DETERMINANT VALUES ON LATTICES
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ABSTRACT. We study the distribution of determinant values on lattices
of M4(R). Let d > 2. Let A < Mg(R) be a lattice whose elements all
have algebraic entries. We prove that, if the determinant values on A
are not contained in a scalar multiple of Z, then for every a < b,

Cq d(d—1)
covol(A) (b=a)T"
as T'— oo, where || - || denotes the Frobenius norm and Cy > 0 is a con-
stant depending only on d. Under a mild additional hypothesis, which is
automatic for d = 2, 3, we also prove an asymptotic for determinant-zero
lattice points. All of these results hold more generally for Diophantine
lattices.

The case d = 2 recovers the Eskin—-Margulis—Mozes theorem in the
quantitative Oppenheim problem for quadratic forms of signature (2,2).

#{veA:|v|| <T, a <detv <b, detv#0} ~

1. INTRODUCTION

The distribution of values of a polynomial F'(z1,...,zxy) on lattice points
is a classical problem in number theory. For indefinite quadratic forms,
this circle of questions has been extensively studied under the name of the
quantitative Oppenheim problem; see [26, 27, 10, 13, 14, 21]. Although higher-
degree forms in many variables are often accessible by the Hardy—Littlewood
circle method, the determinant lies far outside the usual Birch range: for
a degree-d form, Birch-type hypotheses require roughly d2¢ nonsingular
directions, whereas the determinant has only d? variables and its singular
locus has codimension 4.

In this paper we study the distribution of determinant values on lattices
in Mg(R). A lattice in M4(R) means a discrete subgroup of full rank,
equivalently the Z-span of d? linearly independent matrices. Given such a
lattice A, we study the distribution in R of the determinant values

det(A) :={detv: v € A}.

Fix a maximal compact subgroup Ky < SL4(R) and a norm || - || on Mg(R)
that is invariant under left and right multiplication by Kjy; the Frobenius
norm is the basic example. For a lattice A < My(R), real numbers a < b,
and 1" > 0, set

Na(a,b;T) :=#{veA: ||v| <T, a <detv < b},
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and

N{(a,b;T) :==#{veA: |v| <T, a <detv <b, detv # 0}.
The distinction is essential when 0 € (a,b): determinant-zero lattice points
may contribute on the same scale as the nonsingular main term.
1.1. The nonsingular counting theorem. Our first main result gives a
precise asymptotic for N (a,b;T).

Theorem 1.1. Let A < My(R) be a lattice whose elements have algebraic
entries, and assume that

det(A) ¢ \Z for every X\ € R*. (1.1)
Then there exists a constant C|.| > 0, depending only on the norm || - ||, such
that, for every a < b,
C
X ST Il-1 -~ d(d—1)
N{(a,b;T) covol(A) (b—a)T (T — o0). (1.2)

Denote by vol the Lebesgue measure on Mg(R). All covolumes are com-
puted with respect to this same measure. The constant C)| is characterized
by the volume asymptotic

vol{v € Mg(R) : [jv]| < T, a < detv < b} ~ Cy(b— a)T=D  (1.3)

proven in Lemma 12.16. Therefore Theorem 1.1 may also be written as

N{(a,b;T) ~ vol{v € My(R) : |[v|| < T, a < detv < b}.

1
covol(A)
1.2. The singular contribution. The exclusion of the zero determinant in
Theorem 1.1 is necessary. Indeed, if all columns of a matrix are constrained
to lie in a fixed proper subspace U < R? then the determinant vanishes
identically; the same is true if all rows are constrained to lie in such a
subspace. We call such subspaces column- and row-isotropic, respectively.
When dim U = d — 1, they have dimension d(d — 1), exactly the exponent
appearing in Theorem 1.1. Thus a Z-submodule of A of rank d(d — 1)
contained in an isotropic subspace may contribute on the same scale as the
regular main term.

The isotropic noncoincidence condition used below rules out certain
quotient-lattice commensurabilities between distinct maximal A-rational
column-isotropic subspaces, and separately between distinct maximal A-
rational row-isotropic subspaces, that could create additional main-order
overlaps in the singular contribution. The precise definition appears in Defi-
nition 3.14; in particular, the condition is vacuous for d = 2, 3. For examples,
see Example 13.6.

Theorem 1.2. Let A be as in Theorem 1.1. Suppose either that d < 3, or
that A satisfies the isotropic noncoincidence condition. Then the limit

8= lim T VUl e A |v]| < T, detv =0} (1.4)

T—o00
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exists and is finite. Moreover, cing > 0 if and only if A contains a rank-
d(d — 1) submodule on which the determinant vanishes identically.
Consequently, for every a < b,

Cll sin d(d-1
NA(CZ, b, T) ~ (COVOI(M(b - a) + CA gl{()e(a7b)}> T ( ) (15)

The irrationality hypothesis (1.1) in Theorem 1.1 is easy to test: it is
equivalent to the existence of v,w € A, with det w # 0, such that

det v
det w £ Q.
For example, when d = 3, both theorems apply to

V27 7 7
A 5= Z 7 7|, (1.6)
7 7 7

since det(A ) contains both a nonzero rational number and a nonzero

rational multiple of /2. The matrices with first row zero form a rank-six
singular submodule, so CZH\I/% > 0.
2

Moreover, A ;5 contains infinitely many rank-six submodules on which
the determinant vanishes identically. Writing v, vo,vs for the columns
of v € A s, each primitive pair (p,q) € 72, modulo sign, defines such a
submodule:

{v e Az pva+qus =0}

Thus the singular contribution in Theorem 1.2 is not merely a finite-
exceptional-set phenomenon: an irrational algebraic lattice may contain
infinitely many rank-d(d — 1) singular submodules, yet their aggregate
contribution still has a finite 7%4~Y_normalized limit. By contrast, the
lattice constructed from a cubic division algebra in Example 13.5 contains
no such submodule and satisfies cimg = 0.

1.3. Diophantine lattices. The algebraicity assumption on A in the above
theorems can be replaced by a Diophantine condition on rational subspaces,
formulated in terms of their Pliicker vectors; see Definition 3.6 and Theo-
rem 3.8. Informally, this condition requires rational subspaces to remain
polynomially separated from the exceptional column- and row-isotropic direc-
tions unless they lie in those directions exactly. Some arithmetic separation
is necessary. Katznelson proved that the number of rank-(d — 1) matrices in
M4(Z) of norm at most 7" is of order

THd=1) logT';

see [20]. The logarithmic factor reflects the failure of summability on the
critical T%4=D_gcale in the split rational lattice. In the present setting,
the Diophantine condition prevents non-isotropic rational subspaces from
having Pliicker vectors too close to the exceptional isotropic directions.
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Exact isotropic subspaces, which may occur in infinite families, are treated
separately in Theorem 3.15.

1.4. The arithmetic obstruction and determinant forms. We say that
a lattice A < My(R) is determinant-rational if

det(A) c AQ  for some A € R*.
As shown in Theorem 2.6, this is equivalent to
det(A) C AZ  for some A € R*.

Thus the hypothesis in Theorem 1.1 is precisely that A is not determinant-
rational. See Section 2 for an algebraic description of all such lattices.

The same arithmetic obstruction has a dynamical interpretation. After
rescaling, we may regard A as a unimodular lattice and hence as a point of

X = SLg(R)/ SLy: (7).
The left-right action
(g,h)-v=gvhT, g, h € SLy(R),
induces the tensor-product representation (g, h) + g®@h on My(R) ~ R¢@R.
We denote its image by
H = SLy(R) ® SLg(R) < SLgz2(R).

Ratner’s orbit-closure theorem, together with the maximality of H, gives
a closed-or-dense dichotomy. We show that the closed case is precisely the
determinant-rational case. This gives the following qualitative counterpart
of Theorem 1.1.

Proposition 1.3. If A < My(R) is not determinant-rational, then
det(A) = R.
Thus determinant-rationality is exactly the obstruction to density of the
determinant values.
A convenient coordinate realization is obtained as follows. Choose a
Z-basis B = {v;j : 1 <1i,j < d} of A and set

FAvg(CC) := det (Z xijvij> , r = (CCZ]) € My(R).
i7j

We call F g a determinant form. In these coordinates, Theorem 1.1 becomes

the following statement.

Theorem 1.4. Let F' be a determinant form on My(R) with algebraic coeffi-
cients, and suppose that F is not proportional to a polynomial with rational
coefficients. Fiz a norm invariant under a maximal compact subgroup of the
stabilizer of F' in SLg2(R). Then there exists cp = c¢(F, || - ||) > 0 such that,
for every a < b,

#{x eMy(Z): ||zl <T, a < F(z) <b, F(x)#0}~cp(b—a)T"Y,
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The same conclusion holds for every Diophantine determinant form that
is not proportional to a rational polynomial; see Theorem 3.10.

1.5. Relation to the quantitative Oppenheim problem. When d = 2,

det (1: y) =zw —yz
z w
is a quadratic form of signature (2,2). Thus the determinant problem in
degree two is a special case of the quantitative Oppenheim problem for
indefinite quadratic forms. The corresponding counting statements are
covered by the work of Eskin—-Margulis—Mozes [14], following the higher-
dimensional work of Dani-Margulis [10] and Eskin—-Margulis-Mozes [13]; see
also [21] for the signature (2,1) case. Theorems 1.1 and 1.2 may therefore be
viewed as higher-degree analogues of the quantitative Oppenheim theorem.

1.6. Comparison with the circle method. Higher-degree forms in many
variables are classically studied by the Hardy—-Littlewood circle method.
Birch’s theorem and its variants give asymptotic formulas under hypotheses
requiring the singular locus of the form to be sufficiently small relative to
the number of variables and the degree. For a single homogeneous form P of
degree k in n variables, the standard Birch condition is of the shape

n —dimVp > (k — 1)2%,

where V3 := {z : VP(z) = 0} is the singular locus of the hypersurface P = 0;
see [3].

The determinant is far outside this range. It is a form of degree d in
n = d? variables, but its singular locus is large:

Vie ={X € My(R) : rank X < d — 2}.
This determinantal variety has dimension d?> — 4. Hence
n-— dlm Vciket = 47

whereas Birch’s condition would require this quantity to be larger than (d —
1)2¢%. Thus the obstruction is not merely that the determinant hypersurface
is singular; rather, the determinant has too few variables for its degree from
the viewpoint of the standard circle method, and its singular locus has
codimension only 4.

The present paper instead exploits the special geometry of the determi-
nant: the left—right action of SLy(R) x SLg(R), the rank stratification of
the determinantal variety, and Diophantine separation of rational Pliicker
directions from the exceptional column- and row-isotropic summands.

1.7. Main ideas and new difficulties for d > 3. We now outline the
proof, emphasizing the points where the determinant problem differs from
the quadratic Oppenheim problem. Put

G =SLp(R), X =SLp(R)/SLy(Z).
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After identifying My(R) with R% and normalizing covolume, a lattice A <
M4 (R) defines a point of X. The left-right action of SLy(R) x SL4(R) on
My (R) induces the tensor-product representation; we denote its image by

Ratner’s orbit-closure theorem gives a closed-or-dense dichotomy for H-orbits
in X. The uniqueness, up to scale, of the H-invariant homogeneous polyno-
mial of degree d identifies the closed case with rationality of the determinant
form. Hence, for a non-determinant-rational lattice, the H-orbit is dense,
and Shah’s theorem [30] on expanding translates gives equidistribution for
compactly supported functions on X.

To pass from orbit equidistribution to counting, we use Siegel transforms.
For a compactly supported function f on My(R), the Siegel transform is

fA) = 3 fv), AeX.
0#veA

Thus f(A) represents a lattice-point count when f approximates the indicator
function of a region in My(R). The difficulty is that ]?is unbounded on X:
it becomes large in the cusp. To apply Shah’s theorem to such unbounded
functions, we need a uniform moment estimate with exponent strictly larger
than one. In the determinant problem this is proved for a modified Siegel
transform, in which the exact isotropic contribution is removed and counted
separately.

The cusp is controlled by the Margulis a-function. If V' is an r-dimensional
A-rational subspace, its Pliicker vector

way € A" Mg(R)

has norm equal to the covolume of ANV in V. Thus, up to harmless
normalizations,

a(A) = max suprAyH_l,
1<r<d?-1 v

where V ranges over r-dimensional A-rational subspaces. This explains why
all exterior powers A" My(R) enter the argument.

The principal diagonal ray is dictated by the singular-value geometry
of determinant level sets at large norm. In a fixed determinant window
a < detwv < b, matrices of large norm are close to the singular hypersurface
{det = 0}. In the main compact singular-value regime, d — 1 singular
values grow with the common scale T', while the remaining singular value
compensates so that the determinant remains bounded. The left-right action
of

by = diag(e™,... e ", e(d_l)t), ar =b; @b € H,

with t ~ 1 log T, is the determinant-preserving normalization of this configu-
ration. Thus the principal ray a; is the dynamical direction which produces
the main term. The same ray also governs the height estimates. In the
quadratic Oppenheim problem, the relevant one-parameter subgroup has a
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short weight structure on the exterior powers appearing in the height: only
the weights —1,0, 1 occur. For the determinant, the exterior powers of matrix
space decompose into many irreducible H-summands. For 1 <r < d? — 1,
the skew Cauchy formula gives

A" My(R) ~ P SA(RY) @ Sxr(R?),

A7
ACdxd

where A\ = (A > -+ > Ay > 0) ranges over partitions of r whose Young
diagram lies in the d x d box, Sy denotes the corresponding Schur module,
and AT denotes the conjugate partition. On Sy(R?), the b;-weights are

—|/\|+di, 0<7< )\

Thus a single exterior power may contain many irreducible summands, and
a single summand may contain many negative, zero, and positive weights.
There are two special summands in A¥¢ My(R), for each 1 < k < d — 1:

S(dk)(Rd) & 1 and 1 X S(dk)(Rd)

Their decomposable vectors are precisely the Pliicker vectors of column- and
row-isotropic subspaces. We call these two summands exceptional, and call
the remaining irreducible summands nonexceptional. A rational subspace in
a critical degree kd is called quasi-null if its Pliicker vector is polynomially
close to one of the exceptional summands. Under the Diophantine condition,
and for the parameters used in the proof, quasi-null rational subspaces are
exactly the rational isotropic ones.
With this terminology, the main new difficulties are the following.

(1) Higher-degree sublevel estimates. Even on the nonexceptional sum-
mands, the local contraction estimates are much more delicate than
in the quadratic case. Fix one Schur factor Sy(R?), and write

A1
S\RY) =PV, pi = —|A| + di,
i=0

for its by-weight decomposition. Let ¢ be the first index such that
pe > 0, and let p; denote projection onto Vj. If ue = exp(Ye) belongs
to the expanding horospherical subgroup, then the coordinate at this
first nonnegative weight has the triangular form
‘ 1 YZ—Z'
pe(ugv) = Z m ¢ pi(v).
=0

In the quadratic Oppenheim problem the analogous coordinate is
at most affine-linear in the horospherical parameters, and the cor-
responding sublevel estimates are elementary. For the determinant
with d > 3, ¢ may be larger than 1, and the expression above is in
general a higher-degree vector-valued polynomial in & € R4, The
order of vanishing at a zero can be greater than one and can vary
from one zero to another.
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The sublevel estimate therefore requires both algebraic and analytic
inputs. We use the semistandard Young tableau basis of the Schur
modules, together with the triangular action of the raising operators
Eg4; to prove the necessary dimension bounds for the zero loci of
the homogeneous initial forms. We then use the results of Cluckers—
Miller [8, 9] twice: first to pass from these homogeneous initial-form
estimates to the full triangular polynomial p,(u¢v), and second to
make the resulting negative-moment estimates uniform over compact
families of normalized vectors.

These sublevel estimates imply local contraction inequalities, which

provide the local input behind the L'*?-moment estimate for the
modified height.
The uniform L-bound for the modified height. The ordinary Mar-
gulis height is not sufficient for the determinant problem, because
the exceptional summands have critical exponent exactly 1. Geomet-
rically, the exceptional summands are generated by Pliicker vectors
of isotropic subspaces, and these subspaces lie in {det = 0}. In the
top critical dimension d(d — 1), they may contribute on the same
scale as the nonsingular main term. Thus they should not be treated
merely as cusp error.

We introduce a modified height which omits all rational subspaces
contained in quasi-null subspaces:

Ay, (h; A) = max [hwav ]|~

where the maximum is taken over all A-rational subspaces V' that are
not contained in a quasi-null critical subspace. The central technical
estimate is the following uniform moment bound: for some 6 > 0,

sup/ an,M(atk;A)He dk < oo,
>0 JK
where K is a maximal compact subgroup of H. This estimate is the
key input that allows us to apply Shah’s equidistribution theorem to
modified Siegel transforms after truncation.

The proof of this bound follows the broad modified-height, avoid-
ance, and iteration framework developed in [21]. In the determinant
setting, however, each step requires new input because exceptional
summands occur in every critical degree kd, 1 <k <d — 1.

(a) We construct an auxiliary modified height o, s and prove a
global Margulis inequality for it outside an explicit exceptional
set, as given in Theorem 6.9:

/ ay m(asnh; A) dn
Bn(1)

< e™ay 11 (hy A)log(ann (hy A) +2) + €%,
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provided (h,A) is outside the exceptional set. Here By(1) is
the unit ball in the expanding horospherical subgroup N for a;.
The logarithmic factor reflects the possible number of admissible
competing short rational subspaces, and the additive term is
absorbed later by the choice of step sizes in the iteration.

The main new point is that rational subspaces interact through
intersections and sums. Since exceptional summands occur in ev-
ery degree divisible by d, these intersections and sums may again
have exceptional projections. The standard intersection-sum
inequality of Eskin-Margulis-Mozes [13] controls covolumes but
not these exceptional projections. We use the Mother Inequality
of Benoist—Quint [2] to supply the missing control.

(b) We prove an avoidance estimate for the exceptional set. This
set records the event that a rational Pliicker vector which is not
already quasi-null for the base lattice is moved very close to an
exceptional summand. Since exact isotropic subspaces need not
form a finite collection for d > 3, the low-dimensional quadratic
avoidance argument does not apply directly. Instead, we use a
quantitative non-divergence estimate [24] for a prescribed family
of Pliicker vectors, together with the Diophantine condition, to
rule out the bad alternative.

(¢) We combine the Margulis inequality and the avoidance estimate
by an iteration argument. The logarithmic loss and the additive
exponential error in the Margulis inequality force a careful choice
of step sizes, but the iteration ultimately gives the uniform L'*9-
bound for &y, . This bound permits the truncation of the
modified Siegel transform, the application of Shah’s theorem
to the truncations, and the removal of the truncation by a tail
estimate.

(3) Infinitely many exact isotropic contributions. The exact isotropic
directions omitted from the modified height must then be counted.
In the low-dimensional quadratic cases, once near-isotropic directions
have been controlled, the exact exceptional subspaces contributing
on the main scale form a finite collection. For the determinant with
d > 3, this finiteness can fail even for irrational algebraic lattices.
The lattice A 5 in (1.6) already contains infinitely many rank-d(d—1)
submodules on which the determinant vanishes identically.

Since each such submodule may contribute on the T4 gscale,
one cannot remove a fixed finite exceptional list. Nor can one sum the
individual contributions without proving convergence and controlling
overlaps. We prove structural results showing that the exact rational
isotropic subspaces can nevertheless be organized into finitely many
families. On each family, the singular counting problem becomes the
counting of bounded-rank matrices in a rational lattice. We prove
the corresponding weighted asymptotics, estimate same-type and
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mixed column-row overlaps, and use the isotropic noncoincidence
condition to exclude additional main-order coincidences. This gives
the singular constant in (1.5).

(4) From the principal-ray dynamics to norm balls. The last difficulty is
the passage from the dynamical statement along the principal ray
a¢ to the original norm-ball counting problem. The Kjy-invariance of
the norm allows the norm condition to be expressed in singular-value
variables. After the common scale has been separated, the remaining
singular-value ratios enter as parameters in the fiber kernels. On com-
pact singular-value windows these parameters stay in a compact set,
so the modified Siegel-transform limit along the principal ray applies
uniformly. The unbalanced singular-value regions are controlled sep-
arately by weighted shell estimates. The same fiber integrals identify
the constant €. in (1.3) and the limiting functional in (1.5).

Although the results of this paper include the case d = 2, the level of
difficulty changes substantially between d = 2 and d > 3. For d = 2, the
relevant horospherical coordinates are affine-linear, there is only one critical
exterior degree, and the exact rational isotropic subspaces form a finite
collection. Thus many of the main technical difficulties of the present paper
disappear. In the separate paper [22], we present this simplified argument
in a self-contained form. It gives a new determinant-form proof of the (2,2)
quantitative Oppenheim theorem of Eskin-Margulis-Mozes, and may serve
as a model case for the method used here.

Organization of the paper. Section 2 classifies determinant-rational
lattices, and proves the closed-or-dense orbit dichotomy. Section 3 develops
the height formalism and the Schur-functor decomposition, introduces the
Diophantine, quasi-null, and isotropic notions, and states the main technical
results. Sections 4-8 establish uniform integrability: Section 4 proves the
sublevel estimates, Section 5 derives the local representation estimates,
Section 6 globalizes them to lattice heights, Section 7 proves avoidance, and
Section 8 combines contraction and avoidance by iteration. Sections 9-10
analyze the singular directions. Section 9 describes the structure of rational
isotropic subspaces, and Section 10 proves the bounded-rank estimates and
the singular asymptotic. Sections 11-12 convert the dynamical estimates
into counting: Section 11 establishes the relevant fiber-integral identities,
and Section 12 proves equidistribution for the modified Siegel transforms
and derives the main asymptotic formulas. Finally, Section 13 proves that
algebraic lattices and algebraic determinant forms are Diophantine and gives
examples with both positive and vanishing singular constant.
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2. DETERMINANT-RATIONAL LATTICES AND THE ORBIT-CLOSURE
DICHOTOMY

In this section, we characterize determinant-rational lattices in M4(R) and
relate this arithmetic condition to the orbit closure of the left-right action of
SL4(R) x SLg(R) on the space of unimodular lattices.

Let d > 2 and put N = d2. We identify My(R) with R by sending the
elementary matrices £;; to the standard basis. Under this identification, the
determinant is a homogeneous polynomial of degree d on RV,

The group GL4(R) x GLg(R) acts on Mg(R) by

(91,92) - v = g1vg, (91,92 € GL4(R),v € Mg(R)). (2.1)

Given a lattice A < M4(R), choose a Z-basis B = {v;;} of A. We associate
to A the determinant form

Fi(z) = det(Z xijvij>, z = (zi5) € Mg(R).

This polynomial is well defined up to composition with an element of GLy (Z).
We say that A is determinant-rational if

det(A) = FA(ZY) c AQ  for some A € RX.

2.1. Determinant forms over Q. We begin with an algebraic description
of rational forms of the determinant. In addition to the usual reduced-
norm forms, one must also allow the outer forms arising from the transpose
component of the determinant stabilizer.

A quadratic étale algebra over Q is either a quadratic field extension of
@ or the split algebra Q x Q. We denote its nontrivial Q-automorphism by
Z—Z.

Definition 2.1 (Determinant algebras). A determinant algebra of degree d
over QQ is a triple

(K, A, 1),
of one of the following two types.

(1) K/Q is a quadratic field extension, A is a central simple K-algebra
of degree d, and 7 is a unitary involution on A, i.e. a Q-linear
anti-automorphism satisfying

™ =id, T(zz) =Z7(x) (2€ K, x € A).

(2) K=QxQ, A= A x A" for some central simple Q-algebra Ag of

degree d, and
m(z,y) = (y, ).
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We write
JA, 1) ={xeA:1(x) =z},

which is a d?-dimensional Q-vector space. For z € J(A, 7), define

N (o) Nrdy g (z),  in the case (1),
AT\T) = °
Nrd,/(zo), in the case (2), where x = (x0,z0) € Ag x Ag’.

Then N4, is a homogeneous polynomial of degree d, defined over Q, on
J(A,T).

The case (1) gives the outer determinant forms, while the case (2) gives
the inner forms, namely the usual reduced-norm forms on central simple
Q-algebras.

We say that a determinant algebra (K, A, 7) is split over R if there is an R-
linear isomorphism ¢ : J(A4,7) @R = My(R) such that N4 ,(z) = det(c(z)).
Only determinant algebras split over R will occur below. An order in A
means a subring O which is a full Z-lattice in the underlying Q-vector space.
If 7(O) = O, we write O := O N J(A, ), which is a full lattice in J(A4, 7).

The following Frobenius—Dieudonné theorem (see [25, Theorem 2]) de-
scribes the linear maps preserving the determinant up to a scalar.

