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ABSTRACT

The Multiple Mapping Conditioning/Large Eddy Simulation (MMC-LES) model is extended for the first time to high-speed, compressible
flow conditions and validated against non-reacting and reacting experimental data from a model supersonic combustor. The MMC-LES
method solves the subgrid joint composition filtered density function through a Monte Carlo approach, and it permits a low-cost numerical
implementation using a sparse distribution of stochastic Lagrangian particles. The sensitivity of results to the particle resolution is examined,
and similar to past low-speed applications of MMC-LES, that sensitivity is found to be low. In comparison to the model equations for subsonic
turbulent combustion conditions, the pressure work and viscous heating effects have been incorporated here to account for the effects of
compressibility. As expected, the viscous heating effects are small for this flow case and can be ignored, while the pressure work is not
negligible and makes a significant contribution at expansion fans and shock fronts where the magnitude of the pressure derivative term
in non-reacting/reacting cases is as much as 23.8%/24.5% and 19.2%/18.6% of the stochastic particle standardized enthalpy, respectively.
The MMC-LES predictions show good quantitative agreement with the available experimental data for the mean and root-mean-square of
axial velocity, mean temperature, and wall pressure. Good qualitative comparison to the data is also observed for major flow characteristics,
including location and size of shocks, expansion fans, and recirculation zone, and combustion characteristics such as flame lift-off distance.
Although the effects of the pressure work on the mean flame lift-off distance are negligible, they have a significant influence on the predicted
spatial fluctuations of the flame base.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0026654

I. INTRODUCTION

Fuel mixing and combustion in supersonic flows are key scien-
tific problems in developing high-speed propulsion systems." They
have been extensively investigated through both experimental and
numerical methods in recent years.”” In particular, Large Eddy Sim-
ulation (LES) can provide detailed insights into turbulent supersonic
combustion physics at an increasingly affordable computational
cost, and hence, it is now widely used for modeling fundamental
and applied flows and combustion configurations, including coflow
jet flames,”” crossflow jet flames,” * and model combustors.”'’ Due
to the high Mach and Reynolds numbers, supersonic combustion

generally proceeds in highly turbulent flows with strong fluctuations
of reactive scalars and flow discontinuities (e.g., shock waves). Accu-
rate simulation requires sophisticated and realizable closure mod-
els, particularly for the highly non-linear reaction rates, although
there are still some studies without models, e.g., for supersonic1 "and
detonative'”'"” combustion.

The quasi-laminar chemistry method, which explicitly neglects
the effects of subgrid reactive scalar fluctuations and directly com-
putes only the resolved reaction rates, is commonly used in simula-
tions of high-speed reacting flows.” Strictly speaking, the method is
valid only when the subgrid turbulent mixing time scales are much
smaller than the chemical time scales.”* This condition holds only
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if the LES is well resolved (hence expensive), especially for simula-
tions of flames that manifest strong unsteadiness due to turbulence—
chemistry interactions (TCIs), such as ignition and extinction,
and flame-shock interactions. Jaberi et al.”” quantitatively demon-
strated the errors associated with neglecting the subgrid reaction
rates. In that work, it was found that the quasi-laminar chem-
istry model drastically over-predicted the rate of product formation.
Accurate and affordable LES of supersonic combustion, therefore,
requires the use of advanced sub-grid scale combustion models that
have, so far, seen much wider applications in subsonic combustion
applications.

Two common classes of probabilistic TCI models are (i) the
flamelet-like models'® [including the conditional moment closure
(CMC)""], which parameterize the composition in terms of condi-
tioning or manifold parameters and use a presumed form proba-
bility density function (PDF) for the subgrid fluctuations of those
parameters; and (ii) the transported PDF models,'® which solve
transport equations for the unresolved distributions. In the con-
text of LES, solutions are obtained for the filtered density function
(FDF),"” and this is the terminology used in the present work. The
flamelet-like models are relatively computationally economical but
are formally limited to specific flame regimes determined by the
chosen conditioning parameters. In the context of subsonic flows,
the flamelet-like models have been widely developed for the non-
premixed regime,” *' and there is now an increasing application
to the premixed regime as well.””** They have also been success-
fully applied for two-phase combustion modeling (e.g., coal”” and
spray”’ combustion) and supersonic combustion modeling, e.g., in
the work of Saghafian et al.,” Ladeinde et al.,”’ and Picciani.”* PDF
methods are more general and mathematically accurate in terms
of closing the TCIs because the non-linear chemical source terms
are naturally closed independent of the specific turbulence model
or any specific flame regime.'” However, PDF/FDF methods also
have challenges, particularly surrounding the difficulty in finding
a universal model for the subgrid scale (micro)mixing, and their
high dimensionality that can lead to a large computational cost.”"
The latter is exacerbated for practical hydrocarbon fuels whose
chemical kinetics are stiff and may involve hundreds of species.”
The most economical solution method, but still relatively expen-
sive compared to flamelet models, involves recasting the contin-
uum PDF/FDF transport equations in stochastic form that is readily
solved in a Monte Carlo simulation using an ensemble of Lagrangian
particles.'” The application of PDF models to supersonic flames
can be found in the work of Zhang et al.”> and De Almeida and
Navarro-Martinez.”’

The Multiple Mapping Conditioning (MMC) approach™”
aims to tackle both the mixing model and cost challenges of PDF
methods. In its stochastic form, MMC is a full transported PDF/FDF
method that also introduces the aspects of the flamelet-like mod-
els through a mixing model that preserves conditional mean scalar
values by localization of that mixing in composition space. Mixing
localness in composition space is a vital property of PDF mixing
models,”” which is done indirectly in MMC by localizing the mix-
ing in a mathematically independent reference space that is corre-
lated with the composition. Use of the reference space ensures that
two other vital mixing model properties, namely, independence and
linearity of mixing,”* are preserved for all scalars. In LES of non-
premixed flames, the filtered mixture fraction solved in an Eulerian
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fashion on the LES grid is an appropriate reference variable since
it effectively parameterizes the composition while also being math-
ematically independent of the composition field on the stochastic
Lagrangian particles.”” In MMC-LES, the enforced localness in Ref-
erence Mixture Fraction (RMF) space permits a relaxation of strict
mixing localness in physical space and a reduction in the num-
ber of Lagrangian particles compared to approaches with conven-
tional (non-local) mixing models. The so-called sparse-Lagrangian
MMC-LES involves significantly fewer particles for the stochastic
composition field than the Eulerian grid cells for the LES flow solu-
tion. Thus, the computational cost is significantly lower than the
conventional FDF methods with an intensive distribution of parti-
cles. Sparse MMC-LES has been extensively validated for a range of
low-Mach experimental combustion configurations of practical rel-
evance, e.g., piloted methane/air jet diffusion flames,”” methane/air
swirl flames,”® the Sandia DME flame series,”” and turbulent spray
flames.”” The numerical convergence of sparse MMC-LES has been
demonstrated over a three-order magnitude variation in stochastic
particle number in the direct numerical simulation (DNS) study by
Vo et al.,"" while other studies of experimental jet flames have also
shown a low sensitivity to the particle number.”***

