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Evolution of fuel droplet evaporation zone and its interaction with propagating flame
front are studied in this work. A general theory is developed to describe the evolutions
of flame propagation speed, flame temperature, droplet evaporation onset and comple-
tion locations in ignition and propagation of spherical flames. The influences of liquid
droplet mass loading, heat exchange coefficient (or evaporation rate) and Lewis number
on spherical spray flame ignition are studied. Two flame regimes are considered, that is,
heterogeneous and homogeneous flames, based on the mixture condition near the flame
front. The results indicate that the spray flame trajectories are considerably affected by
the ignition energy addition. The critical condition for successful ignition for the fuel-
rich mixture is a coincidence of inner and outer flame balls from igniting kernel and
propagating flame. The flame balls always exist in homogeneous mixtures, indicating
that ignition failure and critical successful events occur only in purely gaseous mixture.
The fuel droplets have limited effects on minimum ignition energy, which, however,
increases monotonically with the Lewis number. Moreover, flame kernel originates
from heterogeneous mixtures due to the initially dispersed droplets near the spark. The
evaporative heat loss in the burned and unburned zones of homogeneous and heteroge-
neous spray flames is also evaluated, and the results show that for the failed flame
kernels, evaporative heat loss behind and before the flame front first increases and
then decreases. The evaporative heat loss before the flame front generally increases,
although non-monotonicity exists, when the flame is successfully ignited and propa-
gate outwardly. For heterogeneous flames, the ratio of the heat loss from the burned
zone to the total one decreases as the flame expands. Moreover, droplet mass loading
and heat exchange coefficient considerably affect the evaporating heat loss from burned
and unburned zones.

Keywords: Ignition; spherical flame; fuel sprays; droplet evaporation; evaporative
heat loss; Lewis number

Nomenclature

A pre-exponential factor of Arrhenius law
Cp heat capacity
d droplet diameter
D gas molecular diffusivity
Dth gas thermal diffusivity
E activation energy
lth flame thickness of an adiabatic planar flame
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Le Lewis number
m mass
Nd droplet number density
qv latent heat of vaporisation
qc chemical reaction heat release
Q ignition energy
r spatial coordinate
R0 universal gas constant
Rf flame radius
Rc evaporation completion front
Rv evaporation onset front
sd droplet surface area
Stk droplet Stokes number
t temporal coordinate
T temperature
Tb adiabatic planar flame temperature
Tv liquid boiling temperature
ub laminar flame speed of adiabatic planar flame
U flame propagation speed
Y mass fraction
Yd droplet mass loading
Z Zel’dovich number

Greek letters

ρg gas density
ωc chemical reaction rate
ωv droplet evaporation rate
λg gas heat conductivity
η moving coordinate attached to the propagating flame front
ηc location of evaporation completion front in the moving coordinate
ηv location of evaporation onset front in the moving coordinate
� heat exchange coefficient
σ thermal expansion ratio
δ initial droplet mass loading

superscripts

∼ dimensional quantity

subscripts

d corresponding to the liquid phase
f properties at the flame front
g corresponding to the gas phase
O oxidiser
0 fresh mixture
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1. Introduction

Successful flame ignition in sprays is important in various combustion systems with liquid
fuels, such as aero engines, internal combustion engines, and rocket engines. Compared
to gaseous flames, the existence of liquid fuel sprays may bring intriguing features in the
ignition process [1–3]. In practical combustion devices, the flame is normally initiated by
an electrical spark [4] or laser beam [5] with external energy deposition. Mastorakos [1]
identifies three stages of spray flame ignition: (1) kernel generation, (2) flame growth,
and (3) burner-scale flame establishment. In each stage, the flame is considerably affected
by liquid fuel droplet characteristics, including droplet spatial distribution, movement or
dispersion, heating, and evaporation. These influences are realised through comprehensive
interphase momentum, mass, and heat exchanges.

Dynamic evolution of the gas−liquid mixtures near the flame front may result in two
distinctive cases of spray flame ignition and expansion: (I) fuel sprays exist only ahead of
the flame front due to fast heating and evaporation; (II) fuel sprays exist in both pre- and
post-flame areas. The occurrence of these two scenarios is affected by liquid fuel, sprayed
droplets, and/or gaseous flame properties, and both are indeed observed from spray flame
ignition experiments. For instance, Akamatsu et al. found that the remaining droplets are
distributed behind the nonluminous flame, which continues burning randomly and discon-
tinuously, leading to a luminous flame in the product gas [6]. This two-layer structure
of spray flames is also recorded by Fan et al. [7]. However, Atzler et al. took the laser
sheet image of a laminar iso-octane aerosol flame and found that the fuel droplets are
completely vaporised before the flame front, resulting in a purely gaseous mixture in the
burned zone [8]. More recently, de Oliveira et al. studied the droplet dynamics in spray
flame ignition and propagation in a more microscopic (droplet scale) way with the aid of
the advanced optical measurements [5,9]. They identified various flame propagation modes
based on OH∗ and OH (hydroxyl) planar laser-induced fluorescence images, from which
the unsteady process of droplet crossing the flame front, evaporating/burning in the burned
area can be seen clearly. However, the above work did not provide explanations about the
conditions under which the scenarios I and/or II can exist and how they evolve in a highly
transient combustion process, for example, spark ignition.

Detailed numerical simulations and experimental investigations provide us with further
insights about the droplet−flame interactions in the scenarios I and/or II mentioned above.
For example, Wandel et al. [10] studied turbulent spray flame ignition, and their results
show that droplet evaporation and distribution are of great important to initiate a flame
kernel. Also, Ozel et al. [11] found that fuel droplets can reside or diminish in the burned
zone for both turbulent and laminar flame kernels and the droplet−flame interaction con-
siderably modulate the flame curvature. Neophytou et al. [12] studied the spark ignition
and edge flame propagation in mixing layers and their results show that the larger kernel
can be achieved when the spark is close to the sprays, whilst the ignition is successful even
if the spark is in the oxidiser side, as along as the droplets can evaporate rapidly. Further-
more, Thimothée et al. [13] studied the passage of liquid droplets through a spherical flame
front, and it is seen that droplet size and inter-droplet distance are the most important con-
trolling factor. Recent studies on spray flame also show that cool flame may exist in droplet
burning and act as precursors to hot flame ignition [14]. Nayagam et al. [15] and Rose et al.
[16] observed two-stage auto-ignition of alkane and n-dodecane spray flame, respectively.

In the above research efforts, specific fuels, droplet sizes, and flow configurations are
considered, and therefore the observations may lack of generality. Further studies are
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needed for developing a general theory for describing the droplet-flame interaction in
spray flame ignition. There has been some theoretical analysis available, which gives us a
coherent overall picture about spray flame dynamics. Greenberg [17] derived an evolution
equation for a laminar flame propagation into fuel sprays, considering finite-rate evapora-
tion and droplet drag effects. With the similar model, Han and Chen [18] further examined
the influences of finite-rate evaporation on spray flame propagation and ignition and found
that flame propagation speed, Markstein length and minimum ignition energy are strongly
affected by droplet loading and evaporation rate. Nonetheless, in their work [17,18], the
droplets are assumed to be always distributed in the full domain, and hence the unsteady
evolutions of droplet distribution are not considered. Recently, Li et al. [19,20] studied
propagation of planar and spherical flames in fuel droplet mists with evolving droplet dis-
tributions considered. It is found that the mixtures (gas−only or vapour/droplets) around
the flame front is critical for flame propagation due to the evaporative heat loss and fuel
vapour availability. Nevertheless, the general mechanisms about how dynamic evolutions
of droplet distribution affects flame ignition are not discussed and hence still not clear.

