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Abstract
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2020

Quantum error correction (QEC) is a crucial area of research since the susceptibility of
quantum information to noise prevents the implementation of useful quantum algorithms.
Standard QEC protocols, however, come with an overwhelming hardware and software
overhead. For superconducting quantum circuits, it is possible to minimize this over-
head by hardware-efficient encoding which takes advantage of the infinite dimensional
Hilbert spaces offered by high-Q harmonic oscillators. Error mitigation using autonomous
feedback further increases the hardware efficiency. Such autonomous feedback requires
specific highly nonlinear interactions between various modes of a quantum system. How
does one engineer such interactions? In this thesis, we explore the Hamiltonian engineer-
ing techniques geared towards realizing the required interactions for a promising class of
hardware efficient QEC codes, namely the Schrodinger cat codes.

In particular, we focus on the four-component Schrodinger cat code, which allows for
first-order protection against all error channels of a harmonic oscillator. Autonomously
stabilizing the decoherence free subspace for this code requires the harmonic oscillator
to gain and lose photons in sets of four, that is, a four-photon driven-dissipative process.
We propose a scheme for engineering such a process through a Raman-assisted cascading
of readily available four-wave mixing interactions, and experimentally demonstrate the
feasibility of this cascading. Furthermore, an improved four-wave mixing device that
cancels unwanted, always-on interactions is studied. We also propose an implementation
of a new error-correction code, the pair-cat code, which offers autonomous protection

against all the error channels using low-order parametric interactions.
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Chapter 0

Thesis overview

The goal of this chapter is to state and explain the central problem that we will be address-
ing in this thesis, and to provide a guide to how we further generalize as well as answer
this problem. We motivate and phrase the central question of the thesis in the next sec-
tion. This is followed by a chapter wise outline of the thesis which indicates how all the

aspects of the question are addressed and answered.

0.1 Motivation and central question

We are witnessing, at the time of this writing, the realizations of noisy intermediate
scale quantum (NISQ) computers, with 20 to 100 noisy qubits. Although progress is be-
ing made with proof of principle demonstrations of quantum algorithms [Kandala et al,
2017, Nam et al,, 2019], quantum simulations [Wang et al., 2019], and so-called quantum
supremacy [Preskill, 2012, Arute et al., 2019], it is unclear whether NISQ devices will have
any practical applications [Preskill, 2018]. In fact, most quantum algorithms are expected
to provide little, or no quantum advantage, due to the errors plaguing these early im-

plementations. Therefore, in order to access the vast computational power afforded by
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quantum information processing (QIP), it is imperative to protect the calculations against
these errors.

The efforts for addressing quantum errors, are focused on both preventive and correc-
tive strategies. Error prevention is accomplished by reducing the noise acting on a quan-
tum system or by reducing the susceptibility of the system to the noise. So far, especially in
the case of superconducting circuits, noise insensitive qubit designs have been the major
driving force behind the increase in qubit lifetimes. The evolution of the transmon from
the Cooper pair box is a great example of this accomplishment [Koch et al., 2007]. Decou-
pling further from noisy elements by using 3D transmons [Paik et al., 2011] demonstrated
a major leap in coherence times. Improved qubit designs like fluxonium [Manucharyan
et al., 2009], heavy-fluxonium [Earnest et al,, 2018], 0 — 7 qubit [Brooks et al., 2013, Gyenis
et al., 2019] are attempts at further increasing qubit coherence through particular circuit
design. However, such qubit designs often come with less controllability, and trade insen-
sitivity to one noise channel for a heightened sensitivity to another. Moreover, the error
prevention strategies do not account for imperfect quantum gates which themselves add
errors. Therefore, it is equally important to employ corrective strategies for combating
quantum errors. Hence, quantum error correction (QEC) has emerged as an essential
building block for robust fault-tolerant QIP.

A QEC protocol has three essential requirements: (i) redundant storage of information
in higher-dimensional Hilbert space, (ii) error detection, and (iii) error correction. The ma-
jority of QEC protocols employ multiple finite dimensional systems to store information,
and a measurement based classical feedback to detect and correct for the errors. Such a
strategy invariably leads to significant hardware and software overheads, thus limiting
the scalability of quantum computers. Furthermore, the permissible error threshold on
individual components used for these traditional protocols are typically very low, thus

making the implementation of fault-tolerant quantum computation a formidable engi-
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neering challenge.

It is possible to greatly reduce the hardware overhead associated with multiple quan-
tum systems, by encoding information in infinite dimensional Hilbert spaces. This is called
hardware efficient encoding. In the case of superconducting circuits, such Hilbert spaces
are readily available through the use of high-Q cavities to engineer long-lived quantum
harmonic oscillators. Storing information with the help of these oscillators has multiple
advantages. Firstly, the lifetime of these high-Q cavities is typically an order of magni-
tude higher than the transmon qubits. Second, these cavities have a single dominant error
channel called amplitude-damping which causes the photons in the cavity to leak to the
environment. Furthermore, it is possible to store an entire logical qubit with the help of
a single cavity. Although, such hardware efficient error correction also requires ancillary
nonlinear systems, like transmons, for control and error syndrome measurements, the
total hardware complexity is a mere fraction of the traditional QEC codes.

The hardware overhead can be further mitigated by utilizing autonomous feed mecha-
nisms that do not require any real-time decision making. These feedback mechanisms con-
tinuously correct against errors on the system and only require ‘always-on’ continuous
wave (CW) tones which, once tuned, keep protecting the system from errors. Moreover,
these protocols are typically insensitive to the errors on the ancillary systems including
the state preparation and measurement (SPAM) errors. Therefore autonomous feedback
is a desirable component of a QEC system.

On the other hand, the interactions required for engineering autonomous feedback
mechanisms tend to be highly nonlinear and in general, are not available naturally. Is
it possible to engineer these interactions? More generally, is it possible to engi-
neer fully autonomous protection of a hardware efficient logical qubit? Through
the work in this thesis, we propose Hamiltonian engineering techniques for engineer-

ing such autonomous protection and experimentally demonstrate the realization of these
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techniques. We also engineer a novel superconducting circuit which suppresses the spu-
rious interactions in our Hamiltonian while preserving the useful terms. The next section
consists of a chapter by chapter breakdown of how we further develop and address the

central goal of building an autonomous logical qubit.

0.2 Outline of the chapters to come

We begin our discussion in the next chapter (Ch. 1) by introducing some preliminary con-
cepts. The first half of the chapter develops the notation for describing open quantum
systems with an emphasis on the density matrix representation, Lindblad master equa-
tion and Kraus maps. The next half introduces two basic quantum systems, (i) the spin-1/2
qubits and (ii) the quantum harmonic oscillator. We put a special emphasis on the descrip-
tion of the errors such as, photon loss and dephasing errors, which affect these systems.
A reader, familiar with these concepts, should feel free to skip to the next chapters, while
keeping in mind to check back in case of an unfamiliar notation.

Ch. 2 provides a brief introduction to QEC with a special focus on the Knill-Laflamme
conditions, the necessary and sufficient conditions for protection against a set of errors.
We also give examples of some traditional error correction schemes and describe fault
tolerance in this context. This naturally leads into a discussion of hardware-efficient and
autonomous QEC. We elaborate these concepts in some detail and leave the discussion of
the particular codes of interest, the cat-codes, to the following chapter.

Ch. 3 discusses the cat codes in detail. We first explain how information can be stored
and protected from photon loss errors with the help of these codes. Such protection has
been implemented elsewhere, using measurement-based feedback. We go beyond photon
loss errors and focus on the stabilization these codes against the dephasing-like error

channels using multi-photon driven-dissipative processes. Such protection is autonomous
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and continuous. Therefore, these multi-photon driven-dissipative processes are the main
focus of this thesis and the following three chapters are geared towards developing the
Hamiltonian engineering techniques for realizing these highly nonlinear processes. The
continuous protection against photon loss, on the other hand, requires a more complicated
nonlinearity. We propose an alternate code to step around this issue in a later chapter.

Ch. 4 dives into the theoretical considerations behind implementation of the multi-
photon driven-dissipative processes in the realm of superconducting circuits. We be-
gin with an introduction to Josephson junctions and transmons which provide the much
needed nonlinearity for implementing the required interaction. The Hamiltonian of the
joint transmon plus harmonic oscillator system, as well a modeling of off-resonant drives
is also elaborated here. This is followed by an explanation of how the four-wave mix-
ing property of the Josephson junctions has been utilized for implementing two-photon
driven-dissipative processes. However, for building the crucial four-photon driven-dissipative
process, the required higher-order nonlinearity turns out to be very weak. We propose a
scheme of cascading two four-wave mixing processes to obtain the required nonlinearity
and show how such a process could be used for implementing four-photon drive and dis-
sipation. This concept of cascading is very general and can be used as a starting point for
generating many other useful nonlinear interactions.

In Ch. 5 we focus on the experimental demonstration of the cascading technique. This
is achieved by inducing cascaded oscillations between the |f,0) and |g,4) states of the
joint transmon-cavity system. Here f is the second excited state and ¢ is the ground
state of the transmon. The chapter details experimental design, system tune up and to-
mographic characterization of the oscillations. We also emphasize the limitations of the
experimental system which prevent the stabilization of cat-states. Lifting these limitations
is the goal of the next chapter.

Ch. 6 focuses on engineering a better four-wave mixing element. Typically, the four-



0.2. Outline of the chapters to come 6

wave mixing interaction comes with always-on cross-Kerr term between the transmon
and the cavity. Although useful in many cases, it creates havoc in the particular case of
four-wave mixing that we are interested in. We propose and demonstrate a novel cir-
cuit which cancels the cross-Kerr term, while preserving the other interesting four-wave
mixing interactions. This circuit requires the presence of magnetic field for operation.
Therefore we also demonstrate a new simple way to introduce magnetic field in super-
conducting cavities.

In Ch. 7 we combine all the techniques learned in the previous chapters, to propose a
way to build fully autonomous and continuous first-order error correction against all er-
ror channels. We accomplish this goal by introducing a new hardware efficient QEC code,
called the pair-cat code, which stores the encoded states in two entangled harmonic oscil-
lators. The slight increase in the hardware complexity of the pair-cat code is completely
compensated by the reduction in the order of nonlinearity required to correct against pho-
ton loss errors in either of the modes. Moreover, the pair-cat code can tolerate multiple
photon losses as long as they only affect a single mode. This is beneficial for engineer-
ing the particular Raman-assisted multi-photon driven-dissipative process required for
protecting this code against dephasing-like errors.

We conclude the thesis in Ch. 8 with a summary of the work accomplished and the

future directions.



Chapter 1

Preliminary concepts

This chapter builds up the preliminary knowledge required for understanding the material
in this thesis. We begin our discussion in Sec. 1.1 by introducing the general notation for
modeling open quantum systems and errors. With the help of this notation we describe
two basic quantum systems, spin-1/2 qubits and quantum harmonic oscillators, in Sec. 1.2

with a special emphasis on the errors that affect these systems.

1.1 Notation for describing quantum system

The goal of this section is to introduce the notation used in this thesis for describing iso-
lated and open quantum systems. Moreover we also describe the Lindblad master equation

and the Kraus maps which model the time evolution of an open quantum system.

1.1.1 Isolated quantum systems

Let us assume that the Hilbert space H of a quantum system is spanned by a set of or-

thonormal state vectors S = {|«), |3),|7), ... }. It is helpful to write the identity on this
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Hilbert space as a sum of projectors given by

Ly=> P (1.1)
|kyeS
where P, = |k)(k|. The quantum system can exist in superposition of two or more of

these states, for example [1)) = c,|a) + c5|3) where {c,,c5} € Cand |co|? + |c5* = 1.
Such superposition states are called pure states. When the system is isolated the time

evolution of the system is governed by the Schrodinger equation

0 ~
ih 1) = A1), (1.2

where f is the reduced Plank’s constant, H is the Hamiltonian of the system, and % is the
partial derivative with respect to time. From now on we will denote the time derivative,
even if partial, with a dot over the quantity of concern. The evolution under Schrédinger’s

equation is reversible and leads to unitary dynamics of the system given by

) (t) = Ul (0)) = Teho B0y, (1.3)

Here 7 indicates the time ordering operator [Sakurai and Napolitano, 2017]. For the cases
where [f[ (t), H (tg)] = 0, such time ordering is not required and the integral turns into
the normal integration. One of the major tasks in QIP applications is to engineer the
desired unitary evolution, which allows for the execution of quantum algorithms.
Quantum processors typically include multiple subsystems interacting with each other.
The Hilbert space of the joint system is spanned by the inner products of the state vectors

of the individual systems. For example, the Hilbert space of system 1 and 2 is spanned by

Sjoint =508 = {|041,Oé2>, \061,52% Sy ’51,042% ’61;52% .- } (1.4)
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As a consequence of quantum superposition in this higher dimensional Hilbert space, we
get entangled states which cannot be separated in terms of the products of the individual

states. A famous example of entangled states is

IBell) lar, o) + |51,52>. (1.5)

V2

Quantum entanglement acts as the major resource as well as causes errors in QIP as we

will see later.

1.1.2 Open quantum systems

Systems which couple to the environmental degrees of freedom are called “open” quan-
tum systems, by opposition to isolated quantum systems which are also called “closed”.
In order to describe our system in such a situation, we utilize the density matrix represen-
tation, which allows us to represent the effective state of the system when the environ-
mental degrees of freedom are ignored. The density matrix of the system is obtained by
performing the so called partial trace on the environmental degrees of freedom. Let the
Hilbert space H ® Hepy of the system and its environment be spanned by S ® S, where
Senv = {|Qenv)s | Benv), [Yenv), - - - } is the set of state vectors describing environmental de-

grees of freedom. The density matrix of the system and the environment is defined as

Ptot = |‘I’tot><‘l’tot| (1-6)

where |W;.) is a pure superposition state of the system and the environment together.

The density matrix of the system, after ignoring the environmental degrees of freedom, is
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then denoted by p and is obtained by

P = Treny(prot) = Z (jH ® <jenv’> Prot (fH ® |jenv>> . (1.7)

|jcnv> ESenv

As a toy example, let us consider the two entangled systems considered in the previous
section with |W;.) = |Bell). If we consider system 1 as our system of interest and system

2 as the environment, then the density matrix of 1 is given by

p = le)(al +[6) (Bl (1.8)

It is clear that the first system is no longer in a pure superposition of |a) and |3). Instead,
due to our lack of information about system 2, the first system is in either |«) or |3).

In general, the density matrix of a system is represented as

p= Y eyl (1.9)

li).7)€S
The following points regarding the density matrix are useful for our discussions:

1. The density matrix is positive semi-definite, i.e. (¢)|p|1)) > 0 for every nonzero |1)),

and Hermitian, i.e. pf = p.
2. The trace of density matrix is always 1, i.e. Tr(p) = > ;c5(ilpls) = L.

3. The quantity Tr(p?) is 1 for pure states, and between 0 and 1 for mixed states. Hence

this quantity is defined as the purity of the system.
4. Expectation value of an observable k is given by Tr(kp).

5. Action of a unitary U on the density matrix is given by UpUt.
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6. In general, it is possible to trace out any subsystem from the density matrix. Such

a partial trace with respect to a subsystem £ is given by

Tri(p) = Z (jH—Hk ® <]|> P <jH—Hk ® |]>) (1.10)

|7) €Sk
where fH_Hk is the identity operator over the remaining part of the system.

7. The partial trace of a subsystem, entangled with the rest of the system, leads to a

mixed state for the rest of the system as we have already seen.

1.1.3 Time evolution in presence of decoherence

The unavoidable interactions between the system and its environment results in entan-
glement with these spurious degrees of freedom. However, since we do not observe or
control the environmental degrees of freedom, the evolution of the system is given by
taking a partial trace with respect to those degrees of freedom. This leads to decoherence
and dissipation in the system. Typically, such dissipation is harmful for QIP since it leads
to errors. We model the dynamics of a system in presence of dissipation with the help of
a differential equation called the Lindblad master equation [Haroche and Raimond, 2006,

Gardiner and Zoller, 2015]. It is given by

p=—7H o+ ;D[Li}p. (1.11)

Here, the first term [If[ , p] describes the Hamiltonian dynamics of the system, with the

square brackets denoting commutation [12:1, 12:2] = 12:11%2 — 1%21%1. The second term describes
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various dissipation channels on the system, with
7 T
D[LZ]/O = LlpLz o §{L1me}7 (1-12)

where the curly brackets denote anti-commutation {/%1, /%2} = k1 ko + koky. The operators
L; are called the Lindblad jump operators associated with the dissipation channels.

It is also possible to write down the time evolution of the density matrix under the
action of dissipation in an integrated form with the help of the so called Kraus sum

representation. In this representation, the density matrix after a time step 7 is given by
plt+7) = M(p(t) = D M, (T)p(t) M(7). (1.13)
o

Here M is known as a Kraus map which should preserve the positivity, Hermiticity and
trace of the density matrix. The operators M ., are called Kraus operators. For a time-step
7 much less than the characteristic time of the system evolution, the Kraus operators are
given by

~ ~ H JN
My(r) =1 - %7~ %Z LiL;,

M, = /7L, (1.14)

where L; are the Lindblad jump operators. Knowing the Kraus operators that describe an
error on the system is very helpful since the QEC codes that we develop will correct for
the actions of a certain set of these operators.

Having built a general notational framework for describing open quantum systems,
we now proceed to study this notation in the specific cases of spin-1/2 qubits and quantum

harmonic oscillators.
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Figure 1.1: Bloch sphere representation. An arbitrary pure state 1) of a qubit is repre-
sented as a point on the surface of a unit sphere, called the Bloch sphere. Such a state can
be represented as a superposition of the eigenstates of 7., i.e. |0) and |1), by utilizing the
polar angle 6 and azimuthal angle ¢ as parameters (see Eq. 1.19).

1.2 Basic quantum systems

Here we discuss two basic quantum systems that are important for understanding the
material in this thesis. First qubits are described along with some of the useful quan-
tum gates, followed by the common error channels for the qubits. We then describe the
quantum harmonic oscillators and introduce the Wigner function representation for visu-
alizing the density matrix of a harmonic oscillator. The dominant error channels for this

quantum system are also discussed.

1.2.1 Spin-1/2 Qubits

In this section we brush up on some of the important quantum gates and study quantum

errors in the context of spin-1/2 qubits. The dynamics of such a qubit is governed by Pauli
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operators

Op = , Oy = ,and 0, = , (1.15)
I= . (1.16)

02 (1.17)

where wj, is the transition frequency between the two energy eigenstates, that is the eigen-
states of the &, operator. The lower energy state (eigenvalue +1) is denoted as |0) and
sometimes called the ground state. The higher energy state is called the excited state and

we denote it by |1). These states are described in matrix format as
1 0
0) = and |1) = . (1.18)

Arbitrary pure states of a qubit are expressed in terms of S = {|0), |1) } by the following

expression:

|t)) = cos (g) 0) + €™ sin (g) 1), (1.19)

where 6 € [0, 7] and ¢ € [0, 27]. It is helpful to visualize this superposition as a point on
the surface of a unit sphere, called the Bloch sphere, with 6 and ¢ as polar and azimuthal
angles of the Bloch vector as shown in Fig. 1.1. Under the action of the qubit Hamiltonian,

the Bloch vector will continuously precess around the Z-axis. However, here onwards we
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(a) Single-qubit rotations (b) Hadamard gate

— X, — — Y, —

COS

(c) CNOT gate (d) Toffoli / CCNOT gate
: Input | Output
Input | Output o) —e— 0,0,0) | [0,0,0)
) —e— 0,0) | 10,0) ; 0,0,1) | |0,0,1)
f oy | oy |c2) —4— 0,1,0) | 0,1,0)
) —b— 11,0) | [1,1) : ) —@ 0,1,1) | |0,1,1)
11,1) | |1,0) ; 1,0,0) | |1,0,0)
(f_a_z) : (j_a.z> (j_a-z> |15071> |17051>
LG : e 2 I1,1,0) | [1,1,1)
: I1,1,1) | |1,1,0)

Figure 1.2: (a) Arbitrary single-qubit rotations (X, Y, and Z,). The Bloch spheres indi-
cate the axis and arc of rotations (red arrows), generic initial states (blue arrows), and the
resultant final states (purple arrows). (b) The Hadamard gate (H). This gate is a rotation
by 7 around an axis in the X Z-plane, making an angle of 7 /4 with the X -axis as shown.
(c) Controlled-NOT (CNOT) gate. This is a two qubit gate with one qubit acting as the con-
trol (blue) and the other acting as the target (red). The target qubit is flipped if and only if
the control is in |1), as shown in the truth table. The arbitrary single qubit rotations along
with the CNOT gates form a universal gate set. (d) Toffoli or Controlled-Controlled-NOT
(CCNOT) gate. The target qubit (red) is flipped, if and only if the two control qubits (blue)
are both in respective |1) state as shown in the truth table. The unitary corresponding to
each gate is specified at the bottom of the respective panels.

will work in a frame rotating in the same direction around the Z-axis with the same rate
of precession. This will allow us to focus on the more interesting parts of qubit dynamics.
Important quantum gates

Figure 1.2 shows some of the important quantum gates that we will encounter over the

course of this thesis. In case of the transmon, as we will discuss in a latter chapter, all the
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single qubit rotations are possible. This allows for universal control of single qubits, i.e.
we can construct arbitrary unitary operations on the qubits. Another important single
qubit gate, the Hadamard, is shown in panel b of Fig. 1.2. This gate is essentially a com-
bination of a rotation by 7 around the Z-axis followed by a rotation through 7/2 around
the Y-axis. Hadamard plays an important role in the discussion of error correction in
the next section. In order to perform QIP and QEC, one requires the ability to control a
multi-qubit system. This is achieved by engineering controlled interactions between two
or more qubits. Two qubit gates like CNOT, CPHASE, SWAP and v/iSWAP have been
demonstrated with increasing fidelity [Krantz et al., 2019, Barends et al., 2019, Hong et al.,
2019]. Panels c and d of Fig. 1.2 show the actions of Controlled-NOT (CNOT) and Toffoli
gates. These multi-qubit gates are important for our discussion of QEC. Experimentally,

we only require single qubit rotations for the purpose of this thesis.

Errors on qubits

Having discussed the unitary operations, let us turn our attention to studying qubits in

presence of decoherence. An arbitrary density matrix of a single qubit is represented as
L/ R R R
p= 3 <[ + 730, + 1y0y + rzaz> ) (1.20)

Note that the trace of the density matrix is automatically preserved to 1. The constants
Tz € [0,1] and

re? 4 |y |? + [r2)? = Tr(p?) < 1. (1.21)

These constants can be thought of as coordinates of the Bloch vector corresponding to
the qubit. For pure states Tr(p?) = 1 and as expected, the state lies on the surface of the
Bloch sphere. For mixed states, however, Tr(p2) < 1 and hence these states lie in the

interior of the Bloch sphere. Moreover, this implies that the Bloch sphere contains the
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(a) Amplitude damping (c) Pure dephasing

Mo =[0)(0] + /1 — p[1)(1]
My =\/p6_

p=1—e 147

Mo =[1)(1] + /1 = p|0)(0]
M, =/pé,

p=1—e0"

Figure 1.3: (a) Amplitude damping error occurs due to the excitation of the qubit leaking
to the environment. This results in all the Bloch-vectors of the qubit shrinking towards the
|0) state. (b) The opposite of amplitude damping is the heating error which incoherently
adds an excitation from the environment to the qubit. (c) Dephasing error is introduced by
random rotation of Bloch vectors around the Z-axis. Such an error results in all the Bloch
vectors shrinking towards the Z-axis, except for the eigenstates of 7., i.e. |0) and |1).
(d) Bit-flip error is defined as the random rotation of the Bloch-vector around the X-axis.
Such an error results in all the Bloch-vectors shrinking towards the X -axis, except for the
eigenstates of &,, i.e. [+) = (|0) + [1))/v/2 and |=) = (|0) — |1))/+/2, which remain
unchanged. The random rotations around y-axis (not shown) are trivial since they can be
thought as a combination of bit-flip and pure dephasing errors. Each panel specifies the
Kraus operators for the respective error channels, where p indicates the probability of the
error in a given time-step 7, and I'y 4 qip, are the rates of the respective errors on a qubit.

same information as the density matrix of a single qubit. We utilize this knowledge to
illustrate some of the common error channels for a qubit in Fig. 1.3.

Panel a of Fig. 1.3 describes amplitude damping error. The effect of this error chan-

nel is to destroy qubit excitation by leaking it to the environment. As a result, all the



1.2. Basic quantum systems 18

Bloch-vectors of the qubit shrink towards the lower energy state |0) as shown in Fig. 1.3a.
Amplitude damping is modeled by D[\/IT&_], where I is the rate of amplitude damping
and 0_ = 0, + i0, is the destruction operator for the qubit excitation. This operator de-
stroys a single excitation on the qubit, thus taking |1) to |0). The conjugate of this error,
where the qubit receives incoherent excitation from the environment, is known as the
heating of the qubit (Fig. 1.3b). Heating is modeled by D[,/T+6.,| where I'; is the rate of
heating for the qubit and 7, = &' is the creation operator. Typically, for a well cooled
superconducting qubit I'; is around two orders of magnitude smaller than I';. Panel c and
d of Fig. 1.3 represent, respectively, the pure dephasing and bit-flip error channels for a
qubit. Pure dephasing is random rotations of qubit Bloch-vector around Z-axis, modeled
by D[,/T'40.], whereas the bit-flip error is random rotations around the X -axis, modeled
by D[\/ﬁipc}x]. Here I'y and I'g;, are the rates of the respective errors. The figure also
shows the Kraus operators, previously discussed in section 1.1.3, for the respective errors
acting in isolation. It is important to note that all Kraus operators describing the errors
on the qubits can be expressed as linear combinations of I , 04, 0y and 0,. While build-
ing a QEC code, it will suffice to correct for the errors described by the identity and the
Pauli-operators for complete protection against single-qubit errors. Amplitude damping,
heating and dephasing form the major sources of errors in case of superconducting trans-
mon qubits. The decoherence rates of a qubit are usually reported as the rate of relaxation
I'y =T'| +I'y, and the rate of total dephasing I'y = I'y /2 + I',.

An observant reader will note that the sources of errors on the qubit are not indepen-
dent. For example, Kraus operators for the amplitude damping error can be expressed as
a combination [ , 04, 0, and &, operators. The total dephasing error I'y = I'; /2 4+ Iy, is
essentially a combination of relaxation and dephasing. In general, the error channels of
the spin-1/2 qubit can be broken in terms of the set of Pauli-operators and the identity

operator. This leads to an important simplification for QEC as we will see in the next
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Figure 1.4: (a) Electrical LC circuit as an example of a quantum harmonic oscillator. The
operator Q indicates the charge on the capacitor C' and the operator d indicates the flux
through the inductor L. (b) Parabolic potential and energy eigenstates, that is Fock states,
of a quantum harmonic oscillator. The energy eigenstates are equally spaced with the
energy difference hwy between successive states. The green arrows represent the action
of the creation operator a' and red arrows represent the action of the destruction @ on
each of the states. The widths of the arrows are increased up the ladder to signify the
increasing strength of the respective matrix elements.

chapter (Ch. 2).

1.2.2 Quantum harmonic oscillators

The quantum harmonic oscillator is another important quantum system for the purpose
of this thesis. An example of a harmonic oscillator is an LC' circuit which is a funda-
mental building block for superconducting circuits. A circuit diagram of an LC circuit is
represented in Fig. 1.4a. The Hamiltonian of this system is given by

R 2 P2
g @

=50 + i, (1.22)

where Q is an operator describing the charge on the capacitor C, and d is an operator
describing the magnetic flux through the inductor L as shown in Fig. 1.4a. By convention,

d is the position coordinate of the oscillator and Q is the conjugate momentum satisfying
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the canonical commutation relation [®, Q] = ih. It is helpful redefine ® and Q in terms

of ladder operators a and a as

d = Oypp (dT + d)

Q = iQzpr (a' —a) . (1.23)

The operators a! and a satisfy [a',a] = 1 in order to fulfill the canonical commutation

relation. The constants ®zpr and QQzpr are given by

hZ
Oyprp = TO

Qzpr =1/ 2—20 (1.24)

where Z is the characteristic impedance of the oscillator defined as Zy = /L/C. In

terms of the ladder operators the Hamiltonian of the oscillator is now given by

X 1 1
H = hwy (@Ja + 5) = hwp <n + 5) (1.25)

where wy is the resonant frequency of the harmonic oscillator given by wy = 1/v LC
and f, = a'a is called the number operator. The energy eigenstates of this Hamiltonian
are the eigenstates of the number operator called the Fock states, and are denoted by |n)

where n € N. The effect of the ladder operators on the Fock states is given by

a'ln) =vn +1|n + 1),
aln) =v/nln — 1), (1.26)



1.2. Basic quantum systems 21

—_

o
ot
1

Population fraction

%

0123456789
Fock state number

Figure 1.5: The population fractions |(«|n)|* of various Fock states |n) in a coherent state
|ae = 2), as a function of Fock state number n. The population fractions have a Poissonion
distribution.

i.e. al creates an excitation in the harmonic oscillator and @ destroys an excitation. It is

clear from the above relations that Fock states are indeed energy eigenstates since

1
Aln) = a'aln) = njn) = E, = hwo (n + §> . (1.27)

Here E,, denotes the energy of the n'" Fock state. There are two important properties that
one should emphasize at this point: (i) The Hilbert space of a harmonic oscillator is infinite
dimensional since 7 is an integer > 0 and (ii) the harmonic oscillator is a linear system
with a constant energy difference of AE,, ,, 11 = hw, between the successive levels. These
properties and the action of the ladder operators are represented as a cartoon in Fig. 1.4b.

Another important class of states for harmonic oscillators are known as the coherent
states denoted as |a) where o € C. These are eigenstates of the destruction operator, that
is

ala) = ala) (1.28)

and are represented in the Fock state basis as

n

) = % ; ;‘mm). (1.29)
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The population fraction |(n|a)|? of individual Fock-states n are shown in Fig. 1.5 for the
particular case of a = 2. They have a Poisson distribution. Note that the coherent states
are pure superposition of Fock states, that is coherent states are themselves pure states.

Moreover, the coherent state | = 0) is nothing but the 0" Fock state |0).

Wigner function representation

Just as in the case of qubits, it will be helpful to have a pictorial representation of the
harmonic oscillator states and density matrices. In this thesis we will be using the Wigner
function for the purpose of such visualization. In order to provide a useful definition of the
Wigner function, we first introduce two important operations on the harmonic oscillator,
(i) displacement and (ii) the photon number parity. The displacement operator ﬁ(a), is
defined as

A~

D() = ' —ea (1.30)

where av € C. The properties of this operator are summarized through the following

equations:
D(a)|0) = |a), (1.31a)
D'(a) = D(—a) = D (a)D(a) =1, (1.31b)
V3 € C, D(a)D(B) = " =P D(a + B) = D(a)|B) = e ="D|a + ), (131¢)
DY(a)aD(a) = a+ a. (1.31d)

From these properties, we understand that the displacement operator is unitary and in-
duces a translation in the phase space of the harmonic oscillator. The photon number
parity operator IT is defined as

Il = eima'a, (1.32)
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Figure 1.6: Examples of Wigner functions. Panels (a), (b) and (c) show the Wigner func-
tions of Fock states |0), |1) and |2) respectively. Note that these Wigner functions are
radially symmetric. Moreover, the value of Wigner function at the origin 5 = 0 indicates
the parity of the state. Panel (d) shows the Wigner function of coherent state o = 2).
The coherent state looks like a displaced ground state as one would expect.

It is easy to see that the parity operator is Hermitian, i.e. I1' =TI, and the Fock states are

eigenstates of this operator with
I|n) = —1"|n). (1.33)

In words, the parity is +1 for even Fock states and —1 for odd Fock states.
In terms of the displacement and parity operators, the Wigner function W () is de-

fined as

W(B) = 2T (HD(-5)pD(5)) (139

where p is the density matrix of the harmonic oscillator. Therefore, the Wigner function
is proportional to the expectation value of the parity operator calculated on the displaced
density matrix. It is possible to show that the Wigner functions contain the same amount
of information as the density matrices (see [Haroche and Raimond, 2006, Appendix A.2]
1),

|ae = 2) in Fig. 1.6, for the purpose of illustration. The Wigner functions of the Fock states

for proof). We provide Wigner functions of Fock states |0), 2) and the coherent state

are azimuthally symmetric. The coherent state, on the other hand, looks like a displaced
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version of |0). This is to be expected since the coherent states are indeed obtained by
acting the displacement operator on |0) (Eq. 1.31a). Furthermore, the value of a Wigner
function at § = 0 is simply the expectation value of II. This realization is useful for
inferring the parity of harmonic oscillator states from this visual representation. Finally,
in the lab frame, the coherent state will rotate around the origin due to time evolution
under the action of the Hamiltonian of the oscillator. However, as in the case of qubits,

we will work in a rotating frame in order to eliminate this trivial rotation.

Errors on harmonic oscillators

Having established a visualization scheme for the density matrix, let us now turn our
attention to the errors that affect harmonic oscillators. The dominant error channel for
this system is typically the amplitude damping error. This error channel is modeled by
the dissipation of the form DI, /r1pna], where we have used £y, to denote the rate of
dissipation. The subscript ‘1ph’ in this notation refers to the power of @ in the jump
operator. The Kraus operators (see Sec. 1.1.3) for describing the evolution of density matrix

in presence of this error is given by

R __ p—K1phT\k d
My, = %e%wm*“ak, (1.35)

where k € N. The ¢~ 2%1pu7'a part of the Kraus operators is due to the back-action of the
environment when no photon-loss events are detected. Such lack of photons reduces the
relative probability of higher Fock states being occupied (as suggested by the e~ arpnTala
operator). We sometimes use the term energy relaxation error to describe this no pho-
ton jump evolution. The Kraus operators with £ > 0 describe the consequence of the
environment detecting k& photon jump events. We call such jumps as photon loss errors.

This division of the amplitude damping error channel into energy relaxation errors and
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(a) Amplitude damping

(i) Effect on Fock states: Photon loss (ii) Effect on coherent states: Relaxation towards |0)
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Figure 1.7: (a) Amplitude damping error channel for harmonic oscillator. We divide this
error into two separate effects. Sub-panel (i) describes the stochastic photon-loss effect.
This error is induced when the environment detects a leaked photon, thus causing a jump
from |n) to |n — 1) as indicated by the decaying wavy arrows. The widths of these arrows
are increased as we climb the ladder to indicate the increasing probability of decay for
higher Fock states. Sub-panel (ii) describes the energy relaxation effect. This determin-
istic evolution is induced by the back action of the environment when it does not detect
any leaking photons. Pure Fock states are unaffected by energy relaxation while coherent
states are pulled towards the ground state as shown. (b) Dephasing error channel for har-
monic oscillator. This error induces random rotations in the phase space of the harmonic
oscillator. Sub-panel (i) shows that individual Fock states are immune to this error since
they are eigenstates of a'a. Only superposition of Fock states are affected. For example,
panel (ii) shows how this error distorts the shape of a coherent state. The resulting banana
shaped state is no longer a pure state.

photon-loss errors will prove useful while discussing QEC. We illustrate the separate ef-
fects of photon-loss and energy relaxation in Fig. 1.7a. Sub-panel (i) of the figure shows

the result of a single photon loss on Fock states with the help of decaying wavy arrows.
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The width of the arrows are increased as we climb up the ladder to depict the higher prob-
ability of decay. Sub-panel (ii) illustrates the effect of energy relaxation by showing the
evolution of a coherent state under the action of amplitude damping error. The coherent
states, being eigenstates of the destruction operator, are essentially immune to the pho-
ton losses up to a global phase. However, under the action of e~ zripnTala operator, the
coherent states are pulled towards the center of the phase space, i.e. towards the ground
state |0), as shown in the figure.

The conjugate of amplitude damping is heating described by D[\/H_TCALT] where k4 is
the rate of heating. Typically, k4 < K1pn. Therefore, we will not consider heating error in
this thesis. On the other hand, a harmonic oscillator might inherit frequency fluctuations
due to its coupling to other noisy systems. These fluctuations generate random rotations
around the origin in Wigner function representation. The resulting error channel is called
the dephasing error and it is described by a dissipator of the form D[\/@cﬂ&] where £ is
the rate of dephasing for the harmonic oscillators. The Kraus operators for this error are
given by

~ Kot)! X
Ml,dephasing = (ZL')eénd’TnQﬁl forl € N. (136)

where [ € N. The effect of dephasing is illustrated in Fig. 1.7b. As shown, individual
Fock-states are immune to this error since they are eigenstates of a'a and have radially
symmetric Wigner functions. Only superpositions of Fock states are affected. As an ex-

ample, this error distorts the shape of coherent states as shown in Fig. 1.7b sub-panel

(ii).
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1.3

Summary and prelude to the next chapter

In this chapter we have developed the basic notation required for understanding the rest

of this thesis. The important takeaway points from this chapter are as follows:

()

(ii)

(iii)

(iv)

The density matrix can be used for describing arbitrary states of a quantum system

including pure and the mixed states.

The Lindblad master equation describes the time evolution of the density matrix in
the differential form. An integral representation of the time evolution of the density
matrix for a given time-step 7 is given by the Karus maps. The operators describing
the Kraus maps depend on time step 7. The Kraus map representation is extremely

useful for describing errors on the quantum systems.

The Bloch sphere can be used as a visualization tool for the density matrices of the
qubit. In case of harmonic oscillators, the Wigner function is the tool of choice in

our case.

The major sources of errors on the qubits are amplitude damping and pure dephas-
ing. We also introduced the bit-flip error on the qubit which replaces amplitude

damping as the dominant source of error in certain cases.

In the case of harmonic oscillator, amplitude damping is the dominant error channel.
For sake of convenience, we divide amplitude damping in photon loss errors and
energy relaxation. Photon loss corresponds to the cases where the environment
detects leaked photons and the energy relaxation arises due the back-action of the

environment when no photon loss events are detected.

(vi) Another source of error in the harmonic oscillator is dephasing. This error can be
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significant when frequency fluctuations are induced in the oscillators due to cou-

pling with other nonlinear systems.

Having introduced these basic quantum systems and the errors which affect them, we
are now ready to discuss how to correct them. We provide a brief introduction to QEC in

the next chapter.



Chapter 2

Introduction to quantum error

correction

In this chapter we turn our attention to some of the important concepts behind quantum
error correction. The following section (Sec. 2.1) introduces the basic principles. This task
is accomplished by first introducing the necessary and sufficient conditions for an encod-
ing to protect against a given set of errors and giving an explicit construction for detection
and recovery from these errors. We then discuss, in some depth, a few well known exam-
ples of QEC codes. These examples provide us opportunities to demonstrate QEC in action
and also to discuss the limitations of QEC. It becomes clear that the hardware overhead in
traditional QEC makes the task of error correction quite challenging. As a solution to re-
ducing the overhead involved we discuss we introduce the concepts of hardware efficient
QEC and cite a few examples of the same in Sec. 2.2. A more detailed discussion of a spe-
cific hardware efficient encoding, the “cat code”, is included in the next chapter. Although
hardware-efficient QEC reduces the overhead associated with quantum systems, there is
still a significant ‘software overhead’ resulting from making real-time decisions during

the error correction protocol. In Sec. 2.3 we show that every QEC code can be converted

29
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to instead operate in a fully autonomous manner such that no real-time decision making
is required. The discussion in this chapter is not a comprehensive review. It is rather a list
of concepts that will be useful later in the rest of the thesis. We refer the interested reader

to the seminal book by Nielsen and Chuang [2011] for further insights.

2.1 Basic principles

The idea of error correction, by itself, is not new. From ancient pendulum clocks to mod-
ern telecommunication, there are multiple examples of error correction in the classical
domain. As a specific example, let us consider the protection of a single classical bit. We
add some redundancy to the encoding of the bit by employing three bits with 0;, — 000
and 1;, — 111. Here subscript L indicates logical 0 or logical 1. Let us consider what
happens when errors occur on the individual bits. Suppose, after sending the informa-
tion through a noisy channel, we receive an output of 001. In this case, the most likely
input of the channel was 01, = 000 corresponding to an error on a single bit. Hence, by
considering a majority vote on these bits, we recover the initial information.

The picture does not appear to be so straightforward in the case of quantum systems.
To begin with, the no cloning theorem prevents the duplication of a qubit. Moreover,
QIP requires superposition of quantum states. Therefore, straightforward measurement
of qubits is not permissible since that will destroy the superposition. Finally, quantum
errors are continuous. As an example, it is possible to partially rotate a qubit around say
X-axis, resulting in an erroneous superposition of the form ¢,|g) + c.|e). This makes
the task of QEC seem insurmountable. However, it turns out, these difficulties do not
make QEC impossible. In fact, it is possible to utilize the notion of redundant encoding
in quantum systems as well. The schemes for encoding quantum information in error

resilient manner are called QEC codes. In this section we provide a brief introduction to
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the theory of QEC codes along with some examples and pitfalls associated with QEC.

2.1.1 The Knill-Laflamme conditions

We start our discussion by introducing the general conditions under which QEC is pos-
sible. The material presented here is simplified for the purpose of this thesis. A more
detailed discussion is available in [Nielsen and Chuang, 2011].

Formally, a QEC code is defined as a subspace C; of a larger Hilbert space H. For
simplicity we will assume that Cy has a dimension of 2 and is spanned by orthonormal
code words |0y,), |11.), the 0 and 1 of our ‘logical qubit’. A compact notation for denoting
this is given by

Co = Span{|0r), |11} (21)

We also define the errors acting on the whole system described by H as a set of error
operators £ = {Eo =1,F, Es, ..., Em} Under the action of these errors, a state [¢)) €
‘H evolves as EkW) and the evolution of the system density matrix is given by E'kaA’,i
Note that, since we are describing errors, E}, do not have to be unitary operators.

What are the conditions for recovering the information stored in our ‘logical qubit’ in
spite of these errors? The necessary and sufficient conditions on C; for recovering from a

given set of errors £ are known as the Knill-Laflamme conditions. These are given by
<UL’E;1EI|UL> = o kOuw, (2.2)

for every Ek, El € £and u,v € {0, 1}. Here oy, are entries of a Hermitian matrix v and
are independent of the state vectors in Cy. d,, is the Kronecker-delta function. Intuitively,

the Knill-Laflamme conditions convey the following:

1. Orthogonal state vectors in Cj should remain orthogonal under the action of all the
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errors in a correctable error-set £. This is enforced by the Kronecker-delta function.

2. The superpositions in Cj should not be distorted under the action of the correctable

errors. This is enforced by the condition that a; ; is independent of the state vectors.

