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Outline

@ Review of the Boltzmann equation



Boltzmann equation

» Distribution function f(x,&,1):

(No. of particles with position € X and velocity £ € V)

//f:c&td{da:

> Boltzmann equation:

of B

€Yol = QU )
or o7

S+ Var (60) = QLS

» Particles travelling at velocity ¢ — &-Vg
» Binary collision between particles — Q[ ]



Collision operator

Binary collision operator:

QA = [ | [ BlE—€. o ESE)— FE)S @)l de..
where

-l Lie ro 1 e
€ =SE+E)+5E—Elo, E=S(E+E)—E—Elo




Equilibrium

Maxwellian:

QIM, M] = 0

Q>



Linearization about the Maxwellian

Suppose the distribution function f is close to the Maxwellian M:

f=M-+ef.



Linearization about the Maxwellian

Suppose the distribution function f is close to the Maxwellian M:
f=M-+ef.
Then
Qlf fl=QM+ef . M+ef]
= QIM, M] +£(QIM, f'] + Q[f", M]) + £2Qf", /]
= 2Q[M, M] +£(QIM, f'1 + Q[f', M]) + £*QLf', I']

= QM, f1+ QIf, M +*Qf", f]
~ QM. f1+ Q[f, M].



Linearization about the Maxwellian

Suppose the distribution function f is close to the Maxwellian M:
f=M+ef.
Then
QU f]= QM +ef \M+ef]

= QIM, M] +£(QIM, f'] + Q[f", M]) + £2Qf", /]
= 2Q[M, M] +e(QIM, f'1 + QLf", M) + *Q[f", f']
= QIM, f1+ QIf, M +°QLf", f']
~ QM. f1+ Q[f, M].

Define



Linearized collision operator

Linearized collision operator:

Choice of M:
» Local Maxwellian:

p=(f)  u={&N/n.  0=(E—ulh)p

where
W)= | mu(e)de
» Global Maxwellian:




Properties of the linearized collision operator

» Conservation of mass, momentum, and energy:

(LLf) =0, (ELlfl) =0, (€L =0

> Entropy dissipation:

(L[f]log f) <0

> Rotational invariance: Let fr(&) = f(RE) for some
orthogonal matrix R. Then

L[frI(&) = LI/I(RE)

if M is the Maxwellian with center at u = 0.

> Negative semi-definiteness:

()
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© Moments of the distribution function



Moments

» General definition of kth moments:

ud) =m [ oul)f€)

where pi (&) is a polynomial of degree k.

> Examples:

| 2

vvyyVvyVvyy

Density: po(€) =1

Momentum (density): pi(§) = &

Energy (density): p2(§) = [€]%/2
Pressure: po(&) = [€ — u|?/3

Pressure tensor: po(&) = (& —u)(§ —u)”

Heat flux: ps(€) = € — ul*(€ — u)/2

> .

These are the interesting quantities in the gas dynamics!



Why moment equations?

» The Boltzmann equation is hard to solve numerically:
o High dimensionality
o Complicated collision term
o Unbounded velocity domain
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Why moment equations?

» The Boltzmann equation is hard to solve numerically:

o High dimensionality
o Complicated collision term
o Unbounded velocity domain

> We are usually not interested in the distribution function.
» It is known that the gas dynamics can be modeled by
moments in certain regimes:

o Euler equations
o Navier-Stokes equations



Three types of moments

Notations:

£ = (61752753)T7 f = ’5’7

v=§—u, v =|vl.
> Convective moments: density, momentum, energy, ...
Fiyigein = (&ir - &in f)
» Central moments: density, pressure, heat flux, ...
n _ /.2n,. . .
pi1i2~~-il - < Ull o .’Uzlf>

» Trace-free moments: stress tensor, heat flux, ...

2
Tiigeiy = p7<1i1i2---iz> = (0™, - viy f)



Trace-free tensors

Given a tensor T},..;,, we use T};
trace-free part.

,-i;) to denote its symmetric and



Trace-free tensors

Given a tensor T},..;,, we use T};
trace-free part.

iy.-i;) to denote its symmetric and

Example: If [ = 2, the tensor T;; is a matrix.

» Symmetrization:
1
Tiij) = 5 (Tij + Tj0)

» Remove the trace part:

T(w T( i5) Z Thr0i



Trace-free tensors

Given a tensor Tj,..;,, we use T;
trace-free part.

iy.-i;) to denote its symmetric and

Example: If [ = 2, the tensor T;; is a matrix.

» Symmetrization:
1
Tiij) = 5 (Tij + Tj0)

» Remove the trace part:
Tigy = Tig) — Z Tiok 04

In general, T};
and satisfies

ir--i;) 1S Symmetric with respect to any two indices

3 3

Z Z Ly ijoigemig) Oiyig, =0

ij=lip=1



Harmonic polynomials

The polynomial
U<i1 e Uil>

is defined by

’Uil .. .vil

3
— E (67,'11'21)7;31}’[4 e Uilvklvkl + 6i1i3vi2v’i4 e vilvklvkl
k1=1

F o Giy iy Vi Vig * * * Vig_ Uky Uky )

3 3
+ (65} E E <5i1i2 5’i3i4 Ui5 et Uil Ulﬂ Uk‘l vk’zvk‘Q
k1=1ko=1

+ (5i1i3 6i2i4 U’i5 e Uil Ukl Ulﬁ Uk’gvk‘z

+ -+ 67,',,,,3i16il,2il,1 Uiy = U’ilfg,vk‘lvk‘lkaUk?Q)



Harmonic polynomials

The coefficients a1, as, - - - are chosen such that
3 3
E E U(Zlvzjvlkvll>6zj7fk :O
ij=11i=1

forany 1 <j < k<L

Example:

> If [ =2, then
3
Uiy Vig) = ViyVip — Q1 Z Oiyio Uy Uk,
ki1=1
such that
3 3

Z Z v<ilvi2>5i1i2 =0 = o] =

i1=14=1

1

3



Harmonic polynomials

When [ = 2,
'vlvl - %7)2, il = 1, ig = 1,
V1V, =1 ix2=2,
V(i1 Vig) = s, 1,2 2:1 i . 2:2 i 5
VUy — 3V, i =2, i2 =2,
V2U3, il = 2, ig = 3,
V3v3 — %’Uz, il = 3, i2 = 3.

Stress tensor:

Oij = U% = <U(ivj)f>
When [ = 3,

1
2
Uiy VigVig) = Vi VigVig — 51} (vi15i22'3 + U2'25i1i3 + Ui35ili2)



Properties of harmonic polynomials

» Homogeneity:

Uiy * " Vi) ‘v:cfj
» Harmonic functions:

oL
(502 * 53+ ) w00 =0

» Orthogonality: If [ # k, then

v2
/]R3 ’1)27L/U<i1 . -’Uil>v2mv<jl 1 Uj,) Xp <—20> dv =0.



