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FRACTAL CLOSURES OF GEODESIC PLANES
IN HITCHIN MANIFOLDS

SUBHADIP DEY AND HEE OH

ABSTRACT. Ratner’s theorem implies topological rigidity of immersed
totally geodesic subspaces of noncompact type in finite-volume locally
symmetric spaces.

We construct the first explicit higher-rank, infinite-volume exam-
ples where this rigidity fails, via floating geodesic planes. We exhibit
a Zariski-dense Hitchin surface group I' < SL3(IR) such that the Hitchin
manifold T'\SL3(R)/SO(3) contains immersed floating geodesic planes
with fractal closures whose non-integral Hausdorff dimensions accumu-
late at 2. Moreover, I' can be chosen inside SL3(Z).

The construction uses Goldman’s bulging deformations. In contrast
to rank one, where geodesics orthogonal to a hyperplane always diverge,
higher rank requires understanding the collective behavior of families of
parallel geodesics inside flats under bulging.
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The study of orbit closures for actions of subgroups generated by unipo-

tent elements has been one of the central themes in homogeneous dynamics.
A landmark result is Ratner’s 1991 theorem [23], which resolved the conjec-
ture of Raghunathan. It says the following: if G is a connected semisimple

Lie group G and I' < G is a lattice (a discrete subgroup of finite covolume),
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then for any connected subgroup H < G generated by unipotent elements,
the closure of every H-orbit in I'\G is itself a homogeneous subspace, namely,
a subspace of the form zL where L < G is a Lie subgroup containing H and
x is a point in I'\G. This result implies the following topological rigid-
ity of geodesic planes: in any locally symmetric space of noncompact type
and finite volume, the closure of an immersed totally geodesic subspace of
noncompact type' is an immersed submanifold.

An important special case was obtained earlier by Margulis and Dani-
Margulis (1989): in SL3(Z)\ SL3(R), any orbit of SO(2,1) is either closed
or dense ([18], [7]). This implies that in the associated locally symmet-
ric space SL3(Z)\ SL3(R)/SO(3), every irreducible totally geodesic plane is
either properly immersed or dense. The closed or dense dichotomy has a
far-reaching consequence. In fact, Margulis’s proof of the Oppenheim con-
jecture that for any irrational indefinite quadratic form Q(x1,...,x,) with
n > 3, the set of values Q(Z") is dense in R was his famous application of
this result [18].

In the infinite-volume setting, the geometry of the ambient space plays
a decisive role. For convex cocompact acylindrical hyperbolic 3-manifolds,
McMullen-Mohammadi—Oh proved that geodesic planes inside the interior
of the convex core is either properly immersed or dense ([19], [20]), and
Benoist-Oh extended this to geometrically finite acylindrical manifolds [3].
In higher dimensions, Lee—Oh gave a complete classification of geodesic plane
closures for convex cocompact real hyperbolic manifolds with Fuchsian ends
([15]; see also the survey paper [21]).

The picture changes dramatically once we leave the acylindrical setting.
Using bending deformations, McMullen-Mohammadi—Oh [19] constructed
quasi-Fuchsian hyperbolic 3-manifolds that contain chaotic geodesic planes,
arising from planes orthogonal to a chaotic geodesic of a closed hyperbolic
surface. Here “chaotic” means that the closures of these planes have non-
integer Hausdorff dimension. This stands in sharp contrast with the acylin-
drical case: acylindrical hyperbolic manifolds exhibit strong geometric con-
straints that enforce a certain k-thickness property for every circular slice of
the limit set, whereas quasi-Fuchsian manifolds may support much thinner
circular slices. Geometrically, thin circular slices of the limit set translate
into scant recurrence for unipotent flows, obstructing the standard homoge-
neous dynamics approach to orbit closures.

In a higher-rank simple Lie group G, topological rigidity of orbit closures
in an infinite volume quotient I"'\ G seems highly implausible. Yet, until now,
no explicit examples of chaotic geodesic planes had been constructed, largely
because the geometry in higher rank becomes substantially more intricate.

Lthis means the image of a totally geodesic immersion of a locally symmetric space of
noncompact type
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FiGURE 1. Floating geodesic plane

In this paper, we construct such higher rank examples. Let
G =SL3(R), K =S0(3), X =G/K,

so that X is the Riemmanian symmetric space of unimodular positive-
definite symmetric matrices. We consider

H =850(2,1)°, Y=H-0CX, whereo=[K]e€X,

Y is an irreducible totally geodesic plane passing through the basepoint o.
Our primary objects are what we call

floating geodesic planes

defined as follows: Given a complete geodesic L C Y, there exists a unique
maximal flat F C X that intersects Y orthogonally along L. The plane
Y can then be shifted away from itself along F, producing ultra-parallel
copies that “float” in the ambient space. More precisely, for any ¢t > 0,
the floating geodesic plane Y7, ; is defined as the translate of Y along the
orthogonal direction in F at distance t. Equivalently, if £&; = aso is the unit
speed geodesic in F orthogonal to L at o for a one-parameter diagonalizable
subgroup {a; : t € R}, then
Yii=a;Y;

see Figure 1. We also refer to the image of Y7 ; in any quotient manifold
I\ X as a floating geodesic plane.
In hyperbolic spaces, there are no flats of dimension larger than one, so
a geodesic plane cannot be displaced in this way. The existence of floating
geodesic planes is therefore a phenomenon that only appears in higher rank.
The main result of this paper is as follows:

Theorem 1.1. There exists a Zariski dense Hitchin surface subgroup I' <
SL3(R) such that the locally symmetric space T'\X contains a sequence of
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floating geodesic planes whose closures have Hausdorff dimensions strictly
bigger than 2 and accumulating at 2. Moreover, I' can be chosen inside
SL3(Z).

The construction of the Zariski dense Hitchin subgroup I' in Theorem
1.1 proceeds as follows. We begin with a torsion-free cocompact Fuchsian
group I'y < H and choose a simple closed geodesic  in the hyperbolic
surface S = T'o\Y. This curve 3, called the bulging locus, is represented by
some hyperbolic element § € I'y. Goldman introduced the notion of bulging
deformation along such a curve § ([12]; see also a recent work [4] where they
use the terminology grafting instead of bulging). Roughly speaking, bulging
is an analogue of Thurston’s earthquake deformation, but in the setting of
convex projective structures: one “bends” the geometry of the surface along
B by a parameter from the identity component centralizer Cg(d) of 4.

Formally, the deformation yields a representation pgp : I'y — G for any
b € C(9)°, which lies in the Hitchin component of the character variety of
representations of I'g into G. Choi—Goldman identified this Hitchin compo-
nent with the space of marked convex RP2-structures on the surface I'g\Y
[6]: the bulging deformation then corresponds to varying the convex projec-
tive structure by stretching along . In particular, each representation pg
is discrete and faithful,

We therefore obtain a discrete subgroup of G:

Lap = pgp(lo);

see (8.5) for further details. Moreover I'gy, is Zariski dense whenever the
width wd(b) of b is nonzero (see (8.4) for the definition). Subsequent
developments have provided broader frameworks for understanding these
groups: Labourie [13] introduced the notion of Anosov representations, while
Fock—Goncharov [11] developed the theory of positive representations. Both
have become central tools in the study of Hitchin representations of surface
groups into split semisimple real Lie groups.

Theorem 1.1 is deduced from the following result, which shows that float-
ing planes inherit their Hausdorff dimensions from the geodesic dynamics
on the underlying hyperbolic surface S = I'g\Y. In this paper, the notation
dim always refers to the Hausdorff dimension.

Theorem 1.2. Let I'g < H be a torsion-free cocompact Fuchsian subgroup,
and let S = To\Y. Let B C S be a simple closed geodesic represented by
some 6 € I'g.

Let L C'Y be an admissible geodesic (Def. 7.1), and set £ = T'g\I'oL C S.
Suppose that 1 < dim(f) < 2 and let v := d(¢,3) > 0. Then there exists ty >
0, depending only on L and r, such that for all t >ty and any b € Cg(J)°
with width wd(b) smaller than r/2, the Hausdorff dimension of the closure

of the floating geodesic plane in I'g ,\ X satisfies
% (dlmz + 3) < dim (F@b\Fﬁ’bYLﬂg) < d1mZ + 1.



FRACTAL CLOSURES OF GEODESIC PLANES 5

FIGURE 2. Fractal closures of floating geodesic planes

Moreover, there exists a sequence of admissible geodesics L; C'Y such
that
e r =inf; d(&, ﬁ) > 0,
e dim¥¢; > 1 for alli € N, and
e dim/; — 1 asi — oo.
Hence for all sufficiently large t,

dim (T p\Tpp¥r,) =2 asi— oo,

Remark 1.3. Chaotic behavior can also be produced for geodesic planes or-
thogonal to a fixed irreducible geodesic plane, via their intersection locus
(see Theorem A.3). Nevertheless, we find the geometry of the floating geo-
desic planes both more compelling and novel, and hence focus on them in
this paper.

For a concrete analysis, we realize H as the identity component of the
special orthogonal group associated to the quadratic form F(x,y, z) = 2zz—
y?. Let A < G be the subgroup of positive diagonal matrices and set Ag =
H N A. We can identify H with the unit tangent bundle of Y, and the right
translation action of Ag on H with the geodesic flow. Every geodesic L C Y
is of the form hAgo for some h € H. For

a; = diag(e’, e 2, et),
the floating geodesic plane over L at height t is
YL,t = hatH(o).
Theorem 1.2 is deduced from the following statement about the closure of
the projection of Y7, in I'g b\ G-
Theorem 1.4. Under the same hypotheses as Theorem 1.2, we have

dimI'gp\I'g phatH = dimI'g\['ghAg + 2;
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1 (3+dimTohAg) < dimTgY7, < 1+ dimTohA,.

Moreover, there ezists a sequence h; € H such that dimI'o\I'0h; Ap accu-
mulates at 1 as i — oo.

On the proof ideas. A key ingredient in the proof is the analysis of near-
est point projection from X to Y. While in real hyperbolic spaces, such
projection maps onto totally-geodesic subspaces are well-behaved, the intri-
cacies of higher rank geometry make its analysis substantially more delicate.
Roughly speaking, our proofs of Theorems 1.2 and 1.4 proceed in four steps.

1. Fuchsian case and explicit closure description. We begin with the un-
deformed (Fuchsian) setting. Consider the decomposition H = AgkoAoKo
with kg € Ky the quarter turn, A = H N A and Ky = HN K. We show
that for a Fuchsian subgroup I'g < H, if the orbit I'g\I'gphAg is admissible
(see Theorem 7.2), then

Fo\FO hatH = Fo\Fo hAoat k‘voKo

and moreover

1 (To\TohAp + 3) < dimTo\LoharH (o) < To\LohAg + 1.

This provides an explicit description of orbit closures in the Fuchsian case,
which serves as the baseline for the deformed setting.

2. Nearest-point projection and boundary dynamics. To transfer this de-
scription to the deformed groups via pg,, we rely on the nearest projection
map

m: X =Y.

Each fiber is 3-dimensional; the fiber 771(0) is the union of maximal flats
of the form KykjwA.o, as described in Corollary 3.4. A key geometric
ingredient of our proof is establishing that

du(m(Yp),L) =0 ast— oo,

where dy denotes the Hausdorfl distance.

The main tool for proving this is the study of the Busemann map S¢|y for
all possible accumulation point £ of Y7 ; in the visual boundary 0,,X. This
requires a detailed analysis of how sequences in Y7, ; approach the boundary
and of the resulting boundary dynamics.

3. Stability under bulging. Let Fy, : T'o\X — I'zp\X denote the map in-
duced by the bulging deformation. Fix rq strictly larger than the width
wd(b) of b, and set

Xp:={zx e X: d(n(x),ToB) >ro}.

We show that the restriction of Fy, to I'g\ X} is a proper local isometric em-
bedding into I'g,\ X. In the rank one setting, any two distinct geodesics
orthogonal to a hyperplane always diverge, which makes this step straight-
forward. In contrast, in our higher-rank setting, each fiber of 7m contains an
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entire maximal flat and hence families of parallel geodesics. It is therefore
not at all evident that the fibers remain disjoint under small bulging de-
formations. Establishing this requires a precise analysis of how these fibers
are altered by bulging. Combined with Step 2, this allows us to carry over
the orbit-closure statement from the Fuchsian case to all b € C(0)° with
sufficiently small width, thereby proving the first parts of Theorems 1.2 and
1.4.

4. Fractal geodesic closures away from the bulging locus. Finally, we con-
struct admissible geodesics in closed hyperbolic surfaces whose closures have
Hausdorff dimension arbitrarily close to 1, while remaining uniformly bounded
away from the bulging locus. This construction uses Sullivan’s ergodicity
theorem for the Bowen-Margulis-Sullivan measure on convex cocompact sur-
faces [25]. Combining this with the existence of Zariski dense Hitchin sub-
groups I' contained in SL3(Z) due to Long-Thistlethwaite [17], and applying
the above procedure to S = I'g\H?, we obtain a Hitchin subgroup inside
SL3(Z) required in Theorem 1.2.

