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a b s t r a c t 

The Multiple Mapping Conditioning / Large Eddy Simulation (MMC-LES) approach is used to simulate 

a supersonic lifted hydrogen jet flame, which features shock-induced autoignition, shock-flame inter- 

action, lifted flame stabilization, and finite-rate chemistry effects. The shocks and expansion waves, 

shock-reaction interactions and overall flame characteristics are accurately reproduced by the model. 

Predictions are compared with the detailed experimental data for the mean axial velocity, mean and 

root-mean-square temperature, species mole fractions, and mixture fraction at various locations. The 

predicted and experimentally observed flame structures are compared through scatter plots of species 

mole fractions and temperature against mixture fraction. Unlike most past MMC-LES which has been 

applied to low-Mach flames, in this supersonic flame case pressure work and viscous heating are 

included in the stochastic FDF equations. Analysis indicates that the pressure work plays an important 

role in autoignition induction and flame stabilization, whereas viscous heating is only significant in shear 

layers (but still negligibly small compared to the pressure work). The evolutions of particle information 

subject to local gas dynamics are extracted through trajectory analysis on representative fuel and oxidizer 

particles. The particles intermittently enter the extinction region and may be deviated from the full 

burning or mixing lines under the effects of shocks, expansion waves and viscous heating. The chemical 

explosive mode analysis performed on the Lagrangian particles shows that temperature, the H and OH 

radicals contribute dominantly to CEM respectively in the central fuel jet, fuel-rich and fuel-lean sides. 

The pronounced particle Damköhler numbers first occur in the fuel jet / coflow shear layer, enhanced at 

the first shock intersection point and peak around the flame stabilization point. 

© 2021 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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. Introduction 

The fundamental physics of supersonic combustion have at- 

racted much attention from researchers in recent years, driven 

y the rapid, ongoing development of hypersonic propulsion 

echnology [1–4] . Supersonic flames feature very complex inter- 

ctions between turbulence, flow discontinuity (e.g., shocks), and 

hemistry. However, understanding of these phenomena remains 

ncomplete. While useful and continuously improving, experiments 

nder conditions relevant to supersonic engines are expensive and 

xtracting detailed measurements is difficult [3] . Computational 

luid Dynamics (CFD) simulations can and should play a vital 

omplementary role in exploring the physics [1 , 2] . In particular, 

arge Eddy Simulation (LES) has the potential to provide detailed 

patiotemporal information on supersonic combustion processes at 
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ncreasingly affordable cost, and consequently it has been used for 

odeling both fundamental and applied configurations, e.g. coflow 

5–7] and crossflow [8–10] jet flames, and model combustors 

11–13] . Advanced Sub-Grid Scale (SGS) combustion models are 

equired to accurately capture the unresolved turbulent fluctua- 

ions of reaction rates and their interactions with turbulence and 

haracteristic structures in high-speed flows, including shocks and 

xpansion waves [1] . Among the available SGS models, the Proba- 

ility Density Function (PDF) [14] approaches are the most univer- 

al in their range of applicability, because the non-linear chemical 

ource terms are closed naturally independent of the specific tur- 

ulence model or flame regime [14] . In LES, solutions are obtained 

or the so called Filtered Density Function (FDF) [15] . Application 

f FDF method to supersonic flows has been relatively rare, but 

ncludes the stochastic fields FDF approach of De Almeida et al. 

7] and the non-reacting fundamental work of Zhang et al. [16] . 

The two major challenges in FDF methods lie in finding good 

odels for the SGS micro-mixing term and in reducing their 

elatively high computational cost [17–20] . The Multiple Mapping 
. 

y simulation of a supersonic lifted hydrogen flame with sparse- 

lame, https://doi.org/10.1016/j.combustflame.2021.111756 
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onditioning approach (MMC) [21 , 22] aims to tackle both of these 

hallenges. In its stochastic form, MMC is a full transported PDF / 

DF method [18] which introduces concepts from the Conditional 

oment Closure (CMC) model [23] to condition the mixing model 

o ensure that it is local in composition space (a vital property of 

ixing [24] ). This is done indirectly though localizing in a math- 

matically independent reference space so that two other vital 

ixing properties (i.e. independence and linearity for all scalars 

24] ) are preserved. In LES of non-premixed flames, the filtered 

ixture fraction solved in Eulerian fashion on the LES mesh is an 

ppropriate reference variable since it effectively parameterizes 

he composition while also being mathematically independent of 

he composition field on the particles [22] . The enforced localness 

n Reference Mixture Fraction (RMF) space permits a relaxation 

f strict mixing localness in physical space and a reduction in 

he number of Lagrangian particles compared to approaches with 

onventional (non-local) mixing models. 

Sparse-Lagrangian MMC-LES involves significantly fewer parti- 

les for the stochastic composition field than Eulerian cells for the 

ES solution [19] . Therefore, the computational cost is significantly 

ower than conventional FDF methods with an intensive distribu- 

ion of particles. Sparse MMC-LES has been extensively validated 

ith a range of subsonic experimental combustion configurations 

f practical relevance, e.g. piloted methane / air jet diffusion 

ames [25] , methane / air swirl flames [26] , Sandia DME flame 

eries [27] and turbulent spray flames [28] . In our recent work, 

parse MMC-LES was extended to highly-compressible conditions 

or the first time [29] and demonstrated good accuracy against 

xperimental data [30] for velocity, pressure and temperature in 

 model supersonic combustor. The roles of pressure work and 

iscous heating in flame stabilization were preliminarily analyzed 

nd it was found that the pressure work plays a significant role in 

he unsteady behavior of the flame base whereas the viscous heat- 

ng was negligibly small. However, due to the limited availability 

f data from the experimental combustor, validation of MMC-LES 

redictions of reactive scalars was not possible. 

The objective of the present work is to model an autoigni- 

ion stabilized supersonic hydrogen jet flame for which detailed 

xperimental data of reactive scalars is available [31] . This very 

ell-characterized target flame features a broad range of physical 

henomena, including shock-induced autoignition, shock-flame 

nteraction, lifted flame stabilization, and finite-rate chemistry 

ffects. Therefore, it will be helpful for more comprehensive 

xamination of the compressible MMC-LES model. Moreover, a 

umber of other novel contributions will be made here. Firstly, the 

mportance of pressure work and viscous heating on autoignition 

nd flame stabilization in MMC are re-assessed in detail and the 

forementioned negligibility of the latter is questioned. Secondly, 

he Lagrangian evolutions of temperature and mixture fraction 

re extracted to study the interactions between unsteady flame 

ehaviors and supersonic gas dynamics. Thirdly, Chemical Explo- 

ive Mode Analysis (CEMA) [32] is used to extract the accurate 

hemical information, including chemical reaction timescale and 

amköhler number, from different flame sections. 

The rest of the paper is organized as follows. The formulation 

nd implementation of the compressible MMC-LES are detailed in 

ection 2 . The experimental and numerical configurations are pre- 

ented in Sections 3 and 4 , respectively. The results and discussion 

re given in Section 5 , followed by the conclusions in Section 6 . 

. Governing equation and numerical implementation 

.1. Compressible Eulerian LES equation 

The filtered equations for mass, momentum and reference mix- 

ure fraction are solved using Eulerian LES. The filtered continuity 
2 
quation is 

∂ ρ̄

∂t 
+ 

∂ 

∂ x j 

(
ρ̄ ˜ u j 

)
= 0 , (1) 

here t is time, x j is the spatial coordinate, ρ̄ is filtered density 

nd ˜ u j is Favre filtered j- th velocity component. The filtered mo- 

entum equation is 

∂ 

∂t 
( ̄ρ ˜ u i ) + 

∂ 

∂ x j 

(
ρ̄ ˜ u i ̃  u j 

)
+ δi j 

∂ p̄ 

∂ x j 
− ∂ 

∂ x j 

(
˜ τi j − τ sgs 

i j 

)
= 0 , (2) 

here p̄ is filtered pressure, δij is a Kronecker delta function and 

˜ i j is the molecular viscous stress tensor, i.e., 

˜ i j = μ

(
∂ ̃  u i 

∂ x j 
+ 

∂ ̃  u j 

∂ x i 
− 1 

3 

δi j 

∂ ̃  u k 

∂ x k 

)
(3) 

Here μ is the dynamic viscosity, which is modelled by Suther- 

and’s law. The SGS viscous stress tensor τ sgs 
i j 

in Eq. (2) is given by 

sgs 
i j 

= −μt 

(
∂ ̃  u i 

∂ x j 
+ 

∂ ̃  u j 

∂ x i 
− 1 

3 

δi j 

∂ ̃  u k 

∂ x k 

)
+ 

1 

3 

δi j ρ̄k t , (4) 

here k t and μt are respectively the SGS kinetic energy and dy- 

amic viscosity. In the present study, they are closed using the 

tandard Smagorinsky model [33] . 

The filtered RMF ( ̃  f ) is used for localizing stochastic particle 

ixing. RMF is a conserved normalized scalar with 

˜ f = 1 in the 

uel stream and 

˜ f = 0 in the oxidizer stream. Its equation reads 

∂ 

∂t 

(
ρ̄ ˜ f 

)
+ 

∂ 

∂ x j 

(
ρ̄ ˜ f ̃  u j 

)
− ∂ 

∂ x j 

(
ρ̄D e f f 

∂ ˜ f 

∂ x j 

)
= 0 , (5) 

here D e f f = D m 

+ D t is the sum of molecular and SGS diffusiv- 

ties. The molecular diffusivity is modelled as D m 

= μ/ ̄ρSc with 

chmidt number Sc = 0.7 and the SGS diffusivity is D t = μt / ̄ρS c t 
ith turbulent Schmidt number Sc t = 0.4 [34] . 