In addition, it is easy to verify that any linear combination of the correctable errors also
satisfies the Knill-Laflamme conditions and therefore, is a correctable error. On the other
hand, products of two operators in £ may not satisfy the above conditions. Therefore,
if two correctable errors occur simultaneously, or one after the other such that the first
error is not corrected before the second error occurs, then the system may develop an
uncorrectable error.

We now outline an explicit construction for recovering from the errors. First, by tak-
ing a linear combinations of the operators in £, we construct a set of operators {ﬁo =
I , F 1, 12 Dy enns F A } which diagonalize the Hermitian matrix . In terms of the orthogonal

error operators F}, the Knill-Laflamme conditions are now stated as
<uL|FII‘Fl|UL> = dk,kalk(suva (23)

where dj, ;, are the eigenvalues of a. This implies that each error operator B 1. acting on
the code space C, takes the code space to an orthogonal subspace C;, when k # 0. We call

Cr=0 as error spaces. A short hand notation for representing this is given by

/\

FyCy = C = Span { mmm \/—|1L>} = Span{|0f), [17)}. (2.4)

Here +/dyy, is used in the denominator to make sure that the |0f),

[) are normalized. We

also construct construct unitary operators that map the code space to the error spaces.
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These are given by
U = [0F)(OL] + 1) (Lol + 10L) (OF | + [1L)(LF] + Tr—co-cy (2.5)

where a projector on the rest of the Hilbert space is added to make sure that Uy is a
unitary operator on the full Hilbert space H. Now, error detection and correction can be
accomplished in the following manner. First, perform a set of syndrome measurements

which measure the projectors on Cj, given by
Pe, = [0)(OF| + [1£) (1E - (2.6)

Note that the projectors are Hermitian operators and hence can be used as observables.
This will tell us which of the errors, say F k., has occurred and the system will be left
in the corresponding error space Cx without destroying the underlying superpositions,
therefore keeping the information intact. The original state of system can be recovered
by the application of the unitary (A];r( thus recovering from the error.

A critical reader might object at this point that decoherence is described by a ‘con-
tinuous’ Kraus map given by M(p) = >, M;.pM, as we discussed in Sec. 1.1.3 and not
by a ‘discrete’ set of operators as we have considered in this section. For simplicity, let
us assume that the Kraus operators satisfy the Knill-Laflamme conditions in the form de-
scribed in Eq. 2.3, i.e. M, = E}. Under the action of these operators p — >, kaF,I
After we perform the syndrome measurement, however, the map will still be projected
on one of the error spaces, say FxCy = Ck. In other words, measurement of the error
syndrome effectively discretizes the errors. Hence, a continuous error on the system can
be corrected by accounting for a discrete set of error operators.

As a word of caution, although the construction presented here works, it is not very
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T

Figure 2.1: Three qubit bit flip code. Before passing through a noisy channel, the initial
state [1)) = ¢0|0) 4 ¢1|1) of a qubit is redundantly encoded, with the help of two additional
qubits and CNOT gates, to get |¥) = ¢|0,0,0) + 11,1, 1). The error channel flips each
bit with a probability p. Assuming at most one bit-flip, the goal is to detect which qubit
has flipped without measuring the individual qubits. This is accomplished by adding two
ancillary qubits and applying appropriate CNOT gates to map the error syndrome 0, ;5 o
on the first ancillary qubit and ¢, ;5,2 on the second ancillary qubit. The measurement
outcomes e1, e, reveal which qubit has flipped (see table 2.1). The bit flip error is corrected
by processing the measurement record classically and applying an X rotation on the
qubits, conditioned on e; and e;. We depict the classical decision making by employing
e1, €, € and €, as powers of the X rotations.

(i) Redundant encoding : Bit-flip error channel ! (ii) Error detection E(iii) Error correction
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efficient to implement. Typically, while constructing QEC codes, one needs to take ad-
vantage of some clever underlying structure of the code to identify and correct for the
errors more efficiently. Moreover, especially in infinite dimensional systems, some of the
errors only approximately satisfy the Knill-Laflamme conditions. Care has to be taken
while constructing recovery operations for such errors.

Armed with this general framework, we now consider some examples of quantum

error correction codes.

2.1.2 Examples of QEC codes

One of the easiest examples of QEC is the three-qubit bit-flip code. This code is essentially

the quantum counterpart of the classical 3-bit majority vote code that we discussed in the
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beginning of this section. Suppose our initial qubit is in a state given by

We encode this information with the help of two additional qubits into an entangled state
given by
|U) = ¢0|0,0,0) +c1|1,1,1). (2.8)

Note that this encoding cleverly sidesteps the no-cloning theorem by using entanglement.
Such a state can be created with the help of two CNOT gates as shown in Fig. 2.1 under
the title of redundant encoding. More formally, the code space Cj for the bit-flip code is
defined as

Co = Span{|0r) =10,0,0), |11) =|1,1,1)} (2.9)

Now let us study the effects of single qubit bit-flip errors on this code-space. The effect of

the bit-flip o, , on Cy is given by

0'17160 = Cl = Span{\l, O, O>, |O, 1, 1>},
0'17260 = Cg = Span{\O, 1, O>, |1, O, 1>},

01,360 = CS = Span{|07 0, 1>7 |17 L, O>} (210)

It is easy to verify that all the basis states of Cy, Cy, Co, C3 are orthogonal to each other. As a
result, the bit-flip code satisfies the Knill-Laflamme conditions for £ = {f 021,022,053}
with oy, = J;,. In other words, all the single qubit bit-flip errors are a correctable and
orthogonal set of errors for this code.

Now the question becomes, how do we detect which error has occurred and how do

we correct that error? As we discussed in the last section, this could be accompliished by
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’ Subspace \ Subspace basis \ Eigenvalue of 7, 15 2 \ Eigenvalue of 7, 20 3 \ e \ (< ‘

Co |0,0,0),[1,1,1) +1 +1 010
Ci 11,0, O>,\O,171> -1 +1 110
Co |0,1,0),|1,0,1) -1 —1 1)1
Cs |0,0,1),1,1,0) +1 -1 011
Table 2.1: Outcome of the error syndrome measurements for the bit-flip code.

measuring the projectors pck on Ci.. However, there is a more efficient way of accomplish-
ing the same thing. The syndromes that we utilize for detecting the errors are given by
0,102 and 0,20, 3. The states in each of the subspaces mentioned earlier are eigenstates
of the syndrome operators with different combinations of eigenvalues as summarized in
table 2.1. Thus, performing a measurement of the syndrome operators indicates which of
the three bits has flipped, if any. A quantum circuit in terms of CNOT gates and two an-
cillary qubits is shown in error detection part of Fig. 2.1. The first ancillary qubit is flipped
if the eigenvalue for 6. 15, 2 is —1, otherwise the qubit remains in the initial state |0). By
measuring the state of this qubit, a classical entity can infer the eigenvalue to be +1 if
the measurement outcome e; is 0 and —1 if the measurement outcome is 1. Similarly, the
measurement outcome e, for the second qubit indicates the eigenvalue for 7, 20, 3. Note
that these measurements do not destroy the superpositions since both the basis states in
any of the subspaces lead to the same measurement outcome. In other words, the mea-
surements do not distinguish between 0 and 1 of our logical qubit thus preserving the
superpositions. Finally the correction is accomplished by classical processing of the mea-
surement record and applying a X rotation on the appropriate qubit thus accomplishing
the error correction.

It is instructive to elaborate some important concepts with the help of this example.
Firstly, as we discussed in Sec. 1.2.1, the bit flip error channel introduces random rotations
around the X-axis. Let us assume, for the purpose of illustration, the first bit undergoes

a random rotation through X, ; = cos(¢/2)I + isin(/2)é,1. Under the action of such
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a rotation, the encoded state | V) evolves as
X,1|¥) = cos (%) |W) + isin (%) |Wy), (2.11)

where |V) = ¢9|1,0,0) + ¢1]0,1,1) € C;. After the application of CNOT gates between
the encoding qubits and the first ancilla qubits, the combined state of the system is given
by cos(¢)|¥,0) + isin(¢)|¥q,1). The measurement of this qubit then projects the en-
coding qubits in |V) if ey = 0 and |V,) if e, = 1. Thus, a seemingly continuous error
is projected to either no error or a bit-flip on the first qubit. This is called discretization
of quantum errors and reduces the seemingly intractable problem of QEC to correcting
for a discrete set of errors. Moreover, this is consistent with our discussion about Knill-
Laflamme conditions in the last sub-section. X, ; is nothing but a linear combination of
I and 0,1 error and is therefore correctable for the three-qubit bit-flip code.

Next, let us consider products of two correctable errors. Of course, the products given
by &x,kf or 6§7k — ] are still correctable. However, what happens when there are bit-flip
errors on two qubits? Let us suppose there are simultaneous bit-flip errors on qubit 1 and

2 described by 0, 16, 2. Under the action of the these errors, the code space Cj evolves as
6%16%2&) = Span{|0,0,1>,|1,1,0>} :Cg. (212)

This implies that the error syndrome measurement will detect e, = 0 ande; = 1. Asa
result the correction will flip the third qubit as well. This causes complete loss of informa-
tion since |0r,) maps to |11,) and vice versa, a ‘logical bit-flip’. In the case where there are
bit-flip errors on all the qubits, the error syndrome is same as that in the case of no errors
and therefore results in a complete loss of information. Hence, bit-flip errors on multiple

qubits are not correctable with the three-qubit bit-flip code. Of course, one only needs to
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check the Knill-Laflamme conditions to assert this. In order to gain an insight into when
it is beneficial to use the bit flip code in spite of the possibility of multi-qubit errors, let
us perform a crude calculation. Let p be the probability of bit flip for every qubit. Then,
an un-encoded qubit returns the correct information with the probability (1 — p). In case
of the bit-flip code, the information is conveyed correctly when there are no errors, or
only single qubit errors. Hence the probability of faithful information recovery is given
by (1 — p)® + 3p(1 — p)?. Comparing the two probabilities, it turns out the bit-flip code
is advantageous as long as p < 1/2. Keep in mind this calculation assumes perfect gates,
state preparation and measurement. We will consider the effect of imperfect components
in the next sub-section.

More advanced codes have been constructed for protecting against multiple bit-flips
and other kinds of errors. Accomplishing this requires larger Hilbert space. It is possible
to address all the single qubit error channels with the help of the nine-qubit Shor code
or seven-qubit Steane code or a five qubit code which is the minimum required size of
the Hilbert space. As an example, we present the error detection and correction steps for
the seven-qubit Steane code in Fig. 2.2. The code requires seven encoding qubits and six

ancillary qubits for error syndrome measurement. The code space of the Steane code is

spanned by
1
|0p) :ﬁ (/0000000) + {1010101) + [0110011) + [1100110)
+|0001111) + |1011010) + |0111100) + [1101001))
and

1
1) =—= ([1111111) +[0101010) + [1001100) +[0011001)
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Figure 2.2: Error detection and correction for the Steane code. One logical qubit is en-
coded by utilizing seven physical qubits. In order to measure the error syndromes for this
code, one requires six ancillary qubits, and multiple CNOT gates as shown. This adds to
the overhead associated with the code. The first three ancillary qubits measure the error
syndrome associated with the bit-flip error while the next three qubits measure the error
syndrome for the phase-flip error. In addition, a random rotation of a qubit around the
Y -axis can be expressed as a product of bit-flip and phase-flip errors on the same qubit.
The Steane code also protects against such a product. Therefore, any arbitrary error is
corrected, as long as it affects only one qubit.

+/1110000) + |0100101) + [1000011) + [0010110)) .
The set of correctable errors is given by
€ ={1,601 6yk: 6-4lk € {1,2,3,4,5,6,7}}. (2.13)

It is time consuming to verify the Knill-Laflamme conditions for such a code. However,
it is clear from this set that all the single-qubit errors are correctable since they can be

expressed as linear combination of the operators in £. The first three ancillary qubits in
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Fig. 2.2 measure the error syndrome for the bit-flip error on any of the qubits. Due to the
clever structure of the Steane code, the location of the bit-flip can be inferred by treating
€3, €9, €] as a binary number. For example an error syndrome of e3 = 1,e5 = 0,e; = 1is
a bit-flip error on the 5" qubit. Similarly, the next three ancillary qubits measure the error
syndrome for the pure-dephasing error on the qubits. Here the location of the error is read
by treating eg, €5, €4 as a binary number. Since the error syndromes for bit-flip and phase-
flip are independent, in this special case, the product of the two errors 7, 1,0, = 10, 1, is
also a correctable error.

The two codes presented here along with the Shor code and the five-qubit code men-
tioned above are examples of a broad class of QEC codes called the Stabilizer codes. The
Stabilizer formalism provides a tractable way to deal with Knill-Laflamme conditions, er-
ror syndromes and even gates on the logical qubits in a compact notation. However, in
this brief introduction, we will not delve into a discussion of this formalism. Instead, we

move on to some of the pitfalls associated with QEC codes.

2.1.3 Failure modes of QEC and fault tolerance

This sub-section is dedicated to the discussion of the failure modes associated with QEC
codes. We study these issues with the example of the Steane code in mind. As stated
in the last sub-section, the Steane code requires seven encoding qubits and six ancillary
qubits, i.e. a total of 13 qubits, for realizing a single logical qubit. The state of the art
programmable quantum processors, as of writing of this thesis, have a maximum of 53
qubits [Arute et al, 2019]. Moreover, as shown in Fig. 2.3, there are multiple sources of
errors that the code cannot address. For example, especially in superconducting circuits,
it is very common to have spurious interactions between various qubits of a quantum pro-

cessor. This would lead to uncorrectable two-qubit errors. Additionally, since qubits are
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Figure 2.3: Zoomed in portion of Fig. 2.2 with different failure modes marked in red. These
failure modes affect any QEC code in general and get worse with increasing hardware
overhead. For example, having more encoding qubits leads to a higher probability of
failure modes 1, 2 and 3. More ancillary qubits lead to higher probability of failure modes 4,
5 and 6. Moreover, entanglement between the encoding qubits and an ancillary qubit may
result in errors on the ancillary qubit converting to added errors on the encoding qubit.
This is called error propagation (failure mode 7). These failure modes need to be carefully
considered before attempting to implement QEC. Figure inspired from [Petrenko, 2016].

typically implemented as two-level approximation of a multi-level system e.g. transmon,
there is some probability associated with the qubits leaking out of the |0), |1) manifold.
Moreover state preparation and measurement (SPAM) errors and erroneous gates also
degrade the fidelity of real-world implementations. Apart from these errors affecting in-
dividual qubits, one also has to be careful about error propagation. An error on a single
qubit is copied over to other qubits when we apply multi-qubit gates. These issues are
listed pictorially in Fig. 2.3.

In presence of these issues, how does one ensure reliable storage and processing for
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quantum information? The answer to this question is explored through the concept of
fault-tolerant quantum computation (FTQC). The first step behind FTQC is to perform
computation directly on the error corrected logical qubits with the help of the, so called,
fault-tolerant operations. These operations are designed to limit the spread of the errors
through the system. As a simplified definition, an operation is called fault-tolerant if fail-
ure of a single component of the operation leads to only a correctable error on the system.
For a broad class of codes which correct all the errors on a single qubit, this essentially
means that the failure of single component should cause an error on at-most one qubit.
With such fault-tolerant operations, the probability of lowest order uncorrectable error,
i.e. an error on two-qubits, is given by cp* where p is the probability of failure for each
component and c is essentially the number of pairs of points where failure may occur.
The next step for FTQC is to use these error-corrected logical qubits and operations, as
individual components for another level of error correction. This is called concatenation
of the QEC codes. Concatenation is beneficial only if the probability of uncorrectable
errors cp® in the first layer is less than the probability p of faults in non error corrected
components, i.e. p < Pyureshold = 1/¢. Under such conditions, the successive levels of
concatenation allow one to perform a given computation with better and better accuracy
i.e. in a fault-tolerant manner.

As a particular example, the error threshold for the Steane code is typically estimated
to be Pipreshold ~ 107* [Nielsen and Chuang, 2011], i.e. every component of the code
should have at least 99.99% accuracy. Considering today’s noisy implementation this
seems far fetched. The main reason for such a low threshold is the high number of points
where the implementation could go wrong. Better codes have been constructed, for exam-
ple the Surface code [Kitaev, 2003], which execute FTQC without the need of additional
concatenation. For superconducting qubits, the error threshold for the Surface code is still

around 1072, i.e. 99% fidelity for every component [Fowler et al., 2012].
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In the next section we will study a completely different approach to QEC which min-
imizes the required hardware, thus reducing the number of points where things could go

wrong.

2.2 Hardware efficient encoding

As we discussed in the previous sub-section, the hardware overhead associated with tradi-
tional QEC adds many potential failure points, thus leading to very low error thresholds.
Moreover, manipulating such a high number of qubits simultaneously is extremely hard
in practice. In this section we briefly discuss a few examples of hardware efficient QEC. A
more detailed study of one of these codes, the cat code, is undertaken in the next chapter
along with the considerations for autonomous error correction.

The immediate goal of hardware efficient QEC is to minimize the hardware required
for information encoding as well as error detection and correction. How could we obtain
the large Hilbert spaces required for redundant encoding with the minimum hardware?
The answer lies with the use of infinite dimensional systems. Many examples of such
systems are available. For example, a rigid quantum rotor, a particle in a box, a harmonic
oscillator, all have infinitely many energy-eigenstates. In the case of superconducting
circuits, the most easily available infinite Hilbert space is that of the harmonic oscillators.
Moreover, these oscillators can be engineered with very low error rates in the domain
of superconducting circuits. Therefore, here we will focus on QEC codes called bosonic
codes which encode information in the Hilbert space of a harmonic oscillators.

Coming from the perspective of traditional QEC, the binomial codes are perhaps the
most straight forward class of Bosonic codes [Michael et al., 2016]. These codes encode

information in superpositions of Fock states. The most basic example is a code spanned
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by
0) + |4)
V2

It corrects a set of errors given by & = {I,a} thus protecting against stochastic photon

loss events. More generalized binomial codes can be constructed by utilizing higher Fock
states which correct for up to P photon-losses, () photon gains and dephasing errors to

the R™ order, an error set given by

E={I,aa%. .. 4" af 4", . . . af9 n, 02, .. Al (2.15)

Moreover, such higher order codes do not require additional harmonic oscillators. This is
the power of infinite dimensional Hilbert space. On the other hand, with this encoding,
each of the errors in £ requires its own error syndrome measurement. Moreover, utilizing
higher and higher Fock states to correct more errors brings with it the higher error rates
associated with occupying these Fock states, since the rate of amplitude damping for the
n'® Fock state is n times higher. This increase in error probability is the overhead asso-
ciated with these harmonic oscillator. In addition, the operators in £ are not the Kraus
operators describing the amplitude-damping error channel which also includes the energy
relaxation given by e~mp7'0_ The Binomial codes approximately protect against this en-
ergy relaxation error up to the same order in x1,,7 as the number of stochastic-photon
jumps. However, a unitary operation required for countering the effects of this additional
evolution is hard to realize using a Hamiltonian with low-powers of a (i.e. lower order in
nonlinearity).

Another major class of bosonic codes is the cat codes [Mirrahimi et al, 2014]. Here,
information is stored in the superpositions of coherent states distributed symmetrically

around the origin of the phase space. For example, a four-component cat code utilizes
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| £ a) and | £ ia). In order to protect against P photon losses and () photon gains,
one requires a basis of 2(P + () + 1) coherent states. Thus the four-component cat code
protects against a single photon loss. The more interesting feature of this code emerges
when one considers energy relaxation and dephasing. It turns out, cat codes exponen-
tially suppress these errors as the amplitude |« of the coherent states increases. It is this
property of exponential suppression which makes cat-codes very interesting. The next
chapter discusses these codes in much more detail, since they are the central focus of this
thesis. In addition, we also develop a two-cavity cousin of the cat codes, called the pair-cat
codes. Although these codes increase the hardware complexity slightly, they have some
significant advantages over the cat codes.

The final class of bosonic codes that we mention are the Gottesman-Kitaev-Preskill
(GKP) codes. These codes are optimized for protection against small displacements in po-
sition and momentum of a harmonic oscillator. The information is stored using a periodic
lattice formed by the eigenstates of the position operator. The spacing is cleverly chosen
such that taking the Fourier transform results in a periodic lattice of momentum eigen-
states with the same spacing. Any error that can be expressed as combination of displace-
ments is protected in the case of GKP codes. However, we will not go in further details of
these codes in this thesis. An interested reader should refer to the original article [Gottes-
man et al., 2001] for a detailed introduction. These codes have been recently implemented
with ion-trap [Flihmann et al, 2019] and superconducting circuit [Campagne-Ibarcq et al.,

2019] architectures.

2.3 Autonomous Quantum Error Correction (AQEC)

Apart from the overhead associated with using multiple quantum systems, measurement

based QEC also requires real-time decision making in order to record and process the
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measurement outcomes, as well as to apply appropriate feedback on the quantum sys-
tems. Moreover, the duty cycle of such a feedback needs to be much shorter than the
lifetimes of the quantum systems for the error correction to be effective. As an example,
for superconducting quantum systems, this translates to a duty cycle of a few micro-
seconds. Accomplishing such a feat entails a significant overhead in terms of specialized
room temperature hardware. The question naturally arises, can this overhead be elim-
inated? Could the quantum systems correct errors autonomously without the need of
real-time decision making? This is the topic of concern for the current section, and, as we
mentioned previously, for this whole thesis.

Before discussing AQEC, let us first look at some simple examples of autonomous
feedback in the classical domain. Figure 2.4a depicts a finite state machine used for regu-
lating the temperature in a water heater. The action here is similar to the general notion
of error correction that we have studied. The controller actively measures temperature,
decides on a course of action i.e. to turn the heater on or not, and then feeds back on
the system. There is a finite duty cycle associated with such feedback which is set by the
wait time in the controller. We call this ‘discrete feedback’. On the other hand, the cen-
trifugal governor shown in Fig Fig. 2.4b autonomously regulates the speed of an engine
under variable load. When the speed of the engine is increased, the rotating spherical
weights move outward, raising a movable sleeve with them. The movement of the sleeve
feeds-back on the engine by closing the fuel supply valve, resulting in decreased speed. If
the speed is decreased below the set value then all weights move inwards which lowers
the sleeve, and, as a result, the fuel supply and thus the engine speed is increased. We
call such a real-time feedback as the ‘continuous feedback’. The example of the centrifu-
gal governor also illustrates one of essential requirements behind continuous feedback.
If there is very little friction in the system, then the weights tend to oscillate resulting

in unstable feedback. Therefore, friction, in many examples, holds a key to continuous
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(a) Finite state machine for water heater (b) Centrifugal governor  ® Tgload
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Figure 2.4: Examples of autonomous feedback in classical systems. (a) Stabilization of wa-
ter temperature with a finite state machine. A sensor records the temperature of the water,
a controller processes this data by comparing it with Ty + 07 If T' < Ty (T > Tiet)
then the heater is turned ON (OFF) for a specific amount of time before measuring the
temperature again. Such a feedback, where measurement, data processing and correction
are implemented through separate mechanisms, is called a discrete feedback. (b) Regula-
tion of engine speed in presence of variable load using a centrifugal governor. The two
spherical weights rotate with the engine shaft. When the engine speed is increased, the
spheres move outward, which moves the attached sleeve upwards. As a result of the sleeve
movement, the fuel supply valve is automatically closed, resulting in lesser fuel supply to
the engine. The drop in fuel supply results in lower speed of the engine thus resulting
regulation of the speed. In case the speed of the engine is lower than the set value, then
the whole chain of event reverses, resulting in higher fuel supply, and hence increase in
speed. Therefore, the centrifugal governor autonomously controls the engine speed. An
additional requirement for this autonomous feedback to work properly is the presence
of sufficient friction in the system. In absence of friction, the massive spheres will start
oscillating when the engine speed is changed, resulting in an unstable feedback.

feedback mechanisms.
Taking inspiration from these classical feedback mechanisms, let us turn our attention

to building such discrete and continuous autonomous feedback for QEC.
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Figure 2.5: Discrete autonomous feedback for the bit-flip code. The error syndrome is
mapped on to the ancilla using the same protocol as previously presented in Fig. 2.1. How-
ever, instead of measuring the ancillary qubits, the feedback is executed in an autonomous
fashion, by applying ancilla rotations and the Toffoli gates. Following the feedback, the
ancillary qubits are discarded.

Discrete AQEC

We first give a simplified picture for building discrete AQEC. In Sec. 2.1.1 we provided an
explicit construction of a two-step error detection and recovery mechanism for a set of
errors £ on a QEC code Cy. This was accomplished by measuring the projectors Pck on
the orthogonal error spaces Cj, as error syndromes, followed by a unitary operation U;r{
which corrects for the detected K" error. However, it is possible to accomplish the error
correction without first knowing the outcome of the measurement. Imagine an ancillary
system with Hilbert space H 4 such that dim(# ) > the number of error operators B k-
Now the error correction can be accomplished in the following manner. Step 1: Apply a

unitary operation Umap to map the errors on the ancillary system
Onap = > Loy @ | 1R)O1+ 100K+ > (00| | + Buess, e @ s (2.16)
k 1#{0,k}

which will entangle the &'" excited state |k) of the ancillary system with the k'" error

space Ci. In a measurement based feedback scheme, one would measure the state of the
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system at this point to project on to a single error K and then apply the feedback unitary
(A]}L( However, here we will take a different route. Step 2: Apply a feedback unitary of the

form

Ufeedback = Z U];r ® |k><k|, (217)
k

without performing any measurement. Under the action of this unitary, the states in error
spaces Cj, will revert back to the original code space Cy. Additionally the principal sys-
tem will disentangle from the ancillary system leaving it in a random superposition state
depending on which errors occurred. Therefore, in order to begin another round of error
correction, we undertake Step 3: Reset the ancillary system to its ground state i.e. dump
the entropy created in the ancilla. This approach detects and corrects the errors on the
system without having the necessity of real-time classical feedback. Of-course one might
object that resetting the ancillary system still needs measurement and feedback. How-
ever, it is possible to reset the ancillary system with the help of an engineered dissipation
instead as we see later. Moreover, step 1 and 2 need not be separate. A single unitary
given by UfeedbaCkUmap is enough. An example of discrete autonomous feedback in case of
the bit-flip code is presented in Fig. 2.5. The error detection step is the same as the one we
studied previously. However, the correction is implemented with the help of a feedback
unitary in an autonomous fashion as shown. After the feedback is finished the entropy of

the ancillary qubits is dumped as shown by the dustbin symbol.

Continuous AQEC

Next, we discuss how to build continuous feedback mechanisms for AQEC. This discus-
sion is a simplified version of a formal construction by Lihm et al. [2018]. The task of
continuous protection is accomplished by engineering additional dissipation on the sys-

tem. At first glance, adding dissipation to the system seems counter intuitive since that
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might increase the errors on the system. However, such dissipation, if appropriately engi-
neered, can effectively suppress errors on the system. The Lindblad jump operators [A/kveng

for such engineered dissipation are given by

Lieng = /Theng (00) (OF] + [11)(1F]) | (2.18)

where 'y e is the rate of the k™ engineered dissipation. The express purpose of this
operator is to dissipate all the error spaces Cy, to the original code space Cy in a coherent
manner. The complete Lindblad master equation of the system in presence of the engi-
neered dissipation is then given by

p= =3 H + Hagopl + Y _DILiJo+ Y Dllenglp. (2.19)

j k

Here H is the intrinsic Hamiltonian and f}j are the Lindblad jump operators corresponding
to the intrinsic dissipation. We have also added an engineered Hamiltonian H eng in order
to cancel the effect of any spurious evolution under the intrinsic Hamiltonian. If the
Kraus operators describing the evolution under the intrinsic dissipation satisty the Knill-
Laflamme for our QEC code and all the rates of intrinsic dissipation I' < I'¢y, the rates
of engineered dissipation, then it is possible to show that the errors on the system are
effectively suppressed. We refer the interested reader to [Lihm et al.,, 2018] for a more
formal discussion and a proof.

In many cases, the Kraus operators describing the density matrix evolution only ap-
proximately satisfy the Knill-Laflamme conditions. This is especially true for the bosonic
codes like the binomial codes and the cat codes. In those cases additional dissipation op-
erators are needed in order to make sure that the system does not leak to the rest of the

Hilbert space, i.e. to H— | i Ci- Lihm et al. also indicate how to construct these additional
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dissipation operators. In this thesis, however, we will not go in the details of this general
construction. Instead, we focus on the particular example of the cat codes and the pair-cat
codes.

Being able to find out the dissipation operators, required for protecting against the
errors affecting a system, is very encouraging towards our goal of realizing the error
protected logical qubit. At the same time, writing such operators is just the first step. The
more challenging part is to engineer the required dissipation operators from using the
set of interactions that are naturally available in a system. For example, the dissipation

operators needed for the bit-flip code are given by

L eng =v/Teng (10,0,0)(1,0,0] +[1,1,1)(0,1,1|) (2.20)
Laeng =1/T2.eng (10,0,0)(0,1,0] + [1,1,1)(1,0,1|) (2.21)
Lieng =1/Ts.eng (10,0,0)(0,0,1] + [1,1,1)(1,1,0]). (2.22)

A scheme for implementing the bit-flip code dissipation operators shown above is pre-
sented in [Cohen and Mirrahimi, 2014]. It requires three transmon qubit modes, one
low-(@) oscillator mode and four off-resonant pumps. In addition, careful tuning of the
parameters is required for the scheme to not introduce any additional dephasing errors
on the system since those errors are not corrected by the code. This highlights some of the
difficulties encountered while implementing continuous AQEC. The Steane code required
for correcting all the single-qubit errors, requires even more engineered dissipation op-
erators to account for all the error spaces. As a result, it is immediately clear that the
hardware efficient QEC codes are better suited for continuous error correction. However,
even such codes often require highly nonlinear interactions for implementing the cor-
rective dissipation. Therefore, our attempts to implement the continuous codes focus on

two aspects: (i) obtaining higher-order nonlinear interaction from easily available lower-
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order interactions and (ii) proposal for a new code, the pair-cat code, which allows us

to implement the required dissipation operators using the technology developed in this

thesis.

2.4

Summary and prelude to the next chapter

This chapter has provided an introduction to QEC along with a discussion about FTQC,

hardware efficient encoding and most importantly, autonomous QEC. Some of the key

concepts from this chapter are as follows:

()

(i)

(iii)

The Knill-Laflamme conditions state that, an error on an encoding is correctable,
if and only if, the error maps the code space to itself or an orthogonal sub-space
without any distortions. Moreover, if a code space satisfies the Knill-Laflamme con-
ditions for a given set of error operators, then an explicit recovery mechanism can
be constructed. That Knill-Laflamme conditions are neccessary and sufficient for

QEC.

If a set of error operators are correctable, then all the superpositions of those oper-
ators are correctable. As a result, quantum errors, in many cases, can be treated as

discrete.

Redundantly encoding information using multiple qubits results in a significant
hardware overhead. This hardware overhead can be minimized by utilizing infi-
nite dimensional Hilbert space of the harmonic oscillators to encode information

with the help of bosonic QEC codes.

Every measurement based quantum error correction process can be converted to
discrete AQEC given the availability of necessary unitary operations and the reset

of the ancillary qubits.
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(v) Errorscan be suppressed in a continuous fashion by engineering specific dissipation
operators that map the error spaces back to the code space and prevent the leakage
to the rest of the Hilbert space. Such continuous error correction can be especially
powerful since only always-on continuous wave tones are required for protecting

against errors. This is expected to result in many hardware simplifications.

With our goal of autonomous error correction in mind, the next chapter (Ch. 3) presents
an introduction to the hardware efficient cat codes, with a special emphasis on the au-
tonomous protection of these states against energy relaxation and dephasing errors. Chap-
ters 4 to 6 cover the requisite Hamiltonian engineering techniques for this autonomous
correction. The pair-cat code, which is our candidate for implementing the fully au-
tonomous correction against all the errors to the first order, is introduced in the final
chapter (Ch. 7). Building on the Hamiltonian engineering techniques developed in the
rest of the thesis, we provide an explicit experimental proposal for implementation of this

code.



Chapter 3

Cat codes: Hardware efficiency and

autonomous error correction

The last chapter explained the basic principles of QEC along with some examples of QEC
codes and their limitations. As a result, it emerged that hardware-efficient encoding and
autonomous error correction present significant benefits over traditional QEC codes. In
this chapter, we study a family of codes, called the cat codes, which store information in
the Hilbert space of a harmonic oscillator and allow for protection against photon loss
errors (Sec. 3.1). Through our discussion, it becomes clear that the protection of this code
against other errors, e.g. the energy relaxation and dephasing, will greatly benefit from
an autonomous driven-dissipative stabilization approach. A detailed explanation of such
driven-dissipative stabilization is provided in Sec. 3.2. This is followed by Sec. 3.3 which
briefly considers some recent developments that show where the cat codes fit into the big
picture of FTQC. Finally Sec. 3.4 provides a summary of this chapter and a prelude to the

next chapter.

54
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3.1 The cat codes

The cat codes store information in the superpositions of the coherent states of a single
harmonic oscillator. As we discussed in Sec. 1.2.2, the coherent states are eigenstates
of the destruction operator with a|la) = «|a) where a € C is the complex amplitude

characterizing the coherent state. In the Fock basis, these states are represented as

n

) = F Y j‘mm. (3.1)

n=0

In order to store information with these states we first need to check if they are orthogonal
to each other. The overlap of two coherent states can be obtained using the Fock-basis

representation, and is given by

1

(Bla) = e~z (aPHIP=28")  |(g1q) |2 = gl (3.2)

It is clear that two coherent states are never orthogonal to each other. However, as |« — 3|
increases, the overlap between the coherent states exponentially decreases. As an exam-
ple, for |a — B3| = 3, the overlap is |{3|a)|? is around 0.012%. Therefore, it should be
possible to utilize well-separated coherent states for storing quantum information. The
cat-code in particular utilizes coherent states that are placed in a circle around the origin
of the phase space. In the next sub-section we study the two-component cat states which
store one-bit worth of information. This is followed by a discussion of four-component
cat states and the protection against the photon loss errors in a hardware efficient manner
using such states. We also discuss the effect of energy relaxation and dephasing errors on

these states.
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Figure 3.1: Panels (a) and (b) show the Fock state population distribution and the ideal

Wigner function of the two-component cat state |CC(Y0:H210G1 2)>. The bars in panel (a) are col-

ored red to indicate that only even states participate in a (0 mod 2) cat state. The distri-
butions are centered around the average photon-number 71 = |a|> = 4 which essentially
the size of constituent coherent states. Panels (c) and (d) show the Fock state population
distribution and the ideal Wigner function of the two-component cat state \CS:QIOd 2)). The
bars in panel (c) are colored blue to indicate that only odd states participate in a (1 mod 2)
cat state. The photon-number parity of the respective states is also inferred from the value
of the Wigner function at 5 = 0.

3.1.1 Two-component cats

Two-component cat states store information in the superpositions of two coherent states

| + ). We define the even and odd superpositions of these coherent states as

€042 = NP9 (Ja) +| - a)

|CC(¥1m0d2)> _ Nc(xlmOdZ) (Ja) — | — a)), (3.3)

respectively with the letter C in this notation indicating a cat-state. The significance of

(0mod 2) and (1 mod 2) will be clear once we expand these states in terms of the con-
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(pmod?2)

tributing Fock states. The normalization constants Vg are given by

1
V2(1+ (=1)p x el

Npmod2) _ (3.4)
o :
The +2¢ 21 term in the denominator is the consequence of the nonzero overlap of the
coherent states, and, for a reasonably large |/, Npmed2) g /\/2. Now, let us represent

these two-component cat states in terms of the contributing Fock states. We obtain

ol2 o0 a?n
C(O0mod2)y _ zNéomodz)e—% m 35
CE™e1) 2 Y DI (3.5)
o 2n+1
‘Cé1m0d2)> — 9N 1m0d2) 7|— Z ‘271 +1 (36)
vV (2n+1
Therefore, |C{" ™ 2)> is a superposition of the even Fock states and |C (}mod 2)> is a super-

position of the odd Fock states. The notation (k mod 2) implies that only the Fock states
corresponding to the k' residual class of 2 contribute. Finally, it should be noted that

these cat states are the eigenstates of the parity operator I = ™' with

ﬂ‘cé0m0d2)> -+ 1|Cé0m0d2)>7

ﬁ‘célmodm) — 1|c(i1m0d2)>. (37)

We have provided a pictorial representation of the Fock-state populations and Wigner
functions of these states in Fig. 3.1 assuming o« = 2. The Fock-state distributions have
an average photon-number (center of the distribution) of 7 = |«a|*> = 4. The parameter
n = ]04|2 is often regarded as the size of the coherent states and, by extension, the cat
states, for this reason.

It is possible to store information in the manifold spanned by the two-component cat

states. We declare our logical 0 and logical 1 as [0r) = [C"™??) and [11) = |C{ ™).
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Figure 3.2: Information encoding and the effect of a photon loss for two-component cat
states. (a) |Cé0m0d2)> is taken to be |0,) and ]Cél m°d2)> is taken as |1y,) for the purpose
of encoding. The eigenstates of the logical 6, operator for this encoding are simply the
individual coherent states with |£1) = | + «). The eigenstates of the logical 5, are the
parity less Yurke-Stoler cats, here denoted by \YOEOi“ mod 2)). (b) The effect of a single
photon loss on the encoding presented in panel (a). As shown, the eigenstates of 5, and
o, of the logical qubit are flipped, however, the eigenstates of &, remain unaffected since
coherent states are immune to photon loss. As a result, photon loss events create a logical
bit-flip which is random 180° rotation around the z-axis of the Bloch sphere. A photon
loss error also leads some distortion of the cat state manifold. However, such distortion is
suppressed for a large enough || (see text).

Note that choosing such a basis has an advantage of making the two logical states com-

pletely orthogonal to each other. This logical encoding is represented in panel (a) of

Fig. 3.2. As shown in the figure, the eigenstates of the logical 6, operator are

|Cé0rn0d2)> + |C((11 mod2)>

V2

|£L) = ~ |+ ) fore 2ol « 1. (3.8)

Similarly, the eigenstates of the logical 6, operator are the so called Yurke-Stoler cats [Yurke
and Stoler, 1986] which we here denote as |Y050ﬂ1 mod 2)). The notation (0 441 mod 2) im-

plies a superposition of a (0 mod 2) and +i times the (1 mod 2) cat, i.e.

V2 V2

[y 01 mod2)y fore 2ol « 1. (3.9)
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Here we have ignored a global phase while representing in terms of | - ). An expansion
of the |chojti1 mod 2)> cats in terms of the contributing Fock states shows that both even and
odd Fock states contribute. Therefore, these are not the eigenstates of the parity operator.
As a result, these states are sometimes termed as the parity-less cats.

Figure 3.2b shows the effect of loosing a single-photon on our code space. We model
this error by acting the destruction operator a on the states in the code space. As one

would expect a single photon loss takes an even state into an odd state and vice versa.

That is
(0 mod 2)
d‘c(Omon)) — Na ‘ (1mod2)>
o N(l mod 2) o
No(él mod 2)
and a|C{! %) = OZWT@\CEY““‘C"”))- (3.10)

The photon loss also flips the eigenstates of logical ¢, operator as shown in the figure.
Only the coherent states, which are approximately the eigenstates of the logical 7, op-
erator (a' + @) for a large enough a, remain unchanged. Therefore, the loss of a single
photon is essentially a logical bit-flip error in the code space of the two-component cat

states, and we are not protected from such error. In addition, there is a slight distortion

. (0 mod 2) (1 mod 2)
of the code-space since the constants a]\%—om and O‘]\E%—Ow are not equal to each other.
Na Nga

For large cat sizes, the difference is exponentially suppressed and, thus, we ignore such
distortion. Moreover, the rate of this bit-flip error is amplified since the occupation of

higher Fock states results in faster photon losses. Formally, the bit flip rate is given by
FLfﬂip — | <Cé0 mod 2)‘ /_Kflp_hd‘c(gl mod 2)> ‘2 + | <Cé1 mod 2) ’md'cg)mod 2)> |2

~ 2|k for e AP « 1. (3.11)

Here we have used I';_g;, to denote the rate of logical bit-flip error and &, is the rate
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Figure 3.3: Fock state population fractions and ideal Wigner functions of four-component
cat states. Panels (a), (b) correspond to the |Cg):r;0d 4)> where only (4n)'" Fock states are

occupied. Panels (c), (d) correspond to |CL1:I;0d 4)> cat states with (4n + 1)*™ Fock states

occupied. Similarly, panels (e), (f) and (g), (h) correspond to |C22°M¥) and |C"2°Y)) cat
states respectively, with (4n + 2)*® and (4n + 3)"™ Fock states occupied. The Fock state
distributions are again centered around average photon-number n = 4.

of photon loss for the harmonic oscillator. Therefore, the rate of bit-flips increases with

the increasing size (|a|?) of the cat-states. In the next sub-section, we discuss the four-

component cat states which offer protection against the photon loss error as well.

3.1.2 Four-component cats and protection against photon loss
The four-component cat states are equal superpositions of four-coherent states | + ) and

| + ia) given by

’Cékm0d4)> _ N(gkmod4) Ua> + (_1)k’ _ a> + (—2)k|’LOé> + (Z)k‘ _ ZOéﬂ , (3.12)
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where £ € W. Note that there are four such states since (kmod4) € {0,1,2,3}. The

normalization constants N(kmed4) gre

1 1 2
N{Fmodd) - ~ = fore 2" « 1. (3.13)
“ 2¢/1 + (=1)ke=2lel® 4 2¢~10l*Re (jhe~ilol?) 2
In order to keep our expressions simple, we will repeatedly make use of the NFmedd) o

1/2 approximation. The expansion of four-component cat states in terms of the Fock

states is
4n+k

kmod4) —lal” Z
< /(dn +k)!

It is clear from these expressions that only the (4n + k)™ Fock states participate in a

clkmedd)y — 4N [4n + k). (3.14)

(kmod4) cat state. The Fock state population distribution and the Wigner functions of
the four-component cat states are plotted in Fig. 3.3 assuming o = 2. Along with the
photon-number parity I1, these states are also the eigenstates of the, so-called, super-
parity VI = ¢ime/2 with /11 |C&k modd)y _ jk |C&k mod 4)>. Note that there are four distinct
eigenvalues of the super-parity operator.

