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Parametric conversion and amplification based on three-wave mixing are powerful primitives for

efficient quantum operations. For superconducting qubits, such operations can be realized with a

quadrupole Josephson junction element, the Josephson Ring Modulator, which behaves as a loss-less

three-wave mixer. However, combining multiple quadrupole elements is a difficult task so it would

be advantageous to have a three-wave dipole element that could be tessellated for increased power

handling and/or information throughput. Here, we present a dipole circuit element with third-order

nonlinearity, which implements three-wave mixing. Experimental results for a non-degenerate ampli-

fier based on the proposed third-order nonlinearity are reported. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4984142]

In quantum devices based on superconductors, Josephson

junctions provide a nonlinear interaction between electromag-

netic modes, which is purely dispersive. However, because

the Josephson potential is an even function of the supercon-

ducting phase difference u, this nonlinearity is, to lowest

order, of the form u4. This Kerr nonlinearity is useful for

engineering interactions between modes, but it imparts unde-

sired frequency shifts. This problem is analogous to that gen-

erated by vð3Þ media in nonlinear optics.1 Such frequency

shifts become especially problematic as the number of inter-

acting modes, and therefore frequency crowding, increases.

An alternative strategy is to use a minimal u3 nonlinearity for

engineering the same useful interactions between modes

while minimizing these unwanted Kerr frequency shifts.

A form of this u3 nonlinearity has been realized with

four Josephson junctions arranged in a ring threaded by DC

magnetic flux. This device, called the Josephson ring modu-

lator (JRM),2,3 specifically provides a trilinear Hamiltonian

term of the form uXuYuZ between three modes named X, Y,

and Z. However, the JRM is a quadrupole element, i.e., it

imposes a current and phase relation between four nodes of a

circuit. Thus, a question naturally arises, would it be possible

to engineer a third-order u3 nonlinearity in a dipole device

similar to the Josephson junction?

An inherent advantage of such a dipole element is that it

is more modular and easier to integrate into complex circuits.

In particular, such an element can be tessellated, as with a

Josephson junction,4 for improved power handling capabili-

ties and information throughput. Furthermore, it can provide

a three-wave coupling between a superconducting qubit and

an oscillator.

In this letter, we report an experimental realization of a

pure u3 nonlinear dipole element, demonstrating its perfor-

mance in a non-degenerate parametric amplifier. Because this

dispersive element is asymmetric in the transformation of

u! �u, in contrast with the superconducting quantum inter-

ference device (SQUID)5,6 and the superconducting low-

inductance undulatory galvanometer (SLUG),7,8 we have

named it the Superconducting Nonlinear Asymmetric

Inductive eLement (SNAIL). After the completion of our

work, we became aware of a theoretical proposal for a similar

element, given in Ref. 9.

Figure 1(a) shows the circuit we propose to achieve

cubic nonlinearity in a dipole circuit element. The SNAIL

consists of a superconducting loop of n large Josephson junc-

tions and a single smaller junction (tunneling energies EJ

and aEJ , respectively), which we thread with DC magnetic

flux Uext. The proposed circuit has the inductive energy:

USNAIL uð Þ ¼ �aEJ cos uð Þ � nEJ cos
uext � u

n

� �
; (1)

where u is the superconducting phase across the small junc-

tion, uext ¼ 2pUext=U0 is the reduced applied magnetic flux,

and U0 ¼ h=2e is the magnetic flux quantum. Note that Eq.

(1) is only a function of a single degree of freedom u as we

eliminated the dynamics due to any intra-array modes and

considered only common excitations across the array of n
junctions. This reduction is valid when EJ � EC for each

junction where EC ¼ e2=2CJ is the Coulomb charging energy

of the junction with capacitance CJ, and when C0 � CJ=n2

where C0 is the capacitance to ground of each island between

junctions.10 We will assume in the following that these condi-

tions are realized.

With a � 0:8 and Uext � 0:5 U0, this circuit is well

known as the flux qubit,11,12 which has a double-well poten-

tial. However, here we propose using a different parameter

set to create a potential with a single minimum. Moreover,

we can adjust the potential to cancel the fourth-order (Kerr)

term while keeping a substantial cubic term for a particular

choice of a and Uext.

