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a b s t r a c t 

Propagation of one-dimensional planar flames laden with fuel droplets is theoretically investigated in this 

work. Localized homogeneous and heterogeneous flames are considered, characterized by different rela- 

tive locations of dispersed droplets and propagating flame front. With the assumption of large activation 

energy for the chemical reaction, correlations describing flame propagation speed, flame temperature, 

evaporation onset front and completion front are derived. The influences of droplet and fuel properties 

on propagation of fuel-droplet-laden planar flames are studied. The results indicate that the flames are 

enhanced under fuel-lean conditions but weakened under fuel-rich conditions. Both effects are intensified 

with increased droplet mass loading. Fuel vapor and temperature gradient are observed in the post-flame 

evaporation zone of heterogeneous flames. Evaporation completion front location is considerably affected 

by the droplet diameter, but the evaporation onset front varies little with droplet properties. Flame bi- 

furcation occurs with high droplet mass loading under fuel-rich mixture, leading to multiplicity of flame 

propagation speed as well as droplet evaporation onset and completion fronts. Sprayed fuels with larger 

latent heat of vaporization would weaken the flame enhancement effect under fuel-lean conditions, due 

to larger evaporation heat loss. Moreover, for homogeneous flames, evaporative heat loss only occurs in 

the pre-flame zone. However, for heterogeneous flames, heat loss from the post-flame evaporation zone 

becomes dominant for relatively large droplets. Besides, for fuel-lean mixtures laden with medium-sized 

fuel droplets, the propagation speed of heterogeneous flames increases with Lewis number, due to the 

enhanced fuel vapor diffusion in the post-flame zone. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Spray combustion has been widely used in different propulsion

ystems, e.g. internal combustion engines, gas turbines and liquid

ocket engines ( Lefebvre and McDonell, 2017 ). Liquid fuels have

umerous advantages, including high energy capacity, easy acces-

ibility and extensive supply sources. Generally, they are injected

nto the combustors in the form of liquid sheets, and then bro-

en up into smaller droplets to generate fuel sprays or clouds. Ef-

cient droplet evaporation and vapor mixing with the surround-

ng oxidizer are significant premises for subsequent combustion in

as phase. Due to the intrinsic complexity arising from interphase

nteractions and high relevance to engineering practice, numerous

nvestigations have been conducted to understand the fundamental

spects of droplet-laden combustion. 

The effects of dispersed fuel droplets on flame propagation

peed are studied by many researchers. It is found that the flame
∗ Corresponding author. 
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peed decreases with increasing liquid fuel loading and droplet

ize for overall lean and stoichiometric sprays ( Ballal and Lefeb-

re, 1981 ). Then more effects (e.g. total equivalence ratio or car-

ier gas velocity) of droplets and oxidizer gas on flame speed are

urther studied with various hydrocarbon fuels by the same group

 Myers and Lefebvre, 1986 ). Hayashi and Kumagai (1975) observed

hat the flame speed decreases with fuel loading for lean spray, but

ncreases for rich spray. Nomura et al. (20 07 , 20 0 0 , 1998) found

hat the flame speed of fuel droplet-vapor-air mixtures exceeds

hat of premixed gaseous of the same total equivalence ratio in

he fuel-lean and fuel-rich regions of the total equivalence ra-

io. Atzler et al. (2006) observed that the burning rates of isooc-

ane/air aerosols are markedly affected by droplet diameter only

hen the equivalence ratio is high. Similar results are also mea-

ured by Bradley et al. (2014) , through further analyzing equiva-

ence ratio and droplet size effects on flame propagation speed of

sooctane and ethanol aerosols. 

Meanwhile, simulations of laminar flame propagation in fuel

roplet mists are also available. They can provide supplemental in-

ights about detailed flame and/or droplet dynamics, besides con-

https://doi.org/10.1016/j.ijmultiphaseflow.2020.103452
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijmulflow
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmultiphaseflow.2020.103452&domain=pdf
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firming the relations between flame speed and various properties

of two phases in droplet-laden flames. For instance, droplet evap-

oration behind the flame front may result in reactant stratifica-

tion and localized diffusion flames ( Aggarwal and Sirignano, 1985 ;

Continillo and Sirignano, 1989 ; Seth et al., 1980 ). It is also seen

by Neophytou and Mastorakos (2009) that with low pressure and

temperature, which correspond to the conditions of engine re-

light at high altitudes, the effects of pressure and temperature on

droplet evaporation are competitive to the gas equivalence ratio

and flame speed. 

In most of the above studies, how instantaneous distributions

of evaporating droplets influence laminar flame propagation is not

highlighted. In reality, droplets with large diameters may travel

across the flame front to the post-flame zone and continue evapo-

rating there, while small droplets can complete evaporation in the

pre-flame zone and the mixture is homogeneous at the flame front.

These phenomena have been observed by numerous experimental

studies ( Sulaiman, 2006 ; Sulaiman et al., 2007 ; Thimothée et al.,

2017a ) and also highlighted by Bradley et al. (2014) . However,

identifications of the relation between droplet distribution and

flame propagation characteristics (e.g. flame speed enhancement)

in measurements or simulations are not straightforward due to the

comprehensive interphase coupling. 

Theoretical analysis is an alternative and attractive method,

since it can simplify the problems and retain the most rele-

vant factors in our studies, thereby demonstrating physical rel-

evance and clarity to the large extent. Its success in analyz-

ing two-phase flames can be confirmed by numerous previous

work ( Greenberg, 2007 ; Han and Chen, 2016 , 2015 ; Joulin, 1981 ;

Ju and Law, 20 0 0 ; Li et al., 2020 ; Lin et al., 1988 ; Liu and

Lin, 1991 ; Liu et al., 1993 ; Mitani, 1981 ; Nicoli et al., 2005 ;

Zhuang and Zhang, 2020, 2019 ). In particular, Lin and his co-

workers (1988, 1991) developed a theoretical model considering

the fully and partially pre-vaporized burning sprays. More re-

cently, Belyakov et al. (2018) considered the evaporation onset and

completion of water droplets before and behind the flame front,

and therefore two flame regimes are obtained with different rela-

tions between propagation speed and evaporative heat loss. Later,

Zhuang and Zhang (2020) investigated multiplication of propaga-

tion speed of spherical flames with water droplets. However, how

different distributions of liquid fuel droplets influence two-phase

flame propagation are still not well understood. 

The present work aims to conduct the theoretical analysis

on laminar flame propagation in pre-mixtures laden with fuel

droplets, through deriving general theoretical correlations for dif-

ferent flame regimes under both fuel-lean and fuel-rich conditions.

The effects of different properties of liquid fuel droplets on planar

flame propagation will be discussed, via changing the droplet size,

mass loading and latent heat of vaporization. The critical condi-

tions for two flame regimes, i.e. homogeneous and heterogeneous

flames, will also be studied. The rest of the paper is structured as

below. Mathematical model and theoretical analysis are presented

in Sections 2 and 3 , respectively. The results from our theoretical

analysis will be discussed in Section 4 . Section 5 closes the paper

with the main conclusions. 

2. Physical and mathematical model 

2.1. Physical model 

In this work, one-dimensional planar flame propagation in

a premixed gas with fuel droplet mists will be studied. The

schematic of the physical models is shown in Fig. 1 . The current

model includes four zones, i.e. zones 1 −4, to describe the fuel

droplet evaporation and fuel vapor combustion. These four zones

are demarcated by the evaporation onset front x v , flame front x f 
nd evaporation completion front x c . It should be noted that, for

roplet characteristic locations x v and x c , the term “front” is loosely

sed here to identify where the droplets critically start and fin-

sh vaporization. Specifically, x v corresponds to the location where

he droplet starts to evaporate, and the droplets are just heated up

o boiling temperature. Behind this front (i.e. x < x v ), the droplet

emperature maintains the boiling point and evaporation contin-

es ( Belyakov et al., 2018 ; Han and Chen, 2016 , 2015 ; Zhuang and

hang, 2020, 2019 ). The evaporation onset front x v is always before

he flame front x f , indicating that onset of vaporization spatially

recedes the gaseous combustion. Moreover, x c corresponds to the

ocation at which all the droplets are critically vaporized. When

 < x c , no droplets are left and hence their effects on the gaseous

ame diminish. The reader is reminded that x v and x f are deter-

ined from our theories as the eigenvalues of the problem, instead

f being specified a prior . Similar physical models with multiple

ones have been successfully used for analyzing droplet-laden lam-

nar flames in previous theoretical analyses ( Belyakov et al., 2018 ;

in et al., 1988 ; Zhuang and Zhang, 2020 ). 