The availability of two even-parity and two odd-parity states allows us to engineer
protection against the photon loss errors. Let us first discuss the effect of loosing a single

photon on the four-component cat states. We again utilize the destruction operator a to

model the loss. Action of a on the cat state |Cék medd) is given by
N(k mod 4)
d|cc(!kmod4)> _ o | (k—1m0d4)> ~ (X|Cék_1m0d4)>. (3‘15)

N(k—l mod 4)

This implies that the cat states are connected to each other in a cycle with

(3mod4) — (2mod4) — (1mod4) — (0mod4) — (—1mod4) = (3mod4)
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Figure 3.4: Four-component cat state encoding and effect of photon loss. (a) Encoding in
an even manifold with the six cardinal states and their ideal Wigner functions as shown.
(b) Effect of a photon loss on the encoding manifold. The systems shifts to an orthogonal
odd-manifold. (c) Effect of a second photon loss. The system reverts back to an even mani-
fold, however, undergoes an effective Bit-flip compared to the original encoding manifold.
(d) A third photon loss results in an odd manifold. The encoding here has undergone a bit-
flip when compared to the encoding in panel (b). A further photon loss brings the system
back to the original manifold. It is possible to retrieve the stored information as long as
each of the photon-jumps are tracked. Missing a photon-jump, i.e. loss of two-photons,
results in a bit-flip error. Every photon loss event also leads to an additional distortion of
the code space which is suppressed for large enough |« (see Sec. 3.1.3).
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under the action of successive photon losses. Therefore, if we encode the information
in the even manifold, spanned by ]Cc(yo mod 4)> and |C£42 mod 4)>, then loss of a single photon
results in the system going to a completely orthogonal manifold, spanned by \Cés mod 4))

and |CC(X1 mod 4)), leading to a correctable error. In the language of the last chapter (Ch. 2),

the code-space
€ = Span{0y) = [CL0™). 11) = [ 1)) (3.16)

satisfies the Knill-Laflamme conditions in the diagonal form for the set of error operators
E = {Fy = I,F} = a}'. We denote the error space aC%"" as C2!. The Bloch-sphere
corresponding to C°°" and C2% are depicted in Fig. 3.4, panel a and b respectively. The
Bloch spheres in those panels are given red and blue colors in order to associate them
with the parity of the respective sub-spaces. In addition, the figure shows the eigenstates
of logical ¢, and &, operators. The |£,) states are two-component cat states which are
rotated by /2 with respect to each other. The eigenstates of logical 7, are denoted as

| y,\ptigmod4) ) where

v Grviamoaayy _ L (jclpmedd)y 4 jjclamoddyy (3.17)

e >:\/§

The effects of two and three photon loss events are also depicted in the figure. Two-
photon losses, i.e. ELQCE"e“, results in a transition to the even parity space, however, the
definition of the logical 0 and 1 states is flipped as shown in Fig. 3.4c. This implies that the
loss of two consecutive photons from the code-space is a logical bit-flip error. Moreover,

such an error cannot be detected, since the error space G2C°""

overlaps with original code-

There is a caveat here. Due to slightly different normalization factors, (C&O mod 4) \dT&|C&O med 4)> and

<C,(12 mod 4) |LALT(A1‘C&2 mod 4)> are different from each other by O(|a|2¢~2/%/). This leads to a distortion of the
of the cat state manifold. See Sec. 3.1.3 for further details.
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space. Similarly, loosing three consecutive photons gives the encoding shown in Fig. 3.4d.
This sub-space overlaps with the single photon loss subspace C2%4. A further photon loss
results in the system going back to the original code-space. Since every photon loss event
causes a jump in the parity of the system, it is possible to track exactly which manifold
the system ends up in, as long as all the parity-jumps can be observed. Since the Kraus

operator describing [ photon jumps in a time interval 7 is given by

~ ]_ — e F1phT l R
Ml,photonfloss = (l—')a'l7 (318)

the probability of [ photon jumps from a cat state with coherent state amplitude « is given

by
a 21 1 — e F1phT l o 2',{ LT !
Dijumps = o ( 0 ) ~ (o Hlp ) for 7 < Kiph. (3.19)

Therefore, if the time interval between two parity measurements is much smaller than
1/(Ja*k1pn), only a single photon jump occurs with the highest probability. Hence, by
measuring the photon-number parity II in quick succession, the four-component cat code
can be protected against the photon loss error to the first order.

One possible pulse-sequence for monitoring photon-number parity is depicted in Fig. 3.5.

The idea is to map the parity on an ancillary qubit with unitary gate of the form

A~

Umnap = (IT+ 1)6,/2 (3.20)

on the joint oscillator-qubit system. Such a gate is typically engineered by utilizing the

readily available dispersive interaction of the form

ﬁdispersive = _Xaqﬁ‘e> <6| (321)
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|?/)> |w>—e—7ﬁxaqtﬁ|e><e|—

t < 7/Xaq t =7/Xaq

Figure 3.5: (a) Symbol of the Upap = (IT 4+ 1)6,/2 gate which maps the photon-number
parity of the harmonic oscillator to the state of the qubit. (b) Pulse sequence for imple-
menting the Umap gate with the help of the dispersive Hamiltonian I:[dispersive = —XaqNO .
The qubit is first put in the |+) state with the help of a Y/ rotation. The system is allowed
to evolve under the dispersive interaction for ¢ = 7/X,. Finally another Y rotation is
applied. Both Y/, rotations are required to be successful irrespective of the state of the
oscillator. (c) The evolution of the oscillator-qubit system under the action of the disper-
sive interaction. The first Y/, rotation initiate the qubit in |+) state irrespective of the
state of the oscillator. The dispersive interaction entangles the qubit with the oscillator,
since the Bloch-vector of the qubit rotates at the rate of n,, when the oscillator is in n**
Fock state. At time ¢ = 7/x,, all the Bloch vectors corresponding to even Fock states
converge to |+) (red arrows) and those corresponding to the odd Fock states converge to
|—) (blue arrows). The following Y/, rotation then maps the even states to |1) of the
qubit and the odd states to |0).

between the oscillator and the qubit (see Sec. 4.1.2). Panels (b) and (c) of Fig. 3.5 illustrate
how the dispersive interaction is converted to the required Umap gate. The parity of the
oscillator is then inferred by measuring the state of the qubit. A seminal experiment by
N. Ofek and A. Petrenko et al. [Ofek et al.,, 2016] has demonstrated the use of such parity
measurement to track the photon jumps thus protecting the cat code from the photon loss
error to the first order. In their case, a break-even with the single-photon life-time 1/£1,),
was achieved, in spite of the utilized cat size of |a|* = 3. This is one of the first examples
of a QEC code achieving break-even.

It is also possible to correct for the loss of a single photon instead of simply monitoring
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the photon-jumps. Such a correction process is proposed in [Leghtas et al., 2013b]. It

involves converting the dispersive interaction to a correction unitary of the form
Uvorrection = |Cg)mod4)> <Cé3mod4)| + |C§v2 mod 4)> <C£v1 mod 4)| + Uyt (3.22)

once a photon-jump is detected. Here ﬁTest is added to make sure that Ucorrection is a uni-
tary on the joint Hilbert-space of the oscillator-qubit system. It is essentially and identity
on the rest of the Hilbert space of the harmonic oscillator. Moreover, the dispersive inter-
action can also be utilized for building a discrete-autonomous feedback that we considered
in Sec. 2.3. Instead of measuring the ancillary qubit after the Umap gate, a unitary of the
form
Unntocomestion = ([CL0™ADY (LA 4 CL2mo8 ) (€L 1 T ) 0} 0]+ Lol 1)1
(3.23)
applies the correction to the oscillator without the need of knowing the qubit state. Here
we have used ‘®’ to avoid confusion between the oscillator states and the qubit states. Post
correction, the qubit needs to be reset by any means available before repeating the same
sequence. The continuous-autonomous correction against photon loss errors requires an
always-on dissipator of the form

Keomection D [(|C(Om0d4)><c(3m0d4)| + |Cc(y2m0d4)><cc(vlm0d4)|)] ) (3.24)

« «

However, to the best of our knowledge, such a dissipator cannot be built using the disper-
sive interaction. Instead an element which includes an interaction of the form I1 ® 0, in
the Hamiltonian is needed. Such an element, in the realm of superconducting circuits, is

proposed by [Cohen et al., 2017].
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As we have seen earlier, the photon losses are not the only errors that affect harmonic
oscillators. We also have to deal with the energy relaxation and the dephasing errors. The

effect of these errors is discussed in the next section.

3.1.3 Effect of energy relaxation and dephasing

In this sub-section we study the effect of energy relaxation and dephasing errors on the
cat code encoding. As we discussed in Sec. 1.2.2, the Kraus operator describing the energy

relaxation in a time step 7 is

~

M elaxation = eiéﬁlphTﬁ- (325)
The Kraus operators describing the dephasing error channel are given by
~ Kgt)! .
Ml,dephasing = (ZL')e_én¢Tn2ﬁl for [ € N. (326)

Therefore, the combined effect of one photon loss event, the energy relaxation error and

the dephasing error can be modeled by extending our set of error operators to
E={layu{a'}”, (3.27)

However, since the operators f! can be normal ordered to linear combinations of af'al, it

is equivalent to use

£={I,ayu{aa'}”, (3.28)

We further extend this set to include operators of the form aa'™' which, for [ > 0,

combine he effect of energy relaxation and dephasing with a single photon loss. Thus, the
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complete error set that we would like to analyze is
BN ~ ~ ~ ~ o0
E={l,a} U {aﬂal, a”a”l}lzl (3.29)

Now;, first note that any operator of the form af‘a' does not change the parity IT or the

super-parity \/ﬁ of the cat states. It is, therefore, straightforward to verify that
(clFmedvatiaticimmedVy = 0 for k # m. (3.30)
Moreover the code-space and the error-spaces for the four-component cat code satisfy

<Cékmod4 |aTl l+l’c kmod4)> — <Cékmod4 |aTl l+1|C (k— 2m0d4)> 0. (331)

Therefore, all the off diagonal elements and many of the diagonal elements in the Knill-
Laflamme conditions are zero. The issue arises when we have a closer look at the non-
zero diagonal elements. As we discussed in Sec. 2.1.1, for the superpositions in the code-
space to remain un-distorted, the value of these elements should be independent of the

individual states. However, for [ = 0
<C((kaod4 |aﬂ l’C kmod4)> <Cék—2mod4)|dﬂdl|cék—2mod4)> _ O(|a|2le—2|a\2)’ (3‘32)

owing to the difference in normalization constants N (#*™°d4) for the different cat states.
This discrepancy results in continuous distortion of the code space over the period of
time. As an example, Fig. 3.6c shows the effect of energy relaxation acting in isolation
for ¢ = 1/2k1pn. Due to this error the constituent coherent states are effectively pulled
towards the center of the phase-space, as the coherent state amplitudes change from « to

(ve™ 2R1pht, Similarly, Fig. 3.6d shows the effect of dephasing error acting in isolation for
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t = 1/2k,. The states here are a mixture of multiple mutually rotated cat states. Note that
although the parity of the depicted states remains unchanged, the errors lead to increase
in overlap for the states on the equator thus decreasing their information content. In
general, the energy relaxation and dephasing errors cause the logical Bloch vectors to
shrink towards the Z-axis of the sphere thus causing a logical dephasing error. Moreover,
the photon loss events also give rise to such distortion along with changing the parity,
since the diagonal elements of the Knill-Laflamme conditions for this error are given by
[ = 11in Eq. (3.32).

Now the question naturally arises, is it possible to protect against these errors? Up-
front, they don’t satisfy the Knill-Laflamme conditions. On the other hand, the discrep-
ancy in Eq. (3.32) is highly suppressed when 2/ < |a|>. Moreover, as indicated by
equations (3.30) and (3.31), the distortion induced by these errors leads to leakage out

of the space spanned by the |Cék mod 4))

cat states. As a result, it turns out, protecting
against these errors is indeed possible. One way to accomplish this correction is illustrated
in [Leghtas et al, 2013b]. The underlying principle behind that scheme is to repeatedly
decode the information stored in the cat-qubit on to an ancilla qubit and then re-encode
in the original cat basis. If such a process is repeated faster than the rate of logical de-
phasing, which is suppressed exponentially in cat size, then the accumulation of errors is
prevented, thus protecting the cat qubit. At the same time, since the ancillary qubit holds
the information for some stretches of time, the scheme is sensitive to the decoherence
rate of the ancillary qubit as well. Instead, there exists a more elegant continuous and

autonomous procedure to protect against these and any other errors that are polynomial

in afa. We discuss such autonomous stabilization in the next section.
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Figure 3.6: (a) Wigner functions of the logical |+1,) = [C™*?) and |—1) = |C™?)
for a four-component cat-state encoding. (b) Effect of loosing a single photon. The parity
of the states changes from even to odd as we have already discussed earlier. (c) Effect of
energy relaxation on |+, ). Under the action of this error the constituent coherent states
shrink towards the ground state, thus making smaller cats as shown. Although the parity
of the cats is unchanged, their orthogonality decreases resulting in eventual loss of infor-
mation. (d) Effect of dephasing error on |+y,). Again, the parity of the states is unchanged.
However, due to random rotations in the phase space, the constituent coherent states have
increased overlap with each other, resulting in loss of information. Both energy relaxation
and dephasing errors cause an effective dephasing error in the logical qubit.

3.2 Autonomously stabilizing coherent state manifolds

The last section illustrated the use of coherent state superpositions for storing information.

From our discussion about energy relaxation and dephasing errors, it emerged that such
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Figure 3.7: (a) An LC circuit coupled to a transmission line. The transmission line can be
utilized to drive the circuit by sending tones down the line. At the same time, coupling
with the transmission line also leads to amplitude damping since the signal leaked to the
line is irreversibly lost. (b) Cartoon representing a single-photon drive and dissipation
on harmonic oscillator. The drive connects the nearest neighbor levels in a reversible
manner as indicated by the double-arrows. The width of the double arrows is increased to
indicate that the matrix elements of the drive get stronger up the ladder. The dissipation is
indicated by the wavy decaying arrows connecting nearest levels. The width of the arrows
increase going up the ladder. (c) The attractive potential created by the driven-dissipative
process pulls all the states in the phase-space towards the stabilized coherent state.

errors result in a leakage out of the manifold spanned by the utilized coherent states.
Here we focus on the stabilization of the coherent state manifolds against these leakages
by employing autonomous feedback in the form of driven-dissipative processes on the
harmonic oscillators. It is also possible to stabilize single coherent states and a manifold
of two-component cat states by utilizing clever Hamiltonian terms only [Puri et al., 2017,
Grimm et al, 2019]. However, such scheme for four-component cat states is extremely

hard to implement. Therefore, we solely focus on the driven-dissipative stabilization. Let

us start our discussion with driven-dissipative stabilization of a single coherent state.
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3.2.1 Single-photon driven-dissipative process

Let us consider a harmonic oscillator with a Hamiltonian given by

~

H
- = waala + cos (wat + ¢) (erpna’ + €1pnd) (3.33)

where the first term describes the energy levels of the harmonic oscillator and the second
term is a drive. The frequency of the drive is w, which is the resonant frequency of the
oscillator and €, accounts for the strength and phase of the drive. We work in an inter-
action picture with respect to Hy = hw,a'a in order to eliminate the fast rotations in the
phase space of the harmonic oscillator. In this rotating frame the Hamiltonian is given by

ﬁlph
h

= e1pna’ + €], (3.34)

Here we have also performed the rotating wave approximation (RWA) to drop the fast

—2iwqat *

Ziwat €}pnd- In addition to this Hamiltonian we

rotating terms of the form e elph&T +e
also consider a single-photon dissipation on the harmonic oscillator given by the Lindblad
term DI, /F1pnal. In practice such single-photon drive and dissipation can be engineered
by hooking up the harmonic oscillator to a transmission line as shown in Fig. 3.7a. The
drive is applied by sending a tone at the frequency of the oscillator down the transmission
line. The transmission line also causes dissipation since the signal leaked through the
transmission line to the environment is irreversibly lost. Another cartoon depicting the
single-photon drive and dissipation with the help of harmonic oscillator energy levels is

shown in Fig. 3.7b.

The master equation for modeling the dynamics of the harmonic oscillator in the pres-
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ence of this drive and dissipation is given by

. P .

p === |Hipns p| + DIy/Fipmdlp. (3.35)
So far, we have only studied the deleterious effects of the single photon dissipation which
leads to photon loss and energy relaxation errors. However, in presence of the drive, the
steady state of the system turns out to be the coherent state. In order to prove this, let us
perform a little bit of algebra on our master-equation as follows:

l

p=- [ﬁlphjp] + D[/Kipnalp

= —i [(exma’ + €i,3) . ] + mipnapa’ — 2 {ala, p}

. . 1 . T )
21€ 21€ K 21€ 21€
= Kiph (a - 1ph) p (a - 1‘*‘) — (a - 1ph) (a - —“’h> P
R1ph R1ph 2 R1iph Riph

. 2ue
= IilphD [a + &} P
R1ph
= KkiphD [0 — a] p. (3.36)
Here we have used o = —2:% in the last step. Now, if p = |a) (| then
p

p = kagnD [ — o] | {a] =0, (337)

since |«) has an eigenstate of @ — a with an eigenvalue of 0. In other words |«) is in
the Kernel of the @ — « operator. Hence, the coherent state |«), which is a pure state, is
stabilized by the single-photon driven-dissipative process.

It is clear that the drive in the single photon-driven-dissipative process constantly
provides energy to counter the effect of energy relaxation error. However, the driven-

dissipative process also protects against the effect of dephasing error when k1pn > Ky.
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The dephasing error results into random rotation of coherent state |a) to |ae’®). However,
the driven-dissipative process results in a ‘well’ that attracts all the other coherent states
in the phase space towards the stabilized coherent state |«) as shown in Fig. 3.7c. This
well prevents the coherent state from leaking to any other states in the phase space as
long as kipn is much stronger than the rate of the errors. Moreover, such protection is
autonomous since no real time decision making is required. Instead a strong dissipation
and an always on drive are sufficient to protect against errors. Hence, it is interesting to
see if this trick of driven-dissipative processes could be utilized for stabilizing multiple

coherent states and all of their superpositions simultaneously.

3.2.2 Multi-photon driven-dissipative processes

The last sub-section showed that a single-photon driven-dissipative process stabilizes a
coherent state. However, in order to store information with the help of cat codes, we need
to stabilize a manifold spanned by multiple coherent states and all their superpositions.
In this sub-section we discuss the multi-photon driven-dissipative processes required for
such manifold stabilization. The focus here is on the error correction properties of these
processes. The question of how to implemented such highly nonlinear interactions is the
topic of the next chapter (Ch. 4).
An N-photon drive is expressed in the rotating frame of Hy = hw,a'a, as

-[;[Nph
h

= ENpthN + ENpthN. (3.38)

Similarly, the required N-photon dissipation is modeled by D[a"] which results in the

master equation

. iy .
P=-7 |:HNph7 P] + knpuD]a]p. (3.39)
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With the help of some algebra, the master equation can again be expressed in a compact

form given by

p = knpn D™ — a]p. (3.40)
where )
21 N
o= (—M) . (3.41)
K Nph

Note that this equation has multiple solutions. If we take oy to be one such solution then
aoe% is also a solution for m € Z. In total there are N unique solutions. As a result, any
coherent state |age V) for m € [0, N) is in the Kernel of the a — oY operator and is
stabilized by the N-photon driven-dissipative process. Moreover, any superpositions of

these coherent states given by

imm

N
) =) mlage ™) (3.42)
m=0

are also in the Kernel of the & — o and, hence, are also stabilized. Therefore, the N-
photon driven-dissipative process stabilizes the entire manifold spanned by these states.

The specific examples of two- and four-photon driven-dissipative processes are illus-
trated in Fig. 3.8. The cartoons in panel (a) and (c) of the figure show that the two-photon
driven-dissipative process connects alternate levels and four-photon driven-dissipative
process connects n, n £ 4 levels with each other. This serves to illustrate that both the
processes conserve the parity of the system and the four-photon driven-dissipative pro-

cess conserves the super-parity as well. Formally, this can be verified by checking
M1, a2 = [11, a4 = [V/TI,a%] = 0. (3.43)

Thus parity (and super-parity) are good quantum numbers for two-photon (four-photon)
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Figure 3.8: (a) Cartoon representing two-photon drive (double-sided arrows) and dissipa-
tion (decaying wavy arrows). The drive and dissipation connect the alternate states with
each other and are color coded so that the red-arrows only connect the even states while
blue-arrows only connect the odd states. (b) The potential created by the two-photon
driven-dissipative process attracts the coherent states towards one of the two steady states
| £ a) as shown. (c) Cartoon representing four-photon drive (double-sided arrows) and
dissipation (decaying wavy arrows). The arrows connect the n'" Fock state to (n & 4)'
Fock states and the dissipation connects the n'" Fock state with the (n — 4)' Fock state.
(d) All the coherent states are attracted towards the four steady states | + o) and | £ i«).

driven-dissipative processes.

The coherent states stabilized by the two-photon driven-dissipative process are | + «)
and that by the four-photon driven-dissipative process are | = «) as well as | + i«). Un-
der the action of the driven-dissipative processes, all the other states in the phase space
are attracted towards these coherent states as shown in panels (b) and (d) of Fig. 3.8. This

restoration towards the constituent coherent states allows autonomous correction against

any error that can be modeled as a small displacement in the phase space. Especially, the
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energy relaxation and dephasing errors are suppressed exponentially due to such a cor-
rection. Similar to the case of single-photon driven-dissipative process, the multi-photon
drive continuously provides energy to the system thus the energy relaxation error is not an
issue. In the case of the dephasing error, as long as the rate of stabilization is much greater
than the rate of the dephasing error, i.e. Kypn > K¢y, the distortion of the individual coher-
ent states is suppressed. Moreover, since making the coherent states further apart leads
to less overlap in spite of the distortions, the rate of logical-dephasing is exponentially
suppressed as the size of coherent states |«|? is increased. In the case of four-component

—2|af?

cat states, the effective rate of dephasing error for e < 1 can be approximated by

F(i),catfqubit :2’ <+L|\/ 'Lid)&le _L> ’2
=|(cema mataict )
2
=rglaf?| (D |l o)

~A|afe 2P sin’(|a|?) k. (3.44)

This exponential protection against the dephasing error is a very useful feature of the cat-
code. Also note that there is some interesting value of || where the dephasing is further
suppressed.

In addition to autonomous protection against errors, the confinement to the cat state
manifold also allows us to simplify the operations on the cat state. When a process acting
on the harmonic oscillator is slower than the ‘rate of confinement’ given by xpn|a |,
the process can be projected on to the cat manifold to analyze its effect. As an example,
the unitary required for introducing a change in the parity could be implemented by a
Hamiltonian of the form (ea' + €*G) as long the rate |¢| < kypn. Such a Hamiltonian

term has been utilized for performing the logical X, rotation in the two-component cat-
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space [Touzard et al., 2018]. Similarly, the dissipator for autonomously correcting photon
loss errors that we discussed in Eq. (3.24) can be simplified to D[\/mcﬂ(f[ — 1] in
presence of a strong four-photon driven-dissipative process.

On the flip side, the confinement to the cat state manifold implies that the discrete
parity measurement using dispersive readout does not work in the presence of the driven-
dissipative stabilization. The evolution of the oscillator-qubit system under the dispersive
interaction can be seen as the different Fock states gaining different phases as function of
time if the qubit is in |1). However, the driven-dissipative process will oppose such phase
gain. Therefore, if the rate of confinement ||*fy4py is stronger than the strength of the
dispersive interaction Y4, then the parity measurement will not work. On the other hand
a strong ,, implies that any spurious excitation of the qubit leads to complete dephasing
of the oscillator. To put this more succinctly, since the eidala operator does not commute
with a* — o* at arbitrary values of ¢, the discrete parity measurement is not compatible
with the driven-dissipative process. Hence, the stabilization needs to be turned off in
order to measure the parity as outlined. Of course, if the device for continuous parity
measurement outlined by [Cohen et al, 2017] is implemented then the stabilization and
the parity measurement are compatible, since IT = ¢™'@ commutes with a* — . In Ch. 7
we study another code which simplifies the photon loss monitoring considerably, thus

allowing stabilization and photon loss error correction simultaneously without needing

the added complication of continuous parity measurement.

3.3 Fault tolerance and cat codes

Let us briefly discuss the bigger picture of fault tolerance in regards to the cat codes. As
mentioned in Sec. 2.1, along with error correction, one requires the ability to perform

fault-tolerant operations on the logical qubits. Such fault-tolerant operations in the case



3.4. Summary and prelude to the next chapter 79

of stabilized two-component cat codes have been proposed recently by [Guillaud and Mir-
rahimi, 2019] and [Puri et al., 2019]. In these proposals, the stabilized two-component cat
qubits are termed as ‘biased noise qubits’, since all except the bit-flip error channel are
exponentially suppressed. In such a scenario, one requires a universal set of gates which
preserve the bias of the logical qubit in order to perform FTQC. The two quoted refer-
ences develop bias-preserving CNOT gate between two-component cat qubits. Such a
CNOT gate is made possible by the ability to continuously and adiabatically distort the
cat states by slowly changing « of the constituent coherent states. In other words, the
bias preserving CNOT gate is facilitated by the infinite dimensional Hilbert space of the
harmonic oscillator. Moreover, the references show that, by concatenating multiple cat
qubits, a completely error protected universal FTQC can be performed. In addition, the
bias of the noise processes gives rise to higher error thresholds on individual components
compared to that needed for QEC codes on unbiased qubits. Such universal set of fault-
tolerant gates have not been developed in the case of four-component cat states as yet.
Since the four-component cat states offer intrinsic protection against stochastic photon
loss errors, it might be exceptionally beneficial to develop such operations.

All of these considerations are valid only when we have access to continuous sta-
bilization of the cat code. Therefore, in this thesis we concern ourselves with the im-
plementation of the required driven-dissipative processes, and the possibility of building

continuous and autonomous error correction stochastic photon loss.

3.4 Summary and prelude to the next chapter

We summarize some of the important points that are central to the understanding of the

rest of this thesis:

(i) Four-component cat states can be utilized for encoding a logical qubit which is pro-
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tected from errors on the harmonic oscillator to the first order.

(ii) The photon loss error is monitored by repeatedly measuring the parity of the har-
monic oscillator. As long as the parity jumps are not missed, the stored information

remains intact.

(iii) Discrete monitoring of the parity is accomplished by a utilizing an ancillary qubit

which is dispersively coupled to the oscillator.

(iv) Implementing protection against photon loss in continuous and autonomous man-
ner requires a specially built circuit which measures the parity directly as proposed

in [Cohen et al., 2017].

(v) The protection against the energy relaxation and dephasing errors in the case of
four-component cat states is best accomplished by a four-photon driven-dissipative

process of the form D[a* — o]

As mentioned, the protection against the photon loss error by discrete parity mon-
itoring has already been accomplished [Ofek et al, 2016]. The continuous parity mea-
surement, autonomous protection against photon loss and the implementation of four-
photon driven-dissipative process are still open challenges. In this thesis, we focus on
how to engineer the highly nonlinear four-photon driven-dissipative process required for
autonomous stabilization of four-component cat states. Moreover, in the final chapter of
this thesis, we propose a new code, namely the pair-cat code, which simplifies the de-
tection of photon loss error. This simplification brings the continuous and autonomous
protection against photon loss errors, while simultaneously stabilizing the encoding man-

ifold, within the realm of currently available cQED technology.



Chapter 4

Engineering nonlinear

driven-dissipative processes

The multi-photon driven-dissipative processes that we studied in the last chapter play
an important role of stabilizing the cat state manifolds. The question naturally arises,
how does one realize these processes in practice? The current chapter is aimed at an-
swering this question. As we mentioned in Sec. 3.2.1 it is possible to implement a single-
photon driven-dissipative process by coupling the harmonic oscillator to a transmission
line which acts as an environment to which the oscillator dissipates as well as allows
driving of the oscillator. However, the nonlinear drives and dissipation required for im-
plementing multi-photon driven-dissipative processes are not possible with the help of
this limited toolbox. Instead, we need to introduce some form of nonlinearity in the sys-
tem. The following section (Sec. 4.1) focuses on the Josephson junction transmons, the
nonlinear elements of choice in the domain of superconducting circuits. We also discuss
the coupling of transmons to the harmonic oscillator modes here. Sec. 4.2 illustrates the
realization of two-photon driven-dissipative process with the help of this nonlinearity. In

Sec. 4.3 we move on to the implementation of four-photon driven-dissipative processes.

81
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First, the underlying difficulties behind implementing this higher-order nonlinear process
is discussed. In order to overcome this challenge, we propose and analyze a scheme for
obtaining the required nonlinearity by cascading readily available lower-order nonlinear

processes.

4.1 Nonlinearity in cQED

The nonlinearity in cQED is provided by the Josephson junctions. In this section we pro-
vide the Hamiltonian for this circuit element and discuss the transmon qubit which will be
the qubit of choice in our case. We also describe the Hamiltonian of a coupled transmon-
oscillator systems and learn how to model the off-resonant drives on this system which

play an important role in implementing multi-photon driven-dissipative processes.

4.1.1 Josephson junction and transmon

Josephson-junctions are superconducting-insulator-superconducting junctions. The im-
plementations considered in this thesis, utilize aluminum as the superconductor and alu-
minum oxide as the insulating layer. A cartoon and circuit symbol of a Josephson junction
is shown in Fig. 4.1a. The Cooper pairs in the superconducting region tunneling across

the insulating layer in a Josephson junction give rise to a potential of the form

A

U= —F,cos (;) = —FEjcos (p) (4.1)

0

where E; is the Josephson tunneling energy and & is the branch flux through the junction.
We also define ¢ = & /&0 to be the superconducting phase across the junction where
¢o = h/2e is the reduced magnetic flux quantum. Here e is the charge of an electron.

Another quantity that is used to characterize Josephson junction is the Josephson inductor
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Figure 4.1: (a) Cartoon and symbol of a Josephson junction. A Josephson junction is
a superconducting-insulator-superconducting (SIS) junction. In cQED implementation
aluminum is used as the superconductor and aluminum-oxide is used as the insulating
layer as shown. The circuit symbol of a Josephson junction is shown to the right of the
cartoon. The Josephson energy E; or the inductance L is used for characterizing the
junction. (b) Circuit of a transmon which is essentially a Josephson junction shunted by a
large capacitance. (c) Cartoon of a typical implementation of a transmon. The two big pads
are made out of aluminum or niobium and they provide the shunting capacitance. These
pads also act like antennas which facilitate capacitive coupling with the transmon mode.
(d) The nonlinear potential and energy-levels of a transmon. Due to the nonlinearity
offered by the Josephson junction, the energy eigenstates of the transmon are unequally
spaced. Here w;, denotes the renormalized frequency of the b mode and Y, denotes the
anharmonicity of the transmon.

L; = ¢%/E; where ¢y = @ /2 is the reduced flux quantum.

With the Josephson junction as the source of nonlinearity, many circuits that take on
the role of qubits, amplifiers, frequency-converters etc., have been designed. A recent
review and further references on such circuits can be found in [Krantz et al., 2019, Vool,
2017]. Here, we utilize the transmon circuit, originally proposed by [Koch et al., 2007,

Schreier et al., 2008], as our qubit as well as source of nonlinearity. The circuit diagram of a

transmon, in its simplest form, is shown in Fig. 4.1b. It consists of a single junction shunted
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by a capacitance. Let the Josephson inductance of the junction be L ; and the capacitance
of the capacitor be C' as shown in the figure. We also define the charging energy of the
capacitor as Fc = e%/2C where e is again the charge of an electron. In case of transmon
the ratio of the Josephson energy to the charging energy of the capacitor F;/FE¢ should
be greater than 50. This suppresses the sensitivity of the energy eigenstates of transmon
to the charge fluctuations on the capacitor. Under such circumstances, the Hamiltonian
of the transmon is expressed as
QQ

H =4E-N? — E;cos (¢) = 2% Ejcos(p) (4.2)

where Ec = €?/2C is the charging energy of the capacitor, N is the Cooper pair number
operator and Q = 2eN is the charge operator on the capacitor. In case of the low energy
eigenstates of this Hamiltonian (energy < E), the potential can be expanded around the
minimum at ¢,;, = 0 to give

Q@ >

H=" _FE,+E,~ —E, T+ . 43
250 7+ I o J4!+ (4.3)

Note that we ignore the constant term —F; while expanding the cosine. It is simply an

energy offset. Substituting ¢ = o /&0 in the quadratic-term, we get
PR (4.4)

The first two terms here look like the Hamiltonian of the harmonic oscillator. Indeed, it is
useful to express this Hamiltonian in terms of the creation and destruction operators as

in the case of the harmonic oscillators. We use

~

Q = iQZPF([;T - ZA))
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Dypp

b . .
p=—= (b" + b) = @zpr(bT 4 b) (4.5)
®o 0

where b and b are the creation and destruction operator of the transmon mode and

hZ
Pyzpr = TJ

Qzpr = \/ % (4.6)

with Z; = 4/ % In terms of these b' and b the Hamiltonian of the transmon is given by

N A 1 E R R 4
H:h/,ub (bTb+§> —EJ—4—;]<QDZPF(b+bT)) +

a1 P 2 oA A
— hwy (b*b v §> o {Cos (wzpF(b + bT)) + %(b + bT)Q} (4.7)

with w, = 1/4/L;C. In the second row, we have taken the full cosine into account with an
added quadratic term which compensates for the absorption of the quadratic part of the
cosine in fiw,b'b. Going forward we ignore the zero point energy w;,/2 and the constant
term —E; in the cosine expansion since they do not contribute to the energy difference
between any two eigenstates.

In order understand the energy levels of the transmon it is helpful to collect the energy

conserving diagonal terms from the fourth-order expansion of the cosine to get

Dhding _ g bt — A hi2p2 (4.8)
h 2
where xu, = %QO%PF = ETC is called the anharmonicity and &, = wy — x4 is the effective

resonant frequency of the transmon. Note that this procedure of collecting the diagonal
terms is equivalent to quoting the Hamiltonian up to the first order in perturbation theory.

The energy-eigenstates of the transmon are shown as a cartoon in Fig. 4.1d. Due to the
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anharmonicity term, the energy eigenstates are no longer equally spaced as is clear from
the figure. In order to avoid confusing the transmon eigenstates with the Fock states of a

harmonic oscillator, hereon we name the lowest four states,

0) to |3), of the transmon as
|9), |e), | f) and |h) respectively. Typically for the transmons that we utilize in this thesis,
Josephson energy E;/h = 15t0 100 GHz, charging energy E¢/h ~ the anharmonicity
a/2m = 50 to 250 MHz, the frequency w;, /27 = 4t09 GHz and ¢zpr = 0.15t00.45.

The transmons constitute the most widely used qubits in cQED. Since the energy levels
are un-equally spaced, the transitions between two levels of the transmon can be selec-
tively addressed. Specifically, the ground |g) and the first excited state |e) of the transmon
are used as the |0) and |1) state of the qubit. In the g — ¢ manifold of the transmons the

correspondence between the transmon operators and the Pauli-operators is as follows:

6_ b

6, bl

6o < (b+ 01

G, < i(b—bh)
6:-+1 < b (4.9)

The X, and Y, rotations on the transmon qubit are implemented by activating a drive

term of them form

Hypio = he(t) cos(wqt + @) <1; + ZA)T) ) (4.10)

Here w, is the frequency of the drive and, for the rotations on the g — e transition, it
is taken to be wy = @. The phase ¢ decides the axis of rotation. The Z, rotations are

implemented in software by updating the phase ¢ for all of the following pulses. €(t) is a
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slowly varying envelope which is typically selected to be a truncated Gaussian given by

t—1 (t—tg)?
€(t) = A rect ( T 0) e 3t (4.11)

where A is the amplitude, T' > 40 is total duration, # is the center of the pulse and ¢ is the
standard deviation of the Gaussian. In order to rotate by angle ¢ we select ﬁ?j;/; dte(t) =
. Since the transmon is a multi-level system, one has to be careful while performing these
rotations so that the leakage to the |f) or higher states does not occur. If the frequency
spread of the pulse given by 1/0 is much less than the anharmonicity « then, to the first
order, leakage to higher excited state is suppressed. More sophisticated pulse shapes have
been developed to further suppress such leakage. We refer an interested reader to [Motzoi
et al., 2009, Reed, 2013] for understanding those techniques and experimental tuning of
the single-qubit rotations. We will assume the availability of these pulses in our future
theoretical as well as experimental discussion. Similarly, the multi-qubit gates between
transmon qubits has also been an area of intense research. This thesis does not require
such gates and as a result we do not venture into that discussion. The review article
by [Krantz et al., 2019] is an excellent place for finding further references on those topics.

Finally, the errors that affect transmons are similar to those discussed in the 1.2.1. The
amplitude damping for a transmon is given by D[\/T_J)], heating is given by D[\/ITTIA)T] and
dephasing is given by D[\/F_J)TIA)] We typically quote the error rates on the transmon as

the rate of relaxation given by I'y = I'4+1I| and the rate of total dephasing I'y = I',+1"; /2.

4.1.2 Transmon-cavity system

In this sub-section we focus on coupling the transmon to a harmonic oscillator. Since
our discussions come from the perspective of storing information on harmonic oscillator

and using the transmon as an ancilla for realizing engineered dissipation, we assume that
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Figure 4.2: (a) Circuit diagram of a transmon (green) coupled to a harmonic oscillator
(purple). For our purposes the harmonic oscillator is taken to be high-Q (Q ~ 107) and
denoted by letter a in subscripts. The transmon is denoted by the letter b and is taken
to be relatively lower-Q (Q ~ 10* — 10°) as indicated by coupling to transmission line.
The transmission line also serves the purpose of driving the transmon. In most of the
application a second low-Q harmonic oscillator () ~ 10?) is connected is coupled to the
transmon which serves as readout resonator r (Not shown). (b) Cartoon representing the
transmon-oscillator system. The harmonic oscillator is implemented as a simple metallic
enclosure, i.e. a cavity, which is here represented as an empty box. The transmon is rep-
resented by two antenna pads and a Josephson junction as discussed previously. (c) The
energy-level diagram of the joint transmon-oscillator system. Here @, is the renormalized
frequency of the oscillator, @, is the renormalized frequency of the transmon, y; is the
cross-Kerr between transmon and the oscillator and Yy, is the anharmonicity of the trans-
mon. The anharmonicity inherited by the oscillator y,, is too small to be represented at
this scale. (d) Relevant transition frequencies of the system.

the harmonic oscillator is high-() and the transmon is low-(). The circuit diagram of
such transmon-oscillator system is depicted in Fig. 4.2a. In the figure and throughout
this thesis, a is used for denoting the high-Q oscillator and b for denoting the transmon.
In order to derive the Hamiltonian of this circuit, one first writes the Lagrangian with

the Kinetic-energy and potential-energy terms of various circuit elements and then takes
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the Legendre transform. We do not carry out this procedure here explicitly and instead
refer a reader to [Vool, 2017] for further reading. The Hamiltonian of the circuit after the

Legendre transform and quantization is as follows:

. . . . N2 ..
3 Q2 P2 Q; @, 1 [ QaQp
H=—"=2+ ">+ 2 _F;lcos|—]+=|=— 4+ —. 4.12

2C, 2L, 20, ’ ot 2\ @ 2C. (4.12)

Here the C's indicate the re-normalized capacitances that are obtained after the Legendre

QaQb

transform. The last term e

is essentially the energy stored in the coupling capacitance
and describes the oscillator-transmon coupling. In terms of the creation-destruction op-

erators this Hamiltonian is then written as

= =waa'a + wyb'b — g(a — at) (b — b
a2
E; .. (SOZPF,b<b + bT))
— == | cos (ngPF,b(b + bT)> + (4.13)
h 2
The new quantity introduced here is the coupling strength g which is defined as
_ QZPF,aC?ZPF,b' (4.14)

2hC,

The first three terms in the transmon-oscillator Hamiltonian are bi-linear. The nonlinear-
ity is completely captured by the cosine terms. In order to simplify this Hamiltonian, we
first deal with the bi-linear part

H bi—linear

- —waila + wpbd — g(a — a') (b — bh)

~weita + wyb'h + g(ath + abt). (4.15)
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In the second row, we have ignored the atb! + ab terms since they don’t conserve the
excitation number and, as a result, don’t contribute significantly to the dynamics of the
system. This can be made clearer by going into an interaction picture with respect to

Hoy

0= waala+wpb'b. The ignored terms each oscillate at w, +w, which is much faster than

the time scales of interest, and thus, the effect of these terms essentially averages to zero
on those time scales. This is called rotating wave approximation (RWA). Going further, it
is beneficial to diagonalize this bi-linear part of the Hamiltonian. This is accomplished by

performing the Bogoliubov transformation which changes the operator a and b as follows:

~

i = cos(#)A — sin(h) B

S

—sin(A)A + cos(h) B (4.16)

The angle 0 is given by

0= %arctan < 29 ) , (4.17)

Wq — Wy
which is chosen such that the term g(&Tl; + d@T) in Eq. 4.15 is canceled. In terms of these

new hybridized operators, the full Hamiltonian is given by

i o . B 1
= = waATA +wpB'B — FJ [cos(gbAB) + 5@?43] , (4.18)
where
1 .
wa = 3 (wa + wp, — sign(w, — wb)\/492 + (wa — wb)2>
1
wp = 5 <Wa + wp + Sign(wa - wb) \/492 + (wa - Wb)2> (4'19)
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are the frequencies of the hybridized modes, and

DAB = PZPFb sin(@)fl + Yzpr b COS(Q)B = goAA + goBé. (4.20)

For the vast majority of transmon-oscillator systems, |w, — wp| > g¢. This is called the
dispersive regime. In the dispersive regime the frequencies of the hybridized modes are
not much different from original frequencies. Moreover, the participation of mode A in
the cosine is much smaller than that of mode B since p4 < @pg. In other words, modes
are not much perturbed due to the hybridization with each other. In addition, we only
have to deal with the diagonalized version of the Hamiltonian in this thesis. Therefore,
in order to keep the notation simple, we hereon replace the uppercase letters A, B by the
original small case letters a, . Repeating the above Hamiltonian in this updated notation,
we have

1

e B
= w,a'a + wpb'h — ?J [COS(@ab) + égbib} , (4.21)

If[ab
h

with

bab = Patl + rb. (4.22)

In order to understand the energy eigenstates of the Hamiltonian, we again collect the

diagonal terms up to the fourth-order in the cosine. This gives

~

Ha ia, ~ ata ~ 717 Atart? aa ~124 bi2)
_I;Ld & = QuaTa+ b’ — yapaab'b — X?a%? — %b”lﬂ (4.23)

where w,, @, are the effective resonant frequencies of the modes, Y, is the cross-Kerr

between the two modes and 44, X5 are the self-Kerrs of the respective modes. The renor-
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malized resonant frequencies are now given by

C:) — . — B Xab
a a Xaa 2
~ Xab
Wy = W — Xob — = (4.24)
The expressions for ‘Kerrs’ are
Xab = Es050;
E; ,
Xaa = 730a
E,
Xob = 7903' (4.25)

It is also useful to note that o, = /4Xaa Xty and, in the dispersive regime, xu > Yap >
Xaa- The level structure of such dispersive Hamiltonian is illustrated in panel (c) and (d)
of Fig. 4.2.