Through numerical minimization of Eq. (1), we analyze

the SNAIL’s mixing capabilities by Taylor expanding about

the minimum umin to obtain the effective potential for

~u ¼ u� umin:

Ueffð~uÞ=EJ ¼ c2 ~u2 þ c3 ~u3 þ c4 ~u4 þ � � � ; (2)

where (c2, c3, c4, � � �) are numerically determinable coeffi-

cients whose specific values depend on n, a, and Uext. Our

desire for a pure cubic nonlinearity without any Kerr trans-

lates to a Ueff with nonzero c3, but c4 ¼ 0. Note that the case
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of n¼ 1, corresponding to the SQUID, always gives c3 ¼ 0

since the potential about umin is always a pure cosine irre-

spective of the values of a and Uext. Interestingly, a and Uext

are not enough to break the ~u ! �~u symmetry in this case.

Additionally, in the n� 1 limit, the array behaves as a linear

inductance and the potential approaches the fluxonium qubit/

RF-SQUID regime.13,14 Replacing the array with a geomet-

ric inductance in an RF-SQUID configuration also achieves

the desired nonlinearity.9 Experimentally, we choose the

smallest n � 2 that is easy to fabricate, which is n¼ 3 for

our Dolan bridge process. We specialize all further analysis

to the case n¼ 3 as depicted in Fig. 1(a), but the results are

easily extendable to different values of n.

For the SNAIL to achieve Kerr-free three-wave mixing,

we must optimize on the parameter space of (a, Uext). The top

(bottom) panel of Fig. 1(c) shows c3 (c4) as a function of the

(a, Uext) parameter space. Focusing on the top of Fig. 1(c), we

want to maximize c3 while avoiding any hysteretic double-

well behavior, marked by the black-hatched region. This is

done by restricting ourselves to a � 0:5. The Kerr-free region

of parameter space corresponds to c4 ¼ 0 [the white region in

the bottom panel of Fig. 1(c)]. As such, we choose an optimal

set of parameters a ¼ 0:29 and Uext ¼ 0:41 U0, marked by

the crosses in Fig. 1(c), which maximizes c3 while c4 ¼ 0 and

the potential has a single minimum. We plot one period of the

USNAIL potential [Eq. (1)] for this optimal set of parameters in

Fig. 1(b).

In order to experimentally verify our model for the

SNAIL as a cubic nonlinearity, we integrate it into a design

for a non-degenerate three-wave mixing amplifier. Such an

amplifier consists of two spatially and spectrally separate

modes that are coupled by a pump applied at the sum of their

respective frequencies. Achieving amplification with this

pump condition is an explicit signature of a cubic

nonlinearity.1 The design [Fig. 2(a)] is based on that of the

Josephson Ring Modulator (JRM),2,3 a quadrupole element

with four identical Josephson junctions in a superconducting

ring. By threading the ring with an external magnetic flux,

the JRM achieves the three-wave coupling uXuYuZ between

modes X, Y, and Z. This coupling allows the device to act as

a parametric amplifier and frequency converter.

To achieve the same coupling term, we arrange four iden-

tical SNAILs into a ring. Like the JRM, this Wheatstone

FIG. 1. (a) Circuit for the Superconducting Nonlinear Asymmetric Inductive eLement (SNAIL) reduced to one degree of freedom u. The loop of n¼ 3 large

junctions and one smaller junction (tunneling energies EJ and aEJ , respectively) is threaded with an external DC flux Uext. (b) An example SNAIL potential

for a ¼ 0:29 and Uext ¼ 0:41 U0 that includes third-order nonlinearity without fourth-order nonlinearity. (c) Colormaps of the ða;UextÞ parameter space for the

third-order (top) and fourth-order (bottom) nonlinear terms show regions where c3 6¼ 0 while c4 ¼ 0 [white region in bottom panel (c)]. The black-hatched

regions in (c) correspond to unwanted hysteretic double well behavior similar to the flux qubit regime. The crosses in (c) mark the set of parameters chosen for

(b). This working point is optimal (see text).