Various evaporation dynamics of sprayed fuel droplets and

heir interactions with gaseous flames may be presented in prac-

ical spray combustion. For example, it is observed through ex-

erimental measurements ( Atzler et al., 20 06b ; Sulaiman, 20 06 ;

ulaiman et al., 2007 ; Thimothée et al., 2017a ) that droplets with

mall diameters would complete evaporation in the pre-flame zone

r close to the flame front, but relatively large droplets can pene-

rate through the flame front and continue vaporizing in the post-

ame zone. Hence, in the latter scenario, droplets are distributed

n the pre-flame zone and part of the post-flame zone. 

In our work, both foregoing scenarios will be investigated.

irstly, the evaporation completion front lies after the flame front

i.e. x c < x f ), as shown in Fig. 1 (a). In this case, the local mix-

ure around the flame front is heterogeneous, including gas and

iquid droplets. Secondly, the evaporation completion front is lo-

ated before the flame front (i.e. x f < x c < x v ), and the local mix-

ure around the flame front is purely gaseous and therefore ho-

ogeneous, since there all the droplets have been converted into

apor. For brevity, hereafter, we term the first and second cases

s heterogeneous and homogeneous flames, respectively. As shown

n Figs. 1 (a) and 1(b), for both flames, zone 1 represents the pre-

aporization zone before x v . Zone 2 indicates pre-flame evapora-

ion zone before x f for heterogeneous flame and before x c for ho-

ogeneous flame. As for zone 3, it represents post-flame evapora-

ion zone before x c for heterogeneous flame, and pre-flame zone

ithout evaporation for homogeneous flame. Meanwhile, zone 4

s the post-flame zone without evaporation for both flames. In

his model, introduction of multiple liquid droplet zones renders

t more general, thereby better mimicking practical spray flame

roblems compared with previous studies ( Greenberg et al., 2001 ;

an and Chen, 2016 , 2015 ). 

.2. Governing equation 

For gaseous flames, the well-known diffusive-thermal model

 Joulin and Clavin, 1979 ) is adopted, in which the density and ther-

al and transport properties (e.g. thermal conductivity and heat

apacity) can be assumed to be constant. Gas motion induced by

ombustion heat release and droplet evaporation is not considered

nd hence the convection flux is neglected ( Han and Chen, 2015 ;

oulin and Clavin, 1979 ). This model has been used in numer-

us previous studies on gaseous and two-phase flame ( Chen and

u, 2007 ; Han and Chen, 2016 , 2015 ; Li et al., 2020 ; Zhuang and

hang, 2020, 2019 ). One-step chemistry is considered, i.e. F + O →
 , with F, O and P being fuel vapor, oxidizer and product. For com-

leteness, both fuel-lean and fuel-rich conditions for gas composi-

ion are studied in this work. Both are relevant in practical droplet-
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Fig. 1. Schematic of four flame and evaporation zones of laminar planar flames propagating in liquid fuel mists. (a) Heterogeneous flame: droplets complete evaporation in 

the post-flame zone; (b) Homogeneous flame: droplets complete evaporation in the pre-flame zone. Circles: fuel droplets. x f : flame front; x c : droplet evaporation completion 

front; x v : droplet evaporation onset front. 
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aden flame systems, e.g. resulting from various extents of droplet

re-vaporization ( Lefebvre and McDonell, 2017 ). 

For liquid fuel droplets, we assume that they are monodis-

ersed in the initial gaseous pre-mixture ( Sacomano et al., 2018 ).

he droplets are spherical and their properties (e.g. density and

eat capacity) are assumed to be constant. The Eulerian descrip-

ion is adopted for the liquid phase, which is treated as an inter-

enetrating continuum. Due to the dilute droplet concentration as-

umption, the inter-droplet collisions are not considered and there-

ore the diffusion terms in the governing equations for liquid phase

an be neglected. Meanwhile, the kinematic equilibrium between

wo phases is assumed, and droplet dispersion is not considered.

he above assumptions for the liquid phase are also used in pre-

ious theoretical work on two-phase flames ( Blouquin et al., 1997 ;

u and Law, 20 0 0 ; Lin et al., 1988 ; Blouquin and Joulin, 1995 ). Fur-

hermore, in zone 1 (pre-vaporization) presented in Fig. 1 , ther-

al equilibrium between droplets and fresh mixture is assumed,

nd hence they have the same temperature ( Belyakov et al., 2018 ;

an and Chen, 2016 , 2015 ; Zhuang and Zhang, 2020, 2019 ). 

Based on the above assumptions, for the gas phase, the govern-

ng equations for temperature, oxidizer and fuel mass fractions are

˜ g ̃  C p,g 
∂ ̃  T 

∂ ̃  t 
= 

˜ λg 
∂ 

∂ ̃  x 

(
∂ ̃  T 

∂ ̃  x 

)
+ 

˜ q c ̃  ω c − ˜ q v ̃  ω v , (1) 

˜ g 
∂ ̃  Y O 

∂ ̃  t 
= ˜ ρg ̃  D O 

∂ 

∂ ̃  x 

(
∂ ̃  Y O 
∂ ̃  x 

)
− ˜ ω c , (2) 
˜ g 
∂ ̃  Y F 

∂ ̃  t 
= ˜ ρg ̃  D F 

∂ 

∂ ̃  x 

(
∂ ̃  Y F 
∂ ̃  x 

)
− ˜ ω c + ˜ ω v , (3) 

here the upper tilde symbol ~ is used to indicate that the vari-

bles are dimensional. ˜ t and ˜ x are respectively the time and spatial

oordinates, ˜ T is the gas temperature. ˜ ρg , ˜ C p,g , and ˜ λg are the gas 

ensity, heat capacity and thermal conductivity, respectively. ˜ Y and
˜ 
 are the mass fraction and molecular diffusivity of the gaseous 

xidizer or fuel (subscript O for oxidizer, F for fuel), respectively.

˜  c is the reaction heat release per unit mass of the deficient reac- 

ant (oxidizer for fuel-rich case and fuel for fuel-lean case). ˜ q v is

he latent heat of vaporization per unit mass of the fuel droplet,

nd ˜ ω v is the evaporation rate of the fuel droplet. 

The chemical reaction rate ˜ ω c is assumed to be Arrhenius-type

nd therefore takes the following form 

˜  c = ˜ ρg ̃
 A ̃

 Y αF ˜ Y 1 −α
O exp 

(
− ˜ E / ̃  R 

0 ˜ T 
)
. (4) 

Here, α is an indicator for premixture composition, i.e. α = 1

or fuel-lean condition and α = 0 for fuel-rich condition. Moreover,
˜ 
 is the pre-exponential factor, ˜ E is the activation energy for the 

eaction, and 

˜ R 0 is the universal gas constant. 

The Eulerian equation for droplet mass loading Y d ( ≡ ˜ N d ˜ m d / ̃  ρg )

an be derived from single droplet mass equation for ˜ m d and reads

 Belyakov et al., 2018 ; Hayashi and Kumagai, 1975 ; Zhuang and

hang, 2020, 2019 ) 

∂ 

∂ ̃  t 

(
˜ N d ˜ m d 

˜ ρg 

)
= 

∂ Y d 
∂ ̃  t 

= − ˜ ω v 

˜ ρg 
, (5) 
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where ˜ N d is the number density of the droplets. 

We assume that the heat transferred from the surrounding

gas to the droplets is completely used for phase change, which

is related to the latent heat of evaporation ˜ q v ( Belyakov et al.,

2018 ; Hayashi and Kumagai, 1975 ; Zhuang and Zhang, 2020, 2019 ).