Typically, the systems that we will be dealing with have w, /27 = 5 — 8 GHz, ¢, =
0.01 — 0.05, pp = 0.15 — 0.45, xap/27 = 0.2 — 5MHz and x,,/27 = 1 — 100 kHz in
addition to the transmon parameters mentioned in the previous section. In our exper-
imental implementations, an additional low-@) () = 1000 to 8000) harmonic oscillator
is also coupled to the transmon. Such an oscillator is denoted by letter r and is utilized
for performing readout or evacuating entropy of the transmon. The Hamiltonian of such

multi-mode system is similar to those quoted in Eq. (4.21) and Eq. (4.23).
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4.1.3 Modeling off-resonant drives and dissipation

The Hamiltonian of the systems in presence of drives is given by

. . N
Hriven Hap iwRt T *  —iwpt]
R DI CE R S (4.20

where H.,, is the transmon-oscillator Hamiltonian quoted in Eq. (4.21), wy, are the frequen-
cies of the drives, ¢ are the complex amplitudes of the drives and a total of /V drives are
applied. Additionally, we have assumed that the drive amplitudes are constant and the
only couple to the transmon mode. These assumptions are somewhat relaxed later. We
also assume that the dominant dissipation in the system is due to the amplitude damp-
ing and, for the purpose of analysis, ignore the dephasing errors. Therefore, the master
equation governing the evolution of the system is

l

p= =5 [Hasens o] + mipnD[al p+ 1.0 [B] . (4.27)

We now show a series of transformations on the system that simplify the modeling of

nonlinear processes. Let us consider the first transformation to be under the Unitary
U, = e D, [g]e b (4.28)

where [ indicates one of the drives, 151, denotes displacement on the transmon mode and

—iEl
&= . (4.29)
a5 + Z(u)l — wb)
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Under the action of this unitary, the density matrix p; = UpU, lT evolves as

. PN A A 2T A R ~
pr = UlUlTpl + szzUlT 7 |:Hdriven,l> Pz} + kipnD[a] o+ 1T\ D [bl] or- (4.30)
where
by = UbU = b+ et (4.31)
and
Hdriven,l - ﬁlﬁdrivenUlT~ (4'32)

It is easy to derive the full expression for ﬁdriven,l by replacing b — l;l everywhere. The

derivative of the unitary U, is given by

U, = iwb"oU, + Uy (—iwb'D). (4.33)

Substituting Eq. (4.31) to Eq. (4.33) in Eq. (4.30), and simplifying, we get

=y [Hdisp,la Pl] + rspnD(al o+ I, D M PL (4.34)
with
H is 717 E 2 t A b ‘ b
Bl — it +nbib— = {COS (&u(t)) + soz2( )] 37 (e b+ e h) (435)
kel
where

Gi(t) = ata + opbTh + oy (Ge™ + et . (4.36)

It is clear from the last three equations that the transformation in Eq. 4.28 has the effect
displacing the Hamiltonian (hence the subscript disp) such that the [*" drive is absorbed

inside the cosine. We typically use such transformation for drives where |w; —wp|/T") > 1.
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There is no formal restriction on ¢;, however, experimentally speaking |y¢;| approaching
1 tends to create chaotic processes [Lescanne et al., 2019a] and hence, we strive to design
systems where such a limit is not reached.

Now, as promised, let us reconsider the assumptions about drives being constant am-
plitudes and only coupling to the transmon. If the time dependence of the amplitude of
the [*' drive is much slower than % + i(w; — wyp)| then our analysis remains valid and
the displacement &; simply inherits the time dependence from ¢; according to Eq. (4.29). A
faster time dependence leads to distortion of the pulse-shape. Next, the situation in which
the [*™* drive is coupled to the oscillator instead of the transmon, our effective Hamilto-
nian _[A{eﬁ"l from Eq. (4.35) remains the same except for re-normalization of the coupling
displaced drive strength ¢,&;. Hence, our assumption of coupling the drives exclusively
to the transmon does not limit our analysis. In fact, experimentally speaking, under most
circumstances, drives couple through all the modes of the system. However, without loss
of generality we assume them to be coupling to one mode or the other according to the
convenience of the analysis at hand.

It is possible to repeat the above analysis for multiple drives. Say, we want to absorb
the effect of three drives, denoted by subscripts I, m, n, into the cosine, then we apply

three successive transformations U, U,,, and U, to get

2’ N R A
P = _ﬁ [Hdispv p} + HlphD [a] p+ Fip |:b] P (4'37)
with
Hass T P2 (t iwit], iwit],
_;; P — wadeerbbTb—# {cos (o)) + 902( )} + ) (eke_w’“th - e;ewtb> (4.38)

k#l,m,n
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where

p(t) = adla+ @b+ @y Y (GeT !t + et (4.39)

j=l,m,n

Note that we have not added subscripts imn to p, ﬁdisp and ¢(t) in last three equations
to keep the notation simple. An observant reader might object to the notation since the
transformed density matrix p;,,,,, # p, the density matrix in the original frame. However,
we treat these density matrices on the same footing due to the following considerations.
If the drives are always on, then the system density matrix is indeed pj;,,,. On the other
hand, if the drives are turned on and off, then, by keeping the ramp-up and ramp-down of
the drives slow compared to % + i(w; — wp) | one allows for adiabatic evolution between
the un-displaced and the displaced frame, thereby permitting us to treat the un-displaced
and the displaced density matrix on the same footing.

While analyzing driven nonlinear processes, we typically expand the cosine in the

effective Hamiltonian with the assumption of ||p(t)|| < 1. This gives

A

Heﬂ At A X EJ @(t)ZL @(t)G —iwt] * _fwpt]
W = w,ata + wyb'b — T (T el + ... +kﬂzmn (eke REpT +€ge ktb) .

(4.40)
The $(t)* terms in the Hamiltonian are called p-wave mixing terms (four-wave, six-wave
etc.). The four-wave mixing term is the strongest in the transmon-cavity Hamiltonian and
we typically only consider the expansion of the cosine upto the fourth order. It is helpful,
towards our latter discussion, to isolate the time-independent and diagonal fourth-order
terms and show them explicitly in the rest of the Hamiltonian. We call this diagonal part
H diag Which is

Hding _ ot 4 oblh — yapatablh — %&%2 . %bﬁbz. (4.41)
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Although this part looks exactly like the Hamiltonian in Eq. (4.23), the effective resonant
frequencies w, and w;, are now modified due to the Stark-shift generated by the /mn drives

in addition to the previous renormalization. The expressions for w, and &, are

~ Xab
We = Wa — Xaa — - Z Xab|€j|2

2 ,
j=lmm
~ Xab
W = Wp = Xob = =5~ — Z 2Xaalé1*. (4.42)
j=lmm

The expressions for the Kerrs are the same as those in Eq. 4.25.

As afinal remark, let us discuss the pure dephasing of the transmon mode, modeled by
D[Z;Tl;], in this displaced frame. It can be shown that the dephasing noise is converted to
additional single amplitude damping and heating of the transmon mode [Boissonneault
et al., 2009]. However, this effect is typically weak and for the purpose of this thesis

dephasing is ignored.

4.2 Engineering two-photon drive and dissipation

The nonlinearity present in the transmon-oscillator system combined with off-resonant
drives allows us to engineer a plethora of nonlinear processes. Here, the focus is on the
engineering of multi-photon drives and dissipation. In particular, this section talks about
the two-photon driven-dissipative process.

Let us first discuss an intuitive picture for how two-photon driven-dissipative process
is engineered. The system that we imagine is a high-() oscillator coupled to a very low-(Q)
transmon. Now, if we could exchange two-photons of the oscillator with a single excita-
tion of the transmon, then the loss of the transmon excitation results in an effective loss
of two-photons of the oscillator. Similarly, if we first put an excitation in the transmon

and exchange it for two photons in the oscillator, then the oscillator will gain two photons
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simultaneously thus realizing a two-photon drive. Therefore, exchanging two oscillator
photons with single transmon excitation and vice versa, an interaction between three pho-
tons, is the key to realizing the two-photon driven-dissipative process. However, typically,
such an interaction does not conserve energy, since two oscillator photons might have a
different energy compared to the transmon excitation. How does one bridge the energy
gap? This is where the four-wave mixing property of the Josephson junction comes in
handy. If an additional ‘pump’ tone is applied, which provides photons that bridge the
energy difference, then such a process becomes energy-conserving. Cartoons in Fig. 4.3a
depict such four-wave mixing between two oscillator photons, one transmon excitation
and a pump-photon. We hereby assume that the Stark shifted frequency of the trans-
mon, Wy, is less than that of the oscillator, w,. As indicated by the cartoon, exchanging
transmon excitation for two oscillator photons requires an additional wy, opn = 2w, — W
energy obtained from the pump. The other way round, when two oscillator photons are
exchanged for an excitation in the transmon, a pump photon at the same frequency is
released. The entire two-photon driven-dissipative process engineered with the help of
such two-photon exchange is illustrated using a level diagram in Fig. 4.3b and the involved
frequencies are depicted in Fig. 4.3c.

Having described an intuitive picture for engineering two-photon driven-dissipative
process, let us now show a formal derivation of the two-photon exchange Hamiltonian
and the effective master equation of the system. This derivation is instructive towards our

latter discussion of four-photon driven-dissipative process.

4.2.1 Effective equation of motion of the oscillator

Here we formally show that the combination of two-photon exchange process combined

with a drive and dissipation on the transmon mode give rise to a two-photon driven-
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Figure 4.3: (a) Utilization of four-wave mixing for exchanging a transmon excitation for
two photons of the harmonic oscillator and vice versa. Under the assumption that the
effective transmon frequency wj is less than the effective oscillator frequency @,, an ad-
ditional pump photon at wy o, is required for transmon to oscillator exchange. In the
reverse process, an additional pump photon is released along with the transmon excita-
tion. (b) Representation of the two-photon driven-dissipative process with the help of
a Fock-state ladder. Imagine that the system is in the |g, n) state. The two-photon ex-
change (straight blue arrow) connects |g, n) to |e, n — 2) with the help of a pump photon
(wave blue arrow) at w, 2ph. The |e,n — 2) then decays to |g,n — 2) due to the transmon
dissipation (decaying wavy green arrow), thus resetting the transmon and implementing
two-photon dissipation. Similarly, the system can start in |g, n — 2), excite to |e,n — 2)
due to transmon drive (double sided green arrow) and then connect to |g,n) with the
help of two-photon exchange process, effectively adding two-photons on the oscillator.
(c) Frequencies involved in two-photon exchange process.

dissipative process on the harmonic oscillator. As discussed previously, the two-photon
exchange is engineered by adding a pump tone at w, 2pn = 20, — W,. The Hamiltonian of
the transmon-oscillator system in presence of this pump tone and the transmon drive is
given by

A~

H e B
= Wal'a + wyb'h — FJ [cos (p(t)) +

(9(1))°
2

+ (ede—i‘“dtiﬂ + e;eiwdt6> (4.43)

where

G(t) = pa (a+a') + o (ZS + 6*) + oy (&pe a4 relnznl) - (4.44)
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and wy = @p. We have absorbed the off resonant pump-tone into the cosine, while keeping
the resonant drive on the transmon outside the cosine. Additionally, the effective frequen-
cies W, are utilized while defining the pump and drive frequencies in anticipation of the
renormalization to the nonlinearity and the pump-induced Stark-shifts. We expand the
cosine up to the fourth order to get
Ho oo atapth — Xaastaa2  Xbbipapo
T =w.a'a + wpb'b — xapa'ab b—Ta a —7b b

A

Hrest
(4.45)

+ (ggphe*%ﬂphtdﬁé + g§phe%’2phtd2y> + (ede’mdtl;T + EZeiwdtl;) +

The terms in the first row are simply the effective frequencies and the Kerrs with the

expressions for the effective frequencies given by

~ Xab

Wq = Wg — Xaa — 7 - Xab|£p|2
~ Xab
Wo = Wh = Xob = =5~ — 2Xaal&p|*- (4.46)

The first term in the second row is the two-photon exchange term with

Xab

9oph = — 9 Sp- (447)

and the second term is the drive on the transmon. lf[rest represents rest of the terms in the
Hamiltonian. We isolate the two-photon exchange and the transmon drive in this manner
since they conserve energy in spite of not being diagonal. This becomes clear by going

into the rotating frame with respect to

== Geata+ opbth (4.48)
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and keeping only the non-rotating terms. In other words, performing an RWA to the first

order. Under such RWA, our Hamiltonian becomes

Hrwa ta747 X Xbb 7427
= — ypalablh — 22241252 — 22p2p2
) Xab 2 2

+ (gzphd2T13 + g;‘pha%T) + <edl;T + e;?;) . (4.49)

It is clear from inspecting this Hamiltonian that we indeed have a resonant two-photon
exchange process as well as a resonant drive on the transmon.

The equation of motion of the complete transmon-resonator system is given by

. U5 . -
p = =7 [, p] + FipuDlalo + T, Dlb]p. (4.50)
In the regime where ’%b, @, % ~ ¢ < land ’%"L“ , ”li—‘ih ~ 02, itis possible to perform the

so called adiabatic elimination [Wiseman and Milburn, 1993, 1994] of the transmon degree
of freedom to get the effective master equation of the oscillator. Such an elimination,
in our context, is explained in the supplementary material of [Leghtas et al., 2015]. We
repeat the derivation here for the sake of completeness. Such adiabatic elimination will be
repeatedly utilized in this thesis. The elimination is carried out by looking for a solution

to the master equation of the form

P = Paglg) (gl + 0pgelg) (el + Opegle) (gl + 6% pecle)el- (4.51)

Note that we have limited the system to the g — e manifold of the transmon since none
of our drives lead to a leakage out of this manifold. The effective density matrix of the

oscillator is given by Tr;(p) = pyg+0%pec. We derive the dynamics of this effective density
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matrix up to the second order in . The equation of motion for p,, is given by

1 . . Xaa ~+9 o K1ph N . N N
F_pgg =1 {—fa”aapgg} + %D[a]pgg —i6” <ATPeg - PgeA> + (52Pee (4.52)
+ + +

where A = ﬁ (g;‘pth + €4) is zeroth order in . We now need to find expressions for

Pge> Peg and pe. to the zeroth order in 0. The equation of motion for these are

1 . 1

F_peg = —1Apgg — 51089 + O(9), (4.53)
1

1 ~ N

e = <Apge i pegAT> e + O(), (4.54)
1

Now, since p,, only varies as O(4?) compared to the damping rate which is O(1), we
assume that p.. = pse = 0. This is called the adiabatic approximation which essentially

assumes that these quantities are continuously in the steady states. This leads to

Peg = _QiApgg + O(5>

Pee = 4Ap,, AT + O(0). (4.55)

Finally, using Eq. (4.52), Eq. (4.55), and the assumption that p.. = 0, we get the effective

master equation of the oscillator mode as

. . . ~ %~ xaa ~ o
Pa = Pgg = 1 [EQphaJ[2 + €2pha2 - Tu pa] + ff2ph,D[a2]pa + HlphD[a]pa (4.56)
where
21 € 4 2
€9ph = _ £092ph€d and Kopn = 9201 ) (4.57)
r, I

Therefore, we indeed get an effective two-photon driven-dissipative process on the oscil-

lator by activating two-photon exchange along with a drive and strong dissipation on
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transmon-oscillator system. This technique has been utilized to engineer two-photon
driven-dissipative process in three different experiments [Leghtas et al., 2015, Touzard
et al., 2018, Lescanne et al, 2019b]. Therefore, we do not dwell further on this topic and

move onto our discussion on engineering four-photon driven-dissipative process.

4.3 Engineering four-photon driven-dissipative process

The four-component cat states require a four-photon driven-dissipative process on the
harmonic oscillator in order to stabilize the manifold spanned by these states. The basic
principle behind engineering such a processes is similar to the one we studied in the last
section for engineering a two-photon driven-dissipative process. The idea is to enable a
parametric interaction which exchanges four-photons of the oscillator mode with some
excitation of an auxiliary transmon mode. Combining this exchange interaction with a
dissipation and drive on the transmon mode should then results in a four-photon driven-
dissipative process. The bottleneck, as it turns out, is the engineering of four-photon ex-
change process. In the next two sub-sections, we focus on this problem and come up with
a feasible way for implementing four-photon exchange. This is followed by a discussion

on converting this four-photon exchange into a four-photon driven-dissipative process.

4.3.1 Four-photon exchange using six-wave mixing

While implementing two-photon exchange process we utilized the four-wave mixing prop-
erty of the Josephson junction, giving us an effective interaction of the form a2b + at2b.
As a straightforward extension of this, one could envision implementing a four-photon
exchange of the form a*bt 4 a'*b. This interaction involves four oscillator photons and
one transmon excitation. Moreover, in order to bridge the energy gap between the four

photons of the oscillator and one excitation of the transmon, that is to make this process
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Figure 4.4: (a) Cartoon of a four-photon exchange performed using the six-wave mixing
property of the Josephson junction. An excitation of the transmon and a pump photon
at wy 4pn = 4w, — Wy are converted to four-photons of the harmonic oscillator and vice-
versa. (b) Explanation of the four-photon exchange and four-photon driven-dissipative
process using the energy levels of the system. Suppose the system starts in the |g, n) state
of the oscillator. The four-photon exchange (indicated by straight blue arrow) takes the
system to |e, n — 4) state. A strong |e) to |g) dissipation on the transmon (decaying wavy
green arrow) will then take the system to |g, n — 4) state thus resetting the transmon and
effectively loosing four-photon on the oscillator. Similarly, if the system starts in |g, n —4)
then the drive on transmon (double-sided green arrow) excites the system to |e,n — 4)
state and then the four-photon exchange takes the system to the |g, n) state thus adding
four-photons to the oscillator resulting in the four-photon drive. (c) Frequencies involved
in the four-photon exchange process.

resonant / energy conserving, we require at least a single pump-photon at an appropriate
frequency. Therefore, one could envision implementing the four-photon exchange with
the help of the six-wave mixing property of the Josephson junction as depicted in the car-
toons of Fig. 4.4a. As shown, a pump-photon at w, 4, = 4@, — @, and a single transmon
excitation can be destroyed to create four-photons of the resonator and vice versa. Panel
(b) of the same figure shows how this process can be converted into a a four-photon
driven-dissipative process and panel (c) shows the frequencies involved in engineering
such interaction. However, even though this implementation seems plausible, the prob-

lem with such an approach becomes clear once we take a closer look at the achievable
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magnitudes of the four-photon exchange process.
In order to estimate the magnitude of this process let us start with the pumped Hamil-

tonian of the system

a At a ce B (@(t))4 (@(t))(j
— t ty _ 24 _
= waa'a 4+ wpb'd . m Gl + ... (4.58)
with
P(t) = ¢, (d &T) ©b (8 gT) ©b (gpe—iwp,élpht S;e’iprpht) . (4.59)

The magnitude of the six-wave mixing term which performs the four-photon exchange is

then given by

EJ 6 Xaa
el = 51 % (3) %2 % ie2l6] = 22l (1.60)

Here, (2) X 2= 4?—;, x 2 is the combinatorial factor for the four-photon exchange interac-
tion and we have utilized x,, = %gpﬁ. As we have discussed previously ¢y, is in the range
0.15 — 0.45 for most of our systems and |,| is O(1). Therefore, typically, the four-photon
exchange obtained through six-wave mixing is at least an order of magnitude weaker than
the anharmonicity of the oscillator. The other four-wave mixing terms, like the cross-Kerr
Xa» completely dominate the six-wave mixing interaction. As a result, naively utilizing
the six-wave mixing property of the transmon mode does not work. There could be two
approaches to making the six-wave mixing four-photon exchange usable. The first one is
to replace transmon with circuits that cancel the four-wave mixing terms while keeping
the required six-wave mixing terms. One such circuit has been proposed in [Mirrahimi
et al., 2014]. In fact, a different circuit discussed in Ch. 6 of this thesis and another cir-

cuit proposed and implemented in [Lescanne et al., 2019b] could be adopted to perform

such six-wave mixing process. However, in spite of these improvements, the achievable
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magnitude of six-wave mixing is still comparable to single-photon dissipation rates, thus
hampering the prospect of implementing four-photon driven-dissipative process. There-
fore, the second step necessary for utilizing six-wave mixing is to increase the permissi-
ble pump strengths |¢,|. This task is complicated by the presence of chaotic processes at
higher pump strengths [Sank et al.,, 2016, Lescanne et al., 2019a]. Work is in progress to
alleviate these issues.

In the next sub-section, we propose a completely different approach to engineering
four-photon exchange process. It turns out, this new approach allows for much stronger
interactions even after the circuit and pump-strength improvements that we mentioned
in the last paragraph. Such an approach brings four-photon driven-dissipative processes

squarely into the realm of currently achievable technology.

4.3.2 Four-photon exchange with Raman-assisted cascading

In this sub-section, we propose an alternate method for implementing the four-photon
exchange process which achieves a much higher interaction strength than the six-wave
mixing approach. The overarching idea is to achieve this higher-order interaction by cas-
cading readily available, lower-order parametric processes. In particular, we cascade two
four-wave mixing processes to achieve the exchange of four oscillator photons with two
excitations of a transmon mode and two pump photons, and vice versa. We have al-
ready seen in Sec. 4.2, that a four-wave mixing process enabled by a pump at frequency
2w, — wy can be employed to exchange two-photons of the oscillator with a single g to
e excitation of the transmon mode. If this exchange is followed by another pump at fre-
quency 2w, — @y + X, Which exchanges two more photons of the oscillator with an
e to f excitation of the transmon, then we would have exchanged four-photons of the

oscillator with two excitations of the transmon. However, in this format, such a pro-
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Figure 4.5: (a) Explanation of Raman-assisted cascading with the help of energy level di-
agram. Suppose the system starts in the |g, n) state. A four wave mixing process (straight
light-blue arrow), enabled by a pump at frequency w,; = 2@, — @, — A, connects |g, n)
to a virtual state (dashed red line) which is detuned from |e,n — 2) by the detuning
A. Another four wave-mixing process (dark-blue straight arrow), enabled by pump at
Wy = 2W, — Wy + Xew + A connects the virtual state to the |f,n — 4) state, thus ex-
changing four-photons of the oscillator for two excitations in the transmon. An f — g¢
dissipation on the transmon (decaying wavy green arrow) and a f <> ¢ drive (double
sided green arrow) allow for converting the cascaded four-photon exchange into a four-
photon driven-dissipative process. (b) Relevant frequencies involved in Raman-assisted
cascading process. Note the key-role played by the anharmonicity of the transmon Y in
determining the pump frequencies. (c) Representation of the cascading process in terms
of four-wave mixing diagrams. The dashed green lines indicate a virtual excitation.
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cess only works stroboscopically since we have to let one exchange finish before starting
the next one. There is no higher-order process generated and we inherit a strong sen-
sitivity to dissipation of the transmon since a relaxation of the transmon after the first
two-photon exchange will cause an effective two-photon loss on the oscillator. Instead,
it is possible to cascade these process in a Raman-like transition in order to achieve an
effective higher-order process. This is accomplished by shifting both the pumps from their
respective resonant frequencies with equal and opposite detuning A. An energy level di-
agram explaining the resultant Raman-assisted cascaded process is depicted in Fig. 4.5a
and Fig. 4.5¢c. The first two-photon exchange process now connects the initial |g, n) state
of the transmon to a virtual state detuned from |e,n — 2) by a detuning A. At the same
time, the second two-photon exchange process connects the virtual state to the |f,n — 4)
state. This combination, in effect, connects the |g,n) directly to the |f,n — 4) state. To
make this claim more intuitive, note that the individual two-photon exchange processes
do not work, since the pumps do not provide enough energy for completing these pro-
cesses. However, the combination of the two pumps provides the exact energy required
for the |g,n) <> | f,n — 4) transition. We give a formal analysis of such cascading process
in this sub-section and show how to convert this four-photon exchange into a four-photon
driven-dissipative process in the next sub-section. It is worth mentioning here that the
conversion to four-photon driven-dissipative process now requires an f <> ¢ drive and
an f — g dissipation. We also include the analysis of the f <+ g drive in this section since
it requires many of the same techniques that we discuss here.

We start our analysis from the pumped Hamiltonian of the system given by

- = wa'a + wpb'b — 7‘] [cos (p(t) + (4.61)

<¢<t>>2]
2



4.3. Engineering four-photon driven-dissipative process 109

with

3
B(t) = pa (@+a') + gy (b+8) + (Z e net 1 fke> S @ey

k=1

The first two pumps are used for addressing the cascaded four-photon exchange. The third

pump is utilized for performing the g <+ f drive. The frequencies of the pumps are given

by

wp1:2@a—@b—A—|—5
wp2:2@a_<@b_xbb)+A+5
- Xbb

0 (4.63)
Wpg = Wp — =—— — — .
p3 b 9 27

where the renormalized and Stark-shifted frequencies @, and w; are
X 3
- b Z
Weg = Wg — Xaa — 7(1 — Xab < |§k|2

3
Wy = Wy — Xbb — % — 2Xwb Z k] (4.64)
=1

As expected, the first pump is detuned from from the |g,n) <> |e,n — 2) transition by
—A and the second pump is detuned from the |e,n — 2) <> |f,n — 4) transition with
a detuning +A. The additional detuning ¢ is small compared A and is added in order
to compensate for higher-order frequency shifts. The expression for this compensation
becomes clear later in the analysis. Developing the cosine up to fourth-order terms and

keeping only the diagonal and the two-photon exchange terms, we get a Hamiltonian of
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the form

A~

T _aala 4 apbth — Xeai2a? — MGG bl
h 2 2
+ > (gke—i“pkta% + g,’;eiwpktd%T) + (gge‘%%%” + g§e2iwf’3tl;2> . (4.65)
k=12

Here we have ignored all the other terms assuming a sufficiently large frequency dif-
ference, |0, — @p|, between the two modes. In the rotating frame with respect to the
stationary part of the Hamiltonian, those terms oscillate much faster than A and hence
don’t contribute significantly to the dynamics of the system. Finally, the amplitudes of

the nonlinear processes, g, are expressed as

Xbb

Xa
g1/2 = _7b§1/2 and g3 = —753?- (4.66)

In order to extract the effective dynamics of the system we go into a rotating frame

with respect to

i o e
70 = Geata + (@ — 0)bth — %bw (4.67)

The Hamiltonian in this interaction picture is given by

]:I 747 aa ~+2 A At ATHT
# =6bTh — XT(IJQGQ - Xaba*abTb
+ g1 €exp 1 (Xbbz)U; + A) t] del; + h.c.

+ g2 exp Z (Xbb (13*5 - 1) - A) t] at?b + h.c.

+ g3 exp -—Qixbb(i)ﬁ) — 2)] BTQ + h.c.. (4.68)

Here h.c. denotes Hermitian conjugate. Note the presence of b'h in the exponents which

appears due the addition of qubit anharmonicity in H, (Eq. 4.67). It turns out, to the first
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order in RWA only the terms in first row and some part of the term in the last row survives.
The two-photon exchange terms do not contribute to the first order in RWA at all, since we
detuned the pumps from their respective resonant frequencies. The higher order process
resulting from the two-photon exchange can be made apparent by performing RWA to
the second order. The theory behind second order RWA is developed in [Mirrahimi and
Rouchon, 2015]. Here, however, we simply use the results. The Hamiltonian to the second

order in RWA is given by

Hyg —Hy — z‘(HI - E) / dt (f]l . E) (4.69)

where A = limy o0 7 fOT A(t)dt. Substituting for H; and evaluating we get

h;;ff - (9413th4 - 6?9) fg + (gthd4 - Gfg) 6}9 (4.70)
+ (Cgaa?fgg + CeaaOee + Cfaalsf — X2> at?a? (4.71)
+ ((Xea = Xab)Fee + (Xfa — 2Xad)0ss) Al (4.72)
+ <5 + Xee 3|g3’2) Gee + (25 + @> Gyt (4.73)
2 Xbb 2

where we have only considered the first three energy levels g, e and f of the junction
mode. The other energy levels of this mode are never populated in this scheme. The
transition operators ¢;; are given by |k)(j|. The first row of (4.73) is the four-photon

exchange term and the two-photon g <+ f drive on the junction mode with

1 1
=2 _— d = v 205. 4.74
Japh V2919 <A Xbb+A> and €y, V23 (4.74)

Note the importance of the transmon anharmonicity in this expression. If x;, = 0 then the

gaph term vanishes. Therefore the b mode cannot be a harmonic oscillator. In fact x, > A
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regime is the most beneficial since the g4, asymptotically approaches the maximum as
Xub» increases. In addition to the desired four-photon exchange term, the pumping also

modifies the cross-Kerr terms by

AP AP
ea Xbb . A A bl
8lga* _ 8lonl?
= — 4.
Ja A Xoo + A (4.75)
and produces higher order interactions
C_(lof P
gaa A LA
Cona = (_ 91 *Ovee — A [go]*(2xw + A)
“ Alx + A) Al +4) )7
2 2 A 2
Cfaa:(|92| (2xw+4) gl ) (4.76)
Alxew — A) 2xw + A

Although these frequency changes tend to modify the frequency matching conditions,
the discussion in the next sub-section shows that, in presence of dissipation, only a few
of these higher-order frequency shifts are important.

In order to show the correctness of the effective dynamics, let us consider the oscil-
lations between the states | f,0) and |g,4). The terms (Cjaa0gg — Xaa/2) @'?G* and (28 +
Xfa/2)0 s produce additional frequency shifts between |g,4) and |f,0), thus hindering

the oscillations. We counter the effect of these terms by selecting parameters such that

Xaa Xfa
Cgaa = 7 and 0 = —T (477)

The numerically obtained results for the dynamics given by Hamiltonian (4.65) (simu-
lated in the rotating frame of @,a'a + ab1b) is compared with the effective dynamics

given by Hamiltonian (4.73) in Fig. 4.6a. The system parameters are X,,/(27) = 312 Hz,
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Figure 4.6: Numerical simulations of |g,4) <> |f,0) oscillations. Panel (a) compares the
effective dynamics given by the Hamiltonian (4.73) with the full dynamics corresponding
to Eq. (4.65). For the four-photon exchange we do not need the g <+ f Rabi drive (see
text). Consequently we set g5 = 0. We start in the state | f, 0) and monitor the population
of |g,4) (blue) and |f,0) (green). (b) Population leakage to the state |e,2). The system
parameters are X../(27) = 312Hz, xm»/(27) = 200 MHz, xa/(27) = 0.5 MHz. We
choose 0 = 153kHz, A = 50 MHz, ¢,/(27) = 899kHz, go/(27) = 2MHz in order to
satisfy Eq. (4.77). No dissipation is added to the system.

Xob/ (2m) = 200 MHz, x4/(27) = 0.5 MHz. The values A/(27) = 50 MHz, ¢/(27) =
153kHz, g1/(27) = 899kHz and ¢»/(27) = 2 MHz are selected to satisfy Eq. (4.77). The
third drive g3 is set to zero in this simulation. Note that the strengths of the two-photon
exchange processes |g1| and |go| are chosen to be stronger than . This turns out to
be necessary for the four-photon exchange as well as the four-photon driven-dissipative

process to work well. We will consider the effect of different magnitudes of |g1 2|/ Xap in

a latter section. Dynamics given by both, (4.65) and (4.73), show the required oscillations.
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The slight mismatch between the oscillation frequencies is due to a higher order effect
induced by the occupation of the state |e, 2). Figure 4.6b shows the population leakage to
the |e, 2) state. This leakage leads to an important limitation of the protocol as we will see
in the next sub-section.

As a final point, let us compare the strength of four-photon exchange obtained from
cascading to the one obtained from the six-wave mixing process. The four-photon ex-
change rate for A/2r = 50MHz, x./27 = 0.5MHz and x4 /27 = 200 MHz and
912 = &1aXan/2 18 Gapn/2m = [€1&2| X 5.6 kHz. For the same system parameters, and
assuming a reasonable F/; ~ 25 GHz, we get the rate of six-wave mixing process to be
around |¢,| x 3.3 Hz where |¢,| is the strength of the pump used to address the six-wave
mixing process. It is clear that the six-wave mixing process is at-least three orders of
magnitude weaker than the cascaded four-wave mixing process. Therefore, exploring the
Raman-assisted cascading is crucial for implementation of four-photon driven-dissipative

process.

4.3.3 Including dissipation on the transmon

As we have mentioned previously, along with the four-photon exchange process, we need
an g < f drive and an f <> ¢ dissipation in order to get the full four-photon driven-
dissipative process. We have also studied the implementation of the g <> f drive in
the last sub-section along with the four-photon exchange. Let us now focus on adding
strong f — ¢ dissipation to the system so that the transmon degree of freedom can be
adiabatically eliminated (similar to Sec. 4.2). We consider two different ways of adding
such dissipation.

The first is by utilizing the amplitude damping channel of the transmon mode. Under

this channel the transmon dissipates from | f) to |e) followed by another relaxation from
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(a) Ordinary dissipation (b) Engineered dissipation
|f) —If |f)
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Figure 4.7: (a) The required f — g dissipation through the amplitude damping channel.
The f state dissipates to e at the rate 2I'| and the e state to g at the rate I'}. (b) Engineered
direct f — ¢ dissipation. A two-photon exchange between the transmon and an auxiliary
low-() system r is enabled by a pump at w, r; = 20, — X — w,. This exchanges two
transmon excitations in the |f,0,) state with a single excitation in the low-() mode r,
taking the system to |g, 1,.) state. Loss of this excitation in r results in system going to
|g,0,) an effective f — ¢ dissipation for the qubit.
le) to |g) as indicated in Fig. 4.7a. It is possible to accomplish our goal of strong [ — ¢
dissipation by making the rate of amplitude damping I'| stronger than all the other rates
in Hyg of Eq. (4.73). Although this accomplishes our goal of having an f — g dissipation,
it also leads to an unintended and fatal consequence for the four-component cat code. As
we have discussed in the last section, the Raman-assisted cascading also leads to some
leakage into the intermediate |e,n — 2) state. A strong I'| then implies that this leaked
population of the |e, n —2) state will then dissipate to the |g, n — 2) state leading to a two-
photon dissipation on the system which is a logical bit-flip error for the four-component
cat states. Although the leakage can be suppressed by making the detuning A larger, a
strong e — ¢ dissipation is not ideal for the system.

The second way of achieving the required dissipation is by engineering a direct process
which selectively dissipates from f to g without adding any dissipation from e to g. This

can be achieved by making the transmon mode high-() (small I'}) to suppress the e to

g dissipation and engineering the direct f — ¢ process with the help of an additional
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auxiliary low-() mode. Let us assume, for the sake of discussion, this low-() mode is a
readout mode r coupled to the transmon. Then, by enabling a process of the form 6,7 +
04¢7 with the help of a pump at 2w, — x — @w,, one could engineer an effective f —
g dissipation on the transmon as shown in Fig. 4.7. Note that this is very similar to a
two-photon driven-dissipative process, except the role of the oscillator is taken up by the
transmon and the dissipation is provided by an auxiliary low-() oscillator.

The master equation of the system in presence of ordinary amplitude damping channel

and the engineered f — ¢ dissipation is

~

p=—1 [Hsys, p} + kapnDlalp + T, Dlilp + T 1,Dlé 14l (4.78)

where [ sys is the system Hamiltonian before second order RWA mentioned in Eq. (4.65).
In order to correctly model the effective dynamics of the system when dissipation is
present, one has to perform the second order RWA in presence of the dissipation. Ap-
pendix A illustrates a way to accomplish this. The overall idea is to model dissipation
using a Hamiltonian which includes the coupling of the transmon to many low-() ‘bath’
oscillators. Adiabatic elimination of the bath oscillators then leads to the master equa-
tion in Eq. (4.78). However, in order to obtain the effective dynamics, one first performs
the second order RWA on the system-bath Hamiltonian and then performs the adia-
batic elimination of the bath degrees of freedom. Going further, under the assumption

A+ Ty > ‘ ‘% , where H.g is given in Eq. 4.73, it is possible eliminate the transmon

degree of freedom as well to get the effective dynamics of the high-() oscillator mode.
We quote the result for this oscillator dynamics over here and refer the interested reader

to [Mundhada et al., 2017] or appendix A for a complete derivation. The dynamics of the
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oscillator is approximated by

) T [ A . . .
Pa = h [Heff,a: pa} + K1pnD[a] pa + nghD[CLQ]pa + 54phD[a4]pa' (4.79)
with
HA—e a A A aa A A
Fif’ - e4phaT4 + e4pha4 + (Cgaa — X2 > al%q? (4.80)
and
€4ph = _ Zlgiwncsy (4.81)
’ ng +2I
912 g0 |
_ (|9 2| \r 4.82
2ph ‘A +‘A+Xbb ‘ (482)
4’g4ph’2
Koug = —94phl 4.83
e ng +2I, ( :

It is clear from the effective dynamics of the oscillator that we have a four-photon driven-
dissipative process. The term that is worrying is the two-photon dissipation xap,D[d?].
As me mentioned earlier, this term is arising due to the leakage to the intermediate |e, 2)
state in the Raman transition. From the expression for kgpy it is clear that such a term
could be minimized by either increasing A and 4, or by minimizing I'|. However, since
the I') can never be made zero, there is always some amount of logical bit-flip error intro-
duced by our protocol. How useful is this protocol in that scenario? The answer comes
from comparing the additional two-photon loss introduced by the protocol to the one in-
herited from loosing single-photon twice in a given time interval 7. The probability of
loosing two-photons due to 1,y is given by (|a|?k1,,7)%/2. The probability of loosing
two-photons in the same time interval due to the presence of k), is given by |a|*fopnT.
Therefore, if Kopn < /{fphf /2, then the added two-photon loss due to the protocol is much

smaller than the probability of loosing two-photons due to the natural means. In such a
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Figure 4.8: (a) Comparison between the numerical simulation of the full dynamics (FD,
solid lines) given by Eq. (4.78) and the effective dynamics (ED, dashed lines) given by
Eq. (4.79) for different values of I'; and I'f,. The blue curves have I'| /27 = 2 MHz and
I't, = 0. The green curves have I') /2r = 3kHz and I'f, /27 = 4 MHz. Although the
resulting k4, /2m = 1.65kHz is the same in both the cases, the rate of two-photon dis-
sipation error kgpp is suppressed by almost three orders of magnitude when engineered
dissipation is dominant. The mismatch between effective dynamics and the full dynamics
is due to the breakdown of the adiabatic approximation. We discuss this in more detail
in appendix B. See text for other parameters. (b) Wigner function at ¢ = 50 us for the
T, = 2MHz, T, = 0, case. The resultant state is a mixture of |C."5°'*) and |C"3°¥))
as a result of the induced two-photon dissipation. (c) Wigner function at ¢ = 50 ps for
the I') = 3kHz, I'y;, = 4 MHz case. The suppression of two-photon dissipation leads to

high-fidelity preparation of [C."3°?%)).

scenario, this protocol is useful since the four-photon driven-dissipative process protects
against all the other errors present on the system. Going further, in Ch. 7 we propose a
new encoding scheme which uses a similar protocol for manifold stabilization, however,
is insensitive to the leakage losses.

In order to establish the validity of the effective dynamics, we compare the numeri-

cal simulation of the full dynamics given by Eq. 4.78 with those of effective dynamics in
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Eq. 4.79 (see Fig. 4.8a). The system is started in the ground state and the overlap with
the expected |Cc(y0 mod 4)> state is plotted as function of time. The evolution under the full
master equation is represented by solid lines and that under the effective master equation
is represented by the dashed lines. The Hamiltonian parameters are y;;,/(27) = 200 MHz,
Xaa/(27) = 312Hz, xaw/(27) = 0.5MHz, A/(27) = 50MHz, §/(2r) = 153kHz,
g2/(2m) = 2MHz and ¢, /(27) = 899kHz. The parameters satisfy (joq = Xaa/2. The
four-photon exchange rate for these parameters g4, /(27) = 41 kHz and the amplitude of
the coherent states in the stabilized cat is given by o = <g%gh) = 2. The single-photon dis-
sipation rate of the oscillator k1, is set to zero. In the blue curves I') /(27) = 2 MHz and
I,/ (2m) = 0 giving 1/Kapn = 96 ps and 1/Kop = 205 ps. The full-dynamics (solid lines)
and effective dynamics (dashed lines) converge to the same steady state. The differences

at the short time scales arise due to breakdown of adiabatic approximation which has

been elaborated in appendix B. The inherited two-photon dissipation in this case severely

(0mod 4)
a=2

limits the fidelity of the |C ) state preparation. The Wigner function of the resulting

state is shown in Fig. 4.8b. It is a mixture of the |C'"3°"") and |C®3°!*)) state. On the
other hand, the green curves show the simulation results where I'| /(27) = 3kHz and
I'y,/(27) = 4MHz. The full dynamics and effective dynamics show better matching in
this case. Additionally, although k4, is maintained to be around the same value as in the
case of blue curves (1/k4pn = 96 ps), the two-photon error rate kapy, is suppressed such
that 1/k9p, = 136 ms. It is clear from the achieved overlap for the green curves and the
Wigner function in Fig. 4.8c that the protocol works much better in this case. Moreover,
for the typical values of 1/k1p, ~ 0.1 — 1 ms we have a two to three orders of magni-
tude separation between ko, and ki, Therefore, for a reasonable value of a time step
T ~ 10 ps, which is determined by the frequency of parity measurements, the probability

of two-photon loss due to o, should be less than the probability of two-photon loss due

to ~1pn thus making the added error tolerable.
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4.3.4 Required pump strengths to overcome Cross-Kerr

In the last sub-section we showed through analysis and simulations that the cascaded four-
photon exchange process indeed produces the required four-pohoton driven-dissipative
process. However, while selecting the parameters for the simulation, we have always
selected the strengths of the two-photon exchange process, g1 2 > Xa the cross-Kerr be-
tween the oscillator and the transmon mode. Experimentally speaking, this not always
possible since the pump strengths required to achieve such high two-photon exchange
rates result into other spurious processes as well. What happens if we increase the mag-
nitude of the cross-Kerr? We examine the effect of the increasing values of cross-Kerr on
the dynamics of the system in Fig. 4.9. All the other parameters are kept the same as the
previous section. It is clear from this simulation that as the magnitude of y,; increases,
the fidelity of the process decreases. The strong cross-Kerr completely distorts the state
of the oscillator which leads to the decrease in fidelity. In fact, through many more nu-
merical simulations, we have figured out, as a rule of thumb, we require g, > 2y, for the
process to work.