Acknowledgment We would like to thank Federico Rodriguez Hertz for
helpful conversations on geodesic closures on hyperbolic surfaces. We would
also like to thank Dongryul Kim for useful comments on the preliminary
version of this paper. S.D. thanks MPI MiS in Leipzig, where part of this
work was completed.

2. LiMIT SETS IN G/P

Let G = SL3(R). Let
©:G—-GC (2.1)

be the Cartan involution given by ©(g) = (¢7)~! for g € G. Let K < G be
the maximal compact subgroup:

K =8003)={ge€G:06(9) =g}
Let A < G be the diagonal subgroup:
A = {diag(a1,a2,a3) € G : ay,a2,a3 > 0}.

Let g = sl3(R) = {x € M3(R) : Trz = 0}, £ = s03 = {z € sl3(R) : z = —2T}
and a denote the Lie algebra of G, K and A, respectively. We may identify
a with the hyperplane

a={u=(ur,uz,u3z) € R : uy +uy +us = 0}.
Let a7 and a9 be the simple roots of (g, a) given by
ai(ur, ug,ug) = u; —uip1 @ =1,2.
Let a™ denote the positive Weyl chamber
at = {(u1,uz,u3) € a:up > us > us}.

and set
AT =expa™.
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The Killing form on g is
B(z,y) = 6Tr(xy), =,y € sl3(R),
which induces the inner product on a: for u,v € a,
(u,v) = 6(urvy + ugv2 + usvs).

We denote by || - || the corresponding norm on a.

Let X = G/K be the Riemannian symmetric space equipped with the
metric dx induced by the Killing form. It is a nonpositively curved CAT
(0)-space [5]. We also consider a left G-invariant and right K-invariant
metric dg on G compatible with dx. We will omit subscripts and write d
for both metrics. Let o = [K] € X. We have the Cartan decomposition

G=KA'K,

which says that for any g € G, there exists a unique element u(g) € a™ such
that g € K exppu(g) K. The map

p:G—at

is called the Cartan projection.
Let P be the upper triangular subgroup of G

N
P=10 % x|,
0 0 =«

which is a minimal parabolic subgroup of G. Then P = M AN where
M = {diag(e1,e2,e3) € G:¢; € {1,—1},i=1,2,3}

is the centralizer of A in K and N is the strictly upper triangular subgroup.
There are two maximal parabolic subgroups of G containing P:

* %k % %k %
Pr=10 % x and Po= | * x
0 * =x 0 0

Denote by eq, e, e3 the standard column vectors of R3. The group G
acts transitively on the projective space RP2, and the stabilizer of the point
[e1] € RP? is P;. Therefore G/P; can be identified with RP?. Similarly, the
stabilizer of the line [e1 A eg] in RP? is P» and G /P, can be identified with
the space of lines in RP2.

Since P = P} N Py, the map gP — (gP;, gP) defines an embedding

G/P — G/Pl X G/PQ, (2.2)
via which we identify G/P with its image. Thus
G/P

is the full flag variety in R3: a point & € G/P is a pair (p,¢) where p € RP?
is a point and £ is a line in RP? containing p.
We now define convergence to points in G/P for sequences in G and X.
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Definition 2.1. Let g, € G be a sequence.

e We say g, — oo regularly if a;(u(gn)) — oo for both i =1, 2.

e We say g, — £ € G/P if g, — oo regularly and £ = lim,,_, o kP
where k, € G is a sequence such that g, € k,ATK.

o We say g, — oo uniformly reqularly if g, — oo regularly and there
exists ¢ > 0 such that for each i =1, 2,

ai(p(gn)) = cllp(gn)ll  for all n € N.

e For a sequence x, = g,o € X, we say z,, — oo regularly (resp.
uniformly regularly) if g, — oo regularly (resp. uniformly regularly)
and that z,, - £ € G/P if g, — &.

By the Cartan decomposition G = KATK, these notions are all well-
defined.

Definition 2.2 (Limit sets). For Z C G, the limit set Az is the set of all
accumulation points of sequences from Z in G/P. Similarly, if Z C X, the
limit set Az is the set of all accumulation points of sequences from Z in
G/P. The projection of Az to G/P; via (2.2) will be referred to as the limit
set of Z on G/P,; for i =1,2.

Lemma 2.3. If Z,Zy C X have bounded Hausdorff distance, then Az, =
Az, in G/P.

Proof. Suppose that the Hausdorff distance between Z; and Z» is at most
R. Let £ € Az, . Then some sequence g;0 € Z; converges to {. There exists
a sequence ¢; € G with d(g;0,0) < R such that g;q;0 € Zy. By [16, Lemma
2.10], gigio — &. Hence & € Agz,. Reversing the role of Z; and Z; gives the
claim. O

3. NEAREST PROJECTION TO Y
Fix the quadratic form F in R3:
x
Fluy | =2zz—19%
z
Let H be the identity component of the special linear group
SO(F) ={g € G: F(g(v)) = F(v) for all v € R*} .

For the symmetric matrix

0 0 1
J={0 -1 0], (3.1)
1 0 0

we have
H={geG:¢g"Jg=J}".
In particular, H ~ SO(1, 2)°.
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The Lie algebra of H is

s x 0
h= y 0 x |:z,y,s€R}. (3.2)
0 y —s

Let S be the space of all symmetric matrices of signature (1,2) with
determinant one. The action of G on S by g.Jy = gJog” identifies G.J ~
G/SO(F) ~ S. A non-degenerate quadric in RP? is a projective circle
(ellipses, hyperbolas, paraboloids). The map

gSO(F) s {F o g = 0} (3.3)

identifies G/ SO(F) with the space of non-degenerate quadrics in RP? [12].
For s € R, set

e 0 0
hs=( 0 1 0 € H
0 0 e°

Note that hs is a regular semisimple element, i.e., its centralizer is the diag-
onal subgroup, and that hs — oo regularly as |s| — co. These are important
facts which will be used often. We set

Ay>=HNA={hs:s€eR} and Kyo:=HNK.
The Lie algebra of Ky is

0 6 0
= -6 0 6):0€R
0 -6 0
Setting
l4cos® v/2sin 0 1—cos @
2 2 2
k(0) = | Y250 o5 V250 | (3.4)
1—cosf V2sin @ 1+cosf
2 2 2

we get the parametrization
Ko ={k(0): 0 € R}.
The subgroup Kj is a maximal compact subgroup of H and we have
H = KoA{ Ko (3.5)
where Al = {hs : s > 0}.
The limit set of Y. The quotient space
Y = H/Ky= KyApo

is a totally geodesic subspace of X. The quadric {F = 0} = {y? = 222}
divides RP? into two H-invariant connected components: an open disk

D={[z:y:2] € RP?:y* < 22z} (3.6)
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and an open M&bius band
{[x:y:2] € RP?: 92 > 222} (3.7)

Lemma 3.1. We have
Ay = K()P/P and

Ay ={(p,l) €e G/P1 x G/Py:p € 0D, (¢ is tangent to 0D at p}.

Proof. Since hy — oo regularly as |s| — oo, any unbounded sequence in
Y has a subsequence which converges to a point in G/P. Moreover, in
view of (3.5), any limit of an infinite sequence in H in G/P belongs to
KyP/P. Hence Ay = KyP/P. Note that P corresponds to the pair (pg, £y) €
G/P, x G/P,, where pg = [e1] and ¢y = [e; Nea) = {[x 1y :2]: z =0}
Moreover, £y NOD = {pp} and hence ¢ is tangent to 9D at pg. Since 9D is
a single Ky-orbit, the claim follows. O

We fix the element

1 1 1
Lov
ko := 2 0 V2 € Kp. (38)
1 1 1
2 V2 2

The geodesics kgAgo and Apo in Y are orthogonal. Therefore Y is swept
out by the family of orthogonal geodesics to Ago; indeed,

Y = Aok‘oA()O.

It follows that
H = AgkvoKo.

Generalized Cartan decomposition. Recalling the symmetric matrix J
from (3.1), consider the following involution o : G — G:

o(g) = JO(9)J

We then have
H={g9eG:0(9) =9}
therefore H is an affine symmetric subgroup of G. The generalized Cartan

decomposition of G with respect to H is described in [24], as we recall below.
Observe that the differential do : g — g commutes with d©, and we have

g=tep=0Hoq

which are decompositions into + eigenspaces for d© and o, respectively.
The subspace
t 0 s
b:= 0 =2t 0):t,seR (3.9)
s 0 t
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is a maximal abelian subalgebra of p N q. It is also a maximal abelian
subalgebra of of p, since the rank of GG is 2. The maximal split torus B :=
exp b of G is

etcoshs 0 elsinhs
B= 0 e 2t 0 t,sER
elsinhs 0 elcoshs

We set
1 1
V2 V2
k1 = 0 -1 0 e K (3.10)
1l 9 L
V2 V2

We then have
b=kiak;! and B =k Ak"
Letting Wy = Nk (b)/Ck(b) and W, 9 = Nk, (b)/Ck,(b), choose a finite
subset
W C Nk(b) (3.11)

of representatives for W, 9\W,. Set BT = k1 Atk 1
Theorem 3.2. We have
G=HBK = HWB'K

in the sense that for any g € G, there exist unique elements b € BT and
w € W such that
g € HwbK.

Nearest point projection to Y. Since X = G/K is non-positively curved
and Y C X is totally geodesic, for any z € X, there exists a unique y € Y
such that

d(w.y) = inf d(a.y))

This y is called the nearest point projection of x to Y. See [2, p. 8] for
further details.
Let

m: X =Y (3.12)

be the nearest projection map. Since X = H Bo, by Theorem 3.2, we have
the following description of 7:

Proposition 3.3. For any h € H and b € B,
m(hbo) = ho. (3.13)

Proof. Since m is H-equivariant, it suffices to show 7(z) = o for all z €
Bo. Since Tr(zy) = 0 for all z € h and y € b, the subspaces h and b
are orthogonal to each other. Moreover, Bo and Y are totally geodesic.
Thus, for z € Bo, the geodesic segment connecting z to o lies in Bo and is
orthogonal to Y, 7(z) = o. O
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Corollary 3.4. We have

7r_1(0) = KoBo = U KokiwAto
weW
and
A1y = |J KokrwP
weW
where k1 and W are given in (3.10) and (3.11) respectively.

Proof. The first part follows from Proposition 3.3 and Theorem 3.2. The
second follows from the definition of the limit set and the fact that Kok W C
K. O

4. FLOATING GEODESIC PLANES

As in the last section, consider the totally geodesic plane
Y =HoCX.

Since the centralizer of Ap is equal to the diagonal subgroup of G, it
follows that Ao is the unique maximal flat in X containing the geodesic
A()O.

Lemma 4.1. The geodesic plane Y is perpendicular to the flat Ao and
Y N Ao = Agpo.

Proof. The intersection of Y and Ao is a totally geodesic submanifold of X,
which contains Ago. Since neither Y nor Ao contains the other, dimensional
considerations imply that the intersection is precisely Ago.

The Lie algebra a splits orthogonally as a direct sum ag & @’ where ay =
Lie(Ap) and o/ = {diag(t,—2t,t) : t € R}. Since ap C h and o’ L b, the

claim about orthogonality thus follows. O
For t € R, set
et 0 0
a=[0 e2 0
0 0 €

Definition 4.2. Given a complete geodesic L in Y and ¢ € R, define the
floating geodesic plane

Y = haY,
where h € H is chosen so that L = hAgpo; this is well-defined since h is
unique modulo the action of Ay, which commutes with a;.
For the geodesic L = Ago, we simply write
Y, =Y = aY.

Lemma 4.3. For L = hApo and t € R, let L; := ha;Ago C Yr¢. We have
m(L) = L and d(hhyo, haih,o) = |t| = d(L, L) for all r € R.
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Proof. By the H-equivariance of 7, it suffices to consider the case when
L = Agpo. Since a;Ag = Apar and w(ai0) = o, we get w(agAgo) = Agm(aio) =
Apo. Similarly, d(hro,aihy0) = d(hyo, hrato) = d(o,at0) = |t|. Since L and
L; lies in the same flat Ao, and L and {a0 : t € R} are orthogonal at o,
d(L, L) = d(o,ai0) = [t|. O

The geodesic plane Y7 ; is “ultra-parallel” to Y at distance ¢:

Lemma 4.4. Given a geodesic L = hAgo CY andt € R, we have
dlY,Yr:) =min{d(y,z) : y €Y, ze€ Y} = |t

Moreover, for t # 0, the locus where the distance is minimized is precisely
{(hhyo, hath,0) : hh,o € L}.

Proof. By the H-equivariance, it suffices to prove the claim when L = Ago
and Yz, = a;Y. Let y € Y and z € Y;. Let yo € L (resp. 290 € Ly = a¢L)
denote the nearest point projection of y (resp. z) to L (resp. a;L). Let Lo
be the geodesic segment connecting yo to zg. Since the flat Ao is orthogonal
to Y and a; € A, Ao is also orthogonal to Y;. It follows that the points
y and z lie on two geodesics perpendicular to Ly and passing through its
endpoints.