Species and standardised enthalpy are FDF state space variables 

olved on Lagrangian particles as discussed in Section 2.2 . Mass 

nd energy consistency between the particle fields and the Eule- 

ian LES is achieved through solution of additional Eulerian filtered 

quations for the equivalent species and equivalent total enthalpy 

29 , 35] , governed by 

∂ 

∂t 

(
ρ̄ ˜ Y E m 

)
+ 

∂ 

∂ x j 

(
ρ̄ ˜ Y E m ̃

 u j 

)
− ∂ 

∂ x j 

(
ρ̄D e f f 

∂ 

∂ x j 
˜ Y E m 

)

= 

ρ̄
(

˜ Y m 

| f E − ˜ Y E m 

)
τrel 

, (6) 

nd 

∂ 

∂t 

(
ρ̄ ˜ H 

E 
t 

)
+ 

∂ 

∂ x j 

(
ρ̄ ˜ H 

E 
t ˜ u j 

)
− ∂ p̄ 

∂t 
− ∂ 

∂ x j 

(
ρ̄D e f f 

∂ 

∂ x j 
˜ h 

E 
s 

)

− ∂ 

∂ x j 

(
˜ τi j ̃  u i 

)
= 

ρ̄
( ˜ h s | f E − ˜ h 

E 
s 

)
τrel 

, (7) 

espectively. Generally, it is computationally efficient to solve for a 

imited set of equivalent species (in the present study, they are H 2 , 

 2 , H 2 O, N 2 , and OH), which accounts for a significant fraction of

he mixture (say above 99% by mass) and therefore dominates the 

hermodynamic state of the mixture including the density. The fil- 

ered total enthalpy is defined as ˜ H 

E 
t = ̃

 h E s + 

1 
2 

∑ 3 
j=1 ˜ u 2 

j 
where ˜ h E s is 

he filtered equivalent sensible enthalpy. The third term on the LHS 

f Eq. (7) is the pressure work and the last term on the LHS is the

iscous heating. The source terms on RHS of Eqs. (6) and (7) relax 

he Eulerian equivalent fields over the timescale τrel towards the 

onditional means in RMF space, ˜ Y m 

| f E and 

˜ h s | f E . The relaxation 
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imescale, τrel , is assumed to approximately 10 times the numeri- 

al time step, which can produce smooth equivalent species fields 

35] . Note that the source terms here are different from those in so 

alled quasi-laminar LES closures of the filtered source term, which 

eglect SGS fluctuations of the species fields. Since the conditional 

eans, ˜ Y m 

| f E and 

˜ h s | f E , are estimated from the stochastic particle 

elds (see Section 2.3 ) the equivalent species and enthalpy source 

erms therefore explicitly include SGS fluctuations which, in non- 

remixed combustion, are largely driven by the fluctuations in the 

ixture fraction. 

Finally, the Eulerian pressure is obtained through the ideal gas 

quation of state, 

p̄ = ρ̄R u ̃  T E 
∑ N E 

m =1 

˜ Y E m 

M m 

, (8) 

here R u = 8.314 J/(mol • K) is the universal gas constant, M m 

and
˜ 
 

E 
m 

are, respectively, the molecular weight and filtered mass frac- 

ion of m -th equivalent species, N E is the total number of equiva- 

ent species that are solved, and 

˜ T E is the equivalent temperature 

pdated from the equivalent enthalpy. 

.2. Compressible stochastic differential equations on Lagrangian 

articles 

The equivalent set of Stochastic Differential Equations (SDEs) for 

he evolution of the joint FDF of species mass fractions and stan- 

ardised enthalpy are solved on an ensemble of Lagrangian no- 

ional particles [21 , 29] . They read 

 x q 
i 

= 

[
˜ u i + 

1 

ρ̄

∂ 

∂ x i 

(
ρ̄D e f f 

)]q 

d t + δi j 

(√ 

2 D e f f 

)q 

d ω i , (9) 

Y q m 

= 

(
W 

q 
m 

+ S q m 

)
dt, (10) 

 h 

q = 

[
W 

q 

h 
+ S q 

h 
+ 

(
1 

ρ̄

D ̄p 

Dt 

)q 

+ 

(
1 

ρ̄
˜ τi j 

∂ ̃  u i 

∂ x j 

)q ]
dt, (11) 

< S p,q | ̃  f, x > = 0 . (12) 

Here q is a particle index associated with a stochastic realiza- 

ion of the turbulent field. Eq. (9) is for transport of particles in 

hysical space where x i is the i th component of the position vec- 

or and d ω i is the increment of an independent Wiener process. 

qs. (10) and (11) govern the evolution of particle mass fractions, 

 

q 
m 

, and standardised enthalpy, h q = ( h θ
f 
+ ∫ T T 0 C p dT ) q , respectively, 

ith h θ
f 

being the enthalpy of formation. W 

q 
m 

is the closed non- 

inear chemical source term and W 

q 

h 
is radiative heat loss term 

set to zero here). S 
q 
m 

and S 
q 

h 
are the mixing terms for the dissipa-

ion of conditional subfilter fluctuations of mass fraction and stan- 

ardised enthalpy, respectively, and Eq. (12) represents the MMC 

odel constraint that conserves conditional means during mixing 

hrough enforced localness in the combined ( x , ˜ f ) -space. The par- 

icular form of the mixing operation used here adopts a variant of 

he Curls mixing model [36] . Particles are mixed in pairs (parti- 

les p and q ), where the mean distances between the mixing pairs 

n x -space and 

˜ f -space are respectively less than two global pa- 

ameters, r m 

(the characteristic distance in x -space) and f m 

(the 

haracteristic distance in 

˜ f -space). Here f m 

= 0.01 [37] and r m 

is 

btained by the fractal model [22] . The pairwise mixing is linear 

nd has a mixing timescale, τ L , which is modelled by the a-ISO 

odel [38] . Different from the previous MMC model for low-Mach 

ows [21 , 35] , the pressure work, W 

q 
P 

= ( 1 ρ̄
D ̄p 
Dt ) 

q , and viscous heat-

ng, W 

q 
V H 

= ( 1 ρ̄ ˜ τi j 
∂ ̃ u i 
∂ x j 

) q , are incorporated in Eq. (11) and their roles 
3 
n predicting supersonic flames are preliminarily discussed in our 

ecent work [29] . 

Note that the direct effect of SGS pressure fluctuations on the 

omposition is neglected with the choice of FDF state space. Re- 

ently, De Almeida et al. [7] validated the Eulerian stochastic field 

mplementation of the FDF model against the Cheng experiment 

31] . Two versions of the model with different FDF state spaces 

ere tested. In the first version, the FDF state space includes 

pecies mass fractions and enthalpy, which is conventional for FDF 

ethods. The FDF chemical source terms are calculated using the 

ltered pressure, whereas the direct effect of SGS pressure fluctu- 

tions on the reaction rates is neglected. This model gives good 

greement with the experimental data. In the second version of 

ignificantly more complexity, the FDF state space also includes 

elocity, and consequently, the direct effect of SGS pressure fluc- 

uations on the composition is included. Although this model also 

roduces reasonable comparisons with experimental data, the SGS 

ixing rate driven explicitly by the stochastic velocity fluctuation 

s under-predicted. Despite their conceptual advantages, velocity- 

calar FDF methods are relatively under-developed in comparison 

ith the more conventional scalar FDF methods, even in low-Mach 

ows [39] . This is a general issue [1] , not only from MMC-LES, and

s beyond the scope of the present study. 

.3. Numerical implementation 

The numerical implementation of the hybrid Eule- 

ian/Lagrangian compressible MMC-LES model into the mmcFoam 

uite of solvers [35] was recently presented in [29] . The Eulerian 

cheme is based on the RYrhoCentralFoam solver [40–42] which 

as been validated previously for a range of benchmark problems, 

ncluding Sod’s shock tube, a forward-facing step, a supersonic 

et and shock-vortex interaction [40 , 41] . The stochastic Lagrangian 

article implementation is presented and extensively validated in 

35] and has been augmented to include compressible pressure 

ork and viscous heating terms in [29] . Essential details of the 

chemes are given below. 

The finite volume forms of the Eulerian LES equations for mo- 

entum, RMF, equivalent species mass fraction, and equivalent 

otal enthalpy (i.e., Eqs. (2) , 5 , 6 , 7 , respectively) are integrated

ith an operator-splitting method [29 , 40] . A second-order implicit 

rank-Nicolson scheme is used for discretizing the unsteady terms 

nd the MUSCL-type KNP scheme [43] with Minmod flux limiter 

44] is used to discretize the convective terms. The diffusive fluxes 

re predicted with a second-order central differencing scheme. 

The stochastic Lagrangian transport equations Eqs. (9) - (12) are 

ntegrated as three fractional steps. Spatial transport in Eq. (9) uses 

he first-order Euler-Maruyama scheme [45] . Chemical source 

erms in Eqs. (10) - (11) are integrated using a stiff ODE solver seulex 

46] . The particle pairs for mixing in Eq. (12) are selected dynami- 

ally using a k-dimensional tree algorithm [47] . 

