Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Volume 45 # MNumber 11 * November 2009 ISSM 0005-1098

automatica

A Journal of IFAC The International
Federation of Automatic Control

IFAC

www.elsevier. com/locate/automatica

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Automatica 45 (2009) 2537-2545

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at ScienceDirect

Automatica

automatica

Robust adaptive control of a class of nonlinear strict-feedback discrete-time

systems with exact output tracking”

Shuzhi Sam Ge *>* Chenguang Yang®®, Shi-Lu Dai*", Zongxia Jiao¢, Tong Heng Lee *P

2 Social Robotics Lab, Interactive Digital Media Institute, National University of Singapore, Singapore 119077, Singapore
b Department of Electrical and Computer Engineering, National University of Singapore, Singapore 117576, Singapore
¢ School of Automation, Science and Electrical Engineering, Beihang University, Beijing 100083, China

ARTICLE INFO ABSTRACT

Article history:

Received 4 October 2008

Received in revised form

14 April 2009

Accepted 24 July 2009

Available online 16 September 2009

Keywords:

Discrete-time system

Nonparametric nonlinear uncertainties
Unmatched uncertainties
Asymptotical tracking

In this paper, adaptive control is studied for a class of single-input-single-output (SISO) nonlinear
discrete-time systems in strict-feedback form with nonparametric nonlinear uncertainties of the Lipschitz
type. To eliminate the effect of the nonparametric uncertainties in an unmatched manner, a novel future
states prediction is designed using states information at previous steps to compensate for the effect of
uncertainties at the current step. Utilizing the predicted future states, constructive adaptive control is
developed to compensate for the effects of both parametric and nonparametric uncertainties such that
global stability and asymptotical output tracking is achieved. The effectiveness of the proposed control
law is demonstrated in the simulation.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Robustness in adaptive control has been the subject of much
research in both continuous-time and discrete-time, because mod-
eling uncertainties may result in poor performance and even in-
stability of the closed-loop system as observed by Egardt (1979)
and Tao (2003). To enhance the robustness of the adaptive control
system, many update law modifications were proposed, such as
normalization (Goodwin & Mayne, 1987; Tao, 2003) where a
normalization term is employed; deadzone method (Egardt, 1979;
Peterson & Narendra, 1982) which stops the adaptation when the
error signal is smaller than a threshold; projection method (Khalil,
1996; Zhang, Wen, & Soh, 1999, 2001) which projects the param-
eter estimates into a limited range; o-modification (loannou &
Kokotovic, 1983) which incorporates an additional term; and e-
modification (Narendra & Annaswamy, 1989) where the constant
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o in the o-modification is replaced by the absolute value of the
output tracking error. These methods make the adaptive closed-
loop system robust in the presence of an external disturbance or
model uncertainties but sacrifice the tracking performance.

On the other hand, adaptive control using the sliding mode has
been extensively studied in continuous-time to deal with model-
ing uncertainty or external disturbance. Recently, many research
results of adaptive sliding mode control have also been reported in
the discrete-time (Chen, 2006; Chen, Fukuda, & Young, 2001; Lee &
Oh, 1998). In contrast to continuous-time systems for which a slid-
ing mode control can be constructed to eliminate the effect of the
general uncertain model nonlinearity, in discrete-time the uncer-
tain nonlinearity is required to be of a small growth rate or globally
bounded, but sliding mode control is not able to completely com-
pensate for the effect of nonlinear uncertainties in discrete-time.

As a matter of fact, adaptive control design for discrete-time
systems is much more difficult than for continuous-time systems.
As indicated in Xie and Guo (2000), when the growth rate of the
uncertain nonlinearity is larger than a certain number, even a sim-
ple first-order discrete-time system cannot be globally stabilized.
In an early work (Lee, 1996) on time-varying systems, it is also
pointed out that when the parameter time-variation is large, it may
be impossible to construct a global stable control even for a first or-
der system. On the other hand, the main stability analysis tool in
discrete-time adaptive control, the Key Technical Lemma in Good-
win and Sin (1984), becomes not applicable for the unknown pa-
rameters multiplying nonlinearities that are of growth rates faster
than linear.
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Due to these difficulties, discrete-time counterparts of conti-
nuous-time systems remain largely unexplored. In most existing
robust adaptive control results for systems with nonlinear uncer-
tainties, asymptotical tracking performance cannot be achieved
though global stability can be guaranteed. It is interesting and
challenging in discrete-time adaptive control to fully compensate
for the nonparametric uncertainties and to achieve asymptotic
tracking. Some recent successful attempts to completely elimi-
nate a class of nonparametric nonlinear uncertainty were made
in Sokolov (2003) and Ma, Lum, and Ge (2007), but the designs
were limited in the first order system with unknown scalar pa-
rameter. To explore adaptive control with full compensation of the
nonlinear uncertainties for a general class of minimum phase lin-
ear system, a novel adaptive control design using gradient update
law has been developed in Yang, Zhai, Ge, Chai, and Lee (2008).