By [1, Ch. I, Prop. 5.4], in a non-positively curved space, for any geodesic
segment [a, b] and for any perpendicular complete geodesics L1 (t) and La(t)
to [a, b] with L1(0) = a and L2(0) = b, we have

inf{d(Ll(tl),LQ(tg)) ct eRVEg € R} = d(a, b)

Since the geodesic segment [y, yp] lies in Y and is perpendicular to L, it
is perpendicular to the whole maximal flat Ao. Similarly, [z, zo] is also
perpendicular to Ao. So

[t] < d(yo,20) < d(y, 2). (4.1)

This proves the first claim.

For the second claim, without loss of generality, assume that ¢ > 0 and
suppose that d(y,z) = t. It suffices to show that y = yo, 2z = 29 and
20 = awyo. The inequality (4.1) forces t = d(yo,20). Hence by Lemma
4.3, d(L,a;L) = t = d(yo,20). Therefore the geodesic segment [yo, 2] is
perpendicular to L and a;L. Since a; translates Ao orthogonal to L, it
implies that zg = a:yo.

We now claim that

y=yo and z= 2. (4.2)

First suppose that {yo, 20} N {y, 2} = 0. Two complete geodesics in X are
either parallel (they have finite Hausdorff distance) or the minimum distance
between them is realized by a unique pair of points or the minimum distance
is not realized. (This follows from [1, Ch. I, Prop. 5.4].) Hence in the setting
at hand, the complete geodesics G; and Go in X passing through y, yo and
z, 2o respectively must have a finite Hausdorff distance. Since AqgG; = Y and
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ApGo =Y, Y and Y; are at a finite Hausdorff distance. Thus, the limit sets
of Y and Y; in G/P; = RP? are the same by Lemma 2.3. Since G/ SO(F) is
in bijection with the space of non-degenerate quadrics via the map in (3.3)
it follows that Y; =Y. Hence t = 0, a contradiction.

Now suppose that {yo, 20} N {y, z} is a singleton. Without loss of gener-
ality, we may assume that y = yo and z # zy. Since the distance function is
strictly convex in a Hadamard manifold [2, Sec. 1.4], any point z; in the geo-
desic segment [z, zp] other than the endpoints satisfies d(y, z1) < d(y, z) = t,
which is a contradiction to ¢t = d(Gi,G2). Therefore {yo, 20} = {y, 2}, and
consequently yp = y and zg = z, proving (4.2). O

Remark 4.5. Up to an isometry, any totally geodesic plane in X is given
by Y, or SLa(R)o, where SLo(R) is embedded as the left upper corner of
SL3(R), or a maximal flat A(o). It is natural to call first type of geodesic
planes as irreducible geodesic planes.

The limit set of the floating planes. For each ¢ € R, consider the
quadric

Qi ={[z:y:2] € RP?: eMy? = 27222}

passing through [e1] and [es]. This is a projective circle.
Since a; sends the boundary of the disk D = {[z : y : 2] € RP? : y* < 22}
to @, Lemma 3.1 implies:

Lemma 4.6. Fort € R, the limit set of a;Y in G/P is given by

Ao,y ={(p,0) € G/P :p € Qu, 0 is a line tangent to Q; at p}.

5. LIMITS OF THE SEQUENCE 7(S) = atkohso

Since Y = AgkgAgo, where kg € Ky is as in (3.8), and the nearest projec-
tion map 7 defined in (3.12) is H-equivariant, we have

m(aY) = Aom(atkoApo)  for any ¢t € R.
Therefore to understand the image w(a,;Y"), it suffices to analyze the sequence
V() = arkohso. (5.1)

In this section we determine all accumulation points of v(s) in G/P, ac-
cording to the relative rates at which ¢ and s tend to oc.
The main goal in this section is to show:

Proposition 5.1. Any accumulation of the sequence v(s) in G/P ast,|s| —
o0 belongs to Ar—1(o). Moreover, we have liminf [s,|/t, > 0 if and only if
Ve, (8n) — 00 uniformly regularly.

We begin with calculating the Cartan projection of such a sequence up
to a uniform bounded subset:
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Lemma 5.2. There is a compact subset C C a such that for any t > 0 and
s € R, the Cartan projection p(aikohs) satisfies

t+1s| 0 0
p(ackohs) € 0 t 0 +C.
0 0 —2t—|s

Proof. For simplicity, set g = askohs. Write g = kal € KATK in Cartan
decomposition so that u(g) = log a, where a = diag(ai, az, as). We estimate
the a; up to a uniform multiplicative constant.

Since gg” = ka?k™!, the eigenvalues of gg’ determine the a?. Let ¢y =
e +e ¥ and dy =e® — e ®. A direct computation gives

1 thcz —V2e tegd, thdz

g9t = 1 —V2etegd, 267 (€25 7)) —v/2eteyds
e2tdz —V2e e dy €2tC§

Since ¢ > 0 and |ds| < cs, the Frobenius norm of gg” satisfies

lgg"|I* = e*'ci.

Here, =< denotes equality up to a uniform multiplicative constant. As
lgg” || = at and ¢, < el*l, we get

ap = etell. (5.2)

For az, we now compute A?(gg?) with respect to the ordered basis ez A
e3,e1 Nes, el N eg:

WA —V2ele d, 22
Ngg") =5 | —V2efesds 2 (P + ) —V2eleud
e ?d; —V2eleyd, =22

Hence
| A2 (9972 = eMethl,

Since the exponential of the Cartan projection of A%(gg”) has entries

aja3,a3a3, a?a3 with the largest one being afa3, we have

I A2 (g™ = afad = eMefl,
which with (5.2) implies
as X et.

This proves the claim. ([
A regularity criterion. A consequence of Lemma 5.2 is as follows:

Corollary 5.3. Let v, (sn) = ar, kohs, 0 with t, > 0 and s, € R. Then we
have

o v, (sn) — oo regularly if and only if |sn| — oo;

o v, (sn) — 0o uniformly regularly if and only if |s,| — oo and

liminf |s,|/t, > 0.
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Recall that G/P = K P/P, identified with
{([ke1], [k(ex Ne2)]) : k€ K} C G/Py x G/ Ps.
Proposition 5.1 follows from the following together with Corollary 5.3:

Proposition 5.4 (Limits of y:(s)). Ift, — oo and |s,| — oo, then any limit
of , (sn) in G/P belongs to Kok1P/P, where ky is as in (3.10). In partic-
ular, if ( = k*P is such a limit for some k* € K, then k*ey is proportional
to e1 + ez and

¢ e Aﬂ.fl(o).

Proof. Write g, = at, kohs, = knanl, € KATK and a,, = diag(an,1, an2, an3).
By Lemma 5.2, as |s,| — oo, we have zg, — oo regularly. Suppose
k, — k*. Using the notation k() from (3.4), in order to prove that
k* € KokiP = {k(0)k1 : 6 € R} P, it suffices to show that the first two
columns of k* are proportional to (1,0,1)7 and (—sin 6, v/2cos@,sin )7 for
some 0 € R.

Let

1
w=10
0

Then w” g g w = w'k,a2(w”k,)", so the columns of w’k, are eigen-
vectors of w! g,glw in decreasing order of eigenvalue. For each i = 1,2, 3,
write the ¢-th column vector

T
Up; = W kpe; = Tpi€1 + Yni€2 + Zni€3.

We show that the first column of w?k* is parallel to (—1,1,0)7 and the
second column of w”'k* is parallel to (p, p,q)” for some p, ¢ € R. This implies
the required structure of k*.

Since uy,; are unit vectors, all |z, |, [yn.il, |2nq| are at most 1. Let ¢, =
e’ + e * and d, = e®» — e~ *". A direct computation gives

e2tnc2 —e2ing? —V2e7tregd,

1
Qn = ngngZ:w =1 —e2nd2 etnc? V2e trend,
—V2e7trend, V2e tnend, 2e4n(e25n 4 e 25n)

Setting f, = dy/cpn, we compute
Qnin1 = (wTkn)ai(wTk:n)Tuml = (wTk:n)a?Lel
= a?L,lun,l = ai,1($n,lel + Yn,1€2 + 2n,1€3)
On the other hand,

Qnun,l = xn,lQnel + yn,lQnGZ + Zn,lQne?) =

—V2fn
s 1 ) —f2 i
e aall EEZR T W R I VAR RS I il
,\/ifn \/ﬁfn 2(623"-‘1-6725”)

3t 3t
e3tn e3tn St cZ
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Hence

4@721 1
2y, 2 (Tn,1€1 + Yn1€2 + 2n1€3) =
estncs

—V2f,
1 _fg oFn
2 2
Tn,1 _fn + Yn,1 1 + Zn,1 \e/;g]:ln
,\/ifn \/ifn 2(625"—%6723")
e3tn edtn T btngz
n
= . 4ai 1 .
emma o. we may assume rg = 1Mt s—s+00 55,7 ex1sts, alter
By L 9, v iy g5 4o oriy > 0 exists, aft
n

passing to a subsequence. Indeed,

1"0:2

because aflyl is the largest eigenvalue of w’g,glw. Since lim, y00 fr = 1,

taking the limit of the above equation yields

2(lim zp €1 + lim yy, 1€ + lim 2, 1€3)

1 -1 0
=limz, 1 | -1 | +limy,1 1 +limz,1 (| 0
0 0 0

Comparing the es-components gives
lim 2z, 1 = 0.
Comparing the e; and es-components gives
limy, 1 = —limx, 1.

Thus limu,; is parallel to (1,—1,0)T, that is, the first column of w?k*
is parallel to (—1,1,0)7. Since each Up,2 is orthogonal to w, 1, the limit
lim u,, 2 must be orthogonal to (—1,1,0)7 and hence of the form (p,p,q)T.
This proves the claim about the second column of w’ k*. O

6. NEAREST PROJECTION OF FLOATING PLANES TO Y

Let m : X — Y be the nearest projection map. The main result of this
section is as follows: Fix a complete geodesic L C Y and ¢ € R. Let Y7 ; be
the associated floating plane. Then:

Theorem 6.1. The Hausdorff distance between w(Yr,+) and L tends to 0 as
|t| — oo.

By the H-equivariance of m, we may assume without loss of generality
that
L = Ap(o) and hence Y ; = a;Y.

For simplicity, we set Y; 1= Y4 0.
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Busemann functions. The visual boundary 0., X consists of equivalence
classes of asymptotic geodesic rays. (Recall that two geodesic rays in X
are asymptotic if they are within a finite Hausdorff distance). We equip the
visual boundary with the cone topology.

Definition 6.2. For £ € 00X, the Busemann function bg : X — R is
be() = lim (d(a &) — 1)

where {& : t > 0} is the unit speed geodesic ray in the class £ such that
& = o. Since X is nonpositively curved, this is well-defined: there exists a
unique unit speed geodesic ray from o representing each class.

The horofunction compactification of X is obtained by attaching the vi-
sual boundary 0., X. More precisely, for x € X, define d, : X — R be given
by

de(y) = d(y, ) — d(o, z).
If x, is a sequence in X converging to £ € 0 X (with £ represented by a
ray from o), then
dzn — bg
uniformly on compact sets of X [5, Chapter I1.8].

The next lemma reduces the proof of Theorem 6.1 to controlling the Buse-

mann functions b¢|y at every accumulation point & € 05X of the sequence

().
Lemma 6.3. Let £ € 0,X and x, € X be a sequence converging to £ in the
visual topology. Suppose Z C X is a closed convex set and be|z has a unique

minimum at zg € Z. Then the nearest point projection map pr : X — Z
satisfies pr(x,) — zo as n — oo.

Proof. Without loss of generality, assume that b¢|z(z0) = 0. For r > 0, let
By (20) be the closed ball of radius r. Let
0 == min{be(2z) : z € 0B,(20)} > 0.
Since d,, — b, uniformly on compacts, for all large enough n, we have
dy, (20) <0/3, dg, (z) > 26/3 for all z € 0B, (z).

Since d,, is strictly convex along geodesics in X, for all n > ng, dj, must
achieve its unique minima in B, (zp). Taking r — 0, we finish the proof. [

Properness via relative position in G/P. Any unit-speed geodesic ray
in X has the form ¢ — gexp(tv)o for some g € G and a unit vector v € a™.
The ray is called regular if v € inta®™ and singular otherwise. A point
€ € 00X is called regular and asymptotic to f € G/P if it is represented by
a regular geodesic ray g exp(tv)o, t € [0,00) with f = gP. Denote the set of
all regular points in 9,0 X by 05X . There is a well-defined map

f:0:8X — G/P, (6.1)
sending § to f¢ == gP.
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The Weyl group W = {e, wy, w], we, wh,wp} of G is depicted in Figure 3.
Here wg denotes the longest Weyl element so that woPw 1'is the lower

w2 w1
wo €
wy wy

FiGure 3. The Weyl group.

triangular subgroup. The Schubert cell decomposition of G/P:

G/P= || PwP,
weW
with the unique open P-orbit PwyP (a 3-cell); two 2-cells Pwy P and Pw) P;
two 1-cells Pw; P and Pw]P; and the zero cell is P. Identifying G/P with
the full flag variety {(p,£) : p € RP?,/ C RP? aline ,p € ¢}, the Schubert
cells relative to a given (p,¢) € G/P can be characterized as follows:

(1) O-cell: {(p,0)}.

