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A B S T R A C T

A high-fidelity numerical solver, RYrhoCentralFoam, is developed based on OpenFOAM® to simulate turbulent
compressible reactive flows. It is designed for accurately simulating combustion with detailed chemistry, tur-
bulence, shock wave and their interactions. The features that we develop in this work include: (1) multi-species
transport, (2) detailed fuel chemistry, and (3) turbulent combustion models in Large Eddy Simulations (LES).
Two hydrogen flames with detailed measurements are studied, including turbulent auto-igniting flame in hot co-
flowing jet and supersonic combustion in a supersonic burner. For the first flame, the lift-off height, overall flow
and flame behaviors, as well as the statistics of the velocity and reactive scalar are computed accurately. For the
second flame, the RYrhoCentralFoam is also shown to have the ability for modelling supersonic combustion in
model combustors, in terms of the velocity and temperature fields as well as unsteady flame lift-off dynamics in a
recirculating zone. The accuracies of LES with RYrhoCentralFOAM in both flames are comparable to those with
other well-validated compressible flow solvers.

1. Introduction

In high-speed propulsion systems (e.g. scramjet), the flow physics
are characterized by high Mach number and pronounced dis-
continuities, e.g. shock wave [1]. Meanwhile, heat release from che-
mical reactions may considerably modulate the localized high-speed
flow fields. Furthermore, turbulence is ubiquitous in the practical
combustion systems, and eddies of different scales can affect the flow
and reactive fields at large- and small-scale levels. Therefore, modelling
turbulent combustion under high-speed flow conditions necessitate a
numerical solver which is expected to accurately handle the above in-
teractive phenomena simultaneously.

OpenFOAM® [2] has proved to be promising for investigating var-
ious fluid mechanics problems, e.g. compressible flows and chemically
reactive flows. In particular, the density-based solver, rhoCentralFoam
[3], is developed for shock-laden high-speed flows, and the shocks are
captured with the central-upwind Kurganov and Tadmor (KT) [4] or
Kurganov, Noelle and Petrova (KNP) [5] scheme with proper slope
limiters. Both schemes avoid complicated manipulations for flux cal-
culations on polyhedral cells with arbitrary number of inter-cell faces,
e.g. characteristic decomposition, Jacobian calculation and Riemann
solver. Detailed validations have been made for rhoCentralFoam based
on one-dimensional and two-dimensional benchmark cases [3],

including shock tube, forward-facing step, supersonic air jet, hypersonic
flow over a biconic. Their results show that the KNP scheme with van
Leer limiter [6] can give us accurate and non-oscillatory predictions of
shock waves, through comparisons with the analytical solutions and
numerical results using well-recognized schemes (e.g. Roe scheme [7]).

Large eddy simulation is a promising method for understanding the
fundamentals of supersonic flows and development of practical pro-
pulsion systems [1]. It is known that, in LES with explicit filtering,
capturing turbulence structures necessitates low-dissipation numerical
schemes. Here explicit filtering means that the LES filter is associated
with the local grid size. However, such kind of schemes with low dis-
sipation may not perform well in capturing discontinuities embedded in
the turbulent flows, such as shock waves. Therefore, how to compro-
mise the accuracies of the selected schemes in handling both turbulence
and shock wave in one flow field should be delicately evaluated. When
it comes to rhoCentralFOAM, one needs to examine whether the KNP
scheme can accurately predict the turbulence structures of various
scales, although its ability in shock capturing have been confirmed by
Greenshields et al. [3].

In recent years, various customized rhoCentralFOAM solvers have
been developed for LES of turbulent combustion problems. For in-
stance, Fan et al. simulate the supersonic flames in model scramjet
combustors, and satisfactory agreements are achieved regarding the
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overall aerodynamics characteristics [8–12]. Sun et al. analyze the
flame stabilization mechanisms in the supersonic combustor with
rearwall-expansion cavity [13–16]. Moreover, Ye et al. and Piao et al.
perform LES of a supersonic combustor and transverse hydrogen jet in a
model scramjet combustor [17–19].

The foregoing studies have shown different levels of success of
rhoCentralFOAM in predicting velocity, wall pressure and heat flux, etc.
in supersonic flames. This is confirmed by their respective comparisons
with experimental data and/or schlieren images. Nevertheless, detailed
assessment of computed reactive scalars (mass fractions of major/minor
species as well as temperature) are not shown in the above work. This is
probably due to the unavailability of the measurements from their se-
lected target flames. It is well acknowledged that strong flow and flame
unsteadiness can be present locally or globally in supersonic combus-
tion, for instance, reactant mixing, ignition, flame stabilization and
blow-off [1]. Modelling of the above flame dynamics necessitates ac-
curate predictions of the chemical reactions and their interactions with
the local turbulence and flow features (e.g. shocks). In this sense, de-
tailed assessments of the rhoCentralFOAM solver in predictions of re-
active scalar evolutions and transient flame dynamics in turbulent su-
personic flames are in high demand, if one aims to build further
modules or libraries over it as an original solver.

We develop a high-fidelity and multi-physical numerical tool,
grounded on rhoCentralFOAM as the framework solver, for our re-
search interests in turbulent, compressible and reactive flows.
Therefore, as a first step, we made the following implementations based
on rhoCentralFoam: (1) transport of multi-component species, (2) de-
tailed fuel chemistry, and (3) turbulent combustion models in LES (e.g.
multiple mapping conditioning [20] and tabulated chemistry). For
brevity, the solver is termed as RYrhoCentralFoam hereafter, in which
“R” stands for “reacting” whist “Y” means “multi-species”. It has been
validated and successfully used for modelling reacting and non-reacting
flows in supersonic conditions [21–24]. Recently, we use it for mod-
elling autoignition of ethylene flames in a model scramjet configured
with strut and cavity using highly-resolved LES, however, no detailed
validations are made therein [25]. The objective of this work is to
quantitatively assess the accuracy and applicability of RYrhoCen-
tralFoam in modelling turbulent supersonic flames, particularly about
the evolutions of the reactive scalars and the relevant flame phe-
nomena. To this end, a sequence of benchmark cases is tested to eval-
uate the ability of the solver in capturing flow discontinuities (i.e. one-
dimensional Sod’s shock tube, two-dimensional forward step and shock-
vortex interaction), and chemical reaction (i.e. perfectly stirred re-
actor). The results are presented in the Appendices A and B.