Lemma 2.2. Let L be a field of characteristic zero, and let T € GL(My(L))
satisfy

det(Tv) = ¢ det(v) (v e My(L))
for some c € L*. Then either

Tv=givgs  (veEMqy(L)),
or

Tv = g1vTgs (v e Mg(L)),
for some g1, g2 € GL4(L) satisfying det(g1) det(g2) = c.

We shall use the following elementary uniqueness statement.
Lemma 2.3. If g1,92 € GLg(L) satisfy
g1vg2 = v for all v e My(L),
then there exists ¢ € L™ such that
g1 = clg, g2 =c g

Proof. Taking v = I, we get g1gs = I4, 80 go = gl_l. Hence glvgl_1 = v for
every v € Mg(L). Therefore g; lies in the center of My(L), and so g; = cly
for some ¢ € L*. Then go = ¢ '1,. O

We also record a simple rationality criterion for polynomials.

Lemma 2.4. Let p € Rlzy,...,zn]. If p(ZN) C Q, then p € Qlay,...,zN].
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Proof. We first consider the case N = 1. Let p € R[z] have degree m. Denote
by
Ap(z) :=p(z + 1) — p(x)
the finite-difference operator. Then A™p is constant and equal to m!a,,,
where a,, is the leading coefficient of p. Moreover, each AFp(0) is an
integer linear combination of p(0),...,p(k). Since p(Z) C Q, all these finite
differences are rational. It follows that every coefficient of p is rational.
For general N, we argue by induction. Write

m
p(xla .o '7xN) = ij(l'l, ce 7xN—1>$3\[-
j=0

For each integer r, the polynomial p(-,r) takes rational values on ZV~!. By
the induction hypothesis, it has rational coefficients. Evaluating at m + 1
distinct integers r and inverting the corresponding Vandermonde matrix, we
conclude that each p; has rational coefficients. ([l

We use the following standard classification of twisted forms of the deter-
minant [31].

Lemma 2.5 (Twisted determinant forms). Let F' € Q[z1,...,2N] be a ho-
mogeneous polynomial of degree d. Suppose that F' becomes linearly equivalent
to det over Q. Then there exist a determinant algebra (K, A, T) of degree d
over Q and a Q-basis {wi;} of J(A,T) such that

F(x) = CNAJ— (Z xijwij>
i.J
for some ¢ € Q*. Conwversely, every polynomial of this form becomes linearly
equivalent to the determinant over Q.
Moreover, F' is linearly equivalent over R to the ordinary determinant if
and only if (K, A, ) is split over R.

Proof. This is the classification of twisted forms of the determinant, due to
Waterhouse; see [31]. We recall the descent mechanism to fix the notation.

Choose g € GLy(Q) such that
F = det og.

For each o € Gal(Q/Q), the element z, := go(g) " lies in the determinant
stabilizer. By Lemma 2.2, it belongs either to the left-right component or
to the transpose-left-right component. Projection to the component group
gives a quadratic character Gal(Q/Q) — Z/27Z. This character determines
the quadratic étale algebra K/Q. Over K, the cocycle lands in the identity
component of the determinant stabilizer and hence gives, by the usual descent
correspondence for matrix algebras, a central simple K-algebra A of degree
d. The action of the nontrivial automorphism of K/Q, together with the
transpose component, descends to a unitary involution 7 on A. The descended
form is precisely the restriction of Nrd 4 /x to J(A, 7).
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Conversely, after extension of scalars to Q, every determinant algebra
becomes the split matrix algebra with its standard transpose descent datum,
and N4 r becomes the ordinary determinant. The last assertion follows by
the same argument after extending scalars to R. O

We shall also use the following terminology. A determinant form F' over
Q is called Q-split if it is proportional to det oT" for some 1" € GLy(Q). We
say that a lattice A is of Q-split type if there exist g1, g2 € GL4(R) such that

A is commensurable with g3 M4(Z)gs.

We now give the arithmetic characterizations of determinant-rational lattices.

Theorem 2.6. Let A < My(R) be a lattice. The following conditions are
equivalent:
(1) A is determinant-rational;
(2) det(A) C AZ for some X € R*;
(3) Fa is proportional to a polynomial with rational coefficients;
(4) there exist a determinant algebra (K, A,T) of degree d over Q, split
over R, a T-stable order O C A, an R-linear norm-form isomorphism

v J(A, 7) @9 R = My(R),
and g1, g2 € GL4(R), such that A is commensurable with

911(O7) g2;
(5) there exist a determinant algebra (K, A, T) of degree d over Q, split
over R, and a Q-basis {w;;} of J(A,T), such that

Fy(z) =cNa, (Z mijwij) for some c € R*.
,J
Moreover, A is of Q-split type if and only if Fy is Q-split.

Proof. The implication (2) = (1) is immediate. If (3) holds, then there are
ce€R* and P € Q[zy1,...,xy] such that Fy = ¢P. Since the values of P on
Z" have bounded denominators, there exists m > 1 such that mP(Z") C Z.
Thus det(A) = F5(Z") C em™'Z, which proves (3) = (2).

We next prove (1) = (3). If A is determinant-rational, then F)(Z") C AQ
for some A € R*. Hence A\~ ' F) takes rational values on Z". By Lemma 2.4,

)\71FA € @[1’1,...,1’]\7],

so F is proportional to a polynomial with rational coefficients.

We now prove (3) = (5). After rescaling, we may assume that F) €
Q[x1,...,xN]. Since Fj is a real determinant form, it is linearly equivalent
to det over R, and hence over Q. By Lemma 2.5, there exist a determinant

algebra (K, A, 1) over Q and a Q-basis {w;;} of J(A, ) such that

Fy(z) =cNa, (Z $ijwij>

i?j
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for some ¢ € R*. Since F) is linearly equivalent over R to the ordinary
determinant, the determinant algebra is split over R.

We prove (5) = (4). Let {v;;} be the Z-basis of A used to define F}, and
let W be the Z-span of the basis {w;;} in J(A, 7). Choose a T-stable order
O C A. Then W and O are full lattices in the same Q-vector space J(A, 1),
hence are commensurable.

Let L : J(A,7) ®g R — Mg(R) be the real linear isomorphism determined
by L(w;j) = vi;. Let ¢ : J(A, 7)®@gR = Mgy(R) be a norm-form isomorphism,
so that

Ny () = det(e(x)).
Then T := L o~ ! satisfies

det(Tv) = ¢ det(v) (v e Mg(R)).
By Lemma 2.2, either
T(v) = givga or T(v) = givTge

for some g1, g2 € GLg(R). In the second case, replace ¢ by the norm-form
isomorphism z +— ¢(x)T. Thus, after this harmless change of ¢, we have
L(x) = gi1t(x)g2. Since L(W) = A and W is commensurable with O7, it
follows that A is commensurable with g; ¢«(O7) g2. This proves (4).

Finally, we prove (4) = (2). Let x € O". Since O is an order, Nrd 4k ()
is an algebraic integer of K. Since x = 7(x), this reduced norm is fixed by
the nontrivial automorphism of K/Q, and hence lies in Z. Therefore

det(g1t(x)g2) = det(g192) Na () € det(g192)Z.

If A is commensurable with g;¢(O7)ga, then there exists m > 1 such that
mA C g1.(O7)ga. Consequently,

det(A) € m~4det(g192)Z.
This proves (2). It remains to prove the final assertion. Let
Ly : Mg(R) = Mqg(R)

be the linear isomorphism determined by the chosen Z-basis {v;;} of A, so
that LA(Ez‘j) = Vjj- Then

A= LyMy(Z) and Fp =detol,.

Recall that, for Sy, 52 € GLy(R), the lattices S1ZY and S2Z" are com-
mensurable if and only if S;' S € GLy(Q).

Suppose first that A is of Q-split type. Then there exist g1, g2 € GL4(R)
such that A is commensurable with g1 Mg(Z)ge. Let

S Ma(R) > Mg(R),  S(X) = g1 Xgs.
The lattices Ly M4(Z) and S M4(Z) are commensurable. Hence
T:=S"'L) € GLy(Q).
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It follows that
FA(X) = det(LaX) = det(S(TX)) = det(g1) det(g2) det (T X).
Thus
Fp = det(g1) det(g2) det oT,

and therefore F) is Q-split.

Conversely, suppose that F) is Q-split. Then there exist ¢ € R* and T' €
GLy(Q) such that Fjy = ¢ detoT. Set S := LyT~!. For every X € My(R),
we have

det(SX) = det(LAT™ ' X) = ¢ det(X).

By Lemma 2.2, there exist g1, g2 € GLg(R) such that either S(X) = g1 X g
for all X, or S(X) = ¢1XTge for all X. Since T' € GLy(Q), the lattice
T My(Z) is commensurable with M;(Z). Hence

A = Ly My(Z) = S(T My(Z))
is commensurable with SMg(Z) = g1 M4(Z)g2. Thus A is of Q-split type.
(]

2.2. Orbit closures. Let
G = SLy(R), I' =SLy(2), X =G/T.

The space X parametrizes unimodular lattices in M4(R). For g = (gs5) €
SL4(R) and h € SL4(R), their Kronecker product is

guh -+ giah

g®h= € SLy(R).

garth -+ gaah

We set
H = SLi(R) @ SLy(R).

Under the identification E;; = e; ® e;, one has

(hl (= hg)’l} = hl’l)hg.

The following consequence of Ratner’s orbit-closure theorem is the dynam-

ical input.
Theorem 2.7. For every [g] € G/T, the orbit H|g] is either closed or dense.
If H|g] is closed, then H N glg~! is a lattice in H.

Proof. The group H is connected, semisimple, has no compact factors, and is
generated by one-parameter unipotent subgroups. Moreover, H is a maximal
connected Lie subgroup of Gj; see [12]. Ratner’s orbit-closure theorem [28]
therefore implies that the closure of H|[g] is either H|g| or all of G/T". In the
closed case, the stabilizer H N gl'g~! is a lattice in H. (]

We next identify the invariant polynomials for the H-action.
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Lemma 2.8. For any g € G, the space of homogeneous degree-d polynomials
on My(R) invariant under g~*Hg is one-dimensional and is spanned by

Fy := det og.

Proof. Let f be a homogeneous degree-d polynomial invariant under g~ 'Hg
for some g € G. After replacing f by fog™!, it suffices to treat the case g = e.
If f(Iz) = 0, then f vanishes on the H-orbit of Iz, which is SL4(R). By
homogeneity, f vanishes on the positive-determinant open subset RT SLy4(R),
which is Zariski dense in M4(R). Hence it vanishes identically as a polynomial.
Thus we may assume f(I;) = 1.

For X € GL4(R), the H-orbit of X is determined by det X. Hence

f(X) = f(diag(det X, 1,...,1)).
For every t # 0, diag(t?,1,...,1) lies in the H-orbit of tI;. Therefore

f(diag(t®,1,...,1)) = f(tly) = t*.

It follows that for all s > 0, f(diag(s,1,...,1)) = s. Hence f(X) = det X
on the open set {X : det X > 0}. Since this set is Zariski dense in My(R),
the two polynomials agree identically. ([

We can now characterize determinant-rational lattices dynamically.

Theorem 2.9. Let g € G, and let A = gZN. Then:

(1) A is determinant-rational if and only if H[g| is closed in X.
(2) If A is not determinant-rational, then Hlg] is dense in X, and
det(A) = R.
Proof. We first prove that closedness implies determinant-rationality. Sup-
pose that H[g] is closed. By Theorem 2.7, [ Ng~'Hg is a lattice in g~ ' Hyg.
Let Wy be the space of homogeneous degree-d polynomials on RY invariant

under I'N g~ Hyg. This is a Q-subspace of Sym?((RN)*), since TNg~'Hg C
SLn(Z). Moreover F, € Wy. By the Borel density theorem, ' N g 1Hyg is
Zariski dense in g~! Hg; see, for instance, [32]. Hence every element of W is
invariant under g~'Hg. By Lemma 2.8,

Wo = RFEy.
Since Wy is defined over Q, the line RF} is defined over Q. Hence F}, and
therefore F), is proportional to a polynomial with rational coefficients. By
Theorem 2.6, A is determinant-rational.

Conversely, suppose that A = gZ% is determinant-rational. After rescaling
F,, we may assume that F; € Q[z1,...,zn]. Let

L= StabSLN (Fg)o.
Since F, has rational coefficients, L is an algebraic group defined over Q.
Moreover, L(R)® = g~ 'Hg. The group L is semisimple. By the Borel-Harish-
Chandra theorem [5], L(Q) NSLy/(Z) is a lattice in L(R)°. Hence g"'HgNT
is a lattice in g~'Hg. Therefore H[g] is closed.
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This proves (1). Part (2) follows immediately from Theorem 2.7: if A is
not determinant-rational, then H[g] is not closed, and hence is dense in X.
Since A = gZ" O gl'e; and Ge; = RN — {0}, we obtain

det(A) D det(HgT e;) = det(Gey) = det(Mg(R) — {0}) = R.
Thus det(A) = R. O

3. HEIGHT FUNCTIONS AND MAIN TECHNICAL RESULTS

In this section we introduce the height functions and the representation-
theoretic framework used in the proof of Theorem 3.8. We then define the
Diophantine and quasi-null conditions that isolate the exceptional subspaces
for the action of H = SL4(R) x SL4(R), and state the principal technical
results proved in the subsequent sections.

3.1. Rational subspaces of a lattice. Put N = d?, and identify My(R)
with RN by the coordinate map (xij)lgi’jgd — Zi,j xijEij where Eij is the
elementary matrix whose only nonzero entry is one at the (4, 7) position. We
equip My(R) with the Euclidean inner product

(v,w) = tr(vwT),

and use the induced inner products on all exterior powers.
Let V < My(R) be an r-dimensional subspace for 1 < r < d? —1. A
Pliicker vector of V' is a nonzero decomposable vector

Wy = U1 A Ay E/\TMd(R), (31)

where vy, ..., v, is a basis of V. Thus the Pliicker line Rwy depends only on
V.

Let A < My(R) be a lattice. A subspace V < Mgy(R) is A-rational if
ANV is alattice in V. For such a subspace, its A-Pliicker vector is

WAy =V A Ay, (3.2)
where v1, ..., v, is a Z-basis of AN V. This vector is well-defined up to sign,
and

lwa,v|| = covoly (ANV).
We write

L v={o,
AaV) = {|WA,V||, v £ {0).

3.2. The height function «. Let
X =SLy(R)/SLy(Z)

be the space of unimodular lattices in M4(R). The a-characteristics, intro-
duced by Eskin—-Margulis—Mozes in [13], are the functions ai,...,an_1 :
X — (0,00) defined by

a;(A) :=sup {# 1V < Mg(R) is A-rational and dimV = z} .
da(V)
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Equivalently, a;(A)~! is the least covolume of an i-dimensional primitive
sublattice of A. The usual height is

a(A) = 1SI@%&]\)7(71 a;(A).

3.3. Schur functors. Let
Hy; = SLy(R) x {e}, H, = {e} x SLy(R), H = HH,.
The action
(g, h) - X = guhT (g,h € SLg(R), v € My(R))

induces an action of H on every exterior power of Mg(R).
Let C and R be two copies of R? representing the column and row
coordinates, respectively. Under the identification F;; <+ e; ® f;, one has

Md<R) ~ C & Ra

and the two factors of H act in the standard way on C and R.

The exterior powers of matrix space decompose into irreducible H-
summands by the skew Cauchy formula, that is, the Cauchy formula for
exterior powers:

AN Ma(R) =~ P SA(RY) @ Syr(RY),
A7
ACdxd

where A = (A\y > -+ > Ay > 0) ranges over partitions of r whose Young
diagram lies in the d x d box, Sy denotes the corresponding Schur module,
and AT denotes the conjugate partition. We use the standard notation for
Schur functors; see [17, Section 4.2] or [16, Chapter I].

If A= (Ai,...,\g), with Ay > --- > Xz > 0, then the restriction of Sy(R%)
to SL4(R) has highest weight

d—1
>N = Ajn)w;
j=1
It is therefore trivial precisely when A = (¢%) for some ¢ > 0. Consequently,

a trivial factor can occur in A My(R) only when d | i.
For 1 <k <d-—1, define

Mk,l = (/\kd Md(R))H2

~ S(dk)(C) & 1,
and
Mz = (AFM(R)) ™ ~ 1 @S 4y (R).

Thus My, ;1 and My, 2 are the maximal subspaces on which Hy and Hy, respec-
tively, act trivially. Since the skew Cauchy decomposition is multiplicity-free,
it gives an H-equivariant direct-sum decomposition

NIMG(R) = My © M1 @ My, (3.3)



20 WOOYEON KIM AND HEE OH

where My, o is the sum of the remaining irreducible summands. Set

d—1

M, ::@Mk,mv 0<m<2,

k=1

and let
Thm Ak My(R) = My,

be the H-equivariant projection associated with (3.3). For r > 1 and
m € {1,2}, put

ﬂ,&fzn = AT /\r(/\kd Md(R)) — A" Mpem.

Thus
(r)

T (WL A - Awp) = g (w1) A+ -+ A g g (wr).

3.4. Isotropic subspaces. For a subspace U < R¢, define
LIU) :={X € Mg(R) : Col(X) C U} and R(U) :={X € My(R) : Row(X) C U}.
Both spaces have dimension ddim U.

Definition 3.1. Let 1 < k < d —1. A kd-dimensional subspace V' < M,(R)
is column-isotropic if V.= L(U) for some k-dimensional subspace U < RY,
and is row-isotropic if V.= R(U) for such a subspace U. We call V isotropic
if it is column-isotropic or row-isotropic.

Every isotropic subspace is contained in the singular hypersurface {X :
det X = 0}. We use the term isotropic only for the two families above; an
arbitrary linear subspace on which the determinant vanishes identically need
not be isotropic in this sense.

The exceptional summands in (3.3) have the following geometric interpre-
tation.

Lemma 3.2. Let V < My(R) have dimension kd, and let wy be a Pliicker
vector of V.. Then

V is column-isotropic <= wy € My 1;
V' is row-isotropic <= wy € M.

Proof. We prove the column statement; the row statement follows by inter-
changing the two factors of H.

Suppose first that V' = L(U) with dimU = k. Right multiplication
preserves column spaces, so Hy preserves V. Under the identification V ~
U ® R, the determinant, of the action of h € Hy on V is (det h)* = 1. Hence
H, fixes wy, and therefore wy € My, ;.

Conversely, suppose that wy € M, 1. Then wy is fixed by Hs. Since a
nonzero decomposable exterior vector determines its underlying subspace, V'
is Ho-invariant. As an Hs-module,

My(R) ~ C®R
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is the tensor product of a trivial multiplicity space C with the irreducible
standard Ho-module R. Hence every Ho-submodule is of the form U ® R for
a unique subspace U < C. Since dim V' = kd, one has dim U = k, and thus
V =L(0). O

3.5. A rationality obstruction for exceptional summands. The next
observation clarifies the relation between determinant-rationality and the
exceptional summands. A non-determinant-rational lattice may contain
infinitely many rational isotropic subspaces, as in the example A 5 from
the introduction. What cannot happen is that the Pliicker vectors of such
subspaces rationally fill an entire exceptional summand.

Proposition 3.3 (A rational exceptional summand forces determinant-ra-
tionality). Let A < Mgy(R) be a lattice and 1 < k < d — 1. Suppose that
M1 C AP My(R) ds rational with respect to the exterior lattice AFIA. Then
A is determinant-rational. The analogous statement holds with My, o in place

Of Mk,l-

Proof. We prove the column case; the row case is obtained by interchanging
the two tensor factors. Let A = gZV. Put

M, = (AN*g= Y My, € AFIRY.

By assumption M, is a Q-rational subspace of AFIRN - Hence its pointwise
stabilizer

L:= {h € SLy : (A*R)v = v for every v € Mg}

is a Q-algebraic subgroup of SLy.

We claim that

L(R)° = g ' Hag. (3.4)

It is enough to prove that the identity component of the pointwise stabilizer
of M1 in SL(C® R) is Hs.

For U € Gr(k,C), set

Wy :=U®R.
Let P denote the pointwise stabilizer of My, ; in SL(C®R). Let Z € sl(C®R)
belong to Lie(P). Then
Zww, =0 for every U € Gr(k, C).
This implies that
ZU®R) CU®R for every U € Gr(k, C).

We claim that Z preserves each subspace Re ® R, 0 # ¢ € C. If k =1, this

is immediate. If £ > 1, then Re = Nyear,c) U, and therefore Re ® R =
ceU
Nueark,c)(URR). Since Z preserves every U®R, it preserves this intersection.

ceU
Consequently, for every 0 # ¢ € C, there exists B. € End(R) such that
Z(c®r)=c® B.r (r € R).
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If ¢1, co are linearly independent, then applying the same statement to ¢; 4 o
and using linearity gives

€1 ® Bey7 4+ 3 @ Beyr = (1 + €2) @ BeygeoT (r € R).
Hence
Be, = Be, = Bejtes-

The same conclusion for proportional nonzero vectors follows by scaling.
Thus B, is independent of ¢; write it simply as B. We have shown that

Z =idc ® B.
Since Z € sl(C ® R), we have B € sl(R). Thus
Lie(P) = idc ® sl(R).
Since Hs is connected and is contained in P, it follows that
P° = Hs.

Conjugating by g proves (3.4). In particular, g~ Hog is defined over Q. Let
P, be the real vector space of homogeneous degree-d polynomials on RY.
Then the subspace P} TR0 g, Q-defined linear subspace of P;. We now
identify this invariant subspace. Put

F, := det og.

After composing polynomials with ¢—!, the computation reduces to the

standard right SL(R)-action on C ® R. By the Cauchy decomposition,

Sym C®R @S)\ ) @ Sa( R*)
A-d
The restriction of Sy(R*) to SL(R) contains a trivial subrepresentation if
and only if A = (1¢). Hence the space of right-SL(R)-invariant homogeneous
degree-d polynomials is

S4y(C*) ® S (R*) = AIC* @ AIR",
which is one-dimensional and is spanned by the determinant. Therefore
Py M9 _RF,

Since this one-dimensional subspace is defined over Q, the line RF} is
defined over Q. Equivalently, Fy is proportional to a polynomial with rational
coefficients. By Theorem 2.6, the lattice A = gZ" is determinant-rational.

The proof for My, 5 is identical, with the left SL4(IR)-factor in place of the
right factor. O

Remark 3.4. Indeed, the above proof shows that if My ; is rational with
respect to AF?A| then the individual right factor g~ ' Hag is defined over Q.
Thus the corresponding determinant form is of inner type.
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Remark 3.5 (The case d = 2). When d = 2, there is only one critical degree,
namely kd = 2. The column exceptional summand M ; is three-dimensional,
and the Pliicker lines of column-isotropic 2-planes form a nondegenerate conic
in P(M; ;). If a non-determinant-rational lattice A had three distinct A-
rational column-isotropic planes, their Pliicker lines would give three distinct
rational points on this conic. Since no line contains three distinct points
of a nondegenerate conic, these three Pliicker lines would span P(M; 7).
Equivalently, Mj; would be rational with respect to the exterior lattice
A2A, and the proposition would force A to be determinant-rational.

Thus a non-determinant-rational lattice in Ma(R) has at most two rational
column-isotropic planes. The same argument gives at most two rational
row-isotropic planes. Hence there are at most four maximal rational linear
subspaces contained in {det = 0}. This is the finiteness phenomenon used in
the quadratic determinant case [14].

3.6. Diophantine lattices and determinant forms. The exceptional
subspaces My, 1 and My, o are precisely the directions in which the local
contraction estimates may fail. The following condition requires rational
Pliicker configurations to remain polynomially separated from these subspaces
unless they lie in them exactly.

Definition 3.6 (Diophantine lattices). Let n > 0 and M > 1. A lattice
A < My(R) is (n, M)-Diophantine if for every 1 <k <d—1,m € {1,2}, r €
{1,dim My, ,,, }, and for all kd-dimensional A-rational subspaces V1,...,V,
the vector

Wi= WAy, A AW Y.
satisfies that

cither w = () (w) or [[w— ) (w)[ > nw] .

A lattice is Diophantine if it is (n, M )-Diophantine for some n > 0 and
M > 1.

The Diophantine property is invariant under left and right multiplica-
tion by elements of GL4(R), and under transposition. Indeed, these linear
transformations preserve the two exceptional families (with transposition
interchanging them), and the relevant norms are comparable under every
fixed invertible linear map.

Proposition 3.7. Every lattice in My(R) consisting of matrices with alge-
braic entries is Diophantine.
The proof is given in Section 13.