Orthogonal polynomials

Laguerre (Sonine) polynomials: L{" (z):

+o0o
/ L (2) L) (2)a® exp(—z) dz =
0



Orthogonal polynomials

Laguerre (Sonine) polynomials: L\ (z):
+o0o
/ L (2) L) (2)a® exp(—z) dz = —————L 6.
0

Examples:
> LM (@) =1
> Lga)(a:) =a+l-z

> Lga)(ac) = $22 —(a+2)z+ latDiat?2) 1)2(a+2)



Orthogonal polynomials

Laguerre (Sonine) polynomials: L{" (z):

+o0o
/ Lsg) (x)L%a) (x)z% exp(—x)der = —————0mn.-
0

If m #mnork+#1, then

2
I+1/2) (Y k+1/2
/RSL(+/)<29>”< >L(+/>(20>v< g
02
exp (—20) dv =0.



Orthogonal polynomials

Laguerre (Sonine) polynomials: L{" (z):

+o0o
/ Lsg) (x)nga) (x)z% exp(—x)der = —————0mn.-
0

If m #mnork+#1, then

2
I+1/2) (Y k+1/2
/RSL(+/)<29>”< >L(+/>(20>v< g
02
exp (—20) dv =0.

Orthogonal moments:

where v; = & — u;.



Review of four types of moments

» Convective moments:

Fiyigein = &y - - &in f)
» Central moments:

n _ [02n,, .

Pivig-i; — (Vv v, f)
» Trace-free moments:
n . n _ 2n
Oivigiy = Pliigeiy) — (v Uiy *° 'Uil)f>

» Orthogonal moments:

n (141/2) v?
Wiy .y = <Ln (29> Uiy '%)f>
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e Moment equations
@ Moment equations based on convective moments
@ Moment equations based on trace-free moments
@ Grad's moment method



Summation convention
If the same index appears twice, a sum is taken over this index.

Examples:
> Given v = (v1,v2,v3)T, w = (w1, w2, ws3)”, we have

VW = vwy.
» The stress tensor o;; is trace-free:
Okk = 011 + 022 + 033 = 0.

» The Laplacian operator can be written as
_ %
N 8.2713.%,

Ag

» The directional derivative can be represented by

Jg

1
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e Moment equations
@ Moment equations based on convective moments



Equations for convective moments

Convective moments:
Fiyigein = (&ix - &in f)
Boltzmann equation:

of of _
E‘f‘fkaixk =
4
8 . . a . . — . .
a<£zl te flnf> + %(5@1 c glngkf> = <§zl c gan[fa f]>

NS
OF; i, | OFy ..k
o T dxy, Pain

» Simple balance laws » Complicated collision terms



Moment closure

OFi.i, | OF; ik
ot Oxy, =P

n

We cannot find a finite subsystem that is closed:
» The evolution of F' depends on Fj.
» The evolution of I; depends on F};.
» The evolution of I}; depends on Fj;;..

We need to approximate Fj,...;, 1 by

Fii ik = Fip ik (F Fy Fy gy - Fiy iy



Idea of moment closure
Question: Given F, F;, F} i,,- - - Fj,..;,,, how to guess the values of
Fi ink?

Two ideas:

» Asymptotic expansion (need to assume a small parameter)
» Find f(&) satisfying

m [ r©de=F
m [ &(€)de =P,

i] '.'éin,} d _-ll IR
m/?)é- (5) 5 in

Fi ik = m/R3 & & f(€) dE.



Method of maximum entropy

Thermodynamics point of view: Choose f(£) that maximizes

(=flog f)

such that



Method of maximum entropy

Thermodynamics point of view: Choose f(£) that maximizes

(=flog f)
such that
(f)=F,
(&f) = F,
(§ir -+ &inf) = Firovin-
Solution:

f(€) =exp <Z @iy ey iy * 5%)
k=0

where the coefficients a;,...;, (symmetric tensors) are to be figured
out by using the constraints.



Example: Gaussian approximation

For n = 2, the maximum entropy distribution function is

f(&) = exp(a + ai&; + ai;j&i&;)

or using another set of parameters p, u;, 0;;:

f(&) = @ 3/2mm exp ( (& —ui) (& — uj))
where is the matrix inverse of 6;;: Hijt?jk = 0.

(f) =p,
(&) = pui,
(€& f) = p(0i5 + uiuy),
(& f) = p(uibjr + il + urpbsj + wiujug).



Example: Gaussian approximation
According to the moment constraints:

p=F, pu; = F; pBi; + puju; = Fij

g, — T _ ik
) — T 2
P P

p:F7 U; =

)

F;
N
U
Fijk = p(uiﬂjk + Ujez‘k + Uk:az‘j + Uz‘ujuk)
 FiFj+ FiFy + Fp By 2FF;Fy

F F?

Equations for Fj;:

OF;; 0 (FiFj + FjFy + FypFy;  2FFF
+ — = Pij
ot 8mk

F F?



Comments on the maximum entropy method

v

It provides a systematic approach to derive a class of moment
equations.

The underlying distribution function is positive.

The system is hyperbolic.

The system is entropic.

The Gaussian approximation does not include heat flux.

The extension to n > 2 is hard: no explicit expressions.
Computationally, it is expensive to find the closure for n > 2.

The solution of the closure problem may not exist.

vVvvyVvvVvyVvVvyVvyy

The characteristic speed may go arbitrarily large.
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e Moment equations

@ Moment equations based on trace-free moments



Equations for trace-free moments |I: Time derivative
Trace-free moments:

n — n — 2n el
O—ilizmil - p(ilign-il) - <U U(il vll>f>

Properties:
0 on n sy
57 V0 i) = = g v o

ou;
2n—2 J
= 200" g, - )5 5

! n+1

2
(v "0, .fuil>vjf> =00y T TR 1U<i1_”il715il>]~

% — <1}2 v, v”>a>

. l(2n+ 20+ 1) o aull) _ no_nfl %
2041 (i gy i gy

<~

)
F|<




Equations for trace-free moments Il: Convective derivative
Similarly, we can derive that

oo™, . of
it 2n
ukﬁ = <’U U<Z-1 . .vil>uk’axk>

I(2n+20+1) . duy,

-1
ST e~ 2ol g
Define material derivative:
D ) N o
2_9 .2
Dt ot ' Fox,
Then
Dotiyeis _ [ ony . DF
Dl‘k (i1 i) D$k
w n Du;, n-1 Duj