Therefore, ˜ ω v in Eq. (5) can be estimated from the heat transfer

rate as 

˜ ω v = 

˜ N d ̃  s d ̃  h 

(
˜ T − ˜ T v 

)
H 

(
˜ T − ˜ T v 

)
˜ q v 

, (6)

where ˜ s d = π ˜ d 2 is the surface area of a single droplet, ˜ d is the di-

ameter of the droplet, Nu is the Nusselt number, ˜ T v is the boiling

temperature of the fuel droplet. H ( · ) is the Heaviside function,

which indicates that the evaporation process of fuel droplets only

exists when the droplets reach the boiling temperature (i.e. when

˜ x is between ˜ x c and ˜ x v ). ˜ h is the heat transfer coefficient, which

can be estimated using the following correlation as ( Ranz and Mar-

shall, 1952 ) 

Nu = 

˜ h ̃

 d p 
˜ λg 

= 2 . 0 + 0 . 6 Re 1 / 2 P r 1 / 3 , (7)

where Nu, Pr and Re are the Nusselt number, Prandtl number and

particle Reynolds number, respectively. We can neglect the effect

of particle Reynolds number Re due to the assumption of kinematic

equilibrium and therefore Nu ≈ 2. Accordingly, the evaporation rate

˜ ω v in Eq. (5) can be written as 

˜ ω v = 

˜ N d ̃  s d ̃  λg Nu 

(
˜ T − ˜ T v 

)
H 

(
˜ T − ˜ T v 

)
˜ d ̃  q v 

. (8)

The above evaporation model is different from the classic mod-

els, e.g. presented in Ref. ( Sazhin, 2006 ). Typically, ˜ ω v is a func-

tion of Sherwood number, Spalding mass transfer number, as well

as gas and droplet properties (e.g. density and diameter). In the

current study, since we assume that the kinematic equilibrium

has been reached between the gaseous and droplet, it can be ex-

pected that the effect of the Sherwood number is small. Further-

more, since it is assumed that evaporation proceeds at the boil-

ing temperature and constant atmospheric pressure, the fuel vapor

at the droplet surface is relatively constant and hence the Spald-

ing number would change slightly. The difference is that the cur-

rent model is based on the assumption of energy balance between

phase change and heat transfer from the gaseous mixture. In spite

of these, it is still physically comprehensive since it considers var-

ious effects of the gas and liquid phase properties as mentioned

above. Therefore, the current evaporation model is expected to be

sufficient. This can also be confirmed by the previous theoretical

work using the same model ( Belyakov et al., 2018 ; Zhuang and

Zhang, 2020, 2019 ), from which the physically sound critical flame

phenomena have been observed. 

To render the analytical analysis in general, Eqs. (1) – (3) can

be normalized. As such, the following non-dimensional parameters

are introduced 

 = 

˜ u 

˜ u b 

, x = 

˜ x 

˜ l th 

, t = 

˜ t 
˜ l th 

˜ u b 

, Y = 

˜ Y 

˜ Y 0 
, T = 

˜ T − ˜ T 0 
˜ T b − ˜ T 0 

. (9)

Here ˜ T 0 and 

˜ Y 0 denote the temperature and fuel mass frac-

tion in the fresh mixture, respectively. ˜ u b , ˜ T b = 

˜ T 0 + ˜ q c ̃  Y 0 / ̃  C p,g and
˜ l th = 

˜ D th / ̃  u b are the adiabatic laminar flame speed, temperature

and thickness without fuel droplet addition, respectively. ˜ D th =
˜ λg / ̃  ρg ̃  C p,g is the thermal diffusivity of the gas phase. 

Steady propagation (i.e. ∂ /∂ t = 0 ) of planar flames in liquid fuel

droplet is assumed, same as Refs. ( Belyakov et al., 2018 ; Lin et al.,

1988 ). Meanwhile, for convenience, our ensuing analysis will be

performed in the coordinate system attached to the flame front
 ( t ), i.e. η = x − X(t) . Under the above assumption and simplifica-

ion, the non-dimensional equations of Eqs. (1) – (3) can be writ-

en as 

U 

dT 

dη
= 

d 2 T 

d η2 
+ ω c − q v ω v , (10)

U 

d 
(
Y αF Y 1 −α

O 

)
dη

= 

Le α−1 
O 

Le α
F 

d 2 
(
Y αF Y 1 −α

O 

)
d η2 

− ω c + αω v , (11)

U 

d Y d 
dη

= −ω v , (12)

here U = d X/d t is the non-dimensional flame propagating speed.

 v = ˜ q v / [ ̃  C p,g ( ̃  T b − ˜ T 0 ) ] is the normalized latent heat of vaporization.

 e F = 

˜ D th / ̃
 D F and L e O = 

˜ D th / ̃
 D O are the Lewis numbers of fuel and

xidizer, respectively. In Eq. (11) , due to the assumption that the

hemical reaction depends on the deficient reactant, for fuel-lean

onditions ( α = 1 ), we only need to solve the governing equation

or the fuel mass fraction Y F . While in fuel-rich condition ( α = 0 ),

he oxidizer mass fraction Y O needs to be solved instead of Y F . The

ormalized chemical reaction rate ω c in Eqs. (10) and (11) reads 

 c = 

Le α−1 
O 

Le α
F 

Y αF Y 1 −α
O Z 2 exp 

[
Z ( T − 1 ) 

σ + ( 1 − σ ) T 

]
, (13)

here Z is the Zel’dovich number, and σ is the thermal expansion

atio. 

The non-dimensional droplet evaporation rate ω v takes the fol-

owing form 

 v = 


( T − T v ) 

q v 
H ( T − T v ) , (14)

here T v is the non-dimensional boiling temperature. The heat ex-

hange coefficient 
 is 

= π ˜ N d Nu ̃

 d ̃  D 

2 
th ̃  u 

−2 
b 

. (15)

.3. Jump and boundary conditions 

The non-dimensional boundary conditions for both gas phase ( T

nd Y ) and liquid phase ( Y d ) at the left boundary ( η = −∞ ) in the

urned zone and the right boundary ( η = + ∞ ) in the unburned

one can be given as ( Belyakov et al., 2018 ) 

= −∞ : 
dT 

dη
= 0 , 

d Y F 
dη

= 

d Y O 
dη

= 0 , Y d = 0 , (16)

= + ∞ : T = 0 , Y F = 1 , Y O = 1 , Y d = δ. (17)

Here δ is the initial mass loading of the fuel droplet in the fresh

ixture. 

At the evaporation onset front, η = ηv , the gas temperature ( T ),

he mass fractions of oxidizer and fuel ( Y F and Y O ), and the fuel

roplet mass loading ( Y d ) satisfy the following jump conditions

 Belyakov et al., 2018 ) 

 = T v , [ T ] = [ Y F ] = [ Y O ] = 

[
d Y F 
dη

]
= 

[
d Y O 
dη

]
= 0 , Y d = δ. (18)

here the square brackets, i.e. [ T ] = T ( η+ ) − T ( η−) , denote the

ifference between the variables at two sides in a particular lo-

ation. 

At the evaporation completion front, η = ηc , the jump condi-

ions for the gas temperature ( T ), the mass fractions of oxidizer

nd fuel ( Y F and Y O ), and the fuel droplet mass loading ( Y d ) take

he following form ( Belyakov et al., 2018 ) 

 

[ T ] = [ Y F ] = [ Y O ] = 

[
d Y F 
dη

]
= 

[
d Y O 
dη

]
= 0 , Y d = 0 , ηc > 0 

[ T ] = 0 , 
dT 

dη
| + = 0 , [ Y d ] = 0 , ηc < 0 

, (19)
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Here, the “+ ” symbol indicates the value being on the positive

ide of ηc . 

Large activation energy of the gas phase reaction is assumed in

his study. This assumption has been successfully used for theoreti-

al analysis of both gaseous ( Chen and Ju, 2007 ; He, 2000 ; Li et al.,

018 ; Zhang et al., 2013 ; Zhang and Chen, 2011 ) and particle- or

roplet-laden ( Blouquin et al., 1997 ; Greenberg, 2007 ; Han and

hen, 2015 ; Ju and Law, 20 0 0 ; Li et al., 2020 ; Blouquin and

oulin, 1995 ; Zhuang and Zhang, 2019 ) flames. It is shown to be ad-

quate to predict main flame dynamics, such as ignition and prop-

gation. In the limit of large activation energy, chemical reaction is

onfined at an infinitesimally thin flame sheet (i.e. η = 0 ) and the

ump conditions at the flame front ( η = 0 ) are 

 = T f , Y 
α

F Y 1 −α
O = [ Y d ] = 0 , (20)

[
dT 

dη

]
= 

Le α−1 
O 

Le α
F 

[
dY αF Y 1 −α

O 

dη

]
= 

[
σ + ( 1 − σ ) T f 

]2 

exp 

[
Z 

2 

(
T f − 1 

σ + ( 1 − σ ) T f 

)]
, (21) 

here T f is the flame temperature. 