The objective of this work is to extend the MMC-LES model to
supersonic flows for the first time with quantitative and qualitative
validation against the experimental data for a model combustor."
The previously applied low-Mach version of the model omits pres-
sure work and viscous heating terms in the transport equations,
and these are added here and their influences on the predictions of
the thermo-chemical structures and the unsteady supersonic flame
behavior are studied. Additionally, the numerical scheme in our
open source mmcFoam code' is upgraded to permit discontinu-
ities at shocks without inducing numerical instability. Hence, the
novelty of this work lies in two aspects. First, the present model
incorporates a sophisticated closure for combustion including sub-
grid fluctuations but with fewer particles required than the LES cells
for evaluation of the composition. Second, the present work incor-
porates and evaluates the importance of compressibility terms in
supersonic flows and concludes that the pressure work term, in par-
ticular, is important. The rest of this paper is organized as follows:
The compressible MMC-LES formulations and implementation into
the mmcFoam solver are detailed in Sec. I1, while the case configu-
ration and computational setup are presented in Sec. ITI. The results
and discussion are found in Sec. IV, followed by the conclusion in
Sec. V.

Il. GOVERNING EQUATIONS AND NUMERICAL
IMPLEMENTATION

MMC-LES is a hybrid approach where the filtered equations for
mass, momentum, and reference mixture fraction are solved using
Eulerian LES, while the Stochastic Differential Equations (SDEs)
are solved on an ensemble of Lagrangian notional particles for the
joint FDF of species mass fractions and standardized enthalpy (i.e.,
enthalpy of formation plus sensible enthalpy). This choice of FDF
state space leads to the neglection of the direct effects of subgrid
pressure fluctuations on the composition and requires some dis-
cussion. De Almeida and Navarro-Martinez”’ recently validated the
Eulerian stochastic field implementation of the FDF model against
the data for a supersonic lifted flame. Two versions of the model,
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with different FDF state spaces, were tested. In the first version,
the FDF state space includes species mass fractions and enthalpy,
which is conventional for FDF methods. The FDF chemical source
terms are calculated using the filtered pressure, and although that
filtered pressure incorporates the effects of subgrid fluctuations of
composition and temperature through the ideal gas equation of
state, the direct effects of subgrid pressure fluctuations on the reac-
tion rates are neglected. This model gives good agreement with the
data. In the second version, a significantly more complex version
of their model, the FDF state space also includes velocity, and con-
sequently, the direct effects of subgrid pressure fluctuations on the
composition are included. Although this model produces a reason-
able comparison to the data, the subgrid mixing rate that is driven
explicitly by the stochastic velocity fluctuations is under-predicted.
It is noted that despite their conceptual advantages, velocity-scalar
FDF methods are relatively undeveloped in comparison to the more
conventional scalar FDF methods, even in low-Mach flows.” This
is a rather general issue’ that is not specific to MMC-LES, and
it is therefore considered to be beyond the scope of the current
work.

A. Compressible Eulerian LES equations
The filtered continuity equation is
op 0 ,..
-+ ——(pil;) =0, 1
ot * oy PH) W

where ¢ is the time, x is the spatial coordinate, p is the filtered den-
sity, and i; is the Favre filtered jth velocity component. The filtered
momentum equation is

o .. o, .. op 0 (.
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where p is the filtered pressure, §;; is a Kronecker delta function, and
%;j is the molecular viscous stress tensor,

- o aﬂj 1 .Oﬁk
= ‘M( Ox; * Ox; 38'] Oxy ) 3

Here, p is the dynamic viscosity, which is calculated using the
Sutherland formula. The Sub-Grid Scale (SGS) viscous stress tensor

Sgs .
Tij 18
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where k; is the SGS kinetic energy and y; is the SGS viscosity.
The one-equation eddy-viscosity model is used, which solves the
following transport equation for SGS kinetic energy: "’

1.854,() 1
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where C, = 1.048 is a model constant.”” The SGS viscosity is esti-
mated as y; = CkpAE\/k_t with Cy = 0.094 being a model constant, 5
and Ag is the filter size estimated as the cube root of the LES cell
volume.

Species and standardized enthalpy are FDF state space variables
that are solved on the Lagrangian particles. For mass and energy
consistency between the Eulerian and Lagrangian fields, additional
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so-called equivalent species and equivalent sensible enthalpy trans-
port equations are solved on the Eulerian grid."* Essentially, sensible
enthalpy and species mass fractions are coupled from the Lagrangian
to the Eulerian fields, and the Eulerian density is then obtained
through the equation of state (here, the ideal gas). The FDF species
and enthalpy fields solved on the stochastic particles are considered
to be the real fields, and the equivalent fields introduce a level of
redundancy to ensure consistency. Full details and validation of the
consistency of the Eulerian and Lagrangian fields are provided in
Ref. 42, and only the essential details are repeated here.
The filtered equivalent sensible enthalpy equation reads

_ 0 (.. p o . 0 ~
5 (PHE) + a—xj_(phfuj) - % - %(PDeffaTthf)