FIG. 2. (a) A circuit design for a non-degenerate three-wave mixing ampli-

fier which uses the SNAIL and is based on the design of the JRM. The ele-

ments in the dashed blue box represent a coupled microstrip line whose even

mode electrical length is kS=4. The coupled microstrip is open at DC, and

so, unlike the JRM, there is no exterior loop in this design. Depictions of the

X, Y, and Z eigenmodes of the device are shown by the diamonds on the

right. The þ and � signs refer to the relative phase of the voltage across

the four SNAILs. In (b), we show an optical image of the four SNAIL mix-

ing structure, where the inset shows an individual SNAIL with n¼ 3 large

junctions. The arrows highlight the four junctions. For discussion of the

black veil around the junctions, see text.
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bridge of SNAILs cancels all cubic terms in the Hamiltonian

of the device except the desired uXuYuZ. This cancellation

assumes that all four SNAILs are identical. Note that inverting

the polarity of one SNAIL would destroy this cancellation,

since Ueff [Eq. (2)] depends on the sign of ~u. While the JRM

relies on the flux through the exterior ring to achieve a cubic

potential, in our design each SNAIL individually achieves ~u3,

and so we can eliminate the exterior DC loop in the ring. This

is advantageous as it prevents an extra DC persistent current

from biasing the SNAILs and allows for future tessellation

without introducing a prohibitively large DC loop. Moreover,

the SNAIL allows flexibility for other applications currently

unfeasible with the JRM, such as endowing a single mode

with a cubic nonlinearity. Further applications may also prefer

the expression of terms such as a u2
XuZ for degenerate three-

wave mixing,15 achievable by simply inverting the polarity of

two opposite SNAILs in the ring. In this way, the SNAIL

allows the circuit designer to separate the size of the loop for

flux biasing from the design choice of which third-order terms

are expressed and which are canceled.

For enhancement of the nonlinearity and maximal isola-

tion, we designed a resonant embedding structure using

microstrip resonators,16,17 which couple to the X, Y, and Z
modes of the SNAIL ring [Fig. 2(a)]. The highest frequency

mode, called the idler, couples to the Y mode of the ring via

two kI=4 sections of standard microstrip transmission line

(red cylinders), where kI is the wavelength of the idler mode.

For the X mode of the ring, called the signal, on one side

we use similar coupling through a kS=4 section of standard

microstrip transmission line (blue cylinder). On the other

side, however, we use an impedance-matched coupled micro-

strip transmission line (blue-boxed elements), which breaks

the exterior loop at DC but allows RF coupling to uX. Gap

capacitors couple the signal and idler modes to 50 X trans-

mission lines to set the quality factor Q � 150 for this device.

A small coupling capacitor weakly couples our pump port to

the Z mode of the ring to allow driving of parametric pro-

cesses for three-wave mixing.

Using standard Dolan bridge techniques for aluminum

Josephson junctions on silicon, we fabricated a ring of four

SNAILs according to the above design [Fig. 2(b)]. The inset

of Fig. 2(b) shows an electron micrograph of a single SNAIL

element with n¼ 3 large junctions (critical currents I0 ¼ 7:1
lA) and a single smaller junction (I0 ¼ 2:0 lA). The ratio of

junction sizes gave a ¼ 0:29 as desired. For the array of

large junctions, we utilized a technique developed for the

original fluxonium arrays13,14 that allows for creation of

three equivalent junctions using only two Dolan bridges.

Characteristics of the standard microstrip embedding struc-

ture were similar to past work.17 The black veil surrounding

the junctions in the micrograph results from undesired left-

over resist in those locations during deposition.18

For experimental characterization, we mounted the

device at the base stage of a helium dilution refrigerator with

access to both the signal and idler ports. A uniform external

magnetic flux Uext was applied to each SNAIL by a magnet

coil mounted under the sample. Figure 3(a) shows the reso-

nant frequency fS (fI) of the signal (idler) mode as a function

of Uext, determined through reflection measurements off of

the signal (idler) port (example shown in the inset). Sweeping

Uext in the opposite direction resulted in the same mode fre-

quencies, implying that our device was not hysteretic. The

dashed black line corresponds to the calculated optimal flux

Uext ¼ 0:41 U0 for this sample with a ¼ 0:29.

