
Polynomials∗

Putnam Seminar

Week 9

Polynomials: polynomials look like p(x) =
∑n

i=0 aix
i = a0+a1x+a2x

2+· · ·+anx
n

(if an 6= 0, then p(x) is said to have degree n).

Single variable: If deg(p(x)) ≤ n and p(x) has at least n+ 1 distinct roots, then
p(x) = 0 [i.e., ai = 0 for all i]. (This works over any field.)

Useful thing about modular arithmetic: Given integers a and b and a poly-
nomial f(x) with integer coefficients, a− b must divide f(a)− f(b).

Rational roots test: Say P (x) =
∑n

i=0 aix
i has integer coefficients, an 6= 0, and

r and s are integers. If P (r/s) = 0, then r divides a0 and s divides an.

Two variables: Suppose P (x, y) =
∑n

i=1

∑n
j=1 ai,jx

iyj. And suppose there are
sets A,B where |A| = |B| = n+1 and that P (a, b) = 0 for all (a, b) ∈ A×B.
Then P (x, y) = 0 [i.e., all ai,j = 0]

Multiplicity: If r is a root with multiplicity m, then p(j)(r) = 0 for 1 ≤ j ≤ m−1
and p(m)(r) 6= 0. (where p(j)(x) is the jth derivative)

Viète’s relations: Suppose an 6= 0 and P (x) = anx
n+an−1x

n−1+ · · ·+a0 factors
as P (x) = an(x− r1)(x− r2) · · · (x− rn). Then we have

−an−1/an = r1 + r2 + · · ·+ rn

an−2/an = r1r2 + r1r3 + · · ·+ rn−1rn
...

(−1)kan−k/an =
∑

1≤i1<i2<···<ik≤n

ri1ri2 · · · rik

...

(−1)na0/an = r1r2r3 · · · rn−1rn.

• Let f(x) = 7x5 − x2 + 2x− 8. Find all the rational solutions to f(x) = 0.

• Say P (x) is a degree 3 polynomial and P (2) = P (5) = P (4) = 0. Also
suppose P (1) = 4. Find P (0).

1. Find all polynomials P (x) such that 2P (x2) = P (x) + 6.

2. Find all polynomials f(x) such that xf(x− 1) = (x + 1)f(x) for all x.

3. Let f(x) be a polynomial with integer coefficients each between 1 and 1000.
Is there an integer N where f(x) can be completely determined from f(N)?

∗Some material taken from Putnam and Beyond by Razvan Gelca and Titu Andreescu
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4. Suppose p1(x) 6= p2(x) are polynomials with degree at most 7. What’s the
maximum number of times that the graphs of p1 and p2 can intersect?

5. (Putnam 1971-A2) Find all polynomials p(z) where p(0) = 0 and p(z2 + 1) = p(z)2 + 1.

6. (USAMO 1974) Let a, b, c be distinct integers. Show there is no polynomial
P (x) with integer coefficients such that P (a) = b, P (b) = c, and P (c) = a.

7. (Putnam 2007-A1) Let f be a nonconstant polynomial with positive integer
coefficients. Prove that for any positive n, f(n) divides f(f(n)+1) iff n = 1.

8. (Putnam 2003-B1) Do there exist polynomials a(x), b(x), c(y), d(y) such that

1 + xy + x2y2 = a(x)c(y) + b(x)d(y)

hold identically?

9. (IMO 1976) Let P1(x) = x2 − 2 and for j ≥ 2 define Pj(x) = P1(Pj−1(x)).
Show that for each integer n > 0, the roots of Pn(x) = x are real and distinct.

10. (Putnam 1999-A2) Let p(x) be a polynomial that is nonnegative for all real
x. Prove that for some k, there are polynomials f1(x), . . . , fk(x) such that

p(x) =
k∑

j=1

(fj(x))2.

11. Suppose f(x) = (x−a1)(x−a2) · · · (x−an)−2 for distinct integers a1, . . . , an.
Also suppose that f(x) = g(x)h(x) where g and h are both non-constant
polynomials with integer coefficients. Prove that n ≤ 3.