. Analytical solution 

Eqs. (10)–(12) with boundary and jump conditions (i.e.

qs. (16)–(21) ) can be solved analytically. The distributions of the

as temperature T , fuel mass fraction Y F (fuel-lean condition), oxi-

izer mass fraction Y O (fuel-rich condition) and droplet mass load-

ng Y d in four zones and the correlations for the flame speed U ,

ame temperature T f , evaporation onset front ηv and evaporation

ompletion front ηc are presented below. 

.1. Distributions of T, Y { F, O } and Y d 

The distributions for temperature T from zone 1 to 4 are (the

umber subscript for T indicates the corresponding zone, which

lso applies for other variables hereafter) 

 1 ( η) = 

T v e 
−Uη

e −U ηv 
, (22) 

 2 ( η) = T v + 

U T v 

γb − γa 

[
e γa ( η−ηv ) − e γb ( η−ηv ) 

]
, (23) 

 3 ( η) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

T v 
γb −γa 

[
γa e 

γa ( ηc −ηv ) − γb e 
γb ( ηc −ηv ) 

][
1 − e −U ( η−ηc ) 

]
+ T v 

+ 

U T v 
γb −γa 

[
e γa ( ηc −ηv ) − e γb ( ηc −ηv ) 

]
, ηc > 0 

T v + 

T f −T v 
e 
−γb ηc 

γb 
− e −γa ηc 

γa 

[ 
e γb ( η−ηc ) 

γb 
− e γa ( η−ηc ) 

γa 

] 
, ηc < 0 

, 

(24) 

 4 ( η) = 

⎧ ⎨ 

⎩ 

T f , ηc > 0 

T v + 

T f −T v 
e 
−γb ηc 

γb 
− e 

−γb ηc 

γa 

(
1 
γb 

− 1 
γa 

)
, ηc < 0 

, (25) 

here γa,b = 0 . 5[ −U ±
√ 

4
 + U 

2 ] . 

Substituting the temperature distribution into the droplet mass

oading equation, we can obtain the distribution of the droplet

ass loading Y d as 

 d, 1 ( η) = δ, (26) 
 d, 2 ( η) = 

⎧ ⎪ ⎨ 

⎪ ⎩ 


T v 
q v ( γb −γa ) 

[ 
e γa ( η−ηv ) −e γa ( ηc −ηv ) 

γa 
− e γb ( η−ηv ) −e 

γb ( ηc −ηv ) 

γb 

] 
, ηc > 0 

δ + 


T v 
q v ( γb −γa ) 

[ 
e γa ( η−ηv ) −1 

γa 
− e γb ( η−ηv ) −1 

γb 

] 
, ηc < 0 

, 

(27) 

 d, 3 ( η) = 

⎧ ⎨ 

⎩ 

0 , ηc > 0 


( T f −T v ) 
U q v 

(
e 
−γb ηc 

γb 
− e 

−γb ηc 

γa 

)
[ 

e γb ( η−ηc ) −1 
γ 2 

b 

− e γa ( η−ηc ) −1 
γ 2 

a 

] 
, ηc < 0 

, (28) 

 d , 4 ( η) = 0 . (29) 

The distributions of fuel mass fraction Y F (fuel-lean condition),

xidizer mass fraction Y O (fuel-rich condition) can be obtained by

olving Eq. (11) with the temperature distributions (i.e. Eqs. (22)–

25) ) in the respective zones. For the fuel-lean condition ( α = 1 ),

uel mass fraction distributions in four zones are 

 F, 1 ( η) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

⎡ 

⎣ 

I 
′ 
2 
( ηv ) 

I 
′ 
1 
( ηv ) 

( I 1 ( 0 ) −I 1 ( ηv ) ) − I 
′ 
2 
( ηc ) 

I 
′ 
1 
( ηc ) 

( I 1 ( 0 ) −I 1 ( ηc ) ) + I 2 ( ηv ) −I 2 ( ηc ) −1 

I 1 ( 0 ) 

⎤ 

⎦ 

I 1 ( η) + 1 , ηc > 0 

I 
′ 
2 
( ηv ) 

I 
′ 
1 
( ηv ) 

( I 1 ( 0 ) −I 1 ( ηv ) ) −1+ I 2 ( ηv ) −I 2 ( 0 ) 

I 1 ( 0 ) 
I 1 ( η) + 1 , ηc < 0 

, 

(30) 

 F, 2 ( η) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

1 −
[

1+ I ′ 2 ( ηv ) 
I ′ 1 ( ηv ) 

I 1 ( ηv ) + I 
′ 
2 ( ηc ) 

I ′ 1 ( ηc ) 
( I 1 ( 0 ) −I 1 ( ηc ) ) −I 2 ( ηv ) + I 2 ( ηc ) 

I 1 ( 0 ) 

]
I 1 ( η) 

+ I 2 ( η) + 

I ′ 2 ( ηv ) 
I ′ 1 ( ηv ) 

I 1 ( ηv ) − I 2 ( ηv ) , ηc > 0 

1 −
I ′ 2 ( ηv ) 
I ′ 1 ( ηv ) 

I 1 ( ηv ) +1 −I 2 ( ηv ) + I 2 ( 0 ) 
I 1 ( 0 ) 

I 1 ( η) + I 2 ( η) 

+ 

I ′ 2 ( ηv ) 
I ′ 1 ( ηv ) 

I 1 ( ηv ) − I 2 ( ηv ) , ηc < 0 

, 

(31) 

 F, 3 ( η) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

[ 
1 + 

I ′ 2 ( ηv ) 
I ′ 1 ( ηv ) 

I 1 ( ηv ) − I ′ 2 ( ηc ) 
I ′ 1 ( ηc ) 

I 1 ( ηc ) − I 2 ( ηv ) + I 2 ( ηc ) 

] 
[
1 − I 1 ( η) 

I 1 ( 0 ) 

]
, ηc > 0 

I ′ 3 ( ηc ) 
I ′ 1 ( ηc ) 

[ I 1 ( 0 ) − I 1 ( η) ] + I 3 ( η) − I 3 ( 0 ) , ηc < 0 

, 

(32) 

 F, 4 ( η) = 

{
0 , ηc > 0 

I ′ 3 ( ηc ) 
I ′ 1 ( ηc ) 

[ I 1 ( 0 ) − I 1 ( ηc ) ] + I 3 ( ηc ) − I 3 ( 0 ) , ηc < 0 

, (33) 

here I ′ 
1 
(η) , I ′ 

2 
(η) and I ′ 

3 
(η) are respectively the first order deriva-

ives of I 1 ( η), I 2 ( η)and I 3 ( η), which read 

 1 ( η) = 

e −L e F Uη

L e F U 

, (34) 

 2 ( η) = − L e F 
T v U 

q v ( γb − γa ) 

[
e γa ( η−ηv ) 

γa ( L e F U + γa ) 
− e γb ( η−ηv ) 

γb ( L e F U + γb ) 

]
, (35) 

 3 ( η) = −
L e F 


(
T f − T v 

)
q v 

(
e −γb ηc 

γb 
− e −γb ηc 

γa 

)
[

e γb ( η−ηc ) 

γ 2 
b 
( L e F U + γb ) 

− e γa ( η−ηc ) 

γ 2 
a ( L e F U + γa ) 

]
. 

(36) 

For fuel-rich condition ( α = 0 ), oxidizer mass fraction distribu-

ions in the four zones are 
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 O, 12 ( η) = 1 − e −L e O Uη, (37)

 O, 3 ( η) = { 1 − e −L e O Uη, ηc > 0 

0 , ηc < 0 

, (38)

 O, 4 ( η) = 0 . (39)

3.2. Correlations for propagating planar flame with fuel droplets 

The correlations between the flame propagating speed U , flame

temperature T f , evaporation onset front ηv and evaporation com-

pletion front ηc can be derived based on jump conditions at the

flame front, i.e. Eq. (21) . 