Besides, two turbulent supersonic flames are selected to examine the
accuracies of RYrhoCentralFoam in simulating turbulent reacting flows
and shock waves: (1) lifted hydrogen supersonic flame in vitiated co-
flowing jet [26] and (2) strut-stabilized supersonic hydrogen flame in a
model combustor [27,28]. The rationales of the foregoing selections are
based on their distinct flow and combustion dynamics. Specifically,
based on the experimental measurements of the first flame, the shock-
train is observable and the autoigniting spots are intermittently induced
by the shocks before the flame base. Turbulence also plays a significant
role in initiating chemical reactions (e.g. radical build-up). From the
measurements of the second flame, continuous shock reflection from
the chamber walls occur. The flame is lifted and stabilized in the re-
circulation zone created by the strut. The shock incident, recirculating
flow transport, turbulence and chemical reaction occur simultaneously
behind the strut. Therefore, these two cases with various flame/flow
characteristics render them ideal for evaluating RYrhoCentralFoam in
modelling interactions between chemistry, turbulence and shock wave
in supersonic flames.

In the rest of the manuscript, governing equations and numerical
approaches in RYrhoCentralFoam solver are presented in Section 2,
followed by the introductions of the LES and sub-grid scale combustion
models in RYrhoCentralFoam in Section 3. LES of two turbulent

supersonic flames are investigated in Section 4. The conclusions are
summarized in Section 5.

2. Governing equation and numerical method

2.1. Governing equation

The LES equations of mass, momentum, energy, and species mass
fraction can be derived through low-pass filtering their respective in-
stantaneous equations. They, together with the ideal gas equation of
state, can be written as
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Here the symbol “ ∙
∼
( )” denotes Favre-filtered quantities, whereas

“ ∙−( )” denotes filtered quantities. The variable t is time, and ∇∙ ∙( ) is
divergence operator. −ρ is the filtered density, u is the filtered velocity
vector, −p is the filtered pressure and updated from the equation of state,
i.e. Eq. (5).

∼Ym is the mass fraction of m-th species, M is the total species
number. Only ( −M 1) equations are solved in Eq. (4) and the mass
fraction of the inert species (e.g. nitrogen) can be recovered from
∑ ∼ == Y 1m

M
m1 . The filtered total energy E in Eq. (3) is defined as

= ∼ + +e kE u| | /2 sgs
2  with ∼e being the filtered internal energy and ksgs

being the sub-grid scale kinetic energy. R in Eq. (5) is specific gas
constant, calculated from = ∑ ∼

=
−R R Y MWu m

M
m m1

1. MWm is the molar
weight of m-th species and Ru is universal gas constant. Note that the
correlations between the density and temperature fluctuations are not
considered in equation of state, i.e. Eq. (5).

−T in Eq. (2) is the filtered viscous stress tensor, modelled as
− = − −μT D2 dev( ) (6)

μ is dynamic viscosity and is predicted with Sutherland’s law,
= +μ A T T T/(1 / )s S . Here = × ∙ ∙−A K1.67212 10 kg/m ss

6 is the Su-
therland coefficient, while =T 170.672S K is the Sutherland tempera-
ture. Moreover, − ≡ ∇ + ∇D u u[ ( ) ]/2T  is the deformation gradient tensor
and its deviatoric component, i.e. −Ddev( ), is defined as

− ≡ − − −D D D Idev( ) tr( ) /3 with I being the unit tensor.
In addition, −j in Eq. (3) is the filtered diffusive heat flux and can be

calculated by

− = − ∇∼k Tj (7)

with T being the filtered temperature and k being the thermal con-
ductivity, which is calculated using the Eucken approximation [29],

= + ∙k μC R C(1.32 1.37 / )v v , where Cv is the heat capacity at constant
volume and derived from = −C C Rv p . Here = ∑

∼
=C Y Cp m

M
m p m1 , is the

heat capacity at constant pressure, and Cp m, is estimated from JANAF
polynomials [30].

In Eq. (4), −sm is the filtered scalar flux, which reads

− = − ∇D ρ−Ys ( )mm


(8)

With the unity Lewis number assumption, the mass diffusivity D is
calculated as = −D k ρ C/ p.

−ω̇m in Eq. (4) is the filtered net production rate
of m-th species due to chemical reactions and can be calculated from
the reaction rate of each elementary reaction −ωm j

o
, , i.e.
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Here N is the number of elementary reactions, and N > 1 when multi-
step or detailed chemical mechanism is used. The term −ω̇T in Eq. (3)
accounts for the heat release from chemical reactions and is estimated
as − = − ∑ −

=ω ω ḣ ̇ ΔT m
M

m f m
o

1 , . Here hΔ f m
o
, is the formation enthalpy of m-th

species. In Eq. (4), sm
sgs is the species transport due to the sub-grid scale

velocity fluctuations, which is modelled through a gradient-type model,
i.e.

= − ∇∼μ
Sc

Ys sgs

t
mm

sgs

(10)

where Sct is turbulent Schmidt number and assumed to be 1.
In Eq. (2), Tsgs is the sub-grid scale stress tensor, and modelled as

(μsgs is the sub-grid scale viscosity)

=
−

− −ρ k
μT

I
D

2
3

2 dev( )sgs sgs
sgs (11)

Moreover, the sub-grid scale term Esgs in Eq. (3) takes the following
form

= − ∇∼ − + ∇ +E
μ
Pr

C T μ μ k uT( )sgs

t
p sgs sgs

sgssgs 
(12)

where Prt is the turbulent Prandtl number and assumed to be 1.

2.2. Turbulence model

In RYrhoCentralFoam, the sub-grid turbulence models include
constant Smagorinsky model and one-equation model [31]. In the
Smagorinsky model, the sub-grid scale stress tensor Tsgs (see Eq. (11)) is
closed with an algebraic model [31]. Specifically, the sub-grid scale
viscosity μsgs is estimated from

= −μ c ρ kΔsgs k sgs
1/2

(13)

where the model constant ck is 0.02, and Δ is the nominal filter size.
Based on the local equilibrium assumption (i.e. production balances the
dissipation), the algebraic equation can be obtained with respect to the
sub-grid scale kinetic energy ksgs [31]

− + − =ρ εT D: 0sgs (14)

where the symbol “:” denotes the double inner product of two tensors
and the dissipation rate of the sub-grid scale kinetic energy, ε, is
modelled as (the model constant =c 1.048ε )

=ε c
k

Δε
sgs
3/2

(15)

In the one-equation model, the sub-grid scale kinetic energy ksgs is
solved through [31]
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where =c 1.048e is a model constant and ∙tr ( ) is the trace of a tensor.