The reason behind the deleterious effect of the cross-Kerr is the following. The reso-
nant frequencies of the |g,n) <> |e,n —2) and |e,n — 2) <> |f, n — 4) transitions depend
on n due to the presence of cross-Kerr. Therefore, the pumps have different detuning A
from each of these resonances. This leads to a complete breakdown of the four-photon
exchange process. Moreover, the leakage population in the |e,n — 2) state also leads to
continuous entanglement between the transmon and the oscillator in the presence of the
cross-Kerr which adds to the distortion. Therefore, in order for the four-photon driven-
dissipative process to work, it is mandatory to either achieve strong two-photon exchange
rates or cancel out the cross-Kerr. We provide an improved circuit which allows for such

canceling of the cross-Kerr in Ch. 6.
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Figure 4.9: Simulation of the full dynamics, Eq. (4.78), for different values of the cross-

Kerr. All the other parameters are maintained constant at the values specified in the last

section. The system is started in the ground state and the overlap with the |C*3°%)

is plotted as function of time. It is clear that the increase in cross-Kerr results in lower
fidelity of the process.

4.4 Summary and prelude to the next chapter
We summarize some of the important points of this chapter in the following list:
(i) Josephson junction based circuits provide the required nonlinearity in cQED.

(ii) Specifically, we utilize the transmon for providing nonlinearity as well as realizing

qubits in our systems.

(iii) The off-resonant drives on a transmon-oscillator system enables nonlinear pro-
cesses. Such drives can be modeled by absorbing them in the cosine of transmon

potential.

(iv) Two-photon driven-dissipative process can be realized by utilizing the four-wave

mixing property of the transmon along with an off-resonant pump.

(v) A similar realization of four-photon driven-dissipative process using the six-wave

mixing property of the Josephson junction results in a weak interaction.
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(vi) A stronger interaction for implementing four-photon driven-dissipative process can

be obtained by cascading two four-wave mixing processes.

(vii) Combining the cascaded interaction with f — ¢ direct dissipation on the transmon

and f <> g drive results in a four-photon driven-dissipative process.

(viii) The amplitude damping of the transmon in presence of cascading results in two-
photon loss on the harmonic oscillator which is a bit-flip error on the four-component
cat code. Two-photon loss can be suppressed by suppressing amplitude damping

and increasing the detuning in the cascading process.

(ix) For the cascading to work, the two-photon exchange rate needs to be higher than

the cross-Kerr interaction between the transmon and the oscillator.

The technique of Raman-assisted cascading of lower-order nonlinear processes to ob-
tain a higher-order nonlinearity is the new, relatively unexplored concept that we have
introduced in this chapter. Such cascading can be utilized for engineering a plethora of
nonlinear processes. In Ch. 7 we utilize cascading for modifying cross-Kerr between two
modes and also for engineering the driven-dissipative process for stabilizing the pair-cat
code. However, to the best of our knowledge, such cascading of two nonlinear processes
has not been implemented before. Hence, in the next chapter (Ch. 5), we focus on exper-
imentally verifying the feasibility of cascading nonlinear processes in this manner. Ch. 6
develops a new four-wave mixing elements which allows for two-photon exchange while
completely canceling the cross-Kerr interaction thereby addressing the issue in point (ix).
Furthermore, in Ch. 7 we show that the pair cat-code can tolerate multiple photon losses
on a single mode and is therefore immune to the two-photon dissipation error, thus pro-

viding a viable solution for the issue in point (vii).



Chapter 5

Demonstration of a cascaded process

From our previous discussion, it is clear that four-photon driven-dissipative process plays
an important role in stabilization of four-component cat states. The implementation of
such highly nonlinear drive and dissipation requires a four-photon exchange interaction
which swaps four photons of the oscillator with some excitations in a nonlinear transmon
mode. In the last chapter we established that the best way to achieve this interaction is
through Raman-assisted cascading of two four-wave mixing processes that each exchange
two photons of the oscillator for an excitation of the transmon. In fact, we later show that
such Raman-assisted cascading of lower-order processes enables the engineering many
other nonlinear interactions that are useful towards autonomous error correction. There-
fore, keeping these applications in mind, here we focus on experimentally verifying the
feasibility of such cascading.

The specific process that we demonstrate is a transition between | f, 0) and |g, 4) states
of the transmon-oscillator system. This transition is a a precursor to the a™|g)(f| +
a*| f){g| process which requires all the |f,n) <+ |g,n + 4) transitions to occur simul-
taneously. Nonetheless, our implementation of | f, 0) <+ |g, 4) transition serves as a proof

of principle for the feasibility of the Raman-assisted cascaded processes. The next section
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Figure 5.1: (a) Explanation of |f,0) <> |g,4) oscillation with the help of energy level
diagram of a high-Q harmonic oscillator (hereby called high-() resonator or storage res-
onator) and a transmon mode (hereby called conversion transmon). Starting in |g, 0), the
system is prepared in |f,0) by applying |g) — |e) and |e¢) — |f) Rabi pulses (green
arrows). A pump at frequency w,» (dark blue) connects |f,0) to a virtual state, repre-
sented by the dashed red line, detuned from |e, 2) with a detuning A. A second pump
at frequency wy,; (light blue) connects the virtual state to |g, 4), thus converting the two
transmon excitations into four resonator excitations. (b) Frequency distribution of the
pumps and the transitions involved in the scheme.

(Sec. 5.1) quickly recaps some of the theory required for understanding the work in this
chapter. Sec. 5.2 introduces our experimental setup for demonstrating this process. The
tuneup and characterization of the pumped transition is undertaken in Sec.s 5.3 and 5.4
respectively. Our data from these sections proves that the Raman-assisted | f,0) <> |g,4)

transition indeed works as expected. A summary of the current chapter, along with some

future directions are presented in the final section (Sec. 5.5).
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5.1 Theory of |f,0) <> |g,4) transition

As mentioned in Sec. 4.3.4, the cascaded four-photon exchange between transmon and a
harmonic oscillator requires the strength of the individual four-wave mixing processes to
be stronger than the cross-Kerr interaction between the two modes. Here we get around
this issue by explicitly taking the frequency shifts due to cross-Kerr into account, which
allows us to demonstrate |f,0) <> |g,4) transition without any constraint on the pump
strengths. As a downside, our system cannot show the full four-photon exchange involv-
ing all the | f, n) <> |g, n+4) transitions since the frequency matching condition depends
on n. We address this issue in the next chapter by building a cross-Kerr-free four-wave
mixing device.

In this section we develop the theory of | f,0) <> |g, 4) transition in presence of strong
cross-Kerr interaction. This transition is realized by cascading off-resonant |f, 0) <> |e, 2)
enabled by pump at frequency wy; and |e, 2) <+ |g, 4) enabled by a pump at frequency w,;

as shown in Fig. 5.1a. The Hamiltonian of the system in presence of the pumps is given

by

= + [(gle_’w”lt + goeMr2t) a1%h 4 h.c.] (5.1)

where ¢g; and g, are amplitudes of the pumped processes and h.c. denotes Hermitian con-
jugate. This Hamiltonian is obtained by setting g3 = 0 in Eq. (4.65) from the last chapter.
The first term f[ab is, as usual, the diagonal part of the Hamiltonian with

I:—,ab
h

—Gpata + ohTh — yapalabth — %&%2 - %ISW,

By combining the relations in Eq. (4.64) and Eq. (4.66) of the last chapter, we also express
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the Stark shifts directly in terms of the ¢g; and g, as follows:

Wqg =Wq — — (’g1|2 + ‘92‘2)
ab

. 8Xbb

Wy = Wy — R (lg1]* + 1g2l) - (5.2)
ab

In terms of these quantities, the pump frequencies are expressed as

wplzz(:)a—(:)b‘i‘Xbb_QXab‘i‘A—.—(s

Wp2 = 2&0, — (I)b + 2Xab - A + 0. (53)

It is clear from these expressions that the frequency shifts due to cross-Kerr are explicitly
taken into account. As expected, these two pumps are equally detuned from the |f0) <>
le2) and |e2) <> |g4) transitions by a detuning A (see Fig. 5.1b). The common shift in
the pump frequencies, given by 9 (not shown in the figure), helps in accounting for the
anharmonicity of the storage resonator and higher-order frequency shifts.

In order to derive the effective Hamiltonian of the system we go into a rotating frame

with respect to H, given by

0= @it + (@, — )b — xawilablh %zﬂ?b?

As opposed to the last chapter, here we have included the cross-Kerr term explicitly in the
rotating frame. Performing RWA to the second order in this rotating frame gives us the
effective Hamiltonian

F[eff *

T = (g4ph’g, 4> <f7 0‘ + g4ph|f7 0> <ga 4|)

+ (12|92|2 _ 12]g:[?
A Xob — 4Xap + A

— 6Xaa> 19,4)(g,4|
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B (12|92|2 +4gi*  Algal* + 12|
A Xob — 4Xab + A

+ (4|91|2 _ 4] g2|?

+ Xaa + 5) e, 2) (e, 2|

v —25) £, 0)(f,0]. (5.4)

The first row in the expression for the effective Hamiltonian is indeed the | f,0) <> |g, 4)

transition. The magnitude of g4}, in this expression is given by

1 1
= V48 - = : 55
9aph 9192 (A or — dxan + A> (5.5)

Here the factor 48 appears due to the y/n constants in the Fock state expansion of the
destruction operators. All the other terms in the Hamiltonian are the higher-order fre-
quency shifts. In the experiment, these shifts need to be compensated, which is accom-
plished by sweeping both the pump frequencies while keeping their difference constant at
Xob — 4Xap + 2A. Such common shifts of the pump frequencies is modeled by the quantity

0 that we added in expressions for the pump frequencies. We select the value of J to be

2 2_6 2 6 2_2 2
5=3Xaa+( |91] |92 4 |91 |2 ) (5.6)

A Xob — 4Xap + A

This value is selected to ensure to ensure that the constants in front of the |g,4)(g, 4| and
|f,0)(f,0| terms in Eq. (5.4) are equal, making the |f,0) <> |g,4) transition completely
resonant.

Now that we have all the theory required for modeling the |f,0) <> |g,4) transition

in place, let us proceed to the experimental implementation of this transition.
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Figure 5.2: (a) Schematic of the implementation. The high-Q resonator is formed by an
aluminum )\ /4-type 3-dimensional superconducting resonator (magenta), which is disper-
sively coupled to the conversion transmon (green) and the tomography transmon (red).
The two A\ /2 stripline resonators coupled to the transmons are used for performing single-
shot readout of the respective transmons. The pumps are coupled through a strongly cou-
pled pin at the top of the enclosure which acts as a rectangular waveguide high-pass filter
with pump frequencies in the pass-band and the mode frequencies in the stop-band. (b)
Cartoon representing the front and side views of the system with the fields of the high-Q
resonator mode (purple) and that of the coupled pumps (blue). The red and green arrows
represent the dipole moments of the tomography and conversion transmons respectively.
The frequency of the high-() resonator is below the waveguide cutoff and hence the field
of this mode decays exponentially towards the top of the wave-guide. Near the post, the
resonator field extends symmetrically outwards, enabling a coupling to both the trans-
mons. The fields of the pumps on the other hand are parallel to the short edge of the
enclosure and therefore only couple to the conversion transmon. (d) Picture of the Ansys
HESS design of the system. (e) The machined system enclosure. (f) An example layout of a
sapphire chip containing a transmon and a A/2 stripline resonator used as readout mode.
Similar chips are utilized as conversion side and the tomography side in the system. (g)
Scanning electron microscope (SEM) image of a fabricated Josephson junction.
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5.2 Experimental setup

The experimental setup for testing our transition requires (i) a high-Q storage resonator,
(ii) a transmon mode for the conversion process, and (iii) a second transmon mode to
perform tomography of the storage resonator. In addition, we need to be able to couple
pumps strongly with the conversion transmon, while maintaining the quality factor of
various modes of the system. A schematic of the system is presented in Fig. 5.2a. As
shown, the high-Q storage resonator (17 = 76 us)" is realized as a high purity aluminum,
A/4-type resonator with a frequency of w, /27 = 8.03 GHz. Such resonators have a ben-
efit of being seamless, since the seam is located at the top of the enclosure, while the
resonator field decays exponentially towards the top as shown in Fig. 5.2b. The design
and development of such high-Q resonators has been explained fully in [Reagor et al,
2013]. The storage resonator is dispersively coupled to two transmons (Fig. 5.2a). The
transmon indicated by green color is used for the conversion process and is therefore
called the conversion transmon. This transmon has a frequency of w;,/(27) = 5.78 GHz,
self-Kerr x;,/(27) = 122.6 MHz and a cross-Kerr of x4/(27) = 7.4 MHz with the stor-
age resonator. The 7} and 7, of this mode are 50 us and 7.6 s respectively. The second
transmon is employed to perform Wigner tomography on the storage resonator and has a
cross-Kerr of 1.1 MHz with it. Both transmons are coupled to low-Q resonators through
which we perform single-shot measurements of the transmon state. In the case of the

conversion transmon, the measurement distinguishes, in single-shot, between the first

three states |g), |e) and | f). The remaining system parameters are quoted in table 5.1.
The enclosure of the system acts as a rectangular wave-guide high-pass filter with
a cutoff at ~ 9.5 GHz. Since the two pump frequencies, w,;/(27) = 10.294 GHz and

wpz/(2m) = 10.397 GHz, are above the cutoff, they are applied through the strongly cou-

T of this cavity is Purcell limited by the other low-Q modes in the system
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pled (waveguide mode ) < 100) pin at the top. In addition, the low-() resonator utilized
for measuring the transmon mode is approximately at 9.93 GHz which is also above the
waveguide cutoff. Therefore, this mode primarily couples to the external circuitry through
the strongly coupled pin. The storage resonator and the transmon modes are below the
cutoff, and are thus protected from relaxation through this pin. These modes are driven
by other weakly coupled pins present in the system. The wave-guide also acts as a polar-
ization filter. The orientation of the strongly coupled pin with respect to the wave-guide
forces the pump fields to be parallel to the shorter edge of the enclosure as shown in
Fig. 5.2b. These fields then preferentially couple to the conversion transmon since the
dipole moment of the conversion transmon is parallel to the field. On the other hand,
the high-() resonator and the tomography qubit are protected from the pumps due to the
respective field orientations.

The entire system is designed using high frequency finite element simulations with
ANSYS HFSS package and the Hamiltonian of the system is inferred using energy partic-
ipation ratio black-box quantization technique [Nigg et al, 2012]. A picture of the HFSS
design is shown in Fig. 5.2c. The system enclosure is machined into a single block of high
purity aluminum as shown in Fig. 5.2d. The central hollow structure contains the post for
realizing the high-() resonator. This part is later closed with an aluminum lid. The trans-
mons are fabricated as Al/AlO,/Al Josephson junctions on a c-plane double-side polished
sapphire wafer using bridge-free electron beam lithography [Lecocq et al., 2011]. The low-
Q resonators are realized as stripline \/2 resonators defined lithographically in the same
fabrication step as the transmons. A typical layout for the sapphire chip is represented
in Fig. 5.2e and a scanning electron microscope (SEM) image of the junction is shown
in Fig. 5.2f. The fabricated sapphire chips are inserted into their respective tunnels and
are held with the help of aluminum clamps. The coupling pins of the system are coaxial

couplers whose coupling strength is tuned by adjusting the length of their exposed pin.
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Conversion Conversion Storage res- Tomography Tomography

resonator transmon onator transmon resonator
Conversion £ 993 GHyz v 57MHz  NA NA NA
resonator k: 5.32 MHz ‘
Conversion f: 5.78 GHz
transmon x: 5.7 MHz Ty: 50 ps x: 7.4MHz NA NA
T5: 7.6 ps
Xself: 122 MHZ
Storage ‘ f: 8.03 GHz .
resonator NA x: 7.4 MHz Ty: 72 ps x: L.LIMHz ~ NA
Th: 56 ps
Xseit: 122 kHz
Tomography . f: 6.36 GHz ‘
transmon NA NA x: 1.1MHz Ti: 38 pus x: 0.9 MHz
TQZ 8.8 us
Xself: 264 MHZ
Tomography NA NA NA y: 0.9 MHz f: 7.53 GHz
resonator : 41 0.38 MHz

Table 5.1: System parameters for the experiment. Diagonal elements specify the frequen-
cies (f) and the relaxation rates (7}) of the respective modes. The dephasing rates (75)
and the self-Kerrs (xseir) are also specified for the high-Q modes. Off diagonal elements
are the cross-Kerrs () between two modes. In particular it is noteworthy that the modes
for which the cross-Kerr are listed as NA, are indeed isolated from each other physically,
and hence, have negligible cross-Kerr between them.

Figure 5.3 shows a detailed wiring diagram of our measurement setup. The upper half
contains the room temperature circuitry (above 300 K dashed line) of the experiment and
the lower half shows the wiring inside the dilution refrigerator which is used for cooling
the sample to around 20 mK. We describe some highlights of the system starting from the
bottom of the diagram and then coming towards the top.

The strongly coupled waveguide pin serves as the pumping pin as well as the readout
pin for the conversion transmon. All the tones that need to be applied through this pin

are combined with the help of a directional coupler at base. The directional coupler also

sends most of the pump signal back to room temperature, hence effectively attenuating



5.2. Experimental setup 132

Conversion Storage Tomography Tomography SPA
transmon resonator transmon resonator pump

Pump {f\,)
frequency |
%

Q ~30dB Q 1SHQ H°
~30dB
Conversion JPC ~25dB
resonator pump ( )
To ADC
| Q
~25dB

diagnostic diagnostic diagnostic
-20 dB [EI:D -20 dB I 5%0 -20 dB I -
50 Q
300 K
- — —_— — — — —_— —  — —_— —_— _— — —_— p— [ ]
4K 2048 /NEMT =20 4B
07K
20mK E-20 8
-40 dB
S
/ [
\ JPC
E / 3
Pl 5 [
- Low-pass filter, Cutoff 12 GHz - Magnetic shielding
: Eccosorb® filter E] : Attenuator
Component bandwidths
[A]1:56-7.0 GHz R 4: 9.7-10.7 GHz []7:56-7.0 GHz
[A] 2: 9.8-10.8 GHz [A] 5:9.0-11.0 GHz [R]8:7.15-7.55 GHz
[A]3:8.9-10.2 GHz [R]6:7.25-845GHz  []9: 12.0-18.0 GHz

@1, 2:4.0-8.0 GHz @3, 4:8.0-12.0 GHz

Figure 5.3: Wiring diagram of the measurement setup.
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the strong pump tones without heating up the base plate of the dilution refrigerator. The
combined signal is further attenuated and fed to a circulator which sends the signal to
the waveguide pin. The circulator also directs the reflected signal from the waveguide
pin towards a Josephson parametric converter (JPC) [Flurin, 2014] which amplifies the
signal at the conversion resonator frequency and sends it back to the room temperature
via another circulator, isolators and a high electron mobility transistor (HEMT) amplifier
placed at 4K. The coupling pin situated close to the conversion arm is weakly coupled
to the system and is used to drive the conversion transmon. The pin situated on the
tomography arm, however, is strongly coupled to the tomography resonator and is used
for three purposes. Firstly, it is used to readout the tomography resonator in reflection.
The signal is routed using two circulators to a SNAIL parametric amplifier (SPA) [Frattini
et al., 2018] and the amplified signal is routed through the circulator towards the output
chain. The other two purposes of the tomography arm coupling pin are to address the
tomography qubit as well as the storage resonator. All the incoming signals on this pin
are combined at the room temperature itself. The relaxation time of the storage resonator
is limited because of the coupling to the environment via this pin.

At room temperature, we have five generators to address the system and two more
for powering the amplifiers. The generators addressing the conversion resonator and the
storage resonator are combined to produce a tone close to the frequencies of the pumps
thus phase locking the two modes with the pumps. The other three system generators
are used to address the conversion resonator, the tomography qubit and the tomography
resonator. The frequencies of the five system generators is set slightly (around 50 MHz)
away from their required values. The respective generator pulses are then converted to
the required frequencies and shaped using IQ-mixers shown in the figure. We also uti-
lize switches on all the lines in order to turn the pulses on and off. The IQ mixers and

switches are controlled by a control system consisting of field programmable graphical
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array (FPGA) cards and a dedicated computer (not shown in figure). The control system
also records the measurement outcome of the system through the interferometric setups
built for the readout. In addition the system is capable of making real time decisions con-
ditioned on the measurement records. We employ this feature occasionally for system

initialization.

5.3 System tuneup

Having discussed the system and measurement setup used for our experiment let us move
on to tune-up of the system. The basic characterization of the system involves locating
various modes, tuning up the readout and single-qubit pulses, measuring Hamiltonian
parameters and coherence times of various modes, calibrating displacement pulses and
parity measurement time for the high-() resonator mode etc. We refer an interested
reader to [Reed, 2013] for qubit characterization, [Narla, 2017] for readout calibration
and [Petrenko, 2016] for characterization of the high-() resonator. Here we assume the
availability of this characterization and focus explicitly on tuneup and tomography of the

|f,0) <> |g,4) transition.

5.3.1 Locating |f,0) <> |g,4) transition

In order to locate the correct pump frequencies for the transition of interest, we use the
pulse sequence shown in Fig. 5.4a. The system is initialized in | f0) and the two pumps are
applied for a variable period of time. For convenience, the pump frequencies are swept
such that the frequency difference is maintained constant at wy1 — wp2 = Xaa — 4Xap + 24
while sweeping the average frequency of the pumps. We choose A/27 = 5.1 MHz and
g12/2m ~ 0.5 MHz. The rising and falling edges of the pump pulses are smoothed us-

ing a hyperbolic tangent function with a smoothing time of 192 ns. These parameters are
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Figure 5.4: (a) Pulse sequence used for locating the | f, 0) <> |g4, ) resonance of the system.
The system is initialized in |f,0) by using 7m-pulses on |g) <> |e) and |e) <> |f) transi-
tions. Following this, the two pumps are applied with varying frequency and duration.
The frequency difference of the two pumps is maintained constant at yu, — 4xa + 2A
while sweeping the average frequency. Finally an indirect measurement of the storage
resonator population is performed using a photon-number selective 7-pulse on the to-
mography transmon and a measurement pulse on the tomography resonator. Optionally,
a measurement of the conversion transmon state can also be performed using a measure-
ment pulse on the conversion resonator. (b) Rabi oscillations in the population of Fock
state |0) (P, color-bar). The x-axis shows the detuning of pump 1 from the | f, 0) <> |e, 2)
transition, the y-axis shows the duration for which the two pumps are applied and the
color is Fy. The frequency landscape above the data explains the origin of the two chevron
like features.
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empirically optimized to reduce the leakage to the |e2) state while achieving a g4, that
is an order of magnitude faster than the decoherence rates of the system. The resulting
resonator state is characterized by applying a photon-number selective m-pulse [Leghtas
et al., 2013a] on the tomography transmon. The pulse has a gaussian envelope of width
0sel = 480 s (total length 404), resulting in a pulse bandwidth of ~ 332 kHz, which is
less than the cross-Kerr between the tomography transmon and the high-Q resonator. As
a result the tomography transmon is excited only when the storage resonator is in |0).
Finally, the state of the tomography transmon is measured. An optional single-shot mea-
surement of the conversion transmon can also be performed as indicated by the dashed
green measurement pulse in Fig. 5.4a.

The outcome of the described measurement is shown in Fig. 5.4b. The population frac-
tion of the Fock state |0) is plotted as a function of the duration for which the pump pulses
are applied and the detuning of the first pump w,; from the |f0) <> |e2) transition. The
data displays Rabi oscillations arising from two processes. The one on the left occurs when
pump 2 is resonant with the | f0) <+ |e2) transition. The one on the right corresponds to
the two pumps being equally detuned from the |f0) <> |g2) and |e2) <> |g4) transitions.
This is the Raman-assisted |f0) <> |g4) process of our interest. The resulting chevron
pattern for this transition is narrower since the cascaded transition occurs at a slower
rate than the |f0) <> |g2) transition. From the frequency of the oscillations we extract

Gaph/2m = 0.32 MHz.

5.3.2 Pump-strength calibration

In order to compare the experimental results with theory, accurate measurements of the
pump strengths g; o are necessary. However, the pumps experience frequency dependent

attenuation due to the dispersion in the input lines. Moreover, the coupling strengths
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Figure 5.5: Results of the conversion transmon spectroscopy in presence of the pump
tones. The pump tones are kept at a fixed frequency and their amplitude is varied. An-
other weak tone with variable frequency is applied near the g < e transition of the
conversion transmon. Finally the excited state population P, of the conversion transmon
is measured. The result of the spectroscopy experiment can be fitted to obtain the Stark
shift of the conversion transmon as function of the pump powers. (a) Spectroscopy of the
conversion transmon as function pump 1 amplitude. The second pump is turned off for
this experiment and the frequency of the first pump is selected to be the same as that used
for the |f,0) <> |g,4) transition. (b) Spectroscopy of the conversion transmon as func-
tion pump 2 amplitude when the second pump is turned off and the pump 1 frequency is
the same as that used for the |f,0) <> |g,4) transition. In both the cases, at low pump
powers, the Stark-shift is proportional to the mod-square of the amplitude, as predicted by
Eq. (5.2). We utilize the data below the dashed red lines to calibrate | g; | /(27) and | g2|/(27)
as shown in the respective alternate y-axes. Above the red lines, spurious effects induced
by higher pump strengths excite the system to higher states. This is reflected by the darker
background observed in the data.

of the pumps are also frequency dependent, since the pumps are effectively filtered by
the resonant modes of the system. In order to eliminate these effects, we calibrate the
pump amplitudes in separate experiments, by measuring the Stark shift of the conversion
transmon in presence of individual pumps (with the other pump turned off). The pump

frequencies in these measurements are the same as those used for addressing the | f, 0) <>

|g,4) transition. Such Stark shift, as function of the respective pump amplitudes can be
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inferred from the data shown in Fig. 5.5. Using Eq. (5.2) we can relate the measured Stark
shift, to the pump amplitudes g; ». The Stark shift of the conversion transmon, due to
pump 1 and pump 2, at the amplitudes utilized in the rest of experiments, is 4.26 MHz and
5.15 MHz respectively. This results in g1 /(27) = 0.48 MHz and ¢, /(27) = 0.53 MHz. For
these parameters, Eq. (5.5) predicts a gapn/(27) of 0.33 MHz, in close agreement with the
measured value of g,, /27 = 0.32 MHz.

The data shown in Fig. 5.5, along with being useful for pump strength calibration, also
shows one of the major limitations of our current setup. At higher pump strengths, a
change in the background of the plots can be observed. This change is induced due to the
spurious excitations of the system caused by higher pump strengths. These spurious pro-
cesses have been a topic of intense theoretical and experimental research, and have been
explored thoroughly by [Sank et al., 2016, Lescanne et al., 2019a, Verney et al., 2019] . Such
spurious processes, in our system, are neither desirable nor controllable. Therefore, we
avoid this region by deliberately keeping our pump powers lower than the those indicated
by the dashed red lines. On the flip-side, this prevents us from demonstrating the com-
plete a*| f)(g| + a™|g) (f| process since, as mentioned before, it requires |g1], [g2| > 2Xap-

A solution to this problem is proposed in the next chapter.

5.4 Characterization of four-photon exchange

In order to prove that we have indeed found the |f,0) <> |g,4) transition, we perform
two tomography experiments. In the next sub-section we show the results for a partial
tomography where only the populations of various eigenstates of the transmon and stor-
age resonator are measured. This is followed by conditional Wigner-tomography of the

storage resonator which allows us to prove that the oscillations are indeed coherent.
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5.4.1 Partial tomography and comparison with simulations

Here, we fix our pump frequencies to be resonant with the | f,0) <> |g,4) transition and
characterize the populations of various transmon and storage resonator eigenstates. First,
we obtain the populations of different Fock states of the storage resonator, by employing
a pulse sequence similar to the one presented in Fig. 5.4a. Here, however, the frequency
of the photon-number selective pulse on the tomography transmon is varied, whereas
the pumps are applied at a constant frequency. The result of this measurement is plot-
ted in Fig. 5.6a. The population fractions of various Fock states are inferred by taking
cross-sections at the resonance frequency of the tomography transmon conditioned on
the number of photons in the resonator. The resonator oscillates between |0) and |4)
with some leakage to |2) due to the finite detuning A from |e, 2) (see the wyg/2/4 lines in
Fig. 5.6a). The population appearing in |1) and |3) is due to finite energy relaxation time
of the resonator mode. Next, we independently measure the populations of |f), |e) and
|g) states of the conversion transmon using the dashed-green measurement pulse shown

in Fig. 5.4a. The evolution of the |0),

2) and |4) state populations of the storage resonator

e),

mon are plotted respectively in the left and right columns of Fig. 5.6b. As expected, the

and the corresponding evolution of | f), g) state populations of the conversion trans-

f —0,e—2,and g — 4 populations oscillate in phase with each other. The amplitude of

the oscillations is limited by the 75 of the conversion qubit and the measurement contrast.

9)

4) states. These are expected for a Raman transition and occur at a rate given by

We are also able to resolve an envelope of fast oscillations in the populations of |e),

and |2),

the detuning A.
The black lines in the plots of Fig. 5.6b show the results of a numerical simulation

of the Lindblad master equation of the conversion transmon plus resonator system. The
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Figure 5.6: Partial tomography of |f,0) <> |g,4) oscillations as a function of time. The
system is prepared in | f, 0) and the two pumps are applied for a variable period of time on
resonance with the | f,0) <+ |g,4) transition. Following this, a selective pulse with a vari-
able frequency is applied on the tomography transmon enabling an indirect measurement
of various Fock state populations of the storage resonator. (a) Excited state population of
the tomography transmon (colorbar) versus pump duration (x-axis) and the detuning of
the selective m-pulse on the tomography transmon (y-axis). The y-axis on the right shows
the frequency of the tomography transmon (wr,,) conditioned on the number of photons
n in the storage mode. The oscillations between the states |0) and |4) are clear from the
wro and w4 lines with some leakage to the state |2) (wys line) due to finite detuning A. A
small population is seen in the |1) and |3) lines due to the finite coherence time of the stor-
age resonator. (b) Left column from top to bottom, |0), |2) and |4) Fock state populations
(magenta), measured along the dashed lines shown in panel (a). Independently measured
populationsin | f), |e) and |g) states of the conversion mode (green) are plotted in the right
column, respectively, from top to bottom. The black lines show the populations obtained
from numerical simulation of the system (see text).




5.4. Characterization of four-photon exchange 141

master equation is given by

p=— % [ﬁsys,p} + kipnD [a] p + kD [ala] p+ T D m p+14D [ETB] p. (57

Here is the system Hamiltonian ﬁsys is the one mentioned in Eq. 5.1. The decoherence
rates have the same definition as before. However, while evaluating the amplitude damp-
ing rates for both the modes we simply assume them to be the inverse of 7} of the respec-
tive modes, i.e. we ignore heating rates of the modes. All parameters used in the simula-
tion are previously known and no fitting parameters are required. We set the initial state
of the system as | f0)(f0| and simulate the master equation with the pump tones on for a
variable amount of time. The smoothed edges of the pump tones are taken into account
by inducing the same time dependence on g 2, and adding a time dependent Stark-shift.
From the resulting density matrix we find the populations of the various Fock states and
e),

maximum and minimum of each trace, matches with the maximum and minimum of the

the |g),

f) states of the transmon. The obtained populations are scaled such that the

corresponding experimental data, in order to account for the measurement contrast. The
simulation reproduces the experimental results well, including the fast oscillations found

in the data.

5.4.2 Coherence of the oscillations

Finally, in order to demonstrate that the oscillations are coherent, we stop the |f,0) <>
|g, 4) process after a quarter of a period (372 ns). This is expected to prepare a coherent su-

g,4) given by (|f,0) + |g,4)) /v/2. We experimentally characterize

perposition of | f, 0),
the state of the system by performing Wigner tomography of the resonator, conditioned
on conversion transmon states. A pulse sequence for such conditioned tomography is

shown in Fig. 5.7. The essential idea is to measure the state of the conversion trans-
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Figure 5.7: Pulse sequence for preparing the system in (| f,0) + |g,4))/v/2 and perform-
ing the tomography of the storage resonator conditioned on the state of the conversion
resonator. The system is first prepared in | f, 0) by applying 7-pulses on ge and ef tran-
sitions. The pumps are then applied at the | f,0) <> |g,4) resonance frequency, however,
the oscillations are stopped after a quarter period (372 ns). The expected state of the sys-
tem at this point is (|f,0) + |g,4)) /v/2. This is followed by inferring the state of the
conversion transmon by applying a measurement pulse on the conversion resonator. Post
this, the Wigner tomography of the resonator is performed by first displacing the storage
resonator through a displacement  and then measuring the photon-number parity of the
resonator by mapping it onto the tomography transmon with a pulse sequence similar
to that described in Fig. 3.5. In post processing, the Wigner tomography data is aver-
aged conditioned on the state of the conversion transmon. In a separate experiment, a
photon-number selective | f,0) — |g,0) transition is applied before measuring the con-
version transmon, in order to disentangle the storage resonator and the transmon. This is
expected to prepare the storage resonator in (|0) + |4))/v/2.

mon before performing the Wigner tomography. This allows one to average the tomog-
raphy data conditioned on the state of the conversion transmon in post-processing. As
expected, the resonator ends up in Fock state |4) (]0)) when the conversion transmon is
post-selected in |g) (| f)) as shown by Fig. 5.8a (b). Moreover, applying a photon-number
selective f — ¢ pulse on the conversion transmon, conditioned on zero photons in the
storage resonator, can be applied to disentangles the transmon from the resonator, leaving
the system in |g) ® (|0) 4 [4)) /+/2. The Wigner function of the resonator after applying
this | f,0) — |g,0) pulse and post-selecting the conversion transmon in |g) is shown by

Fig. 5.8c. The Wigner function shows that the resonator is indeed in the (|0) + |4)) /v/2
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Figure 5.8: Outcome of the conditional Wigner function measurement. Panels (a, b) show
experimental Wigner function of the storage resonator after post-selecting the conversion
transmon in the |g) and |e) states. This leaves the storage resonator in Fock states |4), |0)
respectively. (d, e) show the ideal Wigner functions of Fock states |4), |0) for comparison.
Panel (c) shows the Wigner function of the resonator after photon-number selective | f, 0)
to |g, 0) transition (indicated by Uy) and post-selecting the conversion transmon in |g).
Comparing (c) with the ideal Wigner function of (|0) + [4))/+/2 state in (f), shows that
the storage resonator is in a coherent superposition of |0) and |4), thus indicating that the
|f,0) <> |g,4) oscillations are coherent.

state, thus proving that the oscillations are coherent. For comparison, the ideal Wigner

0) and (|0) + |4)) /v/2 are shown in panels d, e and f of Fig. 5.8 respec-

functions of |4),
tively. It is also interesting to note that (|0) + [4)) /+/2 is one of the logical states of the

simplest binomial QEC code [Michael et al., 2016].

5.5 Summary and prelude to the next chapter

In this chapter, we have accomplished an important task of verifying that lower-order

nonlinear processes can indeed be cascaded to engineer higher-order nonlinear interac-
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tion. More importantly, the rate of this highly nonlinear transition is faster than the deco-
herence rates, the oscillations are coherent and follow the theoretical predictions closely.
Such cascading technique can now be utilized as a Hamiltonian engineering tool in a
plethora of applications. We elaborate a few such applications in Ch. 7. The chapter also

highlights the two limitations of the cascading process that we discussed previously.

(i) We have manged to implement a specific transition instead of the entire a*|f) (g| +
a'*|g)(f| process, where all of the |f,n) <+ |g,(n + 4)) transitions are resonant
simultaneously. For such transition we require the strength of the pumped pro-
cesses (|g1.2|) higher than the cross-Kerr terms y,, between the storage resonator
and the conversion transmon. However, this is not possible in our current setup
since stronger pumps tend to heat up the conversion transmon to highly excited
states. In the next chapter, we propose a new circuit design which cancels the cross-
Kerr interaction while preserving the the four-wave mixing two-photon exchange

term, thus offering a way to achieve | g1 2| > Xap While using similar pump strengths.

(i) A significant leakage to the intermediate state, |e, 2), is observed in our experiment.
As discussed in previous chapter, such leakage is fatal for four-component cat states.
Although this a leakage can be minimized by increasing A, it comes at the cost of
slowing the entire process. We get around this limitation in Ch. 7 by proposing to

use the pair-cat code, which needs a similar cascading process, however, is immune

to the two-photon loss error inherited from the leakage.



Chapter 6

Cross-Kerr-free four-wave mixing

Previously, we have studied that four-wave mixing property of a Josephson junction is ex-
tremely useful towards building multi-photon driven-dissipative processes. The diagonal
terms like Kerrs and cross-Kerrs which always accompany the fourth order nonlinearity
are also useful for a plethora of applications. However, for the off-resonant processes of
our interest, the cross-Kerr term tends to be harmful. In the specific example of cascaded
four-photon exchange, the presence of cross-Kerr results in a requirement of seemingly
unachievable pump strengths. Even for two-component cat codes, where cascading is not
required for engineering the driven-dissipative process, the cross-Kerr leads to severe lim-
itations. If the cross-Kerr between the storage resonator and any other mode is stronger
than the rate of confinement |a|*£p, then any spurious excitation in the coupled mode
translates to a complete dephasing of the cat states. Until recently, this limitation pre-
vented the observation of exponential suppression in logical dephasing rates for these
cats [Touzard et al, 2018] . Furthermore, the storage resonator modes also inherit some
anharmonicity (self-Kerr) due to coupling with transmon mode. This self-Kerr also leads to
unwanted deterministic evolution of the stored states, which, under many circumstances,

contributes to logical dephasing. Therefore, although four-wave mixing is beneficial, the

145
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always on diagonal interactions inherited from four-wave mixing can, in many applica-
tions, create severe limitation. In this chapter, we discuss design and implementation of
a novel circuit that allows certain four-wave mixing interactions, while canceling cross-
Kerr and other diagonal terms in the Hamiltonian. The next section (Sec. 6.1) discusses
two superconducting circuit elements that will be utilized to engineer the ‘cancellation
circuit’. We explain the design of the circuit in Sec. 6.2 along with an explanation of why
diagonal four-wave mixing terms are cancelled while some of the other processes survive.
Sec. 6.3 explains the design of the system in which we measure the cancellation circuit.
Since the circuit requires magnetic flux bias, the major part of this section is focused on
devising a novel way to introduce magnetic flux in a superconducting enclosure. This
is followed by some preliminary measurement results in Sec. 6.4. Sec. 6.5 compares our
circuit with an alternate design recently demonstrated by [Lescanne et al, 2019b]. The
similarities and differences in these circuits are extremely interesting to explore. The re-

sults of this chapter are summarized in the final section ( Sec. 6.6).

6.1 Required circuit elements

In this section we introduce two flux-tunable superconducting circuit elements. The first
one is the Superconducting Quantum Interference Device (SQUID) which essentially acts
as a Josephson junction with a tunable inductance. Going beyond SQUID, we study a sec-
ond element, called Superconducting Nonlinear Asymmetric Inductive eLement (SNAIL).
This new element offers a fundamentally different potential than a single Josephson junc-
tion and, as a result, is useful towards our goal of building the cancellation circuit. This
section is focused on analyzing the potential energy terms of these circuit elements clas-
sically. The quantization can be carried out at a later stage when the elements are inserted

into circuits with respective shunting capacitance.
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Figure 6.1: (a) Circuit diagram of a SQUID. Two junctions are connected in parallel config-
uration with E;, denoting the Josephson energy of the bigger junction and oy, denoting
the ratio of two Josephson energies. The flux through the loop formed by two junctions is
denoted as @y o, and the superconducting phase across the larger junction is denoted by
the phase operator . (b) Four-wave mixing coefficient (¢, sq) of a SQUID, as function of
Osq and Py oq. It is clear that ¢y 4 is always less than or equal to zero.

6.1.1 SQUID

The circuit diagram of a SQUID is shown in Fig. 6.1a. It is essentially formed by two
Josephson junction connected in a parallel configuration. The two junctions need not
have equal Josephson energies. We parameterize a SQUID by the Josephson energy of
the larger junction (£;4,), and the ratio of the Josephson energy of the smaller junction
to that of the larger junction (ay)'. In addition we denote the external magnetic flux,
applied to the loop formed by the junctions, by @y 4. For the sake of our discussion we
have denoted anti-clockwise as the positive direction of the flux. With this notation, let us
discuss the classical potential of the SQUID as function of ®.y ¢ and ay,. This potential
is give by

Usq = _aquJ,Sq COS(SO;q> - EJ,sq COS(¢ext,sq - w;q) (61)

cbcxt,sq

where gogq is the superconducting phase across the smaller junction and @y sq = 27 B

is an angle in radian®.

'Not to be confused with coherent state amplitude o
2Remember that &y = h/2e is the single flux quantum and ¢g = ®( /27 is the reduced flux quantum
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In order to better understand this potential, we simplify it as follows:

Usq = — asqEsq COS(SO;q) — Esq CO8(Pext sq — Soéq)
= B0 €O8(8ly) — Erp €08{ ) CO8(5le) — Epnq S (vt ) Sin(pl)
= g [(0 + 008(Pextsa)) c0S(2Le) + S (Best) ()]
= — By (0aq + c05(Gescsa)? + 5 Gest)? c05(0 — )

=— EJ’Sq\/l + a2 + 2015 €OS(Pext sq) COS(0 — 4,

=—FEjg \/1 + a2, + 2054 €08(Pext sq) €OS(Psq) (6.2)

Sin(Pext.sq) )>. We have also substituted 6 — ¢, = ¢y which is

where 0 = arctan | ——r2%sd)
asq+cos(¢ext,sq

equivalent to performing a gauge transformation. In this new gauge, ¢, can simply be
assumed as the phase across SQUID element. From this simplified expression, it is clear
that we have a potential similar to a single Josephson junction with an effective Josephson

energy

EJ,sq,eff = EJ,sq \/1 + Oégq + 2asq COS(¢ext,sq)7 (6'3)

which can be tuned, in situ, by changing the magnetic flux threading through the loop.
To infer the four-wave mixing coefficient, we expand the potential around its minimum

at 0 — ¢, = 0 = pyq = 0. We express this expansion in the following form:

Usq _cl,sq C2,5q 2 C3sq 3 Cisq 4
E‘LSq — CO + 1! Spsq + 2! ()Osq + 3! (qu + 4! gpsq + ey (6.4)

where c;, o are the expansion coefficients which depend on ¢y, and . For a SQUID, all

the odd coefficients are zero, i.e. cor414q = 0, since the potential is essentially a cosine.