In this work, we aim to theoretically study the interactions between evaporating droplets
and spray flame in ignition of partially pre-vaporised fuel sprays. Dynamic droplet distri-
butions caused by droplet evaporation and its interactions with an evolving spherical flame
are incorporated in our theoretical model through introducing the locations for onset and
completion of droplet evaporation [19,20]. The influences of liquid fuel and gas proper-
ties on the spherical flame ignition will be examined, including evaporation heat exchange
coefficient (or evaporation rate), droplet mass loading, and Lewis number. The rest of
the paper is structured as below. The physical and mathematical models are presented
in Section 2, whilst the analytical solutions are listed in Section 3. The results will be
discussed in Sections 4 and 5 closes the paper with conclusions.

2. Physical and mathematical model

2.1. Physical model

Spark ignition of one-dimensional spherical flame in partially pre-vaporised fuel sprays
will be studied in this study. Initially, the gaseous fresh mixture is assumed to be fuel-rich
and the dilute fuel droplets are uniformly dispersed. The ignition is modelled as a localised
energy deposition in fuel sprays at the spherical centre. A spray flame kernel is generated
and continuously propagates outwardly if the ignition energy is larger than the minimum
ignition energy. During the flame development process, based on the droplet distribution
relative to the reaction front, two general scenarios exist as mentioned in the last section,
that is, evaporating droplets in (I) both pre- and post-flame zones and (II) pre-flame zone
only.

The sketches of the two physical models are shown in Figure 1(a) and (b), respectively.
There are three characteristic locations for liquid and gas phases, including flame front
(Rf ), droplet evaporation onset (Rv) and completion (Rc) fronts. Rv corresponds to the
location where the droplets are just heated up to boiling temperature and hence start to
evaporate. For R < Rv, the droplet temperature remains constant and evaporation con-
tinues [18,21–24]. The evaporation onset front Rv is always before the flame front Rf ,
indicating that onset of droplet vaporisation spatially precedes the gaseous combustion.
Moreover, Rc denotes the location at which all the droplets are critically vaporised. There-
fore, for R < Rc, no droplets are left and hence their effects on the gas phase diminish.
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Figure 1. Schematic of outwardly propagating spherical flames in liquid fuel sprays: (a) hetero-
geneous flame, (b) homogeneous flame. Circle: fuel droplet. Yellow line: flame front (Rf ); green
line: evaporation completion front (Rc); blue line: evaporation onset front (Rv). Black arrow: flame
propagation direction. Red Spark (Q): forced ignition energy. Numbers indicate the combustion and
droplet evaporation zones.

In this sense, the droplet completion front is a two-phase contact surface in nature, which
spatially demarcates the purely gaseous and liquid−gas two-phase mixtures.

In Figure 1(a), the evaporation completion front Rc lies behind the flame front (i.e. Rc <

Rf < Rv). Therefore, the mixture around the propagating flame front Rf is composed of
gaseous vapour and evaporating fuel droplets. In Figure 1(b), it is located before the flame
front (i.e. Rf < Rc < Rv), and the mixture around the flame front is purely gaseous since all
the droplets have been gasified into vapour in the preheated area. For brevity, hereafter, we
term the first (Figure 1(a)) and second (Figure 1(b)) cases as heterogeneous (abbreviated as
‘HT’) and homogeneous (‘HM’) flames, respectively. There are four zones in both flames,
as shown in Figure 1. Specifically, zone 1 represents the pre-vaporisation zone before Rv,
and 2 indicates pre-flame evaporation zone before Rf for heterogeneous flame and before
Rc for homogeneous flame. As for zone 3, it represents post-flame evaporation zone before
Rc for heterogeneous flame, and pre-flame zone without evaporation for homogeneous
flame. Meanwhile, zone 4 is the post-flame droplet-free zone for both flames.

In the following, we will develop a general theory to describe ignition and propagation of
premixed spray flames, considering evolving droplet evaporation zones with propagating
reaction front and transition between homogeneous and heterogeneous flames. It should
be noted that this model is different from the finite-rate evaporation model used by Han
and Chen [18] and Greenberg [17]. The novelty of our model is the introduction of the
evolving two-phase contact surface, which can provide greater flexibilities in describing
the interactions between the expanding spray flame and the evaporating fuel droplets.

2.2. Governing equation

For the gaseous flames, the diffusive-thermal model [25,26] is adopted, with which the
thermal and transport properties (e.g. density, thermal conductivity, and heat capacity)
are assumed to be constant and the convection flux is absent for the sake of simplic-
ity. The gas motion induced by thermal expansion is also neglected in this model. This
model has been used in numerous studies on flame dynamics with both gaseous and liq-
uid fuels [18,21,23,24,27,28], and its applicability has been confirmed in the previous
work. One-step chemistry is considered, that is, F + O → P, with F, O and P being
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fuel vapour, oxidiser and product, respectively. Only fuel-rich vapour/air mixture (i.e.
equivalence ratios of fuel vapour are above unity) is studied in this work and oxidiser
O is the deficient species. Therefore, the equations for gas temperature and oxidiser mass
fraction are

ρ̃gC̃p,g
∂T̃

∂ t̃
= 1

r̃2

∂

∂ r̃

(
r̃2λ̃g

∂T̃

∂ r̃

)
+ q̃cω̃c − q̃vω̃v, (1)

ρ̃g
∂ỸO

∂ t̃
= 1

r̃2

∂

∂ r̃

(
r̃2ρ̃gD̃O

∂ỸO

∂ r̃

)
− ω̃c, (2)

where the tilde symbol ∼ is used to indicate that the variables are dimensional. t̃ and
r̃ are respectively the temporal and spatial coordinates. T̃ , ρ̃g, C̃p,g, and λ̃g are the gas
temperature, density, heat capacity and thermal conductivity, respectively.ỸO and D̃O are
the mass fraction and molecular diffusivity of the oxidiser. q̃c is the reaction heat release
per unit mass of the oxidiser. q̃v is the latent heat of vaporisation of liquid fuel, whilst ω̃v

is the evaporation rate of the fuel droplet. The chemical reaction rate ω̃c in Equation (1)
reads

ω̃c = ρ̃gÃỸo exp(−Ẽ/R̃0T̃). (3)

Here Ã is the pre-exponential factor, Ẽ is the activation energy for the reaction, and R̃0

is the universal gas constant.
For liquid fuel droplets, monodispersed dilute and fine sprays in a pre-vaporised fuel/air

mixture are considered. The droplets are spherical and their properties (e.g. density and
heat capacity) are assumed to be constant and are uniformly distributed initially. Due to the
dilute droplet concentration, inter-droplet collisions are not considered and therefore diffu-
sion of liquid droplets can be neglected. Due to fine spray assumption, the droplet Stokes
number Stk is small, that is, � 1.0. Hence, kinematic equilibrium is reached between gas
and fuel droplets because the droplet response to the gas flows is fast. The validity of the
above assumptions is confirmed in previous theoretical work on two-phase flames [29–32].
Furthermore, in zone 1 (pre-vaporisation, see Figure 1), interphase thermal equilibrium is
assumed, and hence the two phases have the same temperature [18,21–24]. The Eulerian
description is adopted for the liquid phase, and hence the equation for droplet mass loading
Yd (≡ Ñdm̃d/ρ̃g, Ñd is droplet number density) reads

∂Yd

∂ t̃
= − ω̃v

ρ̃g
. (4)

We assume that the heat transferred from the surrounding gas to the droplets is completely
used for phase change of liquid fuel, which is related to the latent heat of evaporation q̃v