(2) 1-cells: {((p',¢): p=p and L £}, {((p/,¢)): p#p and £ =}
(3) 2-cells: {(p/,¢"): pel —p'}, {(Y,0): p €l—p}.

(4) 3-cell: {(p',0'): p&g ¢ and p’ & (}.

Definition 6.4. For 1 < k < 3, two points £ = (p,¢),&¢ = (p/,¢') € G/P
are in relative position k if (p/,¢') lies in a k-cell in the Schubert cell de-
composition of G/P with respect to (p,£), or equivalently, if there exists
g € G such that £ = gP and £ = gwP for w € {wy, w;,} where we have put
w3 = wh = wp.

Since any geodesic ray in Y is regular, we have 0,Y C 0x°X, and
f(0xY)=Ay = KoP/P.

Lemma 6.5. Let £ € 08X, If fe has relative position 2 or & with respect
to every point of Ay, then bely is proper and bounded below, and it attains
a unique minimum in Y .

Proof. Busemann functions are convex, so to prove properness and bound-
edness below, it suffices to show that be — oo along every ray in Y issuing
from o. Let {§ : t > 0} be a ray from o representing £ € 0,,X, and let
{pt :t >0} bearayin Y from o. Let p € 05Y represented by it. By the
hypothesis, there exists g € GG such that we have f, = gP and f; = gwP
for some w € {wa, wh, wo}. Consider the maximal flat F' := gAo and its two
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Weyl chambers W_ := gwATo and W, := gATo asymptotic to fe and f,,
respectively. Set x = go. Let & (resp. p') be the central ray in W_ (resp.
W) from z, asymptotic to £ (resp. p). Since & and ¢ are asymptotic,
their Busemann functions bg and b¢ differ only by an additive constant.
Moreover, since Busemann functions are 1-Lipschitz, showing that bs goes
to infinity along p is equivalent to showing that bes goes to infinity along p'.

Note that the restriction bg |r is the Busemann function on the Euclidean
plane F' corresponding to the ray &, which must go to infinity along any ray
which makes an angle strictly more that 7/2 with £’. Since w € {wa, w), wo},
W_ and W are not adjacent and hence the angle between p’ and &' is strictly
bigger than 7/2. Therefore b¢ goes to infinity along p.

The second part of theclaim that b¢|y has a unique minimum follows
from the first part. Indeed, by the first part, b¢|y has a minimum. If be|y
had two distinct minima y1,y2 € Y, then convexity would imply that b is
constant along the geodesic segment in X joining y; and y,. Since Busemann
functions are real analytic, it would then follow that b¢|y is constant along
the complete bi-infinite geodesic extension of that segment, contradicting
properness. (]

Uniform regularity and properness.

Lemma 6.6. If t,, — 0o, v, (sn) = ag, kohs,0 — oo uniformly regularly as
in Def. (2.1), then
(v, (Sn)) = 0 asn — oo.

Proof. Since v, (s,) — oo regularly, |s,| — oo by Corollary 5.3. After
passing to a subsequence, we may assume that Vtn(sn) CORVErges to some
¢ € G/P in the sense of Definition 2.1. By Proposition 5.4, { = (po, ¢o),
where py = [e1 + e3] and € Ar-1().

The quadric y? = 2xz splits RP? into the disk D = {[z : v : 2] : y? < 222}
and the Mé&bius strip {[x : y : 2] : ¥*> > 2z2}. Since by Lemma 3.1,

Ay ={(p,?) : p € 0D, ! is tangent to D at p}

and p € D, it follows that ¢ has relative position 2 or 3 with respect to any
point in Ay. Since 7y, (Sn) — oo uniformly regularly, the accumulation set
of v, (sn) is a compact subset C C 95X with f(C) = ¢ (see (6.1)). By
Lemma 6.5, for each £ € C, b¢|y has a unique minimum in Y.

We claim that this minimum is achieved at o, which would finish the proof
by Lemma 6.3. By Corollary 3.4,

7 1(0) = U kkiwATo
ke Ko, weW
is a union of Weyl chambers emanating from o. Let A be the Weyl chamber
emanating from o and asymptotic to ¢. Since ¢ € Ar-1(,), we have A C
77 1(0). After extraction, v, (s,) is asymptotic to a ray 7 in the Weyl
chamber A in 77! (0) emanating from o (i.e., v, (s,) € X converges to [¢] €
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00X in the compactification X L 0o X ). This ray v must be perpendicular
to Y at o. Thus the Busemann function b, attains its minimum at o. O

Lemma 6.7. Ift, — oo and v, (Sn) has no subsequence which tends to oo
uniformly reqularly, then

d(L,7(v,(sp))) =0 asn— oco.

Proof. By Corollary 5.3, we have |s,|/t, — 0 as n — oo. In this case,
Y, (Sn) converges to the ray & := {at0 : ¢ > 0} in the visual topology: to
see this, we consider the right-angled triangle A(o, at, 0,7, (sn)). Since X is
a CAT(0)-space, this triangle is thinner than a euclidean triangle with the
same side lengths,

Zo(ag, 0,7, (s5)) < tan™! |in —0 asn— oo.
n

Therefore, v, (sn) converges to the ray £ := {a;0 : t > 0} in 0 X and

e (50) D
Since 7(at,0) = o and 7 is 1-Lipschitz, we have

d(ﬂ‘(")/tn (Sn))7 O) S d(atnk0h3n07 atna) = |Sn|
Since Y = (H N A)koL, there exists s, € R such that
hsglﬂ(’}/tn (Sn)) € koL. (6.2)

Since h_g koL is orthogonal to L at h_g o, h_y o is the nearest projection
of w(y, (sn)) to L, and hence

d(7 (Ve (8n)), s, (0)) < d(7 (71, (8n)), 0) < [8a.
Hence by the triangle inequality,

|8 = d(0, h—g,(0)) < d(0, 7 (v, (sn))) + d(m (1, (sn)), h—s;, (0)) < 2|sn].
(In fact, since the geodesic triangle in Y with vertices h_y (0), T(7t,(sn)), 0
has the right angle at h_y (0), we even get |s;,| < |sp]).

Since 2|s,|/t, — 0 as n — oo, we conclude again that

d

dh g 71, (5m) = O

uniformly on compacts.

Since the ray & = {a;0: t > 0} is perpendicular to koL at o, the point o
is a minimum of b¢ on kgL. We claim that this minimum is unique: Suppose
that y € koL is another point such that be(o) = be(y). Let {p, : t > 0}
be the ray in X emanating from y and asymptotic to & and consider the
Busemann function

l;p X = R: l;p(x) = tlim d(pg,z) —t.
—00

Then l~)p — be is a constant function. Since y is a minimum of be on koL, it
must be a minimum of l;p. Thus p must be orthogonal to koL at y. Since
¢ and p are perpendicular to the segment [o0,y] at its endpoints and are
asymptotic, it follows from the Flat Strip Theorem (see [1, Ch. I, Cor.
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5.8(i)]) that & and p bounds a flat half strip; in particular, £ and p (and
hence the segment oy) must lie in a 2-flat F¥ C X. Thus F contains the
ray & = {aro: t > 0} as well as the geodesic koL = {kohto : t € R} (since
it contains the segment oy C koL). Hence for all ty € R, kohs kg ! lies
in the centralizer of {a; : t € R}, which can be verified to be false by a
straightforward computation. So, we arrive at a contradiction.

Since o is the unique minimum of b¢|,r,, Lemma 6.3 implies that the
nearest projection of hy v, (sn) to koL converges to o. By (6.2), we have

d(m(hs Vi, (8n)),0) = 0 asn — oo.
Since 7 is H-invariant, we finally have
d(m(v¢,(sn)), L) =0 asn — oo

as asserted. O
Projection is bounded.

Theorem 6.8. For any € > 0, the union Uy, m(Y3) lies within a bounded
distance from L.

Since 7(Y;) = Apm(aikoApo), the result follows from the following result:

Lemma 6.9. For ¢ > 0, the set {m(v(s)) : [t| > €,s € R} lies within a
bounded distance from L. Moreover, if either t, or |s,| is bounded, then
(Y, (8n)) is bounded.

For the proof of this lemma, we assume that the parameter ¢ is positive.
More precisely, we show:

Lemma 6.10. For all € > 0, the set {m(v(s)) : t > €, s € R} lies within
a bounded distance from L. Moreover, if either t, or |s,| is bounded, then
(Y, (8n)) is bounded.

This suffices, as can be seen as follows: the Cartan involution © : G —
G given by (2.1) induces an isometry ¢ : X — X defined by «([¢K]) =
[(¢g7) ' K] (a point reflection about the basepoint o). This isometry preserves
all totally geodesic subspaces passing through o, such as Y, L, and Ao. Note
that ©(a;) = a—¢. Since the nearest point projection 7 : X — Y, viewed as
a map from X — X, commutes with ¢, Lemma 6.10 also implies that the set
{m(1(s)) : =t < —¢, s € R} lies within a bounded distance from L, thereby
concluding the proof of Lemma 6.9.

Proof of Lemma 6.10. Suppose that the claim is not true. Then there exist
e > 0 and sequences s, and t,, > ¢ such that the sequence (v, (s5)) diverges
away from L. After extraction, we have the following cases.

Case 0: Both s, and t,, are bounded. Then 7(~, (sy)) is bounded, leading
to a contradiction.

Case 1: t, is bounded and [s,| — co. Passing to a subsequence, we can
assume that t,, — t and s,, — 0.
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FIGURE 4. shadow of the floating plane

Let £ € 05X denote the equivalence class of the ray {v(s) : s > 0}.
Then, 74, (sn) — & as n — oo. Thus, we have

d —>b€

Ven (sn)
uniformly on compacts.

We observe that fe¢ (cf. (6.1)) has position either 2 or 3 relative to any
point in Ay: To see this, note that if we write fe = (p,€) (as described in
the paragraph before Definition 6.4), then

p = askoler] = [e'er — V2e ey + eles).

Thus, for ¢ > 0, p lies in the interior of the disk D € RP? bounded by the
conic y? = 2xz, which implies the assertion.

Therefore, by Lemma 6.5, b¢|y is proper and bounded below, and has a
unique minimum in Y. By Lemma 6.3, it follows that (7 (¢, (sn))) converges
to this unique minimum and thus we again have a contradiction.

Case 2: If the sequence s, is bounded, then the sequence v, (s,) lies in a
bounded neighborhood of the singular ray {a;o : t > 0}, and thus must have
a bounded projection to Y. This is a contradiction.

Case 3: Finally, if t,, — oo and |s,| — oo as n — oo, then it follows from

Lemma 6.6 and Lemma 6.7 that 7(vz,(sp)) is bounded. Again, this is a
contradiction.

The “moreover” part follows from Cases 1 and 2 discussed above. O

Projection is narrow.

Theorem 6.11. The Hausdorff distance between w(Y:) and L goes to 0 as
|t| — oo.

Proof. Again, we make the assumption that ¢ > 0, as the case when ¢t < 0
is analogous.

Suppose the claim is not true. Since L C 7w(Y}), there exist 6 > 0, ¢, — oo,
and x, € Y, with d(L,7(x,)) > d. As in the proof of Theorem 6.8, write
Tn = hg at, kohs, 0 and use the Ap-equivariance to take s/, = 0. Lemmas 6.6
and 6.7 then give a contradiction. O
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7. CLOSURES OF FLOATING PLANES: THE FUCHSIAN CASE

In this section, we consider the closure of an H-orbit [h]a;H in I'\G where
h € H and T is a cocompact lattice in H. Let N~ and N be the strictly
upper and lower triangular subgroups of G and set Ni¥ = H N N=*.

For any h € H, the product map hNJ' XNy xAg — H is a diffeomorphism
onto its image which is Zariski open and dense. Any right Ag-invariant open
neighborhood of h € H contains a subset of the form O = hUTU™ A for
some open neighborhood U+ C NSE. We will call a subset of this type a
basic open subset and let 7+ =70 4+ : O — NSE be the Bruhat projections

t and w1 (hnTnTa)=n". (7.1)

Definition 7.1. We say that an Agp-invariant subset Z C H is admissible if
the box dimension of 74 (Z N O) is equal to its Hausdorff dimension for all
sufficiently small basic open subsets O. If L = hAgo is a geodesic in Y, we
say L or ¢ =T'\L is admissible if I'hAj is admissible.

The following theorem says that when the floating height ¢ is non-zero, it
can be as chaotic as the closure of its reference geodesic I'\I'h Ay in I'\ H.

Theorem 7.2. Let I' < H be a discrete subgroup and h € H. Let t # 0.
(1) We have

7 (hn™n"a) =n

dimTha;H = 2 + dimT'hAj.
(2) Let Yy = haiHo for L = hApo. Suppose that L is admissible. Then

% (3+dimThAg) < dimTYz, <1+ dimThA,.