(T E E
_a,.a'}i _ P(hslf hs)
Tox; Tyel ’

where Dp/Dt is the material derivative of pressure to account for
the compressible pressure work, &;; = 7;; — pd, and Deﬁc =D, + D;
is the sum of molecular and SGS thermal diffusivities. The molec-
ular diffusivity is modeled as Dy, = p/pSc with Sc = 0.7, and the
SGS diffusivity is Dy = p¢/pSc; with the turbulent Schmidt number
Sc; = 0.4."° The last term on the LHS of Eq. (6) denotes viscous
heating. The filtered equivalent species equations are

(6)

(57 %)
0 (. == 0 (.= 1o} 0 —% my T Sm
~(pYh )+ == (pYaiy —Yh|=——
S 0TE) 5 (77 - 31 (7P 5 TE) - =

_ 7)
where YE is the filtered equivalent mass fraction of mth species.
The source terms on the RHS of Egs. (6) and (7) relax the Eule-

rian equivalent composition toward estimations of the conditional

means in RMF space, l;:[’fE and me, which are obtained by inte-
gration over the stochastic particles with weighting by radial basis
functions in both RMF and physical spaces. 7, is a relaxation time
scale. The source terms here are not the same as those used in the
quasi-laminar closures of the filtered source term, which neglect

subgrid fluctuations. Here, the conditional means l;sTfE and ﬂfE
are estimated accurately from the stochastic particles and, therefore,
explicitly include subgrid fluctuations. The turbulent fluctuations of
equivalent sensible enthalpy and species mass fractions are driven
by fluctuations in RMF. In Egs. (6) and (7) and in the stochas-
tic model below, unity Lewis number is used for all the species,
whereas the molecular and turbulent Prandtl numbers are 0.7 and
0.4, respectively. A review of the literature suggests that these set-
tings are conventional for this flame case where subgrid turbulent
diffusion is likely to be larger than molecular diffusion,”"’” and
recently, Zheng and Yan™ demonstrated a low sensitivity over a
range of reasonable turbulent Prandtl and Schmidt numbers.

The transport equation for filtered RMF (f), which is also used
for localizing stochastic particle mixing described below, has the
same form as Eq. (7) but with zero source term since it is a con-
served normalized scalar with f = 1 in the fuel stream and f = 0 in
the oxidizer stream,

D D D[ D,
o)+ 5 (P18) - %(P%@f) = 0. (8)
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B. Compressible stochastic differential equations
on Lagrangian particles

The SDEs for the evolution of the joint FDF of species mass
fractions and standardized enthalpy are”

it =+ L Lo | a5, 2D s
dy} = (W} +Sh)dt, (10)
dhq:[WZ+SZ+(;?:)H+(;5ﬁgz)q]dt’ (n
(sPﬂ[}{::) = 0. (12)

Here, q is a particle index associated with a stochastic realization
of the turbulent field and x is a position vector. Equation (9) is
for transport of particles in physical space where dw; is the incre-
ment of an independent Wiener process. Equations (10) and (11)
govern the transport of particle mass fractions, Y;,, and standard-

ized enthalpy, h? = (h} + fo deT)q, where W is the closed non-

linear chemical source term and W/ is the radiative heat loss (set to
zero here). The pressure work and viscous heating are incorporated
in Eq. (11) to account for the compressibility effects in supersonic
flows. S}, and S} are the mixing terms to account for the dissipation
of conditional subfilter fluctuations of mass fractions and standard-
ized enthalpy, respectively. Equation (12) represents the mixing con-
straint to conserve conditional means imposed by the MMC model
through enforcing mixing localness in a combined space comprised
of RMF, f, and position, x. This conservation of conditional means
(which is also the central concept in the CMC model'’) permits
a sparse particle resolution in x-space, provided that particles mix
locally in f-space. The particular form of the mixing operation used
here adopts a variant of the Curls mixing model.”* Particles are
mixed in pairs (particles p and q) where the mean distance between
the mixing pairs in (x, f )-space is controlled by global model param-
eters 7, the characteristic distance in x-space, and f , the character-
istic distance in f-space. Here, f,, = 0.01,” and r,, is obtained by the
fractal model developed in Ref. 35. The pairwise mixing is linear and
has a lrlnixing time scale, 71, and here, the a-ISO time scale model is
used.

C. Numerical implementation

The governing equations are implemented in the validated,
hybrid Lagrangian-Eulerian solver called mmcFoam™ that is com-
patible with OpenFOAM. For supersonic and highly compressible
flows, the Eulerian equations in OpenFOAM are solved using the
density-based central scheme called rhoCentralFoam.”® 1t employs
the KNP method of Kurganov, Noelle, and Petrova” with van
Leer limiting and has been applied to various non-reacting bench-
mark tests including the one-dimensional Sod’s problem, two-
dimensional forward-facing step, and supersonic jet flows by Green-
shields et al.”® who demonstrated the ability to capture sharp dis-
continuities due to shocks without inducing oscillations. The central
scheme has also been validated for turbulent, high-speed reacting

scitation.org/journal/phf

flows (without the MMC combustion model) in our recent work
on an auto-igniting cavity stabilized ethylene flame™ and a coflow
hydrogen jet flame’* and also by others, e.g., the work of Wu et al.,’
Ye et al.,”®" and Wu et al.”*

The finite volume form of the Eulerian LES equations for
momentum and enthalpy [Egs. (2) and (6)] is integrated with a low-
cost, operator-splitting method.”® In the first step, explicit predictor
equations are solved for the convection of conserved momentum
and equivalent sensible enthalpy,

0, . o
O (51) +v - (09 +58,) -0, 1)
%(ﬁ?)Jrv-(Uﬁ?)—&,-jv-U:o, (14)

where MJ = pilj, U= (i, tj, ity.) is the filtered velocity vector, V - F
is the divergence of vector F = (Fx, F,, F;), and HE = phf — p. The
second-order semi-discrete, non-staggered, central-upwind scheme
(i.e., KNP method’) is used for the spatial discretization in Egs. (13)
and (14). In the second step, corrector equations are solved for the
diffusion of the primitive velocity and equivalent sensible enthalpy
variables

0 N 9] NP 0 - sgs
7 P = 5, (Pit) —aij(fu—ff)za (15)

p(nlr* - i)

Trel

(%) - 5 (o) - %(wﬁ%ﬁ) - . (19)

where (pitj)’ and (pﬁ?)l are discretized implicitly, while (pi;)°

and (pﬁ?)e are discretized explicitly using the known values from

Egs. (13) and (14), respectively. The convective transport terms for
the bounded scalar quantities, namely, SGS kinetic energy transport
equation [Eq. (5)], equivalent species mass fractions [Eq. (7)], and
RMF [Eq. (8)], are discretized with a Total Variation Diminishing
(TVD) scheme. To minimize non-orthogonality errors, the diffusive
terms in Egs. (5), (7), (8), (13), and (16) are split into orthogonal
and non-orthogonal parts.”’ For the former, a second-order Gauss
scheme with linear interpolation is used, and for the latter surface,
interpolation of variable normal gradients is applied. All Eulerian
transport equations are temporally discretized with a second-order
implicit Crank-Nicolson scheme.