3.2.1. Heterogeneous flame 

When the flame propagates in the locally heterogeneous mix-

ture, the correlation F ( U, T f , ηv , ηc ) = 0 takes the following form 

T f − T v 
e −γb ηc 

γb 
− e −γa ηc 

γa 

[
e −γb ηc − e −γa ηc 

]
− U T v 

γb − γa [
γa e 

−γa ηv − γb e 
−γb ηv 

]
= Q 

(
T f 

)
(40)

{ U ( 1 + δ) + 


( T f −T v ) 
q v 

(
e 
−γb ηc 

γb 
− e 

−γb ηc 

γa 

) H ( ηc ) = Q 

(
T f 

)
, α = 1 

U = Q 

(
T f 

)
, α = 0 

, (41)

T v + 

U T v 

γb − γa 

[
e −γa ηv − e −γb ηv 

]
= T f , (42)



(
T f − T v 

)
U q v 

(
e −γb ηc 

γb 
− e −γa ηc 

γa 

)
[

e −γb ηc − 1 

γ 2 
b 

− e −γa ηc − 1 

γ 2 
a 

]

= δ + 


T v 

q v ( γb − γa ) 

[
e −γa ηv − 1 

γa 
− e −γb ηv − 1 

γb 

]
, (43)

where 

Q 

(
T f 

)
= 

[
σ + ( 1 − σ ) T f 

]2 
exp 

[
Z 

2 

(
T f − 1 

σ + ( 1 − σ ) T f 

)]
, (44)

H ( ηc ) = 

γb 

(
1 − e LeU ηc 

)
+ LeU ( 1 − e −γb ηc ) 

γ 2 
b 
( γb + LeU ) 

−
γa 

(
1 − e LeU ηc 

)
+ LeU ( 1 − e −γa ηc ) 

γ 2 
a ( γa + LeU ) 

. (45)

3.2.2. Homogeneous flame 

When the liquid droplets are fully vaporized ahead of the flame

front, the correlation F( U, T f , ηv , ηc ) = 0 reads 

− U T v 

γb − γa 

[
γa e 

γa ( ηc −ηv ) + U ηc − γb e 
γb ( ηc −ηv ) + U ηc 

]
= Q 

(
T f 

)
, (46)

{ U ( 1 + δ) = Q 

(
T f 

)
, α = 1 

U = Q 

(
T f 

)
, α = 0 

, (47)

T v 

γb − γa 

{
( γa + U − γa e 

U ηc ) e γa ( ηc −ηv ) 

−( γb + U − γb e 
U ηc ) e γb ( ηc −ηv ) 

}
+ T v = T f , (48)


T v 

q v ( γb − γa ) 

[
1 − e γa ( ηc −ηv ) 

γa 
− 1 − e γb ( ηc −ηv ) 

γb 

]
= δ. (49)

For homogeneous flames, when δ → 0 and 
 → 0, the corre-

lations from our model can recover that for purely gaseous planar
ames in Ref. ( Chen and Ju, 2007 ), which is shown in Supplemen-

ary Material. 

Through solving the above systems F( U, T f , ηv , ηc ) = 0 , we can

nalyze the relations between the droplets properties (i.e. evapo-

ation onset and completion fronts, ηv and ηc ) and flame prop-

gation properties (e.g. flame speed U and temperature T f ), sub-

ect to various droplet parameters (e.g. droplet diameter and mass

oading, latent heat of vaporization). Thus, propagation of hetero-

eneous and homogeneous flames with fuel droplets can be ana-

yzed theoretically. 

.3. Critical condition between heterogeneous and homogeneous 

ames 

The critical condition between heterogeneous and homoge-

eous flames can be derived from the current model when the

vaporation completion front coincides with the flame front, i.e.

c → 0. This physically corresponds to the case in which the liquid

uel droplets are just fully vaporized at the flame front. Practically,

t may occur when the droplet diameter is small or the latent heat

f vaporization is low ( Atzler et al., 2006 ; Thimothée et al., 2017b ).

n this case, the correlations for flame propagating speed U , flame

emperature T f and evaporation onset front ηv read 

U T v 

γb − γa 

[
γa e 

−γa ηv − γb e 
−γb ηv 

]
= Q 

(
T f 

)
, (50)

U ( 1 + δ) = Q 

(
T f 

)
, α = 1 

U = Q 

(
T f 

)
, α = 0 

, (51)

 v + 

U T v 

γb − γa 

[
e −γa ηv − e −γb ηv 

]
= T f , (52)

+ 


T v 

q v ( γb − γa ) 

[
e −γa ηv − 1 

γa 
− e −γb ηv − 1 

γb 

]
= 0 . (53)

. Results and discussion 

In this Section, analysis on propagation of one-dimensional pla-

ar flames laden with fuel droplets will be conducted based on the

orrelations derived in Section 3 . Zel’dovich number Z and thermal

xpansion ratio σ are set to be Z = 10 and σ = 0 . 15 , following the

alues used in previous theoretical analysis ( Chen and Ju, 2007 ;

an and Chen, 2016 , 2015 ; Li et al., 2020 ; Zhuang and Zhang, 2020 ,

019). The non-dimensional boiling temperature T v is assumed to

e T v = 0 . 15 ( Han and Chen, 2015 ; Lefebvre and McDonell, 2017 ),

hich can represent the boiling temperature of most liquid hydro-

arbon fuels. 

.1. Effects of droplet diameter and mass loading 

Fig. 2 shows the flame speed U and temperature T f as functions

f the initial droplet diameter d 0 , under fuel-lean conditions. The

ormalized latent heat of vaporization q v is assumed to be 0.4 in

his Section, corresponding to typical liquid hydrocarbon fuels (e.g.

thanol) ( Lefebvre and McDonell, 2017 ). Note that each curve cor-

esponds to a fixed initial droplet mass loading δ. For fuel-lean

esults in Fig. 2 (a) and 2 (b), when d 0 is small ( < 30 μm), the

ames are kinetically enhanced, parameterized by higher propa-

ation speed and flame temperature, compared with the droplet-

ree gaseous mixture (i.e. U = 1 and T f = 1 ). This is caused by the

uel vapors from droplet evaporation, which enrich the gas mixture

owards stoichiometry. This kinetic enhancement dominates the

hermal weakening effects through evaporative heat loss for this

ange of droplet sizes. Meanwhile, the net enhancement effects be-

ome more pronounced with decreased d 0 , due to the faster evap-

ration rate of smaller droplets. This is also observed through the
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Fig. 2. Effect of droplet diameter and mass loading under fuel-lean conditions: (a) propagation speed, (b) flame temperature. Homogeneous (heterogeneous) flames: left 

(right) to the dashed flame regime line. 

Fig. 3. Effect of droplet diameter and mass loading under fuel-rich conditions: (a) propagation speed, (b) flame temperature. Homogeneous (heterogeneous) flames: left 

(right) to the dashed flame regime line. 
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heoretical analysis ( Lin et al., 1988 ; Lin and Sheu, 1991 ) and nu-

erical simulations ( Neophytou and Mastorakos, 2009 ) of laminar

ame propagation in dilute fuel sprays. Furthermore, for a fixed

 0 less than 30 μm, the higher the mass loading δ, the higher the

ropagation speed U . This is justifiable since more fuels would be

aporized from the liquid phase. When d 0 is large ( > 30 μm), the

ffects of d 0 on the propagating flames are negligible, as seen from

igs. 2 (a) and 2 (b), since the fuel droplet with larger d 0 has slower

vaporation rate. 

The fuel-rich flame results are shown in Figs. 3 (a) and 3 (b).

t should be highlighted that, different from the above fuel-lean

ases, the kinetic effects from the fuel vapor would weaken the

ame, through rendering the originally fuel-rich gas mixture more

ff-stoichiometric. As such, this kinetic weakening, together with

he heat loss from droplet evaporation, is responsible for much

ower flame speed and temperature than those of droplet-free

ases (i.e. U = 1 and T f = 1 ). This is particularly obvious for small-

ized droplets (i.e. d 0 ≤ 40 μm, see Figs. 3 a and 3 b). For large

roplets (e.g. d 0 > 40 μm), the kinetic weakening effects on flame
ropagation speed and temperature become marginal, similar to

he findings from large droplets in fuel-lean cases in Fig. 2 (a)

nd 2 (b). In general, the tendencies of flame speeds with droplet

ize and mass loading in both fuel-lean and -rich situations (see

igs. 2 and 3 ) are qualitatively consistent with the previously the-

retical analysis ( Lin et al., 1988 ) and experimental measurements

 Ballal and Lefebvre, 1981 ; Hayashi et al., 1977 ; Hayashi and Ku-

agai, 1975 ). 

