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ABSTRACT
Propagation of weakly stretched spherical flames in partially pre-vaporized fuel sprays is theoretically investigated in this work. A general
theory is developed to describe flame propagation speed, flame temperature, droplet evaporation onset, and completion locations. The influ-
ences of liquid fuel and gas mixture properties on spherical spray flame propagation are studied. The results indicate that the spray flame
propagation speed is enhanced with increased droplet mass loading and/or evaporation heat exchange coefficient (or evaporation rate).
Opposite trends are found when the latent heat is high due to strong evaporation heat absorption. Fuel vapor and temperature gradients
are observed in the post-flame evaporation zone of heterogeneous flames. The evaporation completion front location considerably changes
with flame radius. For larger droplet loading and a smaller evaporation rate, the fuel droplet tends to complete evaporation behind the flame
front. Flame bifurcation occurs with high droplet mass loading under large latent heat, leading to multiplicity of flame propagation speed,
droplet evaporation onset, and completion fronts. The flame enhancement or weakening effects by the fuel droplet sprays are revealed by
the enhanced or suppressed heat and mass diffusion process in the pre-flame zone. Besides, for heterogeneous flames, heat and mass diffu-
sion in the post-flame zone also exists. The mass diffusion for both homogeneous and heterogeneous flames is enhanced with a decreased
Lewis number. The magnitude of the Markstein length is considerably reduced with increased droplet loading. Moreover, post-flame
droplet burning behind the heterogeneous flame influences the flame propagation speed and Markstein length when the liquid fuel loading
is relatively low.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0031638., s

I. INTRODUCTION

Liquid fuel is predominantly used in many combustion appli-
cations, e.g., aero-engines and rocket engines. High-efficiency and
low-emission spray combustion devices are in high demand nowa-
days. To achieve this, it is significant to first clarify the fundamental
aspects of two-phase combustion, and one of them is flame initiation
and propagation in sprayed fuel droplets.

The effects of fuel droplet properties on spray flame propa-
gation have been extensively studied. For instance, Mizutani and
Nakajima1,2 observed that adding kerosene droplets intensifies the
propane/air combustion. However, it is also found that there
exist appropriate droplet quantities for combustion enhancement.1

Moreover, Myers and Lefebvre3 studied six liquid fuel sprays and

found that the flame speed is inversely proportional to the mean
droplet diameter above some critical value and increases with the
overall equivalence ratio. Hayashi and Kumagai4 observed that the
flame speed decreases with liquid fuel loading in overall fuel-lean
mixtures. Nomura et al.5–7 found that the flame speed of fuel
(methanol and ethanol) droplet–vapor–air mixtures exceeds that of
premixed gaseous of the same total equivalence ratio in the fuel-lean
and fuel-rich regions of the total equivalence ratio. Moreover, Atzler
et al.8 observed that the burning rates of iso-octane/air aerosols
are strongly affected by the droplet diameter when the equivalence
ratio is high. Similar results are also achieved by Bradley et al.,9

through analyzing the equivalence ratio and droplet size effects on
flame propagation speeds of iso-octane and ethanol aerosols. It is
also seen by Neophytou and Mastorakos10 that the high flame speed
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of n-heptane and n-decane is achieved with small droplet diame-
ters and long residence time under fuel-lean condition. Ren et al.
numerically studied spray flame propagation behaviors involved in
vortices of supersonic mixing layers,11,12 and they found that the
vortex dynamics and elevated pressure considerably affect spray
combustion.

The foregoing influences of the liquid fuel sprays on flame
propagation are related to the droplet behaviors, e.g., movement,
heating, and evaporation.13,14 It is observed through spray com-
bustion experiments4,8,15–19 that small-sized droplets can complete
evaporation in the preheating zone or immediately around the
flame front, but relatively large droplets penetrate though the flame
front and continue vaporizing in the post-flame zone. Three spray
flame propagation modes are identified from the droplet-level OH∗

chemiluminescence and OH-PLIF images by de Oliveira and Mas-
torakos,15 including droplet propagation, inter-droplet propaga-
tion, and gaseous-like propagation modes. Furthermore, Thimothée
et al.19 studied the passage of liquid droplets through a spherical
flame and found that the droplet size and inter-droplet distance are
the most important controlling factors. These peculiar phenomena
have also been observed in Direct Numerical Simulation (DNS) of
spray combustion.20–22

However, how the droplet distribution and flame propagation
intrinsically interact with each other is still not well understood.
This is partly caused by the comprehensive (hence complicated)
interphase coupling in spray flames, and therefore, it is challeng-
ing to underpin the mechanism behind the observed flame/droplet
behaviors. Theoretical analysis is deemed a powerful tool for two-
phase combustion studies since it can retain or isolate the most
relevant factors in the studied problem, thereby highlighting phys-
ical relevance and ensuring conclusion generality. For instance,
Lin et al.23,24 developed a theoretical model for fully and par-
tially pre-vaporized burning sprays. Greenberg25,26 derived an evo-
lution equation for a laminar flame propagation into fuel spray
cloud, considering finite-rate evaporation and droplet drag effects.
However, in the above studies,23–26 the flame–droplet interactions
are not studied. Recently, Han and Chen27 further examined the
influences of finite-rate evaporation on spray flame propagation
and ignition and found that the flame propagation speed, Mark-
stein length, and minimum ignition energy are strongly affected by
droplet loading and the evaporation rate. Nonetheless, in their work,

the droplets are assumed to be distributed in the full burned and
unburned areas. With a more general theory, Li et al.28 considered
the droplet evaporation completion before or after a steadily propa-
gating planar spray flame front and found that differentiated droplet
distributions have significant importance on flame propagation.
Zhuang and Zhang29 theoretically analyzed the consistently vary-
ing droplet distributions in a propagating spherical flame, but only
fine water sprays are studied. Therefore, the interactions between
liquid fuel sprays and propagating spherical flames merit further
investigation.

In this work, we aim to conduct theoretical analysis on prop-
agation of a spherical spray flame in partially pre-vaporized fuel
sprays. Dynamic droplet distributions with a propagating flame
front will be described in our model, characterized by evolving
droplet evaporation onset and completion locations. This leads to
localized homogeneous and heterogeneous reactants at the flame
front. The influences of liquid fuel and gas mixture properties will
be examined, including evaporation heat transfer coefficient (or
evaporation rate), droplet mass loading, latent heat of vaporiza-
tion, and Lewis number. The rest of this paper is structured as
below. The physical and mathematical models are presented in
Sec. II. The analytical solutions are listed in Sec. III. The results
will be discussed in Sec. IV. Section V closes the paper with main
conclusions.

II. PHYSICAL AND MATHEMATICAL MODEL
A. Physical model

In this work, one-dimensional spherical flames in partially pre-
vaporized fuel sprays will be studied. Two general scenarios are
considered, with evaporating droplets: (1) in both pre- and post-
flame zones and (2) in the pre-flame zone only. The sketches of
their physical models are shown in Figs. 1(a) and 1(b), respectively.
There are three different characteristic locations for liquid and gas
phases in our model, including the gaseous flame front (Rf ), droplet
evaporation onset (Rv), and completion (Rc) fronts. Specifically, Rv
corresponds to the location where the droplet starts to evaporate.
The droplets are just heated up to boiling temperature, and behind
this front (i.e., R < Rv), the droplet temperature maintains the boil-
ing temperature and evaporation continues.27,29–32 The evaporation

FIG. 1. Schematic of the outwardly propagating spherical
flame in liquid fuel mists: (a) heterogeneous flame and (b)
homogeneous flame. Circle: fuel droplet. Red line: flame
front (Rf ); green line: evaporation completion front (Rc);
blue line: evaporation onset front (Rv ). Black arrow: flame
propagation direction.
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onset front Rv is always before the flame front Rf , indicating that
onset of droplet vaporization spatially precedes the gaseous combus-
tion. Moreover, Rc denotes the location at which all the droplets are
critically vaporized. When R < Rc, no droplets are left, and hence,
their effects on the gaseous flame diminish.