The Eulerian and Lagrangian parts of the mmcFoam solvers are 

wo-way coupled. In the forward coupling step, in order to inte- 

rate Eqs. (9) and (11) with the constraint (12), the filtered ve- 

ocity, pressure material derivative, viscous heating, RMF, effective 

molecular plus SGS) diffusivity and its gradient are all tri-linearly 

nterpolated from the underlying Eulerian LES fields to the par- 

icle locations. In the backward coupling step, mass and energy 

onsistency between the two schemes is achieved by passing es- 

imates of ˜ Y m 

| f E and 

˜ h s | f E from the stochastic particle fields to 

he Eulerian scheme to solve Eqs. (6) and (7) . The two conditional 

eans are instantaneous quantities calculated by the KernelEsti- 

ation submodel in mmcFoam [35] , similar to the smoothed par- 

icle hydrodynamics approach [48] . In this submodel, the estima- 

ion involves integration over stochastic particles around each Eu- 
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Fig. 1. (a) Schematic of the experimental configuration [31] , (b) detail around the 

burner exit, and (c) long exposure visual photograph [31] . 
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erian grid with weighting by radial basis functions in both RMF 

nd physical space. Here we take ˜ h s | f E for example, and the full 

etails are provided in Ref. [35] . In sparse MMC, the integral inter- 

olation of ˜ h s | f E is approximated by a summation over the entire 

nsemble of particles [35] , 

˜ 

 s | f E � 

∑ 

p 

m 

p h 

p 
s 

ρ p 
�( r − r p , 	) , (13) 

here m 

p , h 
p 
s , and ρ p are respectively the particle mass, sensi- 

le enthalpy and density, 	 is the characteristic distance in ( x , ˜ f ) - 

pace (i.e., r m 

and f m 

introduced in Section 2.2 ), whereas r = ( x , ˜ f )

nd r p = ( x p , z p ) . The kernel function (unit in m 

−3 ) is [35] 

( r − r p , 	) = 
i �i 

(
r i − r p 

i 
, 	i 

)
, (14) 

here the index i runs over each dimension of r. The above pro- 

edure also applies for the conditional mean of equivalent species 

˜ 

 m 

| f E . 
Besides, the present two-way coupling adopts the approach that 

as been extensively validated for low-speed combustion [21 , 35] , 

hich assumes that species and enthalpy are well modelled by 

heir conditional values in mixture fraction space (i.e., the source 

erms in Eqs. (6) and 7 ). Across a shock, the enthalpy will change

ven if the mixture fraction is constant and therefore the two- 

ay coupling introduces some numerical diffusion of the equiva- 

ent enthalpy and density fields. However, this issue is ameliorated 

n two ways. Firstly, the numerical diffusion improves the numer- 

cal stability of the method. Secondly, the numerical diffusion can 

e reduced with increased number of particles in the simulations. 

he previous work [21] has shown low sensitivity to significant in- 

reases in particle resolution and it is believed that the numerical 

iffusion is not a noticeable problem. 

. Experimental configuration 

Figure 1 (a) shows the schematic of the supersonic hydrogen jet 

ame experimentally investigated by Cheng et al. [31] . The burner 

onsists of a central round fuel pipe with diameter D f = 2.36 mm 
4 
ssuing a sonic hydrogen jet surrounded by an annular hot viti- 

ted coflow at Mach 2.0 generated by an upstream lean-burned 

ydrogen combustor. Figure 1 (b) shows the details of the fuel 

et and coflow nozzle near the burner exit. The resulting flame 

s stabilized at about 25 D f downstream of the nozzle exit (red 

ine in Fig. 1 c), inferred from the experimental visual photo- 

raph of flame luminosity in Fig. 1 (c). The major dimensions of 

he burner and the flow conditions at the exits of both hydro- 

en and coflow streams are detailed in Table 1 . Small concentra- 

ions of radical species, such as OH, are also present in the vi- 

iated coflow [31] , but are neglected in the modeling and only 

he major product species fractions are specified at the inflow 

oundaries. 

. Numerical configuration 

.1. Eulerian computational configuration 

As shown in Fig. 1 (a), the cylindrical computational domain is 

0 D f in the streamwise direction ( x ) by 30 D f in radial direction ( r ).

he coordinate origin lies at the center of the fuel jet exit (i.e., 

oint ‘ O ’ in Fig. 1 b). The mesh is discretized by 12,175,200 hexahe-

ron cells with refinement around the fuel jet, fuel / coflow shear 

ayer and across the coflow with a minimum cell size of 118 μm 

n the x -direction by 50 μm in r -direction, respectively. The two- 

imensional schematic of the computational domain on the central 

ymmetry plane and local enlarged mesh distribution around the 

uel and coflow nozzles are provided in Section A of supplemen- 

ary document. As a comparison, the Kolmogorov length scale for 

his flow is estimated to be the 10–20 μm range and the integral 

ength scale is of order 3–7 mm [31] . Therefore, the finest cell in

he present work is between approximately three and seven times 

he Kolmogorov length scale. A posterior analysis of the LES mesh 

esolution (see Section A of supplementary document) shows that 

he present LES resolution is sufficient for predicting the kinetic 

nergy (more than 90% is resolved) and scalar variations in the 

et flame. Moreover, the maximum CFL (Courant-Friedrichs-Lewy) 

umber is 0.1, which approximately corresponds to the physical 

ime step of 10 −9 s. 

The upstream boundary of the cylindrical computational do- 

ain (see Fig. 1 a) extends x / D f = −1.5 (i.e. 3.54 mm) into the

uel and coflow inlet pipes ( Fig. 1 b) where Dirichlet conditions 

re enforced. A synthetic turbulence generator [49 , 50] is applied 

t the fuel and coflow inlets, and the Reynolds stress is given fol- 

owing the method of Masri et al. [51] and Zhang et al. [52] . De-

ails on the synthetic inflow turbulence specification are provided 

n Section B of supplementary document. Based on the work of 

ouheraoua et al. [6] and Zhao et al. [53] on the same flame, the 

nflow turbulence is significant for the shear layer development af- 

er the nozzle exits and near-field shock structures. An adiabatic 

o-slip wall condition is adopted at the fuel and coflow injector 

ips. The spatially averaged y + values are 0.67 and 1.64 normal 

o the fuel and coflow pipe walls, respectively, and no wall func- 

ion is used. Similar wall treatment has been adopted in Ref. [6] , 

nd satisfactory results are obtained with a comparable mesh res- 

lution to ours (see Table 2 ). Non-reflective conditions [54] are 

pplied at the circumferential boundary of the domain. Since the 

utflow is supersonic, zero gradient conditions are applied for all 

ariables. 

This flame has been simulated by many research groups 

ith different combustion models, among which the LES sim- 

lations are summarized in Table 2 . Note that the standard 

magorinsky model [33] is used in all these studies. The re- 

ults from some of them will be discussed wherever necessary in 

ection 5 . 
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Table 1 

Major dimensions and boundary conditions for the Cheng supersonic flame [31] . D i is inner diameter, D o is outer diameter, p is pressure, T 

is temperature, Re is Reynolds number, Ma is flow Mach number, X m is mole fraction of the m -th species. 

D i [mm] D o [mm] p [kPa] T [K] Re Ma X O2 X H2O X N2 X H2 

Hydrogen 0 2.36 112 545 15,600 1.0 0.0 0.0 0.0 1.0 

Coflow 3.81 17.78 107 1250 101,100 2.0 0.201 0.255 0.544 0.0 

Table 2 

Summary of LES studies on Cheng supersonic flame [31] . QLC: Quasi-Laminar Chemistry, U-PaSR: Unsteady Partially-Stirred Reactor, ESF: Eulerian Stochastic Field, PSR: 

Perfectly Stirred Reactor. 

LES work Combustion and chemistry 

models 

Inflow turbulence treatment Computational domain and characteristic cell size 

Boivin et al. [55] QLC, 6 s/3r [56] Isotropic turbulence with 20% intensity for coflow Hemisphere, 10,000 D f in radius, 6.6 million cells, 

minimum volume of 8 × 10 −13 m 

3 

Moule et al. [5] U-PaSR, 9 s/19r [57] No inflow turbulence but includes nozzle geometry Cylinder, 60 D f in length and 20 D f in radius, 31 

million cells, cell size of 100–400 μm 

Bouheraoua et al. [6] QLC, 6 s/3r [56] Pre-computed isotropic turbulence [58] with 18% / 

22% intensity for fuel / coflow 

Cylinder, 70 D f in length and 30 D f in radius, 4 / 32 

/ 268 million cells, minimum cell size of 60 μm 

De Almeida et al. [7] Scalar-enthalpy [59] and 

velocity-scalar-energy [60] 

ESF, 9 s/19r [61] 

Synthetic turbulence of 5% intensity for coflow, 

through digital filter 

Cylinder, 70 D f in length and 30 D f in radius, 0.2 / 

2 million cells 

Zhang et al. [41] QLC, 9 s/19r [62] White noise inflow turbulence with 5% intensity for 

fuel and coflow 

Cylinder, 100 D f in length and 30 D f in radius, 26 

million cells, minimum cell size of 160 μm 

Zhao et al. [53] PSR, 9 s/19r [62] White noise inflow turbulence with 5% intensity for 

fuel and coflow 

Cylinder, 100 D f in length and 30 D f in radius, 26 

million cells, minimum cell size of 160 μm 

Current work MMC, 9 s/19r [62] Synthetic turbulence [49 , 50] with 18% / 22% intensity 

for fuel / coflow 

Cylinder, 70 D f in length and 30 D f in radius, 12.2 

million cells, minimum cell size of 50 / 118 μm 

in x - / r -direction 
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.2. Lagrangian computational configuration 

In addition to the finite volume mesh for solving the LES 

quations, a superMesh is constructed to control the particle 

esolution. The Lagrangian and Eulerian fields have equivalent ini- 

ial and boundary conditions for mass consistency [35] . Lagrangian 

articles enter and leave the computational domain at the bound- 

ry patches of superMesh . Inflow of particles is controlled by the 

reeStream boundary type in mmcFoam [35] , which is implemented 

uch that particles enter the domain after being accumulated on 

he boundary with a mass flow that is equivalent to the inflow 

ass flux on the LES mesh. At solid walls, particles are rebounded 

ith a consistent wall-normal displacement. 