Our first counting theorem for general lattices is the following extension
of Theorem 1.1.

Theorem 3.8. Let A < My(R) be a Diophantine lattice that is not
determinant-rational. Then, for every a < b,

C
X ST Il-1 _ d(d—1)
Ni(a,b;T) covol(A) (b—a)T (T — o0),
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where C). is the constant appearing in (1.3). Equivalently,

N (a,b;T) ~ vol{v € My(R) : |jv]| < T, a < detv < b}.

1
covol(A)

We also record the corresponding terminology for determinant forms. If
F = F) g, where B is a Z-basis of A, let

F* = FA*,B*?
where B* is the basis dual to B with respect to the trace pairing.

Definition 3.9. A determinant form F' is Diophantine if, for one (equiva-
lently, every) realization F' = F) p, the lattice A is Diophantine in the sense
of Definition 3.6.

This definition is independent of the realization. Indeed, if F' = detog =
det og’, then ¢'¢g~' preserves the determinant; by Lemma 2.2, it is given
by left and right multiplication, possibly followed by transposition. The
preceding invariance observation therefore applies. A change of integral
coordinates merely changes the chosen basis of the same lattice. Theorem
3.8 is therefore equivalent to the following:

Theorem 3.10. Let F' be a Diophantine determinant form on Mg(R). If
F' is not proportional to a polynomial with rational coefficients, then the
asymptotic formula of Theorem 1.4 holds for F.

3.7. Quasi-null subspaces and the modified height function. Moti-
vated by Lemma 3.2, we now introduce subspaces whose Pliicker vectors are
close to one of the exceptional summands.

ForO<n<1l, M>1l,and 1<k <d-—1,let

Drang M = {0 +uv € Nk My(R) : n{}iian lv = g m (V)] < nHv||M} . (3.5)

Definition 3.11. Let 0 < n < 1, M > 1, and let A < My(R) be a lattice. For
1<k <d-1, a kd-dimensional A-rational subspace V' is (n, M)-quasi-null
ifway € de%]\/[, i.e.

min_[|way — Tem(Wa )| < nllwav] =M.
m=1,2

It is column quasi-null if the inequality holds with m = 1, and row quasi-null
if it holds with m = 2. A subspace may satisfy both conditions.

For a lattice A € X and 1 <i < N —1, let QNi,n,M(A) be the collection of
all i-dimensional A-rational subspaces V for which there exist 1 < k <d—1
and a kd-dimensional A-rational subspace V' such that

vcVv and WAV € de,n’M.

Thus fzn M (A) is the downward closure, in all dimensions, of the critical
quasi-null subspaces. In particular, if V' ¢ 2; , »(A) and V C W, where W
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is A-rational and 1 < dim W < N — 1, then
w ¢ é:iimW,n,M(A)'

Indeed, if W were contained in a critical quasi-null subspace, then so would
V.

Definition 3.12 (Modified Margulis height function). For h € H and A € X,
define

anm(h; A) == 1S1;‘12\}7{—1 Qi (hy ), (3.6)
where
YN 1 ! (3.7)
. ; = max < 1, sup _— .
M Vis A-ra,tNional7 dim V=i dhA(hV)
V@2 nm(D)

Here the supremum over the empty set is understood to be 0.

It follows directly from the defining quasi-null inequality that for any
1<i<N-land0<7n/ <n<l,

Ligya(8) C Diga(A),  Epar(hiA) <Gy (B D). (38)
3.8. Main technical results. For ¢ > 0, define
b = diag(e™, ..., et eld71) € SLy(R), (3.9)
and
a; := (b, b)) € H. (3.10)
Let K = SO(d) x SO(d), and let dk denote its probability Haar measure.

The first result is the uniform integrability estimate for the modified
height.

Theorem 3.13. Let A € X be an (n, M)-Diophantine lattice, where 0 <
n <1 and M > 1. Then there exists 0 < 0 < (2d)~° such that

sup/ &W,M(atk;A)He dk < .
t>0 JK
Let Ajso denote the set of lattice points that lie in a A-rational column- or
row-isotropic subspace of one of the dimensions d,2d,...,d(d —1).
The singular asymptotic requires the following mild noncoincidence condi-
tion.

Definition 3.14. Let A < My4(R) be a lattice. For every A-rational subspace
V < My4(R), define the quotient lattice

Ay = PyL (A) < VL,

where py,1 denotes orthogonal projection. This is the Euclidean realization
of the abstract quotient A/(ANV).

We say that A satisfies the column isotropic noncoincidence condition
if, for every [d/2] < k < d — 2, there are no distinct subspaces Vi, Vs
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that are maximal, with respect to inclusion, among the proper A-rational
column-isotropic subspaces, have dimension kd, and satisfy

hAy, is commensurable with Ay,

for some h € GL4(R), where h acts by left multiplication on My(R).
We say that A satisfies the row isotropic noncoincidence condition if the
analogous condition holds for row-isotropic subspaces, with

Ay, h  commensurable with Ay,

for some h € GLg4(R), where h acts by right multiplication. Finally, A
satisfies the isotropic noncoincidence condition if it satisfies both the column
and row isotropic noncoincidence conditions.

For d = 3, we have [d/2] = 2 and d — 2 = 1 and hence the above
noncoincidence condition is vacuous. See Example 77 for more examples.
For every A-rational subspace V', one has
=vinAr
Taking dual lattices, the column commensurability condition is equivalent to
(R"HT(Vi- N A*)  being commensurable with  Vi- N A*.

Since h — (h™1)T is a bijection of GLg4(R), it is equivalently the nonexistence
of g € GL4(R) such that

g(Vi- N A*) is commensurable with  Vi- N A*,

Likewise, the row condition is equivalently the nonexistence of g € GL4(R)
such that

(VitNA*)g is commensurable with Vi- N A*

Theorem 3.15. Let A < My(R) be a Diophantine lattice that satisfies the
isotropic noncoincidence condition. Then the limit

A = Jim T € Ao < 0] < T)
exists and is finite. In particular, cing > 0.

4. SUBLEVEL ESTIMATES

The goal of this section is to prove the uniform sublevel estimate needed
for the local contraction inequalities. We work one Schur module at a time.
Along the principal diagonal ray, the module decomposes into bi-weight
spaces, and the expanding horospherical subgroup acts triangularly with
respect to this decomposition. Thus the coordinate at the first nonnegative
weight is a vector-valued polynomial in the horospherical parameter & € R4,

For d > 3, this polynomial may have degree greater than one. We prove
the required sublevel estimate by combining codimension bounds for its
homogeneous initial forms, obtained from the semistandard Young tableau
basis, with analytic stability results of Cluckers—Miller. The equality cases in
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the codimension bounds are precisely the rectangular representations, which

later give the exceptional isotropic summands.

Let
b := diag(e™t, ... et V) € SLy(R).
Let U < SL4(R) be the expanding horospherical subgroup for b;:

U={g€SLy(R) : b_ygby — I; as t — +o0}.

_ _ (1da— 0> , dl}
U—{ug.—< ¢ 1 EeR .
We identify its Lie algebra with

u~ > RE4;~R©Y
1<j<d—1

Equivalently,

and for £ € R4! we write
d—1
Ye = log Ug = Zngdj € u.
j=1

Thus ug = exp(Ye), and the map & — Yz is linear.
In this section we fix
V =Sy\(RY),
where A is a partition whose Young diagram fits inside the d x d box. Since
we work with SLg(R)-representations, we may replace A by the equivalent
partition A — Ag(1%), and we shall therefore assume throughout that

Ag = 0. (4.1)

In particular, the Young diagram of A has at most d — 1 nonzero rows and
at most d columns.

Put
and let V; be the log bi-eigenspace of weight ;. A nonzero vector contained
in some V; will be called a weight homogeneous vector. We have

A1
V=@V
i=0

Indeed, in the semistandard-tableau model, the index 7 is the number of
entries equal to d. Moreover,

logby, Egj] = dEg, so  Y¢V;C Viqy.

Let ( )
~ (SLg—1 (R O)
L_( B0,

Since L commutes with b;, every V; is L-invariant. Let
pi: V=V
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denote the projection onto V;. Because u is abelian, for every v € V,

Lok
UV = Z EY& V.
k>0

Since ng maps V; to Vi, we obtain, for 0 < m < Aq,
= ———Y"" ' (V). 4.2
pm(ugv) ; (m — )] € pz(v) ( )
In particular, p,(ugv) is a polynomial in £ of degree at most m.
The goal of this section is the following uniform sublevel estimate.

Proposition 4.1 (Sublevel estimate). Let 1 < ¢ = {(X) < A1 be the smallest
integer such that pg > 0. Let Q@ C R be a bounded open set, and define

Aglv) = mas [lp:(v)]]

d—1
——, ifp=0and A\ # (d¥), 1<k <d-1,
Q) = d—2
1, otherwise.
Then for every n > 0 there exists C = C(n,) > 0 such that, for everyv € V.

with Ag(v) > 0 and every 0 < e < 1,
Leb({§ € Q: |Ipe(uev)|| < 5Ag(v)}> < O, (4.3)

Remark 4.2 (The case d = 2). For d = 2, after reducing by determinant twists,
the first case in the definition of o), never arises: for every nonexceptional A,
one has ¢ = 1 and py > 0, while the case uy = 0 is precisely the rectangular
exceptional case A = (2) = (d'). Thus the analogue of the proposition gives
the exponent 1 — . In fact, one obtains the sharper exponent 1, because
p1(uev) = p1(v) + Yepo(v) is affine-linear in the one horospherical parameter.

4.1. Tableaux and a codimension bound. We use the standard semis-
tandard Young tableau basis of the Schur module Sy (R9); see [15, Chapters 1
and 8]. A semistandard Young tableau of shape A with entries in {1,...,d}
is a filling of the Young diagram of A by numbers in {1,...,d}, weakly in-
creasing along rows and strictly increasing down columns. The Schur module
SA(R%) has a basis indexed by such tableaux. We also use the standard-basis
theorem and the triangular straightening law for Schur modules; see [1] and
[19, Chapter 2].
If T is a semistandard Young tableau, write

n;j(T) := #{entries of T equal to j}.
Its content is the d-tuple
(n1(T), ..., na(T)).

Since
log by = diag(—1,...,—1,d—1),



DETERMINANT VALUES ON LATTICES 29

the log b1-weight of T is
d—1
wit(T) = = > _nj(T) + (d — 1)na(T) = —|A| + dna(T). (4.4)
j=1

For 1 <i<d-—1, write
Y; = Ye, = Eai

Thus Y; sends e; to eq and kills e; for j # ¢. In particular, Y; decreases the
i-content by one, increases the d-content by one, and raises the log b;-weight
by d.

We say that an entry ¢ < d of a tableau T is i-free if the column containing
that entry contains no d. Equivalently, replacing that entry by d does not
create two equal entries in the same column.

Fix once and for all the standard semistandard Young tableau basis of
Sa(R%), together with a standard monomial order on this basis. If

T = ZCTT,
T

where T ranges over this basis, we write

supp(z) := {T : c1 # 0}.

Lemma 4.3 (Triangularity of the raising operators). Let 0 # x € S\(R?),
and write
T = Z crT
T

in the semistandard Young tableau basis. Let Ty be the largest tableaw in
supp(x). Then, for every 1 <i<d—1,

Yr=0 = YTo=0.
Equivalently, if Yix = 0, then T has no i-free entry.

Proof. The operator Y; = Ey acts by replacing one occurrence of ¢ by d,
followed by straightening. Such a replacement is nonzero precisely when the
chosen occurrence is i-free. The standard-basis theorem and the triangular
straightening law imply that, whenever Y;To # 0, the largest standard
tableau occurring in Y; Tg is strictly larger than every tableau that can arise
from V;T with T < To; see [1] and [19, Chapter 2]. Its coefficient therefore
cannot cancel in Y;x. Thus Y;z = 0 forces Y; Ty = 0, as claimed. O

For a log b1-weight homogeneous vector v, and for » > 1, set
Z,(v) ={¢ e R : Vv =0}. (4.5)

Since Y¢ depends linearly on &, the map & Yiv has polynomial coordi-
nates. Hence Z,.(v) is a real algebraic, in particular semialgebraic, subset of
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R4, We write dim 2, (v) for its semialgebraic dimension, equivalently the
maximum dimension of a smooth semialgebraic stratum, and define

codim Z,(v) := (d — 1) — dim Z,(v).

Also define
m(v) := min{m > 0 : wt(v) + dm > 0}. (4.6)
Equivalently, if wt(v) < 0, then

o= [25]

Lemma 4.4 (Codimension bound). Let v € Sy(R?) be log by -weight homo-
geneous. For 1 <r < m(v),

codim Z,(v) > m(v) +1—r.
Moreover, if d | |A| and equality holds for some 1 < r < m(v), then
A = (d¥) for some 1 <k <d-—1.

Proof. We argue by induction on r. Choose a smooth semialgebraic stratum
X of Z,(v) of maximal dimension, and write

s:=dim X = dim Z,(v), c:=(d—1)—s=codim Z,(v).
If r >1and X C Z,_1(v), then the induction hypothesis gives
c > codim Z,_1(v) > m(v) +2 —r,

which is stronger than required. Hence we may assume that either r = 1
or X ¢ Z,_1(v). Now choose £ € X, which we also assume & ¢ Z,_(v) if
r > 1. Then
Y/v=0 and Ygilv # 0.
Let E :=T¢X; so dim E = s. For 1) € E, choose a C-curve &,(t) in X with
£,(0) = € and & (0) = 7. Differentiating Yg’;(t)v =0 at t =0, and using the
commutativity of u, gives
0=rY,Y{ 0.

Set w = Yg_lv. Then w # 0, the vector w is weight homogeneous, and
Y,w =0 for any n € E.

Choose hg € SLg_1(R) such that Ehg' = (e1,...,es), and put h =
diag(hg, 1) € L. With our row-vector convention for £, direct matrix multi-
plication gives hYnh_1 = Y;7hal. Since h commutes with by, the vector hw
has the same weight as w. Replacing w by hw, we may therefore assume
that

Yiw =10 (1<i<s). (4.7)

Let T be the largest semistandard Young tableau occurring in w. By
Lemma 4.3, (4.7) implies that T has no i-free entry for 1 <14 <'s. Thus every
free entry of T has label in the set {s+ 1,...,d — 1} which has cardinality
c=d—1—s. The Young diagram has at most d columns, and a fixed label
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occurs at most once in each column. Hence, if Npeo(T) denotes the number
of free entries, then

Nireo(T) < dc. (4.8)

Let Nyonfree(T) be the number of entries less than d in columns containing
a d. Because \y = 0, every column has height at most d — 1. A column
containing a d therefore contains at most d — 2 other entries. Since a column
contains at most one d,

Nronree(T) < (d = 2)na(T).
Using (4.4), we obtain
Wt(T) = —Niree(T) — Nnonfree(T) + (d — 1)na(T)
> —Niree(T) +n4(T) > —dc.
Since T occurs in the weight-homogeneous vector w,
wt(w) = wt(T) > —dc. (4.9)

On the other hand, wt(w) = wt(v) +d(r —1). The definition of m(v) gives
0 < wt(v) + dm(v) < d, and hence

0 < wt(w) +d(m(v) —r+1) <d. (4.10)
Combining (4.9) and (4.10), we find
—dc < wt(w) < —d(m(v) —r).
Thus ¢ > m(v) — r, and, since c is an integer,
c>m(v)+1—r.

This proves the codimension estimate.

Assume now that d | |A| and that equality holds. Then ¢ = m(v) +1 —r.
Every weight of Sy(R%) is congruent to —|A| modulo d, so wt(w) € dZ. The
inequalities above become

—dc < wt(w) < —d(c —1),
and therefore wt(w) = —dc.
The sharper tableau estimate
Wt(T) > —Nfree(T) + nd(T) > —dc+ nd(T)
then forces
nd(T) = 0, Nfree(T) = dC.

Thus every entry of T is free and has label in {s+1,...,d — 1}. There are ¢
possible labels, each occurring at most once in each of at most d columns.
Equality in (4.8) consequently forces the diagram to have exactly d columns,
each containing all ¢ labels. Hence A = (d¢), which proves the equality
statement. (|
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4.2. Uniform negative moments and initial forms. We record two ana-
lytic facts for compact semialgebraic families of polynomial maps. The exter-
nal input is the one-parameter stability statement Lemma A.1, a consequence
of the preparation and constructible-integration theory of Cluckers—Miller in
the globally subanalytic category. Since semialgebraic sets and polynomial
maps are globally subanalytic, this input applies to the families considered
below.

The first lemma upgrades pointwise integrability of the fibers to a uniform
negative-moment bound, after a small loss in the exponent. The second uses
this uniformity to pass from integrability of homogeneous initial forms at
zeros to integrability of the full polynomial family.

Lemma 4.5 (Uniform negative moments in compact polynomial families).
Let A C RN be a compact semialgebraic set, let B C R™ be a bounded
semialgebraic open set, and let W be a finite-dimensional Fuclidean space.
Let

Q:AxB—=W,  Qaz):=CQ(a ),

be the restriction of a polynomial map, and put F(a, ) := ||Qu()||?. Assume
that, for some s; > 0,
F(a,")™** € L'(B) for every a € A. (4.11)
Then, for every 0 < s < s1,
sup/ F(a,z) % dzx < 0. (4.12)
acAJB
Consequently,

Leb{z € B : |Qu(2)|| < e} <aB.0.s > (0<e<l),
uniformly in a € A.
Proof. Fix 0 < s < s1. Choose a rational number ¢ and a real number 7

such that
s<o<T<S8].

Since F' is bounded above on A x B, there is a constant Cj such that

F(a,z)"° < CoF(a,x)° (F(a,z) > 0). (4.13)
Moreover, F(a,z)”" <14 F(a,z)”*. Thus
F(a,) "€ LY(B) (acA), (4.14)

and it is enough to prove that the o-moments are uniformly bounded.
Put
D :={(a,z) € Ax B: F(a,x) > 0},
and extend F'~7|p by zero to A x B. Since o € Q, this extension is globally
subanalytic. By the stability of constructible functions under parameterized
integration [8, Theorem 1.3],

I,(a) = /B Fa,2)~° da (4.15)



DETERMINANT VALUES ON LATTICES 33

is a constructible function on A. The value assigned to the integrand on
F~1(0) is immaterial: by the hypothesis, no polynomial F(a,-) is identically
zero, and hence its zero set has Lebesgue measure zero.

We claim that I, is locally bounded on A. Suppose not. Then the prepa-
ration theorem for constructible functions, together with the no-cancellation
statement of Cluckers—Miller [8, Theorem 3.11 and Proposition 6.1], gives a
globally subanalytic arc

a:[0,0) — A, a(0) = ao,
which, after a power reparameterization, is real analytic at 0, and such that
I,(a(t)) — oo (t —0). (4.16)
Apply the one-parameter stability statement to
H(t,z) := F(a(t), ).

The function H is real analytic and globally subanalytic near [0,5) x B, and
(4.14) gives

H(0,-) " € LY(B).
Therefore by Lemma A.1, there exists ¢’ > 0 such that

sup I,(a(t)) < oo.
0<t<s’

This contradicts (4.16). Hence I, is locally bounded. Since A is compact,

sup I,(a) < oo.
acA

Together with (4.13), this proves

sup/ F(a,z) % dzr < 0.
acAJB

Finally, Chebyshev’s inequality gives
Leb{a € B+ | Qu(a)]| <} < [ Qu@)|* da.

and the asserted sublevel estimate follows. O

Lemma 4.6 (Initial forms at all nearby zeros control local integrability). Let
B C R"™ be a bounded semialgebraic open set, let W be a finite-dimensional
Fuclidean space, and let C be a compact semialgebraic family of nonzero
polynomial maps Q@ : R™ — W of degree at most D. Suppose that there exists
a > 0 such that, for every Q € C and every zero xg € B of Q, the first
nonzero homogeneous Taylor term Hg ., := ing, Q satisfies

[ Hu@I ™ dy <o for every 0 <y <.
llyll<1
Then, for every 0 < 8 < a,

sup/ 1Q(2)||~? da < .
QeC/B
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Consequently,
Leb{z € B: ||Q(z)|| <€} <c.Bp P
uniformly for Q@ € C and 0 < e < 1.

Proof. Fix 0 < 8 < a. The joint zero set

Z:={(Q,z) €eCx B:Q(z) =0}

is compact and semialgebraic. Choose a finite semialgebraic Whitney strati-
fication of Z such that the projection to C is a stratified submersion, and
refine it so that the order of vanishing in the z-variables is constant on each
source stratum. After a finite refinement of the target stratification, the
nonempty intersections of the source strata with the fibers

Zg:={r € B:Q(z) =0}

form Whitney stratifications satisfying the frontier condition. Hardt triviality
gives a uniform bound for the number of fiber strata; see [4, Chapter 9]. Let
N be such a bound. Choose exponents

B=v%<7 < - <ynN41 < Q. (4.17)

We first fix @@ € C. Order the nonempty strata Sy, ..., Sy, where M < N,
so that a stratum whose closure contains another stratum occurs first. We
prove inductively that, near every point of Sj, the function Q% is locally
integrable, where d; := yn41—;. For the induction step, put

(5;_ = YN42—j > (5]'.
Every stratum preceding S; has already been treated at an exponent at least
5.
J

Fix zg € Sj. After shrinking to a relatively compact coordinate patch in
S;, choose a compact semialgebraic neighborhood K C S of xy. The frontier
condition allows the ambient neighborhood to be chosen so that every zero
of @ in it either lies in S; or in a stratum preceding S;. Let ¢ = n — dim 5.
A semialgebraic tubular neighborhood provides a compact semialgebraic set

K', a parametrization o : K’ — K, a smooth semialgebraic normal frame
Vi,...,Ve, and rg > 0 such that

D(u,t) :=o(u) + Ztiui(u)
i=1

is a diffeomorphism on K’ x By, onto its image. Put

q(u,t) := Q(®(u, 1)).

The order of normal vanishing is constant on the stratum, say equal to m > 1,
SO

q(u,t) = Alu,t) + R(u,t),  [|R(ut)] < [l¢]™+, (4.18)

where A(u,-) is nonzero and homogeneous of degree m.
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For ug € K', set © = ®(up,0) and L = D®,, ). Comparing the lowest
nonzero powers of r in Q(@(uo + 7€, rt)) gives
Hqa(L(§,1)) = A(uo, t). (4.19)

Thus the hypothesis on Hg ., followed by an invertible linear change of
variables and Fubini’s theorem, shows that

AKJMW@H@ﬁ<w (up € K').

The coefficient vectors of the maps A(u,-), u € K’, form a compact semi-
algebraic set. Identifying this set with the parameter space and applying
Lemma 4.5 to the polynomial evaluation map yields

am/ 1A (u, )] % dt < oo. (4.20)
ueK’ Jt]|<1
In particular, radial integration for the homogeneous map A(ug,-) gives
c— mé;f > 0, and hence ¢ —md; > 0. (4.21)
Let
A:={yeR:1/2 < |y| <2},
and define, for 0 < r < r(/2,

—m

r~"q(u,ry), >0,

qu,r(y) =
A(u,y), r=0.

The coefficients of ¢, , depend continuously and semialgebraically on (u,r).
Their coeflicient vectors therefore form a compact semialgebraic set. With
this coefficient set as parameter space, evaluation on A is polynomial. At
r = 0, the power —(5]'-F is integrable by the initial-form hypothesis. If » > 0,
every zero of g, corresponds under ® to a zero of () outside Sj;, hence

+
to a point of a preceding stratum. By the induction hypothesis, HQHféj ,

+
and therefore ||q,..|| ™% , is locally integrable at each such zero. Since the
integrand is bounded away from the zero set, a finite cover of A then gives

st
/AH(]u,r(y)H % dy < o0 (we K', 0<r<r/2).
Applying Lemma 4.5 again gives

sup | aur )7 dy < . (122
u€K’,0<r<rqg/2JA
For r > 0, the change of variables t = ry and (4.22) imply
sup [ fla(u, )] de < 5.
ueK’JrA
The exponent is positive by (4.21); summing over dyadic annuli proves

Sw/ lg(u, )|~ dt < oo
ueK' J||t]|<ro/2
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The Jacobian of ® is bounded above and below on a smaller compact tubular
neighborhood. Hence ||Q||~% is integrable near K, completing the induction
over the strata.