In Fig. 1(a), the evaporation completion front lies after the
flame front (i.e., Rc < Rf < Rv). The local mixture around the flame
front Rf is composed of gaseous vapor and evaporating fuel droplets.
In Fig. 1(b), the evaporation completion front is located before the
flame front (i.e., Rf < Rc < Rv), and the mixture around the flame
front is purely gaseous since all the droplets have been gasified into
vapor there. For brevity, hereafter, we term the first and second cases
as heterogeneous (abbreviated as “HT”) and homogeneous (“HM”)
flames, respectively. As shown in Fig. 1, for both flames, zone 1 rep-
resents the pre-vaporization zone before Rv. Zone 2 indicates the
pre-flame evaporation zone before Rf for the heterogeneous flame
and beforeRc for the homogeneous flame. As for zone 3, it represents
the post-flame evaporation zone before Rc for the heterogeneous
flame and pre-flame zone without evaporation for the homogeneous
flame. Meanwhile, zone 4 is the post-flame zone without evaporation
for both flames. In the following, we will develop a general theory
to describe propagation and transition of homogeneous and het-
erogeneous spherical spray flames, considering consistently evolving
fuel droplets with the moving reaction front. In this model, intro-
duction of multiple liquid droplet zones renders it more general,
thereby better mimicking practical spray flame problems compared
with previous studies.25,27,31

B. Governing equation
For gaseous flames, the well-known diffusive-thermal model33,34

is adopted, with which the thermal and transport properties (e.g.,
density, thermal conductivity, and heat capacity) are assumed to be
constant and the convection flux is absent. This model has been used
in numerous studies on gaseous and two-phase flames.27,29,31,32,35,36

One-step chemistry is considered, i.e., F + O → P, with F, O, and
P being the fuel vapor, oxidizer, and product, respectively. Glob-
ally fuel-lean mixture (i.e., total equivalence ratios of fuel vapor and
droplets are below unity) is studied in this work. Therefore, the
equations for the gas temperature and fuel mass fraction are

ρ̃gC̃p,g
∂T̃
∂ t̃
= 1
r̃2

∂

∂ r̃
(r̃2λ̃g

∂T̃
∂ r̃
) + q̃cω̃c − q̃vω̃v + αq̃c̃̄ω, (1)

ρ̃g
∂ỸF

∂ t̃
= 1
r̃2

∂

∂ r̃
(r̃2ρ̃gD̃F

∂ỸF

∂ r̃
) − ω̃c + ω̃v − α̃̄ω, (2)

where the tilde symbol ∼ is used to indicate that the variables are
dimensional. t̃ and r̃ are, respectively, the temporal and spatial coor-
dinates. T̃, ρ̃g , C̃p,g , and λ̃g are the gas temperature, density, heat
capacity, and thermal conductivity, respectively. ỸF and D̃F are the
mass fraction and molecular diffusivity of the fuel. q̃c is the reaction
heat release per unit mass of the fuel. q̃v is the latent heat of vaporiza-
tion of liquid fuel, while ω̃v is the evaporation rate of the fuel droplet.
The chemical reaction rate ω̃c in Eq. (1) takes the Arrhenius form

ω̃c = ρ̃gÃỸF exp(−Ẽ/R̃0T̃). (3)

Here, Ã is the pre-exponential factor, Ẽ is the activation energy for
the reaction, and R̃0 is the universal gas constant.

The governing equations for the gas phase are similar to those
in our previous work,28 but droplet burning behind the flame front
is considered in this work. Specifically, in Eqs. (1) and (2), α is an
indicator for post-flame droplet burning in heterogeneous flames.27

Specifically, α = 0 indicates that droplet burning in the post-flame
zone is neglected, practically corresponding to the situations, e.g.,
when the local equivalence ratio is beyond the flammability limit
and/or the vapor/oxidizer is not well mixed.15 On the contrary, when
α = 1, we assume that the fuel vapor is totally consumed by the local
diffusion combustion surrounding individual droplets in the post-
flame zone.15 In this case, the last terms in Eqs. (1) and (2) are sink
terms, only applicable for the post-flame evaporation zone [zone 3 in
Fig. 1(a)] of the heterogeneous flame. The droplet burning term ̃̄ω
reads

̃̄ω = ω̃vH(R̃f − r̃). (4)

H(⋅) is the Heaviside function. Note that when α = 1, ̃̄ω = αω̃v is valid
at the right side of Eq. (2), which implies that all the vaporized fuel
behind the flame front R̃f is reacted with the heat release of q̃c̃̄ω in
Eq. (1).

For liquid fuel droplets, we assume that they are uniformly
monodispersed dilute spray in the initial pre-vaporized fuel/air mix-
ture. The droplets are spherical, and their properties (e.g., density
and heat capacity) are assumed to be constant. Due to the dilute
droplet concentration, the inter-droplet collisions are not consid-
ered, and therefore, the diffusion of liquid droplets can be neglected.
The above assumptions are also used in previous theoretical work on
two-phase flames.23,37–39 Furthermore, in zone 1 (pre-vaporization,
see Fig. 1), interphase thermal equilibrium is assumed, and hence,
they have the same temperature.27,29–32 The Eulerian description is
adopted for the liquid phase, and hence, the equation for droplet
mass loading Yd (≡ Ñdm̃d/ρ̃g) reads

∂

∂ t̃
( Ñdm̃d

ρ̃g
) = ∂Yd

∂ t̃
= − ω̃v

ρ̃g
, (5)

where Ñd is the droplet number density.
We assume that the heat transferred from the surrounding gas

to the droplets is completely used for phase change, which is related
to the latent heat of evaporation q̃v.4,29,30,32 Therefore, ω̃v in Eqs. (1),
(2), (4), and (5) can be modeled as

ω̃v =
Ñd s̃dh̃(T̃ − T̃v)H(T̃ − T̃v)

q̃v
, (6)

where s̃d = πd̃2 is the surface area of a single droplet, d̃ is the droplet
diameter, Nu is the Nusselt number, and T̃v is the boiling temper-
ature of the liquid fuel. h̃ is the heat transfer coefficient, estimated
using the Ranz and Marshall correlation,40

Nu = h̃d̃p
λ̃g
= 2.0 + 0.6Re1/2Pr1/3, (7)

where Nu, Pr, and Re are the Nusselt number, Prandtl number, and
particle Reynolds number, respectively. We can neglect the effect of
particle Reynolds number due to the assumption of kinematic equi-
librium, and therefore, Nu ≈ 2. Accordingly, the evaporation rate ω̃v
can be re-written as

ω̃v = Ñd s̃dλ̃gNu(T̃ − T̃v)H(T̃ − T̃v)/(d̃q̃v). (8)
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To render the analytical analysis more general, normalization of
Eqs. (1), (2), and (5) can be performed, with the following non-
dimensional parameters:

U = ũ
ũb

, r = r̃
l̃th

, t = t̃
l̃th
ũb

,Y = Ỹ
Ỹ0

,T = T̃ − T̃0

T̃b − T̃0
. (9)

Here, T̃0 and Ỹ0 denote the temperature and fuel mass fraction of
the pre-vaporized pre-mixture, respectively. ũb, T̃b = T̃0 + q̃cỸ0/C̃p,g ,
and l̃th = D̃th/ũb are, respectively, the laminar flame speed, adiabatic
flame temperature, and flame thickness based on the pre-vaporized
pre-mixture. D̃th = λ̃g/ρ̃gC̃p,g is the thermal diffusivity.