2011l Dy, iniDg,



Equations for trace-free moments Ill: Flux term

0 n Ouy,
8:13k ('1}2 vk’U< vil)) = —’02 'U<i1 .. .rUiDka
" ouy; . s
_ l’U2 ’l)k’l)< U Ee : _ 277/1)2 ZU(il . vil)”’“vjail,i
0 n I+1
<U2 U(il .. .Uz‘l>UkUjf> = Uz'lmiljk + ma@jl”ékn
(- 1)
n+1 . n+2
T 1 it Ok T Ty (27 = 1) %90 i ine 1O
\
a n n af n auk‘
aT;k@Q Uiy Vi Ok f) = <U2 Uiy "'Wz)”kaxk> O,
Y I(1-1) A
-1 n . ) i) _ 9 2l 1 n+1 -1
Th(iaita oxy (20 —1)(20 + 1)( ntal+ )U<11 -2 Jg, )
_ 2710"_1 % _9 I+1 n 8uk> l o 8uj

ir-igk oz n2l -+ 30@1"'” Oz B 2[ +1 Tjlinira 855”)




Equations for trace-free moments
Moment equations:

n of n of
<U2 Uiy "'Uiz)at> - <U2 U<z’1"'vz‘z>“km>

(v, vy QL f])

+
T
S

(&)
3
IS
s
=
Eal
|
El
\/
I



Equations for trace-free moments
Moment equations:

2n Df
UG Vi Ty

" of n
! < v, >a> = ("0, v QLF. A1)



Equations for trace-free moments
Moment equations:

2n Df
v 'U(zl s Uil) 7Dt
of

(g2l = a0l

U

DUZiQ...il l(2n + 2 + 1) on Duzj) L on D’LL]

Dt 20 +1 Y Thri Dt
n+1

80—;"12[]4} l 8 <’L’1“"L'l,1

+ + o} Our
8$k 204+ 1 6951[) R 8

l(l - 1) 1 Ou;,_ _ ou;
o2n 420+ 1)t =1y openL 2
taonarn At ) iy i Tayy T o,

l +1 n uk) l n 8Uj

o1+ 3 it gy, T Pt B

({“)um

+ k(i1 1 Oz,

+lo "(




Conservation laws

Note: 0¥ =0
» Mass conservation (p = oV):

% 8uk

Il=n=0: —
" Dt paxk

=0

> Momentum conservation (0i; = a3;, o' = 3p):

Dui 60% 8p

I=1,n=0: =0
Ak p Dt 8mk a$z
» Energy conservation (o} = 2¢;):
Dp 2 6qk 5 8uk 2 auj
l=0,n= ~ taa - taps 5005 =0
1 Dt + 38$k + 3p8xk + 30—31" 8$k

Ideal gas: p = pf



Closure I: Euler equations

Moment closure:
0ij =0, ¢=0



Closure I: Euler equations

Moment closure:
oij =0, q =0

Euler equations (convective form):

Dp Ouy,
L4 p=—L=0

Dt Oxp

Dui 8])
=0

p Dt + 8371

D 5 0

P2yt g

Dt 3P0z,



Closure I: Euler equations

Moment closure:
0ij =0, ¢=0

Euler equations (conservative form):

Op | 9puk) _
8t + a:L’k =0
d(pui) | O(pujug)  O(pdi)
ot + Oz + orr 0
d(puiu; + 3p) N Olug(puiu; + 5p)] 0
ot oz a

Note:
F=p, F,=pu, F;=puu;+3p



Closure |l: Gaussian closure

» Add equations for o;;:

Doy oy 4046 Ouy Ouyy |, Qg
- : 2 2
Dt " On, 501, T, R P oz,
> Moment closure:
O-?jk =0, ¢ =0
» 10-moment equations:
Dp 0w _
Dt 81’k N
Du;  Ooy | Op
p Dt * 8xk 8xl =0
Dp 5 Oux 2 Ouj _
Dt 3p8{L‘k 3U]k6xk N
Do; Ouy, dujy uyi 0
—; T t20i 5 +2 = <ij
Dt Ujaxk * Uk< 8xk * p8$j> Q]

0



Outline

e Moment equations

@ Grad’'s moment method



More moments
We would like to include all the equations

Do?

(IR

for
[=0,---,L, n=0,---,N.

Examples:
» Euler equations:
L=1, Ny=1, N; =0

» Gaussian closure (10-moment system):

L=2 Ny=1, N =Ny=0
P> 13-moment system:

L=2 Ny=N =1, Ny=0
> ...



Closure Ill: Grad's moment method
Given u; and
Ty l=0,---,L, n=0,---,Ny,
we would like to find f(&) satisfying

<’U2nv<i1"'vil)f>:O-;Ll"'il’ VZZO,"‘,L, n:O,...7Nl_

A general approach:

L M 1 v?
_ n 2n
f(g) - ;;ail..,ilv U<i1 c "Uil> . W exp <—29>

1

o, . .
where § = 3—0, and the coefficients a?ln are symmetric tensors to

'il

p
be defined by the constraints.



Closure lll: Grad’s moment method

Recall: If k£ #£ [, then

2
2n 2m v
/R3 VMg, 0 0T Mg v,y €XP <—20> dv=0

)
If I > L, then <v2"v<,-1 ---vil>f> =0 for any n
J
ol .. =0ifl>1L

i1y



Closure lll: Grad’s moment method

Recall: If k£ #£ [, then

2
2n 2m v
/R3 VMg, 0 0T Mg v,y €XP <—20> dv=0

4
If I > L, then <v2"v<i1 ---vil>f> =0 for any n
J
ol .. =0ifl>1L

i1y

It remains to find

2
Uznr"iz = <U nv<i1 T Uiz)f>

for0<I< Landn > Nj.