Recently, nonlinear systems in the lower triangular form have
attracted great interest in discrete-time adaptive control area.
Adaptive backstepping design in discrete-time has been propo-
sed in Yeh and Kokotovic (1995) for a class of parameter-strict-
feedback systems. Later, robust adaptive control has been studied
for parameter-strict-feedback systems in Zhang et al. (1999, 2001)
using projection in parameter estimates update law. In Zhao and
Kanellakopoulos (2002), a novel parameter estimator is proposed
for parameter-strict-feedback systems in the absence of any dis-
turbance and model uncertainties and it guarantees the conver-
gence of estimates to the real values in finite steps. However, it is
noted in Ge, Yang, and Lee (2008b) that these results on parameter-
strict-feedback systems are not directly applicable to more
general strict-feedback systems with unknown control gains.
Therefore, following the concept of system transformation in Ge, Li,
and Lee (2003) and Ge, Yang, and Lee (2008a), future states predic-
tion based adaptive control has been developed in Ge et al. (2008b).
The prediction method has also been extended to output prediction
in Yang, Ge, and Lee (2009). For a class of strict-feedback systems
with partially unknown control gains and nonlinear uncertainty in
the control range (matched uncertainty), adaptive control with un-
certainty compensation has been studied in Yang, Dai, Ge, and Lee
(2009), in which asymptotic tracking is guaranteed.

In this paper, we further study adaptive control of strict-
feedback systems with both matched and unmatched uncertain-
ties. Continuous-time adaptive control for this class of systems
has been developed in Polycarpou and Ioannou (1996) and Jiang
and Praly (1998). However, the nonlinear damping method used
in the these works to counteract the nonparametric uncertainties
is not applicable to discrete-time systems, even when the non-
parametric uncertainties only appear in the control range. One
reason is the difference of a quadratic Lyapunov function in
discrete-time does not inherit linearity property of differential of
counterpart Lyapunov in continuous-time, the other reason is that
in the discrete-time system formulation, the current input only
affects future states which are not available for feedback at cur-
rent step. In this paper, future states prediction approach is devel-
oped which extends the prediction methods in Ge et al. (2008b) by
introducing auxiliary states and their estimates, based on which
prediction can be proceeded with compensation for the effect of
unmatched uncertain nonlinearities. In addition, a novel deadzone
method is proposed to guarantee boundedness of closed-loop sig-
nals. By sorting growth orders of closed-loop signals, it is finally
proved rigourously that asymptotical tracking is achieved.

Throughout this paper, the following notations are used.

e | - || denotes the Euclidean norm of vectors and induced norm
of matrices.

e A := B means that B is defined as A.

e ()T represents the transpose of vector.

e 0y, stands for p-dimension zero vector.

e Z; represents the set of all integers which are not less than a
given integer t.

2. Problem formulation and preliminaries

2.1. System representation

Consider a class of SISO nonlinear discrete-time systems with
both parametric and nonparametric uncertainties in the following
strict-feedback form:

E(k+ 1) = O] ®;(&(K)) + giEiv1(k) + vi(Ei(k))

i:1,2,...,11—1 .
é‘-n(k +1) = @:(pn(én(k)) +gnu(k) + Un(‘i:n(k))
y(k) = &1(k)

where §j(k) = [&1(k), &), ..., Sj(k)]T are measurable system
states, Vk € Z*,, ©; € R¥, g € R,j = 1,2,...,n, are unknown
parameters (p;’s are positive integers), <Dj(§j(k)) : R — RV are
known vector-valued functions, U,»(éj(k)) are nonparametric non-

linear certainties, k € Z*,, which can be regarded as nonlinear

model uncertainties, u(k) and y(k) are system input and output,
respectively. The control objective is to make the output y(k) ex-
actly track a bounded reference trajectory y4(k) and to guarantee
the boundedness of all the closed-loop signals. It is noted that the
nonparametric nonlinear uncertainties v;(-) are unmatched (out of
the control range). Though matched uncertainties (in the control
range) have been extensively studied in the robust control liter-
ature (Chan, 1994; Chen, 2006; Chen et al., 2001; Myszkorowski,
1994), which guarantee global stability but not asymptotical track-
ing performance, there are few results on studying compensation
of unmatched uncertainties.

(1)

Assumption 1. The nonparametric uncertain functions v;(-), are
Lipschitz functions with Lipschitz coefficients L, i.e., |vi(e1) —
vi(&2)| < Lyller — e2ll, Yeq, &2 € R", where maxi<j<n L, < A*
and 1* is a small number defined in (49). The system functions,
@;(-),i = 1,2,...,n, are also Lipschitz functions with Lipschitz
coefficients L;.

Assumption 2. The signs of control gains g;, (i = 1, 2, ..., n) are
known. Without loss of generality, it is assumed that g; are positive
with known lower bounds g > 0,ie.,g > g > 0.

Remark 1. As pointed in Xie and Guo (2000), it is impossible to
obtain global stability results for discrete-time controlled system
when the nonlinear uncertainties are of large growth rates. Thus,
it is usual to assume that the nonparametric nonlinear uncer-
tainties are of small growth rates (Chen, 2006; Chen et al., 2001;
Myszkorowski, 1994; Zhang et al., 1999, 2001) or even globally
bounded (Chen & Narendra, 2001; Tao, 2003) and their growth
rates can be guaranteed to be smaller than a specified constant. In
the case that the discrete-time model is derived from a continuous-
time model, the growth rates of the nonlinear uncertainties can
be made small enough by choosing a sufficiently small sampling
time T.

Remark 2. The counterpart of system (1) in continuous-time has
been studied in Polycarpou and Ioannou (1996) and Jiang and Praly
(1998) by combining backstepping design and nonlinear damping
method. However, like high gain control, nonlinear damping is not
applicable to discrete-time for complete nonlinear uncertainties
compensation. In this paper, a novel design is proposed to utilize
states information at previous steps to compensate uncertainties
at current step.