[21,22,24,33]. Therefore, ω̃v in Equations (1), (2), and (4) can be modelled as

ω̃v = Ñd s̃d h̃(T̃ − T̃v)H(T̃ − T̃v)

q̃v
, (5)

where s̃d = π d̃2 is the surface area of a single droplet, d̃ is the droplet diameter, Nu is the
Nusselt number, T̃v is the boiling temperature of the liquid fuel, h̃ is the heat exchange
coefficient. H(T̃ − T̃v) is the Heaviside function, which indicates that the evaporation
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only occurs when the local temperature is above the boiling temperature. The above
evaporation model is different from the classic models with logarithmic dependence, for
example, presented in Ref. [34]. Typically, ω̃v is a function of Sherwood number, Spalding
mass transfer number, as well as gas and droplet properties (e.g. density and diameter).
In the current study, since we assume that the kinematic equilibrium has been reached
between the gaseous and droplet, it can be expected that the effect of the Sherwood num-
ber is small. Furthermore, since it is assumed that evaporation proceeds at the boiling
temperature and constant atmospheric pressure, the fuel vapour at the droplet surface is
relatively constant and hence the Spalding number would change slightly. The difference
is that the current model is based on the assumption of energy balance between phase
change and heat transfer from the gaseous mixture. In spite of these, it is still physically
comprehensive since it considers various effects of the gas and liquid phase properties as
mentioned above. Therefore, the current evaporation model is expected to be sufficient.
This model is a comprise between the physical soundness and mathematical tractability.
Preceding studies with the same or similar models [20–22,24] have shown that it can rea-
sonably capture the evaporation process of water droplet or fuel sprays in reactive flows.
Besides, h̃ in Equation (5) can be estimated using the Ranz and Marshall correlation [35]

Nu = h̃d̃

λ̃g

= 2.0 + 0.6Re1/2Pr1/3, (6)

where Nu, Pr and Re are the Nusselt number, Prandtl number and droplet Reynolds
number, respectively. We can neglect the effect of droplet Reynolds number due to the
assumption of kinematic equilibrium and therefore Nu ≈ 2. Accordingly, the evaporation
rate ω̃v can be re-written as

ω̃v = Ñd s̃d λ̃gNu(T̃ − T̃v)H(T̃ − T̃v)/(d̃ q̃v). (7)

To render the analytical analysis more general, normalisation of Equations (1), (2) and (4)
can be performed, with the following reference parameters for the velocity, length, time,
mass fraction and temperature

u = ũ

ũb
, r = r̃

l̃th
, t = t̃

l̃th
ũb

, Y = Ỹ

Ỹ0
, T = T̃ − T̃0

T̃b − T̃0
. (8)

here T̃0 and Ỹ0 denote the temperature and fuel mass fraction of the pre-vaporised mixture,
respectively. ũb, T̃b = T̃0 + q̃cỸ0/C̃p,g and l̃th = D̃th/ũb are respectively the laminar flame
speed, adiabatic flame temperature and flame thickness of the pre-vaporised gas mixture.
D̃th = λ̃g/ρ̃gC̃p,g is the thermal diffusivity.

Following previous theoretical analysis for both gaseous flames and two-phase flames
with dispersed liquid droplets [18,23,27,36–41], we adopt the quasi-steady-state assump-
tion in the moving coordinate system attached to the propagating flame front Rf (t), that
is, η = r − Rf (t). This assumption has been extensively validated by transient numerical
simulations for gaseous spherical flames [27,36–38,42], in which the unsteady effects are
found to have a limited influence based on the budget analysis of diffusion reaction and
convection terms in propagating spherical flames. Moreover, due to relatively dilute fuel
droplet concentration, their effects on the reaction zone thickness are small, and therefore,
gaseous combustion still dominates [18,22]. Besides, due to the kinematic equilibrium



8 Q. Li et al.

between two phases, the droplets approximately follow the carrier gas. Therefore, the
non-dimensional equations of Equations (1), (2) and (4) can be respectively written as

−U
dT

dη
= 1

(η + Rf )
2

d

dη

[
(η + Rf )

2 dT

dη

]
+ ωc − qvωv, (9)

−U
dYO

dη
= Le−1

(η + Rf )
2

d

dη

[
(η + Rf )

2 dYO

dη

]
− ωc, (10)

−U
dYd

dη
= −ωv, (11)

where U = dRf /dt is the non-dimensional flame propagating speed. qv = q̃v/[C̃p,g

(T̃b − T̃0)] is the normalised latent heat of vaporisation. Le = D̃th/D̃O is the Lewis number
of the deficient species, that is, oxidiser. The normalised chemical reaction rate ωc reads

ωc = 1

2Le
YOZ2 exp

[
Z(T − 1)

σ + (1 − σ)T

]
, (12)

where Z = Ẽ(T̃b − T̃0)/(R0T̃2
b ) is the Zel’dovich number and σ is the thermal expan-

sion ratio. It is assumed that Z = 10 and σ = 0.15, respectively, following Refs.
[18,21,23,24,27,28], which correspond to the properties of typical hydrocarbon fuels.

The term ωv in Equations (9) and (11) is the non-dimensional droplet evaporation rate,
that is

ωv = �(T − Tv)

qv
H(T − Tv), (13)

where Tv is the non-dimensional boiling temperature and assumed to be Tv = 0.15 [18,43].
The normalised latent heat of vaporisation qv is 0.4. The foregoing parameters are close to
those of typical liquid biofuels (e.g. ethanol) [43]. The heat exchange coefficient � is

� = πÑdNud̃D̃2
thũ−2

b . (14)

As shown in Equation (14), � is a lumped parameter with both gas and droplet properties
[21,22]. The heat exchange coefficient � is a measure of total heat transfer between the
gas and liquid droplets, and it is affected by the droplet diameter and number density.
Moreover, since the latent heat qv is fixed in this study, higher � generally indicates a
faster droplet evaporation rate ωv, as seen from Equation (13). To avoid the nonlinearity in
Equation (11), the weak dependence of � on Yd(� ∼ Y 1/3

d ) is not considered, following
Belyakov et al. [22].

2.3. Jump and boundary conditions

The non-dimensional boundary conditions for both gaseous phase (T and YO) and liquid
phase (Yd ) at the left boundary (spherical centre, η = −Rf ) and the right boundary (η →
+∞) are [18,21–24]

η = −Rf : (η + Rf )
2 dT

dη
= −Q,

dYO

dη
= 0, Yd = 0, (15)
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η → +∞ : T = 0, YO = 1, Yd = δ. (16)

here δ is the initial mass loading of the fuel droplet in the fresh mixture and Q is the
normalised ignition energy.

At the evaporation onset front, η = ηv, the gas temperature (T), oxidiser mass fraction
(YO), and fuel droplet mass loading (Yd ) satisfy the following jump conditions [18,21–24]

T = Tv, [T] =
[

dT

dη

]
= [Yo] =

[
dYo

dη

]
= 0, Yd = δ. (17)

where the square brackets, that is, [f ] = f (η+) − f (η−), denote the difference between the
variables at two sides of a location.

At the evaporation completion front, η = ηc, the jump conditions for the gas temperature
(T), oxidiser mass fraction (YO), and droplet mass loading (Yd ) take the following form
[22] ⎧⎨

⎩
[T] =

[
dT
dη

]
= [Yo] =

[
dYo
dη

]
= 0, Yd = 0, ηc > 0

[T] =
[

dT
dη

]
= [Yo] =

[
dYo
dη

]
= 0, [Yd ] = 0, −Rf < ηc < 0

. (18)

It should be noted that the condition of −Rf < ηc (ηc = −Rf is excluded) indicates the
evaporation completion front is formed near or well ahead of the spherical centre. Physi-
cally, when the external energy is initially deposited in fully dispersed fuel mists, it would
take a finitely long time to heat and gasify the droplets near the spark. Therefore, dur-
ing the flame ignition process, there would be a finitely long period when the droplets
are still fully distributed, although they are continuously evaporating. This corresponds to
ηc = −Rf , with which our theory is mathematically intractable due to the inconsistency
of the jump (η = ηc) and boundary (η = −Rf ) conditions at the spherical centre. There-
fore, the starting instant our theory can describe is when the evaporation completion front
critically deviates from the spark location, that is, ηc > −Rf .