2.3. Combustion model

In RYrhoCentralFoam, the implemented combustion models for LES
include the Quasi-Laminar Chemistry (QLC), Tabulated Chemistry (TC)
and Multiple Mapping Conditioning (MMC) [20] methods. For the QLC
method, it neglects the effects of the reactive scalar fluctuations on the
chemical reactions. Therefore, the filtered reaction rates are computed
with the filtered species mass fractions and temperature [1]. The va-
lidity of this method can be justified with either of the following

possibilities. Firstly, the majority of flow kinetic energy is resolved by
LES and therefore most of the fluctuations can be computed; Or sec-
ondly, the mixing timescale is much smaller than the chemical time-
scales. Since it does not involve any additional modelling im-
plementations (i.e. directly solving species transport equations, i.e. Eq.
(4)) and therefore rules out the uncertainties from the combustion
models, this method is fairly popular in simulations of high-speed re-
active flows. The QLC method will be used in this work to assess the
accuracies of the solver in modelling turbulent supersonic flames.

For the TC and MMC methods, equations for mixture fraction and/
or reaction progress variable need to be solved, besides Eqs. (1)–(3).
Meanwhile, additional sub-models are required to estimate the un-
closed terms. Therefore, in the current work aiming to validate the
RYrhoCentralFoam solver itself, we will not include the discussion
about them here, to avoid diluting our research objective. In fact, re-
cently we have validated TC and MMC methods in RYrhoCentralFoam
about turbulent supersonic flames [32,33], and the results are sa-
tisfactory about the predicted reactive scalars and unsteady flame dy-
namics. This further confirms the promising predictive abilities and
compatibilities of RYrhoCentralFoam when it is interfaced with ad-
vanced combustion models.

3. Numerical method

Finite volume method is used in RYrhoCentralFoam to discretize the
LES equations, i.e. Eqs. (1)–(4), over polyhedral CFD cells. Second-
order backward scheme is employed for temporal discretization. The
molecular and sub-grid scale diffusion fluxes are calculated with
second-order central differencing scheme. The chemistry related terms
in the right-hand side of Eqs. (3) and (4) are integrated with implicit
Euler method. Based on our tests on hydrogen autoignition, it is shown
to be computationally accurate and efficient when compared to other
Ordinary Differential Equation (ODE) solvers, such as seulex [34] and
L-stable embedded Rosenbrock ODE solver of third order [35]. Limited
differences can be seen in the evolutions of species mass fractions and
temperature predicted by implicit Euler method and the above ODE
solvers. The results are presented in Appendix B.

For the convection terms, the second-order semi-discrete and non-
staggered KNP [5] scheme is used. In a CFD cell FV, Gauss’s divergence
theorem can be written as (using the instantaneous variable notation)

∫ ∫ ∑∇ = ≈dV dS ϕu u·[ Ψ] [ Ψ] Ψ
FV S f

f f
(17)

here Ψ is a generic variable, e.g. ρ, ρu, ρE , and p. S denotes the surface
of the CFD cell. =ϕ S uf f f is the volume flux across the surface S. ∑

f
in

Eq. (17) means the summation over all the surfaces of the CFD cell FV.
The sum of the flux has three components [3,5]

⏟ ⏟ ⏟
∑ ∑= + − + −+ + − − + −ϕ αϕ α ϕ ωΨ [ Ψ (1 ) Ψ (Ψ Ψ ) ]

f
f f

f
f f

inward flux

f f

outward flux

f f f

weighted diffusion term (18)

where α is a weighting factor. For KNP scheme, biasness is introduced
in the upwind direction, depending on one-sided local speed of sound.
The first and second terms of the RHS of Eq. (18) denote the inward and
outward fluxes, respectively. The third term is a diffusion term
weighted by a volumetric flux ωf , which is only required for the terms
that is a part of a material derivative (e.g. ∇∙ −∼ρu u[ ( )] in Eq. (2),
∇∙ −∼Eρu[ ( )] in Eq. (3), and ∇∙ −∼ρ Yu[ ( )]m in Eq. (4)). It is an additional
term based on the maximum propagation speed of any discontinuity
(e.g. shocks and expansion waves) that may exist at a face between the
interpolated values in the f + and f- directions [3]. To ensure the nu-
merical stability, van Leer limiter [6] is needed for numerical flux
calculations with KNP scheme.
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4. Results and discussion

4.1. Lifted hydrogen supersonic flames in vitiated co-flowing jet

A supersonic lifted hydrogen jet flame investigated by Cheng et al.
[26] is simulated with RYrhoCentralFOAM in this Section. The burner is
shown in Fig. 1. Hydrogen is sonically injected into a co-flowing su-
personic vitiated air stream, and the conditions for fuel and air streams
are listed in Table 1. The inner diameter of the fuel jet is D = 2.36 mm,
whereas the inner and outer diameters of the concentric annular co-
flowing jet are 3.81 and 17.78 mm, respectively. The measured flame
lift-off height is 25D, determined by the long exposure visual photo-
graph, see Fig. 1(b) [26]. Detailed measurements include mean velo-
city, mean and Root-Mean-Square (RMS) values of temperature and
major species concentration and also the scatters of reactive scalars at
different locations [26,36]. More information about this flame can be
found in Refs. [26,36]. It has also been simulated with LES using other
compressible reactive solvers, including AVBP [37], SiTComb [38] and
CEDRE [39], and their numerical configurations are tabulated in
Table 2 for comparisons with RYrhoCentralFOAM.

A cylindrical domain of 100D × 60D × 2π (axial, radial and azi-
muthal directions, respectively) is used for LES. The coordinates origin
lies at the center of the fuel jet exit with x and y for the streamwise and
radial directions, respectively, as shown in Fig. 1(a). The inlet plane is
at 1.18 mm upstream of the burner exit and thus a part of the fuel pipe
and co-flow nozzle is included. This domain is discretized with about 26
million hexahedrons and it is refined to have a cell size of about
0.16 mm in the flame region, to ensure that the scalar mixing and
unsteady auto-ignition processes in induction (x < 20 D) and

(a) (b)

Fig. 1. (a) Schematic of the supersonic burner and (b) long exposure visual
photo of the supersonic flame [26]. Dashed line denotes the measured lift-off
height (25D, D = 2.36 mm is the jet diameter).

Table 1
Information on fuel and co-flow conditions at the burner exit.