Since M < N, every exponent used in the induction is at least ;. After
all strata have been treated, ||@|~* is locally integrable near every point of
Zg. Since Zg is compact and [|Q|| 7" is bounded away from the zero set,

/B Q@) Mde <00 (Q Q). (4.23)

Finally, identify C with its compact semialgebraic coefficient set. The
evaluation map is polynomial, so Lemma 4.5, applied with s; = 71/2 and
s = /2, turns (4.23) into

sup / 1Q(@)||~* do < .
QeCJB

Chebyshev’s inequality gives the final sublevel estimate. O

4.3. The critical weight-vector sublevel estimate. We now prove the
critical sublevel estimate for log b1-weight homogeneous vectors.

Lemma 4.7 (Critical sublevel estimate for weight vectors). Let v € Sy(R%)
be log by -weight homogeneous. Assume m(v) > 1, and define

-1
L, if wt(v) +dm(v) =0 and A # (d¥), 1 <k <d-1,
av): =< d—2
1, otherwise.

Then for every bounded open set  C R and every n > 0, there exists
C =C(n,Q,v) >0 such that for every 0 < e < 1,

Leb{¢ € Q: V"] < efjo]} < C2) .

Proof. By homogeneity in v, we may assume ||v| = 1. For simplicity, set
m = m(v). It is enough to prove that, for every 0 < 5 < «(v), one has

/ Y]~ de < oo, (4.24)
Q

Indeed, Chebyshev’s inequality then gives the desired sublevel estimate after
choosing 8 with

a(v) —n < B < av)
when 0 < 1 < a(v); if n > a(v), the result is trivial after enlarging the
constant.

We prove (4.24) by induction on m = m(v). The case m = 0 is imme-
diate. Assume m > 1, and that the same negative-moment statement has
been proved for every weight-homogeneous vector w with m(w) < m. By
Lemma 4.4, applied with » = m, the polynomial map

P(§) ==Y
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is not identically zero. Away from the zero set of P, the integrand in (4.24)
is bounded. It therefore suffices to prove local integrability of || P(£)||~® near
each zero of P.

Let & be a zero of P. We divide our proof into two cases.
Case 1: ) ¢ Z1(v). Choose a bounded semialgebraic open neighborhood
By of & such that

BoNZ (v) =@.
We claim that the hypotheses of Lemma 4.6 hold for the singleton family
{P} on By, with exponent a(v).
Let z € By be a zero of P. If m = 1, then P(z) = Y,v = 0 would imply
z € Z1(v), contrary to the choice of By. Thus this case is empty when m = 1,
and we may assume m > 2. Let j be the largest integer 0 < j < m — 1 such
that Y/v # 0. Because z ¢ Z;(v), one has j > 1. Set
q:=m—7j, w::YZjv.
Then 1 < ¢ < m, and w is log bj-weight homogeneous. Moreover,
wt(w) + dg = wt(v) + dm. (4.25)
It follows that
m(w) = q (4.26)
and a(w) = a(v).
Using the commutativity of u,

Plz+n)=Y" 0= (:’:) A W) (4.27)

k=0
By the choice of j = m — ¢, all terms of degree < ¢ in n vanish, and the

degree-q term is
m
Y w.

This polynomial is not identically zero: by (4.26) and Lemma 4.4, the set
Z4(w) has positive codimension. Consequently the displayed term is the
initial form, namely

HRAm::<?>Kﬁu (4.28)

By the induction hypothesis applied to w, for every 0 < ' < a(w) = a(v),
/ V]| dy < cc.
lInll<1

This is exactly the negative-moment induction hypothesis. Thus every
zero z € By has an initial form with integrability exponent at least a(v).
Lemma 4.6 applied to the singleton family {P} on By therefore yields

IP(€)II77 € Lige(&0)-
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Case 2: { € Z1(v). Since Yg,v =0, one has Y v =0 for all a > 1. Using
the commutativity of u,

P(&o+n) = (Ye +Yy)"0 = Y"0 = P(n).

It is therefore enough to prove local integrability at the origin.
The space Z;(v) = {¢€ € R4 : Yev = 0} is linear. Let

N := Zi(v)t, c:=dim N = codim Z;(v).
Write
E=x+y, x € Z(v), y€e€N.
Because Y,v = 0, one has

P(z+y) =Y" v =Y"0. (4.29)

Thus P factors through the quotient R?~!/Z;(v), and in the orthogonal
decomposition R = Z;(v) @ N local integrability near 0 reduces to local
integrability on the normal space N.
We first show that
|V =P df < oo, (4.30)
N
where Sy denotes the unit sphere in V.

Let 6y € Sy satisfy Yy"'v = 0. Since 6 € N = Z; (v)* and 6y # 0, we have
0o ¢ Z1(v). Thus 6, falls under Case 1. Choose a bounded semialgebraic
open neighborhood By, of 6y disjoint from Z;(v). By Case 1, |P||™# is
integrable on a smaller neighborhood of 6. In the orthogonal decomposition
R4=! = Z;(v) @ N, the function P depends only on the N-coordinate.
Fubini’s theorem therefore gives local integrability in the N-variable. On an
annular neighborhood of 6y, polar coordinates in N have a smooth Jacobian
bounded above and below, so this is equivalent to local integrability of

0 — [|Yg" o] ~”

on Sy near 63. The zero set on Sy is compact, while the integrand is
bounded away from it. A finite cover proves (4.30).
Now use polar coordinates in N. Since P is homogeneous of degree m,

Yigv=r"Y"v.

For sufficiently small § > 0,

9
/ HmevH’*de:/ rcflfmﬁdr/ Yol P do. (4.31)
lyll<d, yeN 0 SN

The angular integral is finite by (4.30). Thus the normal integral is finite
provided
c—mpB > 0. (4.32)
By Lemma 4.4 with r =1,
¢ = codim Z;(v) > m. (4.33)
If a(v) =1, then 5 < 1, and therefore c — mg3 > m(1 — 3) > 0.
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Now suppose that a(v) = %. Then wt(v) + dm = 0 and X\ # (d¥).
In particular d | |A|. Since equality in Lemma 4.4 cannot occur in the
nonrectangular case, we have

c>m+1. (4.34)
Moreover,
m<d-—2. (4.35)
Indeed, if m = d — 1, then for every tableau occurring in the support of v,
—|Al +dng+d(d—1) =0.

Because Ay = 0, one has |\| < d(d — 1). The preceding identity therefore
forces ng = 0 and |\| = d(d—1), hence A = (d?~1), contrary to the hypothesis
A # (d¥).
Combining (4.34) and (4.35), we get
1 d-1

1
‘s —>1+-— = a().
e M il e RO

Since < a(v), this implies (4.32). Thus the integral in (4.31) is finite in all
cases, and by (4.29) this proves local integrability at the origin.

We have shown that ||P(€)||~? is locally integrable near every zero of P.
Since QN Z(P) is compact and ||P||~? is bounded away from Z(P), a finite
cover gives (4.24). This proves the lemma. O

4.4. Triangular U-polynomials. We next prove pointwise local integrabil-
ity for the triangular polynomial maps which arise from (4.2).

Proposition 4.8 (Local integrability for triangular U-polynomials). Let
1 < l=4(N) < )\ be the smallest integer such that py > 0. Let

l
1
5) = Z —'quvg_q, Uj € VYjv
q=0 a

and assume that QQ #£ 0. Then for every zero & of @, and every 0 < 8 < vy,
the function € — ||Q(&)|| 77 is locally integrable at &.

Proof. Fix a zero &y of (). We shall verify the hypothesis of Lemma 4.6 for
the singleton family {@} in a small neighborhood of &y. Because U is abelian,
for every & € R 1,

(S0 +&) = Z Wi, (4.36)

where w; := p; (u&) Zf:o Ui). Since Q(ﬁo) =0, we have wy = 0. Translation
does not turn a nonzero polynomial into the zero polynomial. Hence some w;
is nonzero, and we may let ¢ > 1 be the smallest integer such that w,_, # 0.
The terms of degree less than ¢ in (4.36) vanish.

We claim that ¢ = m(wy—q). Indeed, we—q € Vj—4, so its weight is
fe—q = ftg —dgq. Since £ is the smallest index with p, > 0, one has 0 < pp < d.
Therefore the smallest integer m such that py_, + dm > 0 is exactly m = q.
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Lemma 4.4, applied with r = ¢, now shows that quwg_q is not identically
zero. Therefore the first nonzero homogeneous Taylor term of @ at &g is
1
HQ.g(8) = aquwefq- (4.37)
Hence Lemma 4.7 applies to the weight homogeneous vector wy_,, and
Wt(wgfq) + dq = Uy.

It follows that the exponent a(wy_4) in Lemma 4.7 is precisely ay. The
negative-moment conclusion established in the proof of Lemma 4.7 therefore
gives, for every 0 < 8 < ay,

/||§||<1 HYéqW*q”i/B dg < oco.

By (4.37), the same is true for the initial form Hg ¢,. Since & was arbitrary,
the hypotheses of Lemma 4.6 hold for the singleton family {Q} on any
bounded semialgebraic neighborhood of &;. Therefore for any 0 < 8 < a,
¢ = [|Q(&)||7? is locally integrable at &, as required. O

4.5. Uniformity in the normalized family and proof of the sublevel
estimate. We now complete the proof of Proposition 4.1.

Proof of Proposition 4.1. Choose a bounded semialgebraic open set B C
R4 such that Q C B. Tt is enough to prove the asserted estimate with
Q) replaced by B. Since all norms on a finite-dimensional vector space are
equivalent, we may therefore work with Euclidean norms throughout the
proof.
By homogeneity in v, it is enough to treat the normalized case
Ag(v) = 1. (4.38)

Write v; := p;(v) for 0 < ¢ < ¢. By (4.2),
1
Py(&) := polugv) = Z; aygw,q. (4.39)
-
Thus P, depends only on the tuple (vg, ..., vp).
Let
A = {(vg,...,w) EVQ@‘--@Vg:gnaX llvill = 1}.

<i<t
This is a compact semialgebraic set. The map

/¢
~ ) ~ 1
P:Af XRd ! _>W> P((Uo,...,vg),§>:z;)ayv&qvg_q,
P

is polynomial. Hence the collection
P :={P,: Ay(v) =1}

is a compact semialgebraic family of polynomial maps R~ — V; of degree
at most {.



DETERMINANT VALUES ON LATTICES 41

We claim that no element of P is identically zero. Let g be the smallest
index such that v;, # 0. The homogeneous term of degree ¢ — iy in P, is

1 1—io

@ ignie Vo
If ig = ¢, then this term is v, # 0. Suppose i9 < £. Then v;, € V;,, and since ¢
is the smallest index with p; > 0, one has 0 < py < d. Hence m(v;,) = ¢ — io.
Applying Lemma 4.4 with r = m(v;,), we obtain

codim Zp_;, (v;,) > 1,

hence Yg_iovio # 0. Thus P, # 0, and the claim follows.

Fix 0 < B < ay, and choose 8 < 1 < a). By Proposition 4.8, every
P € P satisfies | P(¢)|| =% € LL (&) at every zero & of P. Since BN Z(P)
is compact and ||P|| =" is bounded away from the zero set, it follows that

/B 1P| P de <00 (P eP). (4.40)

Identify P with its compact semialgebraic coefficient set A € RY. Then
the evaluation map
Q:AxB—=V,  Q(PE):= P,

is polynomial. Applying Lemma 4.5 to this family, with s; = (31/2 and
s = (3/2, and using (4.40), we obtain

Sup/ 1P(€)]| 7 de < oo. (4.41)
pPeP /B

Consequently, Chebyshev’s inequality gives
Leb{¢ € B : [P(©)] < ¢} <p 7 (1.42)

uniformly for all P € P and all 0 < e < 1.

Now fix n > 0. If n > a, then e**77 > 1 for 0 < € < 1, so the required
estimate is trivial after enlarging the constant. Assume 0 < 1 < a), and
choose ay —n < B < ay. Then (4.42) yields

Leb{€¢ € B : [P, (§)|| < e} <pp ™77

for every v satisfying (4.38).

Finally, let v € V be arbitrary with Ay(v) > 0, and set v := A,(v) tv.
Then A,(v) = 1 and pe(ugd) = Ag(v) " pe(ugv). Applying the normalized
estimate to v, we obtain

Leb({¢ € 2 lpe(ugv) | < Ae(v)})
= Leb({¢ € @ |lpr(ued)]| < £}) <y e,

This proves Proposition 4.1. O
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5. WEIGHTED LOCAL ESTIMATES FOR THE H-ACTION ON A’ My(R)

The purpose of this section is to convert the sublevel estimates of the
previous section into local contraction inequalities for the representations
that occur in the exterior powers of My(R). We work along the principal
diagonal flow a; = (by, by) and average over compact subsets of its expanding
horospherical subgroup. For generic irreducible summands, the sublevel
estimates give contraction for a range of exponents slightly larger than 1.
For the exceptional summands, the ordinary local heights exhibit a critical
exponent at 1: one has contraction below this exponent and only bounded
expansion above it. To pass beyond this obstruction, in the last subsection
we introduce modified local height functions for the exceptional summands.
These modified local heights recover the supercritical estimates needed in
the global height inequalities of Section 6.

We retain the notation and conventions of the preceding section. Thus
V=S\(RY, =0,

where the Young diagram of X is contained in the d x d box, and
A1
V=DV pi = po +dj = —[A[ +dj.
§=0

We assume that V' is nontrivial, so po < 0. In particular, ug € Z, |uo| <
d(d—1), and d | po if and only if d | |A].

5.1. Contraction inequality for Sy(R%). Let a be the exponent in Propo-
sition 4.1, and define

1 if A = (d¥) forsome 1 <k <d-—1

™=
14+d 2 otherwise.

The main one-factor estimate is the following.

Proposition 5.1 (Contraction for ||-|%). Let 0 < 8 < vy, and let Q C R4~!
be bounded and open. There exists ¢ = ¢(V,3,Q2) > 0 such that, for every
t>0and every0 £v eV,

_ 1. _
[ ol e < cexp( g mings o — 83 1ol
We first record two elementary consequences of the polynomial structure

from Section 4.

Lemma 5.2 (A distribution-function estimate). Let F : © — [0,00) be
measurable, and suppose that, for some a > 0,

Leb{€ € Q: F(¢) <e} < Ce® (0<e<).
Then, for s > 0 and B > 0 with 8 # a,

/anax{l, esF(§)}*B d¢ <capn e min{a,f}s,
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Moreover, if 0 < f < a and 0 < p <1, then
| max(em F©) 7 d <oapo 0
{F<p}

Proof. Decompose the range of F' into the sets
{F<e®}, A{e™Wl<F<e™™} (1<j<[s)),

and {F > 1}. The asserted bounds follow by summing the resulting geometric
series. The truncated estimate is obtained in the same way, with the sum
stopped at the first index for which e=5%7 > p. O

The next lemma supplies the weak higher-weight sublevel estimate needed
in the borderline case p,, = 0.

Lemma 5.3 (Sublevel estimate at the next weight). Let m be the smallest
index for which py, > 0, and assume that py, = 0. For every bounded open
set Q C R, there exists C = C(V,Q) > 0 such that for every v € V with
Ap(v) >0 and every 0 < p < 1,

Leb {¢ € Q: |[pmy1(uev)|| < pAn(v)} < CpY/ (m+1)
where A (v) := maxo<j<m [|p;(v)]-

Proof. Since p,, = 0, one has |[\| = dm. Moreover, m < A;: otherwise
|A| = dA1, which, together with Ay = 0, would force A\ = 0. Thus V41 is
defined.

We first show that no nonzero zero-weight vector is fixed by U. Suppose
that 0 % w € V,,, and Yyw = 0 for every 1 < i < d— 1. Let T be the
largest semistandard tableau occurring in w. By Lemma 4.3, T" has no i-free
entry for any ¢ < d. Hence every column of T contains an entry equal to d.
Because Ay = 0, each column has height at most d — 1. A column of height
h therefore contributes (d — 1) — (h — 1) = d — h > 0 to the logb;-weight.
Thus T has positive weight, contradicting T € V,,,.

For 0 <i¢<m, put ¢q=m —1i. If 0 # v; € V;, then Lemma 4.4, applied
with » = ¢ = m(v;), shows that quvi # 0 when ¢ > 1; the assertion is
immediate for ¢ = 0. We claim that

quﬂvi Z 0.
Indeed, if this polynomial vanished identically, polarization would imply
Y Ye, - Ye,vi =0
for all ,&1,...,&;. Choose & such that Yéqvi # 0, and take & = --- =
& = &. The resulting nonzero zero-weight vector is annihilated by every Y,

contradicting the first paragraph.
It follows that the linear map

P Vi = Pamrt (R, Vi) /Po(RT Vi),
1=0
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which sends (vp, ..., vy) to the nonconstant part of
U 1
E 7Ym+1_iv'
s E (2
= (m+1—1)

is injective. Here Py denotes the constant polynomial maps; the homogeneous
degrees m + 1 — ¢ are distinct, so no cancellation between different ¢’s is
possible.

Choose a closed ball B whose interior contains 2. By equivalence of norms
on the preceding finite-dimensional quotient, there exists ¢y > 0 such that

sup [[pm1(ugv)|| = coAm(v)
£eB

for every v with A,,(v) > 0; the arbitrary constant term p,,4+1(v) is absorbed
by the quotient norm. Choose £ € B at which the displayed supremum
is attained, and a unit functional ¢ € V., satisfying £(ppm11(ug,v)) =
|Pm+1(ug,v)||. The scalar polynomial P(§) := ¢(pm+1(u¢v)) has degree at
most m + 1 and satisfies

sup |P(&)| > coAm(v).
éeB

The multivariable Remez inequality [6] implies, for a scalar polynomial of
degree at most m + 1 on the fixed ball B,

Leb{€ € B: |P(€)] < esup [P} < /07D,
B

Since Q C B and |P(§)| < [[pm+1(uev)||, this gives
Leb{¢ € Q : [prs1(ugv)| < pAm()} v p/ D,
as required. O
We now prove Proposition 5.1.

Proof of Proposition 5.1. We may replace the given norm by an equivalent
norm for which ||v|| = maxo<;<x, [[pj(v)||. This changes only the implicit
constants. The assertion for 0 < ¢ < 1 follows from compactness, so we
assume henceforth that ¢ > 1. For 0 < ¢ < Aq, set

Ag(v) = max [|p;(v)]]

Since (2 is bounded and the action of u¢ is triangular with respect to the
weight decomposition, there exists C' > 1 such that

CH ol < ugvll < Cllvll,  Ag(ugv) < CAq(v) (5.1)

for every £ € ), every ¢, and every v € V.
Let

m :=min{j : p; >0} = Pﬂdo—‘ .

We distinguish two cases.
Case 1: A,,(v) < (2C%H) 71 v]|.
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If m = Ay, this case is empty. Otherwise, (5.1) implies

. > C—l
R |pj (ugv)|| > o]l

after increasing C' harmlessly. Since pi,+1 > d,
Ibeugv]| = C~etm 1t |jo]| = O~ e|u]].
Consequently,
[ el 7 de < e ol 4,
which is stronger than the required estimate.

Case 2: A,,(v) > (2C%) 71 v]|.
The triangular formula (4.2) and the boundedness of € give a constant
K > 1 such that

Ips(uev) — py(0)]| < K max ()] (1<j <m, €€9).

Choose an index at which A,,(v) is attained. If the maximum of the preceding
coordinates is larger than (2K)~! times the current coordinate, move to an
earlier index where that maximum is attained, and repeat. The process stops
after at most m steps. Its final index ¢ satisfies

[pe(0)]| = (2K)™" A (v)  and ({Igl?gel\pi(v)llS(2K)_1sz(v)|!. (5:2)

Consequently, for co := 271 (2K)™™,

Ipe(ueo)l > Slpe(o)] 2 codm(v) (€ € 9). (53
Put
A= Ap(v),  F(€):= W, s 1= d(m — O)t.

By Proposition 4.1, for every n > 0,
Leb{€ € Q: F(§) < e} <™ (0<e<). (5.4)
Moreover, (5.3) gives
|brugv| > Aet* max{1,e*F(€)}. (5.5)
We first suppose that p, > 0, equivalently d 1 |A|. In this case ay = 1 and
=1+ d=2. Set
d
Lo dm
|20l [0l
Since pyy, is a positive integer and |ug| < d(d — 1),
# > 1 + i —
d(d—1) 2™

If 0 < 8 < 1, choose a with 8 < a < 1 in (5.4). Lemma 5.2 and (5.5) yield

Y21+

/ lbpugv]| B de < e=Frmt A=F < &=5t||u|| .
Q
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Now let 1 < 8 < 7). Choose a =1 — 7 so close to 1 that

1
ya—p = 5(7—5)-
If £ =m, (5.5) already gives decay at rate B, > . If £ < m, then
dim—12¢) d(m—1¥) S

el fpol —dl
Applying Lemma 5.2 with exponent a therefore gives a decay exponent at

least

uel(r = )= 5 (v = B) 2 501~ ).

This proves the proposition when ,, > 0.
It remains to consider p,,, = 0. Then

1, A\ = (d¥),
ayx=<9d-1 i M < an.
i_ A #(dF),

Choose
a:= ay — g5(ax — f),
so that a > 5. For 0 < p < 1, define
+ — . . <
D™ (p) : {ﬁeﬂ.mﬁgﬁhHmO%WH_pA}
and

D(p) = {ec: max lpsuco)] < pA}
m<j<A
Let 0 < p1 < pa <1. On Q— D% (py),
[brugo]| > e®p1 A,

and hence

/ beugo|| =8 de < e~ pP A0, (5.6)

Q-D*(p1)
If £ € D™ (p1) — D(p2), then ||py, (ugv)|| > p2A. By Lemma 5.3,

Leb(D*(p1)) < py/ "™+,

SO

/ Ibrugv]| = d < p/ D g5 A5, (5.7)
DT (p1)—D(p2)

Finally, on D(p2) one has F' < py. Since uy = —d(m — £), (5.5) becomes
[brugv]| > Amax{e " F(£)}.
The truncated part of Lemma 5.2, together with (5.4), yields
[ el dg < g7 A, (5.8)
D(p2)

Take

d—1
pr = e @I pp = e Tmin,
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Since m < d — 1, the three terms in (5.6)—(5.8) are bounded respectively by
e BAB  ew (Bt g8 Tt (B 48,
Here 1 — 3/2 > 4/9, while
a—B8=3r—B) > Sm—B).

Moreover, m + 1 < d, and hence

d—1 15} 8 d—1
m+1<1—2> 22*7» m(a_ﬁ)Z%(%\—ﬁ)~

Because A < ||v|| in Case 2, the three contributions therefore imply

_ r . _
ool d < exp(— min{5,3 — B3¢ ) ol .
This completes the proof. [l

Corollary 5.4 (Bounded expansion for ||-||=%). Let 8 > vy, and let Q C R%~1
be bounded and open. There exists c = c¢(V,3,Q) > 0 such that

/Q lbpugvl| = dg < ce® (B |y]| =7

for every t > 0 and every 0 #v e V.

Proof. Uniformly for £ € Q,

d(d—1)t

[brugu]| > e™ o]l

because the smallest b-weight is at least —d(d —1). Put = f — ) > 0 and

i Lo o~y —
5.—m1n{d1,2}, Bo := v\ — 6.

Then 0 < By < 7, so Proposition 5.1 gives a uniform bound for the (-
moment. Therefore

[ Mool de < et =550 [ ol o de

< 6d(d—1)(m+5)t||v||—6‘
The definition of § gives d(d — 1)(x + &) < d%z, proving the claim. O

5.2. One-factor estimates along the principal ray. We now specialize
to the representations occurring in

Vall = @ /\i Md(R)a
1<i<d?-1
viewed as a representation of H = SL;(R) x SL4(R). Recalling (3.3), set
Veen = P A'Ma(R) D M.

1<i<d?®—1, dfi
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Lemma 5.5 (Contraction on generic SLy(R)-types). Let Vi®@Va C Vgen be an
irreducible H-subrepresentation, let m € {1,2}, and let Q C R be bounded
and open. For every % <p<1+ ﬁ, there exists ¢ = ¢(Vp, 5,2) > 0 such
that

_ _ 2 _
| g de < e/ G-
for every t > 0 and every nonzero v € V;.

Proof. By the definition of Vgen, the reduced partition corresponding to V; is
not of the form (d*). Hence v, = 1+ d~2. Since min {ﬁ, 1+ d% — 5} > ﬁ,
Proposition 5.1, applied to b, gives

_ _ 2 _
| gl de < e/ o) 7,
which is the asserted estimate. O

The same estimate holds for every finite direct sum of generic types.
Indeed, use the maximum norm, choose a component of maximal norm,
and apply the preceding lemma to that invariant component. In addition,
Holder’s inequality gives

1
b 4. 4 (O <g<1 ) 5.9
[ gl 1 d€ <y <g<l+so (5.9

for every such finite direct sum.