(3) In particular, if 1 < dimI'\['hAg < 2, then
dimTYL, € (2,3).
The rest of this section is devoted to proving Theorem 7.2. We begin
by showing that the closure of [h]a;H in I'\G is governed by the closure of

[h]Ap C T\ H. Note that for I < H, the quotient I'\ H is a closed subset of
NG.

Proposition 7.3. Let I' < H be a discrete subgroup and h € H. For any
t e R, we have

Tha;H = ThAgaikoAgKg.
In particular, for L = hAgo,
m = ThApatkgAgo.
Proof. Since H = AgkgAgKg, we have
Tha;H = ThAgatkoAg K.

Let g € ThaH, i.e., v;hath; — g for an infinite sequence v; € I', h; € H. We
write hl = Cikgpiki S Aok‘voKo, SO athi = Ciatkopik‘i. It suffices to show
that a;kop; is bounded, so that its limit lies in a;koAgKy. Write

atkop; = bk, € HBK
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using Theorem 3.2. As t is fixed,
7(atkopio) = hio
is bounded by Lemma 6.9 and hence b} € H is bounded. Using Theorem 3.2,
we can write g = h*b*k* € HBK. Since
vihagh; = vihei(ackopi ) ki = (viheihl)b;(kik;) € HBK

and the B-component in the G = HBK decomposition is uniquely deter-
mined modulo a compact subset, we must have b; — b* modulo a compact
subset, and hence b; must be a bounded sequence. Since both h} and b; are
bounded sequences and a;kop; = hib;k, € HBK, it follows that atkop; is
bounded, as desired. O

To relate the Hausdorff dimension of I'’h Ay with that of 'ha; H, we use the
local product structure in GG. The following lemma shows that H x a:kg Ay Ky
maps locally diffeomorphically into G, allowing us to invoke Proposition 7.3
in the proof of Theorem 7.2(1).

Lemma 7.4. Let t # 0. The product map
m: H x atkgAgKo — G, (h,s) — hs

with h € H and s € aikgAoKy is a local diffeomorphism onto its image
at every point, i.e., for any p = (h,s), there exists an open neighborhood
U of p such that m(U) is a submanifold of G and m|y : U — m(U) is a
diffeomorphism.

Proof. Write g = azkg and set S; = gAgKog~'. To prove the claim, it suffices
to show that for the product map m : H x Sy — G given by (h,s) — hs,
dms) is injective at every (h,s) € H x S;. Then by the constant rank
theorem, the claim would follow.

So, let h € H and s = g(ak)g™' € S; where a € Ag and k € Ky. For any
UeTy,Hand V € T, S;, we get

(L(hs)*l)*dm(h,s)(Uv V) = Ads— (thl)*U + (Lsfl)*v

where L, : G — G denotes the left translation by x € G and (Ly)+ : Ty G —
Tyy G denotes the differential at y € GG. Therefore

ker dmyp, ) =~ Adg-1 N (Lg-1)« Ts(St).
Now
(L(ak)-1)x Tarx(AoKo) = Ady-1 a0 @ &
and conjugating by g gives
(Ls-1)+Ts Sy = Adg (Adg-1 a9 @ €) .
Setting b’ = Ad -1 b, we can write
Ady-1 b = Adg(Ad, 151 b).
It remains to show that
Adg-1-1 ' N (Ad-1 a0 @ &) = {0}
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Since k = k(6) asin (3.4), we can compute that any matrix in Ad,-1 ap®ey
is of the form
b p 0
g 0 p (7.2)
0 g —-b
for some b, p, q € R. Moreover, if k = e, then p = ¢.
Now, an element in §’ is of the form

s x 0 1 X Y Z
gty 0 =z g=5|W 0 Y (7.3)
0y —s zZ W -X

for some z,y,s € R, where
o X =2z +y)(e +e ),
o YV =225+ 2e%(x — ),
o 7 =273 (x4 y),
o W =2y2s—2e73(z —y).
Let £ = kg, ¢ = cosf, s = sinf, and a = h,. Then a matrix I €
Ad,-1,-1 b is, up to a uniform constant multiple, of the form

I1 = 2cX 4+ V25Y +V25W, Iy = —V/2csW, Iz = 2cZ 4 /s(1 — )W
oy = (—V2sX + (c+1)Y +V2sZ — s> W)e ",
Iy = (—V2sX + (c+ 1)Y — V2sZ + c(1 — c)W)e*,
I = (—V25X + (c = 1)Y —V25Z + (c+ 1)W)e™,
I3y = (—V25X + (c — 1)Y +V2s2)e™ %,

Iy =2cZ +v2 (1= c)sW, Iy = —2c7.

Suppose that I € Ad,-1,-1§" N (Adp-1 a0 @ €). To show that I = 0, we
consider the following three cases separately.

Case I: cs # 0. Since I13 = Isg = I31 = 0, we must have Z = W = 0 = I33.
Since Z = 0, # = —y. Together with W = 0, this gives v/2s = 2¢3!z. Since
Is3 =0, I11 =0, i.e, vV2cX +sY = 0, and this means that v/2s = —2¢e%z.
Since t # 0, we get x = 0, which also means that s = y = 0. Therefore
I1=0.

Case II: ¢ = 0. Then from I;3 = 0, we get W = 0, which implies I35 = 0.
From 117, = —1I33, we get Y = 0. This implies that + = y = s = 0. Hence
I1=0.

Case III: s = 0. In this case, kK = e. So I1o2 = I>;. Then from I;3 = 0, we
get x +y = 0. Since I3o = 0, we get Io; = 0, which gives us W = 0, and
hence Y = 0. This implies x =y =s=0;s0 I = 0.

This finishes the proof. ([
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Proof of Theorem 7.2(1) By Lemma 7.4, the product map f : H x
atkgAgKg — G is locally bi-Lipschitz on a countable cover. Since Haus-
dorff dimension is countably stable, it follows that for any subset ¥ of
H x aikogAoKy, the Hausdorff dimension of ¥ is equal to that of its im-
age under f.

Lemma 7.3 gives

FhatH = FhAO(Ith()AOKQ,

and 'hAg C H as I’ € H, Thus the Hausdorff dimension of I'a; H is equal to
that of the product 'hAg X atkgAgKy. Since a;kgAgKy is a 2-dimensional
smooth submanifold, the claim follows.

Floating geodesic planes. For Part (2) of Theorem 7.2(2), we need an
analogue of Lemma 7.4 at the level of the symmetric space X. Unfortunately,
the product map H x a;KgApo — X is in general not locally injective,
and this is precisely why we cannot conclude dimI'Y7; = 1 4 dimI'hAy
in Theorem 7.2(2). The next lemma shows that replacing H by hN Ay
restores local injectivity in X, and this will allow us to prove the dimension
estimates in Theorem 7.2(2).

Lemma 7.5. Let h € H. The multiplication map
hNOiAO x atkoAgo — X, (hh',s0) — hh'so

with h' € Non and s € atkygAg is a local diffeomorphism onto its image
everywhere.

Proof. Recall the Cartan decomposition g = €@ p. Set H* = HNN*A and
h* := Lie(H*). Let g = asko. It suffices to show that the multiplication
map ® : g7 H*g x Ago — X is a local diffeomorphism at (e, h,.0) for any
r € R, since the left-translation by an element of g "'H*g is an isometry.
The image of d® ,,) is given by dLhr(Adh;Igﬂ(hi)p + ag). Thus it is
enough to show
(kg 0T ghy)p Nag = {0} (7.4)

where (-), denotes the projection to p.

Since the projection g — p is given by u — (u + u?)/2, an element of
(97T g)p is of the form as given in (7.3) with

s 0 0 1 2X Y+W  2e¥Z
hilgtly 0 0 |Jghr==|e (Y +W) 0 e (Y+W)
0y —s A\ oz T ovew ox
(7.5)
where
o« X = Iy +e ),
o Y =225 —2e3y,
o 7 =+/2e7 3y,
o W =2v/2s5+ 2e 3%y,
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Hence 2¢72"Z =0 and Y + W = 0 implies that y = 0 = s, proving (7.4) for
h*. The computation for b~ is analogous. O

Lemma 7.6. For G = ThAg with h € H, suppose that G is admissible.
Then

max{dim 74 (? N (’)) ,dim7_ (? N (’))} > dlm(g)_l

where the supremum is taken over all basic open subsets O of H.
Proof. Since H can be covered by countably many basic open sets,
dim(G) = supdim(G N O).
@

Hence if dim(G) > ¢y, then for some basic open subset O, we must have
dim(G N O) > ¢g. Write O = hUU; Ag and GN O = hJ,(nfny)Ao with
ngf € Ugc. Hence 74 (? N (’)) = Uang. Since G is admissible, we have

co < dim(G N O) < dim (U(n;fn;)) +1< dimLJn;r + dimUn; + 1.

This inequality forces at least one of dim|Jn! or dim|Jn, to be bigger
than (co — 1)/2, giving the claim. O

Proof of Theorem 7.2(2) By Lemma 7.3,
Tha;Ho = T"'hAgaikgAgo.

Hence the upper bound is immediate. For the lower bound, by Lemma 7.6,
it suffices to show that for any basic open subset O C H, we have

max{dim w4 (? N (’)) ,dim7_ (6 N O)} +2 <dimI'Yy,.

write @ = hoUtTU~ Ay for some open neighborhood U+ C NOi and hg € H.
Write

ThA,NO = U hon;“n;Ao
which is a disjoint union of Ag-orbits with nt € U*. So
dim FhatHO Z dim (FhA() N O) atk:ngo > dim ((U hon;—Ao)atkoA()O)
Since (Jnt Ao) C Ny Ao, by Lemma 7.5, we have

dim (ho(U n;tAQ)atkvoo) = dim (ho U n:Ao) +1

which is equal to

[0}

dim <U nj;> +2=dimm, (Ch4d;NO) + 2.

Hence
dimTha;Ho > dim 7y (? N O) + 2.

The statement dim I"'ha;Ho > dim 7_ (? N C’)) + 2 can be proved similarly.



30 SUBHADIP DEY AND HEE OH

8. BULGING DEFORMATIONS AND FLOATING PLANES

Let I' < H be a torsion-free cocompact lattice and let
S=T\Y

be the closed orientable hyperbolic surface. Let pp : ' — H denote the in-
clusion map. Fix a diagonalizable element ¢ € I' representing the homotopy
class of an essential simple closed curve § C S. We describe the notion of
bulging deformations of I' in G, introduced by Goldman [12].

Geometrically, a bulging deformation along 3 alters the convex RP2-
structure on S by inserting a projective “bulge” along 8. This is achieved
by deforming the holonomy representation using a one-parameter subgroup
of projective transformations that fix the endpoints of the holonomy of 3
while “stretching” transversely to it.

We give a more precise description of the holonomy representation. Sup-
pose first that 3 is separating. In this case, the complement of £ in S consists
of two connected subsurfaces whose closures we denote by S; and Sy, with
B as their common boundary. The inclusion maps 8 — S; (i = 1,2) induce
a decomposition of I'" as an amalgamated free product

['= Ay *5) Ao,

where A; = m1(S;) for i = 1,2, and (§) is the image of 71(8) under the
inclusion maps, viewed as a common subgroup of Ay and As.

Let B denote identity component of the centralizer of ¢ in SL3(IR), which is
a maximal real split torus. For any b € B, we have a unique homomorphism
b : I' = G extending

0 for v € Ay
= 8.1
Po(7) {byb_l for 7 € Ao, (81)

CE O

F1GURE 5. Bulging deformation

Now we discuss the case when § C S is non-separating. Cutting along
B gives a surface S; with boundary components (1, 82, and re-gluing by
an orientation-reversing homeomorphism f : 51 — (2 recovers S. Setting
A = m1(S1), the group T' = 71(.5) is an HNN extension

T2 Asy = (At | tht L = (b), 6 € 1y (m1(Br))), (8.2)

where ¥ = 15 0 f, o Lfl, with f : 7T1(,81) — 7T1(B2) and ¢; : 771(51') — A the
induced maps.
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The group A naturally embeds in I', so we can view A as a subgroup of
I'. Let § be a generator for the image of 71 (1) in A C I and let B = C(9)
as above. For any b € B, we have a unique homomorphism p, : I' - G
extending

~ for y € A
= 8.3
Po(7) {bt for v =t. (83)

If h € H is such that héh~' € Ay, then hBh~! = A, and hence
hbh™t = ag hg,  for some cg,dy € R.
We will call |¢g| the width of b, which will be denoted by
wd(b). (8.4)

We set
I'y = pb(r) < G. (8.5)

Hitchin property and Zariski density. If b = expu for u € g, then for
s € R, set

bs = exp su, (8.6)

and consider the one-parameter family of deformations

Ps = pbs'

Noting that hbsh™ = acyshq,s for all s € R, the width of by is wd(bs) =
|s| wd(b) = |cos|.

Clearly, {ps : s € R} lies in the Hitchin component of Hom(I", SL3(R)),
which is the connected component containing pg. Therefore, according to
Choi-Goldman [6], pp is discrete and faithful. Later, Labourie [13] initiated
the theory of Anosov representations and showed each representations in the
Hitchin component is Anosov.