Large activation energy of the gas phase reaction is assumed [25]. Its validity has
been confirmed in numerous theoretical analysis of both gaseous [27,36,37,42,44,45] and
particle- or droplet-laden [17,18,24,28–31] flames. It is adequate to predict the main flame
dynamics, such as ignition and propagation. With this assumption, a chemical reaction is
confined at an infinitesimally thin sheet (i.e. η = 0). The corresponding jump conditions
are

T = Tf , Yo = [Yd ] = 0, (19)

−
[

dT

dη

]
= 1

Le

[
dYo

dη

]
= [σ + (1 − σ)Tf ]2 exp

[
Z

2

(
Tf − 1

σ + (1 − σ)Tf

)]
, (20)

where Tf is the flame temperature.

3. Analytical solution

The governing Equations (9)–(11) with proper boundary and jump conditions (i.e. Equa-
tions (15)–(19)) can be solved analytically. The solutions for gas temperature T , oxidiser
mass fraction YO, and droplet mass loading Yd in zones 1–4 of both homogeneous and
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heterogeneous flames are presented in Section 3.1. Moreover, the correlations describing
flame speed U , flame temperature Tf , evaporation onset location ηv, and droplet completion
location ηc under different flame radii Rf are also derived in Section 3.2.

3.1. Solutions of T, YO and Yd

For heterogeneous flame, the solutions of gas temperature T , oxidiser mass fraction YO,
and droplet loading Yd in zones 1–4 are (the number subscripts indicate different zones as
shown in Figure 1)⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

T1(η) = Tv
I(η, U)

I(ηv, U)

T2(η) = Tv + k1L1(η) + k2L2(η)

T3(η) = Tv + ζ1L1(η) + ζ2L2(η)

T4(η) = Q[I(ηc, U) − I(η, U)] + Tv + ζ1L1(ηc) + ζ2L2(ηc)

, (21)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

YO,1(η) = 1 − I(η, LeU)

I(0, LeU)

YO,2(η) = 1 − I(η, LeU)

I(0, LeU)

YO,3(η) = 0

YO,4(η) = 0

, (22)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Yd,1(η) = δ

Yd,2(η) = δ + �
Uqv

η

∫
ηv

[T2(η) − Tv]dη

Yd,3(η) = �
Uqv

η

∫
ηc

[T3(η) − Tv]dη

Yd,4(η) = 0

. (23)

here I(x, y), L1(η) and L2(η) are

I(x, y) = e−yRf
+∞
∫
x

(ξ + Rf )
−2e−yξ dξ , (24)

L1(η) = exp

[
− (K + U)(η + Rf )

2

]
M

(
1 + U

K
, 2, K(η + Rf )

)
, (25)

L2(η) = exp

[
− (K + U)(η + Rf )

2

]
N

(
1 + U

K
, 2, K(η + Rf )

)
. (26)

here K = √
U2 + 4�. M (a, b, c) and N(a, b, c) are the Kummer confluent hypergeometric

function and the Tricomi confluent hypergeometric function, respectively [46]. They can
be expressed as

M (a, b, c) = 
(b)


(b − a)
(a)

1
∫
0

ectta−1(1 − t)b−a−1dt, (27)

N(a, b, c) = 1


(a)

+∞
∫
0

ta−1e−ct(1 + t)b−a−1dξ , (28)
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where 
(x) =
+∞
∫
0

tx−1e−tdt.

Moreover, the expressions for k1, k2, ζ1, and ζ2 in Equation (21) are respectively

k1,2 = Tv
I ′(ηv, U)

I(ηv, U)

L2,1(ηv)

L
′
1,2(ηv)L2,1(ηv) − L

′
2,1(ηv)L1,2(ηv)

, (29)

ζ1,2 = (Tf − Tv)L
′
2,1(ηc) + QL2,1(0)I ′(ηc, U)

L
′
2,1(ηc)L1,2(0) − L

′
1,2(ηc)L2,1(0)

, (30)

where I ′(x, y) = ∂I(x,y)
∂x = −e−y(x+Rf )(x + Rf )

−2.
For homogeneous flame, the solutions of T , YO, and Yd in zones 1–4 are⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

T1(η) = Tv
I(η, U)

I(ηv, U)

T2(η) = Tv + k1L1(η) + k2L2(η)

T3(η) = Tv + k1L1(ηc) + k2L2(ηc) + k1L
′
1(ηc) + k2L

′
2(ηc)

DI(ηc, U)
[I(η, U) − I(ηc, U)]

T4(η) = Q[I(0, U) − I(η, U)] + Tf

,

(31)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

YO,1(η) = 1 − I(η, LeU)

I(0, LeU)

YO,2(η) = 1 − I(η, LeU)

I(0, LeU)

YO,3(η) = 1 − I(η, LeU)

I(0, LeU)

YO,4(η) = 0

, (32)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Yd,1 = δ

Yd,2 = δ + �

Uqv

η

∫
ηv

(T2 − Tv)dη

Yd,3 = 0

Yd,4 = 0

. (33)

3.2. Correlations for spherical flame and fuel sprays

The correlations between flame radius Rf , flame propagation speed U , flame temperature
Tf , and droplet characteristic locations, ηv and ηc, can be derived through the jump condi-
tions (i.e. Equations (19) and (20)) in Section 2.3. If the reactants around the flame front
Rf are heterogeneous, then the following correlations hold

(ζ1 − k1)L
′
1(0) + (ζ2 − k2)L

′
2(0) = [σ + (1 − σ)Tf ]2 exp

[
Z

2

(
Tf − 1

σ + (1 − σ)Tf

)]
, (34)

1

Le

R−2
f e−LeURf

I(0, LeU)
= [σ + (1 − σ)Tf ]2 exp

[
Z

2

(
Tf − 1

σ + (1 − σ)Tf

)]
, (35)
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Tv + k1L1(0) + k2L2(0) = Tf , (36)

δ + �

Uqv

0
∫
ηv

(T2 − Tv)dη = �

Uqv

0
∫
ηc

(T3 − Tv)dη. (37)

If the reactants around the flame front Rf are homogeneous, then the correlations are

−
[

Q + k1L
′
1(ηc) + k2L

′
2(ηc)

DI(ηc, U)

]
R−2

f e−URf = [σ+(1−σ)Tf ]2 exp

[
Z

2

(
Tf − 1

σ + (1 − σ)Tf

)]
,

(38)

1

Le

R−2
f e−LeURf

I(0, LeU)
= [σ + (1 − σ)Tf ]2 exp

[
Z

2

(
Tf − 1

σ+(1−σ)Tf

)]
,

(39)

Tv + k1L1(ηc) + k2L2(ηc) + k1L
′
1(ηc) + k2L

′
2(ηc)

DI(ηc, U)
[I(0, U)−I(ηc, U)]=Tf ,

(40)

δ + �

Uqv

ηc∫
ηv

(T2 − Tv)dη = 0. (41)

The implications of the four equations in the correlations for heterogeneous and
homogeneous flames are:

a. Equations (34) and (38): heat absorbed by the gaseous mixture and droplet is equal to
the heat produced by the chemical reaction.

b. Equations (35) and (39): energy from the initial oxidiser vapour is equal to the heat
from the chemical reaction.

c. Equations (36) and (40): continuity of gas temperature at the flame front for the pre-
flame evaporation zone (zone 2).

d. Equation (37): continuity of droplet loading at the flame front for the pre- and post-
flame evaporation zones in heterogeneous flames.

e. Equation (41): continuity of droplet loading at the evaporation completion front
(Yd(ηc) = 0) for the pre-flame evaporation zone in homogeneous flames.