Moreover, in fuel-rich cases, when the initial mass loading δ
s small or intermediate, i.e. δ ≤ 0.2, U − d 0 and T f − d 0 curves

re monotonic, and smaller d 0 would lead to lower flame speed

nd temperature, closer to the results of droplet-free flames, due

o both kinetic and thermal weakening effects caused by droplet

vaporation. However, when δ is large, i.e. δ ≥ 0.6 in Fig. 3 , U − d 0 
nd T f − d 0 curves become S -shaped, and multiplicity of the flame

ropagation speed and temperature is observed. Similar bifurca-

ion is also found in theoretical analysis of premixed planar flames

ith water or fuel droplets ( Belyakov et al., 2018 ; Lin et al., 1988 ;

huang and Zhang, 2020 ) and solid particles ( Ju and Law, 20 0 0 ;
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Table 1 

Conditions of selected flames in Figs. 2 (a) and 

3 (a). 

Flame Condition d 0 ( μm) q v δ

A Fuel-lean 2 0.4 0.1 

B Fuel-lean 20 0.4 0.1 

C Fuel-rich 11.5 0.4 0.6 

D Fuel-rich 16.1 0.4 0.6 

E Fuel-rich 2 0.4 0.6 

F Fuel-rich 20 0.4 0.6 
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Li et al., 2020 ). There are three branches for these cases, e.g. δ =
0 . 6 in Figs. 3 (a) and 3 (b): upper stable strong flame (branch above

C 1 , indicated in Fig. 3 a), middle unstable flame (branch between

C 1 and D 2 ), and lower stable weak flame (branch left to D 2 ). A

detailed linear stability analysis is provided in the Supplementary

Material. Slight increase of d 0 around the turning point D 2 would

make this weak flame jump to a stronger flame D 1 . Likewise, sud-

den transition would occur from strong flame C 1 to weak flame

C 2 when d 0 is perturbed towards a reduced value. These changes

between different flames indicate the re-establishment of the bal-

ance between the foregoing kinetic and thermal effects caused by

the dispersed liquid phase. 

The results of a constant mass loading δ, i.e. each curve in

both Figs. 2 and 3 , correspond to two flame regimes, i.e. hetero-

geneous and homogeneous flames, depending on the relative loca-

tions of the droplet distribution and flame front, as described in

Section 2.1 . They are demarcated by dashed lines calculated from

Eqs. (50) – (53), and the homogeneous (heterogeneous) flames lie

left (right) of the U − d 0 or T f − d 0 plane to these lines (termed as

flame regime line hereafter). In general, homogeneous flames only

exist when d 0 is relatively small. This is reasonable because small

droplets are more prone to complete evaporation before the flame

front arrives, due to comparatively fast evaporation. As such, the

local mixture immediately before the flame front is purely gaseous.

Meanwhile, U and T f of homogeneous flames for a fixed mass load-

ing remain constant, since the same amount of the fuel is vapor-

ized into the mixture. However, for heterogeneous flames, different

tendencies are observable for fuel-lean and fuel-rich conditions as

presented in Figs. 2 and 3 , which have been discussed above. This

indicates the strong effects of the initial droplet diameter and mass

loading on propagation of heterogeneous flames, which will be fur-

ther discussed later. It should also be highlighted that flame bifur-

cations can occur within the same flame regime (from D 2 to D 1 

in heterogeneous regime), or between the different flame regimes

(from heterogeneous C 1 to homogeneous C 2 ). 

Distributions of gas temperature T , deficient species mass frac-

tion, Y F or Y O , and droplet mass loading Y d of different droplet-

laden flames are shown in Fig. 4 . For reference, the locations of

evaporation onset and completion fronts, i.e. ηv and ηc , are also

shown. Four flames are considered, i.e. A, B, E, and F, which are

denoted in Figs. 2 (a) or 3(a). Flames A and B are under fuel-lean

condition. Specifically, A is a homogeneous flame (initial droplet

size d 0 = 2 μm ), while B ( d 0 = 20 μm ) corresponds to a hetero-

geneous one. For flame A in Fig. 4 (a), the droplets are fully va-

porized (i.e. Y d → 0) slightly before the flame front, and therefore

all of them are consumed in the flame. The extra fuel vapor from

droplet evaporation increases the overall fuel concentration in the

gaseous mixture, leading to slightly higher temperature (i.e. T > 1)

in the post-flame zone compared to the droplet-free flame. Mean-

while, due to no droplets ( Y d = 0 ) in the post-flame zone, the local

evaporative heat loss is zero, and hence the local temperature T is

uniform and no temperature gradient exists in the burned zone.

Therefore, in homogeneous flames, the thermal effects discussed
n Fig. 2 , i.e. heat loss from evaporation of liquid fuel droplets, are

nly present in the pre-flame zone. 

The structure of heterogeneous flame B in Fig. 4 (b) is different

rom that of flame A. Firstly, finite values of fuel mass fraction Y F 
an be found in the post-flame zone (i.e. η < 0), due to evapo-

ation of the penetrated droplets. Part of them contribute towards

he flame through the back diffusion from the post-flame zone to

he flame front, which is also observed from the one-dimensional

imulations of propagating flame in fuel mists ( Aggarwal and Sirig-

ano, 1985 ). However, there are still finite residual fuel vapors be-

ond the evaporation zone in the burned area, i.e. η < ηc . This

s different from the results in flame A, and the kinetic effects of

ame B arise from both pre- and post-flame evaporation zones.

econdly, the gas temperature in the post-flame zone gradually de-

reases from the flame front in the post-flame evaporation zone.

eat conduction in this zone (i.e. ηc < η < 0) would also weaken

he flame reactivity, due to the considerable temperature gradient

ear the flame front. This is also observed from the results of lami-

ar premixed flame with water mists ( Belyakov et al., 2018 ). There-

ore, the thermal effects on heterogeneous flames include evapora-

ive heat loss in the pre- and post-flame evaporation zones and

lso heat conduction in the post-flame evaporation zone. 

For fuel-rich condition, the structures of flames E and F are

hown in Figs. 4 (c) and 4 (d), respectively. Note that mass fraction

f oxidizer Y O , instead of Y F , is shown here. As seen from Fig. 3 (a),

ame E is from the lower branch ( d 0 = 2 μm) and a homogeneous

ame. However, flame F lies at the upper branch (initial droplet

iameter d 0 = 20 μm) and hence is a heterogeneous flame. They

ave the same initial droplet mass loading δ = 0 . 6 . Qualitatively,

he distributions of gas temperature and droplet mass loading of

ames E and F are respectively similar to the counterpart homo-

eneous and heterogeneous flames, i.e. A and B. However, different

rom them, the burned gas temperatures at η = −∞ in both cases

re considerably below that of the purely gaseous flame. This is

ustifiable, because the addition of the fuel vapor into the mix-

ure would render rich gaseous composition deviate more from

toichiometry. Particularly, in Flame F, the lower temperature of

urned gas also results in larger temperature gradient in the post-

ame evaporation zone, as shown in Fig. 4 (d), and therefore more

eat conduction from the flame. The structures of fuel-rich flames

 and F are also similar to those of water-droplet-laden planar

ames by Belyakov et al. (2018) . 

Locations of evaporation onset and completion fronts, ηv and ηc ,

elative to the flame front can also be analytically determined from

ur theories in Section 3.2 , subject to gas and droplet proper-

ies. As seen from Fig. 4 , they are considerably different in ho-

ogeneous and heterogeneous flames, and differentiate the ther-

al and kinetic effects of the respective evaporating fuel droplets.

herefore, Fig. 5 generalizes ηv and ηc of droplet-laden flames

ith different initial droplet size and mass loading. For fuel-lean

onditions in Fig. 5 (a), the curves are reverse 7-shaped, and it is

hown that initial mass loading δ has relatively small effects on

v and ηc . Moreover, the evaporation onset front ηv is before the

ame front and varies little when d 0 > 10 μm. However, for d 0 
10 μm, ηv slowly decrease with smaller d 0 . This is because for

maller droplets they reach the boiling temperature closer to the

ame front. Meanwhile, with increased d 0 , evaporation comple-

ion front ηc firstly precedes the flame front and then penetrates

cross the flame front (i.e. η = 0 ) into the post-flame zone. The

urther droplet penetration is parameterized by increased magni-

udes of ηc . Note that crossing the flame front implies the tran-

ition from homogenous flame to heterogeneous one, as also can

e from Fig. 1 . Besides, the length of the evaporation zone in-

reases with d 0 , which can be measured as the relative distance

etween ηv and ηc , i.e. | ηc − ηv | . In addition, as shown in the inset

f Fig. 5 (a), asymptotically, when the droplet diameter approaches
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Fig. 4. Structures ( T, Y { F, O } , Y d ) of four flames: (a) A, (b) B, (c) E and (d) F. They are marked in Figs. 2 (a) or 3 (a). The dash-dotted lines denote the locations of evaporation 

onset and completion fronts. The flame front lies at η = 0 . A and E: homogeneous flames; B and F: heterogeneous flames. Green numbers above the upper η-axis indicate 

the flame / evaporation zones. 
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ero (i.e. infinitely small droplets), ηv and ηc tend to be equal, due

o the infinitely fast evaporation time. 