The stochastic Lagrangian transport equations (9)-(12) are
integrated as three fractional steps. Spatial transport in Eq. (9) uses
the first-order Euler-Maruyama scheme.”* Chemical source terms
are integrated in time using a stiff ODE solver called seulex.”
The particle pairs for the mixing are selected dynamically using a
k-dimensional tree algorithm.”® Full details are provided in Ref. 42.

Instantaneous two-way coupling is implemented between the
Eulerian LES fields and Lagrangian particles. To solve the SDEs, the
filtered velocity, pressure and its material derivative, and RMF and
SGS diffusivity from the Eulerian LES are tri-linearly interpolated
at particle locations. As mentioned earlier and in line with other
FDF work,” the SGS contributions of the filtered pressure are not
considered in this interpolation and the same applies to the viscous
heating terms. Meanwhile, density is passed from the Lagrangian
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field to the LES. Due to the stochastic nature of Lagrangian density
and the sparse distribution of particles, this density transfer is non-
trivial and necessitates the solution of the filtered equivalent sensible
enthalpy and composition fields through Egs. (6) and (7).

lll. CASE CONFIGURATION
A. Experimental configuration

The target experimental configuration is a hydrogen-fuelled,
strut-based model supersonic combustor.”” A two-dimensional slice
of the three-dimensional domain is shown in Fig. 1. The combustor
height (y-direction) at the entrance is 50 mm, and the total length
(x-direction) is 340 mm. The width (z-direction, not shown) is
45 mm. The wedge-shaped strut is 6 mm high by 32 mm long and is
placed at the combustor centerline, a distance of 77 mm downstream
of the entrance. Around the downstream surface of the strut, at
x =109 mm, there are 15 circular hydrogen (H,) injectors. The upper
combustor wall has a divergence angle of 3° starting at x = 100 mm
to compensate for the boundary layer expansion.”’ The experimen-
tal data of mean and Root-Mean-Square (rms) fluctuations of axial
velocity at different streamwise locations, bottom wall pressure, as
well as schlieren images are available for both non-reacting and
reacting cases. The time-averaged temperature at different stream-
wise locations and velocity along the centerline are also available for
the reacting case.

The experimental inlet boundary conditions for both non-
reacting and reacting cases are given in Table I, where p is the pres-
sure, T™ is the stagnation temperature, Ma is the Mach number, k; is
the turbulent kinetic energy, and Y,, is the mass fraction of species
m. Specifically, air enters the combustor at Ma = 2.0 with a stagna-
tion temperature of 600 K and a static pressure of 0.1 MPa. Hydro-
gen is injected sonically at a stagnation temperature of 300 K and
a static pressure of 0.1 MPa. The global equivalence ratio is 0.034.
Note that the inlet pressure, temperature, and velocity are time-
averaged values. The inflow Reynolds numbers estimated based on
the inlet conditions for air and hydrogen are 1.78 x 10° and 6.67 x
10°, respectively.

x=100!}x=109

y [mm]

0 60 120 180 240 300
x [mm]

FIG. 1. Two-dimensional schematic of the model supersonic combustor.*® Domain
P4—P; behind the strut is for visualization in Figs. 11, 13(a), and 13(b).
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B. Eulerian computational configuration

The Eulerian computational domain is discretized using
4866900 hexahedrons. The minimum grid size is 0.11 mm,
0.07 mm, and 0.07 mm in x, y, and z directions, respectively. The
time step used is 1077, corresponding to a maximum Courant num-
ber of about 0.1. This grid resolution is chosen based on our previous
LES of the same combustor with a Partially Stirred Reactor (PaSR)
combustion model"”” and is also comparable with those of Wang
et al."® and Wu et al.”' The grid is clustered around the injector in
the combustor and the regions after the strut where strong mixture
gradients exist. A posteriori analysis of one of the present reacting
MMC-LES (case 3, which is detailed later in Table II) indicates that
the spatially averaged y+ value at the strut wall is less than 1.0. The
resolution near the external combustor walls is similar although slip
boundary conditions are applied there as those walls have negligi-
ble effects on the mixing and combustion processes in the central
region of the combustor as found in our recent work.”” Hence, the
Shock/Boundary Layer Interactions (SBLIs) on the combustor walls
are not accounted for in this work as previous work has indicated
that they have negligible effects on the central combustion regions.”’
A further measure of the grid resolution is obtained from the ratio
of the SGS viscosity to the molecular viscosity,”**

=—. 17

e =" (17)
Figure 2 shows an instantaneous scatter plot of ur vs the filtered
heat release rate colored by the temperature scale at the combus-
tor central-plane for the same case 3. For most of the regions with a
significant heat release rate (i.e., g > 1 x 10° W/m?, which is greater
than 5% of the highest value), the corresponding values of yr are less
than 3 (bounded by the pink dashed box in Fig. 2). These data points
satisfy the well-resolved LES criterion of Bouheraoua et al.” Only
a small number of data points have yr > 3, and these correspond
to the locations of low temperature and low heat release rate (typi-
cally less than 1 x 10° W/m?®) outside the main combustion area of
interest.

Supersonic Dirichlet boundaries are specified at both the air
and hydrogen inlets. Previous work on this combustor”*’ ' shows
that interactions between the neighboring fuel jets is small, and the
injection may be treated as being quasi-two-dimensional. Therefore,
a simplified single injector configuration (2.4 mm wide in the z-
direction) is used here. To retain the global equivalence ratio, the
diameter of the injector is adjusted to be about 0.9 mm. This simpli-
fication does not significantly change the injector surface to volume
ratio and, as confirmed in Sec. IV A, is sufficient to reproduce the
main flow structures including shocks, expansion fans, and shear
layers between the central subsonic zone and supersonic air inflow.