Following previous theoretical analysis for both gaseous flames
and two-phase flames with dispersed liquid droplets,27,31,35,41–46 we
adopt the quasi-steady state assumption in the moving coordinate
system attached to the stably propagating flame front Rf (t), i.e., η
= r − Rf (t). This assumption has been extensively validated by tran-
sient numerical simulations for gaseous spherical flames,35,41–43,47 in
which the unsteady effects are found to have a negligible influence
based on the budget analysis of diffusion, reaction, and convection
terms in stably propagating spherical flames. Moreover, due to rela-
tively dilute fuel droplet concentration, their influences on the reac-
tion zone thickness are small, and therefore, gaseous combustion
still dominates.27,30 In addition, due to the kinematic equilibrium
between the two phases, the droplets approximately follow the car-
rier gas. Therefore, the non-dimensional equations (1), (2), and (5)
can be written as

−U dT
dη
= 1

(η + Rf )
2
d
dη
[(η + Rf )

2 dT
dη
] + ωc − qvωv + αω̄, (10)

−U dYF

dη
= Le−1

(η + Rf )
2
d
dη
[(η + Rf )

2 dYF

dη
] − ωc + ωv − αω̄, (11)

−U dYd

dη
= −ωv, (12)

where U = dRf /dt is the non-dimensional flame propagating speed.
qv = q̃v/[C̃p,g(T̃b − T̃0)] is the normalized latent heat of vaporiza-
tion. Le = D̃th/D̃F is the Lewis number. The normalized chemical
reaction rate ωc reads

ωc =
1

2Le
YFZ2 exp[ Z(T − 1)

σ + (1 − σ)T ], (13)

where Z is the Zel’dovich number and σ is the thermal expansion
ratio. They are assumed to be Z = 10 and σ = 0.15, respectively,
following Refs. 27, 29, 31, 32, 35, and 36.

The term ωv in Eqs. (10)–(12) is the non-dimensional droplet
evaporation rate, i.e.,

ωv =
Ω(T − Tv)

qv
H(T − Tv), (14)

where Tv is the non-dimensional boiling temperature and assumed
to be Tv = 0.15.27,48 The heat exchange coefficient Ω is

Ω = πÑdNud̃D̃
2
thũ
−2
b . (15)

As shown in Eq. (15), Ω is a gross parameter associated with both gas
and droplet properties.29,30 To avoid the nonlinearity in Eq. (12), the
weak dependence of Ω on Yd (Ω ∼ Y1/3

d ) is not considered, following
Belyakov et al.30

Typically, the droplet evaporation rate is a function of Sher-
wood number, Spalding mass transfer number, as well as gas and
droplet properties (e.g., density and diameter). In the current study,
since we assume that the kinematic equilibrium has been reached
between the gaseous and droplet, the effect of the Sherwood number
is small. Furthermore, since it is assumed that evaporation proceeds
at the boiling temperature and constant atmospheric pressure, the
fuel vapor at the droplet surface is relatively constant, and hence, the
Spalding number would change slightly. The current model assumes
energy balance between phase change and heat transfer from the
gaseous mixture. Despite these, it is still physically comprehensive
since it considers various effects of the gas and liquid phase proper-
ties as mentioned above. Therefore, the current evaporation model
is expected to be sufficient. It should be noted that this model is dif-
ferent from the evaporation model used by Han and Chen.27 For
the latter, it takes the droplet mass loading into consideration, and
hence, the exponential distributions of droplet loading distribution
in both pre- and post-flame zones can be analytically derived. There-
fore, strictly speaking, with that model, it is not possible to include
the evaporation completion front where Yd = 0 should be exactly
satisfied.

For a fixed latent heat qv, higher Ω indicates the faster droplet
evaporation rate. Moreover, the normalized droplet burning term ω̄
in Eqs. (10) and (11) is

ω̄ = ωvH(−η). (16)

In the current work, propagation of spherical spray flames
under the moderate or weak stretch rate will be investigated. There-
fore, we assume that the reactive–diffusive structure of the spherical
flame is quasi-planar [Rf ≫ 1, η ∼ O(1)]29,43,45,46,49 in this study.
Its validity has been confirmed in Refs. 43 and 49. Therefore, the
governing equations of gas and liquid phases are reduced to

d2T
dη2 + ( 2

Rf
+ U)dT

dη
+ ωc − qvωv + αω̄ = 0, (17)

d2YF

dη2 + ( 2
Rf

+ LeU)dYF

dη
− Leωc + Leωv − αLeω̄ = 0, (18)

−U dYd

dη
= −ωv. (19)

C. Jump and boundary conditions
The non-dimensional boundary conditions for both gas phase

(T and YF) and liquid phase (Yd) at the left boundary (spherical
center, η = −Rf ) and the right boundary (η→ +∞) are27,29–32

η = −Rf :
dT
dη
= 0,

dYF

dη
= 0, Yd = {

0, if ηc ≠ −Rf
δr , if ηc = −Rf

, (20)

η→ +∞ : T = 0, YF = 1, Yd = δ. (21)
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Here, δ is the initial mass loading of the fuel droplet in the fresh
mixture. In Eq. (20), for Yd, if ηc ≠ −Rf , the droplets at the spherical
center are fully vaporized and hence partially distributed behind the
flame. Otherwise, they exist in the entire burned area corresponding
to ηc = −Rf , and δr is the mass loading at the spherical center to be
determined (will be discussed later). It can be seen from Eq. (21)
that the normalized total mass fraction of fuel in the fresh mixture
at η→ +∞ is 1 + δ, which is assumed to correspond to the fuel-lean
condition.

At the evaporation onset front, η = ηv, the gas temperature (T),
fuel mass fraction (YF), and fuel droplet mass loading (Yd) satisfy
the following jump conditions:27,29–32

T = Tv, [T] = [YF] = [
dYF

dη
] = 0, Yd = δ, (22)

where the square brackets, i.e., [T] = T(η+) − T(η−), denote the
difference between the variables at two sides of a location.

At the evaporation completion front, η = ηc, the jump con-
ditions for the gas temperature (T), fuel mass fraction (YF), and
droplet mass loading (Yd) take the following form:30

⎧⎪⎪⎨⎪⎪⎩

[T] = [YF] = [ dYF
dη ] = 0, Yd = 0, ηc > 0,

[T] = 0, dT
dη ∣+ = 0, [Yd] = 0, −Rf < ηc < 0.

(23)

Here, the + symbol indicate the value is on the positive side of ηc,
i.e., the left boundary of zone 3 in Fig. 1(a).

Large activation energy of the gas phase reaction is assumed
in this study. This assumption has been successfully used for theo-
retical analysis of both gaseous35,41,42,47,50,51 and particle- or droplet-
laden26,27,32,36–39 flames. It has been shown to be adequate to pre-
dict the main flame dynamics, such as ignition and propagation. In
the limit of large activation energy, chemical reaction is confined at
an infinitesimally thin sheet (i.e., η = 0). The corresponding jump
conditions are

T = Tf , YF = [Yd] = 0, (24)

− [dT
dη
] = 1

Le
[dYF

dη
] = [σ + (1 − σ)Tf ]

2exp[Z
2
(

Tf − 1
σ + (1 − σ)Tf

)],

(25)
where Tf is the flame temperature.

It should be highlighted that there exist two critical cases that
only involves three zones. They, respectively, correspond to the coin-
cidence of the evaporation completion front with the spherical cen-
ter (ηc = −Rf ) and flame front (ηc = 0). The first is possible with the
large droplet diameter, high initial liquid loading, or low evaporation
rate, leading to droplet dispersion in the full post-flame zone.15,16

Accordingly, zone 4 [gaseous post-flame zone in Fig. 1(a)] is degen-
erated. The condition of Yd = δr [see Eq. (20)] is enforced at the
spherical center, and δr is solved as an eigenvalue of the problem,
instead of ηc. Moreover, the second case, i.e., ηc = 0, corresponds
to a critical condition between heterogeneous and homogeneous
flames. Zone 3 is degenerated, which is the pre-flame (post-flame)
evaporation zone in homogeneous (heterogeneous) flames. This is
experimentally observed by Sulaiman et al.17 and de Oliveira and
Mastorakos,15 in which well-sprayed fuel droplets are fully vapor-
ized around the flame. For this case, the jump conditions at the flame

front [Eqs. (24) and (25)] are used, instead of those at η = ηc given
in Eq. (23). This limiting situation is also studied by Zhuang and
Zhang32 for spherical flame propagation in fine water mists.