Theorem 8.1. For allb € C(6)°, I'y is an Anosov (in particular, discrete)
subgroup of G. Moreover, if wd(b) # 0, then T'y is Zariski dense in G.

We justify the “Zariski dense” part in the above result only in the case
when 8 C S is separating, the non-separating case is similar: Note that I',
contains A and bAsb~!. Since each A; is Zariski dense in H, the Zariski
closures of I'y contains both H and bHb~!. If wd(b) # 0, then b ¢ Ng(H).
Since H is a maximal connected Lie subgroup of G, it follows that I'y is
Zariski dense in G. We refer to [8, Sec. 1.2] for a direct proof of the Anosov
property of I'p.
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Proper embedding away from the bulging locus. Fix a complete ge-
odesic 8 in Y which projects to 8. Every representation pp : I' = G admits
a pp-equivariant locally isometric map

¢b(Y_F6)_>X7
constructed as follows. Consider the dual graph T' (actually a tree) to the
lamination I' - 3 C Y 2 H2, whose each vertex uniquely correspond to a
connected component of Y —T"- /5’ , and there is an edge between two vertices
if the corresponding connected components of Y — T"- BN are adjacent.

If B is separating, then there are two I'-orbits of the connected compo-
nents of Y —T'- 3. So, the vertices of T is bicolored. Note that T is precisely
the Bass-Serre tree associated with the amalgamated free product decom-
position

I'= Al *’YO AQ.

We fix an edge e = [v1,v2] in T, i.e. afundamental domain for the action I' ~
T and let Y7 and Y5 be the connected component of Y —I"- 3 corresponding
to v; and vy, respectively. We may assume that Aj, Ag, and (vg) are the
stabilizers in I" of vy, vg, and e, respectively.

If 8 is non-separating, the dual graph T to T3 C Y is again the Bass—Serre
tree of the HNN extension in (8.2). The connected components of Y —T"- B
(correspond to vertices of T') lie in a single I-orbit; we choose the component
YicY-T. B stabilized by A. We fix the notation v; and vy to denote the
(adjacent) vertices in T' corresponding to Y7 and Y5 := tY7, respectively.

Define ¢p, : (Y —T'- 5) = X by

blyi =1vi, Obly, =boiy,

where iz : Z <— X denotes the inclusion map.
Using the H-equivariant nearest-point projection map 7 : X — Y, we
extend ¢y, to a pp-equivariant local isometry

Fy:(X—7YT-8) =X
by setting F}, equal to the inclusion map on 7—'(Y1) and to b o in—1(yy) O
771(Ys), and extending equivariantly. In particular, it satisfies
Fy(Tz) =Tpx, forallze X —n (T f). (8.7)
T

For ¢ > 0, let Y, be the complement of the open ¢-neighborhood A, (T-5)
of I'-Bin Y. Set

X. =71 1Y) (8.8)

Both Y, and X, are I'-invariant. Thus the restriction of F}, to X, descends
to local isometry

fb,c : F\XC — Fb\X.

In this section, we prove:
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Theorem 8.2. For all ¢ > wd(b), the map
fb,c : F\XC — Fb\X
is a proper locally isometric embedding, which is given by

foe([Tz]) = [Tpx]  for all z € X..

The above discussion has an analogue when X is replaced by G, as we
now discuss: Consider the fibration p : G — X given by g — go, € GG, whose
fibers are isomorphic to K. Define a pp-equivariant map

Fy:G—(mop) ™ Y(I'-B) - G

as follows. In the separating case, set F}, to be the identity on (7w op)~1(Y7),
the composition of the inclusion map with b on (7 o p)~%(Y2), and then
extend uniquely by requiring equivariance. The construction is analogous
in the non-separating case. In particular,

Fy(lg) =Tyg forallge G — (mop) (T 3). (8.9)
For ¢ > 0, let
G.=p1(X,),

where X, is defined by (8.8). The map F}, descends to a local isometry

fo.e : T\G: — Tp\G.
In this setting, Theorem 8.2 implies the following:
Corollary 8.3. For all ¢ > wd(b), the map

fb,c :IN\G: = Tp\G
is a proper locally isometric embedding, which is given by

Joe([Lg]) = [Cog]  for all g € G..

Proof. Consider the following commutative diagram:
M\G. %5 Tp\G
)| I
T\X, 2% Tp\X
The properness of fi, . follows from that of f, . (by Theorem 8.2) since the
fibers of the vertical maps in the above diagram are compact.

We show that fi, . is injective. Let g1,92 € I'\G. be distinct points.
Suppose first that p(g1) # p(g2). Since fp . is injective (by Theorem 8.2),
we have fp(p(91)) # fbe(p(92)). The commutativity of the diagram then
implies that fu (1) # fb.c(g2). If instead p(g1) = p(g2), then the conclusion
fo.c(91) # foc(ge) follows from the fact that F'(s), and hence fy ., maps
fibers isomorphically onto fibers of p. O

The rest of this section is devoted to the proof Theorem 8.2. Without
loss of generality, we may assume that b € A by conjugating I.
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Nearest point projection revisited. The proof of Theorem 8.2 is based
on the study of fibers of the the nearest point projection map 7 : X — Y.
Recall that 7=1(ho) = hKoBo for any h € H.

Also, recall the notation k() € Ky from (3.4) and k; € K from (3.10).

Lemma 8.4. For all 0,c € R, there exists 0/ € R such that
k7 k(0 ack(0) ky € A.

Proof. Let
QO,0,¢) := k' k(0)ack(0)k:.
A direct multiplication yields Q(¢’, 6, ¢) is given by

e 0 0
% 0 6%6 (cos 0 cos ' — e3¢sin fsin 9’) e%c (cos 0sin @ + e3¢sin 6 cos 9’)
0 e_i (cos Osin @ + e3¢sin 6 cos 9’) e% (e3c cos 0 cos ' — sin 6 sin 9’)
If sin@ = 0 then set 6’ = 0. Else, if sinf # 0, choose 6’ by
cot @ = —e 3 cot 6. (3)

Then Q(¢, 0, c) is diagonal. If the diagonal entry has a negative sign, we can
replace 6’ by 6’ + 7 to make all diagonal entries of Q(#',0, ¢) positive. [

Lemma 8.5. Forc € R, the Hausdorff distance between m—*(0) and a7~ (o)
is at most |c|.

Proof. By Corollary 3.4,
7 1(0) = Kok WA 0.

Let w € W. By Lemma 8.4, for any k € Ky, there exists k' € Ky such that
ackk € k'k1A. Since A C wPw™!, we get

ackkle = /{:'kle.

In other words, the Weyl chambers a.kkiwATo and kK'kiwATo in X are
asymptotic.
Therefore by [9, 1.6.6(4)],

dtaus (ackkiwA o, K kiwAT o) = d(ackkiwo, k'kywo) = d(aco0,0) = el

where dyaus denotes the Hausdorff distance. It follows that the Hausdorff
distance between 771 (0) = KokiWA10 and a1 (0) = a.KokiWA* 0 is at
most |c|. O

Corollary 8.6. Let c € R.

(1) The Hausdorff distance between 7= (8) and br='(3) = acn—(B) is
at most |c|.

(2) Suppose that ¢ > wd(b). Ify and y' are points in Y — N.(B) lying in
distinct connected components, then the fibers 71 (y) and br=1(y)
are disjoint.
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FI1GURE 6. Fibers of the nearest projection map

Proof. (1). Using the Agp-equivariance of 7, this follows from Lemma 8.5.

(2). Since the nearest point projection from X to a convex subset is 1-
Lipschitz, the minimal distance between any two fibers 7—1(y) and 7~1(y/)
is precisely d(y,y’).

Write Y as the union of two closed half-planes Y_ and Y, sharing the
common boundary . Using the nearest point projection 7, the symmetric
space X can be written as the union of the following connected smooth
submanifolds with boundaries:

Xy o= 1(yy).

Note that X+ = 7—'(3). The interiors of X, and X_ are disjoint.

Let y € (Y- — Nc(B)) be an arbitrary point, where ¢ > wd(b). So,
d(y, ) = ¢+ ¢ for some ¢ > 0. Then

d(bsm ™ (y), A(bsX1)) = d(m M y). 7 (B) Z e+, sER,

where b, is defined in (8.6). By part (1), the Hausdorff distance between
0X_ = 7 1) and 9(bsX ;) = by~ 1(B) for s € [0,1] is at most wd(b).
Since ¢ > wd(b), by the triangle inequality, it follows that

dbsr Y (y), 771 (B) > e, se[0,1].

Thus {bSTE_l(y) : s € [0,1]} lies in the same connected component of
X — 77 1() (since the family is disjoint from 7~!(3)), which must be X_
as bor~1(y') = 7~ (y) € X_. Thus, by7~1(y) = br~1(y) must be disjoint
from any fiber 77!(y) contained in the interior of X.

The same conclusion holds for y € (Y, — N(B)). O

We are now in a position to finish the proof of Theorem 8.2.
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Proof of Theorem 8.2. That fy, . is a local isometry follows from the defini-
tion of the map. Thus, to show that f, . is injective, it is sufficient to show
that Fp|x, is injective for all ¢ > wd(b).

Properness of fi, . then follows: suppose, for contradiction, that there
exists a divergent sequence x,, in I'\ X, such that the sequence f,(xy) con-
verges to some point z € I',\X. Being a local isometry, f,. is an open
map in the interior of I'\ X}, and so, by replacing ¢ by some ¢ € (wd(b), c),
we have that z belongs to the interior of Im f, ». As f, ~ is injective, f;cl,
is a continuous map in a sufficiently small neighborhood of z contained in
Im fy, ». This implies that z;,, must converges to ft; Cl,(z), contradicting the
assumption that (z,,) is divergent.

Now we return to showing that Fy|x, is injective. For this, we only need to
show that for any two distinct connected components Y, Y” C Y —N,, (T-j3),

Fo, (' (Y)N Fy (r 2 (Y") =0 forall s €[0,1]. (8.10)

Since by = b, the injectivity of Fj|x, follows from this.

We will prove (8.10) by induction on the Bass-Serre tree distance dp(vy+, vyn)
between the vertices corresponding to Y’ and Y.

The base case when dr(vy,vy~) = 1 follows from Corollary 8.6(2).

For the inductive step, suppose that the assertion (8.10) holds whenever
dr(vyr,vyn) < ng — 1, for some nyg > 2. We show that the assertion still
holds if dp(vys,vyrn) = ng. By the pp -equivariance, we may assume that
vy is either vy or vg, say vi. Then, there is a geodesic sequence in T

U1 = 01,02, .., Upg41 = Vyw

connecting v1 to vyr. Let Lo C Yj;, be a complete geodesic separating
(inY) Y7 =Y, from Yj,, where Y, denotes the connected component of
Y — N, (T - B) corresponding to the vertex v € T. Clearly, Ls also separates
Vi from Y5, ...Y5, . By our induction hypothesis, for all s € [0, 1], the
hypersurface Fy,, (7~!(Lz)) in X does not intersect

Fp, (Wﬁl(ym))a F, (W71<Yﬁn0+1))-

For s = 0, i.e., for F},,, the identity map, the hypersurface Fy,,(7~1(L2)) in X
separates Fo(m~!(Y1)) from Fg(w_l(Y;}nO +1))- Therefore, by continuity, we
conclude that in X, for all s € [0,1], F,, (7 1(L2)) separates Fy, (771(Y,,))
from Fi, (7r_1(Yq~,n0 +1))- This proves (8.10), thereby concluding the proof of
the result. O

Chaotic floating planes.

Theorem 8.7. Let L = hApo € Y be a geodesic so that T\I'L is disjoint
from the 2r-neighborhood of B for somer > 0. There existstg > 0, depending
only on L and r such that for allt > ty and any b € B with width wd(b) < r,
we have

(1) dimp\I'bhaH = dim T'\T'h Ay + 2;
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(2) IfThAg is admissible, then
% (dimT\ThAg + 3) < Ty\TwYr, < dim T\ThAg + 1.
(3) Let L be an admissible geodesic with 1 < dim(I\I'L) < 2. Then
% (AmT\TL +3) < To\IyYz¢ < dimT\TL + 1.

In particular,
2 <dimIyY7 4 < 3.