At initialization, particles are randomly distributed and their 

ass is stochastically equivalent to that of the Eulerian field. As 

he simulation proceeds, the particles are redistributed according 

o the density and this may not coincide with the required parti- 

le resolution. Therefore, a mass-conservative particle number con- 

rol algorithm is employed [35] . Particles are cloned or killed if the 

umber falls below or above the lower and upper limits (which are 

espectively set to be 12 and 20 in the present study), respectively. 

he full details are provided in Ref. [35] . 

Nominally 760,0 0 0 Lagrangian particles are used in the domain, 

orresponding to a sparse distribution of about one Lagrangian par- 

icle for every 16 Eulerian LES cells (1 L/16E). The resultant char- 

cteristic spacing between particles in the central jet and shear 

ayer is approximately 	L = 0.12 mm. The low sensitivity of MMC- 

ES to increased resolution has been extensively demonstrated for 

ubsonic jet flames [26 , 35] , and more recently for supersonic com- 

ustion as well [29] . The particle resolution used in the present 

ork is comparable to the finest case in our recent study with 

L = 0.115 mm [29] . 

A detailed hydrogen mechanism, containing 9 species (H 2 , O 2 , 

 2 , H 2 O, HO 2 , H 2 O 2 , H, O and OH) and 19 elementary reactions

62] , is used. Validations have shown that it can well reproduce 

he measured ignition delay and laminar flame speed over a range 

f pressure conditions [63] . 
s

5 
In the Eulerian equivalent composition Eqs. (6) –(7) and stochas- 

ic particle Eqs. (10) –(11) , unity Lewis number is used for all the 

pecies, whereas the molecular and turbulent Prandtl numbers are 

.71 and 0.9, respectively [5–7 , 54 , 55] . 

. Results and discussion 

Simulations are performed on 360 processors with 2.60 GHz 

ores on the ASPIRE 1 Cluster at the National Supercomputing Cen- 

er in Singapore. The computational time is about 41,882 CPU- 

ours per flow-through time (given by the ratio of the domain 

ength, 70 D f , and coflow bulk velocity, 1420 m/s), of which about 

0.4% is associated with the Eulerian scheme (including the solu- 

ion of the equivalent species and equivalent enthalpy equations for 

he density coupling between Eulerian and Lagrangian fields) and 

bout 9.6% is associated with the Lagrangian scheme (on which the 

hemistry is integrated). Using far fewer Lagrangian particles than 

ulerian LES cells illustrates the relatively low computational load 

or integration of the simple hydrogen kinetics in the present work. 

he cost reduction would become more pronounced when more 

omplicated fuels are considered. 

Following a statistically transient flow period of 0.3 ms to elim- 

nate the effects of the initial conditions, the stationary statistics 

resented in this section were integrated over 0.7 ms correspond- 

ng to about six characteristic flow-through times. In the following, 

nstantaneous filtered quantities are represented by tilde (e.g., ˜ f ) 

nd the time-averaged quantities are represented by angle brack- 

ts (e.g., 〈 f 〉 ). 

.1. Flow and flame structures 

Figure 2 shows various aspects of the predicted flow and 

ame structures. Contours of instantaneous and mean pressure 

radient magnitudes are shown in Figs. 2 (a) and 2(b), respec- 

ively. Iso-lines of instantaneous stoichiometric reference mixture 

raction, ˜ f st = 0 . 0297 , are also shown in Fig. 2 (a). The shock

tructures immediately downstream of the nozzle exit show a 
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Fig. 2. Flow and flame structures: (a) instantaneous pressure gradient magnitude, 

(b) mean pressure gradient magnitude, (c) instantaneous density gradient magni- 

tude, and (d) instantaneous (left) and mean (right) equivalent OH mole fraction. 

Iso-lines in (a) represent instantaneous stoichiometric mixture fraction. (For inter- 

pretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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Fig. 3. Lagrangian particles colored by: (a) X HO2 , (b) X OH , (c) z and (d) T (in K) . (For 

interpretation of the references to colour in this figure legend, the reader is referred 

to the web version of this article.) 
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ood resemblance to those captured respectively by Moule et al. 

5] whose simulations extended upstream and included detailed 

ozzle geometry, Bouheraoua et al. [6] who used synthetic inflow 

urbulent velocity boundary conditions at the nozzle exit plane, 

nd Zhao et al. [53] who made detailed comparison with and 

ithout synthetic inflow velocity fluctuations. In comparison with 

he results in Refs. [41 , 53] produced without a turbulent inflow, 

he Mach trains shown in Fig. 2 (a) are less intense (lower contrast) 

nd become more diffuse (blurred) in the far field. This is because 

he shock-turbulence interactions and more rapid turbulent jet 

reakup (see Fig. 2 c) resulting from the realistic inflow turbulent 

pectrum modulate the development of very strong shock wave 

tructures. The diamond-like shock structures are clearly identified 

n Fig. 2 (b) through the mean pressure gradient. Expansion waves 

E1) form at the fuel jet exit with radially adjacent shocks (S1). 

hese are reflected from the shear layer between the vitiated 

oflow and the surrounding ambient air, which is visualized 

hrough the density gradient magnitude in Fig. 2 (c). The expansion 

aves / shocks interaction forms a Mach disk after the burner exit 

nd leads to the distinctive diamond-shaped alternating expan- 

ion / shock wave system (E1-E3 and S1-S3). The shock strength 

ecays with downstream distance due to the shock-flame and/or 

hock-turbulence interactions. This is most obvious downstream 

f x / D f = 25 (line l fb ), where the flame base is stabilized near the

ntersection of two shocks indicated by point ‘b’. It is known that 

hocks are strong compression waves, whereas combustion gener- 

lly leads to gas thermal expansion. Therefore, the shock structure 

s distorted and shock pressure is decreased when it across flames 

ue to substantial heat release and thermal expansion, which 

as been widely observed [64–68] . Moreover, even for this same 

ame configuration the downstream shock decaying is observed in 

ther LES studies detailed in Table 2 [5 , 6 , 41 , 53] . The downstream

urbulence (random vortices and eddies) dissipates the originally 

egular shock structures [69–71] . 
6 
Figure 2 (d) shows the instantaneous equivalent OH mole frac- 

ion field 

˜ X E 
OH 

, and its mean 〈 X E 
OH 

〉 , on the left and right sides of

he image, respectively. Note that the equivalent species fields are 

seful for the purpose of visualization whereas the stochastic par- 

icle fields are the real quantities used below for direct quantitative 

omparison against the experiment. The mean lift-off distance cor- 

esponding to 〈 X E 
OH 

〉 = 0 . 008 is at about x / D f = 25 (line l fb ), which

grees well with the experimental value (c.f. Fig. 1 c). Upstream of 

ine l fb , there is no observable OH radical, but extensive HO 2 is 

enerated (see Fig. 3 ), which is a precursor species of autoignition. 

ence, this region is regarded as the reaction induction zone (Re- 

ion I in Fig. 2 d). For 25 < x / D f < 32, 〈 X E 
OH 

〉 is still rather small

nd this region is called the autoignition initiation zone (Region II). 

or 32 < x / D f < 37, 〈 X E OH 〉 grows rapidly in the transitional zone

Region III), and downstream of x / D f = 37 in the turbulent combus- 

ion zone (Region IV) 〈 X E 
OH 

〉 is much larger still. The staged flame 

evelopment shows close qualitative similarity to that experimen- 

ally observed (again, c.f. Fig. 1 c). This will be further analyzed in 

ection 5.4 . 

Figure 3 shows instantaneous HO 2 and OH mole fractions as 

ell as mixture fraction and temperature on the Lagrangian par- 

icles. Note that zones I-IV are the same as those in Fig. 2 . As in-

icated by circle ‘A’ in Fig. 3 (a), isolated HO 2 pockets are first ob- 

erved in the shear layers between the fuel jet and coflow in the 

eaction induction zone (Region I) and begins to accumulate into 

 continuous field downstream of point ‘a’ where the shocks first 

ntersect along the jet centerline. OH radical in Fig. 3 (b) appears in 

ery isolated pockets indicated by circles ‘B’ and ‘C’ near the flame 

ase (line l fb ) well downstream of where HO 2 first appears, and 

eaks in turbulent combustion zone (Region IV). Its spatial distri- 

ution reflects the fact that OH is produced in the thin stoichio- 

etric reaction layers and consumed by slow recombination reac- 

ions, which is significant in the main reaction zones (i.e., the tran- 

itional and turbulent combustion zones, Regions III and IV). This is 

lso demonstrated in the mean Eulerian fields in Fig. 2 (d). For the 

nstantaneous mixture fraction in Fig. 3 (c), as is to be expected, 

he breakup of the turbulent fuel jet occurs further upstream than 

t does in the simulations reported in [41] without inflow turbu- 
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Fig. 4. Radial profiles of mean axial velocity. Experimental data from Ref. [31] . 
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Fig. 5. Radial profiles of mean temperature. Experimental data from Ref. [31] . 
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ence, and the mixing between the jet and coflow is also much en- 

anced. The staged distributions of T in Fig. 3 (d) are qualitatively 

imilar to that of X OH . 