2.2. Useful definitions and lemmas

Definition 1 (Chen & Narendra, 2001). Let x; (k) and x, (k) be two
discrete-time scalar or vector signals, Yk € Z;, for any t.
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e We denote x;(k) = O[x,(k)], if there exist positive constants
my, my and ko such that ||x1(k)|| < m; maxy<k [|x2(K)] +
my, Yk > ko.

e We denote x;(k) = o[x,(k)], if there exists a discrete-time
function (k) satisfying limy_. ., (k) — 0 and a constant kg
such that ||x; (k) || < a(k) maxy < [|X2(K')||, Vk > ko.

e We denote x1(k) ~ x,(k) if they satisfy x;(k) = O[x,(k)] and
X2 (k) = O[x1(K)].

Definition 2 (Ge et al, 2008a). The future state variables of a
discrete-time system are said to be semi-determined future states
(SDFS) at the time instant k, if they can be determined based on
the available system information up to time instant k, and control
inputs up to time instant k — 1 under the assumption that the
dynamics of the plant and the disturbance are known.

Let us consider a class of general lower-triangular nonlinear
systems described as

E(k+1) = fi&i(k), & k), i=1,2,...,n—1
En(k+ 1) = fu(Ea(k), ulk), d(k)) (2)
y(k) = &1 (k)

with Lipschitz functions fi(-),i = 1, 2, ..., n, (n > 2) and bounded
external disturbance d(k) € R. Assuming that there exist constants
g > g > 0 such that the control gain functions, g;;(-) =

i) g1 () - . _ Ufanll),uck).d(k)
hEnb = 1,2,...,n—1,and gy (-) = == 300 ,

satisfy g = 1g1;() < g.,j = 1,2,...,n, then, we have the
following lemmas:

Lemma 1 (Ge et al., 2008a). In system (2), the future states & (k +j),
i=12,...,n—1j=1,2,...,n—i are SDFS, and there exist
prediction functions P;;(-) such that &(k + j) = P;i(&iyi(k)). In
addition, the prediction functions P; ;(-) are also Lipschitz functions.

Lemma 2. In system (2), the states and input of the system satisfy
Ek) ~yk+i—1),i=1,2,...,nu(k) =O0yk+ n)].

Proof. See AppendixA. H
Lemma 3. Given a bounded sequence X(k) € R™. Define I

arg minj<x—n [|X (k) =X (D). Then, we have limy_, o ||X (k) =X (i) ||
0

Proof. The proof has been given in Xie and Guo (2000) form = 1
and n = 1 and it is easy to extend the proof when m and n are
larger thanone. W

3. Future states prediction

According to Lemma 1, there exist prediction functions P,_; ; ()
for system (1) with Lipschitz coefficients Ly such that &(k) =
Py_ii(&n(k — n +i)). Then, system (1) can be rewritten as follows:

&k + 1) = O] &i(5(0)) + i1 (k)
+viEk—n+i), i=12,...,n—1
Ealk 4+ 1) = O, Pn(51(K)) + gatt(k) + va(&r(K))

y(k) = &1 (k)

where

vi(Ea(k — 1 + 1))

(3)

Vi(Pa—i i(En(k — n 4 1))
vi(&i(k)) (4)

are unknown composite functions satisfying the Lipschitz condi-
tion.

According to Lemma 3, we define
b = arg min |1& (k) — &) (5)
from which, it is obvious that [, < k — n. Further, let us define

Aén(k) = én(k) - én(lk)- (6)
To facilitate the adaptive control design, let us consider predicting
future states §;(k +j),i = 1,2,...,n—1,j=1,2,...,n—1i,in
the following manner.

First, we define auxiliary states £7(k),i = 1,2,...,n— 1, as
follows:
£l(k) = O & (&(k) + vi(En(k — n+ i) (7)

which include both uncertain parameters ®; and uncertain
nonlinearities v;(-). From (3) and (7), we have
ik + 1) = &'(k) + gi&iv1(k),
and it is easy to derive that
&' (k) = &' (k) + &' (h—ni +n — 1) — & (k—nyi + 1 — 1)
= O] [®i(&i(k) — Pi(&i(l—nsi + 1 — D)]
+&le—nti +n—i+1) — gi&i1(k—nti +1n—1)
+viEn(k — 1+ 1) — vi(En(le—ni)) 9

where I, is defined in (5) and it satisfies [y_,; +n—i+ 1 <
k—n+1.

Let @;(k) and g;(k) be the estimates of ®; and g; at the kth step,
respectively. Now, let us define

El (k) = O] (k= n+ 2)[@i(E(K) — Di(Ei(hnyi + 1 — D))]
+&(k—npi+n—i+1)
—&i(k —n+ 2)& 11 (lk—nti + 1 — 1) (10)
as the estimate of the auxiliary state &7 (k) defined in (7).

According to (8), we define one-step ahead prediction éi(k +
1k),i=1,2,...,n — 1, as the estimate of one-step future states
& (k + 1) as follows:

i=1,2,...,n—1 (8)

Eik+ 11k) = E1(K) + &k — n + 2)&11 (k). (11)
Similar to (10), the (j — 1)-step future auxiliary state &*(k + j),
i=1,2,...,n—1,j=2,3,...,n—1i,can be predicted as
Efk+j—11k) = O] (k — n+j+ D€k +j — 1]k)

— &i(&i(lk—ntivi—1 +n — )]

+&k—ntrijr+n—i+1)

— &tk = n+4j+ D&ip1(hepyivji—1 +n — )(12)
\_Nhere lk—n+itj—1 +n—i+1 < k—n+jholds according to (5) and