III. ANALYTICAL SOLUTION
Equations (17)–(19) with boundary and jump conditions [i.e.,

Eqs. (20)–(25)] can be solved analytically. The solutions for gas tem-
perature T, fuel mass fraction YF , and droplet mass loading Yd in
four zones are presented in Sec. III A for general heterogeneous and
homogeneous flames, i.e., ηc ≠ −Rf or 0. Moreover, the correlations
for flame speed U, flame temperature Tf , evaporation onset loca-
tion ηv, and completion location ηc under different flame radii Rf
are derived in Sec. III B.

A. Distributions of T , YF , and Yd

If the reactants around the flame front Rf are heterogeneous
(including fuel vapors and droplets), the distributions of tempera-
ture T, fuel mass fraction YF , and droplet loading Yd from zones 1
to 4 are (the number subscripts indicate different zones)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T1(η) = Tve−ξ(η−ηv),

T2(η) = Tv −
Tvξ[eγa(η−ηv) − eγb(η−ηv)]

γa − γb
,

T3(η) = Tv +
Tf − Tv

μa − μb
[ e

χa(η−ηc)

χa
− eχb(η−ηc)

χb
],

T4(η) = Tv +
Tf − Tv

μa − μb
( 1
χa
− 1
χb
),

(26)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

YF,1(η) = 1 +
I′2(ηv)
I′1(ηv)

I1(η) + G(ηv)I1(η),

YF,2(η) = 1 +
I′2(ηv)
I′1(ηv)

I1(ηv) + G(ηv)I1(η) + I2(η) − I2(ηv),

YF,3(η) = −
I′3(ηc)
I′1(ηc)

I1(η) +
I′3(ηc)
I′1(ηc)

I1(0) + I3(η) − I3(0),

YF,4(η) = −
I′3(ηc)
I′1(ηc)

I1(ηc) +
I′3(ηc)
I′1(ηc)

I1(0) + I3(ηc) − I3(0),

(27)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Yd,1(η) = δ,

Yd,2(η) = δ −
ΩTvξRf

Uqv(γa − γb)
[ e

γa(η−ηv) − 1
γa

− eγb(η−ηv) − 1
γb

],

Yd,3(η) =
Ω(Tf − Tv)
Uqv(μa − μb)

[ e
χa(η−ηc) − 1

χ2
a

− eχb(η−ηc) − 1
χ2
b

],

Yd,4(η) = 0,

(28)

where ξ = (2 + RfU)/Rf , γa,b = (−ξ ±
√

4Ω + ξ2)/2, χa,b

= (−ξ ±
√

4Ω(1 − α/qv) + ξ2)/2, and μa,b = e−χa,bηc/γa,b. I1(η), I2(η),
and I3(η) are

I1(η) = −
Re−

2+LeRf U

R η

2 + LeRfU
, (29)
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I2(η) =
LeTv(2 + RfU)Ω

qv(γa − γb)

×
⎡⎢⎢⎢⎣

eγa(η−ηv)

γa(2 + γaRf + LeRfU)
− eγb(η−ηv)

γb(2 + γbRf + LeRfU)

⎤⎥⎥⎥⎦
,

(30)

I3(η) =
LeRf Ω(Tf − Tv)(α − 1)

qv(μa − μb)

× [ eχa(η−ηc)

χ2
a(2 + χaRf + LeRfU)

− eχb(η−ηc)

χ2
b(2 + χbRf + LeRfU)

]. (31)

I′1(η), I′2(η), and I′3(η) are, respectively, their first derivatives. In
Eq. (27), G(ηv) takes the following form:

G(ηv) =
−1 − I’

2(ηv)
I’

1(ηv)
I1(ηv) + I2(ηv) − I2(0)

I1(0)
. (32)

If the reactants around the flame front Rf are homogeneous
(i.e., fuel vapors only), the distributions of T, YF , and Yd from zones
1 to 4 are

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T1(η) = Tve−ξ(η−ηv),

T2(η) = Tv −
Tvξ[eγa(η−ηv) − eγb(η−ηv)]

γa − γb
,

T3(η) = Tv −
Tvξ(θa − θb)

γa − γb
− Tv(γaθa − γbθb)

γa − γb
[1 − e−ξ(η−ηc)],

T4(η) = Tf ,

(33)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

YF,1(η) = 1 +
I′2(ηv)
I′1(ηv)

I1(η) −H(ηv,ηc)I1(η),

YF,2(η) = 1 +
I′2(ηv)
I′1(ηv)

I1(ηv) −H(ηv,ηc)I1(η) + I2(η) − I2(ηv),

YF,3(η) = [H(ηv,ηc) −
I′2(ηc)
I′1(ηc)

][I1(0) − I1(η)],

YF,4(η) = 0,

(34)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Yd,1(η) = δ,

Yd,2(η) = δ −
ΩTvξRf

Uqv(γa − γb)
[ e

γa(η−ηv) − 1
γa

− eγb(η−ηv) − 1
γb

],

Yd,3(η) = 0,

Yd,4(η) = 0,

(35)

where θa,b = eγa,b(ηc−ηv). In Eq. (34), H(ηv, ηc) has the following form:

H(ηv,ηc)

=
1 + I′2(ηv)

I′1(ηv) I1(ηv) +
I′2(ηc)
I′1(ηc)

[I1(0) − I1(ηc)] − I2(ηv) + I2(ηc)

I1(0)
.

(36)

B. Correlations for spherical flame and fuel sprays
The correlations between flame radius Rf , flame propagation

speed, U and droplet characteristic locations, ηv and ηc, can be
derived through the proper jump conditions in Sec. II C. If the
reactants around the flame front Rf are heterogeneous, then the
following correlation holds:

Tf − Tv

μa − μb
(e−χaηc − e−χbηc) +

ξTv

γa − γb
(γae−γaηv − γbe−γbηv) = Q(Tf ),

(37)

G(ηv)I′1(0) + I′2(0) + I′3(ηc)
I′1(ηc) I

′
1(0) − I′3(0)

Le
= Q(Tf ), (38)

Tv +
ξTv

γb − γa
(e−γaηv − e−γbηv) = Tf , (39)

δ −
ΩTvξRf

Uqv(γa − γb)
( e
−γaηv − 1

γa
− e−γbηv − 1

γb
)

=
Ω(Tf − Tv)
Uqv(μa − μb)

( e
−χaηc − 1
χ2
a

− e−χbηc − 1
χ2
b
), (40)

where Q(Tf ) is the normalized chemical heat release at the flame
front,

Q(Tf ) = [σ + (1 − σ)Tf ]
2exp[Z

2
(

Tf − 1
σ + (1 − σ)Tf

)]. (41)

If the reactants around the flame front Rf are homogeneous,
then the correlation is

ξTv

γa − γb
[γaθa − γbθb]eξηc = Q(Tf ), (42)

− I′1(0)[H(ηv,ηc) −
I′2(ηc)
I′1(ηc)

]/Le = Q(Tf ), (43)

Tv +
Tv

γa − γb
(γaθa − γbθb)(1 − eξηc) −

ξTv

γa − γb
(θa − θb) = Tf , (44)

ΩξTv

Uqv(γb − γa)
[1 − eγa(ηc−ηv)

γa
− 1 − eγb(ηc−ηv)

γb
] = δ. (45)

The implications of the four equations in the correlations for
heterogeneous and homogeneous flames are as follows:

(a) The first equation [Eqs. (37) and (41)] indicates that heat
absorbed by the gaseous mixture and droplet is equal to the
heat produced by reaction.
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(b) The second equation [Eqs. (38) and (42)] means the heat sup-
plied by the initial fuel vapor and heat supplied by vaporized
fuel vapor is equal to the heat from chemical reaction.

(c) The third equation [Eqs. (39) and (43)] is the continuity of
the gaseous temperature at the flame front for the pre-flame
evaporation zone (zone 2).

(d) For the last equation, Eq. (40) means the continuity of the
droplet loading at the flame front for the pre- and post-
flame evaporation zones for heterogeneous flames. Mean-
while, Eq. (45) indicates the continuity of the droplet load-
ing at the evaporation completion front [Yd(ηc) = 0] for the
pre-flame evaporation zone in homogeneous flames.