.2. Statistics of velocity and scalars in physical space 

Figure 4 shows the radial profiles of mean axial velocity, 〈 u x 〉 , at

our streamwise locations. The overall agreement of the predictions 

ith the experimental data is good, although there are some dis- 

repancies. There is slight over-prediction at x / D f = 10.8 near the 

enter of the jet where the experimental data exhibits local min- 

ma. This may be caused by differences between the model and 

xperimental turbulent velocity boundary conditions at the jet in- 

et. Although synthetic inflow velocity fluctuations [49 , 50] are used 

n the present simulations, the degree to which they mimic the ex- 

erimental inflow velocity profiles cannot be quantified due to lack 

f data. It is noted that similar over-prediction at this location has 

lso been observed in other studies either with [6 , 53] or without 

41] inflow turbulence. Another discrepancy in Fig. 4 is that the 

odel produces slightly less radial spreading of the coflow into the 

mbient air. This could be the result of an insufficient mesh reso- 

ution in the outer shear layer, especially at downstream locations. 

owever, these relatively small differences in the velocity profiles 

re expected to have limited influence on the predictions of au- 

oignition and lifted flame stabilization along the centerline of the 

et. 

Figure 5 shows the radial profiles of mean temperature, 〈 T 〉 , at 

arious streamwise locations. Note that the experimental profiles 

also for the species mole fractions in Figs. 8 and 9 ) are asymmet-

ic due to the imperfect orientation of the burner [31] . Consider- 

ng this uncertainty, 〈 T 〉 is relatively well reproduced with MMC- 

ES. At x / D f = 21.5, 〈 T 〉 is under-predicted (about 40%). Statisti-

ally, no flame (but random and isolated HO 2 pockets) occurs be- 

ore x / D f = 25 in the simulation as seen in Figs. 2-3 . Therefore,

 T 〉 in the central jet is under-predicted. The experimental data 

hows a temperature of above 1500 K in the central jet, which 

ndicates early ignition before x / D f = 25. Since our mean lift-off

eight (based on OH criterion) is fairly close to that of the mea- 

ured one (i.e., 25 D f ), this under-prediction is probably because 

ome highly transient and localized autoignition events at this par- 

icular location that are not well captured. It may be associated 

ith two factors: (1) the unaligned fuel / coflow axes (hence un- 

xpected turbulence and then early ignition) and (2) radicals in 

he coflow (from the pre-burned hydrogen-lean combustor for pre- 

eating of the coflow) [31] . For the latter, there is about 0.1% mole

raction of OH at x / D f = 0.85 in the experiment, which may reduce

he ignition delay time of the mixture downstream [31] . However, 
7 
hese two experimental uncertainties are not quantified in the ex- 

eriments and hence difficult to be reproduced in our simulations. 

he sensitivity of the ignition delay time to OH concentration is 

nalyzed using zero-dimensional perfectly stirred reactor model 

see Section C of supplementary document). It is found that when 

mall amount of OH (e.g., 5 × 10 −4 by volume, close to the exper- 

mental values in [31] ) is added, the ignition delay is characterized 

y an abrupt decrease at a specific range of mixture temperature. 

s pressure is elevated (e.g., by shock compression in our flame), 

he sudden change of ignition delay occurs at a higher temperature 

ange. This result, to some degree, confirms the strong dependence 

f the flame ignition behaviors to high-enthalpy coflow conditions, 

.g., with or without radicals. Further downstream like x / D f = 64.7, 

 T 〉 agrees well with the experimental data except that the bound- 

ry of high temperature zone is slightly narrower. Insufficient ra- 

ial spreading has been observed with various combustion mod- 

ls [5–7 , 41 , 54 , 55] , which may be caused by the insufficient mesh

esolution near the coflow shear layers. Besides, the following two 

actors also play a role. The first is the unaligned fuel jet / coflow 

xes in the experiment [31] , which makes the experimental flow 

eld asymmetry (see the experimental data in Figs. 4-9 ) and more 

ispersive in the radial direction because the fuel jet and coflow 

re to some extent, angled. The second is the under-prediction of 

emperature in the central jet, which indicates less intensive heat 

elease, and hence thermal expansion of the central burning gas. 

he same trends, also systematically observed in other studies for 

his same flame configuration [ 5–7 , 41 , 54 , 55] , to some degree in-

icate that common difficulties exist in numerical simulations to 

eproduce a sufficient spreading of the coflow. 

Figure 6 shows the radial profiles of temperature RMS, 〈 T rms 〉 , 
t the same locations. Overall, 〈 T rms 〉 in the jet and shear layers are

easonably reproduced at x / D f = 0.85, 10.8, 43.1 and 64.7, although 

t is under-predicted inside the coflow at x / D f = 0.85 and 10.8 in

MC-LES. These discrepancies may be caused by the temperature 

uctuation by local turbulence or chemical reactions in the radical- 

ontaining coflow in the experiment [31] , as discussed in Fig. 5 . 

gain, one can see that it is of great significance to quantify the 

onditions (e.g., temperature or chemical composition fluctuations) 

f high enthalpy flows in supersonic combustion experiments, al- 

hough it is difficult in the experiments [3 , 31] . At x / D f = 21.5 (in

he reaction induction zone I in Fig. 2 ), no obvious combustion oc- 
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Fig. 6. Radial profiles of temperature RMS. Experimental data from Ref. [31] . 
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Fig. 7. Radial profiles of mean (a-e) species mole fractions and (f) mixture fraction 

at x / D f = 10.8. Experimental data from Ref. [31] . 

Fig. 8. Radial profiles of mean (a-e) species mole fractions and (f) mixture fraction 

at x / D f = 21.5. Experimental data from Ref. [31] . 
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urs in our simulation. Hence, in the shear layer between the cen- 

ral jet and coflow, 〈 T rms 〉 is relatively weak. At x / D f = 32.3 (in zone

II), significant combustion occurs and the local 〈 T rms 〉 increases 

nd is quantitatively close to the measured data. Improvements are 

lso seen for the further downstream locations in Figs. 6 (e) and 

(f). However, consistent with the mean values discussed above, 

 T rms 〉 near the coflow shear layers (e.g., | r |/ D f > 4) is generally

nder-predicted. Moreover, the results in Figs. 4–6 (i.e., the radial 

rofiles of mean axial velocity, mean temperature and tempera- 

ure RMS at various streamwise locations) are quantitatively com- 

ared with the work of Moule et al. [5] (includes detailed nozzle 

eometry) and Bouheraoua et al. [6] (uses refined mesh and syn- 

hetic inflow turbulence), which are provided in Section D of sup- 

lementary document. It is found that in the central jet and fuel / 

oflow shear layers, our results in 〈 u x 〉 generally show better accu- 

acy than those of Moule et al. [5] . However, far from the central

egion, their results show better radial spreading of the coflow. For 

 T 〉 and 〈 T rms 〉 , the MMC-LES results show comparable accuracies 

ith the reference studies [5 , 6] , and no predominance is observed 

ne over the others. 

Figs. 7-9 show the radial profiles of mean species mole frac- 

ions, 〈 X H 2 〉 , 〈 X O 2 〉 , 〈 X H 2 O 〉 , 〈 X N 2 〉 and 〈 X OH 〉 , and mixture fraction,

 z〉 , at x / D f = 10.8, 21.5 and 32.3, respectively. At x / D f = 10.8 in

ig. 7 , the results agree well with the experimental data, except 

ome over-predictions of 〈 z〉 in the central jet. At x / D f = 21.5 in

ig. 8 , 〈 X OH 〉 is nearly zero in our simulation, and accordingly there

s little H 2 consumption in the central jet. This leads to the slight 

ver-prediction of 〈 X H 2 〉 in Fig. 8 (a), but overshoot of 〈 X H 2 O 〉 in

ig. 8 (c). At x / D f = 32.3 in Fig. 9 , the over-prediction of 〈 X H 2 〉 and

nder-prediction of 〈 X H 2 O 〉 in the central jet becomes more obvi- 

us, but the results from MMC-LES are still of comparable accu- 

acy with other studies, e.g., in Refs. [5 , 6 , 41 , 55] . This discrepancy

s associated with the under-prediction of 〈 T 〉 at this location as 

hown in Fig. 5 (d). Lower temperature generally indicates weaker 

ombustion in the simulation, and therefore slower H 2 consump- 

ion rate and lower H 2 O production rate. More scalar comparisons 

including mean species mole fractions and mixture fraction at 

 / D f = 0.85, 43.1 and 64.7, as well as RMS species mole fractions

nd mixture fraction at x / D f = 21.5, 32.3 and 64.7) with the experi-

ental data are provided in Section E of supplementary document. 
8 
verall, the MMC-LES simulation well reproduces the statistics of 

eactive scalars in physical space. 