Biasing at this optimal flux point, we applied a strong

microwave pump tone on the pump port at frequency

fP ¼ fS þ fI to drive the parametric amplification process.

Achieving parametric amplification with this frequency con-

dition provides the explicit signature of three-wave mixing

and hence the presence of a u3 nonlinearity. The top panel

of Fig. 3(b) shows the reflection gain off of the signal port.

Increasing the pump power (color) increased the gain and

decreased the bandwidth in accordance with the gain-

bandwidth product, standard for cavity-based parametric

amplifiers.19 We also observed a slight shift in frequency for

the maximum gain as we increased the pump power. This

FIG. 3. (a) Resonant frequencies of the Signal (red) and Idler (blue) modes as a function of external applied flux. The inset shows the phase of the reflection

coefficient at Uext ¼ 0:41U0 (black dashed line), used to fit resonant frequency at each flux. Biasing at the dashed line in (a) and applying a strong microwave

pump tone at fP ¼ fS þ fI, the top panel of (b) shows the reflection gain off the Idler port. Gain increased and bandwidth decreased as a function of pump power

(indicated by color). As a proxy for noise temperature, the bottom panel of (b) shows the Noise Visibility Ratio (NVR ¼ Pon=Poff ). The NVR of our device

was comparable to that of other quantum-limited amplifiers measured in the same system, suggesting that the noise performance of the SNAIL is similar to

that of the nearly quantum-limited JRM.
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shift is similar in magnitude to that observed with a JRM.

Further study of this shift and its relation to the Kerr nonlinear-

ity20 are left for future work. In the bottom panel of Fig. 3(b),

we plot the Noise Visibility Ratio, a proxy for noise tempera-

ture, which is the ratio between the noise power spectral den-

sity with the pump on and the pump off (NVR ¼ Pon=Poff).

The NVR of our device was comparable to that of JRM-based

quantum-limited amplifiers measured in the same system,2

showing that the SNAIL can potentially be used as a quantum-

limited amplifier as well.

In future work, the dipole nature of the SNAIL enables

the replacement of a single SNAIL with an array of SNAILs

[Fig. 4(a)] for increased dynamic range or bandwidth. This

strategy is directly analogous to the tessellation of DC-

SQUIDs in the JPA4 or the tessellation of transmission line

unit cells in the Josephson traveling wave parametric ampli-

fier,21 both four-wave mixing amplifiers. The SNAIL allows

this tessellation for three-wave mixing amplifiers.9

Another relevant application of the SNAIL is for Kerr-

free tunable coupling between two cavities [Fig. 4(b)]. By

pumping at the difference frequency between the red and blue

modes, the three-wave mixing capabilities of the SNAIL gen-

erate the effective interaction geffðtÞða
†

bar þ a
†

rabÞ, where ar

and ab are the annihilation operators for the red and blue

modes respectively. Such tunable couplings have been used

as tools for quantum optics in the microwave regime;22,23

however, previous schemes always required that the red and

blue modes inherit self-Kerr and cross-Kerr terms from the

nonlinearity.24 In principle, using a SNAIL with c4 ¼ 0

allows one to generate the same effective interaction without

the harmful Kerr terms.

In conclusion, we have introduced a dipole realization

of a pure u3 nonlinearity, the SNAIL, which performs three-

wave mixing in the microwave regime of superconducting

quantum circuits. We have also demonstrated the SNAIL’s

three-wave mixing capabilities by integrating it into a non-

degenerate three-wave mixing amplifier, whose performance

matched that of similar quantum-limited amplifiers based on

the JRM. However, the SNAIL has the advantage of support-

ing parametric three-wave processes without introducing

extra Kerr-induced frequency shifts. Left for future work is

the demonstration of this feature. Furthermore, the dipole

nature of the SNAIL allows for the integration of cubic

nonlinearity wherever the circuit designer deems necessary.

Specifically, this enables the construction of three-wave mix-

ing circuits that share the work between many junctions to

increase bandwidth and input power handling capabilities,

without the addition of prohibitively large DC loops. Thus,

the SNAIL will likely be at the heart of the next generation

of robust quantum-limited parametric amplifiers and

converters.
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