Furthermore, the analytical solutions and correlations corre-
sponding to the two critical scenarios mentioned in Sec. II C,
i.e., ηc = 0 and ηc = −Rf , will be provided in the supplementary
material. Besides, the results for the homogeneous flame from the
current model can recover the solutions for the gaseous flame35 in
the limits of δ → 0, Ω → 0, and Rf → +∞, which are also presented
in the supplementary material.

IV. RESULTS AND DISCUSSION
With the correlations in Sec. III B, spherical flame propaga-

tion in pre-vaporized liquid fuel sprays will be studied. In Secs. IV
A–IV E, both heterogeneous (without droplet burning, α = 0) and
homogeneous flames will be discussed. In Sec. IV F, the influence of
droplet burning behind the heterogeneous flame (α = 1) will be stud-
ied. The normalized latent heat of vaporization qv considered is 0.4
and 1.2, representing typical hydrocarbon fuels with low and high
latent heat (e.g., heptane and methanol), respectively.48

A. Spherical flame propagation
The effects of droplet properties (mass loading δ, evapora-

tive heat exchange coefficient Ω, and latent heat of vaporization
qv) on spherical flame propagation will be first investigated. The
Lewis number is fixed to be Le = 1. Figure 2(a) shows the change
in flame propagation speed with various droplet mass loadings.
Here, Ω = 0.2 and qv = 0.4. It is seen that for all the mass load-
ings, the flame propagation speed rapidly increases with the flame
radius due to enhanced diffusive flux, eventually approaching those

of the un-stretched planar flames (Rf → +∞).35 Furthermore, for
the same flame radius, propagation speed is higher than that of the
gaseous flame and increases with the initial droplet loading. This
is because more liquid fuels are vaporized into the gas phase, ren-
dering the composition closer to the stoichiometry. It is also found
that when droplet loading is small (e.g., δ = 0.01 and 0.1), the reac-
tants around propagating spherical flame front are homogeneous.
However, with δ ≥ 0.2, they are heterogeneous and composed of
fuel vapor and droplets. This is because bigger δ corresponds to
higher droplet concentration. Interestingly, for δ = 0.15, the flame
first propagates in homogeneous reactants, but at Rf ≈ 18.9 (marked
with circle C), the droplets in the unburned zone cross the mov-
ing flame front, and the spray flame transitions to heterogeneous
combustion.

The propagation speed of spherical flames with various evap-
orative heat exchange coefficients Ω is presented in Fig. 2(b). Here,
δ = 0.2 and qv = 0.4. In general, the flame propagation speed is higher
with larger Ω when the loading is fixed. This is justifiable since larger
Ω means the faster droplet evaporation rate. However, this tendency
becomes weak when Ω = 0.35 and 0.4. For Ω = 0.35 in Fig. 2(b),
transition between homogeneous and heterogeneous flames at Rf
≈ 26 (circle D) are observed, similar to the case with δ = 0.15
in Fig. 2(a).

Figures 3(a) and 3(b) show two flame structures with δ = 0.1
and 0.3 [A and B in Fig. 2(a)], respectively. Their flame radii are Rf
= 100. Note that Fig. 3(a) shows a homogeneous flame, while
Fig. 3(b) shows a heterogeneous one. In Fig. 3(a), the droplets are
fully vaporized (i.e., Yd → 0) slightly before the flame front (ηc
= 0.246). The extra fuel addition from droplet evaporation increases
the overall fuel concentration in the gaseous mixture, leading to
higher temperature in the post-flame zone compared to that (=1)
of droplet-free flames. Meanwhile, due to no droplet evaporation in
the post-flame zone (η < 0), the local temperature is uniform.

The heterogeneous flame structure in Fig. 3(b) is different from
that of homogeneous one. First, finite fuel concentration can be
found in the post-flame zone since evaporation of the penetrated
droplets occurs and burning is not considered (α = 0). The pres-
ence of fuel vapor behind the flame is also revealed by Green-
berg and Kalma52 from spherical flame with less volatile liquid fuel
sprays. Part of them contribute toward the spray flame through
back diffusion from the post-flame zone to the flame front, which
is also observed from the simulations and experiments of the

FIG. 2. Changes in flame propagation speed with flame
radius for different (a) droplet mass loadings and (b) evap-
orative heat exchange coefficients. Le = 1 and qv = 0.4.
Red line and triangles: homogeneous; black line: heteroge-
neous.
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FIG. 3. Spatial distributions of temperature, fuel mass frac-
tion, and droplet mass loading for Rf = 100 when (a) δ
= 0.1 and (b) δ = 0.3. Numbers indicate the flame and
droplet zones. FF: flame front (η = 0).

propagating flame in fuel mists.15,21,53 The post-flame evaporation
and its evolving interaction with the leading stretch flame front are
of high relevance to practical spray combustion but has not been
included in previous theoretical analysis.26,27 Moreover, there are
still residual fuel vapors beyond the evaporation zone in the burned
area, i.e., η < ηc. This is different from the results in the homogeneous
flame, and the kinetic effects of the heterogeneous flame arise from
both pre- and post-flame evaporation zones (further interpreted in
Sec. IV C). Second, the gas temperature in the post-flame zone grad-
ually decreases from the flame front in the post-flame evaporation
zone. Heat conduction in this zone (i.e., ηc < η < 0) would also
weaken the flame reactivity due to the considerable temperature gra-
dient near the flame front. This is also reported from the results of
spherical premixed flame with water mists.29

The latent heat of vaporization considered in Figs. 2 and 3 is qv
= 0.4. However, different liquid fuels may be used in practical com-
bustion systems, and they have different latent heat. Figure 4 shows
flame propagation speed as a function of flame radius when qv = 1.2.
Four droplet mass loadings are considered in Fig. 4(a), i.e., δ = 0.01,
0.1, 0.3, 0.5, and 0.7. The evaporative heat exchange coefficient Ω
is assumed to be 0.0775. For δ ≤ 0.5, the single-valued flame speed
monotonically increases when the spherical flame propagates out-
wardly. They are called normal flames. In addition, the flame prop-
agation speed is consistently smaller than that of a gaseous flame.
Meanwhile, for normal flames, the propagation speed decreases with
droplet loading. Nevertheless, this trend is not pronounced when δ
is beyond 0.3.

For δ = 0.7 in Fig. 4(a), flame bifurcation occurs. Besides the
normal flame branch, a C-shaped branch is present when Rf > 74,
with upper and lower solutions being unstable and stable flames.
Therefore, three solutions are present when the flame radius exceeds
a critical value. This is also observed in the previous studies on
two-phase spherical flames laden with water mists.29,32 These three
flames, respectively, correspond to the stable normal flame, unsta-
ble flame, and stable weak flame. For normal flames, their behaviors
of propagation speed, evaporation completion, and onset fronts are
similar to the results with smaller δ. For the weak flame, the propa-
gation speed decreases with flame radius and is much lower than the
normal flame.

The propagation speeds of spherical spray flame subject to var-
ious evaporation heat exchange coefficients are shown in Fig. 4(b).
Here, fixed δ = 0.7 is considered. For small Ω (e.g., 0.06), the heat
transfer due to droplet vaporization is slow, and the normal spray
flames propagate outwardly. At some median values, i.e., Ω = 0.0775
and 0.08, flame bifurcation occurs, similar to that in Fig. 4(a). Both
normal and weak flames exist in Fig. 4(b) when Ω = 0.0775 and 0.08.
Meanwhile, increasing Ω would sustain the weak flame in a smaller
flame radius. However, if Ω is even higher (0.1 or 0.3), the spray
flame can only propagate in the weak flame mode due to fast droplet
evaporation rate and strong heat absorption. Meanwhile, the large
Ω would render the mixture heterogeneous around the flame front,
which is also seen from Fig. 2(b).