The open-source GNU Scientific Library (GSL) [47] is used to numerically solve the
above non-linear systems, that is, Equations (34)–(37) and (38)–(41). Therefore, ignition of
premixed flames in pre-vaporised liquid fuel sprays, interactions between the gas and liquid
phases, and transition between homogeneous and heterogeneous flames will be analysed
in Section 4 through the evolutions of flame propagation speed, flame temperature, and
characteristic locations of droplet evaporation.

4. Results and discussion

4.1. Spray flame ignition

Figure 2(a) shows the flame propagation speed U as a function of flame radius Rf at differ-
ent ignition energies Q in liquid fuel sprays of mass loading δ = 0.1 and heat exchange
coefficient � = 0.2. The Lewis number of the gaseous mixtures is 1.0. It is seen that



Combustion Theory and Modelling 13

Figure 2. Flame propagation speed as a function of flame radius with different ignition energies:
(a) δ = 0.1, � = 0.2 and (b) δ = 0 (gaseous flame). Le = 1.0, R+

Z and R−
Z : flame ball radius.

the propagation trajectories of the spray flames are considerably affected by the ignition
energy. Specifically, when Q = 0 (line #1), the spray flame is initiated at a stationary flame
ball (termed as outer flame ball, with its radius marked as R+

Z ) with a radius of about 1.0
and propagate outwardly towards spherical flame with lager radii. This U − Rf curve is
deemed flame propagating branch. When the external ignition energy is deposited (e.g.
Q = 0.05, line #2), a new left branch with smaller flame radii emerges, which corresponds
to flame kernel branch. This branch starts at a high propagation speed (U > 1), resulting
from the overdrive effects by the ignition energy. However, the flame kernel propagat-
ing speed decays quickly until a stationary flame ball is formed (U = 0, inner flame ball,
marked with R−

Z in Figure 2(a)), with which the flame propagation in fuel sprays is ter-
minated. This situation corresponds to ignition failure. de Oliveria et al. also reported the
similar failure mode for spray flame ignition (so-called long-term mode), in which the
flame propagation is terminated at some radii [5]. With further increased ignition energy
(e.g. line #3), the flame kernel branch and the flame propagating branch move towards each
other, with gradually approaching flame ball radii, R−

Z and R+
Z . When the ignition energy

is equal to the MIE Qc (e.g. 0.06255 in Figure 2a), the twin flame ball solutions coincide,
that is, R+

Z = R−
Z , and therefore the two flame branches merge, which implies that the flame

can critically evolve from igniting kernel to stably propagation state. The corresponding
flame radius is critical ignition radius, that is, Ric = R+

Z = R−
Z . Similar critical conditions

controlled by flame ball evolutions are also achieved for ignition of gaseous and spray
flames [18,27,36,37,48]. For Q > Qc (e.g. line #4), the flame kernel grows continuously,
propagate outwardly, and eventually reach the spherical flames with large radii.

The gaseous flame ignition in vapour-rich and droplet-free mixture is also shown in
Figure 2(b) for comparison. We can see that the flame trajectories in spray flames and
gaseous flames for fixed Lewis number are qualitatively similar, indicating that the dilute
fuel droplets in rich mixture have a limited influence on the flame ignition process. The
increase in MIE Qc (marked in Figure 2) for rich spray flames may be caused by the evap-
orative heat loss from evaporating fuel droplets. However, this increase is small (0.08%
only) since the droplet loading is small and the heat loss from droplet evaporation is low
compared to the ignition energy. The effects of droplet properties (e.g. mass loading and
droplet evaporation rate) on the MIE will be further discussed later in Figure 4. Further-
more, the fuel droplets also lead to a lower propagation speed for spray flames for a fixed
flame radius (e.g. Rf = 10 in Figure 2(a) and (b)). These tendencies are consistent with the
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Figure 3. Flame propagation speed as a function of flame radius with different ignition energies
for (a) Le = 0.8 and (b) Le = 1.2. δ = 0.1 and � = 0.2.

previous work [19,20] about the effects of fuel sprays on the propagation speeds of planar
(Rf → +∞) and weakly stretched spherical flames (Rf � 1).

The effects of Lewis number on premixed spray flame ignition are shown in Figure 3.
Two Lewis numbers are considered, that is, 0.8 and 1.2. The droplet mass loading is
δ = 0.1, whereas the heat exchange coefficient is � = 0.2, same as those with Le = 1.0
in Figure 2(a). Comparing the results in Figure 2(a) and Figure 3, one can find that the
Lewis number effects on the flame ignition process are pronounced. The Lewis number
less (greater) than unity indicates the heat diffusion from the positively stretched flame
front is weaker (stronger) than the mass diffusion towards it, such that the flame reactivity
is enhanced (reduced) with respect to the flame with Le = 1 [49,50]. Therefore, the MIE
when Le = 0.8 in Figure 3(a) and with Le = 1.2 in Figure 3(b) are respectively lower and
higher than that with Le = 1.0 in Figure 2(a). However, the critical ignition condition, that
is, coincidence of the two flame ball solutions (R+

Z = R−
Z ), is not affected by the Lewis

number, although the critical ignition Ric is increased with the Lewis number.
The effects of Lewis number of the pre-vaporised gas mixtures and droplet properties on

the MIE Qc are further examined in Figure 4. It is seen that for Le = 0.8−1.5, Qc increases
monotonically with Le, which is similar to the observations by Han and Chen [18]. This is
reasonable since larger Lewis number reduce the flame reactivity, and hence higher ignition
energy is needed to successfully ignite the flame [18,27,36,37]. Moreover, the variations
of the MIE with respect to the droplet mass loading δ and heat exchange coefficient �

are relatively limited. As mentioned above, this is because the evaporative heat loss is
relatively low at the ignition stage compared to the ignition energy deposition due to dilute
fuel droplet addition and short ignition timescale. Therefore, for successful ignition of
partially pre-vaporised sprays, the critical energy is largely affected by gas-phase transport
properties instead of the droplet loading and evaporation properties. Nevertheless, how the
pre-vaporisation degree influences the MIE necessitates detailed numerical simulations
and/or experimental measurements.

4.2. Evolution of fuel spray evaporation zone

In this section, evolutions of the droplet evaporation zone in the ignition of spray flames
will be investigated. To the best of our knowledge, it is the first time that fuel droplet
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Figure 4. Minimum ignition energy as a function of gas mixture Lewis number and droplet
properties.

spatial distributions are quantified and discussed in spray flame ignition through a general
theory. Here we define the total radial length of the droplet evaporation zone based on the
difference between the droplet onset and completion locations, that is, �η = ηv − ηc. In
particular, for heterogeneous flames, the evaporation zone length in unburned and burned
zones correspond to the magnitudes of ηv and ηc, respectively.