Proof. Let L := hApo. Since § C S =T'\Y is closed, {z € §: d(z,5) <r}
is closed and hence T'L is disjoint from N, (B) for some 7y strictly bigger
than wd(b). Now consider the floating plane Y7 ; = ha;Ho. By Theorem
6.11, there exists tg > 0 depending on L and 7 such that for all £ > ¢,
the nearest projection m(Y7+) is contained in the r/2-neighborhood of L.
By the H-equivariance, the nearest projection m(vY7 ;) is contained in the
r/2-neighborhood of vL for all v € T'. Therefore n(I"ha;Ho) is disjoint from
r-neighborhood of 5 . Hence,

MTha:H C T\G,.
Since wd(b) < r, Corollary 8.3 implies that
Jor : T\Gr = Tp\G

is a proper locally isometric embedding, where fy,([[g]) = [[pg] for all
g € Gp. The local isometric property everywhere implies that the Haus-
dorff dimension of T'\T'ha;H is equal to that of its image in I',\G. Since
for(T\I'g) = Ip\I'bg and f,, is a proper map, the image of I'\T'ha:H is
closed and hence

for(C\Tha;H) = T,\Tpha H.
Therefore the claim (1) follows from Theorem 7.2. Similarly, Equa-
tion (3.12) and theorem 7.2 imply (2). If 1 < dim(I'\I'L) < 2, then
dim(T'\T'L) = dim(I'\I'hAy); see Corollary 9.3 below. Hence (3) follows. [

Remark 8.8. Much of the discussion in this paper also applies when I' < H
is a torsion-free nonuniform lattice. In this situation, the quotient I'\Y is a
noncompact, finite-area hyperbolic surface with finitely many cusps. Choos-
ing a nonperipheral simple closed curve § C S, one may again decompose
I over the cyclic subgroup generated by § = [§] € T', as before. For each
b € B = Cg(0)°, we obtain a homomorphism py, : I' = G defined as above.

For each b € B, pp is discrete and faithful ([11]). In particular, Theo-
rem 1.2 remains valid in this setting.

Remark 8.9. For a cocompact lattice I' < H, Pavez showed that any Haus-
dorff dimension between 1 and 3 can occur as the dimension of the closure
of some orbit I'\'hAy C I'\H [22]; any number between 3 and 5 can arise
as the Hausdorff dimension of the closure of a floating plane I'\'ha; H .
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It is a natural question, for a given simple closed geodesic 5, which Haus-
dorff dimensions can be realized by geodesic flow closures I'\I'h Ay C T'\H
whose projection to the surface I'\Y is disjoint from . The maximum pos-
sible value in this setting is 1 + 2§y where Jy denotes the maximum of the
critical exponents of the components of I'\Y —{$}. Thus the precise question
is whether any number between 1 and 1 + 2y can indeed be achieved.

In the next section, we show that we can find geodesic-flow closures that
come arbitrarily close to dimension 1, yet avoid a prescribed closed simple
geodesic.

9. GEODESIC CLOSURES AWAY FROM A GIVEN SIMPLE CLOSED GEODESIC

The goal of this subsection is to prove Theorem 9.1 and finish the proofs
of all theorems in the introduction.

In the whole section, let S = I'\H? be a closed hyperbolic surface for a
torsion-free cocompact lattice I' < PSLy(R). The following theorem com-
bined with with Theorem 8.7 implies Theorem 1.2 and 1.4.

Theorem 9.1. Let 51,..., 8, be pairwise disjoint simple closed geodesics
in S and let S" C S be a connected component of S —\J; Bi. There exists
a sequence of immersed complete admissible geodesics £, C S, contained in
S’, such that the following hold:

(1) inf{d(ly, Uy~ Br) : n € N} >0.
(2) For alln €N, dim £, > 1.
(3) dim ¥4, — 1 as n — oc.

Let Ag be the diagonal subgroup of PSLy(R), Ky = SO(2) and 0 = [K(| =
PSLy(R)/Kq ~ H2. The unit tangent bundle of H? is PSLy(R) and an orbit
of the geodesic flow is of the form hAy C PSLy(R). Let p : I'\ PSLy(R) —
I'\H? be the basepoint projection x — xo.

We recall the following theorem of Ledrappier and Lindenstrauss: for a
Borel measure o on a metric space, we denote by dim o the lower information

dimension
logo(B(z,¢)) )

dim o = ess-inf, (lim inf._o
loge

Theorem 9.2 ([14, Theorem 1.1]). Let u be an A-invariant probability mea-
sure on I'\ PSLa(R). If dim p < 2, then

dim p = dim p,p.

In order to deduce the comparison between the Hausdorff dimension of
an Ag-orbit and its projection to S from Theorem 9.2, we first note a gen-
eral principle: for any finite Borel measure ¢ on a metric space, its lower
information dimension satisfies

dim o < dim(supp o). (9.1)
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Indeed, if a < dim o, then for almost all z, there exists r, > 0 such that
o(B(x,r)) < r® for all 0 < r < r,. By the mass distribution principle,
this implies that the a-Hausdorff measure of supp o is positive, and hence
dim(supp o) > a. Letting o — dim o yields (9.1).

Corollary 9.3. Let xAy C T'\ PSLy(R) be the support of an Ag-invariant
probability measure . Suppose that dim p = dimzAy and dimzA4y < 2.
Then

dim xAgo = dim x Ap.

Proof. Applying (9.1) to the measure o = p,u gives dim p,pu < dim(zAgo).
Since the projection p is 1-Lipschitz, Hausdorff dimension can only decrease
under p. Hence

dim zAgo < dimzAg = dim p.
By Theorem 9.2, we have dim p,u = dim g and the two inequalities above
therefore give dim z Ago = dim z Ag. O

For a non-elementary convex cocompact subgroup I'y < PSLa(R), let
Qr, C To\ PSLy(R) = T(T'¢\H?) denote the non-wandering set of the ge-
odesic flow, which is the union of all v € T!(I'g\H?) whose forward and
backward end points of the geodesic determined by v belong to the limit set
of I'p. Let m = mp, denote the Bowen-Margulis-Sullivan measure on Qr,
which is the Ag-invariant probability measure of maximal entropy [25].

Proposition 9.4. Let 'y < PSLa(R) be a non-elementary convex cocompact
subgroup. Then

dim mr, = dim QFO =14 25p0
where Or, is the critical exponent of I'yg. Moreover, Qr, is admissible in the
sense of Definition 7.1.

Proof. Let Ag denote the limit set of I'g and set 69 = or,. By Sullivan
[25], the Patterson-Sullivan measure on A is proportional to the Hausdorff
measure 7—[50] Ao and Ag is Ahlfors dp-regular: there exists ¢ > 1 such that
for any £ € Ap and 0 < r < diam(Ay),

c1pd < 7—[60(3(577‘) NAy) <c rdo.

In particular, any nonempty open subset of Ag has both Hausdorff and box
dimension equal to dy, so (see, e.g., [10]),

dim(Ag x Ap) = 2dim Ay = 2J
The Hopf parametrization
d : (OH? x 9H? — diag) x R — T1(H?)
is locally bi-Lipschitz and Qr, = I'o\®((Ao x Ap — diag) x R). Hence
dim Qp, = 1+ dim(Ag x Ap — diag) = 1 + 26o.

Since products and locally bi-Lipschitz images of Ahlfors regular sets are
Ahlfors regular, it follows from the dp-Ahlfors regularity of Ay that Qp, is
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1 + 26p-Ahlfors regular. Moreover, in Hopf coordinates, the BMS measure
mr, is locally equivalent to H% |y, x H%|s, x Leb, so the push-forward to
Qr, is locally equivalent to {1 +200 ]QFO. Since Qr, is 1+ 20p-Ahlfors regular,
it follows that

diim mr, = 1+ 250.
Finally, admissibility follows since, for all sufficiently small basic open sub-
sets O, 14 (Qr, N O) are open subsets of Ag O

Before discussing the proof of Theorem 9.1, we describe a procedure for
constructing immersed geodesics £ in a compact hyperbolic surface ¥/ with
nonempty geodesic boundary 9%’ such that dim ¢ > 1.

Suppose that X/ is a convex compact surface of S whose boundary is the
disjoint union of simple closed geodesics a1, . .., ag. Let ¥ denote the double
of ¥/ along 9%'; this is a closed hyperbolic surface. Consider the universal
covering map H? — ¥, and identify m(X) with a cocompact lattice in
PSL(2,R) via the holonomy representation. For each 4, let &; C H? be a
lift of a; to H2. Let U be a connected component of H? — Ule m1(X)da; so
that the projection of U to X is precisely Y. Let I'g be the stabilizer of U
in 71(X). Then

Yo := To\H?
is a convex cocompact hyperbolic surface whose compact convex core is
isometric to I'o\U = ¥'. The identity map of H? induces a covering map

f220—>2

and its restriction to the convex core of ¥ is an isometry onto ¥/. We refer
to the critical exponent of I'y as the critical exponent of Xg, or of ¥’ by
abuse of terminology.

Proposition 9.5. Let X' be a conver compact subsurface of S whose bound-
ary 0% is a disjoint union of simple closed geodesics. If the critical exponent
Y, denoted by ', is strictly smaller than 1/2, then there exists a complete
admissible geodesic ¢ C ¥' whose closure £ C ¥ has Hausdorff dimension
1+24.

Proof. Let ¥y be as above, and consider its unit tangent bundle T'(%g) =
I'p\ PSLy(R). By Proposition 9.4, the non-wandering set g is admissible
and

dim Qo =1+ 20 = @mro (92)
where mp, denotes the Bowen-Margulis-Sullivan measure on I'g\ PSLa(R).
Since mr, is Ag-ergodic, mp,-almost all geodesic flow lines are dense in €.
In particular, there exists a geodesic flow line G C T*(Xg) such that

G = Qy = supp mr,. (9.3)

The basepoint projection p : TH(XZg) — X maps € into the convex core
of ¥y which embeds isometrically into X'. Hence p(G) C ¥', and we may
regard G as a geodesic in T!(X) with basepoints in ¥, Since ¢’ < 1/2, we
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have dim G < 2. Combining (9.2) and (9.3), we may apply Corollary 9.3 to
G c T(X) and deduce

dim p(G) = dim G.
Since G = g, G is admissible. Setting £ = p(G), we obtain dim/ = 1 + 2§,
completing the proof. ([

To construct immersed geodesics with closure of dimension just above 1,
we will produce convex cocompact subsurfaces with arbitrarily small criti-
cal exponent. The following elementary observation provides a convenient
source of such examples.

Lemma 9.6. Let g1, g2 be hyperbolic elements of PSLa(R) which generate
a Schottky subgroup and set T'y, := (g7, 9%) for n € N. Then the critical
exponent dr, tends to 0 as n — oo.

Proof. Since the word metric on I'y and the restriction of the hyperbolic
metric on the orbit I';o are quasi-isometric, there exists a constant ¢ > 1
(independent of n) such that any reduced word w in gli" and g2i” of length k
satisfies d(o, wo) > ¢ 'nk — c. Since the number of reduced words of length
kin Z 7 is 4 - 3571, there exists ¢ > 0 such that the number of w € T,
with d(o,wo) < T is at most ¢ - e T/™ for all n > 1. Since

1
or,, = limsup T log #{w € Ty, : d(o,wo) < T} < /n,

T—o0

the claim follows. O

In particular, by replacing a Schottky subgroup with large powers of its
generators, we obtain convex cocompact surfaces whose limit sets have di-
mension approaching zero. These will serve as building blocks for the ad-
missible geodesics we construct inside a pair of pants.

We now explain how Lemma 9.6 may be combined with Proposition 9.5
to produce admissible geodesics inside a fixed pair of pants S’ C S whose
closures have Hausdorff dimension just slightly larger than 1 but uniformly
bounded away from the boundary of S’.

Proposition 9.7. Let S C S be a pair of pant with geodesic boundary.
Then there exists a sequence of admissible geodesics £y, such that £, C int S’
inf,en d(05,4,) > 0, dim ¥, > 1 for alln € N, and

dim¢, -1 asn — co.

Proof. Let I'g < T be a convex cocompact subgroup such that the core of
the surface
Yo = [o\H?

is isometric to S’. We will identify the core of Xy with S’. Choose gener-
ators 71,72 € I'o such that the boundary curves of S’ are represented by
715 725 1172 € Do.

Our goal is to find, inside S’, a family of convex cocompact coverings
3, whose critical exponents dr, tend to zero. Proposition 9.5 will then
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guarantee the existence of admissible geodesics on each ¥,, with closure of
dimension 1 + 20r,,.

Pick a pair of hyperbolic elements g1, go € I'g which generates a Schottky
subgroup that contains no nontrivial powers of conjugates of the elements
Y1, Y2, Y1772- To see such g1, gs € I'g exist, put a hyperbolic structure on ¥
such that all its ends are cusps. In this case the only parabolic elements of
T’y are the nontrivial powers of conjugates of v1, 72, 7172. But since I'y is
non-elementary, it contains a convex cocompact Schottky group generated
by g1 and go which then cannot contain any such elements.

For each n € N, set

Ly = <g?7g£l>7 Yip = FH\H2

By Lemma 9.6,
or, =0 asn — oo.

Consider the covering map
Dn i 2p — S

which clearly factors through p; : X1 — S.

We claim that the image pj(core(X;)) misses the boundary of S’. To
see this, suppose for contradiction that there exists x € core(X;) such that
pi(z) € ¢, where ¢ C 05 is a connected component. Since p; is a local
isometry and pj(core(X;)) C S’, it follows that z € dcore(X;). Let ¢ C
0 core(X1) be the connected component containing x. Then p;(c) is a closed
geodesic contained in S’ containing p; (). On the other hand, since p;(z) €
dS8’, ¢ is the only closed geodesic passing through p;(z) contained in S’
Therefore p1(c) = ¢/. Since ¢ C S’ is peripheral in S’, the conjugacy class
in I'; representing ¢ contains a conjugate of a nontrivial power of =1, 79, or
Y12, contradicting the choice of g1, g2 made above.