One interesting phenomenon worth further discussion is that
for Ω = 0.06 in Fig. 4(b), the evaporation rate is so slow that the

FIG. 4. Changes in flame propagation speed with flame
radius for different (a) droplet mass loadings and (b) evapo-
rative heat exchange coefficients. Le = 1 and qv = 1.2. Sym-
bol and red line: homogeneous; black line: heterogeneous.
Dotted line: ηc = −Rf .
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droplets are distributed in the full post-flame zone when the flame
radius is small (line EF). At a critical flame radius (Rf = 19.9, point
F), the droplets at the center (r = 0 or η = −Rf ) are just fully vapor-
ized. When the flame further grows, the droplet-free area centering
at r = 0 expands, and hence, only part of the post-flame zone still
has evaporating fuel droplets (line FH). To reveal this phenomenon,
the flame structures at E, F, and G are presented in Fig. 5. When Rf
= 10 (point E), considerable gradients exist for temperature, fuel
mass fraction. and droplet loading in zone 3 as evaporating droplets
are distributed in the entire burned area and the loading at the spher-
ical center, δr , is greater than zero [solid circle in Fig. 5(a)]. This
would lead to significant heat and mass transfer between the flame
front and the burned area. When Rf = 19.9 (point F), the droplets
around the spherical center are just fully gasified. Thus, the droplet
loading at r = 0 is δr = 0 [circle in Fig. 5(b)]. Here, the evapora-
tion completion front lies at the spherical center, as the limiting
case with ηc = −Rf , mentioned in Sec. II C. For these two scenar-
ios, only three zones exist. For point G (Rf = 30), the droplets are
dispersed in part of the post-flame zone. Thus, the evaporation com-
pletion front [circle in Fig. 5(c)] is deviated from the spherical center
and moves concurrently with the leading flame front. Its structure
is qualitatively like that in Fig. 3(b), despite the lower temperature
in the post-flame zone due to larger latent heat. This corroborates
the capacity of our theoretical model in predicting the fuel droplet
dynamics in a propagating spray flame.

B. Fuel droplet distribution
The homogeneous and heterogeneous spherical spray flames

discussed above are characterized by evolving droplet distributions

when they propagate outwardly, which can be further quanti-
fied with evaporation onset and completion locations (ηv and ηc).
Figures 6(a) and 6(b) shows the evolutions of the two character-
istic locations with various mass loadings δ and heat exchange
coefficients Ω, respectively. Their corresponding flame propagation
speeds are shown in Figs. 2(a) and 2(b), respectively. Droplet evap-
oration always starts before the flame sweeps, parameterized by
ηv > 0 in both figures. In Fig. 6(a), for fixed Ω, when the droplet
loading is increased, the droplets start to vaporize closer to the flame
front. This is because larger δ leads to higher flame temperature and
hence less spread temperature in the pre-flame zone.29

The variations of evaporation completion location ηc are more
complicated. When the loading δ is low (e.g., 0.01 and 0.1), the
flame always propagates in a homogeneous mixture with fuel vapor
only. Nevertheless, when δ is high (0.2–0.3), the reactants around
the flame front are heterogeneous with fuel vapor and droplets. In
particular, when δ is 0.15, the liquid droplets are completely vapor-
ized when the flame radius is small but slightly penetrate into the
post-flame zone as the spherical flame expands. Therefore, evolution
from homogeneous flame to heterogeneous flame occurs at point
C in Fig. 6(a). This is reasonable since it takes longer time for the
fuel droplet sprays to complete evaporation when δ is large. This
phenomenon is also observed by de Oliveira and Mastorakos using
simultaneous OH∗ chemiluminescence and OH-PLIF imaging of
spray jet A flames,15 and it is found that the local microscopic flame
topology may be modulated by the encroaching droplets, which
significantly affect the local mass and heat transfer near the flame
front.

In Fig. 6(b), for fixed δ = 0.2, change in Ω has a limited effect
on evaporation onset locations ηv. Moreover, higher Ω makes the

FIG. 5. Spatial distributions of temperature, fuel mass frac-
tion, and droplet mass loading for (a) Rf = 10, (b) Rf = 19.9,
and (c) Rf = 30. They correspond to the circles E, F, and
G in Fig. 4, respectively. Numbers indicate the flame and
droplet zones.
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FIG. 6. Changes in evaporation onset and completion loca-
tions with flame radius for different (a) droplet mass loadings
and (b) evaporative heat exchange coefficients. qv = 0.4.

evaporation completion front closer to the flame front (η = 0). Note
that for Ω = 0.35, the flame experiences a transition from the homo-
geneous to heterogeneous flame at Rf ≈ 26 (marked with an open
circle D). It is also found from Fig. 6(b) that the thickness of the
droplet evaporation zone, i.e., |ηc − ηv|, increases with decreased
Ω. This is due to the slower evaporation rate corresponding to
smaller Ω.

The various distributions of liquid droplets may have different
thermal (evaporative cooling) and kinetic (fuel vapor addition) con-
tributions toward the spherical spray flame. The evaporative cooling
effects can be quantified by normalized evaporation heat loss H.29,35

In the unburned and burned zones of a heterogeneous flame, H is,
respectively, calculated as

Hub,HT = Ω∫
ηv

0
[T2(ξ) − Tv](ξ + Rf )2dξ/(R2

f
dT
dη
∣
−
− R2

f
dT
dη
∣
+
),

(46)

Hb,HT = Ω∫
0

ηc
[T3(ξ) − Tv](ξ + Rf )2dξ/(R2

f
dT
dη
∣
−
− R2

f
dT
dη
∣
+
).

(47)

For a homogeneous flame, they are

Hub,HM = Ω∫
ηv

ηc
[T2(ξ) − Tv](ξ + Rf )2dξ/(R2

f
dT
dη
∣
−
− R2

f
dT
dη
∣
+
),

(48)

Hb,HM = 0. (49)

The subscripts “ub” and “b” denote evaporative heat loss from
unburned and burned zones, respectively, whereas “HM” and “HT”

denote homogeneous and heterogeneous flames, respectively. The
denominator, , is the combustion heat release. Equation (49) is valid
since there are no droplets in the burned zone of homogeneous
flames. The total evaporation heat loss is Hall = Hb + Hub.

The fuel addition from droplet evaporation can be parameter-
ized by fuel vapor yield f.27 In the pre-flame evaporation zone, f ub
is

fub = Yd(ηv) − Yd(0). (50)

For a heterogeneous flame, in the post-flame zone, f b is

fb = Yd(0) − Yd(ηc). (51)

The total fuel vapor yield is f all = f ub + f b. Note that for a homoge-
neous flame, f b is zero since no evaporation occurs behind the flame
front. Accordingly, f all = f ub holds.

Figure 7(a) shows the normalized evaporative heat loss for
three flames with different δ and Ω in Fig. 6. For the homogeneous
flames, the evaporation induced heat transfer only occurs in the pre-
flame zone, and Hub ,HM almost remains constant when the flame
expands. Meanwhile, for the heterogeneous flame, Hub ,HT (Hb ,HT)
decreases (increases) with the flame radius, which leads to mono-
tonically (but subtly) increased Hall. Besides, the higher δ, the higher
Hall. Meanwhile, for fixed droplet loading, e.g., δ = 0.2, Hall is almost
independent on Ω.

Figure 7(b) shows the corresponding fuel vapor yield. For the
homogeneous flames, the fuel vapor from droplet evaporation only
exists in the pre-flame zone. For the heterogeneous flame, the fuel
vapor exists in both pre- and post-flame zone. Note that the total fuel
vapor yield fall is the same as the droplet loading δ for all the shown
flames due to the complete droplet evaporation in the domain.
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FIG. 7. Changes in (a) evaporation heat
loss and (b) fuel vapor yield with flame
radius.

With increased δ or decreased Ω, f b increases. This is because more
droplets cross the flame front and finish evaporation there.

The influences of liquid fuel latent heat of vaporization on
droplet distribution in a propagating flame are examined in Fig. 8(a),
which shows the evaporation onset and completion locations as
functions of flame radius Rf . The latent heat qv is 1.2, higher than
that in Figs. 6 and 7. The evaporative heat loss coefficient Ω is 0.0775,
and the flame propagation speed has been studied in Fig. 4(a). For
δ ≤ 0.3, the flame speed acceleration leads to more droplets behind
the flame front, and the evaporation completion front penetrates
further in the post-flame zone when the flame propagates outwardly.