Closure lll: Grad’s moment method

Recall: If m < n or k <, then

/L(1+1/2) v Vi v LFEEL/2) Uj Vi s
RS n 29 (Zl Lz) m 20 (Jl Jk>

/ L(l+1/2) 12 Vs oo Vs U2mv' <oV y eXP —U—Q dv=0
3 n 29 <21 Ll> <]1 ]k) 20

2
1+1/2 om
/]R3 L( +1/2) <29> Uiy o 0y M0y Uy €XP

4

2
If ] > L or n > N;, then <L(l+1/2) (29> V(i ~-vil>f>:O



Closure I1l: Grad’s moment method
Explicit expression of Laguerre polynomials:

2 n m 2\ ™
Ln <29> B Z m! n—m 26




Closure I1l: Grad’s moment method
Explicit expression of Laguerre polynomials:

o ()< 550 (110 (2

For any n > N,

(D™ (nl+ 12\ (1IN
J
n—1 mn+1

n—m Tir-iy

’Ll Zl
m=0



Closure lll: Grad’s moment method

Example: Grad’s 13-moment equations:

% 8’U,k
Dt Pox ox k
Du; Ooy.  Op

P Dt + ory,  Ox;

Dp 2 Oqy. §%+2 Ou;
30z, " 370z, " 37% 0,

DO’U ag%k 4 8(]( Ouy, ou; ) 8u
= , 204

Dt t my 500, " TV om T 2k, 3&0)

Dg; 5 Du; Du; 180M 190? ouy,

Dt 2" Dt T Dt T 20x, T 60n Vo

ou; o Ou;j 4 Oupy 2 Oup
oze Tz, T 5% 5, T 3% g,

=0,

=0

9

Y

0
Q’L]’

2

o!



Closure lll: Grad’s moment method

Moment closure for Grad’s 13-moment equations:
L=2, Ng=N; =1, Ny=0

> 50

zgk_o

» Expression of o2

_ i co (25_/2m> (20)2 0"

=0

15p?
— 1000 — 15p62 = 22~

; 1.
> Expression of o;;:

1 7/2) _ Tpoij
05 = 20)o;; =
¥ < 1 ( ) J p




Collision terms
» General collision term: Since the collision term is quadratic,
we have

+00 400 +o0 m n2

o." ., . 0. v
QT‘ 2 :2 : 2 : 2 :yrkl Jrege (i g i) g g
L n,ni,n2 Tp9T+n1+n2—n

r=0n1=0n2=0 k=0

where yn m no are constants.
> A special case:

1. Maxwell molecules: B(¢ —€,,0) =b (W)

2. Linearized about the local Maxwellian

2 Aln  p
<L$Ll+1/2) <20> U(h s U”>£[f]> = _?wir--il

The average relaxation time is usually chosen such that
a9y = 1.



Collision terms
» General collision term: Since the collision term is quadratic,
we have

+00 400 +o0 m n2

g. .. . 0. Ly e .
E § : § : § : rkl g1 gr (i1t dggrei) g1 dr
n,n1,n2 TpOrtnatnz—n

r=0n1=0n2=0 k=0

where yn m no are constants.
> A special case:

1. Maxwell molecules: B(¢ —€,,0) =b (W)

2. Linearized about the local Maxwellian

:_*Zcmnen m ZL i
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@ Summary
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@ Order of magnitude approach
@ General approach



General idea

» Consider the long time, large scale behavior of the Boltzmann

equation:
t = et, * =cx
\
of of
oy + Ggar = QUL
Omit primes:

» Write down moment equations:

Do, _ 1y
Dr T T %



General idea

» Select a set of moments to include:
O-?l"'il’ lZOa]-a"'yLy nzovlv"'aNl' (*)

» Asymptotic expansion for the moments:

no_ | nfl 2 NIQ
Oqdy = +50' +€ i) + -

For the moments in (*), only leading-order term exists!

Ulnl---l'l:gkaﬁl-k’ l:0717'”7L7 n:0717'”7Nl'

IRTE

» Use the asymptotic expansion of moment equations to express
other moments using the moments in (*).



Simplification of the problem

For simplicity, we only consider

» Maxwell molecules:

BE—¢..0) :b<(5_5*)“’>

|£_£*’

» Orthogonal moments:

n U2
ui;, 0, and wl _; = <L7(11+1/2) (26) f>

Note: w? =wl=0

P Linearized equations about a global Maxwellian:

f(@,&,1) = M(€) + ef (€, )

The methodology introduced below can also be applied to the
nonlinear case!



Linearization

» For the global Maxwellian

— 52
M(€) = WGXP (20> )

the orthogonal moments are

@ = p, u; =0, wl o =0ifl+n>0

1100

» Assume that

p=pl+ep), wi=ed"%a;, 6=0(1+¢b),
wl o= epf Pt ifl4n>1

(AR 110

> Insert into the moment equations and drop O(€?) and
higher-order terms.



Linear moment equations

~

For simplicity, the hats “"" are omitted below.

» Linear conservation laws:

ap auk .
ot * o orp 0,
ou; 00  9p  ouwY _0

ot " om  om T Omy
0o 2 811)]& 2 auk

P20k 20 ),
9t 30w, | 301

Note: w?k = Ok, Qk = —w,}/,.
> Equations for stress and heat flux:
1
ot 5) 8:6j> 8$j> oxy, e
ow! 5 06 3w?k 8wi1k 4 Qw? o1

? — J— _ — P —

ot 2 ox; Oz Oz 390z, €

0
Wijs

1
i



Outline

@ Order of magnitude approach

@ Derivation of linear moment equations



Linearized Euler equations

We would like to have five moments (p, u;, 0) in the system:
Op | Ouy
ot * oz oxy,

ou; 00 9p  ouwY,

ot + ox; * ox; + oxy
00 2 8/11/'}{, 2 Ouy,

Qv _ 20w —0.
ot 30z, 301,

=0,




Linearized Euler equations

We would like to have five moments (p, u;, 0) in the system:

ou; 00 op n 8u'?k, B

ot + ox; * ox; oxy =9,
99 20w,  20u, 0
ot 3 6$k 3 8.%'k '
Assume
w?j = w?)o + 611)?]!1 + €2w?j!2 + -

Insert the above expansion into
ot b aajj> al’j> o0xp e v

and balance the O(¢1) terms on both sides = w?}o = 0.



Linearized Euler equations

We would like to have five moments (p, u;, 0) in the system:

ou; 00 op n 8u'?k, B

ot + ox; * ox; oxy =9,
99 20w,  20u, 0
ot 3 6$k 3 8.%'k '
Assume
w?j = w?)o + 611)?]!1 + €2w?j!2 + -

Insert the above expansion into
ot b aajj> al’j> o0xp e v

and balance the O(¢1) terms on both sides = w?}o = 0.

- 1/0
Similarly, wk‘ =0.



Linearized Euler equations

We would like to have five moments (p, u;, 0) in the system:

dp  Ouy
_ G S— 0’
ot + oxy,
ou; 00  0Op
=0
ot + 8:6, * 8952 ’
00 2 Juy,
= ——=0.
ot T 302,
Assume
w?j = w?)o + 611)?]!1 + €2w?j!2 + -

Insert the above expansion into

1
ot 5 0z 0z oxy, e W
oo _

ij

and balance the O(¢71) terms on both sides = w

- 1/0
Similarly, wk‘ =0.