Ei(ktj—11k) = [&1(k+j—1]k), & (k+j—11k), ..., &(k+j—1]R)]"
are predicted states at previous steps.
Then, let us define j-step ahead prediction &;(k + jlk),i = 1,

2,...,n—1,j = 2,3,...,n —j, as the estimate of j-step ahead
future states & (k + j)
Eilk+jlk) = &k +j— 1]k

+8i(k—n+j+ Dégak+j— 1]k). (13)

Remark 3. Similar to the future states prediction developed in Ge
et al. (2008b), it is noted in the prediction developed above (refer
to equations (12) and (13)), the j-step ahead predictions é,(k +jlk)
are based on the (j — 1)-step ahead predictions éi(k +j — 1lk).
Additionally, in this paper we have introduced auxiliary states and
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their predictions, in which the states information at previous steps
has been utilized to compensate for the effect of nonparametric
uncertainties at the current step as shown in (9) and (10). The effect
of nonparametric uncertainties in the parameter update law for
future states prediction will be dealt with by a novel deadzone in
the parameter update law.

According to the definition of vi(én (k = n 4+ 9) in (4),
Assumption 1, Lemma 1 and the definition of A&, (k) in (6), we have
[i(gn(k — n + 1)) — vi(§nUk—n+))|

< LpLyll A& (k —n+D)]| (14)
where L,; and L, are Lipschitz coefficients of prediction functions
P,_;i(-) and nonparametric uncertainty functions v;(-), respec-
tively.

Let us denote C;(k) as the estimate of L,;. The update laws for
@;(k), &i(k), &:(k),i = 1,2, ...,n— 1, are given as follows:
Gik+1) = Oik—n+2)

B ai(k)y [Di(Ei(K) — Pi(Ei(lknsi + 1 — D)1k + 1]k)
D,’(k)

Sik+1) =gk —n+2)
a0y [E1 (k) = &1 (onsi + 1 — DIEk + 1]k)
D; (k)

éi(k + 1) = 6,(k —n+ 2)
N ai(k)y A& (k + 11k) ||| A&k — n + i) |

D;(k) (13)

with
Ek+ 11k) = &k + 11k) — &k + 1)
Di(k) = 1+ [|Di(&i(k) — Di(&i(lk—nsi + 1 — D)

+ |§i+1(]f) — &1 (hengi + 1 — D)

+ 22| AE,(k — n+ )| (16)

. 2&(k —n 4:2)||A§n(k —n4+i)| i E G 1160
ai(k) = |&i(k + 1K) | (17)

> MGk —n+2)| A& (k—n+ D)
0, otherwise
Gi(0) =0y,  &©0)=0, &©0)=0
where 0 < y < 2 and A can be chosen as any constant satisfying
max<j<p Ly; < A < A% with A* defined later in (49). The deadzone

defined in (17) is inspired by the work in Chen et al. (2001) and
Chen (2006). According to the deadzone (17), we have

— A2 (WEX(k + 1|k) = —a;i(E? (k + 1]k) + rai(k)
x Gi(k — n+2)|& Kk + 1K) || A&y (k — n + ). (18)

Lemma 4. Consider the future states prediction laws defined in (11)
and (13), in which the estimated parameters are calculated from the

update law (15). The estimated parameters ©®;(k), 8:(k) and &k),
i=1,2,...,n— 1, are bounded and there exist constants ¢,_; such
that the future prediction errors satisfy

1€,k + n — ilk)]| < o[Oly(k + 1 — D] + Aa_iAs(k,n — 1) (19)
where

§,.(k +n—ilk)y=[E(k+n—ilk),..., Ek+n—i]k)]"

As(k,m) = max {1A& (k —n+ i} (20)

with &k +n — ilk) = éi(k +n—ilk) — &k + n — i) and A&, (k)
defined in (6).

Proof. See AppendixB. W

4. System transformation and adaptive control

In this section, the adaptive control will be synthesized using
predicted future states obtained in Section 3. To begin with, let us
rewrite system (3) as follows:

Ek+n—i+1) = 060]®Ek+n—i) + viE (k)
+géipik+n—i), i=12,...,n—1
En(k+1) = O, Dn(En(K)) + gatt(k) + va(Ea(k))
y(k) = & (k).
By iterative substitution, we obtain the following equation from
(21)

(21)

yk+n) =07 d(k+n— 1)+ gu(k) + O;v(k) (22)

where

O =10/.....05" eRP, O =01, gn=1,
n i—1 i—1

g=[ls. e =0]ls. &=[[g i=2...n
j=1 j=1 j=1

O = [gr1,....8nl' €R", dk+n—1) =

(@11 (k+n—1),..., 0, (EKk)]" € R, (23)
D(k) = [V1(E(K), ..., va(E (k)] € R" (24)

where p = } I, p; and it is easy to check that g > [T, g =g
It is noted that in system (22), function @(k + n — 1) involves

future states. This is the reason why future state prediction has
been carried out in Section 3.

Remark 4. Based on (22), the adaptive control design will be car-
ried out using predicted future states. The future states prediction
based adaptive control in this paper extend the authors’ previous
work (Ge et al., 2008b) by incorporating compensations of non-
parametric uncertainties in both stages of future states prediction
and controller design. An auxiliary output will be introduced and
in the prediction of the auxiliary output, the effect of v (k) will be
compensated for using the similar idea used in Section 3 for future
state prediction.