The changes of the evaporation onset and completion locations and the evaporation
zone length in spray flame ignition process are presented in Figure 5. Here δ = 0.1,
� = 0.2, and Le = 1.0. The corresponding flame propagating speeds have been shown
in Figure 3(a). As clarified in Section 2.3, what our theory can describe starts from the
instant when the droplet evaporation completion front ηc critically propagate off the igni-
tion location, which corresponds to the dashed line of ηc = −Rf as in Figure 5(b). When
the ignition energy Q is less than the MIE Qc (e.g. lines #2−#3), the droplet onset and
completion locations (ηv and ηc) have left and right branches (see Figure 5(a) and (b)).
They respectively correspond to the flame kernel and propagating branches. One can see
that droplet evaporation onset location ηv is positive, indicating that the droplets start to
vaporise in the fresh gas when they are heated to boiling temperature. It monotonically
increases with the flame radius along the flame kernel branch, which means that the dis-
tance between the flame front (η = 0) and evaporation onset location increases. This is
justifiable because the reactivity of the flame kernel is gradually reduced as the effects of
the ignition energy fade, and accordingly the temperature gradient in the pre-heat zone is
decreased, resulting in a farther location where the boiling temperature can be critically
reached [20].

For the evaporation completion front ηc corresponding to the flame kernels, when the
ignition energy is added, the droplets are distributed in the whole domain (parameterised
by ηc = −Rf ), as demonstrated in Figure 5(b). As the evaporation of the fuel droplets near
the spark proceeds caused by the locally high temperature, the evaporation completion
front moves outwardly, following the leading flame front. This corresponds to the condi-
tion of −Rf < ηc < 0, and the mixture around the flame front is heterogeneous (vapour
and liquid droplets). This can be clearly seen in the inset of Figure 5(b). However, like
along lines #2 and #3, as the flame propagation speed rapidly decreases and the droplet
evaporation is accelerated, the evaporation completion front catches up with and crosses
the flame front and ultimately propagates before the flame front. Hence, along the flame
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Figure 5. (a) Evaporation onset location, (b) evaporation completion location, and (c) evaporation
zone length as functions of flame radius. δ = 0.1, � = 0.2, Le = 1.0. Black dot: flame ball. FF:
flame front. Coloured points in the inset of Figure 5(b): flame transition points.

kernel branch, the mixture around the reactive front experiences a transition from hetero-
geneous to homogeneous condition. One can see that this transition corresponds to the
zero-crossing points (intersection points of the ηc curve and flame front FF in the inset of
Figure 5(b)). Afterwards, the flame kernel grows in a purely gaseous mixture, until it is
degraded to a stationary flame ball (black dots in Figure 5(b)).

For the right flame propagation branch, the reactant mixtures near the flame front are
homogeneous, since the droplets have been vaporised before the flame front (i.e. ηc > 0).
Both evaporation onset and completion locations decrease as the homogeneous flames
expand, as shown in Figure 5(a) and 5(b). This is due to the gradual enhancement of
the spherical spray flame caused by the promoted convective−diffusion process when it
propagates outwardly [37], manifested by the increased propagation speed in Figure 2(a).
As such, the droplets are heated to boiling temperature closer to the flame front due to the
large temperature gradient in the fresh gas mixture [20].

Figure 5(c) shows the radial length of the evaporation zone as a function of the flame
radius. When the ignition energy is lower than the MIE (lines #2 and #3), for the left flame
kernel branch, the evaporation zone length �η first increases and quickly decreases in the
flame kernel decaying process. However, along the flame propagation branch, the evapora-
tion zone length monotonically increases with the flame radius. When the ignition energy
is larger than MIE (lines #4−#6), the evaporation zone length becomes non-monotonic
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near the critical ignition radius Ric (about 0.3), but this nonmonotonicity is gradually
weakened as the ignition energy increases (e.g. line #6). The length of the evaporation
zone is expected to have direct influence on the heat absorption from the gas phase, which
will be further discussed in Section 4.4.

The variations of evaporation completion location ηc and evaporation zone length �η

with flame radius Rf under different Lewis number and droplet properties are shown in
Figure 6(a) and (b). Ignition energies above the respective MIE are used to successfully
ignite spray flames under these two conditions (i.e. Q = 0.03 and 0.145 for Figure 6(a)
and (b), respectively). For Le = 0.8 in Figure 6(a), heat diffusion from the spherical flame
front is weaker compared to species diffusion towards it. Therefore, the spherical flame is
stronger and hence quicker to transit from highly stretched igniting kernel to stably propa-
gating flame. The evaporation completion location ηc versus flame radius in Figure 6(a)
is N-shaped: firstly, increases until the critical ignition radius Ric, then decreases, and
further increases to the values of propagating flames. Multiple transitions between HT
flame to HM flame occur when the heat exchange coefficient (hence droplet evaporation
rate) is low (e.g. � = 0.05 in lines #3 and #4), characterised by multiple flame transition
(zero-crossing) points. For example, along line #3, the mixture near the kernel is initially
heterogeneous (ηc < 0, left to point E, droplets + vapour), and becomes homogeneous
(ηc > 0, vapour only) between points E and F when the flame propagates outwardly. For
subsequent propagation after point F, it is heterogeneous (Curve FG), but after point G,
homogeneous combustion with complete gasification of droplets in the preheat area is
observed again. For increased droplet loading δ or decreased heat transfer � (hence weaker
evaporation rate ωv, see Equation (13)), it is more difficult for the gaseous flame to fully
vapourised the droplets in the pre-flame zone. Therefore, increased δ and/or decreased �

(also ωv) would make the spray flame tend to be HT as shown in Figure 6(a). Besides, the
evaporation zone length �η almost monotonically increases, regardless of the foregoing
transitions between homogeneous and heterogeneous flames.

For Le = 1.2 in Figure 6(b), the evaporation completion location curve is approximately
�-shaped. Initially, the flame is heterogeneous, and the droplet completion front moves
closer to and crosses the flame front, leading to a homogeneous flame with varying evapo-
ration completion location ηc. Transitions between HM and HT combustion are also seen
at low heat exchange coefficient and evaporation rates (e.g. line #4), similar to what is
found in Figure 6(a). Near the critical ignition radius Ric (around 1), fuel droplets can start
to vaporise farthest in the preheat area relative to the flame front, but the evaporation zone
length is small, regardless of the droplet loading and evaporation rate. This is due to the
weakened reactivity of the flame, manifested by the low propagating speed, as shown in
Figure 3(b). Meanwhile, the evaporation completion front ηc is much higher than that in
Figure 6(a) with Le = 0.8. This is due to the enhance heat diffusion from the flame front
due to high Lewis number, which leads to more distributed gas temperature in the two-
phase mixture ahead of the flame and farther fresh gas with boiling temperature. Based
on the results in both Figures 6(a) and 6(b), one can also see that the evaporation zone
length �η generally increases with droplet loading whilst decreases with heat exchange
coefficient (or droplet evaporation rate).

Figure 6(a) and 6(b) also indicate that for gaseous mixtures with large Lewis num-
ber and/or rapidly evaporating liquid fuels, the flame front generally propagates in a
gaseous (e.g. fuel vapour and oxidiser) environment. Understanding this feature through
our analysis would be of great importance to accurately and effectively model the inter-
actions between the chemistry and droplet evaporation, particularly for turbulent spray
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Figure 6. Evaporation completion location and evaporation zone length as functions of the flame
radius with different δ and �: (a) Le = 0.8 and (b) Le = 1.2. FF: flame front.

combustion. Whether the droplet evaporation effects are needed to be incorporated in
advanced combustion models is still an open question. For instance, Mortensen and Bil-
ger derived the Conditional Moment Closure (CMC) combustion model for spray flame
through considering the droplet evaporation in the mixture fraction space [51]. This leads
to more sophisticated implementations and modelling issues, see Refs. [52,53], compared
to the CMC model for gaseous flame [54]. In reality, before their work, the latter has also
been successfully used for modelling spray combustion with reasonable accuracies [55].
Similar problems also exist in other combustion modelling approach, for example, tabu-
lated chemistry method [56]. Therefore, identifications of homogeneous and heterogeneous
flames in spray combustion through theoretical analysis can provide the general evidence
for selecting physically sound combustion model for a range of problems.