Linearized Navier-Stokes-Fourier equations

| 2 0|2

0
> W = EW,;

1
ij +etw;; + -

1j1 1
wi:ew; + 2w l + -
o _ .01 2 O|2
’w”k €w2]k+5 ij+"‘



Linearized Navier-Stokes-Fourier equations

01 02
> w) = ew | + e%w | + -
11 12
wi—e k| |—|—€ |+
0o _ 0[1 2 0|2
Wi = 5w”k+€ Z]k—i—

» Equations for wzj

owd. 4 awb Ou; Bw%k @20

I U = 20

ot 5 Oxj 0z oxy, €

0
5



Linearized Navier-Stokes-Fourier equations

> w?] _ 0|1+62 0|2+
w,i—e ,i|1+5 1‘2+
o _ ., 0l 2,012
wl]k €w2]k+5 ’L]k‘—i_'..
» Equations for wzj
0 1 0
8wij B %aw@- N 28u<2- N Bwijk __om
ot 5 Oxj 0z oxy, €
> O(1) terms:
ouy; o1
27890@ = Oézowi]!

0
5



Linearized Navier-Stokes-Fourier equations

> w?] _ 0|1+€2 0|2+
w,i—e ,i|1+5 1‘2+
o _ ., 0l 2,012
wl]k €w2]k+5 ’L]k‘—i_'..
» Equations for wzj
1
8w% B %aw@- +28u<i N Bw%k _ 7%10
ot 5 Oxj 0z oxy, €
> O(1) terms:
8u<i 0[1
22—V — — oW -
al']) 20 v
» Closure:
0 o ol — 28 O
wi; R Ew;; =

0
5



Linearized Navier-Stokes-Fourier equations

» Closure for stress tensor (Navier-Stokes law):

2¢ Ouy
w?j = !

_047208%')



Linearized Navier-Stokes-Fourier equations

» Closure for stress tensor (Navier-Stokes law):

_ 22 Oug
a0 Bx]>

0

» Closure for heat flux (Fourier law):

5 00
20&11 a.TUk

wj =



Linearized Navier-Stokes-Fourier equations

» Closure for stress tensor (Navier-Stokes law):

2 duy
0420 ox; 7)

0

» Closure for heat flux (Fourier law):

ol = 5500
ko 20&11 6$k
» Moment equations:
8/) 8uk
=0
ot t o, oxy, ’
ou; 00 ap 8w?k, _0

ot +a$i+8wi 0xy

00  20w; 2 0u
— -+ = 0.
ot 3 0x; 3 6$k



Linearized Navier-Stokes-Fourier equations

» Closure for stress tensor (Navier-Stokes law):

2¢ Ouy;
w?j:— @

01720 8%’)

» Closure for heat flux (Fourier law):

k7 901, O
> Moment equations:
Op , Ouk
ot 8xk

du 00 | 9p 2 Duy
ot Oz; Oz oo Oy Oy,
00 5 0%0 2 Ouy,

@ B 30[11 8$k81‘k + §6mk




13-moment equations

Op | Ouy
ot * o Oz, =9
ou; 00 n dp  Owl, _o,
ot Oox; Ox; oz
1
ot 3 8$k 3 Back
0 1 0
ot 5 83;'j> al‘j> oxy, € J

ow! 5 06 8w?k owl,  40w? a1l
w.

2 _ P ——

ot  20x;  Oxp oz, 30x; e OV




General moment equations

n n n—1
owy, .., n 8wi1~~ilk B 8wi1~~ilk

ot 8a:k 81‘k

n n+1
12n+20+1) W i 2 +1) W g

n

21+ 1 sy 2A+1 Oy e i




General moment equations

awn n

-1
i Wiy ik znlzlk
ot 8a:k 81‘k
+1
2n+20+1) 0w, 2+ 1) WG L,
Equations needed for the closure:
0 1
8w?jk 8w%kl 8w<ij B g@ww B 7@100‘
ot o Ozyy T Oy e Uk
1 2
Owiy | Owige  wlye 140w 80WG  am
ot oxy oxp 5! 83:]-> b al'j> e v
6w2 8wz 8wi a2

ot Oox,  Oxy -



General moment equations

awn n

-1
i Wiy ik znlzlk
ot 8a:k 81‘k
+1
l(2n + 20+ 1) awgl'“il—l . 2l(n + 1) awz;r“izq __ %n
Equations needed for the closure:
0 1
8w?jk 8w%kl 8w<ij B g@ww B 7@100‘
ot o Ozyy T Oy e Uk
Oy  Dwiy Duiy 1400, 80U an 4
ot oxy oxp 5! 83:]-> b al'j> e v
ow?  ow? B owp _ap2 o
ot oxp oxp, € ’

ot _ 11 _ 91 _
= Wy = Wi =W =0



Grad’s 13-moment equations

Op | Ouy

ot ' Oy,

ou; n 00 n dp  Owl,

ot Oox; Ox; oz

96 _ 20w | 20ug

ot 3 8$k 3 Back

ot 5 83;'j> al‘j> oxy,

ow! 500 owy  owl 40w’
—_ _ _l_ - —

ot 2 0x; oxy, oxy 3 Ox;

=0,

_0’

0.

__ 920

a1
9

0

’w”,



Grad’s 13-moment equations

Op
ot
ou; n 00 n dp
ot a:L’Z 81’1
00 2 aw,i
ot 30z
ow, - %aw%i . 28u<i
ot 5 0x /) al‘j>

Ouy, _0
Oz, ’
3w?k 0
8xk ’
20wk _
38xk '

_ %20, o

e v

_ Q1

e v



Burnett equations

» Includes five moments: p, u;, 6.

> w?j and w,ﬁ approximated up to second order.



Burnett equations

» Includes five moments: p, u;, 6.

> w?j and w,lC approximated up to second order.

0 1 0
ow;; B %311)@ +28u<i N owgy, _ —%w?-
ot 5 8.’Ej> 8xj> Oz € J
O(e) terms:
Lo (0w 2 @0 _ g
a0 ot ax]> 11 ax@al'ﬁ - 20 i
Therefore
S 20 (w2 o
R 0‘%0 ot \ Oz o011 8m<i6:ﬁj>



Burnett equations

Since 5 o0 5 u?
Wi P Wik _
ot " om T or, | ony
we have 9 5 9
U; _ _ 14
ot~ oz on O
Therefore

0|2_ 2 8 <8U<Z> 2 629

Wiy 0‘%0 ot 8mj> 90011 8x<i8:cj>
2 0% 2 1 1
:‘a<a>+<a‘a>a<a>
Closure:
0 o1 2 0!2

Wyj = W5 +e W,
EOU@ 2e2 9% 282< 1

2
a0 8$j> Q5 8x<28x3> Qo0 \ (11

020

1

20

)

+0(¢e)

0%0



Burnett equations
» Closure for stress tensor:

o 2 oug 262 9%p

a0z o3y O du;)

S L1y o
g0 \11 g ) Ox 0y
» Closure for heat flux:

1 5e 00 52 9%uy, 2¢? 82u<i
Wi = 20(11 871‘2 304%1 8x,8xk B 11020 8$k>8$k
5¢ 00 g2 9%u;
- 2011 0x; B 11090 0T 0T

LS (5 1) Pu
3air \ a1 ) O0x;0xy,

» Plugging into the conservation laws yields Burnett equations.