.3. Scalar statistics in mixture fraction space 

Figs. 10-12 show scatter plots of species mole fractions and 

emperature against the mixture fraction at three locations, ( x / D f , 

 / D f ) = (10.8, 0.65), (32.3, 1.1) and (43.1, 0), respectively. The mix-

ng and chemically-equilibrium lines [31] are also shown. At ( x / D f ,

 / D f ) = (10.8, 0.65) in Fig. 10 , mixing dominates (below the ap-

earance of autoigniting precursor HO 2 , i.e., point ‘a’ at x / D f ≈ 11

n Fig. 3 a) and therefore, the major species (i.e., H 2 , O 2 , H 2 O and

 2 ) closely follow their corresponding mixing lines. Furthermore, 

ow OH (e.g., X OH < 10 −4 ) may occur at both fuel-lean and fuel- 

ich conditions ( z = 0–0.05). Similar observations are also found 
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Fig. 9. Radial profiles of mean (a-e) species mole fractions and (f) mixture fraction 

at x / D f = 32.3. Experimental data from Ref. [31] . 

Fig. 10. Scatter plots of species mole fractions and temperature against mixture 

fraction at ( x / D f , r / D f ) = (10.8, 0.65). Experimental data from Ref. [31] . 
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Fig. 11. Scatter plots of species mole fractions and temperature against mixture 

fraction at ( x / D f , r / D f ) = (32.3, 1.1). Experimental data from Ref. [31] . 

Fig. 12. Scatter plots of species mole fractions and temperature against mixture 

fraction at ( x / D f , r / D f ) = (43.1, 0). Experimental data from Ref. [31] . 
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y Moule et al. [5] ( z = 0–0.06), Zhang et al. [41] ( z = 0–0.055)

nd Boivin et al. [55] ( z = 0–0.05). 

At ( x / D f , r / D f ) = (32.3, 1.1) in Fig. 11 , the overall thermo-

hemical state is reasonably captured by MMC-LES. The highest 

emperature is about 2130 K in the reaction zone, below the equi- 

ibrium line. For OH radical, most stochastic data points produced 

y the MMC-LES are above the equilibrium line, except in the near- 

toichiometric point. This may be caused by the strong turbulent 

ixing. These observations are also seen in Refs. [5 , 55] with a par-

ially stirred reactor model and quasi-laminar chemistry method, 

espectively. Furthermore, the highest mixture fraction is about 

.15 in the simulation, higher than the experimental value of about 

.08. This is likely to have been caused by the insufficient radial 

preading of the coflow into the ambient air, which leads to under- 

redicted dissipation of the fuel-containing coflow. However, when 

 

> ∼ 0.06 the scatter data of X H 2 , X O 2 , and X H 2 O become more dis- 

ersive and move closer to their mixing lines. Our result is close to 
9 
hat of Moule et al. (the highest z is about 0.13) [5] , but is higher

han that of Boivin et al. (the highest z is about 0.07) [55] . 

At ( x / D f , r / D f ) = (43.1, 0) in Fig. 12 , the overall distributions

f all scalar scatters are qualitatively similar to their counterparts 

t ( x / D f , r / D f ) = (32.3, 1.1) in Fig. 11 , but move a bit closer to

heir equilibrium lines and become more dispersive because of ad- 

itional turbulence development with downstream distance. This 

ocation lies in the turbulent combustion zone (IV in Fig. 2 ). Ex- 

mples of sub-equilibrium temperature (i.e., T in the flame zone 

s about 290 K lower than the equilibrium value) and super- 

quilibrium OH (i.e., X OH in the flame zone is higher than the equi- 

ibrium value) are also found in the experimental data. According 

o the Damköhler number analysis in the experimental work [31] , 

his may be caused by the slow three-body recombination reac- 

ions. 
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Fig. 13. Lagrangian particles colored by: (a) d h q 

dt 
, (b) S q 

h 
, (c) W 

q 
P 

and (d) W 

q 
V H 

. All 

variables in W/kg. Zones I-IV, point ‘a’ and ellipse ‘A’ are identical to those in Fig. 3 . 

(For interpretation of the references to colour in this figure legend, the reader is 

referred to the web version of this article.) 

5

i

i

v

t

(  

t

i  

s

i

F

p

i

t

b

t

s

b  

b

t

p

t

t

z

s

≈
f

a

fl

F

h

c

Fig. 14. Scatter plots of (a)-(b) X HO2 and (c)-(d) X OH colored by pressure work. Re- 

sults are from the Lagrangian particles in: |r|/D f ≤ 4, 9.5 ≤ x /D f ≤ 11.5 (first col- 

umn); |r|/D f ≤ 4, 24.5 ≤ x /D f ≤ 26.5 (second column). Dashed lines: z st = 0.0297. 

(For interpretation of the references to colour in this figure legend, the reader is 

referred to the web version of this article.) 

Fig. 15. Scatter plots of the (a) autoignition induction base and (b) flame base. Both 

are colored by pressure work. (For interpretation of the references to colour in this 

figure legend, the reader is referred to the web version of this article.) 
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.4. Compressibility effects 

Incorporation of the pressure work and viscous heating effects 

s a significant model improvement for MMC in high-speed react- 

ng flow simulations. To assess the modeling of pressure work and 

iscous heating, Fig. 13 shows the instantaneous distributions of 

he time derivative of standardised enthalpy ( d h 
q 

dt 
), mixing term 

 S 
q 

h 
), pressure work ( W 

q 
P 

) and the viscous heating term ( W 

q 
V H 

) on

he Lagrangian particles. The spatial distribution of d h q 

dt 
in Fig. 13 (a) 

s qualitatively similar to that of S 
q 

h 
in Fig. 13 (b) in most regions,

uggesting that conditional subfilter mixing plays a dominate role 

n the variations of particle standardised enthalpy. As expected, in 

ig. 13 (c) the pressure work is important only near the shock / ex- 

ansive waves. Also, in Fig. 13 (d) it is evident that viscous heating 

s high (e.g., comparable to 10% of pressure work) mainly around 

he shear layers with large velocity gradient, e.g., the area labelled 

y ‘G’. However, W 

q 
V H 

is generally smaller than W 

q 
P 

and 

d h q 

dt 
by more 

han two orders of magnitude. This is also seen in our previous 

tudy for a model supersonic combustor [29] , which is probably 

ecause of the low mixture viscosity (of the order of 10 −5 Pa • s)

ut strong pressure derivative (as high as 10 11 Pa/s or above) in 

hese supersonic, shock-laden flows. 

The correspondence between chemical reaction and shock com- 

ression can be further confirmed in Fig. 14 , which shows the scat- 

er plots of HO 2 and OH mole fractions against mixture fraction on 

he Lagrangian particles in two cylindrical domains (| r |/ D f ≤ 4) in 

ones I and II, respectively. The scatter data are colored by pres- 

ure work. In Fig. 14 (a), high HO 2 radical mole fraction (e.g., X HO2 

10 −4 ) is observed near the stoichiometric line ( z st = 0.0297) and 

uel-lean areas. This is related to the large W 

q 
P 

, which consider- 

bly promotes the autoignition. However, OH radical is limited (no 

ame occurs), as seen from Fig. 14 (c). 

In downstream locations near the flame stabilization point in 

ig. 14 (b), the peak X HO2 is considerably increased. Furthermore, 

igh X HO2 is observed over a wider range of mixture fraction be- 

ause of the extended ignition region (see Fig. 3 a). Large pressure 
10 
ork can be seen for most data points (color scale), indicating the 

mportance of pressure work for HO 2 generation in this area. In 

ig. 14 (d), compared to the results in Fig. 14 (c), noticeable amounts 

f X OH radicals (e.g., X OH ≈ 0.02) are observed near the stoichio- 

etric line, indicating the occurrence of flame there. The highest 

 OH generally occurs on those particles of large W 

q 
P 

, indicating the 

ignificance of shock compression (results in large positive W 

q 
P 

, see 

ig. 13 c) for the stabilization of the flame base at x / D f = 25. 

Figure 15 further shows the evolutions of the instantaneous ax- 

al locations of Autoignition Induction Base (AIB) and Flame Base 

FB). They are identified from the first occurrence of X HO2 ≥ 10 −4 

nd X OH ≥ 8 × 10 −3 , respectively. Based on our tests, choosing 

ther threshold values of X HO2 and X OH almost give the same AIB 

nd FB axial locations. The data are collected from 120 instants 

ver 0.24 ms. It is seen that the AIB oscillates between 8.5 D f and

2.5 D f , and those with high pressure work lie at 10 D f - 11.5 D f 

here the first shock intersection point ‘a’ resides (see Fig. 3 ). 

here are also some scatter points from downstream locations with 

ow W 

q 
P 

, which may result from hot coflow effects. Moreover, the 

IB is mainly observed for lean mixtures with z < z st . We can
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Fig. 16. Trajectories of particles (a) P1 and (b) P2 in temperature −mixture fraction 

space colored by location. Lines represent the full burning (red), extinction (blue) 

and mixing (pink) solutions. Arrows: particle evolution direction. (For interpretation 

of the references to colour in this figure legend, the reader is referred to the web 

version of this article.) 
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lso find from Fig. 15 (b) that the FB location varies at 24 D f - 27 D f ,

mplying that it fluctuates around the second shock intersection 

oint ‘b’ (see Fig. 2 b). Moreover, it is mainly located in the re-

ion z ≈ 0.005–0.01, well below the stoichiometric mixture frac- 

ion. This is because the most reactive range of mixture fraction in 

upersonic combustion is considerably extended towards fuel-lean 

ompositions due to the elevated pressures by shock compression 

53 , 68 , 72] . Furthermore, W 

q 
P 

is significant around x / D f ≈ 24.8–26,

hich means that the pressure work also plays an important role 

or stabilization of the lifted supersonic hydrogen flame. 