Lemma 5.6 (Estimates for My ; and My2). Let 1 <k <d—1, m € {1,2},
and let Q@ C R be bounded and open. Fiz 0 < 6 < (2d)~5. For every B
satisfying % <pg<1- 1% or B>1+ 1%, there exists ¢ = ¢(5,0,9Q2) > 0 such
that, for every t > 0 and every nonzero vector in the nontrivial H;-module

Mk,i7

1
ce sy 8, l<p<1— &

[ el 2 de <4
° ce?® =D o] =8, 8> 14 .

Proof. As an H,, ~ SL4(R)-module, My, ,, ~ S(dk)(Rd)7 so v» = 1. For
B < 1—0/10, Proposition 5.1 gives the first estimate. For § > 1+ 0/10,
apply Corollary 5.4. U

5.3. Local estimates for H = SL;(R) x SLg(R). We now pass from the
one-factor estimates to estimates for the full left-right action, applying them
successively in the two horospherical variables and using the tensor-product
structure of the H-summands.

For £ = (&1,&) € R™! x R, put

e (). (o )en

We write u1(§1) = ng, 0) and uz(€2) = 1 ¢,), 50 that ng = uq(§1)uz(&2). Let
Un = {tum(Em) : €m € R N :=U,Us.
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Write

Bu,, (1) = {um(&m) € Unm : [Emll < 7}
Using the maximum norm |¢| = max(||&1]],]|£2]]), we have By(r) =
BU1(T)BU2(T)'

Proposition 5.7. Let Q C R4 x R be bounded and open. For every
% <p<1+ ﬁ, there exists ¢ > 0 such that for every t > 0 and every
nonzero v € Vgen,

/Q lagnev]| ™ dg < ce™EFjy)| =7, (5.10)

Moreover, for 0 < <1+ ﬁ,

[ Naneol* de < o]~ (5.11)

Proof. Enlarge €2 to a product 1 xs. Choose the maximum norm associated
with the finite decomposition of Vge, into irreducible H-modules. For an
arbitrary nonzero v, choose an irreducible component v with ||v'|| = ||v]|.
Since the summands are H-invariant, [lainev| > |lagned’||. It therefore
suffices to treat v € V4 ® V5 in a fixed irreducible summand.

Viewed as an Hi-module, V; ® V5 is a finite direct sum of copies of V7i;
similarly for Hy. Thus the direct-sum extension of Lemma 5.5, followed by
Fubini’s theorem, gives

[ g b ol ey
Qo JQ

< e [ (e brug, ol 7 dés
Qo
< e 6P ||y|| =P,

This proves (5.10). The bounded estimate for 8 < 1/2 follows from the case
B = 1/2 by Hélder’s inequality; the remaining range follows directly from
the contraction estimate. O

Proposition 5.8 (Bounded expansion on My, 1 @ My o). Let 1 <k <d—1,
0 <6< (2d)7°, and let @ C R x R be bounded and open. For every (3
satisfying % <p<1- 1% or B>1+ 1%, there exists ¢ = ¢(3,0,9Q) > 0 such
that, for everyt >0 and every 0 # v € My 1 ® My 2,

ce 5Py 8, L<p<i-4&

[lameo|ag<{ ™ 9
Q ce?d (ﬁfl)tHvH*B, B>1+15-

Proof. Use the maximum norm on My 1 & My 2, and write v = v1 + va.
Choose m € {1,2} so that ||v,| = ||v||. Since the two summands are
H-invariant,

larngv]| > [|ainevm|].
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If m =1, the second factor acts trivially and
ainegv1 = byug, v1;

the case m = 2 is symmetric. The result follows from Lemma 5.6, after
integrating over the irrelevant variable. ([

5.4. Modified local height functions and local contraction. At a
critical degree kd, the ordinary local height || - |~ has critical exponent
1 because of the two exceptional summands My ; and M. To obtain
contraction in a supercritical range of exponents, we modify the local height
by penalizing not only small vectors, but also proximity to either exceptional
summand.

Definition 5.9 (Modified local height). Fix 1 < k < d—1and 0 < 6 < (2d)~5.
For v ¢ My, 1 U My, o, define

brao(v) = o] 7o — w1 ()72 lv — T2 (v) |2

For v € My 1 UMjz, set drqp(v) = co. We write ¢ppg = Prqp when 6 is
fixed.

Choose the maximum norm associated with My o ® My 1 @ My, 2, and
write vy, = Tpm(v). With the convention 07¢ = oo, define

Foo(v) := [|lvo]| 7,
Fia(v) == [Jor|| 7142 ||va| %, Fo1(v) = [|va|| 72 |oy |72,
and
Fio(v) == [Jor]| 712 ||vo| %, Fao(v) = [|va]| = 2 |ug | =27,

A direct comparison of the three component norms gives

gbkd(v) = min{Fog(v), F12(U), Fgl(U), Flo(’l)),Fgo(’U)}. (512)
Equivalently,
lvoll =, [[oll = {lvoll,
Pra(v) = 4 o172 max{|Jvoll, o211} 72, [Joll = [Jus],
2| =20 max{[Jvo |, [lor 1} 2%, [[ol] = [Jva]l.

Proposition 5.10 (Contraction for ¢gg). Let 1 <k <d—1,0< 0 < (2d)~9,
and 1 < <1+ %. There exists ¢ = c(f3,0) > 0 such that, for every t >0
and every v ¢ My 1 UMy,

/B " dra(amv)? dn < ce 20 g (0)P.
N

The rest of this section is devoted to the proof of this proposition. We
prove the five estimates corresponding to (5.12).
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Lemma 5.11. Let 1 < B < 14 15, Ifvg # 0, then

2d2 -

/B (1) 750 (agnv) | =8 dn < e/ O%) ||| P
N

for every t > 0.

Proof. The projections are H-equivariant, and My, o C Vgen. Apply Proposi-
tion 5.7 to vy. O

Lemma 5.12. Let 1 < <1+ %, and put
= (1-26)p, r:=200.
If v1,v9 # 0, then

_ _ _ 2 _ _
/ )Ilﬁk,l(amv)\l Uy 2(arno)|| =" dn < e fluy |7 oz | 7
N

The same estimate holds with 1 and 2 interchanged.

Proof. We have q > %, r < %, and

9

The first factor depends only on i, and the second only on uz. Lemma 5.6
therefore gives

/ bpruy oy |~ duy < e =Dy ||,
vy (1
For the exponent r < 1/2, Holder’s inequality and the estimate at exponent
1/2 give

/ lbrtizva]| =" dus < [lval| "

Uy 1

Fubini’s theorem completes the proof. O
Lemma 5.13. Let m € {1,2}, 1 <3 < 1+4d2,

qo ‘= 2(9ﬁ, q1 ‘= (1 - 20)6

and put

If vy, v, # 0, then

/ I, 0(aenv) |7 [ m (agnw) |~ di < e CO flug |70 |7
N

Proof. We treat m = 1; the other case is symmetric. Put

1 q0 q
=1 == = .
5 +2(1l27 @ s’ [

Then 0 < a < 1, and

1—a—q1:1—ﬁ+205(1—i)

B+ 29ﬁ > i+ 20 >i
22 +1 7 4d? 22 +1 7 242
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Consequently % <r<1,and
0
l—-a)(l-r)=1-a—q¢ > —.
(-a)(-r=l-a-q>;
Write g; = byu;. For fixed ug, Holder’s inequality in the ui-variable gives

L lansgaeoll = lgren]| du
BUl (1)

a 1—a
< ([, Momian) ([ oo
By, (1) By, (1)

Every irreducible H1-type occurring in My, ¢ is nontrivial and generic. Indeed,
a trivial reduced partition would give the summand My, . If the reduced
partition were (d’) with j > 1, the d x d box condition would force the
original partition itself to be (d7). Since its size is kd, one would have j = k,
giving the summand M}, ;. Both possibilities are excluded from My, ¢. Hence
the direct-sum form of Lemma 5.5 gives

—s — 2 —s
[, o Wongapunl = dus < /00 e, gyuo]
Uy

(5.13)

Proposition 5.1, applied along b;, gives
[ gl du e
U1
Using (5.13) and then integrating in ug, we obtain

/ lasnvo|| =% agnon ||~ dn
By (1)

< 6*9‘5/(20‘12)”111||*q1/ (e, g2)vo =% dus.

Uz

Finally, g0 < 1/2, so (5.9), applied to the Hs-action on My, o, bounds the
last integral by |lvg||~9. O

Proof of Proposition 5.10. For each v ¢ My, 1 U My, o, choose one of the five
functions in (5.12), say F', such that

Pra(v) = F(v).

This chosen value is finite, so every component appearing with a negative
power in F' is nonzero. Since ¢pq(w) < F(w) for every w,

/ Pralanv)? dn < / F(a;nw)? dn.
By(1) By(1)
If ' = Fyo, apply Lemma 5.11; if F' = Fio or Fb1, apply Lemma 5.12; and if

F = Fip or Fyy, apply Lemma 5.13. In every case the resulting right-hand
side is at most

Ce—@t/(20d2)F(v),8 — Ce_et/(20d2)¢kd(’0)6.
This proves the proposition. O
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6. THE GLOBAL MARGULIS INEQUALITY FOR THE MODIFIED HEIGHT

Throughout this section the lattice is arbitrary. The goal is to prove one of
the main technical ingredients of the paper: a global Margulis inequality for
the modified height outside the exceptional set (Theorem 6.9). This estimate
globalizes the local estimates of Section 5 and will later be combined with
avoidance and iteration to obtain the uniform L't-bound.

The estimate is not a pure contraction inequality: it has a logarithmic loss,
reflecting the possible number of competing short rational subspaces, and an
additive exponential error, which will be absorbed by the choice of step sizes in
the iteration. When several rational subspaces become short simultaneously,
the usual Pliicker inequality [13, Lemma 5.6] controls their covolumes but
not their projections to the exceptional summands. The Mother Inequality
of Benoist—Quint supplies this missing control for intersections and sums.

Put N = d?, and fix

0<6<(2d)7C.
For 1 <i < N — 1, define
0; :==10°"Np (6.1)
and
0; \
B = (1 - 8d2> . (6.2)
We also set
7= 1+ ki(N —i)0) ", K= 16d2(1N—1) (6.3)
Finally, put
th
= 100d”

The numerical choices in this paragraph are bookkeeping devices. Their
only purpose is to create a hierarchy of small exponents with enough room
for the local contraction estimates, the intersection—sum inequalities, and
the iteration argument. The parameters 3; > 1 will be used for the modified
local heights; the parameters ; < 1 will be used for the ordinary height
@, where the concavity in the index 7 is needed when two short rational
subspaces are replaced by their intersection and sum. The rapidly increasing
sequence #; < 0y < -+ < On_1 is chosen only to make these concavity
inequalities strict. Along the principal ray, no additional cone restriction is
needed to apply simultaneously the generic and exceptional local estimates
from Section 5.

The choices above have three elementary consequences. First,

1<6i§1+2—:l2 (I1<i<N-1), (6.4)
and, if 7 = kd, then
0;

1§/3i§1+4d2-

(6.5)
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Indeed, (1 —2)~!' < 14 2z for the values of z = 6;/(8d?) under consideration.
Thus SBig lies in the range of Proposition 5.10.

Second,
1 Y .
5 <Ti < 1, 1—-72> 0 whenever d | i. (6.6)
For the second assertion, write x; = ki(N —i)6,. If d | i, then
2!
; > kd(N —d)f; = ————.
mi 2 rd(N = 4 = 750

Since x; < 1, it follows that 1 — 7; = 2; /(1 + ;) > x;/2 > 9/10.
Third,

Bl<n (1<i<N-1). (6.7)

Indeed, 8; ! =1 — 6;/(8d%), whereas
. : 0;
Ki(N —1)0; < 6

the latter inequality is immediate for 4 = 1, and for ¢ > 2 it follows from
i(N —i) <i(N —1) <274(N - 1) <10"Y(N — 1). Therefore

91' —1
s P

>1l—x;>1—

T, =
ol 4

For later endpoint conventions, put
ag (A) = af(A) =1, af (A) == max{l,;(A)} (1<i<N-—1).

)

6.1. The global and modified heights. Define

vp(A) == max of (A)7. 6.8
ap(A) = max o (A) (6.8)
We also introduce a second auxiliary height, &), used only for bounded-
expansion estimates and for absorbing the error terms coming from pairs of
short subspaces:

N—-1
ap(A) = Z ap i (A). (6.9)
=1
where, putting
_ b _3
X 10042 Ty

ap i (A) = af (A)TX + 3 (of ;(A)afy,(A)7. (6.10)

1<j<min{i,N—i}
Here we use the endpoint convention o (A) = af(A) = 1. We usually write
a,a’ when 6 is fixed. Since 7; > 1 — Cyb1, one has
max{1, a(A)}1 %% < a(A) < max{1,a(A)}, (6.11)

and
max {1, a(A) X < &/(A) <4 max{1, a(A)}2 (6.12)
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Here and below, C; denotes a positive constant depending only on d, whose
value may change from line to line. Unsubscripted implied constants may
also depend on the fixed parameter 6.

All height and quasi-null definitions continue to use the fixed Euclidean
norm from Section 3. When we classify a component as maximal, we use the
maximum of the three component norms associated with My, o @My, 1 M, 2;
this auxiliary maximum is uniformly equivalent to the Euclidean norm.

Definition 6.1 (Auxiliary weighted modified height). For 1 <i < N — 1,
define

v), i=kd, 1<k<d-—1,
bi(v) = {@cdﬁm( )

[t dfi.
At the endpoints we use the convention
$o=¢n =1.

For 1<i<N-—-1,he€ Hand A € X, set

Qv (hy A) == max < 1, sup di(hwa )7 5. (6.13)
Vis A—ratﬂ{onal, dim V=3
V&2 g m(A)
0<[|hwa, v [I<1
Finally, define

anme(h; A) == ag(hA) +  Jnax Qi (b A). (6.14)

We suppress ¢ from the notation when it is fixed. At degrees 0 and N, we set
a07n7M = aN?’an = a/O,T],]\4 - &/N"th = 1.

A vector counted in (6.13) cannot lie in My, 1 UMy, o if its Pliicker vector
were an exact exceptional vector, then it would lie in 24, 17, and hence the

corresponding subspace would belong to Qde,n, Mm(A). Thus every value of
¢ra that occurs in (6.13) is finite.

Let
1

= min i = 1 Ty ;= min 7; > —.
B 1§1§N716’ P U a<isn-1 T 2

Since the projections are fixed, ||[v — 7k (v)|| <q ||v]; hence ¢;(v) >4 [Jv]| 7t
Terms with ||hv|| > 1 contribute at most 1 to the ordinary inverse height,
while terms with ||hv|| < 1 are included in the modified height. The definitions
therefore give

az"m]\/[(h; A)Bi <y &i,n,M(h§ A), anVM(h; A)ﬁ* <4 aémM(h; A) (6.15)
Lemma 6.2. If0 < 6 < 3, —1, then
Qp (b A < g @paro(hiA) (b, A) € H x X).
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Proof. Since

ayu(h; A) = max  aiyn(h; D),

and @, r(h; A) > 1, the assumption 1+ 6" < 3, < ; gives
-~ h: A < I~ h: A)Pi
anar(hy A)TT < max Gig(h A)

The claim now follows from (6.15) and the definition of a, 6. O

6.2. Concavity of the exponents. The exponents were chosen so that
the products arising from intersections and sums of rational subspaces can
be absorbed by the global height. The asymmetry in the first inequality
below is deliberate: the intersection factor will be controlled by the ordinary
height, whereas the sum factor will be controlled by the modified height.
The following inequalities will be used repeatedly.

Lemma 6.3. Let 1 <i< N —1, and let 1 < j < min{i, N — i}.
(1) Ifi—j>1andi+j <N —1, then

_ _ 0

28, — B — Bij > ﬁ (6.16)

Consequently, for every 0 < p <1 and all x,y,z > 0,

-1
BBl < p (Pt 4y B ) 11 (p7) L (617
(2)Ifi—j>1andi+j <N —1, then
2, — 1 =1 = 2k5%0,. (6.18)
Consequently, for every 0 < p <1,

-1

a2y & p (2T oy ) 1+ (,tflz)cdg1 : (6.19)

If exactly one of t —j = 0 and i + j = N holds, the analogous
one-factor estimate is obtained by omitting the corresponding factor
and height term. If both equalities hold, the product contains no height
factor and is absorbed entirely into the final error term.

Proof. Put a = (8d4%)~!. Since ;! =1 — af, and B, < 1+ 2a6,,
268, — B — Bij > a(Biy; — 20, — 260;_;)

. . 01
= af;(10/ —2-2-107) > .
For p =1, (6.17) follows from weighted Young’s inequality with exponents

2B+ 2 267
Bi 7 BiBi—j’ 28, — B — Bisj
The last exponent is at most 4d26; L For general p, put

B BiBi—;
7T 28, T J

<1
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and apply the case p =1 to
pl/ﬁi+jx7 p/giij7 p 7z

This gives (6.17), after enlarging Cj.

The identity (6.18) follows directly from 7,71 = 1+ x7(N —r)#;. The same
scaled form of weighted Young’s inequality proves (6.19). With one endpoint,
the argument uses two weights rather than three; with two endpoints, there
is no height factor to estimate. (]

6.3. Estimates for ordinary global heights. Put L; := de®. For s > 0,
n € By(1), and v € A" Mgy(R), one has

—92d3 3
L3 o]l < asno|| < L2 ] (6.20)

At a critical degree ¢ = kd, equivariance of the projections gives the corre-
sponding estimate

L7 gra(v) < dpalasnv) < L2% grq(v) (6.21)

whenever ¢pq(v) < 0.
We first record the subharmonic estimate for a.

Lemma 6.4 (Margulis inequality for a). There are constants cq,Cq > 0
such that, for every A € X and s >0,

/ alasnl)dn < e ¢9%q(A) + eCabr's, (6.22)
Bn (1)

Proof. We first establish a local estimate. Decompose A' My(R) into its
generic part and, when d|i, its two exceptional summands, using the maximum
norm. If a maximal component of v is generic, Proposition 5.7 applies. If
it is exceptional, apply Proposition 5.8. The estimate (6.6) places 7; in the
contracting range of that proposition. This gives the same conclusion. Thus,
uniformly in 1 << N —1,

/ lasno|| =™ dn < e=ca15 ||| 7T, (6.23)
By (1)

Fix i, and choose an i-dimensional A-rational subspace V with da(V)~! =
az(A) Such a subspace exists because the primitive decomposable vectors
in A*A form a discrete set. Let

W is A-rational, dim W =i
(A, 8) = {W: ’ ’ }
Pi(&, ) da(W) < LA dp (V)
This set is finite, again by discreteness of the primitive exterior lattice. If

Pi(A,s) = {V}, then (6.20) shows that V realizes the least covolume after
applying asn. Hence (6.23) yields

/ af (asnA)7 dn < e %150 (A)T 1.
Bn(1)

i
Suppose next that P;(A, s) contains two distinct subspaces Wy, Wo. Write
dim(Wl N Wg) =1—17, dim(W1 + Wg) =147
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The Pliicker covolume inequality [13, Lemma 5.6] gives
dA(Wl N WQ)dA(Wl + Wg) < dA(Wl)dA(WQ).

Consequently,
3
af (A < LY af [(A)aj,;(A). (6.24)

i i—j
On the other hand, (6.20) implies J
o (asnA)7 < deBaT(A)”.
Combining this with (6.24), we obtain
af (asnA) < LEaf (M) Paf (A)72
Apply (6.19)—or its endpoint version—with p = e~%%5  decreasing ¢, if

necessary. Since each height term produced by Young’s inequality is bounded
by a(A), this gives, pointwise in n,

a?‘(asnA)” < e—cd61s&(A) +eod9;15.

Summing over ¢ proves (6.22). The implied constant may depend on d and
the fixed parameter 6. O

By a similar argument, using Proposition 5.7 and Proposition 5.8 in the
range of exponents slightly larger than 1, together with subcritical estimates
in all other dimensions, we prove the following bounded-expansion estimate
for a’.

Lemma 6.5 (Bounded expansion for &'). There is a constant Cyq > 0 such
that, for every A € X and every s > 0,

/ ah(asnA) dn < CaP15al(A) 4 €O, (6.25)
Bn(1)

The implicit constant may depend on d, but is independent of 6.

Proof. 1t is enough to prove the estimate for each @/9,1;, and then sum over
1 <i< N —1. Fix i. The distinguished ¢-dimensional height is measured
with exponent 14 x, while the auxiliary dimensions arising from intersections
and sums are measured with exponent o = %. For sufficiently small 6,
depending only on d, we have

1+x<1+2id2, %<a<1, a—HTX>%.
Thus the local estimates of Section 5 apply uniformly. In the distinguished
dimension 7, the exponent 1 4 y lies in the bounded-expansion range, and
the expansion loss is at most e“4X, hence at most e“4/15. In the auxiliary
dimensions the exponent ¢ is bounded away from 1, so the corresponding
local estimates have constants of size at most e“?*, with no loss depending
on §~1 or 67 %
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We first treat the distinguished summand. Choose an i-dimensional A-
rational subspace V with

da(V)™t = i (A).
Let P;(A, s) be the finite collection used in the proof of Lemma 6.4, namely

W is A-rational, dim W = 1, }

Pi(A,s) := {W: da (W) < L§d3dA(V)

If Pi(A,s) ={V}, then V is the only possible minimizer after applying asn,
up to the fixed log-Lipschitz factor. Applying the local estimate in degree ¢
with exponent 1 4 x gives

7

/ af (agnA) X dn < P50 (A)IHX 4 eCas,
Bn (1)

Suppose next that P;(A, s) contains two distinct subspaces Wy, Wa. Write
dim(W1 N WQ) =1i—7, dim(W1 + WQ) =1i+7,

with the endpoint convention when ¢ — 7 = 0 or ¢ + 5 = N. The intersection-
sum inequality [13, Lemma 5.6] gives
2 8d3
o (A < LS ozj_j(A)a;er(A).

Therefore

af ()Y < LG (of ),

i—j (A)a;;j (A)

Since o — (1 + x)/2 is bounded below by an absolute positive constant, the
elementary scaled inequality gives

Lst (Oéztj )(1+x)/2

(A)af;(A)

L < eCd01s (a::](A)O‘:;g(A)) + eC’ds'

The first term on the right is one of the auxiliary summands in 0_/972-(A), with
the required expansion factor. Hence

[ at(ama)dn < Oty (A) 4 O
By (1) ’

It remains to control the auxiliary summands

(of ;(A)af,;(A)°

i—j i+j
Both exponents are o = 3/4, hence are bounded away from the critical

exponent 1. Applying the same finite-competitor argument as in Lemma 6.4,
but now only with these subcritical exponents, gives

/ " (aj_j(asnA)a;er(asnA))a dn < e” (af_j(A)a;jrj(A))U + e%as,
By (1

In particular this is bounded by

eCd91sO—/e,i(A) + ecds'
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Combining the estimates for the distinguished and auxiliary summands gives
[ i) dn < O (2) + e
By(1) )

Summing over 1 <i < N — 1 proves (6.25). O

Proposition 6.6 (Bounded expansion for the ordinary height). There is
a constant Cyq > 0 such that, for every 0 < ' < 1/(2d?), every A € X, and
every s > 0,

/ a(asnA)H dn < 5 a(A)HY 4 Cas,
Bn (1)

The implicit constant may depend on d, but is independent of ¢’.