Parameter Unit Fuel jet Co-flowing jet

Pressure Pa 112,000 107,000
Temperature K 545 1250
Mach number – 1.0 2.0
Velocity m/s 1,780 1420
H2 mole fraction – 1.0 0.0
O2 mole fraction – 0.0 0.201
N2 mole fraction – 0.544
H2O mole fraction – 0.255
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stabilization (20 D < x < 40 D) zones can be accurately predicted
[40]. This cell size is around 8−16 Kolmogorov scale (0.01−0.02 mm
[26]) and is comparable to those used by Boivin et al. with 0.1–0.4 mm
[41], Bouheraoua et al. [42] with 0.06–0.24 mm and Moule et al. [40]
with 0.2 mm, as tabulated in Table 2. A posteriori analysis of the present
LES results shows that the ratio of the sub-grid scale to molecular
viscosities, μ μ/sgs , is generally below 2 in both induction and stabili-
zation regions, indicating that the flow kinetic energy is well resolved in
our simulation.

The constant Smagorinsky model [31] detailed in Section 2.2 is used
to close the sub-grid scale stress, consistent with those in Refs. [40–43].
Moreover, same as in Refs. [40–42] for modelling the same flame, the
QLC method is used here to calculate the filtered chemical reactions. Its
validity can be confirmed by the low sub-grid scale Damköhler numbers

=Da τ τ/sgs sgs c [42] based on our LES results. Here we estimate the
characteristic time of the smallest resolved structure (τsgs) and char-
acteristic chemical time scale τc following Bouheraoua et al. [42]. Fig. 2

shows the scatter plot of the SGS Damköhler number Dasgs versus heat
release rate colored by temperature in the central region of
44D × 5D × 2π. It is found that SGS Damköhler number is much less
than unity, which suggests that the characteristic scales of chemistry
are sufficiently resolved. The time step, 10−9 s, is used to ensure that
the Courant number is less than 0.1 in the entire domain. Detailed
mechanism (including 19 elementary reactions and 9 species, i.e. H2,
O2, N2, OH, H, HO2, H2O, O, H2O2) [44] is used here for hydrogen
combustion.

The boundary conditions of fuel and co-flowing jet streams are
specified following the conditions in Table 1. Top hat profiles are
specified for the mean inlet velocities and the turbulence is specified
using white noise with 5% intensity. Due to the lack of the measured
turbulence at the inlet [26,36], attempt to specify turbulence for both
inlets would induce difficultly quantified uncertainties and therefore is
not made in this work. Adiabatic non-slip wall condition is used for the
fuel pipe and co-flow nozzle walls. Non-reflective boundary condition is
used for lateral and outlet boundaries of the cylindrical domain. A
quiescent flow at 1 atm and 298 K is set as the initial field. A fully
developed non-reacting flow field is first simulated with chemistry re-
lated terms deactivated, and then combustion modelling proceeds after
the chemistry related terms are on.

The statistics presented in this Section below, including velocity,
temperature and species mole fractions, are compiled over 0.3 milli-
seconds (over 3 flow-through times) after the initial field effects are
purged (after 0.6 milli-seconds, about 5 flow-through times). Here the
flow-through time is estimated based on domain length (100D) and co-
flow bulk velocity (1420 m/s). A simulation for physical time of 0.03
milli-seconds takes about 24 h using 192 processors.

The contours of resolved temperature, OH and H2O mass fractions
are shown in Fig. 3(a)−(c). It is seen from Fig. 3(a) that the temperature
starts to increase beyond 1600 K at around x/D = 20, which approxi-
mately corresponds to the instantaneous flame base location. This can
also be confirmed by the considerable OH mass fraction at the similar
location in Fig. 3(b). The flame base is observed to fluctuate between
10D and 25D due to the unsteady jet flow behaviors, which can be
confirmed by the distributions of the mass fraction of the H2 auto-
ignition precursor radical resolved HO2. Similar unsteady behaviors are
also reported in Refs. [42] and [40]. The predicted mean lift-off height
is around 24.4D, determined by the axial distance at which the mean

Fig. 2. Scatter plot of sub-grid Damkohler number versus heat release rate
colored by temperature in the central region of 44D × 5D × 2π.

25D

S1

S2

SD2

(a) (b) (d)(c)

(a) T

(b) OH

(c) HO2

(d) 

SD1

SD3

Fig. 3. Distributions of resolved (a) temperature (in K), (b) OH mass fraction, (c) HO2 mass fraction, and (d) magnitude of pressure gradient ∇p| | (in Pa/m). Black iso-
lines: stoichiometry. “SD” represents the shock diamond and “S” denotes the V-shaped shocks. The dashed line in (a) indicates the lift-off height (25D) from the
experiments [26].
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temperature exceeds 1600 K, closer to the measured 25D compared to
those (15D-35D) from other LES in Table 2 [40–43].

Fig. 3(d) shows the distribution of the flow structure quantified by
the norm of the instantaneous pressure gradient, ∇p| |. The diamond
shocks in the co-flowing stream are clearly visible, consistent with the
observations in Refs. [40,42]. The two connected and equal-sized dia-
monds, i.e. SD1 and SD2 in Fig. 3(d), start from the jet exit and end at
around 22D. Two strong V-shaped shocks S1 and S2 are formed in the
jet flows (see Fig. 3d) at around 11D and 22D. Downstream of S1, the
elevated pressure and temperature lead to pronounced chemical reac-
tions, indicated by the considerably increased HO2. Beyond the induc-
tion zone (x/D = 20), the flame has appeared, featured by higher
temperature and OH (see Fig. 3a and b). S2 is close to the averaged
flame stabilization point, indicating that S2 may play significant role in
stabilizing supersonic H2 flame. Further downstream, the diamond
shock SD3 becomes blurred and only the half is observable, probably
due to its interactions with local turbulence and/or co-flowing stream
instabilities.

Fig. 4 shows the radial profiles of mean axial velocity at x/D= 10.8,
21.5, 32.3 and 43.1. Excellent agreement with the experimental data
[26] is observed regarding the magnitudes and shapes of the profiles.
However, the velocity in the co-flow at x/D = 10.8 is slightly over-
predicted (by about 10%). This discrepancy is also seen from the LES
results by Moule et al. [40], where the detailed nozzle configuration is
included. It may be caused by the fact that the velocity profile and
turbulence at the burner exit do not exactly mimic the conditions in the
experiment. In general, our LES accurately reproduces the flow field in
both induction (x < 20 D) and stabilization (20 D < x < 40 D) zones
of this flame.