A comparative assessment on the roles of pressure work and 

iscous heating terms in the particle standardised enthalpy equa- 

ion (i.e., Eq. (11) ) is also performed (see Section F of supplemen- 

ary document), with one additional simulation where these terms 

re de-activated. It is found that without the foregoing two terms, 

he supersonic flame stabilization cannot be correctly captured by 

MC-LES. The predicted flame base varies between 52 D f and 62 D f , 

eading to a mean lift-off of 58.2 D f , much higher than the coun- 

erpart results in Fig. 15 (b) and measured value (25 D f ). Moreover, 

he mean temperature, H 2 O and OH mole fractions are under- 

redicted, whilst H 2 mole fraction is over-predicted. This is partic- 

larly obvious at x / D f = 21.5, 32.3 and 43.1. This is because without

he shock compression effects, the autoignition induction period is 

onsiderably elongated, which can be seen from higher autoigni- 

ion induction base locations (28 D f −38 D f ) in Fig. S20 of supple-

entary document, compared to those in Fig. 15 (a). Therefore, the 

esults from the above examination further corroborate the shock 

ave effects on supersonic flame stabilization. 

.5. Lagrangian particle trajectory 

In this section, trajectories of stochastic Lagrangian particles 

rom the MMC-LES are extracted to investigate the reactive scalar 

volutions subject to the supersonic flow fields. Four represen- 

ative stochastic particles are tracked, which are respectively in- 

ected from the fuel jet ( r 0 ≈ 0.005 mm), fuel jet shear layer ( r 0 
1.2 mm), and the coflow ( r 0 ≈ 2.0 and 6.0 mm). They are also

arked in Fig. 1 (b). Hereafter, they are respectively termed as P1, 

2, P3 and P4. 

Figure 16 shows the temperature evolutions of particles P1 and 

2, colored by their instantaneous streamwise positions. Laminar 

ame temperatures calculated using OPPDIF [73] under three dif- 
11 
erent strain rates are also shown for reference. The line with strain 

ate, S r ≈ 19 /s is deemed the full burning state, whereas the line 

ith S r ≈ 3971 /s is the “extinction line”, below which the par- 

icles are extinguished. The mixing line is also shown. Note that 

n T - z space, reactions can only move the particles vertically (i.e., 

hange the particle temperature) because mixture fraction is con- 

erved during chemical reactions. However, mixing makes the par- 

icles move both vertically and horizontally, corresponding to the 

ariations of temperature and mixture fraction of the particles. In 

ontrast to low-speed flows [74] , in supersonic flows the particle 

emperature variations may also be associated with shocks / ex- 

ansion waves, and viscous heating. Hence, they can also move the 

article positions vertically in T - z space. 

In Figure 16 (a), particle P1 (starts from z = 1) is first affected

y viscous heating in the nozzle and shock compression near the 

ozzle exit. Its temperature is increased to 574 K (‘V’ in the inset). 

hen the particle experiences expansion and its temperature is de- 

reased to 522 K (‘E’). The mixture fraction decreases because of 

ixing with oxidizer particles from points ‘i’ to ‘a’ and T evolves 

early along the mixing line. However, T may also be raised above 

he mixing line (marked by ‘S’) due to shock and/or viscous heat- 

ng. From points ‘a’ to ‘b’, autoignition occurs at z ≈ 0.354 (i.e., 

uel-rich) and T rises nearly vertically along line a-b because of 

hemical reaction at about x / D f = 6.8. From points ‘b’ to ‘c’, T

hanges roughly following the full burning line. However, interac- 

ions with the shocks, expansion waves and viscous heating result 

n some variations. These effects are not observable in subsonic 

ames [74] , and in turn, make the particle trajectory deviate from 

he full burning or mixing lines in supersonic flames. From points 

c’ to ‘d’, the fully burned particle ( z ≈ 0) mixes with surround- 

ng oxidizer particles and T decreases towards 1250 K. Overall, the 

ixture fraction of the fuel particle can vary in its life history 

rom 0 to 1. According to Wang et al. [74] and Mitarai et al. [75] ,

his particle trajectory is regarded as continuous burning, most of 

hich lies within the burning region (above the extinction line) 

nce it is ignited. 

In Fig. 16 (b), particle P2 (starts from z = 0) originates in the 

ecirculation zone between the fuel and coflow nozzle walls (see 

ig. 1 b). Therefore, it has relatively long time to mix with the fuel 

articles before it is ignited, and viscous heating on this particle is 

eak because of the small velocity gradient. From points ‘i’ to ‘a’, 

he particle proceeds with expansion and shock compression (‘E’ 

nd ‘S’) when it mixes with the fuel particles near the mixing line. 

t point ‘a’ ( z ≈ 0.35 and x / D f ≈ 7.3), it is ignited, and T increases

apidly along line a-b. Then it burns near the full burning line un- 

il point ‘c’. After that, it mixes with oxidizer particles and T de- 

reases. The burning process (lines b-c) of P2 are different from P1 

ecause the former intermittently enters the extinction state (see 

he inset). The mixture fraction of particle P2 varies in the range 

f 0 to 0.35. 

Figure 17 shows the temperature evolutions of particles P3 and 

4. In Fig. 17 (a), particle P3 from the coflow is first heated to 

430 K (‘V’ in the inset) because of shock compression and viscous 

eating. Then T decreases to 1058 K (‘E’) because of expansion af- 

er it leaves the nozzle. From points ‘i’ to ‘a’, T can be raised above

he mixing line by shock compression (e.g., ‘S’) although only mix- 

ng proceeds. At point ‘a’ ( z ≈ 0.257 and x / D f ≈ 9.8), the particle

s ignited and T increases rapidly along line a-b. From points ‘b’ to 

c’, the particle burns around the burning line under the effects of 

hocks, expansion waves or viscous heating. From points ‘c’ to ‘d’, T 

s decreased because of the mixing with oxidizer particles ( z ≈ 0). 

his particle experiences localized extinctions in the burning pro- 

ess along line b-c. The mixture fraction varies in the range of 0 to 

.257. 

In Fig. 17 (b), particle P4 (from z = 0) from the outer part of

oflow first experiences expansion (region ‘E’) after it is injected 
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Fig. 17. Trajectories of particles (a) P3 and (b) P4 in temperature −mixture fraction 

space. Arrows: particle evolution direction. (For interpretation of the references to 

color in this figure legend, the reader is referred to the web version of this article.) 
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Fig. 18. Lagrangian particles colored by: (a) λcem , (b) EI P T , (c) EI P H and (d) EI P OH . Iso- 

lines in (b)-(d) represent instantaneous stoichiometric mixture fraction. (For inter- 

pretation of the references to colour in this figure legend, the reader is referred to 

the web version of this article.) 
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n the domain. Viscous heating in the nozzle is not significant as 

t is relatively far away from the nozzle wall. Note that this parti- 

le is difficult, if not impossible, to directly mix with a fuel particle. 

herefore, its trajectory generally deviates far from the mixing line. 

owever, when it travels downstream in the physical space, it still 

an mix with fully burned (of the highest temperature but nearly 

ero mixture fraction) or partially burned (of intermediate temper- 

ture but is still fuel-containing) particles. In this manner, both its 

emperature and mixture fraction can be increased. Furthermore, 

nder the effects of shock compression, viscous heating and mix- 

ng with high temperature particles, it may enter the burning re- 

ion (zone ‘SV’). Overall, extinction dominates for most segment of 

ts trajectory and the mixture fraction ranges in 0 to 0.071 (fuel- 

ean). 