Proof. 1t is enough to prove the estimate for each oz;r and then take the
maximum over 1 < ¢ < N — 1. Fix ¢, and use the same finite-competitor
decomposition as in the proof of Lemma 6.5. If the relevant collection has a
single competitor, the local bounded-expansion estimate in degree ¢, applied
with exponent 1+ €', gives

/ oz;r(asnA)lH/ dn < ecdelsa;r(A)l-‘r@' + eCds‘
Bn (1)

Suppose now that two relevant i-dimensional competitors occur. If their
intersection and sum have dimensions ¢ — j and ¢ + j, respectively, then the
standard intersection-sum inequality [13, Lemma 5.6] and the log-Lipschitz
estimate give, pointwise in n,

/ 1+0")/2
o7 (asnd) < 100 (af )

(D)ol ;(A) 7
with the usual endpoint convention. Applying the scaled form of Young’s
inequality to X = o (A)"H and Y = o, (A)'*? with scaling parameter

, ] i+j
eCa?’s  yields

LSCd <a+ (A) + (A))(H'@')/z

Cat' o o c
i(A)aj; < e (af AV + o (A)THT) 4 eCas

i~j i+
The height terms on the right are bounded by a(A)'*?". Summing over the
finitely many degrees proves the asserted estimate. O

6.4. A consequence of the Mother Inequality. For a critical degree
i = kd, define
i(v) = [l = w1 (V) [|2 |0 = 72 ()| 712, (6.26)
Then
¢i(v) = [|o]| =% gy (0) 1. (6.27)
We use the Mother Inequality of Benoist—Quint [2, Proposition 3.1]. Let

¢y denote the projection onto an irreducible summand of highest weight .
In the notation relevant here, that inequality states that

lax(w)[Hgu(u Av Aw)|| < max |lg, (uA o)l llgo(u Aw)]],  (6.28)
VHpr A
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where = is the dominance order and the constant is uniform over the finitely
many exterior powers under consideration. Suppose now that wi,wy are
primitive Pliicker vectors of two A-rational subspaces of degree kd, and let
w_ and w4 be primitive Pliicker vectors of their intersection and sum. The
lattice in the intersection is primitive in each of the two original lattices. We
may therefore choose monomials u, v, w, adjusting signs if necessary, such
that
U =w_, uNv=w, uNw = wa,
and
uNANv AW =mwy

for an integer m > 1. Applying (6.28) and discarding the factor m on the
left yields

lax(w) [ lgu(w)ll < ,max 1w (wi) | llgp (w2 (6.29)

If degwy < N, then
[w—[[ D4 (w+) < max{|[wi[[Jwz = mp 1 (w2)l], lwa[[wr = 7,1 (wi)][}, (6.30)

where
D+(w+) — {’w-f—H’ d)fdegw-i-v
lws = Tdeg(wy ) /a1 (W), d| degws.
At any exterior degree, an irreducible summand has zero highest weight
for the second SLg4-factor only when the degree is a multiple of d and the
summand is the corresponding column-exceptional summand. Hence, if
qu(w4) lies outside the column-exceptional summand in the output degree,
the second-factor component of A + pu is nonzero for every weight A occurring
in the intersection degree. Since dominance is factorwise, the pair of input
weights corresponding to (M, 1, My 1) cannot occur in the maximum in
(6.29). Thus at least one input projection is bounded by D; or Dj, while the
other is bounded by A or A;. Taking the maximum over the finitely many
intersection and output summands gives (6.30).
The next lemma is the form needed below. The restriction dim(W;+Ws) <
N is essential; the full-space endpoint is treated separately in the proof of
Theorem 6.9.

Lemma 6.7. Let A € X, and let W1, Wy be distinct A-rational subspaces
of dimension i = kd. Put

dim(WlﬁWQ):i—j, dim(W1+W2):i+j<N.
Let wy, = Wa u,,» m = 1,2, and assume that wy, ¢ M1 U M;jo and
I (m) | = g g (m)| (= 1,2).
Suppose also that, for some L > 1,

L wall < flwn | < Ljuwe|
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and
L™ gi(w2) < ¢i(wr) < Lopi(wa).
Then
i(w1)di(wa) < L lwa o, |~ Gigs (Wa vy +ws)- (6.31)

The same conclusion holds with w1 replaced by 7y 2.
Proof. We prove the first assertion. Write

W— = WA W,"\Wa> W4 1= WA W, +Wa-
Put
P = max{||wi[[|wy — mg,1 (w2) [, [[wall|wr — mx,1 (wi)]]}-
Since the first exceptional component is maximal, norm equivalence gives

Gi(win) = ([wimllllwn — w1 (wm) ) 772,

The two comparison assumptions imply
P < LP¢i(wi) y(wa) . (6.32)

The the standard intersection-sum inequality of Eskin—-Margulis—Mozes [13,
Lemma 5.6] gives
[w—|[llwe ]| < fwsllflwal], (6.33)
and (6.30) gives
Jo_|[ D+ (wy) < P. (6.34)

Ifdfi+j, then Dy(wy) = ||w4]|. Using (6.32)—(6.34) in (6.27), we obtain

¢i(wr)pi(wz) < L ([l [[lw |)7F = L flw- |7 dij (ws).

Suppose that ¢ 4 j is divisible by d. If Dy (wy) = 0, then wy lies in the
first exceptional summand and the right-hand side of (6.31) is infinite, so
there is nothing to prove. We may therefore assume that D (wy) > 0. From
(6.33) and (6.34),

(o [[[lwz]) =40 P40 < |7 ey | T Do () 7
Since D4 (w4) < ||wy ]|, the definition of ¢;4; and norm equivalence give
Dewa))
[ ]
Moreover, 0;; = 1070; > 20;, and Dy (w)/|w| is bounded above by a

constant depending only on the fixed projections. Hence

B ‘ o B D (’UJ ) —46;
Hw+|| 1+491D+(w+) 40; _ Hw—l—H 1 <M) & ¢i+j(w+)'

This proves (6.31). The row-exceptional case is symmetric. O

Bissws) > s
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6.5. Main global Margulis inequality for a, /. Fix0<n <1, M > 1,
M’ > 1, and B > 1. For s > 0, define
e M's, a(hA) < LiOd?’,

) 6.35
a(hA)BM' o (hA) > L4 (6.35)

55,77,M,M’(h; A) = {

For 1 <0 <d—1,let &, mm be the set of pairs (h,A) € H x X for
which there is an ¢d-dimensional A-rational subspace V satisfying

3
way ¢ Loagnm,  0<|hway| < L3,
and
min [[hway = mem(hwa vl < esparm (h; A).
Set,
d—1
gs,n,M,M’ = U gé,s,n,M,M’- (636)
=1

The constant B will be fixed in the avoidance argument of Section 7.
We first note that the identity eventually lies outside the exceptional set.

Lemma 6.8. Let A € X, 0 < n <1, and M > 1. There exists Ty =
To(n, M,A) > 0 such that, whenever s > 0 and s > Ty,

(e,A) ¢ 5s,n,M,10d3M-

Proof. The quantity «(A) is fixed. Hence, for all sufficiently large s, the first
line of (6.35) applies. If (e, A) belonged to the exceptional set, there would
be a vector v = wy v & Ly ym with |v]| < deg’ and

min_||v — g, (v)|| < e~ 104°Ms
m=1,2 ’

For sufficiently large s, the right-hand side is at most nL;24"M < p|jv|~M.
Thus v € Zyq, M, a contradiction. O

We now assemble the local contraction estimates, the intersection—sum
bookkeeping, and the Mother Inequality into one of the main technical
ingredients of the paper. The estimate is a Margulis-type inequality rather
than a pure contraction: outside the exceptional set, the averaged modified
height contracts up to a logarithmic loss and an additive exponential error.
The logarithmic factor reflects the possible number of competing short
rational subspaces; the additive term will be absorbed later in the iteration
by the choice of step sizes.

Theorem 6.9 (Main global Margulis inequality outside the exceptional set).
Fiz B> 1 and M' > 1. There exists 0y = 6y(d, B, M') > 0 such that the
following holds whenever 0 < 0 < 6y. Let 0 <n <1, M >1, s >0, and
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(h, A) §é gs,r],M,M/' Then

[, A aams ) dn < =40 00 (1 A loge + G a0(h: A))
e (6.37)

+ eCd(M’GJrG;l)s‘

The implicit constant may depend on d, B, M', and the fized parameter 6.

Proof. Write
A:=a,m(h;A), R:=a,uhA).

We may assume that
Cy4BM'9 < %; (6.38)
this is achieved by reducing 6.
Fix 1 <i:< N —1, and put
Ai = agpm(hy A).

Let P; = Pi(h,A,s) be the finite collection of i-dimensional A-rational
subspaces V such that

Vg Zigu(d),  0<[hway] <1,
and
di(hwa )’ > L7040 A, (6.39)
Finiteness follows because the corresponding primitive vectors in A‘(hA) lie
in a bounded set.

We first bound subspaces outside P;. Let W contribute to o, ar(asnh; A),
and write w = wa w, i.e. a;q,m(asnh; A) = ¢i(asnhw). Then we have
|hw| < L2¥ by (6.20). If |[hw| < 1 and W ¢ P, then (6.21) and (6.39)
give

qﬁi(asnhw)ﬂi < LdeSAi
after enlarging the harmless constants in the definition of P;. If ||hw]| > 1
and d { i, the same expression is O(LS?). Finally, suppose i = kd and
|hw]|| > 1. Since W ¢ a@;,n,M(A), its own Pliicker vector does not belong to
Dranm- Because (h, A) ¢ Esp v

ergian th - 7Tk:,m(hw)” > Ss,n,M,M’(h; A)

Using (6.21) and the definition of ¢;, we obtain
di(asnhw)Pi < LS4 (eCdMIHS + a(hA)CdBMla) : (6.40)

With the convention that the maximum over the empty set is zero, it follows
that 3
Qi v (asnh; A) < max Qsi(asnhWA’V)ﬁi L2y,
o (6.41)
+ Lscd (ech’Os + Ck(hA)CdBM’G) )

Fix a sufficiently large constant Cy = Cy(d).
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Case (1). First consider the case where
#P; < 3Cylog(e + R). (6.42)

For noncritical i, every summand of A? My(R) is generic, and Proposition 5.7
applies. For ¢ = kd, use Proposition 5.10. Thus

/ bi(asnhv)’ dn < e~ %5 ¢ (hv)Pi
Bn(1)

for every vector occurring in P;. Integrating (6.41) and using (6.42) gives
the required decaying term. For the error term, the definitions of @ and &
give a(hA) < a(hA)Y™ < AY7™. Together with (6.38) and 7. > 1/2, this
implies
a(hA)CdBM’Q < 1 + A1/2.

The scaled inequality uAY/? < pA + Cp~u?, with p = e~“5 absorbs this
sublinear power. Consequently,

/ &gt (asnh; A) dn < e=4%% Alog(e + R) + eCa(M'0+67)s, (6.43)

By (1)

Case (2). Now consider the case where
#P; > 3Cplog(e + R). (6.44)

If dti, put RY = P; and R} = R? = @. If i = kd, partition P; into three
sets. Let RZQ consist of those V' for which

3 —
di(hway) < L3 [lhwav |~

Collect the remaining subspaces in R} or R? according as a maximal compo-
nent of their Pliicker vector is the 7y 1- or 7 2-component. At least one of
these three sets contains more than Cplog(e + R) elements.

Case (2-a) #R) > 2. Let W; # W» be two subspaces in RY. Put

dim(Wl N Wg) =1—17, dim(W1 + Wg) =147
Ifi+j < N, then Wy € Wi + Wy and W) ¢ .QNZ-J]’M(A), so the closure
property of the downward-closed families 2., rr(A) implies
Wi+ Wo & i ().

When ¢ + j = N, we use the endpoint convention introduced above. The
Pliicker covolume inequality and (6.39) give

2/B; ~
AP < LS00t (A @iy (s A). (6.45)

After taking the (;/2-power of (6.45), multiply by any fixed power of L
needed below and absorb that power into the variable z in (6.17). Applying
the scaled inequality with p = e~¢%15 gives

LSCdAi < e—cd01s (ai—i-j,n,M(h; A)Bi+j + aitj(hA)l/ﬂi—j) + eCdel—ls’



66 WOOYEON KIM AND HEE OH

with the absent endpoint term omitted. By (6.7) and (6.15), both displayed
height terms are < A. Consequently,
LYA; < e 05 A 4 eCaby's, (6.46)

This settles the case (2-a).
Case (2-b) #RY < 1.

Since P; is large, either R} or R? then contains more than Cplog(e + R)
elements. By symmetry, assume that R} is large. Every W € R} satisfies

R <|hwaw| < 1.

The interval [R™!, 1] is covered by at most < log(e + R) dyadic subintervals.
Since Cy was chosen sufficiently large, the pigeonhole principle gives distinct
W1, Wy € R} whose Pliicker norms are comparable by an absolute factor.
By (6.39) and the definition of A;, their ¢;-values are also comparable by a
factor LY. Using (6.27) and the comparability of their Pliicker norms, we
obtain B B B

L~ i(hws) < ¢s(hwi) < Lgs(hwy), L < LEa/% (6.47)
where wy, = wa w,,. Put

W— = WA WiNWa> W+ = WA W +Wo-

If i+ j < N, then, as above, Wi + Wa & 2,1 v (A).

Case (2-b-(i)) Suppose first that i + j < N and |hwy| < 1. Apply
Lemma 6.7 to the lattice hA and the subspaces hW7i, hWs. Together with
(6.47), this yields

¢i(hwn)ei(hwz) < L hw- ||~ di (o).
Combining this with (6.39) gives
A} < Lot (hA) iy j(hwy).
Because Wy + Wy ¢ QNHM,M(A) and ||[hw4 || <1, the last factor satisfies
Gicej (hw) < Qg nr(h; A)/0,

After multiplying by the fixed power of Lg required in (6.41), apply (6.17)
with p = e¢%15_ Using (6.7), we obtain

LstAi < e Gl g 4 Cabi's, (6.48)

Case (2-b-(ii)) Now suppose that either ||hw| > 1 or i+ j = N. In the
latter case, hwy is a top-degree Pliicker vector of the unimodular lattice hA,
and hence ||hwy || = 1. Thus, in either case, the standard intersection-sum
inequality and the comparability of ||hw;|| and ||hws]|| imply

[hw || < [ ||,
Because (h, A) is outside the exceptional set,

|hwy — g1 (hwr)|| > 60,00 (s A).
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Using the formula for ¢; in the region where the first exceptional component
is maximal, we obtain

¢i(hw) < ozitj(hA)l/Q (62M/9i3 + a(hA)2BM/0i) .

The relevance condition for Wi, together with a(hA) < AY™ now gives

/ _ i 2BM’0;3;
Ai < LSCdeCdM 9$Aq1’ ¢ S /81 + 2/87,’
27 Tx
where the first summand is omitted when i — j = 0. After decreasing

0o(d, B, M'), the right-hand side is at most 2/3, uniformly in all admissible
1 and j. Hence
Ay < LGaeCaM'0s p2/3, (6.49)

—cqb1s
)

The elementary scaled inequality uA?/? < pA+ Cp~2u3, with p = e
therefore gives the same conclusion as (6.48). The case of R? is identical.
In the large-competitor case, the log-Lipschitz estimate gives

max ¢;(asnhw Bi « [CuAq,.
VE% (Zsz( S A,V) s %

Combining this with (6.40), (6.46), (6.48), and (6.49), and absorbing the
same sublinear error as in the few-competitor case, yields (6.43). Thus this
bound holds for every 1 < i < N —1. Summing over ¢ and adding Lemma 6.4
proves (6.37). O

7. AVOIDANCE OF NEAR-EXCEPTIONAL PLUCKER DIRECTIONS

The global Margulis inequality of the previous section holds outside an
exceptional set &, arn. This exceptional set is not the ordinary cusp.
Rather, it records the event that a rational Pliicker vector which is not
already quasi-null for the base lattice is moved close to one of the exceptional
column- or row-isotropic summands. The purpose of this section is to show
that, under the Diophantine condition, this near-exceptional event has small
measure in the relevant horospherical averages.

The proof has two ingredients. First, we use a small-value estimate for a
prescribed set of primitive Pliicker vectors. Applied to the Pliicker vectors
which are not already quasi-null, it shows that either the desired measure
estimate holds, or else several such vectors have a wedge which remains
uniformly small throughout the averaging ball. Second, the instability of
nontrivial H-representations forces this wedge to be almost entirely contained
in an exterior power of an exceptional summand. The Diophantine condition
then upgrades this near-containment to exact containment. In the final case
this would force the original Pliicker vectors themselves to be quasi-null,
contradicting the way the prescribed set was chosen.

Thus the argument avoids only the near-exceptional non-isotropic direc-
tions. Exact isotropic directions are not excluded here; they are omitted
from the modified height and counted separately in the singular counting
theorem.
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We shall use two approximation parameters. Let 0 < n < 1y < 1, and
suppose that A is (g, M)-Diophantine. Then every kd-dimensional A-
rational subspace that is (1, M)-quasi-null is isotropic. Indeed, let w = wa v,
and choose m € {1,2} such that

-M
[ = 7 m (W) < 7wl ™
If the left-hand side vanishes, then V is isotropic by Lemma 3.2. Otherwise
the case r = 1 in Definition 3.6 gives
-M -M
nollw(| ™™ < Jw = g m (w) || < nllwl] ™,

which contradicts 7 < 9. Thus, under the present hypotheses, the critical
quasi-null subspaces are exactly the rational isotropic critical subspaces.
Consequently, the subspaces omitted by a,, as are precisely the rational
subspaces contained in such exact isotropic critical subspaces. They remain
omitted; in particular, @,y is not identified with the ordinary Margulis
height a.

Recall the definition of the exceptional set &, as,p from (6.36).

Proposition 7.1 (Avoidance estimate). There ezists B = B(d) > 1 such
that the following holds. Let

0<n<n <1, M >1,
and let A € X be an (ny, M )-Diophantine lattice. If
M’ > 10d*BM?, s >0, t>0, t > 10d*BM'’s,
then

alamA)1g
Bn(1)

ain; A) dn

s,n,]M,]\/I’(

<o gy7) oo~ gy7t)
exXp| —gor$ exp|\ — ot )
The implicit constant may depend on d, A, n,ny, and M.

(7.1)

The remainder of the section is devoted to the proof.

7.1. Instability and selected-vector nondivergence. We first record a
quantitative instability statement. Only the fixed ball By (1) will be needed
below.

Lemma 7.2. Let V' be a nontrivial irreducible finite-dimensional H-module.
There ezist constants ¢ = c¢(V) > 0 and k = k(V) > 0 such that

sup [lagnv]| > ce™|v]|
nGBN(l)

for every 0 £v € V and every t > 0.

Proof. Let Ap be the diagonal split torus of H. We first record that V'V #
{0} and that a; expands V' exponentially. Indeed, after complexification,
each irreducible constituent is a tensor product of irreducible modules for
the two SLg-factors. For one factor, write the module as Sy(C¢) after
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adding a determinant twist, with Ay = 0. The determinant twist is trivial
on SL;. The U;-fixed vectors form the top component for the maximal
parabolic with unipotent radical U;. Along the principal element b; =
diag(e™®,...,e7t, e(dfl)t), every nonzero weight on this top component is at
least a positive multiple of ¢, unless the representation of that factor is trivial.
Since V' is nontrivial, there are constants cq, k1 > 0, depending only on V/,
such that

lacw|| > cre™||lw]| (we VY, t>0). (7.2)

Let Py : V. — V¥ be the projection associated with the Ap-weight

decomposition. It commutes with every a;. Define
q(v) := sup ||Pn(nv)|.
neBn(1)

This is a norm on V. If g(v) = 0, then the polynomial map n — Py(nv)
vanishes on By (1), hence on all of N. The span of Nv is then a nonzero finite-
dimensional N-module with no nonzero N-fixed vector, which is impossible
for a unipotent group. Hence ¢(v) = 0 only for v = 0, and compactness of
the unit sphere gives q(v) >v ||v]|.

Using the boundedness of Py, its commutation with a;, and (7.2), we
obtain

sup |lagnv|| >y sup  |lag Py (no)|| v eq(v) >v eft|v]).
’I’LEBN(I) nEBN(l)

This proves the lemma. ([

We next state the form of quantitative non-divergence needed here. This
is in the spirit of the quantitative non-divergence theorem of Kleinbock—
Margulis [23], but we need a slightly refined formulation: the short vectors
are required to belong to a prescribed subset of the primitive vectors, and
the bad alternative must keep track of rank. More precisely, for a rank-m
wedge we need the lower bound to appear at the natural scale p™, rather
than as a rank-independent quantity. We use the weighted-poset theorem of
Kleinbock [24, Theorem 2.1], which gives exactly this form.

Recall that a continuous function f on a ball B C R is (C, 7)-good if, for
every ball By C B and every u > 0,

u T
_ Leb(Byp).
supBO|f|) (Bo)

A map h: B — GLg(R) is called (C, 7)-good if z — ||h(z)w|| is (C,7)-good
for every 1 <4 < k and every w € N'RE.

Leb{x € By : |f(z)| < u} < C’(

Proposition 7.3 (Selected-vector quantitative nondivergence). For every
Uk €N, there is a constant ¢ = c¢(£, k) > 0 with the following property. Let
B = B(xg,r) C R be any ball. Set B= B(zo,3%r), and let h : B — GL;(R)
be (C,7)-good. Let A < RF be a lattice and T C Aprim be a subset. If
0 <e<p<1, then one of the following alternatives holds:
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(1) there are linearly independent wy, ..., wy, € Y for some 1 <m <k
such that

sup [|h(z) (w1 A -+ Awp)[| < p™;
zeB

(2)
Leb {x €B: glé% |h(z)w| < 6} <cC (;)TLeb(B).

Proof. Let Py be the set of nonzero rational subspaces W < R* that are
spanned by a finite subset of Y, ordered by inclusion. Its length is at most k.

For W € P, set Ay := ANW, and let wp i be a primitive Pliicker
vector of Ay . If m = dim W, define

LT(W) :mln{[AWZM1++Zwm] w177wm€Tmm }

spang{wi, ..., wy}t =W
This is a positive integer. Put

Yw () == tx (W) ||h(x)wa w |, C(W) = pdim W,
Equivalently,

Yw (x) = min {]h(z)(wl A Aw)l| : Wi, . Wy, € TOW, } .

spang{wi,...,wyp}t =W

(7.3)
Indeed, every displayed wedge is an integral multiple of wa 7, and the
multiplier is precisely the corresponding index. In particular, each vy is
(C, 7)-good.

Apply [24, Theorem 2.1] to the weighted poset (P, (). Its local finiteness
condition holds because 1w (z) < ((W) < 1 implies ||h(z)wa w|| < 1, and a
fixed lattice has only finitely many primitive subgroups of bounded covolume.
If the lower-bound hypothesis of that theorem fails, then for some W € P,
sup gy () < pAm
z€eB

A family attaining the minimum in the definition of ¢y (W) then gives
alternative (1).

Suppose instead that the lower-bound hypothesis holds. We may assume
that € < p, since alternative (2) is trivial when € = p. Fix A with 1 <X < £,
and apply the weighted-poset theorem with marking parameter \e/p. The

complement of the marked set has measure at most cC (%)T Leb(B). We

claim that every marked point z satisfies ||h(z)w|| > ¢ for all w € T,

Let Wy € --- C W; be a marking flag at =, and put W, = {0}. Fix w € Y.
If w € Wj, let i be the least index such that w € W;; otherwise put i = j + 1.
In both cases set U := W,;_1 + Rw. The subspace U belongs to By and is
comparable with every member of the flag. Thus the marking inequalities,
whether U is a member of the flag or belongs to its comparable complement,
give Yy (z) > % pdimU = \epdimWio1 = Choose vectors in Y N W;_; attaining
ty(Wi—1). Appending w and using (7.3), together with submultiplicativity
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of the exterior norm, gives vy (x) < Yw,_, (2)|h(z)w| < p»Wi-t||h(x)w],
where the convention 1y, = 1 is used when ¢ = 1. Hence [|h(z)w]|| > Ae > e.
Therefore the sublevel set in alternative (2) is contained in the complement
of the marked set. Letting X\ | 1 proves alternative (2). O

7.2. Avoiding almost-isotropic Pliicker vectors. For 0 <n <1, M > 1,
and 1 < k < d — 1, recall the cone of Pliicker vectors which are (1, M)-close
to one of the exceptional summands:

D = {07 w € M) min oo — 7 )] < M}

For 1<k<d-—1,s>0,and 0 <e <1, define

3
o gy IS 2 |
Ek(s,e) == {O #v e AN Ma(R) : min,—1 2 ||v — Wk,m(U)H <e¢

Let K, a(s,€) be the set of pairs (h,A) € H x X for which there exist
1<k <d-—1and a kd-dimensional A-rational subspace V such that

WAV & Pranm and hwa v € Ei(s,€).

Thus K, 01(s,€) records the event that a rational Pliicker vector which is
not already quasi-null for the base lattice is moved close to an exceptional
summand at the scale s.

The next proposition is the quantitative avoidance estimate needed in
the iteration. It says that a rational Pliicker vector which is not already
quasi-null for the base lattice cannot be moved close to an exceptional
summand for a large set of horospherical parameters. The proof combines a
small-value estimate for a prescribed family of primitive Pliicker vectors with
instability of nontrivial H-representations; the Diophantine condition then
turns near-containment in an exceptional summand into exact containment,
contradicting the choice of the prescribed family.

Proposition 7.4. There exists B = Bi(d) > 1 such that the following holds.
Let 0 <n<mny<1, M >1, and let A € X be (no, M)-Diophantine. If
s >0, 0<e<e BiMs t>0, t > Biloge™1,
then
Leb {n € By(1) : (amn, A) € Ky (s, e)} < e/ (Brd), (7.4)
The implicit constant may depend on A,n,ny, and M.