The radial profiles of mean temperature and the RMS are presented
for x/D = 10.8, 21.5, 32.3 and 43.1 in Fig. 5. For comparisons, the LES
data predicted by SiTComb [38] and CEDRE [39] are also included with
their numerical details listed in Table 2. It should be noted that the
measured temperatures at the foregoing locations are asymmetric due
to a small tilt in the burner arrangment [26]. Understanding this ex-
perimental uncertainty, we can see that the present LES results predict
the temperature distributions reasonably well, particularly for the lo-
cations of y < 0. At x/D= 10.8, 21.5 and 32.3, the difference between
different LES is very small. At x/D = 43.1, the mean temperature is
underestimated in our LES, which is also observed in the results of Refs.
[40,42].

The temperature RMS in the central flame region and the interface
between the co-flowing jet and the surrounding gas are predicted
generally satisfactorily, as demonstrated in Fig. 5. Nevetheless, the
fluctuations in the co-flowing jet is under-predicted, particularly for the
upstream locations (i.e. x/D = 10.8 and 21.5). This may be caused by
the specifications of the turbulent inlet conditions, or not sufficiently
fine meshes to capture the tempeature fluctuations. Note that Bouher-
aoua et al. [42] used fairly fine mesh (see Table 2) and the RMS is
considerably overshoot, while for the upstream locations (e.g. x/
D = 10.8) improved prediction can be found. The RMS differences are

also seen from the LES of Moule et al. [40], indicating their strong
sensitivity to the LES numerics.

The radial profiles of H2 and H2O mole fractions are shown in Figs. 5
and 6 for the same four axial locations. Moreover, the LES data from
Refs. [40,42] has been added for comparision in Figs. 6 and 7. Although
slightly differences are observed with different solvers, mean mole
fractions of H2 and H2O species show excellet agreement with the ex-
perimental data [26]. The differences from different LES may be due to
the different inlet turbulent boundary conditions and mesh resolutions.
The results shown in Figs. 6 and 7 suggest that the quasi-laminar
chemistry method can predict the temperature and major species mole
fractions reasonably well in the current LES studies.

Scatter plots of temperature and mole fractions of H2, H2O and OH
against mixture fraction are presented in Figs. 8 and 9 for two locations,
(x/D, y/D) = (10.8, 0.65) and (32.3, 1.1), respectively. The first loca-
tion lies in the induction zone and thus the computed H2 and H2O mole
fractions roughly follow the mixing line. The flow in this region is
dominated by the large scale mixing. There is no salient OH at this
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location from the LES, in line with the experiemntal results. However,
low OH mole fraction (< 0.005) for very low mixture fractions
(< 0.04) are observed in the experiments, which may be due to the
fuel-lean pre-combustion products of hot co-flow jets [26]. Therefore,
the chemical reaction is slightly under-predicted at this location (see
the slightly lower temperature in Fig. 3a). Moule et al. [40] observed
finite OH for this location in their simulation, but for a shifted
(0.01−0.06) mixture fraction range. This may be due to the reason that
the detailed nozzle configuration was included in Ref. [40], suggesting
that the variations of OH concentration and temperature in the induc-
tion zone are sensitive to the flow conditions at the burner exit. This
may be affected by near-field scalar mixing, further subject to the inlet
boundary condition. A complete assessment of this uncertainty requires
experimental characterization of the inflow turbulence condition,

which was not measured by Cheng et al. [26] in the experiments.
Fig. 9 shows the scatter plot for (x/D, y/D) = (32.3, 1.1), which is

beyond the measured lift-off height, i.e. about 25D [26]. Overall, the
simulation results agree well with the measured ones. Compared to the
results in Fig. 8, the species mole fractions are closer to, or scatter
around, the equilibrium solutions, indicating the pronounced chemical
reactions proceeding at this location. Two features are worth noting.
Firstly, the computed mixture fraction varies approximately from 0 to
0.1, slightly larger than the measured range 0−0.08, but it is still
consistent with the results in Refs. [40]. Secondly, the fluctuations in
temperature and three species mole fractions are under-predicted.
These under-predictions are also observed in Refs. [40,42]. In general,
Figs. 8 and 9 show that the reactive scalars in mixture fraction space at
both induction and stabilization zones are well captured.

Through the above LES of autoigniting supersonic hydrogen flames
with RYrhoCentralFOAM, one can conclude that: (1) the shock wave
structure and flame lift-off height can be predicted accurately; (2) the
statistics of velocity, temperature, major species concentration are
correctly captured; (3) the thermochemical structures in both induction
and stabilization zones are simulated reasonably well. It is also seen
that the accuracies of LES with RYrhoCentralFOAM in this flame are
comparable to other well-known compressible solvers listed in Table 2.
Note that the vitiated air stream with stagnation conditions of
778,000 Pa and 1750 K is accelerated through a convergent-divergent
nozzle from a combustion chamber, and may have some turbulent
fluctuations which are not measured in the experiments [26]. There-
fore, the uncertainties from the turbulence in the supersonic co-flows
may be one of the major reasons for the underestimating the reactive
scalar fluctuations. The effects of turbulence inlet conditions on su-
personic flame autoignition and stabilization should be further assessed
through future LES and experimental studies.

4.2. Supersonic hydrogen flames in a model combustor

A hydrogen-fueled strut model supersonic combustor, experimen-
tally studied in DLR [27,28], will be investigated in this Section. Its
main flame/aerodynamic features and its difference from the preceding
flame has been described in Section 1. The two-dimensional config-
uration is schematically shown in Fig. 10. The combustor consists of a
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one-sided divergent channel and a wedge-like flame stabilizer (or strut
interchangeably hereafter). The combustor is 50 mm in height (i.e. y-
direction) at the entrance, 340 mm in length (i.e. x-direction), and
45 mm in width (i.e. z-direction, not shown in Fig. 10). The strut is
32 mm in length and 6 mm in height, with the same width as that of the
combustor. It is placed at the centerline of the combustor at 77 mm
downstream to the entrance [27,28], and its rear lies at x = 109 mm.
Moreover, the 15 circular fuel injectors (each 1 mm in diameter) lie at
the rear of the strut. The upper wall has a divergence angle of 3° since x
= 100 mm to compensate for the boundary layer expansion. The flow
field of this combustor is characterized by a subsonic triangular re-
circulation zone (longitudinal length 40 mm or so) behind the strut,
embedded in a supersonic free stream [27,28]. Three salient zones are
present, depending on the degree of local chemical reactions and flow/
mixing fields, which include (1) induction zone, (2) transitional zone
(i.e. 142 mm < x < 203 mm) and (3) turbulent combustion zone
[27,28], as shown in Fig. 10. The measurements include PIV and LDV
measurements of velocity and CARS measurements of temperature
[27,28], which are conducive for CFD validations.