TABLE II. Information for test cases.

Case no. N, R Ap (mm) Note
TABLE . Inlet boundary conditions.**
1 973380 1L/5E 0.135  Non-reacting with Dp/Dt
Inlet p (MPa) T (K) Ma ki (mz/sz) Yoo Ymo Yo Ym 2 486690 1L/10E 0.173 Reacting with Dp/Dt
3 973380 1L/5E  0.135  Reacting with Dp/Dt
Air 0.1 600 2.0 10 0.232 0.032 0.736 0.0 3a 973380 1L/5E 0.135 Reacting without Dp/Dt
H, 0.1 300 1.0 2400 0.0 0.0 0.0 1.0 4 1622300 1L/3E 0.115 Reacting with Dp/Dt
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FIG. 2. Instantaneous scatter plot of y/u vs g colored by the temperature scale for
case 3.

Based on the experimental values of k;, the inlet velocity has tur-
bulent fluctuations of 3.3% and 0.35% of the mean values at the air
and hydrogen inlets, respectively. Since the outflow is supersonic,
zero gradient conditions are applied at the outlet boundary for all
variables.

C. Lagrangian computational configuration

As this is the first application of MMC-LES to supersonic flows,
anumber of computational configurations are tested, as indicated in
Table IT to analyze the sensitivity to the sparse stochastic particle
resolution. Additionally, we examine the importance of the com-
pressible pressure work term in Eq. (11), which has been neglected
in previous MMC-LES. Note that the viscous heating term for the
present combustor configuration is a factor of at least 1000 times
smaller than the pressure work term and may be neglected. The
non-reacting case 1 is compared to the experimental data for mean
and rms of axial velocity at different streamwise locations and the
central-plane schlieren image in order to validate the solver’s capa-
bility to capture discontinuities and fluid mixing. The reacting cases
are tested for three different particle resolutions. Here, N, is the total
number of particles in the domain, and results are obtained over a
fourfold variation. Ry is the ratio of Lagrangian particles to Eule-
rian LES cells (all have fewer particles than cells and are therefore
considered sparse), and Ay is the nominal spatial distance between
the particles. Case 2 is the sparsest case, while case 4 is the densest
case. A particle number control algorithm is employed by cloning
or killing particles if the number falls below or above the lower and
upper limits, respectively."’

Stochastic particle chemical kinetics uses an improved version
of Marinov’s detailed hydrogen oxidation chemistry containing nine
species (Hz, Oz, N3, H,O, HO,, H,0;, H, O, and OH) and 27 ele-
mentary reactions (including reverse reactions).”” It has been exten-
sively validated by Marinov et al. and is found to reproduce exper-
imental laminar flame speed, flame compositions, and shock tube
ignition delay times accurately.”” In the Appendix, further compar-
isons are made for ignition delay time and laminar flame speed with
the experimental data,”””" and good accuracy of this mechanism
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can be observed for operating conditions relevant to supersonic
combustion.

IV. RESULTS AND DISCUSSION

To ensure convergence following an initial purge of the field
(3.5 ms from the initial injection), the stationary statistical results
presented in this section were compiled over an additional flow time
of 4.5 ms corresponding to about ten characteristic domain flow-
through times (estimated based on the combustor length and air
inlet velocity). Simulations were performed on 60 bi-processors with
2.60 GHz cores on the ASPIRE 1 Cluster at the National Super-
computing Centre in Singapore. The computational time for case
3 is about 14300 CPU-h per flow-through time, of which ~79.3%
is associated with the Eulerian scheme (including the solution of
the equivalent species and sensible enthalpy equations for the den-
sity coupling between Eulerian and Lagrangian fields) and 20.7% is
associated with the Lagrangian scheme on which the chemistry is
integrated. As a comparison, the Quasi-Laminar Chemistry (QLC)
LES of this same combustor (simulated with an identical chemi-
cal mechanism, mesh, and turbulence model) in our recent work™
has a similar overall computational cost (16080 CPU-h per flow-
through time) of which ~44.4% is associated with integration of the
chemical kinetics. These breakdowns and the similarity of the total
cost, despite far fewer Lagrangian particles than LES cells, illustrate
the relatively low computational load for integration of the sim-
ple hydrogen scheme used in the present work. The cost savings of
sparse MMC-LES increase significantly with the complexity of the
fuel and the required kinetics scheme.

A. Non-reacting case

Figure 3 shows the cross-stream profiles of mean axial velocity
(tx-avg) and rms fluctuations (uxms) at various streamwise locations
for case 1. For comparison, we also include the LES results of Fureby
et al.”> and Génin and Menon.”” In Ref. 72, a full width combus-
tor (with 15 fuel injectors), 22.5 x 10° cells, and a mixed model
(the scale-similarity model mixed with a diffusive subgrid viscos-
ity model) are used. In Ref. 73, two fuel injectors, 2.5 x 10° cells,
and the dynamic one-equation eddy-viscosity SGS kinetic energy
model are used. The mean velocity is well predicted at all locations
in the present work and has comparable accuracy to the results of
Génin and Menon and is slightly better than the results of Fureby et
al., which exhibit somewhat larger deviations in the central mixing
regions at x = 120 mm and 167 mm. The rms predictions in Fig. 3
are also quite well predicted at the two locations where the exper-
imental data are available. The slight under-prediction of ux.ms in
the present simulations around the combustor centerline is similar
to the findings of Génin and Menon.