Let us introduce an auxiliary output y, (k) as

Yalk+n—1) = Of@(k+n—1) + O;v (k). (25)
Then, equation (22) can be rewritten as
yk+n) =yo(k+n— 1)+ gu(k). (26)

From (25) and (26), it is easy to derive that
Yak+n—1) = yk+n—1) =y, (e +n—1) +y(l +n—1)
- @}[cp(k+n -1 —@U+n—-1)]
+ @gT[ﬂ(k) —v(l)] +yle +n) —gull). (27)

Denote @)f (k) and g (k) as the estimates of unknown parameters &5
and g defined in (23). The parameter estimates will be calculated
from (35). Define the estimate of y,(k + n — 1) as follows:

Jalk+n—1lk) = O/ ()[@(k+n—1]k) — @ () +n— 1)]
+y(l +n) — gloul) (28)
where I is defined in (5) satisfying [, + n < k, and

D (k+n—1]k) = [@] (& (k+n — 1]k)),

o Pl (29)
with &,k +n —ilk) = [Erk+ 1 — ilk), ..., &k + n — [T,
i=1,2,...,n—1,defined in Section 3.
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Define parameter estimate errors (:)f(k) = (:)f(k) — O and
g(k) = g(k) — g, and then from (27) and (28), we have the
estimation error of the auxiliary output as
Jalk+n—1[k) = Jo(k +n—1|k) — ya(k +n—1)

= Of([@(k+n—1)— D +n—1)]

- @gT[f)(k) — vl + Bk +n—1) — gkuly) (30)
where

Blk+n—1)=0]®[Pk+n—1k —dk+n—1]. (31)

Using the estimated auxiliary output, the adaptive control law is
designed as

u(k) = ——— Gtk 41— 11K — yatk + ) (32)
R0

where the parameter estimate g(k) will be guaranteed to be
bounded away from zero such that the above control law (32) is
well defined. Define the output tracking error as e(k) = y(k) —
yq(k). Considering adaptive control law in (32), the estimation
error of auxiliary output in (30), and system (26), we obtain the
closed-loop error dynamics as

e(k) = ya(k— 1) + gk — n)uk — n)
—g(k —mu(k —n) — ya(k)
= —yo(k — 1k —n) — gk — n)u(k — n)
—Of(k—m)[@(k—1) = Dy + 1 — 1)]
=gk —m[utk —n) —ull-n)] — Bk — 1)

+ O, [0(k — n) — D(le—n)]. (33)
According to the definition of v (k) in (24) and Eq. (14), we have
O[5k — 1) — D (k)] < Mgl Au(k — )| (34)

where 6; = Y"1, gsL,, is an unknown constant and A can be any
constant satisfying maxi<ij<, L,, < A < A*, with A* defined later
in (49).

Denote 6, (k) as the estimate of 6, and define the estimate error
as ég (k) = ég (k) — 64. The parameter estimates used in control law
(32) are calculated by the following update law
Or(k) = Ok —n)

n a(ke()[P(k — 1) — P(lk—n +n—1)]
Y D(k — n)
Lo JE M), g >g
8(k) = { g, otherwise
ya(k)e(k)
D(k — n)
a(k)y re(R)[|| A&, (k — n)||
D(k —n)
D(k—m) = 1+[|®(k—1) = S(lp +n— D
+[u(k — 1) — u-)® + 22| A& (k — )2
where 0 < y < 2and maXj<j<pL,; <A < A* can be chosen as the
same value as used in (15)-(17), and the deadzone indicator a(k)
is defined as
1_ Mgk — )| A&k — n)|| + Bk — 1)

A _le(®)]
> Mg (k — m)|| A&y (k — )|l + |B(k — 1)]
0, otherwise

g'(k)y=gk—n)+ [utk —n) — u(lk—n)]

0 (k) = Oy (k — n) +

,ifle(k)]
(36)

a(k) =
and from the definition of a(k) above, it is guaranteed that
a(k)le(k)| > le(k)| — A (k — n) || A&y (k — n) |

— Bk — D). (37)

Remark 5. The value of parameter A satisfying maxi<j<, L,, <
A < A* used in (35)-(36) and (15)-(17) can be obtained by a
practical engineer in a trial and error process. The existence of
A* will be established in (49). As mentioned in Remark 1, it is
reasonable in discrete-time to assume the nonlinear uncertainties

are of growth rates L,, smaller than a given constant A*.

4.1. Stability analysis and asymptotic tracking performance

The main result of the control performance is summarized in
the following theorem.

Theorem 1. Consider the adaptive closed-loop system consisting of
system (1), states prediction laws defined in (11) and (13) using
parameter update law (15), control law (32) using parameter update
law (35). All the signals in the closed-loop system are bounded and
furthermore, the tracking error e(k) converges to zero.

Proof. Choose a Lyapunov function candidate as

k
Vi = > I8 (OI* + 80 + ()]

j=k—n+1
It follows that the difference of V (k) is
AV(k) =V(k) —V(k—-1)

< 6/ (& (k) — 6] (k — n)Os (k — n)

+8%(0 — g2k —n) + 02 (k) — 62k — ) (38)

where the inequality §2(k) < g'>(k) is used, which can be easily
verified from (35).