Proof. Write A = goZN. For1<k<d-—1,set

d2
Ep = A"My(R), Dy :=dimEj, = (kd).

Let
V is kd-dimensional and A-rational, }

Thpn = {WA v
i Y way & Dragm
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This is a subset of the primitive vectors of the exterior lattice A*IA < B,
after choosing one sign for each Pliicker vector.

Fix k. We treat proximity to My 1; the row case is identical. Since
the projections in B = My g ® My 1 @ My are fixed, one may choose
co = co(d) > 0 so that the linear map ¢ = vy, 1,5 € GL(E}), defined by

—2d3 . .
¢’Mkﬂ1 = COELS 1d7 "ﬂ’./\/lk’o@./\/lk’z = Cp 1d7

has the following property: whenever [|y|| < L2 and ||y — mr,1(y)|] < €, one
has || (y)|| < e. Indeed, the fixed projections have bounded operator norms,
so this follows by taking cq sufficiently small. Define 1)y, o ; . similarly, with
My, 2 in place of My, 1. By the definition of K,y a/(s, €), we have

Leb{n € By(1) : (ain,A) € Ky m(s,€)}

d—1 2
< Leb {n € By(1): min anw| < 5} . 7.5
kz::l 7; N( ) WEL o a1 ||¢k,r,s,€ t ” ( )
Let
1
D .= D 0= ——— =gl
1§Ikn2c}li1 ko 20DM’ pi=e

Then 0 < € < p < 1. For every k and r, the map n — ¢y, s cazn is (C,7)-
good on the enlarged ball required in Proposition 7.3, with C' > 0 and 7 > 0
depending only on d. This follows from the multivariable Remez inequality,
since all matrix coefficients in the relevant exterior powers are polynomials
of degree bounded only in terms of d.

Applying Proposition 7.3, we obtain

Leb {n € By(1): min |[Yanw| < 5} < €7, (7.6)
’LUGT}C,,,L]M
unless there are linearly independent w1, ..., wy, € Ty, ar, with 1 <m < Dy,
such that, for w := wy A -+ A wy, € A" E}, one has
sup [[pamwl < p™. (7.7)
nEBN(l)

Here and below the same symbols denote the induced actions on exterior
powers. We show that this alternative is impossible when ¢ is sufficiently
small. The remaining compact range of € is absorbed into the implicit
constant in (7.4).

Write By = My 1 @ My, ., where My, == My o ® My o, and put g :=
dim My, ;. The induced decomposition

AN"E), = @ (/\ij,l) A (/\mijk,*) (7.8)

J

is H-invariant. The map 1 acts on the j-th summand by the scalar

. o3
co'r?, r:=cL;?".
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The common factor ¢’ is absorbed into constants depending only on d. Let
P; denote the projection onto the j-th summand. In particular,

m
P, = TI'I(C’I) = N" 1,

with the convention that P,, = 0 if m > q.
Choose, in each summand of (7.8), an H-invariant complement to its
H-fixed subspace. This gives an H-equivariant decomposition

/\mEk = V;;r S Vnt7

where Vi, = (/\mEk)H and V; is a sum of nontrivial irreducible H-modules.
Let P, and P, be the corresponding H-equivariant projections. By con-
struction, they commute with 1) and with every P;.

Since H acts trivially on V4, (7.7) implies

([P P || <™ p™, (7.9)
(I = Pp)Pyw|| < r~(m=Dpm, (7.10)

Indeed, 1 scales the top summand by r™, and scales every off-top summand
by at least r™~1.
Since m < D, § = (20DM)~!, and ¢ < e B1M5 choosing By = Bi(d)
sufficiently large gives
r " K Lgd‘gmsfm‘S < g~/ (7.11)
1) i 2 mD) b o 1/2 (7.12)
On Vy, the smallest singular value of the induced action of v is bounded
below by a constant multiple of r™. Hence (7.7) gives
sup  |lasnPyw]|| < r mp™ < e /(M)
TLGBN(l)

Applying Lemma 7.2 to the finitely many irreducible summands of Vj,;, and
increasing Bj(d) if necessary, the condition ¢ > By log(1/¢) implies

| Puw|| < €'/ (7.13)
Combining (7.9)—(7.13), we obtain
0 < wl| < e V@D lw — 7" (w)]| < V2. (7.14)

There is a constant ca > 0 such that ||w|| > ca, because w is a nonzero
vector in one of the finitely many exterior lattices A™(A*A). If m > ¢, then
77,(:?) =0, and (7.14) contradicts ||w| > ca for sufficiently small €.

Suppose next that 0 < m < ¢, and put
w = 77,83) (w) € N" My 1.

For sufficiently small €, this is a nonzero decomposable vector and ||w'|| =<
|w||. No nonzero decomposable line in A" My, ; is H-fixed: otherwise the
corresponding proper nonzero m-dimensional subspace of the irreducible
Hi-module My, ; would be Hi-invariant. By compactness of Gr(m, My 1),
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there exists ¢ = ¢(d) > 0 such that || Pyw'|| > c||w’|| for every decomposable
w’' € A" My 1. On the other hand, Py commutes with ﬂ,i?}), so (7.13) gives
| Pew|| < €'/2. Since ||w'|| < ||[w]|| > ca, this is impossible for sufficiently
small e.

It remains to consider m = ¢. If w # ﬂ,(cq%(w), then the (ng, M)-
Diophantine condition gives 7

lw — 7 (w) | > nollw| =M > o4,

using the upper bound in (7.14). This contradicts the second bound in
(7.14) for sufficiently small €. Hence w = 71'1(;2 (w). Since w is a nonzero

decomposable g-vector and dim Mj; = ¢, the g-dimensional subspace
span{wi, ..., wq} is exactly My, ;. Hence each w; lies in My, ;. But then
min_||w; — 7 m(w;)|| =0,
m=1,2
s0 w; € Dyq .M, contradicting w; € Ty ar- O

7.3. Proof of the avoidance estimate.

Proof of Proposition 7.1. Let K := 10d3. We first obtain an upper bound for
a(anA) on the exceptional set. We claim that there is Cy = Co(A,n, M) > 1
such that

(an, A) € Es iy = al(anA) < Coet/(B*M) (7.15)

Indeed, suppose that the pair is exceptional and that a(a;nA) > LSK, so that
the second line of (6.35) applies. There are 1 <k <d—1, r € {1,2}, and
v=wa vy ¢ iy m such that

0 < [Jagnv]] < de3, latnv — 7 (agnov) || < a(atnA)*BM/.

The projections are H-equivariant. Hence the log-Lipschitz estimate for
exterior powers gives

3 3 3 _ /
Jol| < LI L2, v — 7, (0)|| < LI a(amA) 7B (7.16)
If a(anA) > Coel/(B*M) then, upon choosing Cy sufficiently large,
3 _ / 3 3\ —M
L2 a(amA) B < (L?d 2 ) :
To verify this inequality, take logarithms and use
M' > KBM?, t > KBM's.

The negative term —BM'log a(a;nA) then dominates 2d®(M + 1)log L; +
2d3 M log Lg; the remaining constant is absorbed by Cp. Together with (7.16),
this would imply

lv =7 ()| < ol =,
contrary to the choice of v. Finally, the hypothesis t > KBM's and the lower
bound on M’ imply LK < et/(B*M)  This proves (7.15).
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For i > 0, set
h i= (des*?)". (7.17)
Let I be the least nonnegative integer such that
hy > Coet/(B*M),

Then (7.15) implies that every exceptional point belongs to one of the
following sets:

a(ainA) < hy,

Eo = {n €Bn(1): (an, A) € /Cn,M(S,e_MIS) } ’

a(anA) < hy, } :
E~::{n€B 1): Y , 1 << 1.
’ VO (i, ) € Kyar(s, i)
Moreover, for a constant Iy = Iy(Cy, d),
t
I <] —_— 1
< I+ KBZM (7.18)

Here we enlarged the scale hz-__BlM/ occurring in (6.35) to h; % ", which is
legitimate because B > 1.
If s > 0, Proposition 7.4 applies to Fg and gives

Leb(Ey) < e~ M's/(BiM) (7.19)

Indeed, its two hypotheses follow from M’ > KBM? and t > KBM's, once
B dominates By. When s = 0, the contribution of Ej is bounded directly
by hZ, and below we interpret (7.19) with its right-hand side replaced by a
constant.

For ¢ > 1, put ¢; := hi__]\f,, and call the index i low if

1 t
B log o= BiM'logh;_; < 3 (7.20)
For every low index, Proposition 7.4 applies and gives
Leb(E;) < h /(B (7.21)

Indeed, (7.20) supplies the required lower bound for ¢, while g; < e~ BiMs

follows from M’ > KBM?, after increasing B in terms of B; and d.
If t = 0, then s = 0, and the contribution is absorbed into the implicit
constant. We therefore assume ¢ > 0. For the remaining indices, set

£, = e /(281 (7.22)
If ¢ is not low, then ¢; < e, and hence

Ko m(s,€i) C Ky ar(s,ex).

Moreover, t > Bj log é = %, and the assumptions on M’, s, and ¢t imply
£x < e P1Ms provided B = B(d) is sufficiently large. Thus Proposition 7.4

also gives

Leb(E;) <« et/ (2BIM) for every non-low index 1. (7.23)
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From the preceding covering,
/ alamnA)?1g v (@ A) dn
BN(l) s,M, M,

<h3Leb(Eo) + Y hiLeb(E;))+ > h?Leb(E;). (7.24)
1<5<T 1<i<I

i low 1 not low
By (7.19) and the lower bound on M’,
hZ Leb(Ey) < e~ M's/(BM), (7.25)

Since h; = eXh;_; and M’/(B; M) is larger than a sufficiently large constant
depending only on d, (7.21) gives the convergent geometric bound

3" h?Leb(E;) < e M'/(BM), (7.26)

1<i<1
i low

It remains to sum over the non-low indices. By the minimal choice of I,
h; < eX max {ho, Coet/(BQM)} .

The assumptions relating s, t, and M’ therefore give

3
h? < exp(BQM> . (7.27)
Choose B = B(d) so large that # — 2> > 2. Using (7.23) and (7.27), and
1

absorbing the factor I + 1 into half of the remaining exponential decay, we
obtain

> h?Leb(E;) < e /(BM), (7.28)
1<i<TI
i not low
Combining (7.24), (7.25), (7.26), and (7.28) proves (7.1). O

8. UNIFORM BOUNDEDNESS OF MODIFIED HEIGHT FUNCTIONS VIA
ITERATIONS

We now prove uniform N-average moment bounds for the modified height
Qv along the principal a;N-orbits, by combining the global Margulis-type
inequality (Theorem 6.9) with the avoidance estimate (Proposition 7.1) and
then iterating. The strategy is parallel to [21], but the Margulis-type inequal-
ity available here is weaker because it contains an additional logarithmic cusp
term, arising from the use of the Mother Inequality of Benoist—Quint. Con-
sequently, the iteration must separate the usual almost-isotropic exceptional
set from a very deep cusp contribution and control both parts simultaneously.

In this section, we prove the following proposition, which gives the corre-
sponding N-average estimate. It implies Theorem 3.13 after applying it with
a slightly smaller approximation parameter and then replacing N-translates
with K-translates.
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Proposition 8.1. Let 0 < n < ng < 1, M > 1, and let A € X be an
(n0, M )-Diophantine lattice. Then there exists ' > 0 such that

sup/ Qv (aem; A dn < co. (8.1)
t>0 /By (1)

The proof proceeds by decomposing ¢ into a sequence of smaller steps and
iterating the global contraction estimates, while separating the contribution
into good and exceptional parts.

We begin with the following standard comparison lemma for iterated
horospherical averages.

Lemma 8.2. [21, Lemma 6.1] Let t1, - ,ty > 0 for m € N. Then for any
non-negative measurable function f: H x X — [0,00) and A € X, we have

/ flag,4+ott,,m; A)dn < 2 flag, mm - - agni; A)dng -+ - dngy,
Bn(1/3) By (1)™
and
/ flag, np -+ - agny; A)dng -+ - dng, < / flag, g1, n; A)dn.
BN(].)m BN(2)

We will also use the following technical decomposition lemma from [21].

Lemma 8.3. [21, Lemma 6.2] Let D > 1,0< 6 < H%’ and T > 0 be given.
For any t > T/4, there exists a finite sequence {s;}1<i<r such that

t281+"‘+8[, 81:D82, Si:(1+5)8i+1 (2§i§]—1),
and T < sp <2T.

8.1. Proof of Proposition 8.1 and Theorem 3.13. For bounded ¢, the
claim is immediate from the log-Lipschitz property of &, as. Thus it suffices
to consider ¢ > 0 with ¢ sufficiently large.

Let B > 1 be the constant from Proposition 7.1. We fix once and for all
dimensional constants ¢4, Cy so that the one-step estimates below hold. We
then set

M’ :=100d""BM?, 6 = (10BM')L, D :=20d°BM’.
The one-step estimates below follow from Proposition 6.6 and Theorem 6.9.
Put
Ko :=Cq(M'0 +671)

and choose 6’ > 0 so small that

01 cqabr M’ }
20042’ 10000d3*CyB2*M Ky" C4BM(1+ D))~

Note that 0 < 6 < 6 < (2d)7%. By Lemma 6.2 and the choice ¢’ <
01/(200d?) < B, — 1, we have

Qn (b A < g @paro(h; A)  forall (h,A) € H x X. (8.3)

0" < min { (8.2)
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For s > 0 define
Teo :={(h,A) € H x X :log @, ar(h; A) > e},
By Proposition 6.6, for all sufficiently large s > 0,
/ a(asnhA)H dn < €5 (hA)H 4 Cas, (8.4)
Bn (1)
Second, by Theorem 6.9, for all sufficiently large s > 0 and all (h,A) ¢
gs,n,M,M’ U 7-25,9a

/ ayar(asnh; A)dn < e=¢a%157, yr(h; A) + o5 (8.5)
By(1)

Moreover, by Lemma 6.8, for all sufficiently large s,

(ida A) ¢ 85,77,M,10d3Ma

and hence

anrlasn; A) dn < %955, 1 (A) 4 05, 8.6
”77 "77
By (1)

Choose T' > 0 large enough so that (8.4), (8.5), and (8.6) hold for any
s> 0 with s > T. ChooseO<5§H%sothat

cqab1 M’ }

8.7
1000d3BKy’ 1+ D (87)

CyBO'M < M'§ < min {

This is possible by (8.2), after increasing the dimensional constants if neces-
sary: the lower endpoint is at most the first upper endpoint by the second
inequality in (8.2), and it is at most M’/(1 + D) by the third.

Now fix a sufficiently large ¢ > 0. By Lemma 8.3, there exist a sequence
{si}1<i<r such that

t=s1+ - +sj, si 2 0,
and
s1 = Dsa, si=1+08)s1 2<i<I—1), T < sy <2T.
For 1 <i<T—1, write
Siy1 =St + o+ s1
Then Lemma 8.3 also gives

(1 - ﬂ)éflsi < sl <0 ls (2<i<I-1). (8.8)

Si

We introduce the iterated integral

o~ 1 0/
Z; ::/ ap p(asng - agni; A) T dny - -dng.
By (1)I
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Since By(1) is covered by finitely many right translates of By (1/3), by
the definition of &, s, we have

/ Qv (aen; A)Ha, dn < / Qv (aem; A)Ha, dn,
By (1) By (1/3)

and
~ . 1+6'
/ ap v (am; A) 7 dn < 27, (8.9)
Bn(1/3)
Therefore it suffices to show that
sup Z; < 0. (8.10)
>0

For 1 < m < I — 1, we consider exceptional sets

: -1

g S UEs a3 smey < Caby logt,

m o .
Espi1 MM’ otherwise.

Define
O 1= {(nl,...,nm) € Bny(1)™ : (as,,nm -+ -agn1, A) € gm},

and set

Om = Oy, x By(1)'™™ C By(1)!,  ©:= ] On.

m=1
We also inductively define

oy

q = {(nl, i) € By(1)™ : (as, nm - - - as,n1, A) € 7;m+1,9},
m—1

O =0, — U (% xBy()™ ),
=1

-1
Qo= Q x By(D)'™™ C By(1)!, Q= Q.
m=1

We then split

-1 -1
Zy <Y+ Z Tem + Z Et,m.

m=1 m=1

where

Y, ::/ apm(asng - agni; A) T dn, - - -dng,
By (1)!—(0UQ)
T, = a AV Ay d
tom 1= Qp m(as,ny - agni; A) ni---dng,
Qp—06
and

. = - A1+
Etm = / ap M (as,ny - agni; ) dny---dnj.
m
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Estimate of the bad part. Fix 1 <m < I — 1. Write
Etm = /@ J(ni, ... ,nm)dng - dngy,
where
Jni, ... ny) = / Ay M (as,ny - ag ni; A)HO{ dnpy1---dng.
By (1)I—m

Recall that
~14-6' 140’
Qv <« .

Since s; > T for all 1 <i < I, we may iterate the crude estimate (8.4) over
the last I — m steps to obtain

Jni, ..o yny) < /B 1y alas,ny - aslmA)Hgl dnppy1 -+ -dng
N
I / ,
< N eCasieCal sttt o(a, np, - agniA)H (8.11)
i=m-+1

! o/ /
< (I —m)eCa? SmiztCasmiig (g, nyp, - agniA)H
7s—1 /

< a0+ C)smer oy (g - ag,n AT

using (8.8) in the third line.
Now set

o(h; A) == a(hA)? 1z (h,A).
Note that s1 = Dsy > Dspqq forall 1 <m < I — 1, and moreover

SlzDSQZm

for sufficiently large t, if sp,41 < Cgfy Yogt. By Proposition 7.1 and
Lemma 8.2,

t > D5 H(Cyby M logt) > Dsl,y

/7 a(asmnm---aslmA)Ha/dnl'--dnm
< / olas,,nm -+ as;ni; A)dng - - - dny,
By (1)m

< / P(asy4ts, i A) dn.
Bn(2)

The same avoidance bound holds with By (2) in place of By (1), after changing
the implicit constant: cover By(2) by finitely many translates of By (1), and
use the same log-Lipschitz and goodness estimates on each fixed bounded
horospherical ball. Applying Proposition 7.1 to the one or two exceptional
sets appearing in &, and using s, | > S;,41 when the second exceptional
set is present, gives

/ _ M
/; O‘(CLSmnm T aslnlA)1+9 dny -+ dng, < e BMmtL
m
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Here we used that 1+ ¢’ < 2. Combining this with (8.11) and using the
lower bound in (8.7), we get for 1 <m < T —1,
Et,m < (5—1 log sm_‘_le%smiﬂ 6_%87"4'1 <& e SmHl, (812)
Summing over m,

ZE””<< Ze 5’”“<Ze (1+o)™ <§:e T < §-tp—t,

m=1
Choose 0 < € < 1/100, and let I’ be the largest integer such that
L 57131.
Since I’ is maximal and s; = (1 + 6)/~!'s;, we have
<@+ <146t
In particular,
1
I-I'=6"1log-,
€
with absolute implied constants.
Estimate of the cusp part. Fix 1 < m < I — 1, and put
x; = (as;n; - - as;n1, ), 1<¢<m.
For (ni,...,nm) € Qm — O, we have z,, € T;, ., 0. Hence, by the log-
Lipschitz property of o, ar,
2d°t + O(1) > log @y a1 (Tm) > exp(cabhsmi1)- (8.13)
In partlcular for sufficiently large ¢, Sm41 < Cabty Yogt. By the definition
of &, this implies that Eg oMM C Em. Since (n1,...,nm) ¢ O, we
therefore have x,, ¢ &y m+1v77»M7M"
We next show that zp, ¢ Toy 0 for sufficiently large T. If m > 2, then

the definition of €2, implies that the previous intermediate point has not
entered its corresponding cusp set, i.e. ;-1 ¢ Ty, 9. Thus

log iy pr(zm—1) < exp(cafism)-
Using the log-Lipschitz property of a7, we obtain
log &y ar(2m) < exp(cqfism) + O(sm).

Since 2s),,, > %sm > Spy, the right-hand side is smaller than
exp(cqfi2s), 1) for T sufficiently large. Hence z,, ¢ Tay 0o The
case m = 1 is similar, since A is fixed and the log-Lipschitz property gives

log @y ar(as,n1; A) < 5141,

whereas exp(cg012sh) grows exponentially in s5. Thus, for T sufficiently
large, the same conclusion holds. Consequently, we have

Tm & Ey le,17MM/U7d23 0

+17
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Therefore we may apply the contraction estimate (8.5) with s = s}, ;.

Applying (8.5) with s = 5], 1, we get

< / Qi M (as;nﬂnasmnm e g N A) dn

— / ~ /
<e Cdelsm“amM (asmnm S Qg MG A) + efosmia

—cgqb1s’ ~
< 2e” %1 mHan,M(asmnm-~a51n1;A).

J(ni, -, nm :/ «a s, Ny Qg N1; N)dnypa1 -+ - dn
(nq ) - M (as;nr 1 N)dng I

The last inequality follows from (8.13), because ., € Ty,,,,,0 and s, | <s

sm41 for sufficiently large T, so o, v (z,,) dominates the error term
exp(Kos'erl).
On Q,, — O, for every 1 <1 < m, the intermediate point
(as;mi- - as,ny, A)
is non-exceptional for the next increment $;41:

(asini T a81n17A) g gsi+1777,M,M’ U 7~25¢+1,9'

Here the exclusion from &, ; a1 follows from being outside ©, while the

exclusion from Ty, , ¢ follows from the definition of €,,, since

7-25i+179 - 7;i+179'

Thus we may apply the contraction estimate (8.5) successively to the steps

Smy -« -, 82, and then use (8.6) for the first step s;. This gives

/7 @&mM(asmnm---aslnl;A) dny---dny,

< e_Cd01(51+"'+5m)a’n M(A) + 6K081—0d91(52+“'+8m)

m
+ Z eCd(M’9+9;1)sifcd01(si+1+...+sm)'
i=2
Here empty sums are interpreted as 0.
Combining (8.14) with the preceding estimate

Jng,....nm) < e_cdelslrn+1an7M(asmnm ceag i N),
and using that all s;’s have the same direction, we obtain
m
Tt,m < e‘cd@lt&'n’M(A) + €K081—6d918'2 + ZeCd(M’9+.91—1)si—cd9184+1.
i=2
Indeed,

/ /
(Sit1 4+ Sm) + 51 = Sip1-

(8.14)

(8.15)
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Summing (8.15) over 1 < m < I — 1, and interchanging the order of
summation in the last term, gives

-1
Z Tt,m < Ie_cdeltath(A) _|_IeK081—Cd918/2
m=1
I-1 , = ,
+ Z(I _ l)ecd(M 9+91 )SifcdelsH_l.
1=2

The harmless polynomial factors I and I — 7 are absorbed by the same
exponential estimates used below in (8.18)—(8.20), after increasing the initial
threshold T if necessary. Hence

-1
> Tim <1 (8.16)

m=1

Estimate of the good part. On By (1)l — (© U ), any intermediate point
(as,,nm - as,n1, A)
is non-exceptional for the next increment s, 1:

(a‘Smnm e a51n17 A) ¢ €3m+17777M>M/'

Since the path is outside €2, for every 1 < m < I, we also have
(@s,,m - --as,n1,A) & Ts,.,,0. Thus we may apply the contraction es-
timate (8.5) successively to the steps sy, ..., s2, and then use (8.6) for the
first step s1:

Yté/ an,M(GSIHI"'aslnl;A)d’Ill"'dn[
By (1)I—-(6UQ)

< e—cd91t~

an,M(A) + 6K081—Cd91(82+~~-+81)

I
+ Z 6K03m70d91(3m+1+“'+51) (817)

m=2
1
—cqb1t~ Kos1—cg015, Kosm—cqb1s’
dlamM(A)_i_eOl d12+§ eftosm—cdb1sy,

m=2

=e
where by convention s}, = 0. If 2 <m < I’ then

Sho1l = Sma1+ o+ Sp > (1 - SSII') 6V sm > (1 —€)6 s,
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Hence, using the upper bound in (8.7), we have

cq(1—e)s—1o; >Sm

I I
Z eKosm—cdels’m+1 < Z €<K0* 3
i (K06 eqg(1— s>91)( f: _eamy (8.18)

m=2 m=

g0 T cgslegT
§(1—e 100)15 w0,

where we used s, > (1 +6)/=™T > (I —m)dT.
For m = 1, using the upper bound in (8.7), we get

ci(l —€)fisy  cq(l —e)brs1

Cd918/2 > 35 = 3DS > K()Sl,
and hence
efom—ealisy <. (8.19)
Finally,
i efosm—cabr(smrrt+sr) < (I — I’)eKOS’ < (5_110g1> efoT,
m=I'+1 9

(8.20)
Combining (8.17), (8.18), (8.19), and (8.20), we conclude that Y; is uni-
formly bounded for all sufficiently large t.
Combining the bounds for the good and bad parts, we conclude that

-1 -1
Zy =Y+ Z Tem + Z Etm
m=1 m=1

is uniformly bounded for all sufficiently large ¢ > 0. By (8.9), this proves

sup/ iy, v (aem; M dn < oo.
t>0 /Bn(1)

This proves Proposition 8.1.