4.3. Stationary flame ball in liquid fuel sprays

Due to the important role of flame balls in determining the critical conditions for successful
flame ignition as unveiled in Figures 2 and 3, the droplet evaporation characteristics of the
flame balls are worthy of further discussion. In Figure 5, the flame ball solutions are marked
with black dots. We can find that for different ignition energies the inner and outer flame
balls always exist in homogeneous mixtures. It is known that the diffusion-controlled flame
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Figure 7. Evaporation completion location and evaporation zone length for the flame ball under
different ignition energies for (a) δ = 0.1 and (b) � = 0.2. Le = 1.0. Ric: critical ignition radius.

balls are sustained by the transport of heat and species with the ambient gas [57]. In a two-
phase mixture, the post-flame droplet evaporation is unsteady, and hence it is difficult to
maintain steady heat and mass transfer for stationary flame balls.

The droplet evaporation completion location ηc and evaporation zone length �η cor-
responding to different stationary flame ball radii Rz in Figure 5 are shown in Figure 7.
The Lewis number is fixed to be Le = 1.0. The reader is reminded that for different igni-
tion energies Q below the MIE, there are inner and outer flame ball solutions (R+

Z and
R−

Z ), as mention in Figure 2. In Figure 7(a), the curves of evaporation completion location
and evaporation zone length can be divided into two sections by the MIE points: the left
denotes the solutions for inner flame balls R+

Z from the igniting kernel branch, while the
right one R−

Z from the propagating branch. With increased ignition energy Q (marked with
‘Q ↑’ in Figure 7(a)) from the two ends of the curves (marked with Q = 0 and Q ≈ 0 in
Figure 7(a)), R+

Z and R−
Z respectively move towards each other.

One can see from Figure 7 that for the inner (outer) flame balls, ηc monotonically
increases (decreases). This is also true for the evaporation zone length �η. The critical
ignition condition (i.e. R+

Z = R−
Z ) is reached at intermediate values of ηc and �η. For the

inner flame balls located at the flame kernel branch (left to MIE points), the flame tem-
perature is affected by ignition energy. For larger ignition energy, the flame temperature
and gas temperature in the pre-flame zone are higher. Hence, the spray droplets can finish
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Figure 8. Evaporation completion location and evaporation zone length for flame balls under
different ignition energies for δ = 0.1, � = 0.2 when (a) Le = 0.8 and (b) Le = 1.2.

its evaporation farther away from the flame front, which indicates the ηc increases with
the ignition energy for the inner flame balls. Meanwhile, as seen in Figure 2(a), the flame
ball radius moves outwardly with increased ignition energy. The evaporation zone length
also increases due to simultaneous increase of the evaporation onset location. For the outer
flame balls in the flame propagating branch (right to MIE points), the gas temperature in
the pre-flame zone decreases with ignition energy, resulting in decreased flame ball radius
as shown in Figure 2(a). Therefore, opposite trends are observed for them.

For fixed droplet loading δ = 0.1 in Figure 7(a), increase in heat exchange coefficient
(hence evaporation rate) results in limited variations in evaporation completion fronts for
the same flame ball radius. However, the evaporation zone length �η of the stationary
flame balls has considerably decreased with increased �, because of larger heat exchange
coefficient and faster evaporation rate. As for fixed heat exchange coefficients � = 0.2 in
Figure 7(b), it is found that increasing droplet loading would induce the longer evaporation
zone since the total amount of fuel droplet is increased while the evaporation rate remains
constant for the same heat exchange coefficient. The critical ignition radius, Ric, almost
remains unchanged with varied droplet properties for fixed Lewis number.

The Lewis number effects on the droplet evaporation characteristics of the flame balls
are examined in Figure 8. For varied Lewis number with fixed droplet properties, that is,
δ = 0.1 and � = 0.2, as shown in Figures 7 and 8, the critical ignition radius Ric increases
from 0.095 to 0.984 as Le increased from 0.8 to 1.2. Meanwhile, the evaporation comple-
tion front ηc and the evaporation zone length �η of the flame balls also increase as Le
increases.

As shown in Figures 7 and 8, critical successful ignition always occurs through flame
balls in homogeneous mixtures (ηc > 0). Therefore, the relations between the timescales of
droplet evaporation, flame propagation and spark ignition become important. For instance,
if more slowly evaporating droplets are dispersed near the spark, longer spark addition
is required to achieve the homogeneous mixture for flame kernel formation and growth.
Moreover, the transition from an initial heterogeneous flame to homogeneous one neces-
sitates faster propagation of the-phase contact surface compared to the flame front. There
have been some studies about these relations based on experimental measurements [5] and
direct numerical simulations [10]. However, how these timescales determine the critical
ignition merits further investigations.
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Figure 9. Spatial distributions of temperature, oxidiser mass fraction, and droplet mass loading
with flame radii Rf = (a) 0.0776 (point A in Figure 2(a)) and (b) 0.2249 (point B in Figure 2(a)).
δ = 0.1, � = 0.2, Q = 0.06, and Le = 1.0. Rv,c = ηv,c + Rf .

Figure 10. Spatial distributions of temperature, oxidiser mass fraction and droplet mass load-
ing with heat exchange coefficients � = (a) 0.05 (point C in Figure 6(a)) and (b) 0.2 (point D in
Figure 6(a)). δ = 0.2, Rf = 100, Q = 0.03, and Le = 0.8.

4.4. Flame structure and evaporation heat loss

In Figure 9(a) and (b), the flame structures for HT (Rf = 0.0776) and HM (Rf = 0.2249)
flame along the flame kernel branch are presented, which are also marked in Figure 2(a).
The reader is reminded that Figure 9(b) corresponds to a stationary flame ball. Here the
droplet and gas phase parameters are δ = 0.1, � = 0.2, Q = 0.06 and Le = 1.0. For both,
the effects of the ignition energy are still significant, which is manifested by the high tem-
perature close to the spherical centre (r = 0). Meanwhile, the oxidiser is fully consumed
at the flame front Rf , and hence there is no oxidiser in the burned zone (r < Rf ). For the
HT flame in Figure 9(a), the fuel droplets penetrate through the flame front into the burned
zone, corresponding to the finite values of local droplet loadings Yd . However, for the HM
flame in Figure 9(b), the evaporation completion front Rc is located before the flame front
Rf in Figure 9(b) and therefore two-phase mixture only exists before the flame front. These
lead to different influences on heat loss of the gas phase due to droplet evaporation, which
will be further quantified in Figures 11 and 12.
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Figure 11. Evaporative heat loss in the unburned and burned zones as a function of flame radius Rf
with different ignition energies. δ = 0.1, � = 0.2 for Le = 1.0. TP: Flame regime transition points.

In Figure 10(a) and (b), the structures for HT (� = 0.05) and HM (� = 0.2) flames
from the propagation branch are presented. The droplet and gas phase properties are
δ = 0.1, Rf = 100, Q = 0.06 and Le = 0.8, respectively. They are marked as C and D
in Figure 6(a). The gas temperature in the burned zone is uniform and below unity due
to the evaporation heat absorption. Meanwhile, the flame initiation effect from the igni-
tion energy disappears. For HT and HM flames, their evaporation completion front Rc lies
behind and before the flame front Rf , respectively.