Consider the error equation (33), the inequality (34), the update
laws in (35), and the deadzone a(k) defined in (36). Then, applying
the similar techniques in the proof of Lemma 4 in Appendix B, one
can easily show that AV (k) is non-positive and thus V (k), (':)f(k),

g(k), and ég(k) are bounded. Furthermore, we have

2 (1) p2
as(k)e* (k) _ (39)

k—oo D(k — n)

le(k)| — Mg || A&n(k — )| — [B(k — 1| < a(k)|e(k)] (40)

where (40) is obtained from (37) with a positive constant ég

satisfying 6, (k) < 8, ¥k € Z,.
Further, according to the definition of 8(k + n — 1) in (31),
Lemma 4 and Assumption 1, there exists a constant cg such that

IB(k+n—1)| <o[Oly(k+n— 1)1+ AcgAs(k, n — 1). (41)

Considering Ag(k, n — 1) defined in (20) and A&, (k) defined in (6)
and noting the fact that [, < k — n, it follows

Ak, n—1) = max {||E(k—n+])
1<j<n-1
&k —n+jll} <2 r}:}gf{llé(k/)ll}, Vk € Z¥, (42)

A&y (k) <2 r’?gf{llén(k/) I1}. (43)

From Lemma 2, the definition of o[-] in Definition 1, and inequality
(42), it is clear that
|B(k+n—1)| < 0[0[&,(k)]] + AcgAs(k, n — 1)

(a(k) + A)cp ?gf{llén(k/)ll}

IA

+a(k)cg s, YkeZT, (44)

where «(k) is a sequence that converges to zero, and cg ; and
cg,2 are finite constants. Since limy_. a(k) — 0, for any given
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arbitrary small positive constant €;, there exists a k; such that
a(k) < €1, Yk > kq.Thus, it is clear that

Blk+n = DI < (&1 + Mg maxtE (O} + ercpo Yk > ki
(45)
From Lemma 2, we have &,(k — n 4+ 1) = O[y(k)], which yields

&k —n+ 1| < C max{le(k)|} + G, ke AR (46)
K' <K

where y(k) ~ e(k) is used and C; and C; are finite constants. Using
(40), thus inequality (46) can be expressed as

I8a(k —n + D] o
= Crmax{le(K)| = Al A& (K = m)l| = IBK = 1)

+ 20 A K =l + IBK = DI} + G
< Crmax{a(K)le(k)|} + 20,Cr max (| A& ()}

+C max {|B(K' +n—D|} +C, VkeZT,. (47)
kK <k—n

From inequalities (43), (45) and (47), we have C3 = (2§g +cg,1)C1,
€) = Cﬁq]ﬁC] and C=0CG + 61Cﬁy2C] such that

max {[|& (K)|]} < C; max{a(k)|e(k)|}
kK <k—n+1 K <k

+0.G+e) max {(15E) +C k> ki (48)

which implies the existence of a small positive constant

1—
=2 (49)
G

where €; can be arbitrarily small. It further implies that

max {||E,(K)[|} < ————— max{a(K)|e(k)|}
K <k—n+1 1—AC3 — €y K<k
Cy N
+——-—— k>k{, VA <A (50)
1— )LC3 — €y

Note that inequality (50) implies &,(k—n+1) = O[a(k)e(k)]. From
@ (k +n — 1) in defined (23), Lemma 2, and Assumption 1, it can
be seen that @ (k — 1) = O[£,(k — n)] and u(k — n) = Oy(k)] =
O[&,(k—n+ 1)]. According to the definition of D(k —n) in (35) and
inequality (43), we have

D2 (k — n)

IA

1+ |ek—-1) - P(—n+n—1
+ utk — n) — u(le—n)| + A A& (k — n)|
= O[E,(k — n + 1)] = O[a(k)e(k)].

Then, applying the well-known Key Technical Lemma (Goodwin &
Sin, 1984) to (39) yields

lim a(k)e(k) = 0. (51)
k—o00

From inequality (50), we see that the boundedness of &,(k) is
guaranteed. It follows that the output y(k) and tracking error e(k)

are bounded, as well as the the control input u(k), according to
Lemma 2. Next, from Lemma 3, we have

lim ||, (o] =0 (52)

which further leads to

lim [|As(k, n — 1)|| = 0. (53)
k— 00

Additionally, considering (41) and noting that y(k) ~ e(k), it
follows

1Bk — 1)| < o[O[e(k)]] + AcgAs(k —n,n — 1) (54)
which yields
le(R)| — |B(k — 1)| + AcgAs(k —n,n — 1) > |e(k)]

—o[0[e()]] = (1 — a(k)ymy)|e(k)| — cx(k)m; (55)

where mq, m, are positive constants, and limj_, (k) — 0,
according to Definition 1. Because of limy_, o, @(k) — 0, there
exists constant k3 such that «(k) < 1/my, Vk > ks. Therefore,
it can be seen from (55) that

le()| — Bk — 1)| 4+ AcgAs(k —n,n— 1) + a(k)ym,
> (1—alm)le®)] >0, Vk> ks. (56)
On the other hand, note that (40) implies

le()| — Bk — )| + AcgAg(k —n,n— 1) + a(k)ym,
< a(k)|e(k)| + rcgAs(k —n,n — 1)

+ Mgl Ay (k — n) || + cx(kyms. (57)
From (56) and (57), we have Vk > k3

0 < (1—alkym)lek)]
< a(k)|e(k)| + AcgAs(k —n,n — 1)

+ A0g || A&, (k — n) || + a(kymy (58)

which implies that limy_, o, e(k) = 0 according to (51)-(53), and
limy_, oo (k) — 0. This completes the proof. O

Remark 6. From (34) and (54), it can be seen that the last two
terms in (33), (k) caused by prediction error and v (k) caused
by nonlinear model uncertainties will ultimately vanish due to
|AE,(k — n)|| — 0. This illustrates the underlying mechanism
of our control design: to use states information at previous steps
to compensate for the uncertainties at current step. It is a great
contrast to the continuous-time counterpart results presented
in Polycarpou and loannou (1996) and Jiang and Praly (1998),
where nonlinear damping is used to compensate for the effect of
nonlinear uncertainties.