Figure 4 shows the contours of mean and instantaneous magni-
tude of density gradient (|Vp|) along with the experimental schlieren
image for case 1."" Overall, the predicted flow structures including
shocks, expansion fans, and shear layers between the central mix-
ing zone and the supersonic air stream are qualitatively similar to
those observed experimentally and bear close resemblance to those
reported in Refs. 72 and 73. Specifically, the axial intersection point
of the two reflected shocks at the central shear layers at x ~ 142 mm
(line 1), the incident points of the expansion fan and reflected shock
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FIG. 3. Profiles of axial velocity statistics at different streamwise locations for the
non-reacting case 1: (a) mean and (b) rms. The results are compared with the
work of Génin and Menon,”® the work of Fureby et al.,* and experimental data.*®
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FIG. 4. Contours of (a) mean and (b) instantaneous density gradient magni-
tude, and (c) experimental schiieren image™ for the non-reacting case 1. Lines
1, 2, and 3 indicate the intersection point of the two wall-reflected shocks, the
incident point of the expansion wave on the upper combustor wall, and the inter-
section point of the two wall-reflected expansion fans, respectively. The arrows
a and a’ indicate the destabilization of the eddies along the mixing layer after
the strut, and the dashed boxes indicate the same domain to the experimental
schlieren.

at the upper combustor wall at x ~ 170 mm (line 2), and the inter-
section point of the two reflected expansion fans downstream at x
~ 212 mm (line 3) are all well predicted by our LES. Comparison
of the instantaneous images in Figs. 4(b) and 4(c) also indicates
that the LES quite accurately predicts the point of destabilization
of the fuel/air interface and the start of lateral growth of eddies in
the mixing layer (see the arrows a and a’). Clearly, there is good
similarity between the simulations and the experiments in the cen-
tral region of the flow where mixing occurs. However, Fig. 4 also
reveals that there is a more complicated shock and expansion fan
structure along the bottom wall than the top wall. On the top wall,
the reflected shocks coincide quite neatly at the location indicated
by line 2. On the bottom wall, near point A, the reflected shocks
do not intersect on the wall, and there are likely to be significant
interactions with the boundary layer in the experiment. Although
the predictions and experiments show qualitative similarity along
the bottom wall, there are slight differences between them although
these are hard to judge as the experimental image lacks a strong
contrast in color shades. As mentioned already, the LES does not
capture SBLIs, and this may contribute to differences in the shock
structure.

To explore the capability of the Lagrangian scheme to cap-
ture discontinuities and the contribution of pressure work to the
overall standardized enthalpy of the gas, Fig. 5 shows the instan-
taneous standardized enthalpy, 7, and the pressure work fraction,

q . . .
7l = [%%] / (%)’ on Lagrangian stochastic particles for case 1.

Here, h? has been clipped to the range of 0 MJ/kg-0.1 MJ/kg to
highlight the effect of the Dp/Dt term near the shocks and expan-
sion fans. Note that the central jet region has much higher enthalpy
due to the injection of the fuel. It is seen that h? generally increases
in post-shock regions (due to the compression work input from
the surrounding gas) and decreases in the expansion fans (due to
the work done on the surroundings). In Fig. 5(b), the maximum

E .|
h9 [MIkg]: 0 0.05 0.1
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FIG. 5. Instantaneous distributions of particles colored by (a) h% and (b) 7% in the
non-reacting case 1.
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17 of 19.2% occurs at shock fronts, whereas the minimum value of
—23.8% occurs at the expansion fans. Beyond these discontinuities
(shocks and expansion fans), the pressure work effect is not signif-
icant and corresponds to only a few tenths of a percent of the total
standardized enthalpy.

B. Mean results and sensitivity to stochastic particle
number in reacting cases

Figure 6 shows the cross-stream profiles of mean and rms of
axial velocity at different streamwise locations in the reacting flows.
The results are shown for MMC-LES cases 2, 3, and 4 with a fourfold
variation in stochastic particle number, N,. The negligible differ-
ences between these predictions indicate that there is a low sensitiv-
ity of velocity to N, and hence a low sensitivity to the mean particle
mixing distance, Rig. In comparison to the experimental data, the
mean velocity is well predicted at most locations. There is slight
overshoot at x = 120 mm near where the recirculation behind the
strut breaks down, and this is consistent with earlier LES using the
partially stirred reactor model,”’ "’ the flamelet model,"" and the
Eulerian stochastic fields PDF method.”” For the three axial locations
shown, the rms velocities are captured reasonably well, especially at
x = 120 mm and 199 mm. At x = 167 mm, relatively large devia-
tions are seen in the central combustion zone. This may result from
the strong unsteadiness around the end of the recirculation zone (x
~ 150 mm based on our LES). A similar over-prediction of tx.yms
around the combustor centerline at x = 167 mm is also seen in other
studies.””

Figure 7 shows the profiles of mean temperature (Tay) at dif-
ferent streamwise locations for cases 2—4. There is again a very low
sensitivity to the particle number. In the central combustion zone at
x =120 mm and 167 mm, Ty, is slightly under-predicted, whereas
at x = 275 mm, it is predicted very well. Figure 8 shows the cen-
terline (at y = 25 mm) profiles of mean axial velocity and pressure
along the bottom wall of the combustor (at y = 0 mm). Figures 7 and
8 demonstrate good predictions for ux.ave and pay,, respectively, and
both demonstrate a very low sensitivity to the number of stochas-
tic particles. The under-prediction of ux 4y in the strut wake zone
in Fig. 8(a) is also found in other LES work™ *"">"* and may be
caused by the turbulence of the H; jet. Note that there are no direct
experimental data for the inlet velocity fluctuations, and hence, the

Case2 ——Case3 Case 4
1 T T T T
© $r T Th ® -
= FIG. 6. Profiles of axial velocity statistics
é 4} + + L at different streamwise locations for the
= reacting cases 2-4. [(a)-(c)] mean and
i 1L 1 1 | [(d)—(f)] rms. Experimental data from Ref.
43.
249 mm 120 mm 167 mm | [§ 199 mm
| I ) 11 . 1 11 L L
600 -20 600 0 160 0 160 0 160

Ugyms (/]

accurate reproduction of the real inlet turbulence is difficult in our
LES. The pressure predictions follow the correct trend with the axial
position, but there is under-prediction further downstream. This
may be associated with a late pressure rise due to the unresolved
SBLI and subsequent axial location inaccuracies in the reflected
shocks along the bottom wall. Furthermore, this is a common
problem in other relevant studies,”””"”>"*"* regardless of the SGS
combustion models used.