6.1. Required circuit elements 149

On the other hand, all the even ordered coefficients are given by

Coksq = (—1)’““\/1 + Qsq + 2005q COS(Pext sq) - (6.5)

Note that these even coeflicients are equal to each other in absolute value. Due to the
presence of cos( et sq) term, the coefficients are periodic in the applied flux with a peri-
odicity of one flux quantum. All the coefficient monotonically decrease from 0 to 0.5 flux
quantum and then come back to the original value from 0.5 to 1 flux quantum without
ever changing sign.

Since we are specifically interested in the four-wave mixing coefficient, we plot the
C4sq as a function of g and Pey; o in Fig. 6.1. As expected, this coefficient is always
negative and approaches zero when agq = 1 and ®Pext 5q/Po = 0.5 = Pextsq = 7. Ad-
ditionally, for our latter discussions, it is helpful to define the effective inductance of the

SQUID given by

Leff,sq = (66)

C2.5q

2
% As the Dyt sq/ Po increases from 0 to 0.5, the effective inductance
»Sq

where L ;s = jol

monotonically increases (as ¢ s, decreases), and then, from Pey /Py = 0.5 to 1, the

inductance decreases to its original value.

6.1.2 SNAIL

Having studied SQUID, let us proceed to study a more advanced flux tunable element, the
SNAIL [Frattini et al.,, 2017, Vool, 2017]. The four-wave mixing coefficient of this element
is indeed positive for a certain set of parameters. As mentioned before, this property
of the SNAIL is very attractive towards building the cancellation circuit. The SNAIL is

essentially a small Josephson junction shunted by NV, > 1 larger junctions, as shown in
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Figure 6.2: (a) Circuit diagram of a SNAIL. It consists of a small junction shunted by
multiple larger junction as shown. The SNAI is characterized by the number of large
junctions Vg, the Josephson energy of the large junctions £;,, ratio of the Josephson
energy of the small junction to the large junctions ay, and the external flux ®y s, through
the loop formed by the junctions. In the figure we have selected N, = 3. (b) Amplitude
of the fourth-order nonlinearity (c44,) of a SNAIL, as function of s, and Pey; 5n. There
exists a small parameter space near @y s, = 0.5®y where the fourth order term of the
SNAIL is positive in amplitude. This property of the SNAILS plays an important role in
realization of cancellation circuit.
Fig. 6.2a. We have selected Ny, = 3 in this particular drawing. An expert might recognize
this as the circuit for a flux-qubit [Orlando et al., 1999, You et al, 2007]. However, we
operate this circuit in a different parameter regime and hence, inspired by [Frattini et al,
2017], utilize the name SNAIL to identify it. Besides, we do need more slimy creatures in
the cQED world, don’t we?

In addition to Ng,, a SNAIL is parameterized by the Josephson energy of the larger
junctions (£;g,), the ratio of Josephson energies of the smaller junction to the larger
junction (ag,) and the external flux through the loop of the loop of the SNAIL (Peyy sn)-

This parameterization is similar to the one we used for the SQUID. The classical potential

of the SNAIL in terms of these parameters is written as

_ /
Usn = —0snEjsn cos(gogn) — NgnE jgn cos (gbext,?\lf S05n> : (6.7)
Ssn

where . is the phase across the smaller junction. In addition, we have assumed that
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the phase across each of the larger junctions is equal. This assumption is valid when the
charging energy of the islands forming the junctions is much smaller than the Josephson
energy of the junctions. We refer an interested reader to [Vool, 2017] and [Frattini et al,
2017] for further justification of this assumption. The potential of the SNAIL cannot be
simplified in analytical manner for arbitrary values of ¢extsn. Instead, we analyze the
potential by finding the Taylor expansion around its minimum. The minimum is located

by setting the first derivative of the potential to zero, i.e.

a[]sn
0,

_ /
Pexton ~ Pon 905“) —0. (6.8)

. / .
= anEjon sin(ey,) — Ejen sin ( N
sn

In general this equation cannot be solved analytically. Therefore, we typically find the lo-
cation of the minimum, denoted by ¢,i, sn Numerically. The potential can then be written
in terms of ¢s, = Y., — Vmin,sn a8

Usn C2.sn & &
_ ) 2 3,sn 3 4,sn
TR S TR T

ot +., (6.9)

where
k
. 1 O°Ug
ksn — 5
Ersn 00 ol

(6.10)

n=@min,sn
The first order term is not included in the expansion since ¢, g, is given by the first deriva-
tive which is zero at the minimum. One should note that the minimum ¢,y sn, and the
coefficients cj s, are functions of Ng,, oy, and Py . The entire recipe for the Taylor
expansion needs to be repeated at every flux point for a SNAIL. Additionally, the new
variable g, is related to ¢, by a gauge change. Therefore, hereon, we simply use ¢y, as
the phase across the SNAIL.

Now, let us proceed to discuss some important properties of the SNAIL. Firstly, the

odd coefficients cax1 1, of a SNAIL are not necessarily zero for k > 0. In fact, the ‘three-
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wave mixing’ enabled by the ¢2 term when 3, # 0, is extremely useful for building
parametric amplifier [Frattini et al., 2018]. This three wave mixing property was the main
motivation behind the development of the SNAIL. In our case, however, we are most
interested in the four-wave mixing coefficient ¢4 4,. This coefficient for Ny, = 3 case is
plotted in Fig. 6.2b as function of o, and Peyt ¢/ Po. For most of the parameter space, the
value of ¢, ¢, remains less than zero. However, for a small region near ®ey /Py = 0.5,
the four-wave mixing coefficient is indeed greater than zero. It is precisely this property
of the SNAIL which is of immense interest for our purposes.

To illustrate the origin of the positive four-wave mixing further, it is instructive to ana-
lytically calculate the expansion of the SNAIL potential at Peyt 50/ Py = 0.5 = Pext.sn = 7.
We also enforce ag, < 1/Ng, in this analysis. Above this threshold, the potential tends to
have double wells at half flux quantum. We avoid this region in our design. By calculating
the first derivative of the SNAIL potential, it can be shown that the minimum of the po-
tential is located at @i on = ™ When o, < 1/Ng,. Therefore we substitute ¢y, = ™ — Qg

in the Eq. 6.7 to get

Usn = —0sn Ejsn cos(m — ©sn) — NsnFjsn €OS (;[\);n) (6.11)
N (psn
= nEjsn €08(0sn) — NenE jsn COS (N ) ) (6.12)

This change in sign of as, £, cos(psn) term leads to the positive four-wave mixing co-
efficient. The coefficients of the expansion can now be found by simply expanding the

cosines in terms of ¢g,. This gives
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EJ,sn’ Qlsn

(I)ext,sn

Figure 6.3: Cartoon and circuit diagram of a SNAIL inserted in a transmon-like circuit. The
two pads act as antennas which provide the shunting capacitance. The series inductance
arising from the geometric and kinetic inductance of the antenna pads and the leads of
the device is explicitly shown. Such linear inductance introduces changes in the nonlinear
potential of the circuit.

1
C4sn = Olgn — m (613)
sn

Judging from the expression for c4 ¢, we indeed get positive four-wave mixing coefficient

when o, € <NL3, NL> On the other hand, since we have imposed oy, < 1/Nj,, the
coefficient ¢y 5, always remains positive. Which in turn allows us to define an effective

inductance of the SNAIL L g, as

Leff,sn = —, (614)

with L, = ¢2/FE ;. Indeed, we utilize the same definition of the effective inductance
at all fluxes for ag, < 1/Ng,. Similar to the case of the SQUID, the effective inductance
increases as Peyt on/Po increases from 0 to 0.5 and then decreases as Pyt on /Do is varied

from 0.5 to 1. Numerical expansion of the SNAIL potential is required to verify this.
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6.1.3 Effect of series linear inductance

Fig. 6.3 shows a SNAIL inserted in a transmon like circuit. In such implementations we
invariably get a linear inductance in series with the nonlinear device (SNAIL in this case)
due to the geometric and the kinetic inductance of the pads and leads of the device. The be-
havior of the four-wave mixing coefficient of the SNAIL is significantly modified due this
inductance as shown in [Frattini et al., 2018, Appendix A]. Here we reproduce the deriva-
tions presented in that article, since the modification of fourth-order coefficient is impor-
tant for our purposes. Although the discussion here is geared towards the SNAIL, the
results are equally applicable to SQUIDs and single Junctions, since they can be thought
of as special cases of the SNAIL. The potential of the circuit shown in the figure is given
by

E sn ~
Utot = 12/7 (90 - SOSH)Q + Usn(sasn) (615)

where ¢ is the phase across the entire inductive branch, and ps, = ¢, — @minsn is the
phase across the SNAIL. We have also denoted the inductive energy of the series inductor
as b = (b% / Leries sn- The minimum of Uy is simply at ¢ = ¢, = 0, since both the terms

have simultaneous minimum at that point. The Lagrangian of this circuit is given by

@2
L=z Ui (6.16)

From this Lagrangian, it is clear that g, is not a real degree of freedom of the system,
since there is no conjugate momentum for this coordinate. This can be clarified by using

the Euler-Lagrange relation for ¢4, given by

oL _d oL (6.17)
a()OSII B dt 8@811 B ’ ‘



6.1. Required circuit elements 155

which leads us to the so called current conservation relation

athot
OPsn

aUvsn
0Ysn

= _EL,sn(QO - (psn) + = O, VSO (618)

The current conservation relation can then be utilized to express ¢, in terms of ¢ giving

us

(0 = anlp])? + Usn(@sn[s0])- (6.19)

Now, we would like to again expand the potential around the minimum at ¢ = ¢, = 0

as we did in the previous section. The potential is expressed in the form

3 4

Utot ~ ~ 902 . @ . ¥
= Sl’l+c sn_+c sn_+c sn .y 620
2y TR TR T (6.20)
where
1 U
6k,sn = 7= (621)
EJ,sn a@k =0

These new coeficients can be related to the old ¢; ¢, coefficients by explicitly calculating

the derivatives of U,;. The first derivative of U, is given by

8Utot aUtot 8Spsn

:Esn — @sn :Esn — @sn)- 6.22
E Len( — ¢ )+a%n i Lsn($ — Pon) (6.22)

%gt:f = 0 from the current conservation relation. Note that ¢ =

Here we have utilized
Ysn = 0 indeed satisfies ag—;"t = 0 as expected from the minimum of the potential. The

further derivatives U, are

82thot a<;Osn
=F sn l—— s
O - < >

83 Utot — 82 Sosn
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(6.23)

The derivatives of ¢y, with respect to ¢ can be calculated by differentiating the current

conservation relation. For example the first derivative is calculated as follows:

8Utot aUvsn
=-F sn — ¥sn =0
Don, Len( — Pen) + Do
8(1051"1 82 USl'l a()DSI'I
= —Eram|1- =0
8 ( E ) T, oe
a sn E sn
TP _ Lo (6.24)
84,0 EL,sn + >

002,

Moreover, since we are only interested in %—g;“ at the minimum of the potential, we only

82 USl’l pR—

QOSDZO

9 Usn 4t the minimum as well. Therefore, we can substitute

need to calculate Bk o

Ejncasn in the above relation, giving us

890sn o EL,sn
890 =0 EL,sn + EJ,anQSn '

(6.25)

Pulling similar tricks for all the higher derivatives, we get the renormalized coefficients

as
62,sn = PsnC2,sn
~ _ .3
C3,sn = PgnC3,sn
3c2
~ 4 3,sn
Cqsn = Pgn |Ca,sn — (1 - psn) (626)
2,sn
Here
EL sn Lef‘f sn
Psn : : (6.27)

C2,snEJ,sn + EL,sn Ls,sn + Leff,sn
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is called the linear participation ratio of the SNAIL and ¢y, 5, are as defined in Eq. 6.10.
We have also utilized Legsn = 03/ (CosnFsn) and Lggy, = @3/ EL sn. It is clear from this
expression that for Lgeies sn = 0 the participation ratio ps, = 1 and, as a result, we recover
the original expressions for the nonlinearity coefficients. Moreover, ¢4 4, is modified only
when the third order coefficient c3 5, # 0. For a SQUID, which can be thought of as special
case of a SNAIL, the third order coefficient is always zero and therefore, the fourth order
coefficient remains unmodified.

From here onwards, we will directly utilize the phase across the entire inductive branch,
¢, as the only degree of freedom and rechristen it as g, /s if the branch contains a SNAIL
or a SQUID. As a result ¢, 5,/5, Will be the nonlinearity coefficients utilized for describing
this potential. Since there is a single degree of freedom, the qunatization of the SNAIL
or SQUID inserted in a transmon like circuit proceeds in a similar manner to the single

junction transmon. The resulting Hamiltonian of the circuit is therefore given by

~

R 2

Q
Hsn/sq ==+ EJ,sn/sq

2C

é2vsn/5q95§n/sq + 6373H/SQ¢§n/sq + 64:SH/SQ¢;Ln/sq +
2! 3! 4! o

A9 B2 = 23
Q q)sn/sq Cgvsn/SQ(lpsn/sq

= s~ + EJ,sn s
2C Ls,sn/sq + Leff,sn/sq e 3!

~ /\4
C4 sn/squsn/s

) q
4 +

+ EJ,sn/sq Al

with qA)sn/sq = ¢U§DSH/SC1'

6.2 Circuit design

Having studied these flux tunable circuit elements, we are now ready to discuss the de-
sign of the cancellation circuit. As mentioned previously, the idea is to combine two circuit
elements, one with a positive four-wave mixing coefficient the other with a negative four-
wave mixing coefficient. In addition, a specific device geometry is required, in order to

cancel undesired terms while making sure that the desired four-wave mixing terms sur-
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Figure 6.4: (a) Cartoon of the cancellation circuit enclosed in a 3D readout cavity. The cir-
cuit consists of two capacitively coupled transmon like modes. The Josephson junction for
the first transmon (left) is substituted by a SNAIL and for the the second transmon (right)
it is substituted by a SQUID. Antenna pads of both the transmon like modes are identical
to each other. (b) Symmetric mode (S’ ) of the circuit when the effective inductance of the
SNAIL (Leg sn) is equal to the effective inductance of the SQUID (Leg o). The field exci-
tation through the SNAIL and SQUID is oriented in the same direction for this mode. (c)
Asymmetric mode (fl) of the circuit when the effective inductance of Leg sn = Legr 5q- The
field excitation through the SNAIL and the SQUID is oriented in the opposite direction as
shown. (d) Circuit diagram of the cancellation circuit coupled to the readout cavity. We
have added an inductance L in series with both the SNAIL and the SQUID in order to
explicitly model the geometric and kinetic inductance of the antenna pads and the leads
of the devices.
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vive. We achieve this fine balance by utilizing the circuit design shown in Fig. 6.4a. The
essential idea is to utilize two capacitively coupled transmon-like elements with identical
antenna pads. The Josephson junction of one transmon is substituted by a SNAIL and
that of the other transmon is substituted by a SQUID as shown in the figure. We use the
SNAIL as our source of positive four-wave mixing coefficient and the SQUID as a tun-
able inductance Josephson junction. We have also included a low-() readout cavity (the
rectangular enclosure) so that the coupling of this circuit to a harmonic oscillator mode
can be modeled. Changing the () of this mode does not affect our analysis, and hence,
coupling to a high-() storage mode will behave in a similar manner.

In order to realize the cross-Kerr free four-wave mixing, we enforce two conditions on
this circuit. Let us develop an intuitive understanding of the circuit under these conditions.
The first condition is

Leﬁ,sn - Leﬂ,sq‘ (628)

This implies that the frequencies of the SQUID and SNAIL mode are equal to each other.
Such a condition can be satisfied with ease as long as L ;s < Legsq. Due to the frequen-
cies being equal, the two modes completely hybridize to form a symmetric mode (denoted
by the letter S) and an asymmetric mode (denoted by the letter A). We represent these
hybridized modes in Fig. 6.4b and Fig. 6.4c respectively. As shown, the field excitation of
the symmetric mode is in the same direction through SNAIL and SQUID. On the other
hand the field excitation of the asymmetric mode is in the opposite direction. Moreover,
due to the equal hybridization of the modes, the phase drop of the symmetric and asym-
metric modes across SNAIL and SQUID are equal. Similarly, since the field of the readout
mode is in the vertical direction (Fig. 6.4 b and c), the readout mode also drives the exci-
tation through the SNAIL and SQUID in the symmetric direction with equal participation

in the two modes. Using these considerations, we can write down the four-wave mixing



6.2. Circuit design 160

nonlinearity of the system as

-[;[4wave e ~ ~ ~ ~ ~ ~
h :g4vﬁvave,sn (s + Pr + SOA)4 + Gawavesq (Ps + Pr — SOA)4 : (6.29)

eff
4wave,sn

Here g is the effective magnitude of four-wave mixing nonlinearity of the SNAIL
and Gawavesq 15 the four-wave mixing amplitude of the SQUID. The reason for the su-
perscript eff in case of SNAIL will be apparent in the next sub-section. The operators
Pk = K(f( +K M) represent the phase drops of the various hybridized modes across the
SNAIL and the SQUID. Note the minus sign in front of 4 in the second term. This minus

sign will play a crucial role in the next step.

The second condition enforced on the circuit is

gzgvave,sn = —Y4wave,sq — YJawave- (630)

As aresult of this condition the four-wave mixing part of the circuit Hamiltonian becomes

H 4wave

h

= 4g4wave (@S + SER)3 @A + 4g4wave (@S + @R) (15?247 (631)

where we have performed a binomial expansion of the terms in Eq. (6.29). It is clear from
this expression that any of the diagonal four-wave mixing terms, including frequency
renormalization, Kerrs and cross-Kerrs, are not present in this Hamiltonian. However,
at the same time, we need other four-wave mixing interactions, like the two-photon ex-
change process to be present in the system. To see if these processes are indeed present,
let us analyze the behavior of this system in presence of an off-resonant pump. We assume
that this pump couples through the symmetric mode and therefore generates a symmetric
excitation through the SNAIL and the SQUID. As usual, we model this pump by adding

a time dependent displacement inside the nonlinearity. Therefore, the driven four-wave
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mixing term in the Hamiltonian is given by

I—:r 4wave,driven ~ ~ ~ ~ ~ ~
T :4g4wave (SDS + PR + @Sgp@))g YA + 4g4wave (SDS + PR + @Sfp(t)) 90:,347

(6.32)

where &,(t) = e “rt + f;ei“’?t. It is clear from this displaced Hamiltonian that off
diagonal terms that consist of odd (1 or 3) power of ¢ 4 can be made resonant by selecting
an appropriate pump frequency. For example, by selecting the pump frequency w, =
2wr — wy, a two photon-exchange between the resonator and the asymmetric mode can
be enabled. Indeed, this is the process that we are looking for. Therefore, we have managed
to design a cancellation circuit that allows cross-Kerr free four-wave mixing.

Having developed an intuitive picture, in the next sub-section, we perform a more
through analysis of the Hamiltonian of the circuit. In addition, we find out the parameter

space for the SNAIL which allows for the above conditions to be satisfied.

6.2.1 Formal analysis

A circuit diagram of the cancellation circuit and coupled readout cavity is depicted in
Fig. 6.4d. From the circuit diagram, it is clear that both the transmon-like modes have
identical shunting capacitance C and they couple to each other through a coupling capac-
itance C';. Both the transmon also couple identically with the resonator through coupling
capacitors Cy. The SNAIL and the SQUID elements are also shown and they are parame-
terized in the same manner as the previous section, except, we have assumed o, = 1 for
the sake of simplicity. In addition, the series inductance arising from the pads and leads
of the transmon-like modes is assumed to be the same and is denoted by L. In order to
write down the Hamiltonian of the circuit, we assume <i>sn and <i>sq to be the flux operators

for the entire inductive branches of the SNAIL mode and SQUID mode respectively. We
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also define the linear participation ratios of both the modes as ps, = Left sn/(Lett sn + Lo)

and psq = Left sq/ (Left sq + Lo). The Hamiltonian of the circuit is then written as

Yy )2 (i)Q As qA)g Asn As
Hcirc — fn + sn + ~q + q + Q Q q
20() 2(Leff,sn + LO) 200 2(Leﬂf,sq + LO) 20]
)2 (i)Q Asn Ar As Ar
+ =+ T+Q~Q+QQ~Q
20, 2L, 20, = 20,

N 3 N 4 N 4
E sn C sn ®Sn E sn C sn (I)SH E S C S ®S
4 ZfenC3en 4 fenCasn 4 2Isa%sa [ Fsa ) (6.33)
3! oo 4! oo 4! oo

Here C}, are the renormalized capacitances and ¢, 4, /sq are the renormalized nonlinearity

coefficients from Eq. 6.26. We then express the Hamiltonian in terms of creation and
destruction operators in a manner similar to Sec. 4.1.2. In our notation Bsq, IA)SH and 7 are
used to denote the SQUID, SNAIL and readout mode destruction operators respectively.
Note that the definitions of ®zpr and Qzpr of the SNAIL and SQUID modes now utilize
(Ljetrsn + Lo) and (Ljersq + Lo) as the inductances and hence, these quantities are flux
dependent. As a result, our Hamiltonian in terms of creation and destruction operators
will have hidden flux dependence and hence should be treated with care. This Hamiltonian

is given by

A~

circ

:(JanlA);[nl;sn + qul;iqi)sq + gSq,Sn(lssnl;;[q + Blnésq)
—+ erTf + gsn,r(i)snfjr + [;;[nf) + gsq’r@)sq?ﬁ + l;lq’f)

+ g3wave,sn<i)sn + l;ln>3 + g4wave,sn(l;sn + I;Zn)4 + g4wave,sq(i7sq + 6;[01)4- (634)

where wey/sq = 1/\/6'0([/0 + Left snjsq)> wr = 1//Cr L, and g; = Qzpr jQzpr 1/ Ci-

The magnitudes of the nonlinear terms are

~ 3
. EJ,an?),sn q)ZPF,sn
g3wave,sn - 3' (b(] )



6.2. Circuit design 163

~ 4
E],snc4,sn (®ZPF,SH)
)

Gawave,sn = A1 ¢
. 0
EsqCa, Dypr, !
Jawave,sq — SZ' = ( ¢ s . (635)
. 0

In order keep the math tractable, we analyze the bi-linear part, given by the first two rows,
and the four-wave mixing part of the Hamiltonian in Eq. (6.29) separately. The four-wave
mixing part, however, needs to be isolated carefully. The presence of three-wave mixing
term modifies the four-wave mixing nonlinearity of the SNAIL to the second-order in the
perturbation theory. The effective magnitude of the four-wave mixing nonlinearity of the

SNAIL due to such perturbative correction is given by

5¢2  Ejacit DyzpF sn !
gzgave,sn = J4wave,sn — 3 = Al =2 - ) (6.36)
sn . 9250

where

. 3¢  BC

Cflin = pgn ¢4 — (1 — psn) cs = - 3_0279511 = p;lnCZin. (6.37)

,sn

As a result, the four wave mixing part of the Hamiltonian is

H4 v 7 7 2 7

;{a = = gzgvave,sn(bsn + b;rn>4 + g4ane,SQ(bSq + bJsrq)4' (638)

To further analyze the Hamiltonian we have to first diagonalize the bi-linear part. In
general, this diagonalization needs to be perfomed numerically. However, after imposing
the first condition, Legsn = Lefrsq, this diagonalization can be performed using our in-
tuition from the last section. Under this condition, the frequencies, participation ratios,
®ypps and the Qzprs of the SNAIL and SQUID modes are equal. Moreover, the coupling
strength of these modes with the readout cavity is also equal. We denote wy, = wsq = wo,

CI>ZPF,sn = (I)ZPF,sq = (I)ZPF,O, Psn = Psq = Do and Jsnr = Gsqr = Y0 under this condi-
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tion. Next, the bi-linear part of the Hamiltonian is diagonalized in two steps. First, we

substitute
by = ——(5+ A) and by — —
sn — T = arn sq — ~ ~—=
V2 V2

where § and A are the creation and destruction operators of the symmetric and asymmet-

(35— A), (6.39)

ric modes respectively. We deliberately denote the symmetric mode operator using a small
case letter since it will undergo further hybridization later. In terms of these operators the

bi-linear part becomes,

~

Hcirc,lin

= wesT8 + WA AT A + w1t + V2 (877 + 57T) (6.40)

with ws = Wy + Gensq and wa = Wy — Gsn,sq- Moreover, it is clear from this expression that
only the symmetric mode now couples with the readout mode. This is what one would
expect from our discussion in the last section. To completely diagonalize the bi-linear

part, we substitute

~

§ = cos(#)S + sin(#)R and 7 = cos(A)R — sin(h)S (6.41)

with 6 = % arctan <2\/§g° ) The bi-linear part of the system Hamiltonian then simplifies

to

Hcirc lin &t & At A N 2

—_— = WSS S + CUAA A + wRR R (6.42)
where

1 .
wg = 5 (ws + w, — sign(w, — ws)\/492 + (wy — ws)2>
1
Wr =g (ws + w, + sign(w, — ws)v/4¢% + (w, — ws)2> . (6.43)
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The effective four-wave mixing part is now give by

-E[4wave e ~ ~ ~ ~ ~ ~
T = g4§vave,sn (905 + PRt SOA)4 + Gawave,sq (SDS + YR — (PA)4 ) (644)

with

bs = ps(S+ ST = S+ 57),
s 905( ) \/5 ( )
PR = (R+RT)—Sin(0)(}?+RT)
YR = YR — \/5 3
“ N 1 N “
ba=ps(A+ A= —(A+ A). 6.45
D4 = pa( ) \/5( ) (6.45)

Note that the Hiyave quoted here is the same as the one quoted in the last sub-section
(Eq. 6.29). The rest of the analysis performed in the last section by imposing the second
condition gjﬁfvave,sn = Gawavesq = Jawave fOllows in the same manner and we do not repeat

it here.

6.2.2 Permissible parameter space

Summarizing from the last sub-section, we have imposed

Condition 1: Leg sn = Lefrsq

and Condition 2: ¢St = — awave,sqs (6.46)

4wave,sn

along with the specific geometry of the circuit, to engineer a Kerr- and cross-Kerr-free
four wave mixing element. The question immediately becomes, can we actually satisfy
these conditions? What parameters for the SNAIL and SQUID are required such that a
cancellation circuit can indeed be implemented? We now discuss this topic in detail.

As mentioned before Leg sn/sq = Ljsn/sq /C2.n /sq- Therefore the first condition trans-
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Figure 6.5: cagn — cjffsn (color) for a SNAIL as function of ay, (y-axis) and Py ¢ (x-axis).
We have assumed pg,, = 1 for the purpose of this plot. Itis clear that the required condition
of coen — cﬁffsn = 0 can be satisfied by tuning the flux through the SNAIL, as long as the
Qs of the fabricated device is between (.185 to 0.33. This flexibility in the values of oy,
eases the stringent fabrication constraints otherwise required for this circuit.

lates to

LJ,sn o LJ,sq (6 47)
C2,sn CZ,sq

Satisfying this condition is relatively easy since the SQUID inductance can be tuned over a
wide range of values. The design of the circuit, therefore, depends strongly on the second

condition. This condition translates to

~eff 4 ~ 4
EJ,SHC4,sn ((I)ZPF,SH> _ EJ,qu47sq <q)ZPF,sq>

4l Po 4! %o
4 _eff 4 4 4
:>Evanpan4,sn Dypr o _Evaqpqu4,sq Dypr
4l oo 4! oo
4 eff 4
=EjsnPoChen = —E1sqP0Casq
eff
C4,sn _ C4.5q o C2.5q o C2.sn

LJ,sn LJ,sq LJ,sq LJ,sn

:>Cfsn = C2n (6'48)
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eff

Therefore, cf,

= Cy6n is the condition that the SNAIL needs to satisfy to realize a cancel-
lation circuit. Note that the major reason behind this condition is actually the property of
the SQUID which states that ¢4 i = —c24q. In the simplest case where ®eysn = 0.5Py,

i.e. SNAIL biased at half flux, we have cjfgn = Cygn since c3 g, = 0. Therefore, at this flux

eff
4,sn

1 1 1 1 1
C4sn = C2sn = | Osn — N_Sgn = N_bn — Qgp | = Qgy = 5 Nsn + N_ssn . (649)

In other words, the SNAIL needs to be designed with a specific value of oy, to ensure

bias cf., = c2sn translates to

that the conditions for the cancellation are satisfied. This, however, is very hard to im-
plement experimentally since a device with such a specific parameter cannot be easily
fabricated. Instead, it is more appropriate to design the device with a specific oy, and

then tune the flux through the SNAIL to satisfy the second condition. This is accom-

eff
4,sn

plished by numerically exploring the behavior of ¢j',, — ¢4, as function of ®ey s, and

eff
4,sn

aiy. Fig. 6.5 plots ¢, — cagn for py, = 1 and Ny, = 3. It is clear from the figure that for

gn € (~ 0.185, ~ 0.333) it is possible to tune the external flux bias to satisfy %, = 6.

In general, for arbitrary NV, this condition translates to ayg, € [% ( Nl + N%) , NL> for

all values of py,, thus offering us a continuous range of ay, in which the cancellation cir-
cuit can be realized. This relaxes the constraint on the accuracy of fabrication required

for realizing the cancellation circuit.

6.2.3 Numerical simulations

We have checked the conditions under which Kerr- and cross-Kerr cancellation can be
realized. In this sub-section we numerically show that for a reasonable set of parame-
ters, we indeed get Kerr and cross-Kerr cancellation while still retaining the ability to

perform two-photon exchange between the readout and the asymmetric mode. The uti-
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Quantity | Value

Co 0.12 pH
C; 0.7pH
ég 4pH
C, 0.07 pH
L, 5.475nH
Lo 1.81nH

Ljs | 3.68nH
Ly | 0.54nH
e 0.2114

Olsq 1

Table 6.1: Parameters for the numerical simulations of the cancellation circuit. These
parameters are optimized to reproduce the experimental results shown later in the chapter.
lized parameters are specified in table 6.1. These parameters are essentially motivated by
the experimental realization that we show in a latter section. The frequencies of the bare
SNAIL, SQUID and readout modes as function of the external flux through SNAIL and
SQUID are shown in Fig. 6.6a and Fig. 6.6b respectively. The frequency of SNAIL mode
intersects both readout and the SQUID mode at certain flux points. The circuit satisfies the
first condition Leg sn = Lef sq at the points where the bare frequency of the SNAIL mode
is equal to the bare frequency of the SQUID mode. In fact, by varying the flux through
the SQUID mode, such an intersection point can be tuned to a variety of different points.
However, both the cancellation conditions are satisfied simultaneously at a single point
which is determined by the @y s, at which cjfgn = Cy4n. For our parameters, that point
occurs at Doy n /Py ~ 0.485. Having found this point, we can simply tune the flux bias
of the SQUID to ey 5q/Po ~ 0.160, in order to simultaneously satisfy the first condition.
In other words, @ext sn/Po ~ 0.485, Doyt 5q/Po ~ 0.160 is the unique point at which we
get perfect cancellation of all the diagonal terms arising from four-wave mixing.

Although the perfect cancellation point is unique, there are multiple bias points at
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Figure 6.6: (a) Bare frequencies of the SNAIL mode (black), SQUID mode (brown) and the
readout mode (blue) as function of the external flux through the SNAIL (Pey 5n) for the
parameters mentioned in table 6.1. Only the SNAIL mode changes in frequency while the
modes remain constant. Note that the bare SNAIL mode crosses the readout mode and
the SQUID mode. (b) Bare frequencies of the aforementioned modes as function of the
external flux through the SQUID (P sq) for the same parameters. The frequency of the
SQUID mode is tuned to lower values as function of flux, until it approaches 0 at the half
flux and then starts increasing again.

which individual diagonal terms vanish. In Fig. 6.7 panels (a) and (b), we illustrate such

cancellation by plotting the numerical values of x 44, Xss, Xar and xsr. We obtain these

quantities by isolating the diagonal terms from

A

H wave A A ~ A N 4
dwave _ geft [gos,sn(s + SN+ orm(R+ RY) 4 @aam(A+ AT)]

h — J4wave,sn

N N N N N N 4
+ g4wave,sq [@S,sq(s + ST) + @R,sq(R + RT) + SOA,SH(A + AT)] ) (650)

i

wave,sn> Jdwave,sq and Qg ¢ /sq are calculated separately at every flux bias. The cal-

where g
culations of ¢ ¢, /sq involves diagonalization of the bi-linear part of the Hamiltonian at
every flux point which is accomplished numerically. The analytical diagonalization pre-
sented in Sec. 6.2.1 is valid only when Leg ¢ = Lefr 5q- It is clear from the plots for 44,
Xsss Xar and xspr that all the quantities cancel at multiple points. In addition, there is

indeed a unique point at the flux bias of ®ext sn /Py ~ 0.485, Pext 5q/Po ~ 0.160 where the

four quantities cancel simultaneously. The perfect cancellation point, although interesting
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for some applications, is of limited interest for our goal of cascading nonlinear processes.
As discussed in the previous chapters, although cross-Kerr is harmful for cascading, the
self-Kerr indeed plays an important role, and the cascading cannot work without the pres-
ence of self-Kerr (see Sec. 4.3). This however, is not a problem for our design, since there
are multiple points where the cross-Kerr between the asymmetric mode and the readout
mode vanishes while the self-Kerr of the asymmetric mode survives.

Going further, we plot the amplitude of the two-photon exchange interactions gopn pr
and goph sk in Fig. 6.7c. These amplitudes are calculated by isolating the R2At + R2A

and R2ST + RS terms from

f{ wave e A A - - 2 1 4
471 = g4\f)fvave,sn [QOS,SH(S + ST) + SOR,SH(R + RT) + SOA,SH(A + AT) + @S,sngp(t)]

A

N “ N “ R 4
+ g4wave,sq |:¢S,sq(5 + ST) + @R,sq(R + RT) + SOA,SH(A + AT) + @S,squ(tﬂ .

(6.51)

Here &,(t) = &,(e™r' + e~“r') and we have assumed that the pump couples through
the symmetric mode. The values of gopn ar and goph sk in the figure are for £, = 1.
As expected, due to the specific symmetry of the circuit, gopn gz vanishes at the same
location as xgr, while gopn ar is nonzero when y4r = 0. Therefore, the circuit can be
utilized to perform the two-photon exchange process between readout and asymmetric
mode while canceling the cross-Kerr between them. Especially the points, where x4z = 0
and x 44 # 0 are particularly useful for cascaded four-photon exchange. Finally, as a word
of caution, the cancellation points may change in presence of strong off-resonant pumps
as seen in the case of SNAIL parametric amplifiers [Sivak et al., 2019]. However it should
be possible to re-tune the circuit to achieve the required cancellation by changing the flux

bias as achieved in the same article by Sivak et al. [2019].
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Figure 6.7: (a) Numerically obtained values of self-Kerrs x 44 and s for the parameters
specified in table 6.1. (b) Numerically obtained values of the cross-Kerrs with the readout
mode Y 4r and y gy for the same set of parameters. Comparing these plots with each other
and those in panel (a) it is clear that, each of the depicted Kerrs and cross-Kerrs go through
zero and then change sign. However, the contours of cancellation (the white regions) are
different for each of these quantities. In fact all the quantities cancel simultaneously only
at a unique flux-bias of Pext sn/Po ~ 0.485 and Peyt oq ~ 0.160. This unique point obeys
the relation cyefrsn = Cosn. (c) Amplitude of the two-photon exchange interaction gopn ar
and goph, sk as function of external flux through the SQUID and the SNAIL. These strengths
are calculated assuming ¢, = 1. Comparing these plots with those in (b), it is clear that
g2ph AR does not cancel at the same point as x 4r. Therefore, the asymmetric mode can
be utilized for performing cross-Kerr free two-photon exchange. On the other hand, as
expected, gopn, sk cancels at the same points as xgr.
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6.3 Experimental design

The positive four-wave mixing coefficient required for engineering the cancellation circuit
can only be obtained by utilizing flux biased circuit elements (SNAIL in our case). More-
over, having an independently tunable SQUID adds flexibility in fabrication and tuning
of the circuit. Therefore, magnetic flux is one of the central requirement for realizing the
cancellation circuit. Many two-dimensional superconducting circuit architectures regu-
larly utilize such flux biased elements [Arute et al., 2019]. In our case, however, high-@)
harmonic oscillators, form a central part of the architecture. These high-() oscillators are
realized using aluminum enclosures, since aluminum being a superconductor allows for
extremely low conductor losses. On the other hand, due to the Meissner effect, a super-
conducting aluminum enclosure does not allow any magnetic flux to thread through it.
Therefore, in this section we primarily focus on the challenge of integrating magnetic
flux with superconducting aluminum enclosures. The following sub-section discusses our
relatively simple yet effective method of delivering magnetic flux. This is followed by a
discussion of the specific experimental design that we have utilized for measuring the

cancellation circuit.

6.3.1 Magnetic field in 3D aluminum cavities

Integrating flux bias into 3D environment is typically accomplished by utilizing a copper
enclosure and a solenoid to apply the magnetic field. However, as mentioned before, this
method cannot be directly applied to aluminum enclosures. As a superconductor, alu-
minum does not allow magnetic field to penetrate, as long as the strength of the magnetic
field remains below a certain critical strength. Above this critical strength, we get mag-
netic vortices through the superconductor and eventually, above another critical thresh-

old, the superconductivity breaks down. Such high fields and the resulting breakdown
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Figure 6.8: (a) Cartoon of a flux-bias compatible 3D aluminum enclosure (translucent
grey). The enclosure has a hole through which we apply magnetic field using a solenoid
made out of copper (brown). The field lines of the solenoid go into the enclosure and curl
back to come out through the same hole. This prevents the threading of any magnetic
flux trough the superconducting enclosure. The enclosure houses a sapphire chip (blue)
with a SQUID mode and a large loop of aluminum. This large loop of aluminum, which we
hereby call a flux transformer, separates the SQUID mode from the low-() copper magnet.
Such a separation helps in maintaining the quality factor of the SQUID mode. In addition,
the flux-transformer acts as a pickup loop and transports the flux bias of the magnet to
the SQUID. (b) Explanation of the working of a flux-transformer. The applied external
magnetic field threads a flux (Pey v)through the superconducting aluminum loop con-
stituting the transformer. Due to fluxoid-quantization, the next flux through the loop is
maintained at approximately zero by an induced current It = ®ey v/ LT, where Lt is the
self inductance of the transformer loop. The mutual inductance Mr 4, between the flux
transformer and the SQUID loop then leads to a flux through the SQUID loop given by
<I)ext,sq = MT,sqIT-

of the superconductivity (including vortices) is neither controllable nor desirable for the
high-Q) applications. Therefore, integrating magnetic flux in superconducting environ-

ment has been a widely studied yet the currently available solutions have not yet proven

completely satisfactory.
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One solution to introduce magnetic flux in aluminum enclosure is discussed in [Reed,
2013]. Here the so called fast-flux lines, commonly utilized in the 2D architecture, are
integrated into a 3D aluminum cavity. However, the filtering requirements for the fast
flux lines make this integration complicated and a more involved fabrication process is
required. More recently, specialized devices called magnetic hoses [Navau et al.,, 2014,
Gargiulo et al.,, 2018] have been proposed and demonstrated for routing magnetic field
at arbitrary distances. These devices also require specialized fabrication and are not yet
commercially available. Moreover, the quality factors in presence of these devices are not
well studied and both the solutions are strongly geared towards applying time dependent
flux bias. Here, we propose a simpler solution for applying a static flux bias that is required
for operating our implementation of the cancellation circuit.

The basic idea behind our solution is illustrated in Fig. 6.8. As shown in panel (a) of
this figure, we introduce magnetic flux inside an aluminum enclosure by designing a hole
through the enclosure. The magnetic field applied with the help of a solenoid can go in
through the hole as long as the magnetic field lines come back through the same hole
resulting in zero net flux through the hole. Although this solves the issue of introducing
magnetic flux into an aluminum enclosure, it is not a complete solution for two reasons: (i)
the magnetic field entering the enclosure is greatly attenuated due to the screening action
of the superconductor, and (ii) if the copper magnet is placed near a high-() mode, it lim-
its the () of the mode since the copper is not a superconductor. We counter both of these
issues by utilizing, what we call, a flux-transformer. The flux transformer is essentially a
loop made out of aluminum. The flux transformer and the device (a SQUID transmon in
the figure) are fabricated on a sapphire chip using the usual single-step e-beam lithogra-
phy and aluminum deposition. This sapphire chip is then put in the aluminum enclosure
with a hole (Fig. 6.8a) and cooled down in zero magnetic field. The working of the flux

transformer is illustrated in Fig. 6.8b. Due to the magnetic field applied through the hole
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in the aluminum enclosure, the flux transformer receives a flux of ®¢. v. However, the
fluxoid quantization property of the superconductor requires that the total flux through
this superconducting loop remains quantized. Moreover, since the initial flux through the

loop is zero, this condition translates to
Dot 7 = Pext, 7 + I1Ly = 0, (6.52)

where @, 7 is the total flux through the transformer, /7 is the induced current in the
loop and L~ is the self-inductance of the loop. In other words, the external magnetic flux
induces a current through the superconducting loop of the flux transformer in order to
ensure that a net zero flux is threaded through the loop. The resulting current /1 through
the loop can then be utilized for applying flux bias on another device, i.e. the SQUID in
our case. Given a mutual inductance My 4, between the flux transformer and the SQUID,

we get a flux bias of

Mr
(I)ext,sq = MT,sqIT = L—mq)ext,T (653)
T

through the SQUID loop. Thus, a simple loop of superconducting aluminum can be utilized
for transporting the flux bias from the solenoid to the device (SQUID) of interest.

While designing flux-transformers, we keep the following principles in mind:

1. Having a large enclosed area near the solenoid is beneficial. The flux received from

the solenoid increases with increase in area.

2. Theloop of the device to be biased (SQUID in Fig. 6.8) should be placed as close to the
flux transformer as possible in order to increase the mutual inductance between the
transformer and the loop. In our design, we typically have merely 5 — 10 pm gap
between the two loops. In addition, for lithographic convenience, the specialized

shape of the SQUID loop shown in the figure is specifically optimized to place the
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loop close to the transformer while keeping the junction far away from this large

feature.

3. The length of the flux transformer is fixed by considering two important factors.
Firstly, the magnet should be far enough away from the high-() modes of interest
to preserve their quality factor. Second, the flux transformer itself acts as a resonator
giving rise to multiple harmonic modes. The minimum frequency of these modes is
determined by the length of the flux transformer. Since these modes set the Purcell
limit of the high-() modes, it is beneficial to engineer the transformer such that all
the additional harmonic modes are higher in frequency compared to the high-Q)

modes of interest.

4. Above a critical current density, the thin film aluminum looses its superconductiv-
ity. As a result, below the minimum trace width (typically around 5 pum), the flux
transformer cannot carry enough current (/1) to apply the required flux bias. There-
fore, as a rule of thumb, the minimum width of the flux transformer at any point

should be at least 5 pm.