Remark 7. The update law (35) and (15) requires the computation
of I, defined in (5) and the computation may cost infinite memory
as time increase. In practice however, finite memory control can
be obtained by computing [, not from range [0, k — n] but from
[k — M — n,k — n], where M > 0 can be chosen as a large
integer. In this way, the stability will not be affected and the
magnitude of ultimate tracking error can be made sufficiently
small by increasing M.

5. Simulation studies

The following second order nonlinear plant is used for simula-
tion.

E1(k + 1) = 0.2& (k) cos(&; (k) + 0.3&; (k) sin(&; (k))
+0.4&, (k) + v1(&1 (k)

_ §1(k)
&k + 1_) = 0.5&,(k) 13200
+ v2(&2(k))
yk) = &(k)
where v;(£1(k)) = 0.04(sin(0.05k))&1(k) and vy (& (k) =
0.04(cos(0.05k)) (§1(k) + & (k)). The control objective is to make

the output y(k) track the desired reference trajectory y (k) =
1.5sin(%kT) + 1.5 cos(75kT), where T = 0.1. The initial system

£ (k)

S 522(’0 + 0.8u(k)
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Fig. 1. Reference signal and system output.
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Fig. 2. Control signal and signal g (k).
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Fig. 3. Boundedness of parameter estimates in control law.

states are §2 (0) = [0.1, 0.1]". The control parameters are chosen
asg = 0.32,y = 0.1,and A = 0.05.The simulation results are pre-
sented in Figs. 1-4. Fig. 1 shows the reference signal y4 and system
output y(k). Fig. 2 illustrates the control input u(k) and signal g (k)
caused by prediction error. Fig. 3 shows the boundedness of pa-
rameter estimates in the adaptive control law. Fig. 4 demonstrates
the boundedness of parameter estimates in the future states pre-
diction law. It can be seen from Fig. 1 that the system output y(k)
asymptotically tracks the reference signal y,(k). From Fig. 2, it is
seen that signal g8 (k) caused by prediction error converges to zero.

6. Conclusion

In this paper, adaptive control with complete compensation of
nonparametric nonlinear uncertainty has been studied for a class of
SISO strict-feedback system, in which the nonlinear uncertainties
appear in both matched and unmatched manner. Under the
proposed adaptive control, the boundedness of all the closed-loop
signals are guaranteed and the effect of the nonparametric model

uncertainties has been eliminated such that the tracking error
converges to zero ultimately.
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Fig. 4. Boundedness of parameter estimates in prediction law.

Appendix A. Proof of Lemma 2

The first equation of system (2) can be written as follows ac-
cording to the Mean Value Theorem

yk+1) = fi(&1(k), &2(k))
= fiy(k), 0) + g1,1(¥(k), &5 (k)& (k) (A1)

where &5 (k) € [min{0, &(k)}, max{0, &(k)}] and the control
gain functions g;1(-) = W have been assumed to be
bounded. Due to function f;(-) satisfying the Lipschitz condition,
we have

&K =O0ly(k+ D], yk+1) = 0[&K)]. (A2)

Similarly, the second equation of system (2) can be written as

E(k+1) = LK), &2(k), §3(k) = Ly (k), §(k), 0)

+81.200(k), £2(k), &5 (k))&3(k)

(A.3)
where &;(k) € [min{0, &(k)}, max{0, &3(k)}] and gi1.2(-)
W has also been assumed to be bounded. Substitut-
ing equation (A.3) into (A.1) yields

yk+2) =fily(k+1),0) + g1 1k + 1), & (k + 1))
x [Ly(k), &(K), 0) + g12(y(k), &(k), &5 (k)E3(k)]. (A4)

Noting the boundedness of g; 1(-) and g;2(-), the Lipschitz con-
dition of functions f; (-) and f5 (), equations (A.2) and (A.4), we have

E(k) = Oly(k + 2)],

y(k +2) = 0[&(K)]. (A5)
Continuing the above procedure, we have
E(ky =0ly(k+i—1],  yk+i—1)=0[&K)] (A.6)

which results in & (k) ~ y(k +i— 1).

The result u(k) = O[y(k + n)] has been established in Ge et al.
(2008a). This completes the proof. O

Appendix B. Proof of Lemma 4

Define &;(k) = ©;(k) — O, (k) = (k) — g, and &(k) =
Ci(k) — Lp;. It follows from (8)-(11) that
E(k+1lk) = &k + 1]k) — &(k + 1)
= £1(k) — £1(k) + &i(k — n + 2)&1 (k)
= 6] (k — n+2)[®(E (k) — Pi(E(lk_nri +n —i))]
+8i(k —n+2)[&11(k) — &ip1(leppi + 1 — D]

— ik — n + ) = viGa(-nti))] (B.1)
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which yields
—{B] (k — n + 2)[®i(&(k) — Pi(&i(lensi + 1 — D)]
+&i(k — 1+ 2)[E1(K) — &1 (henri + 1 — D]}
x Ei(k + 1]k)
= —EX(k+ 11k) — [viEak — n + 1)) — vi(En(eent))]
x Ei(k + 1[k)
< —&2(k+ 1]k) + ALyil&(k + 1|k) ||| A&u(k —n 4+ )| (B2)

where the last inequality is established by (14) and maxi<j<y L,; <
A

To prove the boundedness of all the estimated parameters, we
choose the Lyapunov function candidate as follows:

k
Vi) = > LGOI +&0) + 0.