In the experiments [27,28], the air, from a preceding Laval nozzle
section, enters the combustor at a supersonic speed (Ma = 2.0) with
total temperature (T*) of 600 K and static pressure (p) of 0.1 MPa, re-
spectively. Note that the hot air is vitiated with H2O addition (3.2%
w.t.). The pure hydrogen is injected sonically with total temperature of
300 K and static pressure of 0.1 MPa. The global equivalence ratio (ϕ) is

0.034. The information of the operating conditions at both streams is
summarized in Table 3.

It has been found from the previous work [33,45] that the spanwise
interactions between the aerodynamic phenomena (e.g. shocks, ex-
pansion fans and shear layers) behind the originally 15 circular fuel
injectors are small. This can be further confirmed by our recent studies
on the same combustor based on two-dimensional domain with RYr-
hoCentralFOAM [23,46]. Therefore, in this LES, to reduce the compu-
tational cost, only one fuel injector is considered and the spanwise di-
mension (as mentioned at the beginning of this Section) is also
proportionally reduced. The validity of this treatment has been con-
firmed in our recent LES work [33] and by others [45] on this com-
bustor, where the main flow and flame dynamics in this combustor
show good agreement with the experimental measurements.

The domain in Fig. 10 is discretized with static 4,866,900 hexahe-
drons. Local refinement is made near the fuel inlets and in the re-
circulation zone behind the strut, and the minimum cell is about
0.07 mm. No refinement is made near the combustor walls to resolve
the near-wall turbulence, since it is assumed that this turbulence has
negligible influences on the main combustion zone behind the strut
[33,45]. The grid resolution effects on the velocity and temperature
statistics with the same domain has been performed in our recent work
[33] and, besides the existing mesh, additional two meshes with finer
and coarser resolutions are tested. The results show that the current
mesh can accurately reproduce the experimental measurements of ve-
locity statistics. Details about the mesh sensitivity analysis are provided
in Appendix C. Furthermore, this resolution is comparable with other
LES of the same combustor [45,47], and therefore is expected to be
sufficient for our current analysis.

In this LES, the sub-grid scale kinetic energy ksgs is solved with the
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Fig. 10. Two-dimensional schematic of the DLR combustor [2728]. Dimension
in mm. Zone (1): induction zone; (2): transitional zone; (3): turbulent com-
bustion zone.

Table 3
Conditions of air and hydrogen streams.

Inlet ux [m/s] T* [K] p [MPa] Ma YO2 YN2 YH2O YH2 ϕ

air 730 600 0.1 2.0 23.2% 73.6% 3.2% 0.0 0.034
H2 1,200 300 1.0 0.0 0.0 0.0 100%
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transport equation, i.e. Eq. (19) [31], which further closes the sub-grid
scale stress. Similar to Section 4.2, QLC method is used for calculating
the filtered chemical reactions. The contour of the sub-grid scale
Damköhler number Dasgs [42] based on our LES results is shown in
Fig. 11. Apparently, Dasgs ≪ 1 is valid for most of the combustion area
behind the strut, which suggests that the chemical time scales are well
resolved and the suitability of the QLC method in our LES.

The boundary conditions for both fuel and air inlets follow the ex-
perimental conditions tabulated in Table 3. At the outlet, the relevant
variables are extrapolated from the interior cells, and non-slip wall is
specified for the strut wall while slip wall is used for the combustor
wall. The shock-boundary-layer interactions on the combustor walls are
not resolved, because they are expected to have little effects on the
central combustion regions, based on the previous studies
[23,33,45,46]. The time step is 10−9 s, such that the Courant number
is< 0.1. Detailed mechanism (including 27 elementary reactions and 9
species, i.e. H2, O2, N2, OH, H, HO2, H2O, O, H2O2) [48] is used. The
statistics are compiled over 3.0 milli-seconds, over six flow-through
time (estimated based on the combustor length and air inlet velocity),
after the initial field effects diminish (after 0.6 milli-seconds). A simu-
lation for physical time of 0.1 milli-seconds using 96 cores takes about
24 h. Also, LES of the same combustor with other solvers by Fureby and
Menon and their co-workers [49–51] will be incorporated, wherever
necessary, for accuracy comparisons, and their numerical information is
listed in Table 4.

Fig. 12 shows the contours of instantaneous temperature and time-
averaged magnitude of density gradient from LES, as well as the ex-
perimental schlieren image [27]. Flame lift-off with a mean lift-off
distance (defined as the streamwise distance between the flame base
location and the strut base) of 30 mm is well captured, as shown from
Fig. 12(a), in line with the results, 31 mm, predicted by others (e.g.
Refs. [52]). Flow structures including shocks, expansion fans, and shear
layers between the central recirculation zone and the incoming super-
sonic air stream in Fig. 12(b), are evident and bear close resemblance to
the experimental schlieren image [27] in Fig. 12(c).

Fig. 13 shows the comparisons of the time-averaged temperature
with the experimental data at three streamwise locations behind the
strut. Good agreements can be observed about the temperature spatial
profiles for all the shown locations. Nevertheless, the peak values at x
= 167 mm and 275 mm are under-predicted with the relative errors
12.3% and 25.8%, respectively. This may be caused by the detailed
mechanism with 27 reaction steps we use here, which involves more
endothermic reactions compared with the works using 5 s/2r global
[49] or 7 s/7r reduced mechanisms [50,51]. Considering the possible
experimental uncertainties, if a global or reduced mechanism gives
good predictions in the peak temperature, then the under-predictions
with a detailed mechanism can be expected. Also, the combustion
model used could affect the prediction of temperature, which does not
consider the sub-grid scale contributions in our simulations. Moreover,
compared with the LES results by Fureby et al. [49] and Menon et al.
[50] (refer to Table 4 for their LES details), at x = 120 mm, our results
are close to those by Menon et al. [50], in which two fuel injectors are
considered. Further downstream, the three LES show various levels of
accuracies in temperature prediction, which may be related to the
different sub-grid scale combustion models used.