For fuel-rich flames, when the initial mass loadings are small

e.g. δ= 0.1 or 0.4) the curves of ηv and ηc versus initial droplet

iameter are qualitatively similar to those from fuel-lean flames.

evertheless, bifurcation of droplet evaporation front locations, ηv 

nd ηc , can be observed from Fig. 5 (b) with larger δ (e.g. 0.6), char-

cterized by Z-shaped curves and consistent with the concurrent

ifurcations of flame propagation speed and temperature discussed

n Fig. 3 . Note that the upper (lower) branch of Z-shaped ηv curve

orresponds to the upper (lower) branch of Z-shaped ηc curve. For

ase to reference back to Fig. 3 , we mark the corresponding turn-

ng points C 1 , C 2 , D 1 and D 2 in Fig. 5 (b). For the heterogeneous

 1 − D 1 branch, with increased d 0 , ηv is marginally affected, but

he norm of ηc increases considerably, indicating larger burned

one with evaporating droplets. As such, the length of evapora-

ion zone increases accordingly. For the upper C 2 − D 2 branch, they

re mixed with the homogeneous and heterogeneous flames, de-

arcated by the intersection point at η = 0 . When d 0 approaches
 3  
ero, ηv and ηc are asymptotically equal, which is also seen in

ig. 5 (a). As d 0 increases, the evaporation zone increased, but when

 0 is slightly beyond 20 μm, the heterogeneous flame bifurcates: ηv 

oves closer to the flame, and ηc lies well behind the flame front.

.2. Effects of latent heat of vaporization 

In the last section, the latent heat of vaporization q v is fixed

o be 0.4. In reality, different liquid fuels have different values of

atent heat of vaporization ( Lefebvre and McDonell, 2017 ). There-

ore, Figs. 6 and 7 show the flame propagation speed as a func-

ion of the initial droplet diameter with q v = 0.8 and 1.2, respec-

ively. These values correspond to those of liquid fuels with high

atent heat, e.g. methanol. Both fuel-lean and fuel-rich flame re-

ults are presented. For q v = 0.8, when the droplet diameter and

ass loading are fixed (e.g. d 0 = 5 μm and δ = 0 . 2 ), the propaga-

ion speed U is lower and therefore closer to that of the droplet-

ree flame, compared to the results with q v = 0.4 in Figs. 2 and

 . This indicates that the flame enhancement under fuel-lean con-
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Fig. 5. Evaporation onset and completion fronts versus initial droplet diameter: (a) fuel-lean (b) fuel-rich conditions. The dash-dotted lines are flame front, i.e. η = 0 , the 

bi-arrow lines show the flame bifurcation in the labeled points. C 1 , C 2 , D 1 and D 2 are consistent with the corresponding points in Fig. 3 (a). 

Fig. 6. Effect of droplet diameter and mass loading on the flame propagation speed for q v = 0.8: (a) fuel-lean, (b) fuel-rich. Homogeneous (heterogeneous) flames: left (right) 

to the dashed flame regime line. 
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dition is weakened. This may be due to more heat absorbed from

the gas phase to vaporize the fuel droplets. However, for the fuel-

rich case in Fig. 6 (b), when the flame is locally homogeneous,

the flame propagation speed is lower for the same d 0 and δ (e.g.

d 0 = 5 μm and δ = 0 . 2 ) when q v is 0.8, compared to the results

with q v = 0.4 in Figs. 2 and 3 . Meanwhile, bifurcation of U oc-

curs with smaller δ compared to the results in Fig. 3 . As such,

for the same droplet mass loading under which bifurcation occurs

e.g. δ = 0 . 4 in Fig. 3 (b) and Fig. 6 (b), both upper and lower stable

branches tend to obtain smaller flame speed for same d 0 when q v 
increased from 0.4 to 0.8. 

When q v is further increased to 1.2, the flame propagation

speed is below that of the gaseous flames, i.e. U = 1 for both fuel-

lean and fuel-rich conditions as shown in Figs. 7 (a) and 7(b). The

results in Fig. 7 (a) are different from other fuel-lean results as dis-

cussed in Figs. 2 and 7 (a), due to the dominancy of evaporative
heat loss over the kinetic enhancement effects. 
.3. Critical condition for homogeneous and heterogeneous flames 

Plotted in Fig. 8 are the flame regime lines in the plane of

 − d 0 between the homogeneous and heterogeneous flames. Vari-

us droplet properties, including initial droplet diameter d 0 and la-

ent heat of vaporization q v , are considered. Like the flame regime

ines in Figs. 2 , 3 , 6 and 7 , each curve in Fig. 8 is calculated us-

ng Eqs. (50) - (53) based on a fixed mass loading. In the U − d 0 
lane here, the left part to each regime line corresponds to ho-

ogeneous flames, whilst the right part heterogeneous ones. With

ecreased q v from 0.2 to 0.8, the range of the initial droplet diam-

ters where homogeneous flames exist is extended, for both fuel-

ean (i.e. U ≥ 1) and fuel-rich (i.e. U ≤ 1) flames. Different from the

bove cases, when q v is increased to 1.2, no solutions exist beyond

 = 1 , and both regime lines of fuel-lean and fuel-rich conditions

re below unity. 
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Fig. 7. Effect of droplet diameter and mass loading on the flame propagation speed for q v = 1.2: (a) fuel-lean, (b) fuel-rich. Homogeneous (heterogeneous) flames: left (right) 

to the dashed flame regime line. 

Fig. 8. Effect of fuel latent heat and droplet diameter on the flame regime lines 

(homogeneous flame: left to the line, heterogeneous flame: right to the line). 
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Fig. 9. Effect of fuel latent heat and droplet diameter on flame regime line for fuel- 

lean condition (homogeneous flame: left to the line, heterogeneous flame: right to 

the line). 
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To further identify the critical latent heat of vaporization with

hich the regime lines critically cross the flame front, Fig. 9 fur-

her shows the critical regime curves for fuel-lean flames with la-

ent heat of vaporization q v = 0.8, 0.9 and 1.0. For q v = 0.8 and

.0, their flame propagation speeds U are respectively consistently

igher and lower than that of the droplet-free flame (i.e. δ = 0

een from Fig. 9 ), i.e. U = 1 . They respectively correspond to the

act that the flames are overall enhanced and weakened due to

he liquid droplets. However, when q v = 0.8, the regime line is

rstly (with small mass loading) below the line of U = 1 . When

he mass loading δ increases, the critical conditions, i.e. the solu-

ions along the regime line, move towards smaller droplet diam-

ter, but still below U = 1 . At point G, the propagation speed of

he two-phase flame is the same as that of the droplet-free flame,

ndicating the kinetic and thermal effects caused by the droplet

vaporation counterbalance. Further increasing δ leads to regime

ine in the upper part of the U − d 0 plane, corresponding to flame

nhancement by the fuel droplets. 
.4. Evaporative heat loss 

The heat loss effects of droplet evaporation on homogeneous

nd heterogeneous flames have been mentioned in Figs. 2 , 3 and

 . In this Section, normalized evaporation heat loss, H , is calculated

o quantify these effects in the pre-flame and post-flame zones re-

pectively as 

 ub,HT = 

ηv ∫ 
0 

[ T 2 ( ξ ) − T v ] d ξ/ 

(
d T 

d η

∣∣∣∣
−

− d T 

d η

∣∣∣∣
+ 

)
, (54) 

 ub,HM 

= 

ηv ∫ 
ηc 

[ T 2 ( ξ ) − T v ] d ξ/ 

(
d T 

d η

∣∣∣∣
−

− d T 

d η

∣∣∣∣
+ 

)
, (55) 

 b,HT = 

0 

∫ 
ηc 

[ T 3 ( ξ ) − T v ] d ξ/ 

(
d T 

d η

∣∣∣∣
−

− d T 

d η

∣∣∣∣
+ 

)
, (56) 

 b,HM 

= 0 , (57) 
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Fig. 10. Normalized evaporation heat loss as a function of initial droplet diameter: (a) δ = 0 . 3 , fuel-lean; (b) δ = 0 . 6 , fuel-rich. q v = 0 . 4 . The shaded area indicates homoge- 

neous flames, while the rest is heterogeneous flame. Points C 1 , C 2 , D 1 and D 2 correspond to the same points in Fig. 3 (a). 