As discussed above, HT and HM flames can exist in both flame kernel and flame
propagation stages. Therefore, it would be interesting to quantify the effects of droplet
heat absorption from the gas phase corresponding to various flame regimes and develop-
ment stages. We define the normalised evaporative heat loss based on the gas temperature
profiles in the burned and unburned zones of a HT flame as [20,24]

Hub,HT = �
ηv∫
0
[T2(ξ) − Tv](ξ + Rf )

2dξ/

(
R2

f

dT

dη
|− − R2

f

dT

dη
|+
)

, (42)

Hb,HT = �
0
∫
ηc

[T3(ξ) − Tv](ξ + Rf )
2dξ/

(
R2

f

dT

dη
|− − R2

f

dT

dη
|+
)

. (43)
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Figure 12. Evaporative heat loss in the unburned and burned zone as a function of flame radius Rf
with different δ and � for (a) Le = 0.8, Q = 0.03, and (b) Le = 1.2, Q = 0.145. Coloured points:
TP.

Likewise, for a HM flame, they respectively are

Hub,HM = �
ηv∫
ηc

[T2(ξ) − Tv](ξ + Rf )
2dξ/

(
R2

f

dT

dη
|− − R2

f

dT

dη
|+
)

, (44)

Hb,HM = 0. (45)

The subscripts ‘ub’ and ‘b’ respectively denote evaporative heat loss from unburned and
burned zones, whereas ‘HM’ and ‘HT’ respectively denote homogeneous and hetero-

geneous flames. The denominator,
(

R2
f

dT
dη

|− − R2
f

dT
dη

|+
)

, is the combustion heat release.

Equation (45) is valid since there are no droplets in the burned zone of homogeneous
flames. Accordingly, the total evaporation heat loss of a spray flame is Hall = Hb + Hub.

Figure 11(a)–(c) shows that the evaporative heat loss for spray flames with different
ignition energies in Figure 2(a) when δ = 0.1, � = 0.2, and Le = 1.0. The enlarged pro-
files of Hub around the TP points are plotted in Figure 11(b). One can see from Figure 11(a)
that, when the ignition energy is less than the MIE, the evaporative heat loss of the flame
kernel first increases and then decreases, as shown in lines #2 and #3. This is associated
with the gradually reduced ignition energy dissipation to vaporise the surrounding fuel
droplets, when the ignition kernel grows. The reader is reminded that the mixture changes
from heterogeneous (Rf < RTP) to homogeneous (Rf > RTP) conditions at the transition
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point TP. Continuous variations of Hub across the TP’s can be seen in Figure 11(a) and (b).
For the flame propagation branch (lines #2 and #3), Hub increases when the flame propa-
gates outwardly. When the flame is successfully ignited, Hub generally increases, although
a reduction can be seen near the critical ignition radii Ric. The evaporative heat loss in the
post-flame area of heterogeneous flames (before TP) are shown in Figure 11(c). One can
see that Hb first increases and then decreases when the flame is close to the TP points.
The increases are caused by the enhanced droplet evaporation due to the spark, whilst the
decrease results from the reduced evaporation zone length �η. It should be noted that Hb

at the transition points should be zero, which is not shown due to the logarithmic scale
used.

Plotted in Figure 11(d) are the ratios of the evaporation heat loss in the burned zone
Hb,HT to the total one Hall in HT flames. The ratio decreases from approximately 0.1–0.001
when the flame kernel propagates. This is because the post-flame evaporation zone grad-
ually diminishes as the evaporation completion front moves faster than the leading flame
front. Besides, the geometry effect of (ξ + Rf )

2 in Equations (42)–(44) becomes prevalent
when the flame radius increases. In general, the post-flame evaporative heat loss has small
contributions when the flame is initially developed. In this sense, the evaporation heat loss
in the unburned zone is dominant, although it is essentially affected the evaporation zone
length.

The effects of Lewis number and droplet properties on the evaporative heat loss are
presented in Figure 12. The evolutions of the flame propagating speed have been shown
in Figure 6. One can find that the evaporation heat loss in the pre-flame zones Hub with
respect to the flame radius is correlated to the evaporation zone length �η, which is
shown in Figure 8. Meanwhile, the evaporative heat loss in both pre- and post-flame zones
is increased with increased droplet loading or decreased heat exchange coefficient. This
is because increased droplet loading indicates that more heat has been transferred into
the liquid phase for evaporation, while decreased heat exchange coefficient means that the
evaporation zone length is extended due to a small evaporation speed. Additionally, the
change of the heat loss in the burned zone of heterogeneous flame kernels is similar to
that in Figure 11(c). However, heterogeneous flames can also be observed when the flame
radius is large, like lines #3 and #4 in Figure 12(a) and line #4 in Figure 12(b). Their
respective heat loss, Hb, is comparable to Hub at the same flame radius. The trend of Hb

generally follows that of the magnitude of the evaporation completion location ηc for stably
propagating HT flames (see Figure 6).

5. Conclusion

Evolution of droplet evaporation zone and its interaction with the propagating flame front
are studied in this work. A general theoretical model is derived to describe the ignition and
propagation of fuel-rich premixed spray flames in homogenous and heterogeneous mix-
tures. The change of droplet evaporating zones with reaction front and transitions between
homogeneous and heterogeneous flames are considered. The correlations between flame
propagating speed, flame temperature, and characteristic droplet evaporation locations are
numerically calculated to elucidate the effects of various gas and liquid properties.

The results show that the spray flame trajectories are considerably affected by ignition
energy. Moreover, the critical condition for successful ignition is coincidence of inner and
outer flame balls from flame kernel and propagating branches. Moreover, the minimum
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ignition energy is negligibly affected by droplet mass loading and heat exchange coefficient
under fuel-rich mixture conditions. However, it increases monotonically with the Lewis
number.

It is also found that the flame kernel always originates from heterogeneous mixtures due
to the initially dispersed droplets near the spark. However, transitions from heterogeneous
and homogeneous mixtures occur due to rapid droplet gasification. Under some conditions,
multiple transitions between the two flame regimes can be seen in the stages of igniting
kernel growth and flame expansion. Before successful ignition, droplet evaporation onset
and completion locations increase and decrease respectively with the flame radius. For
successful flame ignition, non-monotonic variations of the above locations are observed.
We also see that the flame balls always exist in homogeneous mixtures, indicating that
failed and critical successful ignition events occur only in purely gaseous mixture near
the flame front. The evaporating droplet distributions for flame balls are also discussed,
and it is shown that when the ignition energy is increased towards the minimum ignition
energy, the evaporation zone length for inner and outer flame balls increases and decreases,
respectively.

The evaporative heat loss of homogeneous and heterogeneous spray flames is calculated,
and the results show that for the failed flame kernels, heat loss from droplet evaporation
behind and before the flame front first increases and then decreases due to the gradually
fading ignition energy effects. The evaporative heat loss before the flame front generally
increases, although non-monotonicity exists, when the flame is successfully ignited and
propagated outwardly. In particular, for heterogeneous flames, the ratio of the heat loss
from burned zone to the total one decreases as the flame expands. Moreover, droplet mass
loading and heat exchange coefficient considerably affect the evaporating heat loss from
both burned and unburned zones.

When our theoretical model is derived, assumptions and simplifications are used for
both gas and droplets, such as interphase thermal/kinematic equilibria. Therefore, the con-
clusions are applicable for spray flames approximately satisfying the above conditions,
that is, spray flame ignition and steady propagation in dilute and fine fuel sprays. This
may correspond to a practical flame with well sprayed liquid fuel droplets in a combustor,
for example, far from the injector or after strong aerodynamic fragmentation. To achieve
more quantitatively accurate descriptions of gas and liquid phases, detailed numerical
simulations are necessitated, which will be an interesting topic for our future studies.
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