5. Another important consideration would be the flux noise transferred from the trans-
former to the device (SQUID). A priory it seems that such flux noise should be sup-
pressed since, typically, Mrs,/Lr < 1 (< 0.001 in the design presented subse-
quently). As a result, only a fraction of the flux noise in the transformer will couple
to the device of interest. On the other hand, the flux transformer has a considerably
larger area and a careful analysis and measurement of the 1/f noise needs to be

performed. We leave this as a future direction.

Armed with this understanding, in the next section, describe an enclosure designed

for measuring the cancellation circuit.
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(a)

Figure 6.9: (a) HFSS design of a sapphire chip with the cancellation circuit (central vertical
features) and two flux transformers (horizontal loops). Two separate flux transformers
allow independent flux biasing of the SNAIL and SQUID modes of the cancellation circuit.
(b, ¢) Top and isometric view of the enclosure designed for the preliminary experiments
with the cancellation circuit. The sapphire chip shown in panel (a) is placed centrally
between two A/4 type resonator modes. Either one of these modes can be used as a
readout and the other as the high-() storage resonator. This choice is dictated by the
length of the coupling pins utilized for addressing each of the resonators. Two separate
magnets are utilized for biasing the flux-transformers. The applied flux of the magnets
enters and leaves the enclosure through the corresponding holes below the magnets (not
shown).

6.3.2 Enclosure for the cancellation circuit

In order to completely test the cancellation circuit we require an independent flux bias for
the SNAIL and the SQUID. In addition a low-() Readout mode coupled symmetrically to
the SNAIL mode and the SQUID mode is also required. The pictures of our design which
satisfies this wish list are shown in Fig. 6.9. It consists of a sapphire chip with the cancel-
lation circuit in the center and two flux-transformers, one coupling to the SNAIL mode
and the other coupling to the SQUID mode, as shown in Fig. 6.9a. This chip is then placed
inside an aluminum enclosure as depicted in Fig. 6.9b and Fig. 6.9c. Two magnets with

their respective holes (not shown) are positioned towards the ends of the flux transform-
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ers in order to apply the requisite flux bias. The enclosure also consists of two A/4 type
resonators with different fundamental frequencies. Both the resonators couple symmetri-
cally with the cancellation circuit and either can be used as the readout mode. Specifically,
we utilize the higher frequency \/4 mode (~ 8.1 GHz) as the readout mode. The lower
frequency (~ 5.1 GHz) A/4 mode is tuned to be relatively high-Q) and is not utilized in
our current experiment. This mode could be utilized as the high-(@) storage harmonic os-
cillator for experiments involving cat-state stabilization which we do not explore here.
The parameters used for the rest of the system will be clear in the next section where we

discuss some of the preliminary experimental results.

6.4 Preliminary experimental results

In this section, we discuss the experimental results for the characterization of the can-
cellation circuit. The focus here is to prove that cancellation circuit can indeed provide
four-wave mixing in absence of cross-Kerr. In order to prove this, we utilize the cancel-
lation circuit and the readout mode of the enclosure discussed in the last section. This
system is modeled well by the parameters specified in table 6.1. Indeed these parame-
ters were optimized to reproduce the frequencies of all the involved modes at certain flux
points. Therefore, a reader should review the bare frequencies of the SNAIL, SQUID and
the readout mode as function of ®ey; on and Pey; oq specified in Fig. 6.6 and the behavior of
cancellation circuit shown in Fig. 6.7 before attempting to understand the experimental
data.

We characterize the system by utilizing two types of experiments. The first experiment
is called readout spectroscopy. The idea here is to send a probe tone on the strongly cou-
pled pin of the readout and observe the change in phase of the reflected signal. By sweep-

ing the frequency of the applied tone, one first locates the phase-roll generated by the the
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Figure 6.10: (a) Cartoon representing the phase response of the readout mode, measured
by observing the reflection of a probe tone. When there is no excitation in the asymmetric
or symmetric modes, the phase response of the readout mode is given by the gray line.
The frequency where the phase response crosses zero is the resonance frequency of the
readout. The two-tone spectroscopy is performed by continuously measuring the phase
response at this frequency while applying another pump tone at different frequencies. If
the pump tone excites any one of the asymmetric or the symmetric mode, then the read-
out frequency shifts due to the cross-Kerr interaction. If the cross-Kerr is positive, we
get the response marked by the red color, and if the cross-Kerr is negative then we get
the response marked by the blue color. As a result, the phase response at the readout
resonance frequency is positive or negative depending on sign of the cross-Kerr. (b) Car-
toon of the data obtained from a two-tone spectroscopy experiment. The x-axis plots the
frequency of the pump and the y-axis plots the phase response at the readout resonance
frequency. From this data we infer the resonance frequency of a process that excites one
of the modes, and also the sign of the cross-Kerr between the mode and the readout.
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readout resonator. A cartoon of this phase roll is shown by the gray line in Fig. 6.10a. The
resonant frequency of the readout tone is then obtained by fitting to this phase response
using the input-output formalism [Gardiner and Collett, 1985, Clerk et al., 2010]. In our
data, the resonant frequency of the readout mode can also be located by finding the probe
frequency where the phase response of the probe tone is zero, since the measurement
operator is calibrated to cancel the electrical delay induced by the input and output lines.
The results of performing the readout spectroscopy as function of the current through the
SNAIL magnet is shown in Fig. 6.11a. The current through the SQUID magnet is set to zero
for the purpose of this experiment. As the current through the SNAIL magnet increases,
the readout moves down in frequency. At the point where the SNAIL mode frequency

intersects the readout mode frequency, there is an avoided crossing which manifests as
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Figure 6.11: (a) Readout spectroscopy as function of the current through the SNAIL mag-
net. The SNAIL mode is initially above the readout mode. As the current through the
SNAIL magnet is changed, the readout frequency moves downward due to the repulsion
from the SNAIL mode. At around 10 mA the SNAIL mode crosses the readout mode re-
sulting in an avoided crossing, which here manifests as a jump in the readout frequency.
At a current of ~ 15.425 mA, the SNAIL bias reaches half flux quantum and the SNAIL
mode reaches the minimum frequency. As the current is further increased, the same ef-
fects occur in a reversed fashion. We utilize this data to calibrate @y ¢, as shown by
the alternate x-axis. (b) Spectroscopy of the readout resonator as function of the current
through the SQUID magnet. Note that the scale of the y-axis is different from the one in
panel (a). The SQUID frequency always remains below the readout frequency and as a
result there is no avoided crossing. The minimum in the readout frequency occurs when
the SQUID is at half flux. The calibration ®y s, is again shown by the alternate x-axis.

a jump of the readout frequency observed in the figure. We use the data to calibrate the
relation between ®uy n/Po and the current through the SNAIL magnet. Similarly, the
readout spectroscopy as function of the current through the SQUID magnet, while the
the current through the SNAIL magnet is set to zero, is presented in Fig. 6.11b. We again
see the variation in the readout frequency as function of the SQUID current. Since the
SQUID mode never crosses the readout mode, we do not see any abrupt jumps. This data
is again utilized for finding a relation between the current through SQUID magnet and
Dot sq/ Po as shown. Moreover, this figures proves that the flux transformers are indeed
working correctly for this sample.

The second experiment used for characterizing the sample is the so called two-tone
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Figure 6.12: Two-tone spectroscopy of the system as a function of ®uy s,/ Po (x-axis),
when the SNAIL is parked at half flux (Pext sn/Po = 0.5). The experiment is performed
by identifying readout resonance at each flux point and then applying the pump tone at
different frequencies. (b, c) The lines corresponding to the g — e transition of the asym-
metric and symmetric modes respectively. Judging from red and blue colors of the lines,
X ar changes from positive to negative, and x sr changes from negative to positive, when
Dyt sq is increased. Therefore, the cross-Kerrs go through zero at intermediate points.
This cross-Kerr cancellation is manifested as vanishing of the respective lines. The ver-
tical black lines are a guide for eye showing the cross-Kerr cancellation. (d,e) The lines
corresponding to the two-photon exchange R2At 4+ R12A and R2St + R12S processes re-
spectively. Comparing these plots with those in (b,c) it is clear that R2AT + RI2A process
is present even when y 4 vanishes. On the other hand R2ST + RS is indeed canceled
close to the ysr = 0 region.

spectroscopy. The idea here is to park the frequency of the probe tone at the resonance
frequency of the readout mode. Another tone, which we hereby call the pump tone, is

then applied at different frequencies. If the pump tone addresses a transition that puts

excitation into either the asymmetric mode or the symmetric mode of the system then,
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due to the cross-Kerr interaction between these modes and the readout mode, the effective
resonance frequency of the readout mode shifts. As shown in Fig. 6.10a, if the cross-Kerr is
positive, then the effective resonance frequency and, hence, the phase-roll of the readout
shift to the right (red curve). Similarly, if the cross-Kerr is negative, then the effective
frequency and the phase roll shift to the left (blue curve). As a result, the phase response
of the probe tone, which is parked at the resonant frequency of the readout mode, is either
positive or negative. Thus, by monitoring the phase response at the readout resonance as
function of the pump frequency we obtain two vital pieces of information: (i) Location of
the different transitions in the system and (ii) sign of the cross-Kerr between the readout
mode and the other mode which receives an excitation. Moreover, over short range of
pump frequency, this experiment can also be used to get an idea of the relative magnitude
of the cross-Kerr interaction. Higher the phase response amplitude (see Fig. 6.10b), the
stronger the cross-Kerr interaction.

We first utilize the two-tone spectroscopy experiment to characterize the system as
function of @yt o/ Po when the SNAIL is biased at half flux (Pext sn/Po = 0.5). The results
of this experiment for four different ranges of pump frequency are shown in Fig. 6.12. The
line visible in panel (a) of the figure is the g — e transition of the asymmetric mode which
is lower in frequency. The phase response of the readout (color of the line) changes from
positive (red) to negative (blue) as @yt o/ Po increases. This is because the cross-Kerr
between the asymmetric mode and readout changes from positive to negative over this
flux range. Moreover, the region where the line vanishes indicates the cross-Kerr is close
to zero, thus providing us a signature of cross-Kerr cancellation. In addition, although
not clearly visible, there is also an avoided crossing with the lower frequency \/4 mode
around ~ 5.14 GHz. Panel (b) of the same figure shows the g — e transition line of the
symmetric mode which shows a similar behavior. The cross-Kerr changes from negative

to positive and goes through zero at an intermediate flux point. Combined, the data in
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Figure 6.13: (a) Phase response amplitude (color) of the asymmetric mode as function of
Dt sn/ Lo (x-axis) and Doyt o/ Po (y-axis). The data allows us to infer the sign and relative
magnitude of the cross-Kerr interaction between the asymmetric mode and the readout
(x4r)- (b) Phase response amplitude (color) of the symmetric mode as function of external
flux-bias. We infer the sign and relative magnitude of the cross-Kerr interaction y gr from
this data. (c, d) Numerical values of y 4z and xsgr obtained from the same simulations
that produced the data in Fig. 6.7. By comparing the plots in panels (c) and (d) with this in
panels (a) and (b) it is clear that the experimental results match well with the theoretical
predictions for the cancellation circuit. We attribute the slight mismatch between theory
and experiment to the errors in our circuit parameters.

panel (a) and (b) show that the cross-Kerr with both the modes gets canceled albeit at
different flux points (since ag, # 0.185). Panels (c) and (d) of the figure show the two
tone spectroscopy at higher pump frequencies, where The pump tone addresses the two
photon exchange processes with the symmetric and asymmetric modes respectively. It is
clear from (c) that the two-photon exchange with the asymmetric mode survives in-spite
of the cross-Kerr cancellation between asymmetric and the readout mode. On ther other

hand, the two-photon exchange between the readout mode and the symmetric mode is

not present near the cancellation region of this mode as we predicted in our theoretical
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analysis. Therefore, we have indeed realized the cancellation circuit.

Finally we perform two-tone spectroscopy experiments as function of both @ ¢, and
Dy sq» for the g — e transitions of the asymmetric and the symmetric mode. The resultant
data at every flux point is then analyzed to obtain the amplitude of the phase response.
This amplitude is plotted as function of @y ¢n and Py oy in Fig. 6.13 panel (a) and panel
(b). It shows that the cross-Kerr cancellation happens at multiple points for both the
modes. In addition, there are flux points near ®ey; g,/ Po ~ 0.48 and Py 5, ~ 0.16 where
both the cross-Kerrs seem to cancel simultaneously as expected. Panel (c) and (d) of the
same figure reproduce the numerically simulated data, previously plotted for different
flux ranges in Fig. 6.7b. Qualitatively speaking, the numerical simulations describe the
experimental data very well. The small quantitative disagreement between the theory
and experiment is most likely due to the errors in our circuit parameters. Nonetheless,
this data shows that the cancellation circuit works as expected and can thus be utilized
for cross-Kerr free four-wave mixing that is needed in our experiments.

We have not yet studied the two-photon and four-photon driven dissipative processes

using the cancellation circuit. This is one of the future directions for this work.

6.5 Comparison with a different implementation

As a final remark on cross-Kerr free four-wave mixing, we compare our circuit with an-
other one recently demonstrated by [Lescanne et al., 2019b]. Although the two circuits
are quite different and have different operating constraints, they share very similar un-
derlying principle. The two circuits, in simplified forms, are represented in Fig. 6.14. The

circuit by [Lescanne et al., 2019b] is essentially a SQUID shunted by a linear inductance
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Figure 6.14: (a) Simplified version of a cross-Kerr-free four-wave mixing device demon-
strated by [Lescanne et al., 2019b]. It consists of a single dipole element realized as a
SQUID shunted by a linear inductance. The junctions have the same Josephson energy
E; and the inductive energy of linear inductor is represented by £;. The flux through the
two loops is denoted by ®ey 1 () and Peyr 2(t). As discussed in text, this time dependence
of the external flux bias is required for addressing the four-wave mixing processes of in-
terest. (b) Simplified version of the cancellation circuit. We have replaced the SNAIL by
an RF-SQUID which is essentially a Josephson junction shunted by a linear inductance. In
place of a SQUID we have simply utilized a single Josephson junction. In this simplified
implementation, we need both the Josephson junctions to have the same £;.

as shown in panel (a) of the figure. The Potential of this circuit is given by

Er

U= 5 9 - Ejcos(¢ext1 — @) — Ejcos(@ext2 + ), (6.54)

where ¢ is the phase across the linear inductor, and @ext x = 27T Pext i/ Po. Now, if we bias

the circuit with ¢y 1 = T + €(t) and @ext 2 = €(t) then

E
U= 7%52 + Ejcos(p —e(t)) — Ejcos( + €(t))
E
— 7%52 + 2FE; sin(p) sin(e(t)). (6.55)

It is clear from this expression that the potential does not contain any diagonal four-
wave mixing terms. However, off-diagonal pumped four wave mixing terms, like the

two-photon exchange process, can be made resonant by selecting proper time dependence
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for €(t). Note that if the time dependent part of the flux bias, ¢(¢) is made zero or time
independent, then none of the processes will be resonant and circuit will not provide any
nonlinear interaction. As a result, fast-flux pumping is a key requirement for this circuit.
Let us now proceed to analyze a simplified version of our circuit shown in Fig. 6.14b.
Here we have replaced the SQUID with an inductively shunted Josephson junction (i.e.
an RF-SQUID) and the SQUID with a simple Josephson junction. The potential of this
simplified version is then given by
I _E.g,
h

= 7901 —E; COS(Gbext - 951) — by COS(@Q), (6.56)

where ¢, is the phase across inductor of the RF-SQUID and ¢- is the phase across the
single Josephson junction. We consider the case where the RF-SQUID is biased at half
flux, i.e. eyt = 2Py /Py = m. With this bias the potential becomes
H E.,
h

= 7901 + Ejcos(p1) — Ejcos(ps). (6.57)

Note the sign change of the first cosine. This sign change is very similar to one that we
studied in the other circuit. Now, as we have discussed in previous sections, for the cancel-
lation circuit to operate, we need equal participation of the two hybridized modes in the
two cosines. This is achieved by making sure that the effective inductance on both arms
of the circuit is equal. For the simplified implementation shown here, such a condition

translates to £, = 2F;. Under this assumption, we again utilize
1= ps — pa and P2 = Pg + Pa, (6.58)

where pg and ¢4 are the phase drops of the symmetric and the asymmetric modes re-
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spectively. With this substitution, we get

T = Balés = @a)*+ Bycos(s — ) = Brcos(ps + )

= EJ((/ADS — gZ?A)Q -+ 2EJ Sin(@A) sin(gég) (6.59)

It is clear that the potential of our cancellation circuit is similar to the one of the circuit
by [Lescanne et al., 2019b], except, the place of the time dependent flux term is taken by
the symmetric mode. As a result, our circuit can operate on static flux bias, and the pump
term can couple in through the symmetric mode.

To summarize, the idea of changing the sign of a cosine term from negative to posi-
tive in order to cancel the diagonal terms is common to both the circuit. The pumping of
the [Lescanne et al., 2019b] circuit is accomplished by adding time dependence to the flux
bias. This necessitates integration of fast flux lines with the architecture under consider-
ation. Although this can be accomplished in 2D architectures, performing flux pumping
in 3D while maintaining high quality factors has not yet been satisfactorily achieved. On
the other hand, the pumping in our implementation is accomplished by introducing an
additional mode which allows the pump to couple in. As a result a static flux bias is suf-
ficient for our circuit. This simplification comes at the cost of an additional mode and a
somewhat stringent condition (£, = 2E) on the parameters of the circuit. Similar to our
discussion about the permissible parameter regime for the SNAIL mode, the condition on
the circuit parameter can be relaxed by allowing the RF-SQUID to be biased at arbitrary

flux points.
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6.6

Summary and prelude to the next chapter

This chapter has focused on developing and testing a device which performs four-wave

mixing while canceling the always-on diagonal terms like cross-Kerr and self-Kerr. Fur-

thermore, we have also implemented a technique for applying static magnetic flux bias

inside aluminum enclosures. The discussions in this chapter give us following takeaway

points:

()

(ii)

(i)

(iv)

In order to engineer cross-Kerr-free four wave mixing, one requires a combina-
tion of two circuit elements, one with positive four-wave mixing coefficient and the

other with a negative four-wave mixing coefficient.

The negative four-wave mixing coefficient is more common for Josephson junction
based circuit elements. A single junction, a SQUID, and even a SNAIL or RF-SQUID

parked near zero flux can provide such a negative four-wave mixing coefficient.

The positive four-wave mixing coefficient requires a flux-biased element like a SNAIL

or an RF-SQUID biased near half flux.

In order to get perfect Kerr and cross-Kerr cancellation for all the modes simultane-
ously we need to impose two conditions. The first condition is the equal participa-
tion of all the modes of the system in the aforementioned nonlinear elements. One
way to achieve this is by engineering equal capacitance and equal effective induc-
tance for the two nonlinear elements. The second condition requires the four-wave

mixing coefficients of the two modes to be equal and opposite.

If a SNAIL is utilized for engineering the positive four-wave mixing coeflicient, then

the permissible range of oy, for perfect cancellation is between % (NL + N%,ﬂ) and

L

F where Ng, are the number of shunting junctions.
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(vi)

(vii)

(viii)

Although the perfect cancellation point is unique, it is possible to cancel a particular
cross-Kerr or self-Kerr at multiple bias points. In particular, the points where self-
Kerr between the asymmetric mode of the circuit and a harmonic oscillator mode
cancels, while the self-Kerr of the asymmetric mode is preserved are of immense
interest to us. These are the points where Raman-assisted cascading can be utilized

for engineering higher order nonlinear processes.

A flux transformer, which is essentially a loop of superconducting aluminum, can
be utilized for ‘transporting’ flux bias from one point to another. We utilize this
device for independently biasing the SNAIL and SQUID elements of our cancellation

circuit.

The preliminary experiments show that the cancellation circuit and flux transform-
ers indeed work as advertised. It provides us the possibility of four-wave mixing
while canceling the cross-Kerr between the symmetric and asymmetric mode and a

readout resonator.

Although we have proven that the cancellation circuit and the flux-transformers work

as expected, there is much work to be done in the future. We take this opportunity to

highlight three such future directions:

(i)

(i)

Maintaining the high quality factors of the storage resonator modes is a key to
storing information using the bosonic codes. Therefore, a thorough study of the
quality factors of various modes in presence of flux-transformers is a requirement

before such devices can be widely utilized.

Implementation of two-photon driven-dissipative process with the help of the can-

cellation circuit biased at the perfect cancellation point. This experiment will be
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similar to the one performed by [Lescanne et al., 2019b] and will serve as a bench-

mark for comparing the two circuits.

(iii) Implementation of cascaded four-photon exchange and four-photon driven-dissipative
process with the help of the cancellation circuit. This is indeed the main motivation

behind us developing the cancellation circuit in the first place.

Having studied the Raman assisted cascading and the cancellation circuit, we are now
ready to discuss fully autonomous and continuous first order error correction against all
the errors using the pair-cat codes. We take up this topic in the next and final chapter of

the thesis.



Chapter 7

Fully autonomous QEC with pair cat

code

In Ch. 3 we introduced the four-component cat codes which allow first-order protection
against photon loss events. Moreover, a four-photon driven-dissipative process allows us
to autonomously and continuously stabilize these states by exponentially suppressing the
dephasing and energy relaxation errors as the size (|a|?) of the states increases. Ch. 4 and
Ch. 5 focused on theoretical and experimental work geared towards implementing this
four-photon driven-dissipative process. Such process requires an interaction between at
least six or more photons. We showed a way to obtain such higher-order interaction by
cascading the readily available lower-order four-wave mixing interactions. In addition,
we introduced and demonstrated a new device which further tames the four-wave mix-
ing nonlinearity to suit the needs of our proposal. This brings the autonomous protection
against energy relaxation and dephasing, squarely within the grasp of available super-
conducting technology. The continuous protection against the photon loss errors, on the
other hand, requires direct monitoring of the parity operator by engineering an interac-
irata

tion of the form e 0, in the Hamiltonian of the system. Such interaction, due to the
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presence of an exponent, is of infinite-order in nonlinearity, and cannot be achieved with
the superconducting circuit elements that we have studied in this thesis. Indeed, a new,
and yet unimplemented circuit element proposed by [Cohen et al,, 2017] is required for en-
gineering such an interaction. However, it is possible to simplify the design of a hardware
efficient autonomous logical qubit, by utilizing a two-oscillator cousin of the cat codes,
called the pair-cat code [Albert et al., 2019]. This particular code offers a protection which
is comparable, or even slightly better than the four-component cat code, while completely
circumventing the need for continuous parity measurements.

The pair-cat code allows for the correction against photon loss events, as long as they
affect only one of the oscillators. Such photon loss events can be monitored by observ-
ing the photon number difference between the oscillators, an error syndrome of the form
d;dg — dJ{dl. Here @, and a, are destruction operators of the two oscillator modes. It
is clear that the error syndrome, in this case, is bi-linear, as opposed to the exponential
parity operator in the case of four-component cat code. We later show that such an error
syndrome can be continuously monitored by utilizing four-wave mixing and the circuit el-
ements that we have already developed. Furthermore, a driven-dissipative process which
forces simultaneous loss or gain of two photons in each of the oscillators, described by
Dla3a? — ~*], allows the stabilization of this code against energy relaxation and dephas-
ing errors present in both the oscillator. Notice that, this driven-dissipative process is the
same order of nonlinearity as the four-photon driven-dissipative process studied previ-
ously. Indeed, we show that the cascading technique developed in earlier chapters can
be utilized for implementing this driven-dissipative process using four-wave mixing and
lower order nonlinearity. As an additional benefit, since the pair cat code is immune to
multiple photon losses on a single oscillator, the leakage error inherent to the cascading
protocol does not affect this code. As a result, the pair-cat code has emerged as a prime

candidate for realizing fully autonomous and continuous protection against all the error
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channels to the first order. We dedicate this chapter to introducing this encoding and
developing an experimental proposal for realizing such a logical qubit.

The following section (Sec. 7.1) starts by introducing the pair-cat states and their error
correction properties. We put a particular emphasis on the engineered dissipation re-
quired for fully autonomous and continuous error correction. The experimental proposal
for implementing this engineered dissipation is developed in Sec. 7.2. It becomes clear
that the Hamiltonian engineering techniques that we developed in the rest of the thesis

can be directly used to achieve our goals.

7.1 Introduction to pair-cat states

The goal of this section is to formally introduce pair-cat code. We begin this introduction
by first talking about the basis states of the codes and discussing how the code protects
against various channels of errors. This is followed by a discussion about the engineered
dissipation required for protecting the encoded information in an autonomous and con-

tinuous manner.

7.1.1 Pair-coherent states

The pair-cat states are superpositions of the so called pair-coherent states. These states
were first discussed in [Barut and Girardello, 1971] and are also called Barut-Girardello
coherent states after the authors of the article. The pair coherent states are defined as
simultaneous eigenstates of 0= d;&z — a,041, and a1 ao. The B) operator is also referred to
as the photon number difference operator in our discussions. Note that [é, aras] =0, ie.
photon number difference and product of destruction operators commute, and hence, they

indeed have non-trivial common eigenstates. We denote these states as |y5) where v* € C

is the eigenvalue of the a;a, operator, and 0 € Z is the eigenvalue of the photon-number
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difference operator. To summarize

asa1|70) = 7*|7e) and d|va) = 0| (7.1)

The representation of these states in the Fock basis is given by

2n+8

ho) = WZW

2n+|8|

e

In,n+9), ford >0

n+|9|,n), for & < 0. (7.2)

Here |7, k) = |j)1 ® |k)2, and the normalization constant

1

N,y = —F—m——, (7.3)
! Lo/ (2171?)

with I being the modified Bessel function of the first kind. In the particular notation we
have utilized, v and —+ return us the same pair-coherent state. From the expression of
|78), it is easy to verify that the relations presented in Eq. (7.1) are satisfied.

Keeping our future discussions in mind, it is helpful to study the overlap of two pair-
coherent states as well as the action of single-mode destruction operators on these states.

The overlap is given by

2n+|d|

I5(29"7)
[V [9) I* = .00 | NV Z (n + 8 In!

Lo (21Y]?)

. (7.9)

The Kronecker-delta is present since (n, n+9'|n, n+0) = 09 o. This implies that the pair-
coherent states with two different eigenvalues of d are orthogonal to each other irrespec-
tive of the value of v. In effect, these states create orthogonal subspaces for each eigen-

value of §. Moreover, the function I 15| (x) asymptotically approaches 2¢”/x as |z| — oo.
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As a result, for 7|, |7/| > 1, the overlap can be approximated by

(Vi |0)|? =2 Gp e 20T (7.5)

As a result, if |y — 4’| > 1, the pair coherent states are approximately orthogonal.
Next, let us study the effect of the single-mode destruction operators on these states.

It can be easily shown that

. N, s
G1|’Y<‘9> = ’YN . ‘7@+1>7 (7.6)
7,041
and
. N, s
as|va) = TN L |v9-1). (7.7)
77871

In fact, such analysis can be extended for powers of destruction operators, @} and a.

These operators, act on the pair coherent states as follows:

. N,
& |ye) = WZN L2 | vot), (7.8)
’Y7a+l
and
R N,
a170) = 7' = [vo-1)- (7.9)
778_1

Therefore, ¢! and a) change the eigenvalues of the photon number difference operator
by [ and —I respectively. We could have also reached the same conclusion by noting
atd = (0 + 1)ay and abd = (9 — Da.

Finally, to get some more perspective, let us note following similarities and differences

between the pair-coherent and the single-mode coherent states:

1. Both coherent states and the pair-coherent states are the eigenstates of the destruc-
tion operators. a in case of the coherent states and a;a, in case of the pair coherent

states.
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2. The amplitudes of the involved Fock-states follow Poisson-like distribution in both

the cases.

3. We only have singly infinite coherent states parameterized by the coherent state
amplitudes o € C. In the case of pair-coherent states, however, there are countably
infinite orthogonal subspaces enumerated by the eigenvalues of d. Each 0-subspace

contains a continuous infinity of states parameterized by v € C.

4. The overlap of coherent states as well as the pair-coherent states is exponentially

suppressed as the states go farther apart in phase space and 0-subspace respectively.

5. Displacing the single mode vacuum by a displacement operator 24’ =" regults in a
: atal —v*ara :

coherent state a. However, a two mode displacement operator 719277 9192 acting

on the two mode vacuum |0, 0) does not create a pair-coherent state. Instead, such

a state is known as the two-mode squeezed state and it is not an eigenstate of a;ax.

7.1.2 Pair-cat states and information storage

Photon loss events that affect only one of the two oscillators can be modeled by a set of
operators £ = {f +u {&{, ) ;io' We already know that each of the @] and &, operators
map the 0-subspaces to completely orthogonal subspaces with a different eigenvalue of
d. Therefore, in order encode information in a manner that is robust to the single-mode

photon losses, we need to utilize two orthogonal states in a J-subspace as |07) and |1,)

of our codespace. Moreover, these states should also satisfy
(Oulalad|on) = (1rlalaf| 1) and (Ou|aaj|on) = (1ofaab|1e), (7.10)

to ensure that the photon loss events do not distort the superposition of the logical states.

Taking inspiration from the two-component cat codes, we define the pair-cat states as
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[v—2) + 1(i7)-2)  |v=1) —d[(@v)-1)

Figure 7.1: Information storage using pair-cat code. We have two orthogonal states at
every value of 9. The |01) = |7o) + (—i)|(—i7)s) and |11) = |vs) — (—i)*|(—iv)s) for
every Cy are represented in the figure. Here we have ignored the normalization constants
for brevity. A photon loss error in the first mode (a;) moves the system from 0 to a
0+ 1-sub-space while also introducing a bit-flip in the system as indicated by the diagonal
arrows. This bit flip is the consequence of (—i)? factor in our definition of the logical
states. The photon loss in second mode, on the other hand, moves the system from 0 to
0 — 1 subspace while introducing no bit-flip. As a result, errors photon loss errors, as
long as they only affect a single mode, can be tracked by monitoring the photon number
difference between the two oscillators. A loss of photon in both the modes simultaneously,
however, introduces a logical bit-flip (red bi-directional arrows) which cannot be tracked
since there is no change in value of 0.

equal superposition of two pair-coherent states, |ys) and |(i7)g)'. Note that both these
states have the same eigenvalue 0 for the photon number difference operator. The formal

definition of the pair-cat states is

Nk
L") = 32 (o) + (1 (=)°1(0)a) (7.11)

v

where the normalization constant V. f o is given by

M L (7.12)

V2 1o @) + (-1 @)

The function / again denotes the modified Bessel function of the first kind, and .J5 denotes

, Iy goes as O(e*"° /|4|) and

the Bessel function of the first kind. For large values of |y

'Remember that |(4y)s) describe the same states in our notation.
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Jo as O(1/|7y|) which leads to

N,a 1 o2
Ny ™ —\/% + (=)o (M tem2hl ) - (7.13)

|v| and the k& dependence of the normalization

is exponentially suppressed just like in the case of cat states. The Fock state expansion of

the pair cat states is given by

4n+2kz+8

‘P(kmon

2n+ k., 2n + k + 0). 7.14
9 7’E)Z\/Qn—i-k 2n+k+8)’ ) (7.14)

Let us note some of the properties of the pair-cat states. Firstly, by construction, these

states are the eigenstates of the photon-number difference operator. Moreover
d2) k d2
( yjarfw | )y )> = 0jk09,0/- (7.15)

As expected, states with different eigenvalues of d are orthogonal, and we indeed have
two orthogonal eigenstates at each eigenvalue of 8. Therefore the pair-cat codes can be

used as the basis of our 0-code-space denoted by
C,5 = Span {|0L> = [Pty 1) = [Pt >} . (7.16)

Similar to pair-coherent states, the single-mode destruction operators introduce a change
in the eigenvalue of 0. However, there are certain caveats here that deserve close exami-

nation. The effect of a photon loss on the first mode is

NF
(kmod 2) ,0 (k4+1mod 2)
|7D ’ > ’YNk'—Ygl ‘ ~v,0+1 ° > (717)
v,0+1
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Notice that along with a change in the eigenvalue of O there is also an effective bit-flip
here since k changes to k£ + 1. This bit-flip is all the more important since a photon loss

in the second mode, described by

(kmod 2) Nka (kmod 2)
2Py ") = v Prasy ), (7.18)

does not display the same bit-flip. Such a bit-flip (or no bit-flip) does not destroy the
stored information since the photon loss events can be detected by measuring d as an
error syndrome. On the other hand, it is this asymmetry first and second mode which
prevents the correction of photon-gain errors simultaneously with the photon-loss errors.
For example, a photon-gain in the first mode (modeled by ') changes 8 to @ — 1 similar
to a photon loss in the second mode. However, d} introduces a bit-flip error in addition to
the change of 0 to 0 — 1, whereas a, does not. As a result, we are not protected against
photon gain in the first mode simultaneously with the photon loss in the second mode.
This is indeed one of the limitations of the pair-cat state encoding. There exist higher
order encodings using more than two cavities which can correct for photon gains as well.
An interested reader should refer to Albert et al. [2019] for more information on those.
Generally speaking, in the domain of supercondcuting circuits, the rate of heating (photon
gains) is much slower than the rate of photon loss errors at low temperatures, making the
current scheme sufficient for the purpose of first-order error correction. This may change
in presence of strong drives in the system due to spurious heating observed in various
experiments [Sank et al, 2016, Lescanne et al., 2019a]. Studies [Verney et al., 2019] are
underway for addressing such instabilities. However, for the purpose of this thesis, we

will only focus on the photon loss errors.
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The general result for multiple single-mode photon losses is given by

 N* 4
k d2 ) k+7 mod 2
6] [Py = o | Pl et (7.19)
v,0+]
and
i 1.1~ (kmod 2) - NF, (kmod 2)
ay| Py ) =¥ =Py ) (7.20)

¥,0—J
It is clear that the error syndrome O can still detect these photon loss events and hence,
such errors can be monitored. Of course, being able to monitor photon loss events is not
sufficient for preserving the superpositions. In order to ensure that the photon losses do

not distort the superpositions, we need to satisfy Eq. (7.10). This condition translates to

iNk, IiN. A2 A
(PO 4 [plhymedy |1 T30 1 (1)fO (e ), (7.21)
79 Nk-g] N'yf)+j
7,0+] ’
and
(km0d2)| gt p(mod ) PNE [ N K 2 2l ?
(P lay ] )y = N N + (—1) 0<y~y| e ) (7.22)
~¥,0—3j Y,0—J

The k dependence of the second terms in last two expressions implies that Eq. (7.10) is
not satisfied exactly, and the photon jumps introduce slight distortion in the code-space.
Similar to the cat codes, these distortions are exponentially suppressed in size |y|?. We
verify this further, for different values of 0 in Fig. 7.2. As a result of this exponential
suppression of the distortions introduced by photon-loss events, the pair-cat codes protect
against single-mode photon losses. On the other hand, if there is a simultaneous photon

loss in both the modes described by a;a, occurs, then we get

kmod 2 k+1mod2
( )> | )>.

aas|P —= =1 (7.23)
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Figure 7.2: In this figure we plot <1L|&I&1|1L) — <OL|&J{d1‘OL>, where |0r) = |7)'(Y(,]8mod2)>

and [11) = |73§1amOd 2)>, as function of ~ for different values of 0. It is clear that for a
sufficiently large value of 7, the pair cat code satisfies Eq. (7.10) approximately. As the
value of 0 increases, the approximation is still valid albeit for slightly higher values of .
This is essentially a logical bit-flip since there is no change in the error syndrome 0.

Next, we discuss the effect of energy relaxation and dephasing errors on the pair-cat
code. These errors are modeled by extending our set of error operators to

> NENEES il atlal | stlaldm Aflalbm atlal am atlal am |
E={I}U {@17%}1:1 U9 aqay,ayas Uqgaray ™, ayay ", ayp ayay , Gy A0y P

(7.24)
The operators in the second bracket are the single mode photon loss errors, operators
in second bracket model the dephasing-like errors and the operators in the final bracket
model simultaneous dephasing-like errors and the single mode photon loss. It can be
checked that the off-diagonal Knill-Laflamme conditions for this extended error set are
satisfied trivially. Also most of the diagonal terms are also zero. The non-zero diago-
nal conditions, on the other hand, are only approximately satisfied. This can be seen by
realizing that these conditions are the same as the ones presented in Eq. (7.10), and ana-

lyzed in Eq. (7.21) and Eq. (7.22). Similar to the distortions induced by photon loss errors,
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the effect of dephasing and energy relaxation is also exponentially suppressed due to the

exponential suppression of the k dependent part in Eq. (7.21) and Eq. (7.22).

7.1.3 Tomography and representation

The Wigner function that we used in representation of a single mode oscillator can be
extended to two or multiple oscillators as well. Before defining this two-mode Wigner
function, let us first define the so called joint parity operator. This operator essentially

measures the parity of the sum of photons in both the modes. It is given by

A

Mgt = €7 (@101+3502) (7.25)
With the help of this operator the two-mode Wigner function is expressed as

W(ﬁbﬁQ) = %Tl" ﬂjointD1(—51)D2(—52)P12D2(52)ﬁ1(ﬁ1) ) (7.26)

where p15 is the joint density matrix of the system, and D1, D, indicate displacements
on the respective modes. In words, W (31, 32) is the expectation value of the joint parity
operator after displacing the system by —(;, —3;. Note that the joint Wigner function is
a four dimensional since 3, 82 € C. Experimentally speaking, it is time consuming, yet
possible to measure such a four-dimensional Wigner function as demonstrated by [Wang
et al., 2016]. The displacements /31, 3, can be applied on individual cavities with the similar
pulses as we have already explored in 5. Measuring the joint parity operator can again
be accomplished in a similar manner to the single mode parity measurement, except, it

requires an interaction of the form

Hy,

7 X (CALJ{CALI + &;5@) le)(el, (7.27)
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with an ancillary qubit mode. Initializing the qubit in the |4) state and allowing the
system to evolve under Hy, for 7 /xs maps the joint parity of the oscillator modes to the

state of the qubit since the unitary under this time evolution is given by

A

PSP N
Uvjointfparity = emr(alalJraQag)\e}(e\. (728)

In our latter discussions, we will develop techniques to realize a Hamiltonian of the form

H D,
76 = Xo (a§a2 — Cﬁ(h) le) (el (7.29)

for monitoring the error syndrome 9. 1t is interesting to note that such a Hamiltonian

also does an equally good job of measuring the joint parity since

ir (il ao—ala ieatartala
12t im(abas—asar)le)(el _ _im(a;ar+asas)le)(el
7 (a3a2—aya1)le)(e] _ pim(ajaitagaz)le)(e|l — Uloint—parity- (7.30)

e =€

t=m/xo
Although the two-mode Wigner function contains the exact same information as the
density matrix of the two-mode system, it is of limited use in visualizing the two-mode
states since it is a four-dimensional function. A visualization technique tailored specifi-
cally for the pair-coherent and pair-cat states has been developed in [Albert et al., 2019].
The idea is utilize the so called y-plane Wigner function defined as

d2 * * A AT A kA A
W(y,0) = /—ne” T Ty <Paplge’7a1“;_’7 ‘““2> (7.31)

2
where v € C and

p3:Z|n,n+6)<n,n+8| for 0 >0
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Figure 7.3: (a) y-plane Wigner function of the pair-coherent state |(y = 2)9—o). We have
made a deliberate change in the color scheme of the v-plane Wigners to differentiate them
from the regular phase-space Wigner functions. This particular Wigner function has two-
blobs since, in our notation, 4+ denotes the same state. Note that there not superposition
between two pair-coherent states here and hence, there are no fringes between the two
blobs. (b) y-plane Wigner function of the |(y = 2i)s—¢) state. Again, similar to the

|(y = 2)s=o) case, we have two blobs at 2i and —2i since they are one and the same
Omod 2)

states. (c) y-plane Wigner function of the \735227 5_0 ) state. Since this is a superposition
of |(7 = 2)g=0) and |(y = 2i)s—0) states we have a total of four blobs and the interference
fringes between them. The fact that this is an even superposition of the two states is
reflected by having the pink color in the center of the Wigner. (d) y-plane Wigner function
of the |73,(Yl:r§31:20) ) state. We again have four blobs and the interference fringes. Since this
state is an odd superposition of the constituent pair-coherent states, we have green color
at the center of the Wigner. Figure plotted using scripts provided by Victor Albert

= In+10],n){(n+10|,n| for & <0 (7.32)

is the projector on the 0-sub-space. The y-plane Wigner function is essentially a repre-
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sentation of the density matrix for a fixed value of the photon-number difference 0. The

(v = 22’)@:0),

illustrated in Fig. 7.3. In this figure, we have consciously utilized a different color scheme

0mod 2 1mod 2
P’(y=2,6:0)> and |P§=2,8=0)> are

~v-plane Wigner functions of |(y = 2)g—0),

that typical Wigner function to indicate that we are representing y-plane Wigner func-
tions. It is clear from panels (a) and (b) of the figure that the pair-coherent states look
similar to the two-component cat states in the vy-plane, except there are no fringes. The
two blobs in case of pair-coherent states are the consequence of our notation, in which,
|78) and | — ) represent the same state. The pair-cat states on the other hand look similar

to the the four-component cat states.

7.1.4 Autonomous protection of pair-cats

It is clear from our discussion that pair-cat states have similar error correction properties
to the single mode cat states, except for an added protection against multiple single-mode
photon loss errors. These single-mode photon loss errors can be monitored by measuring
the photon number difference & between the two modes. However, again similar to single
mode cat states, the dephasing and energy relaxation errors only approximately satisfy
the Knill-Laflamme conditions and if left uncorrected, these errors tend to accumulate re-
sulting in distortion of the code-space. In order to stabilize the encoding manifold against
the photon loss errors, one again needs to utilize a driven-dissipative process.

Before discussing the required driven-dissipative process, let us look into one more
property of the pair-cat states. We already know that these states are not the eigenstates
of the a,a, operator and which causes a logical bit-flip error for our encoding. However,
the picture changes if we consider the a?a3 operator. The constituent pair-coherent states
|79) and |(i7)s) are both eigenstates of a?a3 operator with the same eigenvalue v*. As a

result, any superpositions of these states, including the pair-cat states are the eigenstates
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of the a?aZ with eigenvalue y*. This property offers us a way to protect the pair-cat
states from dephasing and energy relaxation errors. An operator of the form a%a% — ~*
has the entire C, 5 code-space as its Kernel, for any value of 0. As a result, a driven-
dissipative process described by D[a?a3 — v*] autonomously protects all of the C,, 5 code-
spaces against the dephasing and energ relaxation errors. Note that this driven-dissipative
process essentially involves four photons, two from each mode, which is the same order
as the four-photon driven-dissipative process. Indeed we will see in the next section that
Dla2a3 — ~*] process can be implemented in the same manner as the four-photon driven-
dissipative process.