Since dr,, — 0 as n — oo, Proposition 9.5 guarantees that for all large
enough n € N, there exists a geodesic ¢, lying in the interior of core(%,)
such that ¢ has Hausdorff dimension 1+ 26, . Let

ln = pn(ly,) C p(core(X1)).

Since core(X,) is compact and hence the restriction of p, to core(¥,) is a
proper immersion, it follows that

by =pn(0) and dim/l, =dim?, =1+ 26,
for all large n € N. This finishes the proof. ([

Now we are ready for the proof of Theorem 9.1.

Proof of Theorem 9.1. We can extend the set of simple closed geodesics
{B1,...,Bm} C S topants decomposition of S whose boundaries are geodesics.
Let S’ C S be a pair of geodesic pant in this decomposition and /¢, be the
sequence of admissible geodesics given by Proposition 9.7. Since /,, lies in
the interior of S/, they do not intersect any of 3;, as desired. O
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Proof of Theorem 1.1. It follows from Theorem 1.2 except for the inte-
grability claim.

By [17], there exists a closed hyperbolic surface S = I'\H?, where ' < H
is a cocompact lattice, such that the inclusion homomorphism ¢ : I' — G,

' H<—GG

is integral, i.e., p(I') < SL3(Z). Let 8 be an oriented simple closed geodesic
in S. Choosing a basepoint xy on [, we identify m(S,z9) with I". Let
v =[] € T be the element representing 3. We can further assume that
B € Ag = AN H. Suppose that there also exists an element a € (A4 — Ap)
such that the bulged representation p, is also integral. See [17] for such
examples.

Pick an auxiliary oriented non-separating simple closed geodesic o C S
disjoint from g and extend o U 8 it to a geodesic pants decomposition of S
so that there exists a pair of pant Sg C S disjoint from ¢. By Theorem 9.1,
there exists an immersed complete geodesic £ = I'\I'L C S contained in Sy
such that

d({,fUcs) >0 and 1<dim/ < 2.

For any r > 0, there exists a finite Riemannian cover
p:S =S (9.4)

such that the following holds: there are connected components 3’ of p~1(3)
and a lift #' of ¢ in S’ such that

p‘ﬁl and p’[,
are both homeomorphisms onto 8 and Z, respectively, and
(', 3 > r. (9.5)
One can construct such a cover (9.4) as follows. Let g be the genus of S.
Since o is non-separating, the abelianization map
I — b x~7%
maps the homotopy class [o] to a nontrivial primitive element z € Ieb, Fix
a homomorphism I'** — (z) 2 Z, extending the identity map (z) — (z),
and consider its composition with I' — T'?": its mod n reduction gives a
surjection
fo: T = Z/nZ.
Consider the degree n regular Riemannian covering

Pn : Sy = ker f,\H? — S.

Each p,,'(¢) and p;,'(B) has n connected components, each homeomorphic
to £ and 3, respectively, under the covering map p,. Picking n large enough,
one may choose appropriate connected components ¢ and 3’ of p;!(¢) and
P, 1(B) so that (9.5) holds. Compare with the figure below:

Since p is a proper immersion, one has

dim ¢ = dim #'.
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FIGURE 7

Note that a € as,Ag, where sp = wd(a). Choose an appropriate covering
p in (9.4) such that r given by (9.5) is strictly greater than [sg|. Equip S’
with the basepoint z(, = p|§,1 (zg). Then, the monomorphism

pe : (S 2) — (S, 20) =T

maps the homotopy class of ' to v. Let I" :== p(m1 (S5, z()). Clearly, the
representation

ph = (pa)lr
is integral and p,(I") < SL3(Z) satisfies the hypothesis of Theorem 1.2.

APPENDIX A. ORTHOGONAL PLANES WITH FRACTAL CLOSURES

In this appendix, we describe the closures of geodesic planes which are
orthogonal to Y along a geodesic L. Using the bulging deformation, we show
that closures of an orthogonal plane can be as chaotic as the closure of L
(Theorem A.3). By an irreducible geodesic plane in X, we mean a totally
geodesic plane of the form gY = gHo C X for some g € G.

Lemma A.1. For every complete geodesic line L C Y, there is a unique
irreducible geodesic plane Zy, in X such that Y N Zyp = L. Moreover, Y and
Zy, are orthogonal to each other.

Proof. Without loss of generality, we may assume that L = Ago = {ho: t €
R}. Let Z = gY, g € G, be an irreducible geodesic plane containing L. Since
Z contains o, we may assume g = k € K, replacing g by gh for some suitable
h € H. Now Z = kHEk™'(0) D Ago. By considering the tangent subspaces, it
implies that ag C khk~'. Therefore k~'agk is a one-dimensional symmetric
subspace of h and hence must be of the form ky Lagko for some ko € K.
Hence by replacing k by kky ! we may assume that k € Ng(ap). By a
direct computation, we can show that Ng(ag) is the subgroup generated

0 0 1
by ANK ={g; : 1 <i<4}and wo = {0 —1 0 | where g1 = e,
1 0 O

g2 = diag(—1,1,-1), g3 = diag(1,—1,—1) and g4 = (—1,—1,1). Since go
and wg normalizes H, and g3 = g4g2, we may assume that g = g3 up to the
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normalizer of H. Therefore kY = g3Y is the only irreducible geodesic plane
containing L, which is different from Y. We set Z;, := g3Y. Moreover, Y
and Zj are orthogonal to each other as can be checked using the Killing
form. This proves the claim. O

The following result is an analog of Theorem 7.2 in the case of orthogonal
planes:

Lemma A.2. Let I' < H be a discrete subgroup and let L C'Y be a complete
geodesic with dim 'L < 2. Then

dim(T'Zy) = dim(T'L) + 1. (A1)

Proof. Write I'Z;, = | J; Z; where the union is taken over all complete geodesics
I c TL. Consider the normal bundle Ny X of Y C X. The exponential map

exp: Ny X — X

is a diffeomorphism. Now, I'Z; can be written as the union of a family
L of geodesic lines in X orthogonal to Y, where any two such lines are
allowed to intersect only inside Y. Correspondingly, there is a family of
lines £ € Ny X whose image under the exponential map is precisely L.
Since the exponential map is a diffeomorphism, the Hausdorff dimension of
TZy, is precisely dim({J,cp/ ). Denote by P(Ny X) the projectivization of
Ny X. Then the family £’ determines a closed subset R C P(Ny X). Since
the natural projection

p:P(NyX) —Y
is a submersion and satisfies p(R) = I'L, we obtain dim R > dim (ﬁ) On
the other hand, the union of the lines satisfies

dimTZ;, = dim( U z) — dimR + 1.
lel’
Therefore dimI'Z;, > dim(ﬁ) + 1. To prove the reverse inequality, note
that on each basic open subset @ = hoUTU~ Ay of G where U* C NOjE and

ho € H, we have TAg N O = Cp x Ag, where Co C hoUTU™ is a closed
subset. It follows that

dimCp +1= dim(FAo N (’)) < dimT'Ay.

Since
T'L =T4go = J(CoAgo) = JCoL,
@ @]
we have I'Zr, = | CoZr,.. Hence
dimIZ; <2 +supdimCp =1+ dimTAy =1+ dimTL, (A.2)
by Corollary 9.3. This finishes the proof. O

Therefore, we deduce the following from Theorems 8.2 and 9.1:
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Theorem A.3. Let L = hAgo C Y be a geodesic so that ¢ = T'\I'L is disjoint
from the 2r-neighborhood of B for some r > 0. Suppose that 1 < dim /¢ < 2.
Then for all b € B with width wd(b) smaller than r, we have

dim Fg}b\rg,bZL = dim? + 1.

Moreover, there exists a sequence of geodesics L; C'Y such that

1]
2
3
]
)
0
7
8]
9

[10]

[11]

12

[13]

[14]

[15]

[16]

17]

(18]

(19]

[20]

dim (Fﬁ,b\rﬂ,bZLi) — 2 asi— o0.

REFERENCES

W. Ballmann. Lectures on spaces of nonpositive curvature. DMV Seminar, Vol. 25.
Birkh&user, Basel, 1995.

W. Ballmann, M. Gromov, and V. Schroeder. Manifolds of nonpositive curvature.
Progress in Mathematics, Vol. 61. Birkh&user Boston, Inc., Boston, MA, 1985.

Y. Benoist and H. Oh. Geodesic planes in geometrically finite acylindrical 3-manifolds.
Ergodic Theory Dynam. Systems, 42 (2022), 514-553. (Memorial volume for Katok)
P.-L. Blayac, U. Hamenstadt, and T. Marty. Hitchin grafting representations I: Ge-
ometry. arXiv:2506.2339.

M. Bridson and A. Haefliger. Metric spaces of non-positive curvature. Grundlehren
der Mathematischen Wissenschaften, Vol. 319. Springer-Verlag, Berlin, 1999.

S. Choi and W. Goldman. Convex real projective structures on closed surfaces are
closed. Proc. Amer. Math. Soc., 118 (1993), no. 2, 657—661.

S. G. Dani and G. A. Margulis. Values of quadratic forms at primitive integral points.
Invent. Math., 98 (1989), 405-424.

S. Dey and M. Kapovich. Klein-Maskit combination theorem for Anosov subgroups:
Amalgams. J. Reine Angew. Math., 819 (2025), 1-43.

P. Eberlein. Geometry of nonpositively curved manifolds. Chicago Lectures in Math-
ematics. University of Chicago Press, Chicago, IL, 1996.

K. Falconer. Fractal Geometry: Mathematical Foundations and Applications. John
Wiley & Sons, 2nd ed., 2003.

V. Fock and A. Goncharov. Moduli spaces of local systems and higher Teichmiiller
theory. Publ. Math. Inst. Hautes Etudes Sci., 103 (2006), 1-211.

W. M. Goldman. Geometric structures on manifolds. Graduate Studies in Mathemat-
ics, Vol. 227. American Mathematical Society, Providence, RI, 2022.

F. Labourie. Anosov flows, surface groups and curves in projective space. Invent.
Maith., 165 (2006), no. 1, 51-114.

F. Ledrappier and E. Lindenstrauss. On the projections of measures invariant under
the geodesic flow. Int. Math. Res. Not., 2003 (2003), no. 9, 511-526.

M. Lee and H. Oh. Orbit closures of unipotent flows for hyperbolic manifolds with
Fuchsian ends. Geom. Topol., 28 (2024), no. 7, 3373-3473.

M. Lee and H. Oh. Invariant measures for horospherical actions and Anosov groups.
Int. Math. Res. Not., 2023 (2023), no. 19, 16226-16295.

D. D. Long and M. B. Thistlethwaite. Zariski dense surface groups in SL(2k + 1,Z).
Geom. Topol., 28 (2024), no. 3, 1153-1166.

G. A. Margulis. Indefinite quadratic forms and unipotent flows on homogeneous
spaces. Dynamical Systems and Ergodic Theory (Warsaw, 1986), Banach Center
Publ., Vol. 23, 399-409, 1989.

C. McMullen, A. Mohammadi, and H. Oh. Geodesic planes in hyperbolic 3-manifolds.
Invent. Math., 209 (2017), 425-461.

C. McMullen, A. Mohammadi, and H. Oh. Geodesic planes in the convex core of an
acylindrical 3-manifold. Duke Math. J., 171 (2022), no. 5, 1029-1060.



FRACTAL CLOSURES OF GEODESIC PLANES 47

[21] H. Oh. Dynamics for discrete subgroups of SL(2, C). In: Dynamics, Geometry, Num-
ber Theory: The Impact of Margulis on Modern Mathematics. University of Chicago
Press, 2022.

[22] S. Pavez. Flexibility of Hausdorff dimension of compact invariant sets of 3d-Anosov
flows. In preparation.

[23] M. Ratner. Raghunathan’s topological conjecture and distributions of unipotent flow.
Duke Math. J., 63 (1991), no. 1, 235-280.

[24] H. Schlichtkrull. Hyperfunctions and harmonic analysis on symmetric spaces. Progress
in Mathematics, Vol. 49. Birkhduser Boston, MA, 1984.

[25] D. Sullivan. The density at infinity of a discrete group of hyperbolic motions. Publ.
Math. Inst. Hautes Etudes Sci., 50 (1979), 171-202.

SCHOOL OF MATHEMATICS, TATA INSTITUTE OF FUNDAMENTAL RESEARCH, MUMBAI
Email address: subhadip@math.tifr.res.in

DEPARTMENT OF MATHEMATICS, YALE UNIVERSITY, NEW HAVEN, CT
Email address: hee.oh@yale.edu



	1. Introduction
	2. Limit sets in G/P
	3. Nearest projection to Y
	4. Floating geodesic planes
	5. Limits of the sequence gamma(t)(s) = a(t) k(0) h(s) o
	6. Nearest projection of floating planes to Y
	7. Closures of floating planes: The Fuchsian case
	8. Bulging deformations and floating planes
	9. Geodesic closures away from a given simple closed geodesic
	Appendix A. Orthogonal planes with fractal closures
	References