.6. Chemical explosive mode and timescale 

The chemical explosive mode analysis [32 , 76–78 ] is performed 

n the Lagrangian particles in MMC. Key combustion features can 

e identified through eigen-analyses of the local chemical Jacobian 

atrix, J c . Chemical modes are associated with the eigenvalues of 

 c , among which the one with the maximum real part is detonated 

s λe . A Chemical Explosive Mode (CEM) is identified when the 

eal part of λe , Re ( λe ), is positive. In this section, it is visualized

hrough 

cem 

= max { sign [ Re ( λe ) ] , 0 } · lo g 10 [ 1 + | Re ( λe ) | ] , (15) 

here sign ( x ) is the sign function, whilst max( x,y ) is the maximum

unction. More details of CEMA can be found in Ref. [32] and are 

ot repeated here. Moreover, explosion index [77] is used to quan- 

ify the contributions of temperature and species concentrations to 

EM in Lagrangian particles, i.e., 

 I P j = E I j · max { sign [ Re ( λe ) ] , 0 } , (16) 

here E I j is the explosion index of temperature or species ob- 

ained from the CEMA (which may be non-zero in non-CEM 

egions). Note that the chemical Jacobian can be determined 

y these dependent variables without the constant-density or 

onstant-pressure assumption. Therefore, the incompressible CEMA 

32] used in the present study is applicable to both compressible 

nd incompressible reactive flows. 
12 
Figure 18 (a) shows the spatial distribution of chemical explo- 

ive mode λcem 

of the Lagrangian particles. It is seen that CEM 

articles are present immediately after the burner exit, mainly in 

he shear layer between the fuel jet and hot coflow. When exten- 

ive HO 2 radicals occur after point ‘a’ (see Fig. 3 a), the explosive 

articles grow rapidly and also become significant in the central 

uel jet until zone IV, above which they vanish in most areas but 

re only present near the fuel shear layer. To quantify the relative 

mportance of temperature and species to particle CEM, the explo- 

ion indices for temperature, H and OH, as well as the isolines of 

nstantaneous stoichiometric reference mixture fraction are shown 

n Figs. 18 (b) −18(d). In Fig. 18 (b), temperature contributes to CEM 

ainly inside the fuel jet, especially below zone IV, indicating the 

hermal explosion propensity in these areas. In Figs. 18 (c) and 18(d), 

he H and OH radicals are dominant in CEM (therefore radical ex- 

losion propensity) respectively in the fuel-rich and fuel-lean sides 

ear the fuel jet shear layer. This can be justified through the com- 

etition of elementary reactions. On the fuel-rich side of the fuel 

 coflow shear layer, the hydrogen dissociation reactions are dom- 

nant (e.g., H 2 + M → H + H + M in the hydrogen mechanism

62] ). However, on the fuel-lean side, the reactions related to ox- 

dizer dissociation are important (e.g., OH + OH → O + H 2 O). 

herefore, H and OH radicals play dominant roles in CEM respec- 

ively in the fuel-rich and fuel-lean regions. Similar qualitative dis- 

ributions of the stratified explosion indices are also observed for a 

ear-wall transverse hydrogen flame [32] and a lifted ethylene jet 

ame in a heated air coflow [79] . 

The CEMA also provides the accurate chemical timescale infor- 

ation and thereby Lagrangian particle Damköhler number can be 

erived from [77] 

a = τL / τc = τL · Re ( λe ) , (17) 

here τc = 1 /Re ( λe ) is the chemical timescale from the CEMA, and

L is a mixing timescale estimated from the a-ISO model [38] in 

MC, i.e., 

L = 

C f d 
2 
x 

2 

(
D m 

+ D t 
d x 

� E 

) , (18) 

here C f = 0.1 is model constant [22] . d x is the particle mixing

istance in x -space, and 	 is the LES filter width estimated as 
E 
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Fig. 19. Lagrangian particles colored by Damköhler number (in logarithmic scale). 

(a) is on the center plane, (b)-(f) are from subdomains of x / D f = 9.5–11.5, 23–25, 

25–27, 33–35 and 38–40 with | r |/ D f ≤ 5, respectively. (For interpretation of the ref- 

erences to colour in this figure legend, the reader is referred to the web version of 

this article.) 
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Fig. 20. Axial profile of particle Damköhler number along r / D f = 0. Experimental 

data from Ref. [31] . I-IV: flame zones in Fig. 2 (d). 
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he cube root of the LES cell volume. 

= 2 D e f f 

(∇ ̃

 f 
)2 

, (19) 

Figure 19 shows the instantaneous distributions of Lagrangian 

article Damköhler number. Generally, large positive Da indicates 

hat the mixture is autoigniting, whereas negative Da (in loga- 

ithmic scale) indicates that the mixture is non-ignitable or post- 

gnited [79] . In Fig. 19 (a), Da is well above unity ( ∼100) in the

uel jet shear layer, right after the burner exit. This is mainly 

ttributed to the small chemical timescale of the mixture (large 

cem 

in Fig. 18 a). The mixing between the fuel jet and high- 

emperature coflow is important for the mixture to achieve high 

eactivity in the reaction induction period. This is more appreciable 

n Fig. 19 (b), which shows Da for x / D f = 9.5–11.5 (in zone I). One

an see that Da ≈ 100 in the shear layer, however it is much lower 

n most part of the fuel jet center. Only after x / D f ≈ 10.5, Da > 1 is

bserved intermittently along the centerline, mainly caused by lo- 

al shock compression, which decreases the chemical timescale. In 

ig. 19 (c), Da is also small around the centerline for x / D f = 23–25

the end of zone I), near the flame stabilization point ( x / D f = 25).

owever, the region with high Da (e.g., Da ≥ 10) is pronounced 

ff the centerline. In Fig. 19 (d), Da becomes significant in the jet 

enter for x / D f = 25–27 (zone II). The rapid increase of Da in the

et center is caused by the shock intersection here (i.e., point ‘b’ 

n Fig. 2 b). In Fig. 19 (e), part of the central jet and fuel shear layer

eaches the post-ignition state (i.e., those of Da � 1) for x / D f = 33–

5 (zone III). In Fig. 19 (f), extensive zones with Da � 1 occur in

he jet center as well as in the fuel-lean side of the fuel jet shear

ayer for x / D f = 38–40 (zone IV). Further downstream, Da decreases 

apidly because the mixture is no longer chemically explosive (rel- 

tively large chemical timescale), as seen from Fig. 18 (a). 

Figure 20 further shows the axial profiles of averaged La- 

rangian particle Damköhler numbers, which are estimated based 

n the particles within a cylindrical domain (| r |/ D f ≤ 0.01) along 

he jet centerline. Those estimated by the experimentalists at dif- 

erent locations (some of which are off the centerline) [31] are also 

hown for reference. In the experiment, the hydrogen-air chemical 

eaction times for two-body reactions (used here) at the locations 

 / D f ≥ 32.3 are assumed to be 15.4 μs [31 , 80] . In the lifted region

 x / D f = 0.85 and 10.8), the chemical reaction times are assumed
13 
o be much greater than the turbulent mixing times, and hence, 

he Damköhler numbers are much less than unity [31] . In MMC- 

ES, upstream Da is slightly above zero in the jet center, which 

ncreases slowly until x / D f ≈ 11. After that, Da increases rapidly 

ecause of shock intersection and sufficient mixing with the hot 

oflow. It peaks at the flame stabilization point ( x / D f = 25) and

ustains high level in zones II-III. After zone III, it decreases rapidly 

ecause that central fuel jet is almost fully burned. However, dis- 

repancies exist for Da beyond x / D f = 30, which can be attributed 

o the constant chemical timescales used in their estimations [31] . 

he streamwise evolution of Da is similar to the DNS work of sub- 

onic lifted hydrogen [77] and ethylene [79] flames. 

. Conclusions 

A lifted supersonic hydrogen jet flame in vitiated coflow is sim- 

lated with sparse MMC-LES model for fully compressible flows. 

he pressure work and viscous heating terms are incorporated 

n the MMC, to model the interactions between supersonic flow 

tructures (e.g., shock waves) and chemical reactions. 

The results show that the diamond-shaped alternative expan- 

ion / shock wave structures, shock-flame interaction, and overall 

ame characteristics (e.g., lift-off, staged flame evolution) are accu- 

ately reproduced. Moreover, the MMC-LES results show reasonable 

greement with the experimental data in terms of time-averaged 

uantities (axial velocity, temperature, species mole fractions and 

ixture fraction) and the available root-mean-square values. Fur- 

hermore, the scatter plots of species mole fractions and tempera- 

ure against mixture fraction also agree satisfactorily with the ex- 

erimental counterparts. 

The effect of pressure work and viscous heating on autoigni- 

ion initiation and supersonic flame stabilization is also assessed. 

he positive contribution of pressure work to the variation of parti- 

le standardised enthalpy at the shock intersection point enhances 

he buildup of HO 2 radical in the reaction induction and autoigni- 

ion initiation stages. Furthermore, pressure work contributes posi- 

ively to the production of OH radical in the transitional and turbu- 

ent combustion zones. Nonetheless, viscous heating is negligibly 

mall in most regions except those with strong velocity gradients 

e.g., around the burner exit), compared to particle enthalpy varia- 

ion and pressure work. The autoignition induction base and flame 

ase oscillate around two shock intersection points, considerably 

nhanced by high pressure work. 

The evolutions of particle information, e.g., temperature and 

ixture fraction, are extracted through particle trajectory analy- 

is to discuss the interactions between particle and gas dynam- 

cs. For a particle from the central jet, it first mixes with the oxi- 

izer particles under the effects of shock, expansion wave and vis- 

ous heating. Then it is autoignited and almost continuously re- 

ctive along the full burning line until the fuel is consumed. For 

epresentative oxidizer particles, they first mix with other fuel- 
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ontaining particles and are autoignited because of shock compres- 

ion and/or hot particle heating after some distance of reaction 

nduction. However, during the burning process the particles may 

lso intermittently enter the extinction region. The shock, expan- 

ion wave and/or viscous heating effects in supersonic flows can 

eviate the particle trajectories from the full burning or mixing 

ines, which are not observed in subsonic flames. 

The chemical explosive mode analysis is performed based on 

he Lagrangian particles. The results show that temperature (may 

ary because of mixing, shock compression, flow expansion and 

iscous heating) contributes dominantly to CEM in the central 

uel jet. The H and OH radicals are respectively dominant in the 

uel-rich and fuel-lean sides near the fuel jet shear layer. The La- 

rangian particle Damköhler numbers show that large positive Da 

rst occurs in the fuel jet / coflow shear layer, right after the 

urner exit. Then Da is enhanced at the first shock intersection 

oint in the jet center and peaks around the flame stabilization 

oint, right after the second shock intersection point. 
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