Meanwhile, the evaporation onset front deviates from the flame
front when δ is increased. For δ = 0.7, bifurcation of droplet evap-
oration characteristic locations is also observed, the same as the
flame bifurcation in Fig. 4(a). For the normal flame, the behaviors of
evaporation completion and onset fronts are like those with smaller
δ. However, for the weak flame, the evaporation completion front
moves closer to the flame front since the droplet evaporation starts
earlier when the flame front moves outwardly.

For fixed droplet loading δ = 0.7 in Fig. 8(b), with decreased Ω,
the trends for both normal flame and weak flame are similar to those
with increased δ in Fig. 8(a). However, for the normal flame with

FIG. 8. Changes in evaporation onset
and completion locations with flame
radius for different (a) droplet mass load-
ings and (b) evaporative heat exchange
coefficients. Le = 1 and qv = 1.2. Dashed
line: unstable solution; triangle: ηc

= −Rf .
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Ω = 0.06, the fuel droplets are distributed in the entire post-flame
zone at the early stage of flame propagation, which corresponds to
the critical heterogeneous flames with ηc = −Rf (triangles between E
and F). This has been discussed in Figs. 4(b) and 5.

Figure 9(a) shows the normalized evaporative heat loss for the
three flames selected from Fig. 8. It is found that when δ = 0.1, vari-
ations in Hall are limited when the flame propagates. Meanwhile, Hb
and Hub are comparable. When δ = 0.7, for the normal flames with
Ω = 0.06 and 0.0775, Hall and Hb mainly contributes toward Hall,
both of which gradually increase when the flame radius increases,
while Hub is relatively small. This is because more droplets vapor-
ize behind the flame front. For the weak flame with Ω = 0.0775, Hall
does not change with the flame radius, with close contributions from
Hb and Hub.

Figure 9(b) shows the fuel vapor yield corresponding to the
same heterogeneous flames in Fig. 9(a). The relations between f b
and f ub are similar to those between Hb and Hub indicated in
Fig. 9(a). f ub = δ holds if all the droplets are vaporized. How-
ever, for δ = 0.7 and Ω = 0.06, when the flame radius is small,
droplets exist in the full domain, as mentioned in Figs. 5 and 8.
Therefore, under this condition, f b and f all gradually increase with
the droplet loading at the spherical center δr decreasing to zero
[see Fig. 9(b)].

C. Diffusive fluxes in homogeneous
and heterogeneous flames

To elucidate the respective influences of thermal and kinetic
effects, diffusive heat and mass fluxes (Qh and Qm) of homogeneous

and heterogeneous flames are calculated as

Qh = −(η + Rf )2 dT
dη

, (52)

Qm = −
(η + Rf )2

Le
dYF

dη
. (53)

Typical flames with Lewis number Le = 1 and flame radius Rf = 100
are selected for further analysis in Figs. 10 and 11. Figure 10 shows
the heat and mass fluxes of homogeneous (δ = 0.1) and heteroge-
neous flames (δ = 0.2) with qv = 0.4. They correspond to flames
A and B in Fig. 2(a), respectively. Gaseous (no droplets, only pre-
vaporized fuel) flame is also added for comparison. For gaseous and
homogeneous spray flames, due to the uniform distributions of tem-
perature and fuel mass fraction in the post-flame zone [see Fig. 3(a)],
the heat and mass fluxes are zero. Conversely, heat conduction and
fuel species diffusion only occur in the pre-flame zone.

For the heterogeneous spray flame, the fluxes in the pre-flame
zone show similar behaviors to the homogeneous flame. However,
due to the droplet evaporation in the post-flame zone, the fuel vapor
is transported to the flame front, while heat released by the chemical
reactions at the flame front is diffused into the post-flame evapora-
tion zone to compensate the local evaporation heat loss. The mag-
nitude of mass flux |Qm| is higher than that of heat flux |Qh|, in
spite of the same diffusion length. Moreover, both thermal and mass
diffusion in homogeneous and heterogeneous flames are enhanced
compared to the gaseous flame, evidenced by the higher flux mag-
nitudes. This leads to stronger spray flames with higher propagation

FIG. 9. Changes in (a) evaporation heat
loss and (b) fuel vapor yield with flame
radius.
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FIG. 10. Distributions of (a) heat flux and (b) mass flux. Rf
= 100, qv = 0.4, and Ω = 0.2. The flame front lies at η = 0.

FIG. 11. Distributions of (a) heat flux and (b) mass flux.
Rf = 100, qv = 1.2, and Ω = 0.0775. The flame front lies
at η = 0.

speeds. In addition, near the flame front, |Qh| and |Qm| in hetero-
geneous flames are larger than the counterparts of homogeneous
flames due to stronger reactivity and hence higher gradient of T and
YF in the former.

The counterpart results with higher latent heat, i.e., qv = 1.2,
are presented in Fig. 11. They correspond to the flames with same
parameters in Figs. 4(a) and 8(a). The trends for homogeneous and
heterogeneous flames are similar to those in Fig. 10. For small δ
like 0.01, the fuel droplet evaporation effect on the flame is limited,
and both fluxes are similar to those of the gaseous flame. However,
due to the weakening effect from larger qv, with increased δ, |Qh|
and |Qm| decrease to a lower level compared to the gaseous flame.

Furthermore, for δ = 0.7, |Qh|, and |Qm| of the weak flame are much
smaller than those of the normal flame. Due to the low reactivity of
the weak flame, its structure is more distributed with lower gradients
of T and YF . In the meanwhile, in the burned zones of the normal
and weak flames, |Qm| is slightly larger than |Qh|.

D. Lewis number effect
Up to this point, the Lewis number is assumed to be Le = 1.

Figure 12(a) shows the flame propagation speed U as a function of
flame radius Rf when Le = 0.8, 1.0, and 1.2. Here, qv = 0.4 and Ω
= 0.2 are considered. It is seen that flame propagation speeds of both

FIG. 12. Changes in flame propagation speed with flame
radius for different Lewis numbers when (a) Ω = 0.2 and (b)
δ = 0.2.
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homogeneous and heterogeneous spherical flames are dependent on
the Lewis number. Generally, with each Lewis number, U increases
with δ because of the spray enrichment effects.54 Furthermore, U
decreases with the Lewis number when Rf is small or intermediate
due to the flame stretch effects.55 This is true for both homogeneous
and heterogeneous flames. In particular, when Le = 0.8, U monoton-
ically decreases with Rf for homogeneous and gaseous flames with
δ = 0.1 because of the continuously reduced enhancement effects
from the positive stretch. However, when δ is further increased to
0.2, a monotonic increase in U with Rf is observed. This implies that
the fuel vapor addition dominates the foregoing stretch effects.54 For
relatively large Rf (e.g., 103), the propagation speed for the homo-
geneous flame is independent on Le, similar to the gaseous flame.
However, U for the heterogeneous flame in large Rf is appreciably
affected by Le due to the additional transport phenomenon related
to droplet evaporation behind the flame front. This is consistent with
the recent finding of planar spray heterogeneous flames with fuel
mists.28

Figure 12(b) shows the Lewis number effects on the flame prop-
agation speed when the evaporation heat exchange coefficient Ω
varies. For homogeneous and heterogeneous flames, their tenden-
cies for U variations with Le are generally similar to the counterpart
flames in Fig. 12(a). When Le = 0.8, the kinetic contributions from
fuel sprays exceed the flame stretch effects, which makes U mono-
tonically increase with Rf . This is observable for Ω = 0.1 and 0.4 and
different from the gaseous flame results.

Figures 13(a) and 13(b), respectively, show the heat and mass
fluxes in pre- and post-flame zones of heterogeneous flames (marked
with circles in Fig. 12) with Le = 0.8, 1.0, and 1.2. It is seen that
in both zones, variation in the Lewis number only affects the mass

fluxes. Specifically, lower Le increases the mass flux magnitude and
hence enhances the flame reactivity, characterized by the higher
propagation speed shown in Fig. 12(a).