The above statistics of MMC-LES in Figs. 6-8 are generally
better predicted compared with those of the QLC-LES in the pre-
vious work for this same combustor,”” especially in the downstream
locations. Note that in the upstream (e.g., before x = 199 mm), the
QLC-LES is highly resolved as it has been demonstrated in Fig. 11
of Ref. 59, and therefore, the QLC-LES also gives good predictions
there. After x = 199 mm, the MMC-LES gives better predictions even
with only one particle for every ten LES cells (case 2).

Figure 9 shows the scatter plots of temperature and H,O and
OH mass fractions in mixture fraction space for cases 2-4 colored
by the streamwise location. The data points are instantaneous values
on the stochastic particles, and the figures are obtained by collecting
the ensemble over time. Localized extinctions are most pronounced

1 4 | 1 4 | | |
#sH @ T ® T .
— e
Pfg o>
~ L
120 mm 167 mm 275 mm
5 - —— —— —
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200 1600 200 1600 200 1600
Tove [K]

FIG. 7. Profiles of the mean temperature at different streamwise locations for the
reacting cases 2—4. Experimental data from Ref. 43. The legend is the same as in
Fig. 6.
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upstream where TCI are significant, and the flame structure returns
toward equilibrium downstream. Generally, the results of the three
cases with various numbers of particles are quite close at three loca-
tions, indicating a low sensitivity to the sparse particle number.
Some minor differences are observable in the OH mass fraction. For
instance, for the OH mass fraction at x = 199 mm in case 3, there are
slightly fewer particles present that have reactive and intermediate
states, which may lead to slight underestimations of the instanta-
neous localized extinction and re-ignition. However, the location x
=199 mm is far from the strut base (x = 109 mm) as well as the flame
base (x ~ 138 mm) and hence has a limited effect on the upstream
L L ] flame dynamics. Further exploration of the flame structure and sen-

120 160 200 240 sitivity to the particle number is given in Fig. 10, which shows the
x [mm] mean and rms of temperature and H,O and OH mass fractions con-

ditioned on the mixture fraction, z. The substantial departure from

FIG. 8. Streamwise profiles of mean () axial velocity and (b) bottom wall pressure equilibrium is evident at the most upstream location through the
faosrit:eF irgagtmg cases 2-4. Experimental data from Ref. 43. The legend is the same lower peak mean conditional temperature and OH mass fraction.
o The conditional means have virtually no sensitivity to the particle
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number. The conditional rms has stronger stochastic errors when
fewer particles are used, but this is improved if the temporal aver-
aging period is increased, and most importantly, due to the MMC
model preserving conditional means in mixture fraction space, there
is no bias error evident in the results for the cases using fewer par-
ticles. The predictions of other major and minor reactive scalars
(e.g., H2 and O, mass fractions, not shown) exhibit a similar low
sensitivity to the particle number.

Overall, all the results in Figs. 6-10 demonstrate a low sensitiv-
ity to the number of particles, which is expected due to the enforce-
ment of mixing localness in reference mixture fraction space, and
that good results can be obtained with as few as one stochastic par-
ticle for every ten LES cells. This is in agreement with MMC-LES of
low-Mach combustion cases.

C. Flame dynamics

In this section, case 3 is selected for further analysis of the
unsteady flame dynamics. Figure 11 shows the instantaneous con-
tours of temperature, heat release rate, and OH mass fraction for
the sub-domain P,-P; (see Fig. 1). The mean position of the flame
base is indicated by line A (at x ~ 138 mm) in Fig. 11(a), which
is defined as the first axial occurrence where T4y, = 1450 K. Based
on our tests, choosing other reasonable threshold values of Ty, or
indeed other quantities (e.g., reaction rate of H,), does not cause
an obvious change of the identified flame base locations. The flame
base is stabilized in a central recirculation zone that extends from
x =109 mm to x ~ 159 mm on the downstream side of the fuel
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g [Wim?]: 1e9 1lel0 1.9¢10
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FIG. 11. Contours of (a) temperature, (b) heat release rate, and (c) OH mass
fraction from the reacting case 3. The results are for the equivalent species and
equivalent sensible equations and are approximations of the instantaneous filtered
fields. Line A indicates the mean position of the flame base, and lines B and C indi-
cate the boundaries of the reaction induction zone, transitional zone, and turbulent
combustion zone. The pink line in Fig. 11(c) is the stoichiometric iso-line, i.e., Zs
= 0.0283. The starting point of the x-axis lies at the rear edge of the strut (i.e.,
x =109 mm).
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strut. For axial locations upstream of line B (x ~ 142 mm), the rather
straight property contours indicate that there is very little spanwise
turbulent mixing in the shear layer between the fuel jet and the air
stream. From line B to line C (x » 182 mm), turbulent mixing in
the shear layer increases somewhat and combustion can be observed
with rapid streamwise increases in T, ¢, and Yon. Downstream of
location C, large scale vortices appear along the shear layer, and there
are considerable spanwise variations in the flame. The three zones
A-B, B-C, and downstream of C, which may be broadly classified
as reaction induction, transitional, and turbulent combustion zones,
are found to in good agreementwith those reported in Refs. 50 and
72.

Figure 12 shows the contours of mean and instantaneous mag-
nitude of density gradient, as well as the experimental schlieren
image for the reacting case.”” Once again, flow structures including
shocks, expansion fans, and shear layers between the central recir-
culation zone and supersonic air stream are clearly seen and bear
close resemblance to those reported elsewhere.”””">”" Specifically,
the incident points of the two reflected shocks at the central shear
layers at x ~ 140 mm and 150 mm (indicated by the dotted lines 1 and
2 with circles) are well predicted by LES in comparison to the exper-
imental schlieren image. The destabilization of the eddies along the
shear layer (see the dashed line 3) is also well captured in our LES.
The accurate reproduction of the shock incidence location around
the flame is important in this case, since it may enhance the local
chemical reactions due to elevated pressure and therefore improve
the flame stability.” This is further analyzed in Figs. 13 and 14.