Regularized 13-moment equations

0 .l
i Wi -

> w?jk, wilj and w? approximated up to second order.

» Includes 13 moments: p, u;, 0, w



Regularized 13-moment equations

» Includes 13 moments: p, u;, 6, wzj, wl

> w). wj and w? approximated up to second order.

igk' %1
0 0
awzgk Ow;ip 8w<z‘j B 6aw(u _ %30 0
ot 0xy Oxyy T Oxy e Wk
O(e) terms:
0|1
48w< G5 —agowo‘z
81‘k> v

Closure: 5

0 2 02 de 9

Wik = € wzjlk =



Regularized 13-moment equations

0 .
» Closure for Wy

0
0 3e QW
Wijpy = ———
J azo Oz
» Closure for wj;:
1
. 14e Owy;
w. = ——
K 50{21 a$j>
» Closure for w?: )
e Ow
wr=— "k

ag2 0Ty,



Regularized 13-moment equations

8[) 8uk
ot Oxy
ou; 00 ap 3w?k
ot ox; + ox; oxy
ot 30z, 30z
8w?j B éaw%i N 26u<i 3 8211)?2.].
ot 5 Oxj Ozjy  aszo 0zp)dzy
aw} 5 00 8w?k 14e 8w<ll. 4e 8211),1,
ot 2 9z, B oxy, - Sagy Oy Oy, B 3o 0x; 01y,



Outline

@ Order of magnitude approach

@ Summary



List of moment systems

Moment No. of Order of Max. order

system moments unclosed moments of derivatives
Euler 5 0 1
Navier-Stokes 5 1 2
Burnett 5 2 3
G13 13 1 1
R13 13 2 2




List of moment systems

Moment No. of Order of Max. order

system moments unclosed moments of derivatives
Euler 5 0 1
Navier-Stokes 5 1 2
Burnett 5 2 3
G13 13 1 1
R13 13 2 2

Which is a “good” moment system?



Outline

© Assessment of moment systems
@ Well-posedness of the moment equations
@ Realizability and order of accuracy
@ Benchmark tests and others



How to define a “good” moment system?

> PDE perspective:

» Existence and uniqueness
> Stability

» Physical perspective:
> Positivity and realizability
» Asymptotic order of accuracy

» Benchmark tests:
» Shock structure

» Boundary value problems (Couette/Poseuille flow, ...

» Lid-driven cavity flow
> .



One-dimensional settings

For simplicity, we assume

» For any moment 1,

o _ o _,

Oy  Ozz

» The distribution function is axisymmetric about the &; axis:

L. . n n
For any moment Fj ;,...;, or Tivigeiy OF Wiy i..iyy SUPPOSE

It holds that
@ The moment is zero if ko — k1 is odd.
@ The moment is zero if [ — k9 is odd.
© If both k9 — k1 and [ — k9 are even, the moment is the
same for all possible ks.



One-dimensional equations

5-moment equations: Only three variables left (p, u = uy, 0)

Linear Euler/Navier-Stokes-Fourier/Burnett equations:

Op
ot
ou 00

— 4+ =+

ot Oz
o0

ou

Oz
@

ox

2 0u

ot T 300

=0

_ 4 [Pu 1O (1 1N
" 3agy | 022 g 023 o1l oo ) 0z

50 2 (5 4N
30&11 8%‘2 9()411 a1 a0 (9.1'3

For Maxwell molecules, after proper nondimensionalization,

2
ago =1, an = 3.



One-dimensional equations

13-moment equations: Only five variables left (p, u, 0, o = w?l,

q = —wi)

Linear Grad's/regularized 13-moment equations:

dp  Ou
ot Tor
du 00 Op do_

ot 90z Ox Oz
90 20u  20q

at T30 T30: Y

doc 8 0q 40u 9 0%

ot T1or 302 N7 T 50, 002
@+5%+ﬂozﬁmw4:% zt)yq
ot 20x Ox 15a91  3age ) 022

For Maxwell molecules, asp = 3/2, a2 = 2/3, a1 = 7/6.



Outline

e Assessment of moment systems
@ Well-posedness of the moment equations



Linear stability

In general, consider the linear system

ow ow 9*w
ety Y (%) AOVZZ L AOZ = 4 .
ot + w + oz + 972 + 0

» Plane wave solution:
w(z,t) = woexp(i(U — kx))

— (T + AO —ikAD — 2A®) .. Jwy =0
— det[iQI + A —ikAD) — 2AQ) 4 ...] =0

> For any k € R, we need
ImQ2>0

to ensure stability.



Example
Euler equations:

dp  Ou
ot T ap 0
90 dp
5 T an T g, =0
9  20u



Example
Euler equations:

dp  Ou
attar "
ou 00  9dp
9t Tz Tas 0
NELT
ot 30z



Example
Euler equations:

0 —ik
> det(iQI — ikAM) = det | —ik  iQ
0 —2ik

5
=i Sk* - Q?
o (5o

0
—ik
i

|



Example
Euler equations:

o, 0u_,
ot Oz

ou 00  9dp

ot Tow tar !
0, 20u_,
ot 30z

i —ik 0
> det(iQI — ikAM) =det | —ik iQ —ik
0 -2k iQ

5
=i Sk* - Q?
@ (5o

> det(iQI — ikAM) = Q =0, +./5/3k



Example
Euler equations:

o, 0u_,
ot Oz
ou 00  9dp
ot Tow tar !
0, 20u_,
ot 30z

i —ik 0
> det(iQI — ikAM) =det | —ik iQ —ik
0 -2k iQ

5
=i Sk* - Q?
@ (5o

> det(iQI —ikAM) = Q =0, +./5/3k Linearly stable!



