hyt,x, V(t,x), [V]e.x) = 0:V(t,x) — H(t,x, VV(t,x), VEV (L, x)) (3.25)
—0

for all (¢, x).

« Stability: For every h > 0, Eq. (3.23) admits a solution V}, and there exists a constant C > 0
such that sup,, ||Vi|| < C, i.e. the solutions are bounded uniformly in A.

The following result shows that the above assumptions are enough to guarantee the convergence
of solutions of the numerical scheme.
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Theorem 3.1: Barles-Souganidis

If the numerical scheme (3.23) satisfies monotonicity, consistency and stability, then its
solution uy, converges locally uniformly, as h — 0, to the unique viscosity solution of (3.19).

Exercise 3.2: Heat Equation

Consider the 1D heat equation
0:V(t,x) = 92, V(t,x). (3.26)

We perform the standard forward-time, central space discretization to obtain the form (3.23)
with
+1
‘/in _ ‘/'irl Vrl

oyt o —2vh
S (At, Ax,(n+ 1)AT, iAx, Vl.””, [Vl.'il, v/, Vzr-ln]) — o Vil Az;; i

(3.27)
Show that the scheme is consistent, and that it is monotone and stable if the following
CFL condition is satisfied:

1
At < 5sz. (3.28)
Thus, Theorem 3.1 is consistent with the usual Lax-equivalence theorem for numerical
analysis of PDEs.
Let us now give an example of a nonlinear HJ equation and an associated monotone scheme.
Consider the 1D Hamilton-Jacobi equation
BV (t,x)+ |0,V (t,x)]> =0,  V(0,x) = |x]. (3.29)
Observe that we must have V(t,x) > 0 for all ¢, x. Using FTCS, we can discretize this to

Vin+1 _ Vln (
+
At 4Ax2

V.n _V_n 2
Vi) =0. (3.30)

Unlike the heat equation example, no matter what the value of the step sizes, this scheme is not
monotone, and hence we cannot guarantee convergence.

An alternative is to consider the following discretization of |8, V|?:

_ n n
i+1 i+1 2‘/1 + Vvi—l

(Vn - ‘/lril )2 Vi
4Ax? ¢ Ax

(3.31)

Note that this is still consistent, since the last term added vanishes in the limit Ax — 0. Suppose
that there exists a constant C such that u(¢, x) = |u(t, x)| < C for all ¢, x, then, taking a > C we
obtain a monotone scheme. In general, constructing monotone schemes can be quite challenging,
especially for higher order accuracy. The reader is referred to [Shu07].
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3.5 Further Reading

We have only scratched the surface of the large topic of numerical methods for optimal control.
For a good survey on direct and indirect methods based on nonlinear programming or the
Pontryagin’s maximum principle, the reader is referred to [Rao10]. For more information on
monotone methods for HJBs, we refer to [Tou] and references therein. Lastly, the solution
of HJB is very much related to the field of reinforcement learning and approximate dynamic
programming [SB18]. Although most of the problems there are solved in discrete time, the
techniques (e.g. value iteration, Monte-Carlo sampling) provide an alternative way to solve
optimal control problems.
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