Figures 13(a) and 13(b) show the instantaneous h? on
Lagrangian particles for cases 3a and 3, respectively, and the differ-
ences between them allow us to examine the magnitude and effects
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FIG. 12. Contours of (a) mean and (b) instantaneous magnitude of density gradi-
ent, and (c) experimental schlieren image*® for the reacting case 3. Lines 1 and
2 indicate the incident points of the lower and upper wall reflected shocks at the
central shear layer, respectively, whereas line 3 indicates the destabilization of
the shear layer. The dashed boxes indicate the same domain to the experimental
schlieren.
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of pressure work. Difference can be found, especially in the strut
wake zone, where h? is generally higher when the Dp/Dt pressure
work term is included. This is particularly noticeable in the reac-
tion induction zone (x < 142 mm). Consequently, this may affect the
transient flame dynamics, specifically the fluctuations of the flame
base locations (shown later in Fig. 14). Figure 13(c) shows h? in a
narrower magnitude range for case 3 to highlight the effect of the
Dp/Dt term near the shocks and expansion fans. The overall distri-
bution of A7 is similar to the counterpart of the non-reacting case 1 17
shown in Fig. 5(a), especially in the coflow regions, while the cen-

tral region downstream of the strut in Fig. 13(c) is broadened in the t [1113]

reacting case. Figure 13(d) shows the pressure work fraction #? for

case 3. The maximum value of #7 is about 18.6% at the shock fronts, FIG. 14. Time evolutions of flame lift-off distance for cases 3 and 3a.
slightly lower than the corresponding value (19.2%) for the non-
reacting case. This may be due to the fact that the overall pressure

=
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in the combustor section after the strut is slightly higher when com-
bustion is occurring, which decreases the pressure ratio and hence
the pressure work across the shock front. The minimum value of #1
is about —24.5% in case 3 at the expansion fan, also slightly lower
than the value of —23.8% observed for the non-reacting case. The
reason may be similar; as the expansion fan has a smaller margin to
expand with higher back pressure for the present reacting case, and
consequently, the available pressure work across the expansion fan is
decreased. Around the shock incidence location marked by the pink
ellipse in Fig. 13(d), which is close to the flame stabilization point,
the pressure work fraction 77 is relatively higher than its surround-
ing. These results illustrate the importance of including the pressure
work term in MMC-LES modeling of supersonic flames with shock
interactions.

Figure 14 shows the time evolutions of the flame lift-off dis-
tances in cases 3 and 3a. The flame lift-off distance dj;; is identified
as the streamwise distance between the strut base (i.e., x = 109 mm)
and the flame base [identified as in Fig. 11(a)]. The mean lift-off dis-
tances are quite similar at 28.8 mm and 29.6 mm for cases 3 and
3a, respectively, and the flame base sits near the intersection of the
incident shocks at x ~ 140 mm and inside the recirculation zone
that is about 40 mm long. Interestingly, the oscillation of dj;; with
time is much stronger when the Dp/Dt term is deactivated in case
3a. The pressure work contributes nearly one-fifth of the enthalpy
at the shock front [see Fig. 13(d)], and without this effect, the flame
stabilization is somewhat weaker and the flame base location is more
variable.”’ In case 3a, the moving flame base nearly reaches the end
of the recirculation zone at some instants, but it does not blow-off
as it is supported by eddies of the hot product recirculating from
downstream.

E
h? [MJkg]: O 18

V. CONCLUSIONS

Sparse MMC-LES is extended to the supersonic combustion
regime for the first time and validated against the data for a model
combustor. A new compressible form of MMC-LES is developed,
which specifically includes pressure work and viscous heating effects

although the latter is negligibly small and can be neglected for the
80 120 160 200 studied flow conditions. Incorporation of the sophisticated MMC
X [mm] closure for supersonic combustion including subgrid fluctuations

but with fewer particles required than LES cells distinguishes the
present work from previous MMC modeling of subsonic flows
and quasi-laminar chemistry modeling of supersonic flows. The
implementation involves a coupling of an Eulerian density-based

FIG. 13. Instantaneous distributions of particles colored by (a) h? in case 3a without
Dp/Dt, (b) h? in case 3 with Dp/Dt, (c) h? (range clipped: 0 MJ/kg-0.1 MJ/kg) in
case 3 with Dp/Dt, and (d) #% in Case 3 with Dp/Dt.
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Kurganov, Noelle, and Petrova scheme for filtered mass, momen-
tum, and reference mixture fraction, which is suitable for flows
with sharp discontinuities, and a stochastic Lagrangian scheme for
the subfilter FDF of species and standardized enthalpy. Consistency
between the two sub-schemes is achieved through additional Eule-
rian equations for equivalent composition and equivalent sensible
enthalpy, which are coupled to the Lagrangian scheme via condi-
tional source terms. The sensitivity of the results to variations in
the sparse particle distribution over a range of 1L/10E to 1L/3E
(representing a more than three times increase in the total parti-
cle number and associated computational expense) is investigated
for the reacting flow cases and found to be negligible for veloc-
ity, pressure, temperature, and reactive species fields. The results
of MMC-LES show good overall agreement with experimental data
in terms of time-averaged quantities (axial velocity, temperature,
and wall pressure) and second-order moments (root-mean-square
fluctuation of axial velocity) at different streamwise locations and
centerlines for both non-reacting and reacting flows. The numerical
schlieren images also show close resemblance to their experimen-
tal counterparts including the spatial distribution of shocks, expan-
sion fans, and recirculation zones. The pressure work term that is
included in the stochastic differential equations is shown to have
a significant role in predicting the unsteady behaviors of the flame
base.
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APPENDIX: COMPARISON OF HYDROGEN
MECHANISMS

The detailed mechanism for hydrogen/air combustion with 9
species/27 reactions’’ (9s/27r) used in this study is validated with
the experimental data’””" in terms of ignition delay time and lami-
nar flame speed. Two additional mechanisms that are widely used
for hydrogen/air combustion are also compared. They are Jachi-
mowski’s 9 species/19 reactions skeletal mechanism (9s/ 19r)"* and
Eklund’s 7 species/7 reactions reduced mechanism (7s/7r).” Fig-
ure 15 shows the comparisons of ignition delay time (i) and lam-
inar flame speed (s,) from all three mechanisms with experimental
data. It is found that the 9s/27r mechanism used in this work shows

good accuracy in calculating ignition delay time and laminar flame
speed in a wide range, i.e., a temperature of 830 K-2500 K and an
equivalence ratio of 0.4-3.2.
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