Plotted in Figs. 14 and 15 are comparisons of the statistics of the
axial velocity against the experimental data. The mean axial velocities
and their RMS values in the recirculation zone are well predicted at x

Fig. 11. Contour of sub-grid scale Damköhler number in the combustion zone.
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= 120 mm. Meanwhile, the differences from the different LES reults are
not pronounced, in which the mesh resolutions are close and the
transport equation for sub-grid scale kinetic energy is solved.

Figs. 16 and 17 show the profiles of time-averaged axial velocity on
the centreline and bottom wall pressure along the streamwise direction
of the combustor. It can be seen from Fig. 16 that the time-averaged
axial velocity predicted by our LES is lower than the experimental data
when x < 160 mm. Beyond this range, excellent agreement is
achieved. In the LES results by Fureby and his co-workers [51], they
agree well with measured data for a wider range (since x > 130 mm).
In spite of this, slight over-prediction of the time-averaged axial velo-
city still occurs when x < 130 mm in their results.

For the time-averaged pressure on the bottom wall, the dis-
crepancies between our LES and the experimental data are more pro-
nounced, although the pressure magnitudes are still close to each other.

(a)

(b)

(c)
Fig. 12. Contours of (a) temperature, (b) magnitude of density gradient and (c)
experimental schlieren image [27].
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Fig. 13. Comparisons of time-averaged temperature with the experimental data
[27]. LES data are from Fureby et al. [49] and Menon et al. [50].
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Fig. 14. Comparisons of time-averaged axial velocity with the experimental
data [28]. LES data are from Fureby et al. [49] and Menon et al. [50].
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Fig. 15. Comparisons of axial velocity RMS with the experimental data [28].
The other LES data are from Fureby et al. [49].
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Fig. 16. Centerline profiles (y = 25 mm) of time-averaged axial velocity.
Experimental data from Ref. [27]. LES data are from Fureby et al. [51]. The
dashed line indicates the end (x = 149 mm) of the recirculation zone.
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[51] and Menon et al. [50].
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These differences may result from the following reasons. Firstly, the
preceding Laval nozzle section is not included in the LES, which is
experimentally used to achieve a uniform supersonic air inflow. This is
also the case for the work of Menon et al. [50] and Fureby et al. [51].
Hence, the wall boundary layer transition point from laminar to tur-
bulent flows cannot be well captured in these numerical studies. It is
found in Fig. 17 that pressure fluctuations generally occur earlier in the
experiment than in any shown numerical work, which indicates an
earlier laminar-to-turbulent transition in the experiment. Secondly, the
shock-boundary-layer interactions on the combustor walls are not re-
solved in our LES as well as in the work of Menon et al. [50], which
requires prohabilitively high resolutions near the wall. However, in the
work by Fureby et al. [51], the grid is clustered toward the combustor
wall and a wall model [53] is applied. Nevertheless, their mesh re-
solution is still not small enough to accurately resolve the boundary
layer. In this sense, no superiority of the LES results in Fig. 17 can be
claimed. Similar difficulties in properly capturing the shock-boundary-
layer interactions are also noticable in other LES investigations [12,33].
These observations, to some degree, indicates that common difficulties
exist in LES to predict the pressures on the combustor surfaces, on
which different aerodynamic characteristics (e.g. shock wave, expan-
sion wave and boundary layer) interact. However, generally, RYrho-
CentralFOAM is accurate for modelling supersonic flames in model
supersonic combustors.

The following observations can be made for RYrhoCentralFOAM
based on the simulations in this Section: (1) the recirculating flows,
shock waves, expansive waves and their interactions are well captured;
(2) the flame lift-off and stabilization in the recirculation zone are
correctly reproduced; (3) the velocity and temperature statistics of this
flame are predicted accurately. However, predictions of the shock-
boundary-layer interactions and wall pressure are largely affected by
the resolution of the boundary layer in supersonic flows. This needs our
further studies using a wall-resolved LES with RYrhoCentralFOAM,
when the near-wall features (for instance, pressure or heat flux) are
concerned in supersonic flames in a chamber.

5. Conclusions

A high-fidelity numerical solver, RYrhoCentralFoam, is developed
based on OpenFOAM® to simulate turbulent compressible reactive
flows. It is based on finite volume discretization on polyhedral cells and
has overall second-order temporal and spatial accuracies. The newly
introduced features include: (1) multi-species transport, (2) detailed
fuel chemistry, and (3) turbulent combustion models in LES. To ex-
amine the prediction accuracy of RYrhoCentralFoam, one- or two-di-
mensional benchmark tests are performed, and two turbulent

supersonic hydrogen flames are simulated, i.e. turbulent auto-igniting
flame in hot co-flowing jet and supersonic flame in supersonic burner.

For turbulent auto-igniting flame in hot co-flowing jet, the lift-off
height, general flow and flame behaviors, as well as the mean velocity
and reactive scalars are computed accurately, although some dis-
crepancies are seen about the RMS values. Moreover, the thermo-
chemical structures in both induction and stabilization zones are si-
mulated reasonably well. In addition, RYrhoCentralFoam is also used
for LES of recirculating supersonic flame in a model combustor. It is
shown that the recirculating flow field and its interaction with the in-
cident shock waves can be captured well. Also, the velocity and tem-
perature statistics of this flame are predicted accurately through com-
parisons with the experimental data. It is also seen that the accuracies
of LES with RYrhoCentralFOAM in both flames are comparable to those
with other well-validated and widely used compressible solvers from
other research teams, and therefore RYrhoCentralFOAM is promising
for studying more problems related to turbulent supersonic combustion.

Nevertheless, based on the results of the two target flames, the ef-
fects of the turbulence in supersonic inlet flows on the flame auto-
ignition and stabilization, as well as shock-boundary-layer interactions
in model combustor should be further evaluated in the LES with
RYrhoCentralFOAM as our future work.
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Appendix A. Comparison of the shock capturing schemes

A.1. Sod’s shock tube problem

The Sod’s shock tube problem [54] is used for comparing the dissipation of KNP [5] and Roe [7] schemes. The one-dimensional Euler equations
for a compressible fluid (with specific heat ratio γ = 1.4). The length of the computational domain is Lx = 1 m, and it is discretized with 1,000
uniform cells. The CFL number is 0.02, corresponding to a physical time step of about 10−8 s. The initial conditions are

= ⎧
⎨⎩

≤
>

ρ u p
x m

x m
( , , )

(1, 0, 1), 0.5
(0.125, 0, 0.1), 0.5 (A1)

Fig. A1 shows the comparison of the results with KNP scheme and analytical solutions for density, pressure, velocity and Mach number at
t= 0.007 s. The results obtained from the Roe scheme [7] are also shown. Our results with KNP scheme are very close to the analytical solutions and
those with Roe scheme. Hence, the KNP scheme shows good accuracy in capturing the flow discontinuities.