E. Markstein length
The effects of stretch rate on homogeneous and heterogeneous

spherical spray flames will be further studied in this section. For
weakly stretched spherical flames (Rf ≫ 1 or K ≪ 1), the follow-
ing relation holds between flame propagation speed U and stretch
rate K:34,55

U = U0 − L ⋅ K, (54)

where U0 is the flame speed at the zero stretch rate. For spherical
flames, stretch rate K can be derived from K = 2U/Rf . Specifically,
for gaseous and homogeneous spherical flames, the flame stretch
rate K is positive. Interestingly, for heterogeneous flames, due to the
concurrent transport before and after the propagating flame front,
K is, respectively, positive and negative for them. Therefore, their
individual effects, together with the Lewis number, on flame prop-
agation speeds would be opposite due to the reversed flame surface
curvature and therefore competitive. For instance, if Le < 1, the pos-
itive K (for the unburned area) accelerates the flame, whereas the
negative K (for the burned area) decelerates it.55 Therefore, Eq. (54)
measures the gross response of the heterogeneous flame propagation
speed to the stretch rate. Nonetheless, from Figs. 10, 11, and 13, it is
seen that the transport in the burned area is comparatively lower,
and therefore, the mass and thermal diffusion in the fresh gas still
dominate. Figure 14 shows the U–K curves corresponding to the
results in Fig. 12. For outwardly propagating spherical flames, the

FIG. 13. Distributions of heat and mass fluxes for differ-
ent Lewis numbers in (a) pre- and (b) post-flame zones. qv

= 0.4 and Rf = 100. The flame front lies at η = 0.

FIG. 14. Changes in flame propagation speed with stretch
rate for different Lewis numbers when (a) Ω = 0.2 and (b) δ
= 0.2.
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FIG. 15. Markstein length vs Lewis number when (a) Ω
= 0.2 and (b) δ = 0.2.

larger the flame radius, the lower the stretch rate. Figure 14 indicates
that a linear relation exists between U and K when K is low,27,56 and
therefore, the Markstein length L (slope of the U–K curve) can be
calculated with Eq. (54).

Figure 15 shows the Markstein length with various Lewis num-
bers in the flames of Figs. 12 and 14. Generally, the Markstein length
L is considerably affected by droplet mass loading and evaporation
heat exchange coefficient when the Lewis number deviates from
unity. For Le < 1 (Le > 1), L is negative (positive), indicating that the
flame propagation speed is enhanced (decreased) relative to U0. The
norms of L in spray flames are reduced compared to gaseous flames
with the same Le, which implies that the degrees of the enhancement
or reduction of spray flame propagation are weakened. In addi-
tion, this extent is enhanced with the droplet loading δ when Ω is
fixed, as shown in Fig. 15(a). However, it is shown from Fig. 15(b)
that for fixed δ, the sensitivity of the Markstein length to Ω is less
pronounced.

F. Droplet burning behind a heterogeneous flame
In Secs. IV A–IV E, for heterogeneous flames, droplet burn-

ing behind the flame front is not considered. To examine this effect,
two heterogeneous flames (δ = 0.15 and 0.3) from Fig. 2(a) are re-
calculated with α = 1 in this section. The corresponding U–Rf curves
are shown in Fig. 16(a). Apparently, for δ = 0.3, the heterogeneous
flame propagation speed is higher when droplet burning is included.
This is also reported by Han and Chen.27 The structure of the

heterogeneous flame with droplet burning [B′ in Fig. 16(a),Rf = 100]
is shown in Fig. 3(b). For comparison, the results without droplet
burning [B in Fig. 16(a), also shown in Fig. 3(b)] are also added. First,
due to post-flame droplet burning, YF in the post-flame zone is zero
since ̃̄ω = αω̃v in Eq. (2). Moreover, the heat release of droplet burn-
ing in the post-flame zone leads to higher temperature compared
to the same condition when post-flame burning is not considered.
Meanwhile, different from flame B, a negative temperature gradi-
ent exists behind the reaction front in flame B′, resulting in higher
propagation speed unveiled in Fig. 16(a).

Moreover, in Fig. 16(a), for δ = 0.15, a transition from the
homogeneous to heterogeneous flame occurs at C for both α = 0
and 1. Note that their transition point is the same. This is rea-
sonable since droplet burning does not affect the results of homo-
geneous one. Nonetheless, when α = 1, sudden flame acceleration
is observable from increased dU/dRf across C (not shown here),
leading to slightly higher U of heterogeneous flames with droplet
burning.

Figure 17 shows the influences of droplet burning on Mark-
stein length of heterogeneous flames with different Lewis numbers
and droplet mass loadings. It is found that when δ = 0.3, droplet
burning in the post-flame zone negligibly affects the Markstein
length. However, when δ is reduced to 0.15, the magnitude of Mark-
stein length is higher when α = 1, indicating that flame stretch has
stronger effects on the propagation speeds when droplet burning
is included. For heterogeneous flames with smaller droplet load-
ing, the evaporation completion location is closer to the flame front

FIG. 16. (a) Changes in heterogeneous flame propagation
speed with flame radius and (b) spatial distributions of tem-
perature, fuel mass fraction, and droplet mass loading for
points B′ (solid) and B (dashed). Le = 1.
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FIG. 17. Effects of droplet burning on Markstein length with various Lewis numbers
and droplet mass loadings.

[see Fig. 6(a)], and hence, the burning droplets would more appre-
ciably affect the leading flame front through modulating the local
heat and mass transfer.

V. CONCLUSION
Propagation of weakly stretched premixed spray flames in

localized homogeneous and heterogeneous reactants is investigated
in this work. A general theory based on one-dimensional spheri-
cal spray flames with evaporating fuel droplets is developed, and
correlations are derived to describe flame propagation speed, flame
temperature, droplet evaporation onset, and completion locations.
The theory enables the analysis on the influences of liquid fuel and
gaseous mixture properties on propagation of spherical spray flames.
The main conclusions are listed as follows:

1. The flame propagation speed is enhanced with increased
droplet mass loading and/or evaporation heat exchange coef-
ficient (or evaporation rate). Opposite tendencies are observed
when the latent heat is high due to strong evaporation heat loss.
For heterogeneous flames, there exist gradients for fuel vapor
and gaseous temperature in the post-flame zone when post-
flame burning is not considered. For large latent heat, when the
droplet loading is large, flame bifurcation phenomenon occurs.

2. The evaporation completion location relies on the droplet
properties. For large droplet loading or small heat exchange
coefficient, the reactants around the flame front are heteroge-
neous. In some extreme condition, the droplets are distributed
in the entire post-flame zone. Besides, the spray flame expe-
riences a transition from localized homogeneous to hetero-
geneous conditions in intermediate droplet loading or heat
exchange coefficient. These dynamic droplet behaviors can be
predicted with the developed theory.

3. Heat and mass diffusion for both heterogeneous and homo-
geneous spray flames are considerably affected by the pres-
ence of fuel droplets. In the pre-flame zone, they are enhanced
(suppressed) with small (large) latent heat of the liquid fuel.

Besides, there exist heat and mass diffusion in the post-flame
evaporation zone when post-flame burning is not considered.

4. The spray flame propagation speed decreases with the Lewis
number. For heterogeneous flames, the flame speeds at large
flame radius is considerably affected by the Lewis number due
to the continuous heat and mass diffusion in the post-flame
zone. When the Lewis number is less than unity, the mono-
tonicity of flame propagation speed variation is influenced by
droplet loading and/or evaporation rate. Besides, the mass flux
magnitude increases with the Lewis number in both pre- and
post-flame zones.

5. The Markstein length is affected by droplet loading and
evaporation heat exchange coefficient when the Lewis num-
ber deviates from unity. Their magnitudes are reduced com-
pared to gaseous flames, which indicates that the degrees
of the enhancement or reduction of flame propagation by
stretch rate are weakened. Conversely, sensitivity of the
Markstein length to the heat exchange coefficient is less
pronounced.

6. For heterogeneous flames with post-flame droplet burning, the
heat release due to droplet burning leads to higher burned
gas temperature and flame propagation speed. The Markstein
length is more pronouncedly affected by droplet burning when
the liquid fuel loading is relatively low.

SUPPLEMENTARY MATERIAL

See the supplementary material for the critical and limiting
solutions of the theories in the manuscript.
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