For building an autonomously protected logical qubit, however, we require protection
against all the error channels of the oscillators to the first order. That is, we need to protect
against the single mode photon loss errors in an autonomous fashion as well. For building
such a protection, we first choose a principle code-space that will be ultimately stabilized.
A natural choice for such a code-space is C, 5o, i.e. the code-space with equal number of
photons in both the cavities. Note that the ground state of the system |0, 0) also belongs
to 0 = 0 space and the |0;) of the system can be simply prepared by turning on the
driven-dissipative process. The set of dissipation operators that completely stabilize the
(. 0—0 against all the correctable errors is then given by

4272 4
Leng :“2ph712p[a1a2 -7

0Omod 2 (1 mod2) (1mod2 0Omod 2
D eorD [PV PUGH | 4 [Pst) (Pl |
k>0

(0 mod 2) (0 mod 2) (1 mod 2) (1 mod 2)
Z”fcor [ ~O= k+1><7378 k |+| s o=k11){ Py ok |} (7.33)
k<0

Here subscript 2ph, 12 denotes simultaneous two-photon dissipation on both the oscilla-

tors and cor denotes correction against photon loss errors. The dissipators in the second
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and third row essentially gravitate the system towards Cy—y code-space. This is accom-
plished by jumping from Cy—, to a bit-flipped version of Cs—;_; code-space for every
k > 0 and from Cy—j, to Cyg—.1 code-space for every & < (. The reason for including
the bit-flip when k£ > 0 is because photon jumps in the first mode themselves introduce
bit-flips along with a change in eigenvalue of d. In order to make the implementation of
this engineered dissipation easier, we simplify the correction against photon loss errors as
follows. Firstly, it is not necessary to correct for all the single-mode photon losses. Cor-
recting the single-mode photon loss events that are less probable than the simultaneous
photon loss, does not offer any increase in fidelity of correction, since a;as always consti-
tutes an uncorrectable error. Therefore, correcting for {ay, ao,a?, a3} is beneficial as well
as sufficient for first-order error correction. A further simplification is accomplished by
realizing
N¥,

~ k mod 2 s k—1mod 2 — —|~]?
aj[PL) = P 4+ 0 (e ) (739)
77871

for |y| > 1. Moreover, the leakage out of the code-space (the O (|”y]‘1/2e_”|2>) term, is
continuously pumped back into the code-space in presence of rapy 12D[a3a% — v*] term as
long as the rate of confinement ’7’452;)}1,12 is much stronger than the rate of leakage out
of the code-space. As a result, the dissipation operators in the second row of L, can be

replaced by

Omod 2 1mod2 1mod 2 0Omod 2 At
> D [P P+ PIs (P = 3 D lalPes] (.39
k=1,2 k=12

where P is the projector on 0-sub-space defined in Eq. (7.32) and we have limited our-

selves to correcting one or two photon losses on the first mode. With similar arguments,
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the correction against the photon losses on the second mode can be simplified to

(0 mod 2) (0mod 2 (1mod 2 1mod 2 AT
> DPGSEN PG + RIS PL | - > D lalhen -
k=—1,—2 k=-1,-2
(7.36)

Combining, the required engineered dissipation is then given by

‘Ceng Raph, 12D[a1a2 4] + Z HcorD [&J{P(?:k} + HcorD [&gpasz} .
k=12
This dissipator, under the assumption of /€2ph’12|’}/’4 > Keor|Y| allows us to autonomously
and continuously correct, up to fist order, all the errors on a logical pair-cat qubit. In the
next section we see how to engineer such a dissipator with the techniques that we have

already explored.

7.2 Engineering fully autonomous protection

In the last section we constructed the required dissipative processes for autonomously
correcting all the errors, to the first-order, on a logical pair-cat qubit. In this section the
goal is to give an experimental proposal for implementing the required dissipation. A car-
toon of a possible experimental system is shown in Fig. 7.4. We propose to engineer the
two high-() harmonic-oscillator modes, required for storing the pair-cat qubit, with the
help of a ‘double post’ cavity. This cavity is essentially a single superconducting enclo-
sure with two identical posts as shown in Fig. 7.4a. These identical posts give rise to two
hybridized modes with frequencies w; and w, and field distributions as shown in panel
Fig. 7.4b and Fig. 7.4c respectively. The main advantage of utilizing this architecture is
the ease of coupling to both the cavity modes simultaneously. A nonlinear device or a

coupling port placed at the right or left end of the enclosure, enjoys equal participation
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(a) Double post cavity b) Fields excitation of mode 1 c) Field excitation of mode 2
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d) Complete system
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Figure 7.4: (a) Proposal for realizing two high-() harmonic oscillator modes using a ‘dou-
ble post’ cavity. The Two identical posts inside an aluminum enclosure gives rise to two
A/4-like modes at the same frequencies. These modes hybridize with each others to form
two high-() modes at frequencies w; and ws. The frequency difference |w; — ws| can be
tuned by changing the distance between the posts. (b) Fields of the higher frequency mode
(w1, G1) in the top view of the cavity. The fields extend radially outward from both the
posts. (c) Fields of the lower frequency mode (ws, G2) in the top view of the cavity. The
fields are 180° out of phase with respect to the two posts. (d) All the parts required for
implementing the autonomous stabilization of the pair-cat qubit. The cancellation circuit
on the left mainly couples to the left post and the and the SNAIL mode on the right mainly
couples to the right post. Since the high-() harmonic oscillator modes participate equally
in the two posts, they participate almost equally in the cancellation circuit, as well as the
SNAIL mode. Moreover, the coupling to the cancellation circuit is symmetric for both the
harmonic oscillator modes. We assume the bias of the cancellation circuit to be such that
the asymmetric mode has four-wave mixing capabilities and a finite anharmonicity, while
not having any cross-Kerr with both of the oscillator modes. This mode is then utilized
as the nonlinear mode in a modified four-photon exchange. Following our previous con-
vention, we label this mode by the letter b. The SNAIL mode on the right is utilized for
measuring the photon loss error syndrome and for engineering autonomous protection
against single-mode photon loss errors. We label this mode by the letter c. The two \/2
resonators act as low-() resonators, utilized for extracting entropy of the system. The
flux-transformers biasing the cancellation circuit also need to be engineered (not shown).

of both the high-() oscillator modes. As a result, more complicated transmon designs like
a Y-mon [Wang et al., 2016] are not required. The system, with all the required nonlinear

modes, is shown in Fig. 7.4d. A cancellation circuit is coupled on the left of the cavity and

a SNAIL mode is coupled on the right of the cavity. We utilize the cancellation circuit for
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Figure 7.5: (a) 3D energy level diagram showing the Raman-assisted cascading for ex-
changing two photons from each of the high-() harmonic oscillator modes, a total of four
photons, with an excitation of the conversion mode. Imagine that the system starts in the
|g,n1,n2) state. A two-photon exchange process, enabled by a pump at frequency wy,
connects this state with a virtual state detuned from |e, nq, ny — 2) by a detuning Ag,p.
Another two-photon exchange process, enabled by pump at frequency w,,;, connects the
virtual state with the |f, n; — 2, ny — 2) state, therefore exchanging two-photons of mode
1 and mode 2 for two-excitations in the nonlinear mode. This modified four-photon ex-
change, along with the f — ¢ direct dissipation of the conversion mode and an f < ¢
coherent drive on the conversion mode, produces the required D[a2a3 — +*] process. (b)
Frequency distribution of the pumps and the transitions involved in the scheme.

implementing the D[a?a3 — ~!| driven-dissipative process and the SNAIL mode for imple-
menting the correction against single-mode photon losses. A detailed explanation of how
the required dissipative processes are engineered is provided in the next two sub-sections.

From our discussion it will become clear that this experimental proposal is within reach

using the technology developed in this thesis.
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7.2.1 Driven-dissipative stabilization

The order of nonlinearity of the oy 12D[a3a% —v*] process is the same as that of the four-
photon driven-dissipative process that we have studied previously. As a result, our tech-
nique of Raman-assisted cascading can be utilized, with one simple change, to implement
the Kkopn 12D[a3a3 — v*] process. We utilize the cancellation circuit shown in Fig. 7.4d for
obtaining the required nonlinearity in order to engineer this driven-dissipative process.
Specifically, we assume that the cancellation circuit is biased such that the asymmetric
mode of the circuit has four-wave mixing capability and a finite anharmonicity, however,
no cross-Kerr with either of the high-() harmonic oscillator modes. We hereon call the
asymmetric mode as the conversion mode and label it with letter b. This nomenclature is
the same as the one we utilized while building the four-photon driven-dissipative process
previously.

An explanation of the Raman-assisted modified four-photon exchange used for im-
plementing the driven-dissipative process is provided in Fig. 7.5. The idea is to exchange
two-photons of the oscillator mode 2 with a virtual excitation of the conversion mode, fol-
lowed by an exchange of two-photons from mode 1 while exciting the conversion mode
to the f state, and vice versa. Combining this modified four-photon exchange with an
f — g dissipation and an f <+ g coherent drive on the transmon results in the requisite
Dla?a%—~"] dissipation. The calculations behind this modified four-photon exchange and
the final driven-dissipative process proceed in a similar manner to the ones presented in
Sec. 4.3. Here we simply quote the initial Hamiltonian and the final results without re-

peating the intermediate steps.

The Hamiltonian of the system in presence of the pumps is given by

~

)i o o
D Gl + Gobas + @iblb — A1 gi252 %ag%g - %bﬂzﬁ
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+ Z <9stab,k€_iw”ktdz2l; + h.c.> + <gstab,3€_2in3tl;2T + h-C-> (7.37)
k=1,2

where the subscript stab is used to indicate that we are only talking about the part of
system that is geared towards engineering the driven-dissipative stabilization. In addition,
the cross-Kerr term between the oscillators and the conversion mode is left out since we
are canceling that term with the help of the cancellation circuit. The frequencies w;, Wy
and @, are the renormalized and Stark-shifted frequencies of the modes as usual. The

pump frequencies are given by

Wp1 = 201 — @y + Xeb + Astab

Wp2 = 25)2 - (Db - Astab

W3 = @y — % (7.38)

The master equation governing this part of the system is given by

. 1.~ N
Psys,stab — — ﬁ[Hsys,staba psys,stab] + E ﬁlph,kp[ak]psys,stab
k=1,2

~

+ FJ,,bD[b]psys,stab + ng,bD[|g> <f|]psys,stab‘ (7-39)

Utilizing the same tricks that we have previously demonstrated in Sec. 4.3, we get an

effective equation of motion for the harmonic oscillators as

) v~ . . "9
P12 = 7 |:Heff,12a /)12] + Z Kiph,k D[ax] pr2 + KQph,kD[ai]pH + /€2ph,12D[a%a§ — 74][912
k=1,2
(7.40)

with

’gstabl‘Q Xll) A12 49 (‘gstab 2|2 X22) A2 42
Hyg = (——’—— a;a] + | ——— — — | ay as. (7.41)
Astab + Xbb 2 t Astab 2 272
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The new dissipation rates Kopp 1, K2ph 2, K2ph 12 and 7y are given by

P o ‘ Jstab,1 r
oph,l = | bs
P Agtab + Xbb v
2
Jstab,2
Koph,2 = = Iy,
P Astab ‘
K _ 4|92ph,12\2
ph,12 = =5 o=
" 200 + Drgp
2
_ \/—gstab,3 (742)
92ph,12
with
V2 ( ! ! ) (7.43)
92ph,12 = Jstab,1stab,2 - . .
P ot e Asta]o As‘cab + X bb

It is clear from this effective equation of motion that, along with the required D[a%a3 — ]
process, we also gain two-photon dissipation on both the modes. However, this is not a
problem since the pair-cat code corrects against single-mode two-photon losses as well.
In comparison, this was a severe issue for the four-component cat code, since two-photon
dissipation is a logical bit-flip error in that case. Finally, notice the denominators in the
expressions for kopp 1 and Kopp 2. It is clear that kopp 1 << Koph2 When the anharmonicity
Xoo > Asgtap > 0. This asymmetry in the dissipation rates arise due to the particular
pump choices we have used. In our case wy, is selected to off-resonantly exchange two-
photons of the first oscillator with the e <+ f excitation of the conversion mode while w2
is selected to exchange two photons of the second oscillator with the g <+ e excitation
of the conversion mode. This asymmetry in our pumps is essentially translated to the
asymmetry in the single-mode two-photon dissipation rates. It is possible to implement
the modified four-photon exchange protocol in a more symmetric manner by exchanging
one photon from each oscillator (G, as process) with the g <+ eand e <+ f transitions of the

conversion mode. This will still result in exchanging two-photons from each oscillators
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Figure 7.6: (a) Energy level diagram (black lines) of mode the ancillary mode c and the
oscillator mode 2 under the influence of a pump at &y — &, — Acxen shown in panel (b).
This pump induces a red detuned beam-splitter interaction (a;¢é" + d;é) which off reso-
nantly couples the |g,n1,n2) <> |e,n1,ns — 1) as indicated by the double sided brown
arrows. As a result of this coupling, the |e, ny,ny — 1) levels are shifted downward (yel-
low lines) along with some higher-order Stark-shifts (not shown). Moreover, the shift
increases linearly as we climb up the ladder, since it is proportional to the square of the
|9, 1, n2) <> e, 1, Ny — 1) coupling strength, which itself increases as /n; owing to the
stricture of the G, operator. As a result, a negative detuning induces a negative cross-Kerr
between mode 2 and the ancillary mode c. (c) Energy level diagram (black lines) of the
system under the influence of a pump at Wy — @, + Aexen as shown in panel (d). The blue
detuned beam splitter interaction induced by this pump shifts the |e,ny,ny — 1) levels
upwards as shown. The shift again increases linearly as we climb up the ladder. In effect
the pump induces a positive cross-Kerr between mode 2 and the ancillary mode c. Thus,
off-resonant beam-splitter interaction allows us to engineer cross-Kerr interaction.

with f <+ ¢ transition. However, in presence of I'| ;, this leads to a simultaneous photon
loss on each mode, i.e. a D[, a2] process. Therefore, our implementation with exchanging

two-photons from a single-mode with the g <+ e and e > f transitions of the oscillator

is better suited for engineering the desired cascaded process.



7.2. Engineering fully autonomous protection 215

7.2.2 Correction against single-mode photon losses

Let us now turn our attention to engineering correction against single-mode photon loss
errors. Accomplishing this goal involves three parts: (i) engineering a photon-number
difference (0) dependent frequency shift on an ancillary mode, (ii) utilizing such a fre-
quency shift to selectively add a photon to the appropriate high-() oscillator mode while
exciting the ancillary mode at the same time, and (iii) resetting the ancillary mode to the
ground state. In this sub-section we show that executing these three parts simultaneously
results in the promised autonomous and continuous correction against photon loss errors.
However, let us first discuss, in a step by step manner, how to implement each of these
parts.

As we previously discussed, the photon-number difference operator d= d;dz —a
acts as the syndrome for the photon loss errors on the pair cat codes. Therefore, engi-
neering the photon-number difference dependent frequency shift on an ancillary mode
essentially results in mapping of the error syndrome on the frequency of the ancillary
mode. Let us denote the ancillary mode by the letter c and its destruction operator by ¢.
The required interaction between the two oscillator modes and the ancilla is then given
by x90¢'é = xa(abas — ala,)éte. It is clear from this expression that the photon-number
dependent frequency shift is nothing but equal and opposite cross-Kerr interaction be-
tween the ancillary mode and the high-() oscillator modes. We propose to accomplish
this ‘cross-Kerr engineering’ with the help of the SNAIL mode shown in Fig. 7.4d. We
assume that the SNAIL is biased such that gjgn < 0 and g3 ¢, # 0, where gjfgn is quoted
in Eq. (6.36) and g3 , is the one quoted in Eq. (6.35). The Hamiltonian of the ‘syndrome-

sub-system’ consisting of the high-() oscillator modes and the SNAIL mode is then given
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by

A

Hsys,syndrorne ~ Ata Xkk 1242 ~ ata Xece A2 42
—_— Y = E wkakak—Tak ag. —wccc—Tc C

h
k=12
— X1 @167¢ — X2ca}aacTe, (7.44)
where we have only kept the diagonal terms of the Hamiltonian. Note that three wave

mixing also produces diagonal terms to the second-order in perturbation theory, which

eff
4,sn*

can be taken into account by defining the Kerrs in terms of g When this ancillary
SNAIL mode is only dispersively coupled to the oscillators, the sign of the two cross-
Kerrs x1. and . comes out to be the same. Therefore, our task is to reverse the sign of
the cross-Kerr with one of the oscillator modes and match it with the abolute value of
the cross-Kerr with the other mode. For purpose of illustration we choose to manipulate
the cross-Kerr between mode 2 and the SNAIL. This task amounts engineering additional

positive cross-Kerr of x1. + 2. between the two. Note that we cannot simply tune the

eff

> SInce

cross-Kerr by manipulating the flux bias to change the sign and magnitude of g
that will change x1. as well. Instead we utilize an off-resonant pump to accomplish this
task. The pump frequency is chosen such that the so called ‘beam-splitter’ interaction
between mode 2 and the SNAIL, described by d26T+d£é ,is addressed in a detuned manner.
This interaction off-resonantly addresses the |g, ny,ns) <> |e,n1,n9 — 1) transitions. If
we pump at a frequency lower than that of |g, ny,ns) <> |e,nq,ny — 1) transition, then
the |e, n1, ny — 1) levels are pushed downwards, creating a negative cross-Kerr as shown

in Fig. 7.6a. On the other hand, if we pump higher than the |g, n1,n2) < |e,n1,ny — 1)

transition, then the |e, ny, no— 1) levels are pushed upwards creating the required positive
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cross-Kerr. To show this formally, let us extend our system Hamiltonian to

A

-E[drivens ndrome Hs s,syndrome i i
}iy B - }]]7, + Gexch® pr’eXChta;C + g:xchelwp’emhtGQCT' (745)

with

Wp.exch = (DQ - (Db + Aexch~ (746)

Here Acxcn can be positive or negative allowing us to situate the pump above or below
the resonance frequencies of the |g, n1, ny) <> |e, ny, ny — 1) transitions. The off-resonant
beam-splitter interaction is essentially a three-wave mixing process, obtained from the
g3sn term in the potential of the SNAIL mode. In many circuit-QED experiments [Narla
etal, 2016, Wang et al., 2016, Axline et al., 2018], the d£é+ a5¢! interaction is obtained from
the four-wave mixing nonlinearity by applying two-pumps at appropriate frequencies.
However, our application requires |gexen| > |X1¢| + | X2¢|- Typically, such high interaction
strength cannot be achieved by using the four-wave mixing nonlinearity as the Y1, X2c
are also of the same order in nonlinearity. Instead, a SNAIL mode can be tuned such
that g3 50 > g5t allowing us to satisfy [gexcn| > [X1c| + [X2c| for reasonable pump
strengths. The effective Hamiltonian of the system in presence of this applied pump can

be found by first going into the rotating frame with respect to I:IO/h =D h=12 d)kdld;ﬂ —

Qe — Xee ¢2¢2 and then performing the second-order RWA under the assumption of

Acxch > |Gexen |- The result of this calculation is given by

~

H, eff syndrome

done N7 Mhalat — yalandle + xsladase (7.47)

k=1,2

where

1 1
eff 2
. = exc — — Yoel - 7.48)
X2 |:|g h| (Aexch Aexch - ch) 2 :| (
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It is clear that the cross-Kerr term between the second oscillator mode and the ancillary
SNAIL mode is modified due the off-resonant gexche*iwpyexchtd;é + h.c. interaction®. Also,
similar to other cascaded processes, the cross-Kerr modification is canceled if x.. = 0,
which implies that we require the SNAIL mode to retain some anharmonicity. By selecting

parameters such that

X5 = x1e = Xo (7.49)
the effective Hamiltonian becomes
ﬁ SYNAromnl A A A A A A AT A
eff@]fid ome _ %a}?ai + Xo <a£a2 — CLJ{(h) éte. (7.50)
k=12

Therefore, we have managed to engineer the required photon-number difference depen-
dent frequency shift. The inherited self-Kerr (x11, x22) by the high-@ oscillator modes are
typically small compared to rate of confinement rapp 12/7|* and, hence, can be ignored.
Similarly, any mismatch between Y5I and ;. can be ignored as long as | xS — x| <
Iﬁgph712|7|4. As a result, in presence of strong Kopp 12, We have a fair amount of flexibility
while tuning the cross-Kerr between mode 2 and mode c.

At this point, it is worth mentioning that the cross-Kerr engineering technique pre-
sented here is not the only one which allows us to achieve our goals. For example, one
could also utilize a detuned four-wave mixing interaction of the form ;¢ + a}é? to ma-
nipulate cross-Kerr as demonstrated in [Rosenblum et al., 2018]. As this interaction is
simply four-wave mixing, it does not require a SNAIL mode to operate. However, at the
same time, it is hard to induce large positive cross-Kerr through this technique since the
required pump strengths tend to be high. Another technique that could be utilized for en-

gineering the positive cross-Kerr with an oscillator mode is to place the oscillator in the so

?In addition to the cross-Kerr modification shown in Eq. (7.47), there are some higher order Stark shift
terms generated by the off-resonant pumps which we have ignored.
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called straddling regime [Schuster, 2007] of an ancillary transmon mode. In this regime,
the detuning between the bare oscillator mode and the bare transmon mode is less than
the anharmonicity of the transmon. The hybridized oscillator and transmon mode then
have a positive cross-Kerr between them instead of the negative cross-Kerr that we get in
the typical dispersive regime. As a result, placing one of the oscillator mode in straddling
regime and another one in the dispersive regime will allow us to build positive cross-Kerr
with one mode and negative with the other. Moreover, by tuning the coupling strengths
and frequency of the transmon, we should be able to match the strengths of the cross-Kerr
interaction. Availability of multiple possible technique for achieving the same goal is re-
assuring for the experimental implementation of pair-cat code. From hereon, we assume
the presence of photon-number different dependent frequency shift on an ancillary mode
c.

Next, in order to correct against single-mode photon loss errors, we need to selectively
add a single-photon to the first mode if 9 = 1, 2, and to the second mode if 0 = —1, —2.
To make our correction autonomous, this selective photon addition should be performed
without explicitly extracting the value of 0. We accomplish this by applying additional

pumps at the frequencies

Weor,1 = (Ijl + (:}c + Xo
Weor,2 = (Dl + (IJC + 2X8
Weor,—1 = @2 + (ch — Xo

Weor,—2 = (:JQ + (IJC — ZXB (751)

The first two pumps resonantly address the d{ ¢+ a, ¢ process when @ = 1,2 and the sec-
ond two pumps resonantly address the &;éT + as¢ process when 0 = —1, —2. The effect

of these resonant processes is illustrated in Fig. 7.6d. As shown, they lead to addition of
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Figure 7.7: (a) Continuous correction against photon loss errors. The level diagram shows
the |g) and |e) states of the ancillary mode ¢ for different values of 0. The gap between
the levels changes due to the Xaéé*é interaction. In order to correct for the photon loss
errors on the oscillator modes, one needs to put a single excitation in the appropriate
mode depending on the value of 0. Let us consider the scenario when 0 = 1,2 due
to photon losses on the first mode. The correction is accomplished by using the resonant
two-mode squeezing interactions of the form &IéT + a1 ¢ between mode 1 and the ancillary
mode, induced by applying a pump at w; + @, and @, + @, + X . These processes take the
g, Pélfan;ﬁ%m) states to the |e, Pf/]f(;:lorffd 2)> states by adding an excitation in both the modes.
Note that £ is changing to £ — 1 which essentially corrects for the extra bit-flip induced by
the photon losses on the first mode. A strong dissipation on the ancillary mode then resets
that mode to the ground state (wavy green arrows), effectively inducing a dissipation from
g, Pélfan:ml(};)) to |g, 775]?5:101’1110(12)> as required for autonomous correction. Similarly, for 0 =
—1, —2 a single excitation is added to the second mode by using resonant beam splitter
interactions of the form &EET + a9¢ induced by pumps at wy + @, and Wy + @, — x5. These
interactions, combined with the dissipation on the ¢ mode induce continuous correction
from |g, Pilfari(ff)ﬂ) to |g, Pslf;:l%fl_zb as required. Notice that there is no bit-flip associated
with the losses in the second mode and hence k remains unchanged. (b) Frequencies of

the transitions and pumps involved in the protocol.

an excitation to the ancillary mode while simultaneously changing 0 to 90 — 1if 0 = 1, 2,
and 0 — 0+ 1if 0 = —1, —2. Therefore one can convert the 0 dependent frequency shift
of the ancillary mode into a correction of the single-mode photon loss errors. However,
the story is not finished yet. To begin with, we require the strengths of these processes

(|gcor x|) to remain much smaller than x4 for the transitions shown in Fig. 7.6d to remain

frequency selective. Moreover, the coherent dI ¢+ a,¢ and &géT + asC processes induced
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by the pumps will simply lead Rabi oscillations from Cy ® |g) and Cy+1 ® |€) spaces, which
is not desirable. These oscillations can be eliminated by tuning the amplitudes g.o, x and
the time for which the four correction pumps are applied. In addition the ancillary mode
needs to be reset after every round of corrections. Combined such pulsed correction and
reset will realize a discrete autonomous correction. Engineering continuous autonomous
correction, on the other hand, can be accomplished by simply introducing an e — ¢ dis-
sipation on the ancillary mode and keeping all four correction pumps on simultaneously.
Every time a correction pump becomes resonant, an excitation is added to the appropriate
oscillator mode and the ancillary mode. However, for I'.; . > |gcor x| the SNAIL excitation
is quickly dissipated by the strong relaxation of the ancillary mode, resulting in dissipative
transfer from Cy ® |g) to Cs11 ® |g). An additional condition for the process to remain 0
selective, we require xy > I'¢, . as well. Indeed, it can be formally shown, by adiabatically
eliminating the ancillary mode, that the four pumps introduce effective dissipation of the
form D[al Py_,], D[a} Py—,], D]l Ps—_1] and D[l Py— o] when xo > Tege > |geori|- We
do not go into the details of this derivation.

Finally, let us summarize the time scales involved in realizing the fully autonomous
correction for pair cat code. The driven-dissipative process requires Ag,, > |gstab x| and
[ fg6 > |goph,12|- Similarly, the continuous protection against photon loss errors requires
Aexch > |Gexen| and xo > Ty o > |geor k|- In order to make sure that both the processes
work simultaneously, we also require Ay, > Ys since the frequencies of the high-Q)
oscillator modes depend on xy. Furthermore, in order to ensure that the d,tf?a do not
distort the code-space we need to ensure that |y|*k2pn.12 > Keor > Kiph - Putting all of

these requirements together and assuming |y| ~ 1 for the sake of comparison, we have

AstaLby Aexch > |gstab,k|> |gexch|a ng,b > |92ph,12|7 |X8|

> Feg,c > |gcor,k|7 KR2ph,12 > Reor 2 R1ph,k- (752)
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Quantity Symbol Value
Single-photon dissipation rate for high-Q oscil- | Kipn;1/2/(27) | 500 Hz
lators

Rate of exchange interaction between mode ¢ | gexen/(27) 2MHz
and the oscillators

Detuning of the exchange interaction Aexen/ (27) 10 MHz
Resultant 0 dependent frequency shift Xo/(2) ~ 500 kHz
Rate of the correction drives Georx/ (27) 25 kHz
Rate of reset (e — g dissipation) for the ancillary | e, ./(27) 100 kHz
mode ¢

Resulting rate of photon-loss correction Keor/ (27) ~ b kHz
Strength of stabilization drives Gastabx/ (27) 2 MHz
Detuning of the stabilization drives Agtan/ (27) 10 MHz
Resulting rate of simultaneous two-photon ex- | gopn/(27) | ~ 500kHz
change

Rate of f — ¢ dissipation for the stabilization Gastabx/ (27) 2 MHz

Resulting rate of stabilization Kaph 12/ (2T) 25 kHz

Table 7.1: Here we propose a set of parameters that satisfies the separation of timescales
required for implementing pair-cat code based on theoretical considerations. These pa-
rameters are well within the range of current cQED technology and hence it is possible
realize fully autonomous quantum error correction. The values quoted of the derived
quantities are obtained from the respective formulas. This set of parameters should sup-
press the dephasing error exponentially as y increases. Moreover, since k., is an order of
magnitude greater than rate of photon loss in the modes, we should also suppress photon
loss errors by close to an order of magnitude if not beyond.

Table 7.1 presents a plausible set of parameters that satisfy these conditions. Further nu-
merical modeling is required for establishing the fidelity obtained with these parameters.
However, an expert would recognize that such parameters can be reasonably obtained us-

ing the current cQED technology. Therefore, it should be possible to realize a continuously

and autonomously protected pair-cat qubit.
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7.3

Summary and prelude to the next chapter

In this chapter we talked about the pair-cat code, a two mode cousin of the cat codes. The

important takeaway points from our discussions are as follows:

(i)

(ii)

(iii)

(iv)

Pair-cat code stores information using the superpositions of the pair-coherent states
which are defined as the simultaneous eigenstates of the a;a- and the 0 = &;dg —

At A
a,ay operators.

The pair-cat states allow for protection against all the single-mode photon loss er-
rors. The error syndrome for monitoring such photon loss is given by the d operator.
As opposed to the four-component cat states, which admit IT = €™™'@ operator as
the photon loss error syndrome, the pair-cat code offers a massive simplification
since 9 is simply a bi-linear operator. Moreover, being able to correct for multiple

single-mode photon losses is an added benefit for the pair-cat code.

In order to protect pair-cat states from dephasing and energy relaxation errors on
both the modes, one requires a driven-dissipative process of the form D[a?a3 —
~+4]. This process is similar in the order of nonlinearity to the four-photon driven-
dissipative process and offers a similar exponential suppression of the dephasing-

like errors as the size of pair-cat state (|7|) increases.

The driven-dissipative process can be implemented by employing the Raman-assisted
cascading of two four-wave mixing processes that we have developed previously in
this thesis. The single-mode two-photon dissipation errors inherited from this im-
plementation is not a problem for pair-cat codes since multiple photon losses on

single modes are correctable.

Due to low-order of nonlinearity for the photon loss error syndrome, the photon

loss errors can also be corrected in an autonomous and continuous fashion. The
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implementation of such continuous correction involves engineering an interaction
of the form 9¢té with an ancillary mode c. Building such an interaction essentially
amounts to engineering cross-Kerr between the ancillary mode and the oscillator
modes. We utilize an off-resonant beam splitter interaction to engineer the required
cross-Kerr. To convert O¢f ¢ interaction into photon loss correction, we need to use
frequency selective two-mode squeezing interaction between the appropriate os-
cillator mode and the ancillary mode, along with a continuous relaxation of the

ancillary mode.

(vi) The driven-dissipative stabilization and continuous correction against the photon
loss errors can be combined to engineer a completely autonomous and continuous

correction against all the correctable errors of the pair-cat codes.

The complete experimental proposal for engineering an autonomously protected pair-cat
qubit presented in this chapter is squarely within the reach of currently available circuit
QED technology. We leave such experimental implementation as a future direction.

The next chapter summarizes the conclusion and the immediate future directions for

the work presented in this thesis.



Chapter 8

Conclusion and perspective

The goal of this chapter is to provide a conclusion for the work presented in this thesis
(Sec. 8.1), and to assemble a ‘to-do’ list for the work that needs to be done in the future

(Sec. 8.2). Let us begin our discussion with a summary and conclusion of the thesis.

8.1 Conclusion

In the beginning of this thesis, we set the engineering of hardware efficient, continuous,
and autonomous logical qubit as a goal. In Ch. 2 we studied the concepts QEC and sur-
mised that hardware efficient bosonic error correction codes enjoy many advantages over
traditional multi-qubit QEC codes, owing to the fewer error channels. In fact, from our
discussion about autonomous QEC in the same chapter, it also became clear that having
fewer sources errors is better suited for autonomous QEC as well. With this understand-
ing, we studied the Schrédinger’s cat codes in Ch. 3 since it allows one to store information
in hardware efficient manner. Here the four-component cat code emerged as the lowest
order code that protects against all the error channels affecting a harmonic oscillator to

the first order. We studied how the protection against photon loss errors for this code has
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been implemented using a measurement based feedback scheme. The protection against
the energy relaxation and dephasing errors, on the other hand, is best implemented au-
tonomously by engineering a four-photon driven-dissipative process.

The next three chapter focused on our proposal for engineering such a driven-dissipative
process. The Hamiltonian engineering technique, called the Raman-assisted cascading,
which allows us to build an eight-wave mixing interaction required for implementing the
four-photon driven-dissipative process was introduced in Ch. 4. The next chapter (Ch. 5)
focused on experimentally verifying the feasibility of the cascading technique. We ac-
complished this goal by implementing a cascaded |g,4) — |f,0) process. Ch. 6 proposed
and demonstrated a new superconducting circuit, called the cancellation circuit, which
allows four-wave mixing without cross-Kerr. Such cross-Kerr free four wave mixing is
essential for the cascaded four-photon exchange process required for implementing the
four-photon driven-dissipative process.

The concepts developed in chapters 4 to 6, when put together, are sufficient for en-
gineering the complete stabilization of four-component cat states against dephasing and
energy relaxation errors. However, the autonomous protection against photon loss er-
rors for the four-component cat code is still not possible using the current technology.
Therefore, in Ch. 7, we changed tactics and attacked the problem of autonomous error
correction by simplifying the QEC code itself. We introduced a new kind of hardware ef-
ficient QEC code, the pair cat code, which massively simplifies the error correction against
photon loss errors by lowering the order of the error syndrome operator. Moreover, the
autonomous protection against dephasing and energy relaxation errors is very similar
to the four-component cat code and can be implemented with the techniques we devel-
oped in the thesis. As a result this code is our answer to engineering fully autonomous
protection of a logical qubit.

In conclusion, we have completed the theoretical development for achieving our goal
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of engineering a fully autonomous protection of quantum information. We have also
experimentally verified two of the Hamiltonian engineering components (cascading and
cross-Kerr cancellation) that are necessary for implementing the required driven-dissipative
process. The remaining steps for a complete experimental implementation are outlined in

the next section as future directions.

8.2 Perspective

Along with a description of what we have accomplished, it is equally important to mention
what research needs to performed in the future. Here we list a few different directions

that need detailed exploration:

(i) Implementation of complete four-photon driven dissipative process using the Raman-

assisted cascading and the cancellation circuit.

(ii) Thorough study of the quality factors of the high-() harmonic oscillator modes in

presence of flux-transformers.

(iii) Engineering continuous error syndrome measurement for protection of pair-cat

code against photon loss errors.

(iv) Experimental implementation of fully autonomous error correction using the pair-

cat code.

(v) Designing and testing of a universal set of fault-tolerant gates for four-component

cat code and the pair-cat code.

(vi) Autonomous implementation of more elaborate error correction codes that protect
against photon-gain errors in addition to the photon-loss and dephasing errors on

the high-(@) resonators..
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The first four goals are the obvious next steps for the work presented in this thesis. The
final goal is necessary for processing quantum information using the autonomously pro-

tected logical qubits.



Appendix A

Second order RWA in presence of

dissipation

In this appendix we illustrate how to perform second order RWA in presence dissipa-
tion. The calculations performed here are pertaining to the particular application of four-
photon driven-dissipative process developed in Ch. 4. However, the techniques developed
here can be carried over to many other applications. For example, the analysis of the fully
autonomous error correction against photon-loss errors for the pair cat code, presented
in Ch. 7, can also be performed using the technique presented here.

As stated in section 4.3.3, the equation of motion of the transmon-oscillator system is
given by

A ~

. [ . 5
P=-3 [HsySa P] + w1 Dlalp + T Dbl + Ty Dlos,]p (A1)

where the system Hamiltonian given by Eq. (4.65) is

A

H, Sys
h

=aTa + @b — %a*%ﬂ - %BTW — bbb

4 Z (gkefmpktdwg+gzeiwpktd2(;T) X (93672%}!,325[;2T +g§eziwp3tl;2> . (A2)
k=12
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In order to perform the RWA in presence of dissipation, we model I'| by extending our

system Hamiltonian to

H tot

= Sys +Zwkr Wi )T W +Z< wilbr [wi] + Q*[we]bl7 [ka

+ (angf}gffg + Qp,fge_iwp’fggszg + Q;,f e’ fngTf ) (A.3)

and changing the master equation to

d i . . ;
w’'="7 [Huotbatns o] + FipnDlalp + Y klwi] D [Flwnl] p + kgDl gelp.  (A4)
P

Here 7wy are the destruction operators of low-(@) oscillator modes with resonant fre-
quency wy, and dissipation rates x,,. We assume that the coupling strengths Qw;| <
k|wg] in our future calculations. Modeling I'| by coupling the system to ancillary oscilla-
tors is reminiscent of the Caldeira-Legett model. However, in this case, we have assumed
a discrete set of modes instead of a continuum of non-dissipative modes. The justification
such discretization comes from the fact that transmon typically dissipates to environment
by exchanging photons with other low-() ‘filter’ modes. We have also modeled the f — ¢
direct dissipation explicitly by using a two-photon-exchange coupling between the trans-

mon mode and the low-() oscillator mode 7. The frequency w,, ¢, is given by
Wp,fg = 2Wp — Xbb — W, fg (A.5)

as we have previously discussed in section 4.3.3. Now, we go into a rotating frame with

respect to

0 _ s oata e onbth — Xepip2 4y ot s TP
= Wal a+ pb'h ) b'™b +wr,fgrfgrfg+zk:wkr [wg |7 [wk] (A.6)
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and perform the second order RWA, giving us

Heﬁ,bath

h
Heff

h
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Here Hog is the effective Hamiltonian specified in Eq.(4.73) and n indicates the number
states of the junction mode (specifically n = 0, 1, 2 correspond to g, e, f levels of the trans-
mon). The frequencies wya ,, are defined as w, =A —n)xy. Along with the terms presented
in Eq.(A.7), we also obtain terms of the form &,,,,71[wy |7 wi] and 6, 2 7 [wk]#T[wyn] + h.c..
The first type of terms corresponds to the dispersive coupling of the junction mode and
the bath modes and do not contribute under the assumption of a zero temperature bath.
The latter terms become resonant when /(wy, + wy,, ) equals the energy difference between
the states n and n + 2 of the junction mode and give rise additional f — ¢ dissipation.
However, such natural f — ¢ dissipation is very small since the coupling strengths [wy]
are typically small. Therefore, we ignore this source of f — ¢ dissipation. Next, under

the assumption of £, rg, 5[wi] > ||Heg patn/fi|| we adiabatically eliminate all the low-Q
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oscillator modes to get an effective master equation of the form
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(A.9)

(A.10)

which is the amplitude damping of the transmon mode. Limiting ourselves to only the g,

e, [ states of the transmon, the effective master equation becomes

i

p = —= [Hes, p| + k1pnDlalp + (T[] D[Geg] + 2T [0b — Xe6) D0 fc]) p + Ty DIGsglp

h
+ (Ka,ggD0a%G gg] + K2,ee D[ ce] + k2 pyD[a6s)) p + ka,pgD]a*6 1yl p.

(A.11)
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The expressions for various dissipation rates can be inferred from Eq. A.8. The adiabatic
elimination of the transmon, under the assumption of Ty, + 2T, [0 — x) 3> || Hegr/ hbar||
then leads to the effective master equation of the oscillator mode, quoted in Eq. (4.79). The

validity of this adiabatic elimination is checked in the next appendix.



Appendix B

Validity of adiabatic elimination

This appendix is devoted to checking the validity of the adiabatic elimination of the trans-

mon mode through numerical simulations. As we mentioned in the last sub-section, for

where H.g is

H eff
h

the adiabatic approximation to be valid, we require I'¢, + 2I") > )
given by Eq. 4.73. In order to check the validity of this approximation we compare the full
dynamics given by Eq. (A.11) and the effective dynamics given by Eq. (4.79) for different
values of I'y, in Fig. B.1a. The black curves have I'f,/2m = 0.6 MHz and the magenta
curves have 'y, /2w = 6 MHz. The other parameters are kept the same as those utilized
in Sec. 4.3.3 with the resulting g4, /27 = 41kHz and |«|* = 4. The amplitude damping
of the oscillator is ignored and that of the transmon is set to I') = 3kHz. For the con-
sidered amplitude |a|* = 4, the choice of T';, /27 = 6 MHz satisfies the above separation
of time-scales, leading to a good agreement between the dashed and solid magenta lines.
The choice of 'y, /27 = 0.6 MHz leads to a disagreement with the effective dynamics.
Note that the full dynamics still converges towards the expected state albeit at a slower
rate. To choose the optimum working point, we perform simulations of the full dynam-
ics (Eq. 4.78), while sweeping I',/27 from 0.1 MHz to 10 MHz. In Fig.B.1b we plot the
Climodo)y

overlap with the | cat state as a function of time and F(}I;g . From this, we extract
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Figure B.1: (a) The system dynamics before (Eq. (A.11)) and after (Eq. (4.79)) the adiabatic
elimination, denoted respectively by (BE) and (AE). We use the same parameters as in
Fig. 4.8 together with Iy, /27 = 0.6 MHz (black) and I';,/2m = 6 MHz (magenta). The

system is initialized in the ground state and the overlap (C25°*¥|p|c25°?%)y is plotted
as function of time. (b) The overlap as a function of time, obtained by simulating (A.11)
with Iy, /27 ranging from 0.1 MHz to 10 MHz. (c) The time taken to achieve 90% fidelity
as a function of T'y, for |a|* = 3,4 and 5. Black and magenta squares indicate the choices
I'ty/2m = 0.6 MHz and I';, /2w = 6 MHz, corresponding to the simulations of (a). The

dots correspond to the optimum working points for various cat amplitudes.

the time taken to achieve 90% fidelity as a function of I'¢,. This corresponds to the green

curve in Fig.B.1c. As illustrated by the green dot, the optimum working point is given by
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% /2m = 2MHz. Note that the working point of I'f, = 4 MHz used in Fig. 4.8 is se-

lected to be well in the region of adiabatic validity while still getting a strong four-photon

dissipation (k4py). The same simulations for |a|? = 3 and 5 give rise to different working

points at 1 MHz and 3.7 MHz respectively. Indeed, the norm ||Hg/|, in the assumption

Lo +2I0 > ‘ , corresponds to the norm of the Hamiltonian when confined to the

Hegr
h

code space Span{|+«), |*ia)}. This implies a separation of time-scales which depends on

the amplitude || of the cat state, therefore leading to different optimum working points.
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