Other moment equations

Fig. from [Struchtrup, Macroscopic Transport Equations for Rarefied Gas Flows, 2005]:

3 2.5
NSF ’
2.5 0
2 -2.5
_ 1.5 _ -5
S G5
0.5 -10
0 -12.5
-15 Burnett
-0.6-0.4-0.2 0 0.2 0.4 0.6 -7.5 -5 -2.5 2.5 5 1.5
Qr Qr
1 2
Grad 13 R 13
0.8 1.5
0.6
- 1
Go.4 a
| | 0.5
0.
0 0
-1.5 -1 -0.5 0 0.5 1 1.5 2 -2 -1 0 1 2 3
Qr Or

Burnett equations are unstable!




Hyperbolicity of nonlinear first-order equations

Grad’'s moment equations (nonlinear) have the form

ow Jw

L+ Aw) oo = S(w) *)

1D Euler equations:

op 9p ou
o or tPor ="

ou Oou 00p ol
o " Yor T o T Por T
00 ae 2 ou
o o T30

0,
=0.

The system (*) is hyperbolic if A(w) is diagonalizable with real
eigenvalues.

The hyperbolicity is crucial for the existence of the solution!



Hyperbolicity of Euler equations

For Euler equations,

u oop
Aw)=|0/p wu
2
0 360
The eigenvalues are
5
)\1 = u, )\2 =y — ge’

—> A(w) is real diagonalizable if § > 0

R



Hyperbolicity of Grad’'s 13-moment equations
One-dimensional Grad’s 13-moment equations:

w = (p,u,0,0,q9)7,

U P 0 0

0/p u 1 —1/p
A(w) = 0 2(0+0/p) u 0

0 2(To+4pb) 0 u

—0a/p Bq S(o+p0) a/p—6




Hyperbolicity of Grad’'s 13-moment equations
One-dimensional Grad’s 13-moment equations:

w = (p,u,0,0,9)7,

U P 0 0 0
0/p u 1 —1/p 0
A(w) = 0 2(0+0/p) u 0 2p7!
0 (70 +4ph) 0 u =
—0a/p Bq So+pb) o/p—6 u

Let A= (A —u)/V0, 6 = a/(ph), G = q/(p#*/?). Then
det(A\I — A(w)) =0
U

<< 2 . 2162
A )\4—15(39+31&))\2—g§cj/\+(3+6&+ 5" )] =0




Hyperbolicity of Grad’'s 13-moment equations
In general, the equation

MicA+di+e=0

has four distinct real solutions if and only if ¢ < 0,
P:=4e— %<0, and

D = 16c%e — 4c®d? — 128c%€? + 144cd?e — 27d* + 256¢3 > 0.




Hyperbolicity of Grad's 13-moment equations

1D Grad's 13-moment system is hyperbolic only around equilibrium
(c =q¢=0)!



Hyperbolicity of Grad's 13-moment equations

1D Grad's 13-moment system is hyperbolic only around equilibrium
(c =q¢=0)!
Figure from [Torrilhon, CiCP (2010)]:

1
40 20 00 20 j3/2 20 10 00 10 20 20 10 00 10 20
a:/(00°?) z B

4.
60 11 / \
) \ \ b
0
40 \ \
| " \
20 \
2
4.0 20 00 20 0/ (p%2) B 10 00 10 g 20 20 10 00 10 g 20
=] F = = z



Hyperbolicity of Grad's 13-moment equations

1D Grad's 13-moment system is hyperbolic only around equilibrium
(c =q¢=0)!
Figure from [Torrilhon, CiCP (2010)]:

, *\ “l M

3 \
ol

20

-40 -20 00 20 0/ (p0%2) R 10 00 10 ? 20 9% 10 00 10 g 20

60 ql / \

P \ \ P’—

0 \ 0 \
. 1 \

20

10 -2,
-40 -20 0.0 20 )3/2 -2.0 -1.0 0.0 10 r 20 -20 -1.0 0.0 10 20
a./(p6"?) E T

For the 3D Grad's 13-moment system, even the neighborhood of
the equilibrium is not hyperbolic! [Cai, Fan & Li, KRM (2014)]
[m] = = =



Possible fixes

Fixes for Burnett equations:
» Augmented Burnett equations [Zhong, AIAA (1991)]
» Hyperbolic Burnett equations [Bobylev, JSP (2006)]
» Generalized Burnett equations [Bobylev, JSP (2008)]
> Stable Burnett equations [Singh et al., PRE (2017)]



Possible fixes

Fixes for Burnett equations:
» Augmented Burnett equations [Zhong, AIAA (1991)]
» Hyperbolic Burnett equations [Bobylev, JSP (2006)]
» Generalized Burnett equations [Bobylev, JSP (2008)]
> Stable Burnett equations [Singh et al., PRE (2017)]

Fixes for Grad’s 13-moment equations:

» Modified 13-moment system (larger hyperbolicity region) [Cai
et al.,, KRM (2014)]

» Hyperbolic 13-moment system [Cai et al., SIAM J. Appl.
Math. (2015)]
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© Assessment of moment systems

@ Realizability and order of accuracy



Realizable moments

The set of moments

{Un ’(l,n)EI, il,"',il:1,2,3}

i1
is realizable if there exists f € L*(RT) such that

<U<i1”'vil>f>:Un v(l7n)€Ia ila"' ail:17273'

il...ily



Realizable moments

The set of moments

{Un ’(l,n)EI, il,"',il:1,2,3}

iy
is realizable if there exists f € L*(RT) such that
(Ui, = vip f) = 0y V(l,n) €L, iy,---,i=1,2,3.
The moment closure satisfies the realizability condition if
{Moments in the system} U {Moments used for closure}

is realizable.



Realizable moments

The set of moments

{Un "(lan)eza il""vil:17273}

117

is realizable if there exists f € L*(RT) such that
<U<i1"'vil>f>:0n 1 v(l7n)€Ia ila"'ail:17273'

AR

The moment closure satisfies the realizability condition if
{Moments in the system} U {Moments used for closure}
is realizable.

Grad’s moment equations are generally not realizable since

L N

o n 2n 1 ,02
=33 ar vy vy - (270)32 “P " 20

=0 n=0

is generally non-positive.



Realizable moment equations

» Maximum entropy closure [Levermore, JSP (1996)]:

n
F(&) =exp (Z i iy - 5)
k=0
is always positive.
» Pearson-Type-IV closure [Torrilhon, CiCP (2000)]:

—V arctan nT -1 —
16) 1 exp( tan(n” A7 (§ — )

T KdetA (1+(E—NTA2(E— )"

» Quadrature-based moment methods [Fox, JCP (2008)]:

f(&) = Z fi6(€ - &)



Order of accuracy

We say a moment theory is of Ath-order accuracy, if both o;; and
q; are approximated up to order O(e?).



Order of accuracy

We say a moment theory is of Ath-order accuracy, if both o;; and
q; are approximated up to order O(e?).