12. Suppose P is a polynomial with integer coefficients and a, b, c, d are distinct
integers such that P (a) = P (b) = P (c) = P (d) = 7. Prove P (m) = 14 has
no integer solutions.

13. (Putnam 2004-B1) Suppose p(x) =
∑n

i=0 cix
i is a polynomial with integer

coefficients, and suppose that r is a rational number such that p(r) = 0.
Show that the following n numbers are all integers

cnr, cnr
2 + cn−1r, cnr

3 + cn−1r
2 + cn−2r, . . . , cnr

n + cn−1r
n−1 + · · ·+ c1r.

14. Suppose P (x, y, z) is a polynomial, and consider the polynomial

Q(x, y, z) = P (x, y, z)+P (y, z, x)+P (z, x, y)−P (x, z, y)−P (z, y, x)−P (y, x, z).

Show that (x− y)(y − z)(z − x) divides Q(x, y, z).

15. For every integer n > 1, prove P (x) =
∑n

k=0 x
k/k! has no rational roots.

16. Suppose R1(x) = p1(x)/q1(x) and R2(x) = p2(x)/q2(x) are distinct rational
functions over R. Show that there exists a real number M such that for all
x ≥M , R1(x) > R2(x) iff R1(M) > R2(M). (i.e., eventually either R1(x) is
always bigger than R2(x) or R2(x) is always bigger than R1(x))1

1This is one way to construct the hyperreals (google them because they’re awesome!).

2



17. For every real n × n matrix A and every ε > 0, show there exists a value
0 < t < ε such that A + tIn is invertible.

18. (Putnam 2002-A1) Let k be a fixed positive integer. The nth derivative of

(xk − 1)−1 has the form Pn(x)
(xk−1)n+1 , where Pn(x) is a polynomial. Find Pn(1).

19. (Putnam 2003-B4) Let

f(z) = az4 + bz3 + cz2 + dz + e = a(z − r1)(z − r2)(z − r3)(z − r4),

where a, b, c, d, e are integers and a 6= 0. Show that if r1 + r2 is rational and
r1 + r2 6= r3 + r4 then r1r2 is a rational number.

20. (Putnam 2016-A1) Find the smallest positive integer j such that for every
polynomial p(x) with integer coefficients and for every integer k, the integer

p(j)(k) =
dj

dxj
p(x)

∣∣∣∣
x=k

(the jth derivative of p(x) evaluated at k) is divisible by 2016.

21. Find all polynomials satisfying the equation (x+ 1)P (x) = (x−10)P (x+ 1).

22. (IMO 1975) Find all polynomials, P , in two varaibles with the following
three properties: [property (i) says “P is homogeneous of degree n”]

(i) for some integer n > 0 and for all x, y, t ∈ R, P (xt, yt) = tnP (x, y);

(ii) for all real a, b, c we have P (b+ c, a) +P (c+ a, b) +P (a+ b, c) = 0; and

(iii) P (1, 0) = 1.

23. (USAMO 1984) P (x) is a polynomial of degree 3n such that

P (0) = P (3) = · · · = P (3n) = 2,

P (1) = P (4) = · · · = P (3n− 2) = 1,

P (2) = P (5) = · · · = P (3n− 1) = 0, and

P (3n + 1) = 730.

Determine n.

24. (Russian math olympiad, 2002) Let P (x) be a polynomial with odd degree
and real coefficients. Show that the equation P (P (x)) = 0 has at least as
many distinct real roots as P (x) = 0 does [counted without multiplicity].

25. Find all polynomials P (x) with real coefficients for which there is a positive
integer n such that for all x, we have P (x + 1

n
) + P (x− 1

n
) = 2P (x).

26. (USAMO 1975) Let P (x) be a polynomial of degree n and suppose P (k) =
k/(k + 1) for all integers 0 ≤ k ≤ n. Find P (n + 1).

27. (Romanian math olympiad, 1979) Let P (x) be a polynomial with complex
coefficients. Prove that P (x) is an even function iff there is some polynomial
Q(x) with complex coefficients such that P (x) = Q(x)Q(−x).
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