Jj=k—n+2

(B.3)

From (15), the difference of V;(k) is given by
AVi(k) = Vi(k + 1) — Vi(k)
= Ol (k+ 1)Oi(k+1) — O] (k—n+2)0;(k — n+2)
+82(k+1) — g2k —n+2)
+&H(k+1) — ¢ (k—n+2)
= {[Pi(EK) — Di(&i(l—nsi +n — D)
+ Ei41(K) — i1 (kengi + 1 — D)
a?(k)y2&2 (k + 1]k)
D?(k)
—1{0] (k — n+ 2)[®;(&(k) — Di(Ei(leensi + 1 — i))]
+ &k —n+42)[E11(K) — &1 (henyi +1n = D]}

= 2a;(k)y ~ z
L e RIS

+ 22| Ada(k — n+ D)%)

2a;(k)y
Di(k) -

According to the definition of D;(k) in (16) and inequality (B.2), the
difference of V;(k) in (B.4) can be written as

a?(k)y2&2 (k + 1]k) . 2a;(k)y &2 (k + 1]k)

X [ A&k —n+ D)

(B.4)

AVi(k) <
Di(k) Di(k)
+2Mmﬂ@m—n+m@m+1WMAaw—n+m
Di(k)
_ @y k411 2@ K)yER(k+ 11k
= D;(k) Di(k)
2 £2
_ @Ry @—y)Eik+1]k) (B.5)
D;(k)

where Ly; + Ci(k — n 4+ 2) = ¢;(k — n + 2) and equality (18) are
used.

Noting that 0 < y < 2, we can see from (B.5) that the
difference of Lyapunov function V;(k), AV;(k), is nonpositive and
thus, the boundedness of V;(k) is guaranteed. It further implies
the boundedness of ®;(k), 8;(k), and & (k). Thus, there exist finite
constants @, g, and ¢, such that

Il <o, &k <g, &Gk < i=1,2,...,n—1

(B.6)
Taking summation on both hand sides of (B.5), we obtain

i a?(k)y (2 — )& (k + 11k)
Di(k)

= Vi(0) — Vi(00)
k=0

which together with the boundedness of V;(k) implies

21052
W =ai(k) > 0,

From Assumption 1, Lemma 2, and the definition of D;(k) in (16), it
can been seen that

D} () = 1+ 19E(h0) — DElleps + 1 — D)

+ |~’§i+1£k) — & 1(l—ngi +n— 1)
+ Al AE (k —n+ D)

i=1,2,...,n—1. (B.7)

A

—Oly(k+i)], i=1,2,....n—1. (B8)
From equation (B.7) we have
a(0IE Kk + 110)] = o (WD (k) = o[D] ()]
— o[Olytk+ D], i=1,2,....n—1. (B9)

Further, we have
ai(k)llgi(k + 1kl ~ ai(k)[&(k + 1]k)]
=o[O[y(k+D]], i=1,2,...,n—1.(B.10)
From the definition of deadzone in (17), we have
&k + 11k)| < ai(k)|&(k + 1]k)| + A&i(k — n +2)
X || A&k — n+ 1) (B.11)

which together with (B.6) and (B.9) and the definition of A (k, i) in
(20) yields

|& (k + 1]k)| < o[Oly(k + )11 + Aci Ag(k, 1) (B.12)
where c; = c. Denote ¢; = ncy, we further have
1€k + 111 < > 1§k + 11k)]
=1
< o[O[y(k + D)]] + Ac1 As(k, D). (B.13)

Continuing the analysis above, for the j-step estimation error .§,»(k+
jlk),i=1,2,...,n—1,j=2,3,...,n—i,we have

Ei(k + k) = &(k + jlk) + &k + jlk + 1) (B.14)
where

Elk+jlk 4+ 1) = &k + jlk + 1) — &k +J)

Ei(k + jlk) = &(k +jlk) — &k +jlk + 1). (B.15)

]}ased on the results in previous steps, for j-step estimation error
&k+jlk),j=2,3,...,n—i,i=1,2,...,n—1,we see that there
exist constants ¢;_ and ¢;_; such that
&k +j — 11| < o[Oly(k +i+j— 2)]]

F A1 As(k,i+j—2)
&k +j — 1[k)| < o[Oly(k +i+j— 2)]]

+ A& 1 As(k, 14 — 2). (B.16)
From (12) and (13), we have
Eik+jlk) = &k +jlk) — &k + jlk + 1)
=&k +j—1lk) + &k —n+j+1)
X Ea(k4j—11k) — E(k4+j — 1]k 4+ 1)
—&ilk—n+j+ Dégr(k+j— 1]k +1)
= Otk —n+j+ DDk +j— 1K)
— &k +j— 1]k +1))]
+ 8k —n+j+ D1k +j— 1]k). (B.17)
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According to the Lipschitz condition of &;(-) and (B.15), the
following equality holds:

10i(E(k + — 1K) — Dy(E ik + — 1k + 1)

< LiEk+j—11k)]l. (B.18)
According to (B.14)-(B.18), there exist constants ¢; such that

|Ei(k + jlk)| < o[O[y(k +1i4j — D] 4 AiAs(k, i +j— 1).

Denote ¢; = nc;, then we have

Ik + il < > [k +jlio]

j=1
< o[Oly(k+i+j— DI+ AGAs(k, i+j—1). (B.19)

Letj=n—1ii=1,2,...,n— 1, then we see that (B.19) leads to
(19) and it completes the proof. O
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