Linear 5-moment equations:

8p 8uk -
ot T am Y
8ui 89 8/) 80’11u -0

ot " om | om | oz
06 2 an 2 8u,€ .
at T 30m, T30z,



Order of accuracy

We say a moment theory is of Ath-order accuracy, if both o;; and
q; are approximated up to order O(e?).

Linear 5-moment equations:

8p 8uk -
ot T am Y
8ui 89 8/) 80’11u -0

ot " 0w | Om; | Oay
00 20q, 20
90 209 20w _
ot  30x, 30x

» Euler equations (Oth order): 0;; = ¢; =0

» Navier-Stokes-Fourier equations (1st order):
2e Ouy; 5e 06

Oii — ——— ¢ = —
K Q90 a:EJ> ’ ’ 20&11 837@

» Burnett equations (2nd order)



Order of accuracy for 13-moment equations

Linear Grad’s 13-moment equations:

doij 4 9q(i

Ou; o0 0q; 5 00
9 =g, 42
8xj> € 7ij ot + 2 0x;

_.I_

8Uik -

6$k

11
€



Order of accuracy for 13-moment equations

Linear Grad’s 13-moment equations:

doij 4 9q(i

Ou; o0 0q; 5 00

9 =g, 42

c'?xj> € 7ij ot + 2 0x;
(8

_.I_

G A0 dug
Jij:_g <60”+4 % + 2 u<>

Q20

& (%4, 500 Oou
%= a1 \ Ot  20x; Oz

8Uik -

axk

11
€



Order of accuracy for 13-moment equations

Linear Grad’s 13-moment equations:

ao'ij 4 8Q(z 8”(2 90 aq; 5 00 0o a1l

_.I_

- 2
8t 5 8$J> 6$J>

Y

e (9o  40q; Ouy
i=—— - 2
7ij 90 < ot + 5 6xj> + ox

& (%4, 500 Oou
%= a1 \ Ot  20x; Oz

4
€ [ 2¢ 0 <3U<z‘> 2 030 Ou;
i = —— | — - +2
20 a0 ot 6$J> a11 63%835]) 8x]>
e | 52 9 (90\ 2 Pu; 500
e a1 20&11 81& 8.’L‘Z a0 81%) al'k 2 8117@

= 7 ot 20x;  Oxp T

] +0(e%)

+0(e?)



Order of accuracy for 13-moment equations

Linear Grad’s 13-moment equations: (2nd order)

ao'ij 4 8Q(z 8”(2 90 aq; 5 00 0o a1l

_.I_

- 2
8t 5 8$J> 6$J>

Y

e (9o  40q; Ouy
i=—— - 2
7ij 90 < ot + 5 6xj> + ox

& (%4, 500 Oou
%= a1 \ Ot  20x; Oz

4
€ [ 2¢ 0 <3U<z‘> 2 030 Ou;
i = —— | — - +2
20 a0 ot 6$J> a11 63%835]) 8x]>
e | 52 9 (90\ 2 Pu; 500
e a1 20&11 81& 8.’L‘Z a0 81%) al'k 2 8117@

= 7 ot 20x;  Oxp T

] +0(e%)

+0(e?)
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© Assessment of moment systems

@ Benchmark tests and others



One-dimensional shock structure problem

One-dimensional Euler equations:

dp | O(pu)
at * ox
Opu) d(pu* + p)
ot ox

Opu” +3p)  Olulpu® + 5p)]
ot ox

=0

=0

=0



One-dimensional shock structure problem

One-dimensional Euler equations:

dp | O(pu) _
EJF ox =0
dpu) | Apu* +p) _
ot T om0
Opu” +3p)  Olulpu® +5p)] _
ot ox

Rankine-Hugoniot condition:
pru — priy = s(pr — pr)
(i +p1) — (pruy +pr) = s(prw — prur)
wi(prui +5p1) — ur(prus + 5p,) = sl(prui + 3p) — (prul + 3py)]
P> s: shock speed
> ;. quantities to the left of the discontinuity
» ¢ quantities to the right of the discontinuity



One-dimensional shock structure problem
A moving shock solution for Euler equations:

pl:]-u UlZO, pl:]-u
4Ma* V151 — Ma?

B y _ 5Ma® -1
- Md’4+3 7 4 Ma B '

Pr 1

br

» Ma: Mach number (= s/c)
» s: shock speed

/5
P> c: speed of sound in front of the shock wave <: 3pl>
Pl




One-dimensional shock structure problem
A steady shock solution for Euler equations:

51
p=1, uz:\/;Ma, m=1,

4Ma? 5 Ma®+3 ~ 5Ma*—1

pr:Ma2+3’ Ur= 3 4Ma ’ Pr 4

d(pu) _ 9(pu® +p) _ Ou(pu’ + 5p)]

ox ox ox =0




Steady shock solution for Boltzmann equation:
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Mott-Smith bimodal theory




Shock structure for moment systems

Navier-Stokes-Fourier equations (temperature profiles):

Figure from [McDonald & Torrilhon, JCP (2013)]:
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Shock structure for moment systems

Burnett equations (Mach number 2.0):

Figure from [Torrilhon & Struchtrup, JFM (2004)]:
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Shock structure for moment systems

Grad’s 13-moment equations:

Figure from [Miiller & Ruggeri, Rational Extended Thermodynamics (1998)]:
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Shock structure for moment systems

Grad’s 13-moment equations:

Figure from [Miiller & Ruggeri, Rational Extended Thermodynamics (1998)]:
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Shock structure for moment systems

Grad’s 13-moment equations:

Figure from [Miiller & Ruggeri, Rational Extended Thermodynamics (1998)]:
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Shock structure for moment systems

Regularized 13-moment equations:

Figure from [Cai & Wang, JFM (2020)]:
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Shock structure for moment systems

Regularized 13-moment equations:

Figure from [Cai & Wang, JFM (2020)]:
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More topics

Topics not covered:
» Problems in the maximum entropy closure:

e Non-convex domain of admissible solutions
o large characteristic speeds

» Wall boundary conditions:

o Failure of asymptotic expansion near the wall

o Discontinuous distribution functions for moment methods
» Convergence theory of moment methods

o Convergence of linear Grad's moment methods

o Divergence for the nonlinear Grad's moment methods
» Novel methods for the moment closure

o Quadrature-based moment methods [R. Fox et al]
o Entropic quadrature closure [Bshmer & Torrilhon, JCP (2020)]
o Machine learning based approach

» and many more...



Thank you for your attention!

matcz@nus.edu.sg

http://blog.nus.edu.sg/matcz
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