Fig. 11. Effect of the Lewis number and droplet diameter on the flame propagation speed for fuel-lean condition with fixed δ = 0.2 when (a) q v = 0.4, (b) q v = 1.2. Dashed 

line: flame regime line. Homogeneous flame: left to the dashed line; heterogeneous flame: right to the dashed line. 
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where the subscripts “ub ” and “b ” respectively denote pre- and

post-flame evaporation zones, whereas “HM ” and “HT ” respectively

denote homogeneous and heterogeneous flames. 

(
dT 
dη

| − − dT 
dη

| + 
)

in the denominator of Eqs. (54) − (56) is the total heat re-

lease from the chemical reaction. T 2 ( ξ ) and T 3 ( ξ ) are the tempera-

ture distributions in zones 2 and 3, respectively. The integrands,

[ T { 2 , 3 } (ξ ) − T v ] , indicate the interphase temperature difference in

the evaporation zone, where the droplets are at the boiling temper-

ature T v . Fig. 10 shows the normalized evaporation heat loss (i.e.

H ub,HT , H b,HT , H ub,HM 

and H b,HM 

) of the selected fuel-lean ( δ = 0 . 3 )

and fuel-rich ( δ = 0 . 6 ) flames. Their corresponding flame propaga-

tion speeds U as functions of initial droplet diameter d 0 with these

two mass loadings have been discussed in Figs. 2 and 3 . 

Since the initial mass loading δ is constant in all the flame so-

lutions in Figs. 10 (a) and 10 (b), the sum (i.e. H ub,HT + H b,HT , or

H ub, HM 

+ H b, HM 

) of evaporative heat loss in their pre- and post-

flame zones remains constant, as indicated with the dash-dotted

lines. For homogeneous flames (in the shaded area), no droplets

are in the burned zone and therefore H b,HM 

= 0 , i.e. Eq. (57) . More-

h  
ver, H ub, HM 

is constant with d 0 , due to the fixed mass of liq-

id fuels. For heterogeneous flames, the evaporative heat loss in

he pre- and post-flame zones, H ub,HT and H b,HT , monotonically de-

reases and increases with d 0 , respectively. Based on the defini-

ions of mass loading and evaporative heat exchange coefficient,

hey are correlated through 
 ∼ δ/d 2 0 . Therefore, for a constant δ,

he larger the droplet diameter d 0 , the slower the evaporative rate

nd hence smaller heat exchange coefficient 
. Meanwhile, when

 0 decreases, the interphase temperature difference is reduced as

ell. Both effects jointly result in monotonic reduction of H ub, HT .

or post-flame evaporation zone, the high interphase temperature

ifference leads to gradual increase of H b, HT , although 
 decreases,

ith increased d 0 . When d 0 > 30 μm, H ub, HT tends to be zero and

he evaporative heat loss is dominantly from the post-flame zone. 

Fig. 10 (b) shows the normalized evaporative heat loss for se-

ected fuel-rich flames with δ = 0 . 6 . Note that the turning points

 1 , C 2 , D 1 and D 2 correspond to the same points in Fig. 3 (a). So-

utions of branch C 1 - D 1 are strong flames with higher U and T f ,

hilst those along C 2 - D 2 are weak ones. In the shaded area for

omogeneous flames, H b,HM 

= 0 , same as those in Fig. 10 (a). In
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C  
he heterogeneous flames, H ub, HT of branch C 2 - D 2 is higher than

 b, HT . However, for branch C 1 - D 1 , the tendency is opposite. 

.5. Lewis number effect 

Up to this point, the Lewis number is assumed to be Le = 1.

or fuel-rich flames, the Lewis number is affected by the oxidizer

ass diffusion and therefore variations of the Lewis number do

ot affect the flame propagation speed (results not shown here

or brevity). To examine this effect on fuel-lean planar spray flame

ropagation, Fig. 11 show the flame propagation speed as a func-

ion of initial droplet diameter when Le = 0.8, 1.0 and 1.2. The

nitial droplet loading δ is fixed to be 0.2. It is seen that prop-

gation speed of homogeneous flame is not dependent on Lewis

umber for both high and low latent heat. Since the droplet evap-

ration is completed before the flame front, all the fuel vapor in

he pre-flame zone would be depleted by the chemical reaction at

he flame front and it behaves like a purely gaseous flame. 

For heterogeneous flames, droplet evaporation occurs in the

ost-flame zone and fuel vapor exists therein, as seen from the

tructure of heterogeneous flames in Fig. 4 (b). In this case, the

uel vapor diffusion considerably influences the consumption at the

ame front. Specifically, the smaller (larger) Lewis number indi-

ates a higher (lower) mass diffusivity and therefore more (less)

uel vapor from the post-flame zone can contribute towards the

ombustion, thereby leading to an enhanced (reduced) flame prop-

gation speed. Note that these are remarkable only for intermedi-

te droplet diameters. For heterogeneous flames laden with rela-

ively small ( d 0 slightly larger than 2 μm) or large ( d 0 > 20 μm)

roplets, dependence of heterogeneous flame propagation speed

n Lewis number is minimized. This is because for small droplets,

he evaporation completion location ηc in the post-flame zone is

lose to the flame front and fuel vapor can be consumed locally.

onversely, when the droplet size is large, the post-flame evapora-

ion zone is large, leading to a reduced gradient of fuel vapor from

iquid droplets. 

. Conclusions 

Propagation of one-dimensional laminar planar flames laden

ith fuel droplet mists is investigated theoretically. Localized

omogeneous and heterogeneous flames are considered, which

re characterized by different relative locations of dispersed fuel

roplets and flame front. Within the framework of large activa-

ion energy, correlations describing flame propagation speed, flame

emperature, evaporation onset and completion fronts are derived.

ith this correlation, the influences of droplet (e.g. diameter and

roplet mass loading) and fuel (e.g. latent heat of vaporization)

arameters on propagation of fuel-droplet-laden planar flames are

ssessed. 

The results indicate that fuel droplets affect the flame prop-

gation differently for fuel-lean and fuel-rich conditions. Under

uel-lean conditions, the flames are enhanced by the evaporating

roplets. The burned gas temperature of homogeneous flame is

lightly higher than the purely gaseous flame due to the fuel va-

or addition. For fuel-lean heterogeneous flames, residual fuel va-

or and considerable temperature gradient exist in the post-flame

vaporation zone. However, under fuel-rich conditions, the droplets

uppress the flame propagation. The tendencies of temperature

nd droplet mass loading distributions are similar to those from

he fuel-lean cases. However, the burned gas temperature is much

ower than that of fuel-lean case, due to the off-stoichiometric

ompositions. In addition, the foregoing effects on fuel-rich and

uel-lean flames under respective conditions are intensified with

ncreased droplet mass loading. 
Our results also show that evaporation completion front loca-

ion is largely affected by the droplet diameter, instead of mass

oading. Conversely, the evaporation onset front varies little with

roplet properties. Bifurcation and multiplicity are observed for

arge droplet loading and fuel-rich gas composition, in terms of the

ropagation speed and droplet evaporation onset/completion front

ocations. 

It is also shown that for different values of latent heat, the

roplet evaporative heat loss effects on the flame propagation are

ifferent. This is particularly pronounced for the fuel-lean condi-

ions, where increasing latent heat leads to variations from flame

nhancement to weakening relative to the droplet-free flames. The

ormalized evaporative heat loss in different flame and evapora-

ion zones are also calculated. In general, for homogeneous flames,

he heat loss only occurs in the pre-flame zone. However, for het-

rogeneous flames, heat loss in the post-flame evaporation zone

ecome dominant for relatively large droplets. Furthermore, the

ffect of Lewis number on laminar planar spray flames is also

tudied, and it is found that Lewis number influences heteroge-

eous flame propagation speed under fuel-lean conditions when

he droplet diameter is intermediate. 
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