A.2. A Mach 3 wind tunnel with a forward step

A Mach 3 wind tunnel with a forward step is used to examine the KNP scheme [5]. The wind tunnel is 1 m in height (y-direction) and 3 m in
length (x-direction), whereas the step is 0.2 m in height locating at 0.6 m downstream of the entrance. A right-moving flow of Mach 3.0 enters the
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left side of the domain. Supersonic inlet conditions (i.e. fixed values for all variables) are applied at the inlet, whereas zero gradient conditions
(Neumann conditions) are used at the outlet. Solid walls are assumed at the upper and lower boundaries of the computational domain. A uniform cell
size of 12.5 mm × 12.5 mm is used. The CFL number is 0.02, which corresponds to a time step of about 0.8 ms. Fig. A2 shows the density contours
from KNP [5] and the Rusanov [55] schemes at the same instant. It is seen from Fig. A2 that the KNP scheme can capture the shock waves in
supersonic flow passing a forward step and the result is close to that with Rusanov scheme.

A.3. Shock-vortex interaction

This case is studied to analyze the KNP scheme [5] in capturing the interactions between shock wave and vortex. The domain is a 2D rectangular
with 2 m in length (x-direction, from 0−2 m) and 1 m in width (y-direction, from 0−1 m), which is discretized with a uniform mesh of 400 × 200. A
stationary shock of 1.1 Mach is positioned normal to the x-axis at x = 0.5 m. On its left, the gas velocity (non-dimensional) is (u, v) = ( γ1.1 ,0),
where u and v are respectively the x and y velocity components, while γ = 1.4 is the specific heat ratio. The non-dimensional temperature and
pressure are T = 1 and p = 1, respectively. The upper and lower boundaries of the domain are assumed to be reflective walls, whereas the left and
right ends are outlets with zero gradient conditions for all variables.

A small vortex centered at (xv, yv) = (0.25 m, 0.5 m) is superposed to the flow on the left of the stationary shock. The vortex is described as a
perturbation in its velocity (uv, vv), temperature (Tv) and entropy (Sv) to the mean flow, which are respectively described by

= −u εβe sinθv
α β(1 )2

(A2)

= − −v εβe cosθv
α β(1 )2

(A3)
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Fig. A1. Comparisons between KNP scheme [5], Roe scheme [7] and analytical solution for the Sod’s shock tube problem [54]: (a) density, (b) pressure, (c) velocity
and (d) Mach number at t = 0.007 s.

(a) KNP

(b) rusanov

Fig. A2. Comparisons of (a) KNP [5] and (b) Rusanov [55] schemes for Mach 3 flow past a forward step. Curves: 32 iso-lines of density from 0 to 6.4.
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= −
− −

T
γ ε e

αγ
( 1)

4v

α β2 2 (1 )2

(A4)

=S 0v (A5)

where =β r r/ v with = − + −r x x y y( ) ( )v v
2 2 being the distance to the vortex center and rv the critical vortex radius for which the vortex strength is

maximized. ε indicates the strength of the vortex, α controls the decay rate or the vortex and θ is the angle of point (x, y) to the positive x-axis [56]. In
this test, we choose ε = 0.3, rv = 0.05 and α = 0.204.

Fig. A3 shows the evolutions of pressure obtained by both the KNP and Roe schemes. It is seen that both the KNP and Roe schemes can well
capture the vortex evolution for this problem. However, the KNP scheme shows better performance for the vortex deformation. Furthermore, the
KNP scheme gives sharper predictions near the refraction waves, which also shows closer resemblance to the work of Jiang et al. [56].
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Fig. A3. Evolutions of shock−vortex interactions: (a) t= 0.05 s, (b) t= 0.20 s and (c) t= 0.35 s. The upper row is the result of KNP scheme [5], whilst the lower row
from the Roe scheme [7]. Curves: 59 Io-lines of pressure 0.96−1.25.
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Appendix B. Comparison of chemistry integration methods

Homogeneous hydrogen autoignition in a constant volume is simulated to examine reaction kinetics calculation and ODE solver accuracy in
RYrhoCentralFOAM. The initial temperature and pressure are 1250 K and 110 kPa, respectively. The mixture is composed of H2/O2/H2O/N2, and
their molar fractions are 0.2867, 0.1434, 0.1819 and 0.3880, respectively. Such conditions are chosen to mimic those in the supersonic jet flame
measured by Cheng et al. [26]. Zero-dimensional calculations are performed (i.e. the physical transport terms are deactivated in energy and species
mass fraction equations). A mechanism of 9 species and 19 reactions for hydrogen [57] is used. A single cell with edge of 5 mm is used, and the time
step is fixed to be 10−9 s. Three chemistry solvers are analyzed, i.e. the first-order Euler implicit solver [58], second-order Trapezoid solver [59] and
third-order rodas 23 solver [35].

Fig. A4 shows the evolutions of temperature, heat release rate (divided by the constant density in the domain), HO2 and OH mass fractions
obtained from three solvers. Solutions from the Perfectly Stirred Reactor (PSR) solver in the CHEMKIN library [60] are also provided for com-
parisons, in which the same mechanism and time step are used. It is shown that the accuracies of all the ODE solvers show excellent agreements with
that of CHEMKIN.

Appendix C. Mesh sensitivity analysis for DLR supersonic combustor

Fig. A5 shows the distributions of time-averaged axial velocity at different cross-sections for the non-reactive case (flow conditions tabulated in
Table 3, but with combustion deactivated) of the DLR supersonic combustor [28]. Three meshes, i.e. M1, M2 and M3, are used for resolution
analysis. M2 (4,866,900 cells) has been used for the reactive case in this work, whereas M1 and M3 are two additional meshes respectively with
coarser (1,258,500 cells) and finer (7,485,000 cells) cell sizes. It is found from Fig. A5 that differences only can be seen in the recirculation zone for
M1, i.e. the central region at x = 120 and 167 mm. However, the results from M2 and M3 show good convergence and close to the experimental
data. Hence, M2 is used for the reactive case in this study.
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