Theorem 3.13 follows by applying Proposition 8.1 with any smaller ap-
proximation parameter in place of 7, and then replacing a; N-translates with
a;K-translates. Indeed, if 0 < i’ < 7, then by Equation (3.8),

an v (h; A) < apyar(hs A).

Using the fact that IV is an expanding horospherical subgroup of G for the
action of ay, the argument of [21, Section 7.2] applies verbatim. O
We shall also use the corresponding first-moment estimate for the ordinary
height. The standard iteration based on Lemma 6.4, followed by the same
transfer from N-averages to K-averages, gives, for every fixed A € X,

Sup/ a(akA) dk < oo. (8.21)
t>0 JK
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This is the usual first-moment nondivergence estimate for the standard
Margulis height; compare [13, Section 7].

9. STRUCTURE OF ISOTROPIC SUBSPACES

In this section we establish the structural results on isotropic subspaces
that will be used in the proof of Theorem 3.15. We first record the point
at which the Diophantine hypothesis identifies quasi-null subspaces with
isotropic ones. The remaining arguments are lattice-theoretic.

9.1. Reduction to isotropic subspaces. We first isolate the rational
subspaces lying in column- or row-isotropic subspaces. For 1 < k < d—1, let

X,g’liio(A) and Xk(?iio(A) denote respectively the collections of kd-dimensional

A-rational column- and row-isotropic subspaces. Set

Xiso(A) = XN (AU AL (A).

— ““k,iso k,iso

For m = 1,2, let Qlin;;)M(A) denote the collection of kd-dimensional A-
rational subspaces V such that

Iwa,y = Tm(wa )| < nllwa,y ||~
Set
Dipm (D) = QIEI%M(A) U Ql?)]M(A)
We also let ;leiﬁl(A) denote the collection of all A-rational subspaces

contained in some member of X" (A), and set

k,iso
Ef,iso(A) = %izo(A) U Egiio(A)

Similarly, let e@v;w, Mm(A) be the collection of all A-rational subspaces con-
tained in some member of 2y, r(A).
Finally, define the global families

d—1 d—1
‘)C'I(ST:) (A) = U X}ﬁﬁl(A)a ‘Xiso(A) = U Xk7iso(A)>
k=1 k=1
and
_ -1 __ _ d-1
E(A) = JATA), Fo(A) == | Xriso(A).
k=1 k=1

Lemma 9.1. Let 0 < n < ng < 1, let M > 1, and suppose that A is
(no, M)-Diophantine. Then
2 (8) = XA

for every 1 <k <d—1 and m € {1,2}. Consequently,
Dig (D) = Xijoo(B)  and - Dy ar(A) = Xy jso(A).
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Proof. Every column- or row-isotropic subspace is (1, M )-quasi-null of the
corresponding type, because its Pliicker vector is fixed by the corresponding
exceptional projection.

Conversely, fix m € {1,2}, and let V € Q,(:Z])M(A) Put
W= WA V-
By definition,
-M

[ = g m(w)]| < nllw] ™
If w # 7y (w), then the one-vector case in the (19, M )-Diophantine condition
gives

lw = T (w) | = ol =,
contradicting 1 < np. Hence

W = T (W).
By Lemma 3.2, the subspace V' is column-isotropic when m = 1, and row-

isotropic when m = 2. This proves

207, () = X5 (A)

— ““k,iso
for each m € {1,2}.
Taking the union over m = 1,2 gives
Qk,n,M(A) = Xk,iso(A)-

Finally, the equality of the corresponding tilde families follows by taking all
A-rational subspaces contained in members of these equal families. O

9.2. Orthogonal-complement duality. Let
(X,Y) = tr(XYT)

be the Euclidean inner product on My(R), and extend it to exterior powers.
Fix the orientation for which the matrix units form a positively oriented
orthonormal basis, and let vol be the corresponding unit volume form. If
N = d?, the Hodge-star

%1 A" Mg(R) — AN 7" My(R)
is characterized by
wA (x') = (w,w) vol.

It is an isometry. We do not regard the Hodge-star itself as H-equivariant: it
depends on the Euclidean inner product, which is not H-invariant. Instead,
the H-equivariant duality is furnished by the wedge pairing

A" Mg(R) @ ANT"Mg(R) — AN My(R).

Indeed, H = SL4(R) x SL4(R) acts trivially on the top exterior power, and
hence

ANTTMg(R) ~ (A" Mg(R))"
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as H-representations. In particular, when r = kd, the exceptional summands
for k and d — k are contragredient to one another, with the column and row
types preserved.

We shall use the following lattice form of this duality.

Lemma 9.2. Let A < My(R) be a lattice, and let V- < My(R) be a A-rational
subspace of dimension 0 < r < d2. Then V* is A*-rational and, up to sign,

*WAJ/

« = —2 1
Wasyt covol(A) ©-1)
Consequently,
ly(ANYV)
Iy (AT vty = V2T 2
covoly, 1 (A*NV—) covol(A) (9.2)

Moreover, for every subspace U < RY,
L) =Lt and ROt =RUD).
Thus orthogonal complementation preserves column and row type.

Proof. The sublattice A NV is primitive in A. Choose a Z-basis v, ..., v,
of ANV, and extend it to a Z-basis vy,...,vn of A. Let v],..., v} be the
dual basis of A*. Since a vector of A* lies in V- exactly when its first
dual coordinates vanish,

ANV =2l @ @ Zuy.

After changing the sign of the extended basis if necessary, the standard
Hodge-star identity for a basis and its dual gives

) (v A Avp) = covol(A) vy A Ay,

This proves (9.1), up to the unavoidable sign in the choice of Pliicker vectors.
Taking norms and using that the Hodge-star is an isometry yields (9.2).
Under the Euclidean tensor-product identification of matrix space,

LU)=U® RYH*,  RU)=RIxU,

where the second identity uses the Euclidean identification of R% with its dual.
The two asserted orthogonal-complement identities follow immediately. [

9.3. Structure in codimension d. When A is (19, M )-Diophantine and
0 <n<mn <1, Lemma 9.1 reduces the codimension-d quasi-null family to
the isotropic family. The following structural statement itself requires no
Diophantine hypothesis.

Proposition 9.3. Let A < M;(R) be a lattice with at least one A-rational
column-isotropic subspace of dimension d(d — 1). Then there exist subspaces
Ui,...,Us < R4 s>1, such that

U@ ®U,cRY dimU; > 2,
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and the following properties hold: apart from at most d exceptions, every
A-rational column-isotropic subspace V' of dimension d(d — 1) satisfies

VL C L(U;)  for a unique j.
For every j, the lattice A* N L(Uj) is column-Q-split; that is, it is commen-
surable with a tensor-product lattice A1 ; ® Ao j, where Ay ; is a full lattice in
Uj and Ao ; is a lattice in (RT)*.

If A is not of Q-split type, then every U; is proper in R?. The analogous
assertions hold for row-isotropic subspaces.
Proof. We prove the column statement. Let
1 1
z={vtvexl ().

By Lemma 9.2, each member of .Z is a A*-rational subspace of the form
L(Ru) for some nonzero u € R%. Let

U :=span{u: L(Ru) € Z}.

Choose Ly,...,Ly € £, with Z, = L(Ru,), so that uy,...,up is a basis of

U. Thus ¢ = dimU < d. For each r, the inverse image of Z, N A* under the

isomorphism (R%)* — Z,, A = u, ® A, is a lattice A, < (R%)*; hence
ZrNA" = u, @ A,.

The direct sum
V4

Ty := @ ur @ A,
r=1

is a full lattice in £(U) contained in A*. The space L£(U) is A*-rational,
since it is the sum of finitely many A*-rational subspaces. Therefore Ty and
T := A*NL(U) are commensurable. In particular, there is an integer ¢ > 1
such that

T Cqg Y. (9.3)

Define an equivalence relation on {1,...,¢} by
r~7r" <= cA, is commensurable with A, for some ¢ € R*.

To see how this relation controls .Z, take L = L(Ru) € £, and write
l
uszwuw, LNA*"=u®A
r=1

for a lattice A < (R?)*. From (9.3), comparison of the u,-coordinates gives
&AC qilAr (1 Sr< 6)

Whenever &, # 0, both sides are full lattices in (R%)*, so a,.A is commensurable
with A,. It follows that

supp(u) = {r: & # 0}

is contained in a single ~-equivalence class.
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Let F4,...,Es be the equivalence classes having at least two elements,

and set
U; :=span{u, : r € Ej}.

Because the E; are disjoint subsets of a basis index set, Uy @ --- ® Uy is
direct. If #supp(u) > 2, then supp(u) C E; for a unique j, and hence
L c £(Uj). If supp(u) = {r}, then L = Z,; this line is also contained in
some L£(U;) unless {r} is a singleton equivalence class. Thus the only genuine
exceptions are among at most ¢ < d basis lines. This proves the asserted
finite decomposition and its uniqueness.

It remains to verify splitness. Fix j and choose r; € E;. For each
r € Ej, choose ¢, € R* such that ¢, A, is commensurable with Arj, and put
Uy = c; tu,. Then u, ® A = U, ® (¢,.A,) is commensurable with %, ® Ay

Consequently,
B uwoh,
TGEJ'

is commensurable with

Al,j X AQ,J’, Al,j = @ Zﬂr, AQJ = Arj-
rek;
The left-hand lattice is a full sublattice of A* N L(U;); hence A* N L(U;) is
column-Q-split.

Finally, suppose that A is not of Q-split type. If U; = R%, then L£(U;) =
My(R), and the preceding conclusion would make A* commensurable with a
full tensor-product lattice. Dualizing would give the same conclusion for A,
contrary to the hypothesis. Thus every U; is proper.

The row statement follows by applying the column statement to AT and
then transposing back. O

9.4. Structure in higher codimension. Recall the definition of the
isotropic non-coincidence condition from Definition 3.14.

Proposition 9.4. Let A < My(R) be a lattice satisfying the column isotropic
noncoincidence condition. Then, for every {g] <k <d-—2, there are at
most d mazximal proper A-rational column-isotropic subspaces of dimension
kd. The analogous statement holds in the row case.

Proof. We prove the column statement. Fix [d/2] < k < d — 2, and put
£:=d—Fk. Thus2</< L%J Suppose, toward a contradiction, that there
are M > d distinct maximal proper A-rational column-isotropic subspaces
Vi,...,Vuy of dimension kd. Put W; := V;L. By Lemma 9.2, each W, is a
A*-rational column-isotropic subspace of dimension £d, so

Wi = L(F;)

for an ¢-dimensional subspace F; < R%.
Each W; is minimal among the nonzero A*-rational column-isotropic
subspaces. Indeed, if 0 # Z C W; were such a subspace, then Z+ would be a
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proper A-rational column-isotropic subspace strictly containing V; = Wil,
contradicting the maximality of V.

Choose a maximal subfamily Yi,...,Y, of {Wy,..., Wy} whose sum is
direct, and set

Y =Yoo -dY,.
Write Y; = L(F}), where dim F; = £. The sum E; @ --- @ E, is direct, and
hence
rl <d. (9.4)

Moreover, every W; is contained in ). Indeed, ) is A*-rational and
WiﬂyZE(Fiﬁ(El@---@Er))

is a A*-rational column-isotropic subspace of W;. By minimality, it is either

0 or W;. The first alternative would allow W; to be added to the direct

family, contrary to maximality.
Since M > d > r, choose a member

W =L(F)e{W,...,Wy}—{¥1,..., Y. }.
For 1 <j <r, put
L :=Y;NAY, Q=013 -®L,.
The lattices Q and Y N A* are commensurable. Since W C ) is A*-rational,

it is also @-rational. Let p; : J — Y} be the coordinate projection. If
E=FE & ---&®FE,, then

p; = ,PJ & id(Rd)*
for the coordinate projection P; : E — E;. Therefore p;j(W) = L(P;F) is

column-isotropic. The map p; is rational with respect to Q, so p;(W) is
Lj-rational and hence A*-rational. By the minimality of Yj,

pW) =0 or p(W)=Y;. (9.5)
Choose a for which p,(W) =Y. Since W and Y, have the same dimension,
Palw : W — Y, is an isomorphism.
For j # a, define
d)j ‘=pjo (pa|W)_1 1Y, — ij;
this map is zero when p;(W) = 0. Then

W= {y+z¢j(y) Yy € Ya}-
j#a

Since all coordinate projections act on the first tensor factor, there are linear
maps A; : F, — E; such that

gf)j = A]’ X id(Rd)* . (9.6)
Define the shear ¥ € GL()) by

Uly, =idy, + Y ¢j,  Vly, =idy, (b#a).
j#a
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Then ¥(Y,) = W.

We claim that ¥(Q) is commensurable with . Since W is @Q-rational,
W NQ is a full lattice in W, and

sz = pa(W N Q)
is a full sublattice of L,. Choose m > 1 with mL, C L. For j # a,
¢i(La) C Lj,

and therefore m¢;(L,) C Lj;. It follows that m¥(Q) C Q. Since both are
full lattices in ), ¥(Q) and @ are commensurable.

Put A := Vly, : Y, — W. The graph description and the injectivity of
pa|W give

A(Lq) = W(Q) N W.
Because ¥(Q) and @ are commensurable, the lattices A(Ly) and Q N W are
commensurable. Since @) is commensurable with J N A*, we conclude that
A(Y, N A¥) is commensurable with W N A*. (9.7)

Let V, :=Y;" and V := W+. These are distinct members of the original
family. By the quotient-lattice duality

v, = Yo nAY, v =WnA*,
so dualizing (9.7) yields
A7*Ay, commensurable with Ay, A7 = (AL
By (9.6), the map A has the form
A = B ®idga)-
for an isomorphism B : E, — F. Hence
AT = BT ®idgay- -

Extend B™* : E, — F to an element g € GLy4(R). Left multiplication by ¢
on My(R) restricts to A= on Y, = L(E,). Therefore

gAy, is commensurable with Ay

This contradicts the column isotropic non-coincidence condition, because
V., # V are maximal proper A-rational column-isotropic subspaces of dimen-
sion kd. Thus M > d is impossible.

The row case follows by transposition. O

10. COUNTING SINGULAR MATRICES: PROOF OF THEOREM 3.15

In this section we prove Theorem 3.15. The argument has three ingredients.
First, we establish an asymptotic formula for bounded-rank matrices in a
rational lattice. Second, we combine this formula with lattice point counting
in the fibers of a rational projection. Finally, we use the structure results
from Section 9 to reduce the column- and row-isotropic contributions to
finitely many such fibered counting problems. The only remaining issue is to
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show that the overlap of the column and row contributions is of lower order.
The non-isotropic singular points are treated later in Section 12; the present
section counts the isotropic part Ajso.

Throughout this section, all implied constants may depend on the lattices,
linear maps, and norms under consideration, but not on the parameter 7T'.

10.1. Bounded-rank matrices in rational lattices. We first prove the
bounded-rank counting result that will be used throughout this section. The
proof decomposes matrices according to their primitive left kernels. This
gives both the asymptotic formula and the summable majorants needed later
for weighted limits.

Theorem 10.1 (Bounded-rank asymptotic in rational lattices). Let 1 < k <
d—1, and let A < My, 4(Q) be a full-rank lattice. For 1 <r <k —1, set
Na (T) :=#{Ac A: |[A]| < T, rank(A) =r}.
Then there is a constant ca, > 0 such that
Na(T) ~ep, 7" (T — o0).
Consequently,

#{A €A |A| < T, rank(A) <7}~ cp, T

For A = My, 4(Z), this was proved by Katznelson [20]. The argument
below applies to any full-rank rational lattice and also gives the uniform
summability estimates used in the weighted form below.

Lemma 10.2 (Primitive sublattices). Let 1 < s < k. For R > 3, let Ps(k; R)
denote the set of primitive rank-s sublattices L < ZF satisfying covol(L) < R.
Then

#P,(k; R) < R*(log R)®.
Proof. Fix L € Ps(k;R), and let \(L) < --- < Ag(L) be its successive

minima. Choose linearly independent vectors v; € L with ||v;|| = \i(L). By
Minkowski’s second theorem [7],

S
H ||vil]| <p,s covol(L) < R.
i=1
Since I < ZF, every nonzero vector in L has norm bounded below by a

positive constant depending only on the chosen norm. Choose integers m; > 0
such that 2™~ < ||ly;|] < 2™i. Then Y, m; < log(2 + R). For a fixed tuple

(mq,...,ms), the number of possible ordered tuples (v1,...,vs) is
S
< H kai — 21@21 mi
i=1
The rational span of (v1,...,vs) determines L, because L is primitive. Sum-

ming over the admissible dyadic tuples gives
#P,(k; R) < RF(log R)®.
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O

Proof of Theorem 10.1. We argue by induction on k. The assertion is empty
for k = 1. After multiplying A by a nonzero integer, we may assume that
A< Mk,d(Z)

Fix 1 <r < k-1, and put s := k—r. Let Ps(k) denote the set of primitive
rank-s sublattices of Z¥. For L € Py(k), define

Vi :={A e Mpq(R): uTA =0 for every u € L}, AL :=ANV..

Then Vi, has dimension dr, and Ay, is a full-rank lattice in V7.
For a rational matrix A of rank r, let

L(A) := ker(AT) N ZF.
Then L(A) is a primitive rank-s sublattice. Conversely, if A € V7, has rank
r, then L C L(A), and primitivity together with equality of ranks gives

L = L(A). Hence the rank-r matrices are disjointly decomposed according
to their primitive left kernels:

Npay(T)= Y NL(T), (10.1)
LePs(k)
where
Np(T):=#{A e Ap: ||A|| <T, rank(A) =r}.

For fixed L, the standard lattice-point asymptotic in the dr-dimensional
space Vi, gives
VOlVL (Bl N VL)

covol(Ap)
The matrices in Ay, of rank at most r — 1 identify, after an integral change
of basis in Z*, with bounded-rank matrices in a full-rank rational lattice in
M, 4(R). By the induction hypothesis, their number is Oz (T%"~V), with
the evident interpretation when r = 1. Therefore

N(T) ~ BT (10.2)

#{AeAp: ||A| ST} ~ BT, Br, =

It remains to justify summation over L. Set
Ly = {x € ZF :uTx = 0 for every u € L}.
Then
My a(Z)NVy, = (Li)d columnwise.
Since L is primitive, the Hodge-star identification of the primitive Pliicker
vectors of L and L7 gives covol(Lz) = covol(L). Hence
covol (Mg 4(Z)NVy) = covol (L)%

Because Ay, is a sublattice of My 4(Z) N V7, we have covol(Ay) > covol(L)%.
Since the volumes voly, (B1 N Vr,) are uniformly bounded as V7, varies in the
Grassmannian,

Br, < covol(L)™%. (10.3)
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The same geometry-of-numbers estimate gives, uniformly in L and T > 1,
Np(T) < T% covol (L)~ (10.4)
By Lemma 10.2,
Z covol(L) ™% <« Z 27 9dup (k; 271 « Z 2791d=R)(1 + j)® < o0,
LePs(k) Jj=0 Jj=0

because k < d. Dominated convergence applied to (10.1), using (10.2) and
(10.4), gives

T_dTNAm(T) — Z B, =: car > 0.

LePs(k)
The final assertion follows because the strata of ranks < r have strictly smaller
powers of T by the induction hypothesis. This proves the theorem. ([

For the mixed column-row estimate below, we also need a crude bound in
the square case, where this argument gives a logarithmic loss.

Corollary 10.3 (Crude bounded-rank estimate). Let 1 < m < n, let
0<r<m-—1, andletT > 3. Then

#{A e My, n(Z): ||A|| < T, rank(A) =7} < T""(log 7)™,
If n > m, the logarithmic factor may be omitted.

Proof. The case r = 0 is immediate. For r > 1, decompose the rank-r
matrices according to their primitive rank-(m — r) left kernel, as in the proof
of Theorem 10.1. The contribution of a fixed kernel L is

< T"" covol(L)™™.

Moreover, if such a matrix has norm at most 7', then covol(L) < T": choose
r linearly independent columns and use the Hodge-star relation between the
saturated column lattice and its primitive orthogonal complement. Thus
it remains to sum covol(L)™" over primitive L with covol(L) < T". The
dyadic estimate in Lemma 10.2 is summable when n > m, and in the square
case n = m gives at most O((log T)™*1). O

10.2. A uniform rank-extension estimate. We next record a uniform
estimate for extending a fixed rank-deficient block while keeping the resulting
matrix rank-deficient. This will be used later to bound simultaneous row-
and column-rank deficiencies.

Lemma 10.4 (Uniform rank-extension estimate). Let T > 3, let A €
My o(Z) have rank r < m and norm at most T', and let n > 1. Uniformly

n A,
#{BeMpun(Z): |B| <T, rank (A B) <m—1}
Tmn, n<m-—r,

<
=D (log T)™, n>m —r.

The analogous estimate for vertical concatenation follows by transposition.
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Proof. Let E < R™ be the rational span of the columns of A4, let p : R™ — E+
be the orthogonal projection, and set

YTp:=ENZm, Tp:= p(Z™).
Then Y g has rank r, T has rank m — r, and

covol(Yg) covol(Tg) = 1. (10.5)
Because A contains r linearly independent columns of norm O(T'), all suc-
cessive minima of Y are O(T). Hence every fiber of
Mo (Z) = T, B — p(B),

contains at most

TT'TL
S S (10.6)
covol(Yg)™

points of norm at most 7'
The rank condition is equivalent to

rank(p(B)) <m —r —1. (10.7)

If n < m — r, this condition is automatic, and the trivial bound O(T™")
proves the first case.
Assume now that n > m — r, and put ¢ := m — r. We claim that

#{BeTp: |B| < T, rank(B) < ¢ — 1} < covol(Tp) T4~V (log T)™.
(10.8)
To prove this, first consider matrices of rank ¢ — 1. Such matrices are
contained in the union over primitive lines Ru, with u € TE, of the condition
uTB = 0. For fixed u, the lattice Y N u* has covolume
||lu|| covol(Y ),

and hence the contribution of the line Ru is

Tn(g—1)
l|lu||™ covol (T )™
If this contribution is nonzero, the hyperplane lattice contains ¢ — 1 indepen-
dent vectors of norm O(T'), and therefore

||| covol(Y ) < T4 1.

<

Moreover, covol(Tg) ™! = covol(Yg) < T7, because Y g contains r indepen-
dent columns of A. Thus only vectors u of norm O(T™ 1) occur. Since
TE = E1 N 7Z™ is an integral lattice of rank ¢, the sum over primitive u
converges when n > g and is O(logT') when n = ¢. The lower-rank strata are
bounded in the same way, and the displayed factor (logT)™ is a convenient
uniform bound for all of them. This proves (10.8).

Multiplying (10.6) and (10.8), and using (10.5), gives

< T (log T)™ = T™™ =Y (log T)™.

This proves the second case. The vertical statement follows by transposition.
O
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10.3. Weighted and fibered bounded-rank asymptotics. We now
record the weighted form of the bounded-rank asymptotic and then combine
it with lattice-point counting in the fibers of a rational projection. This is
the form needed for the isotropic families in the next subsection.

Lemma 10.5 (Weighted bounded-rank asymptotic). Let 2 <k <d—1, and
let A < My q(Q) be a full-rank lattice. There is a locally finite measure pa
on My, q(R), supported on the rank-(k — 1) locus, such that

TS AT > [ fd (10.9)
AcA Mk,d(R)

rank(A)<k—1
for every f € Ce(Mg q4(R)).

Proof. After multiplying A by a nonzero integer, we may assume that A <
My a(Z). For a primitive rank-one lattice L < ZF, let Vi, and Af be as in
the proof of Theorem 10.1. Define
1
= ——F voly, .
ne Le%;(k) covol(A)

The summability estimate (10.3) shows that this is a locally finite measure.

Matrices of rank k& — 1 have a unique primitive one-dimensional left
kernel. For each fixed L, the lattice Riemann sums on Ay converge to
covol(A )~ ! voly, , while the rank-at-most-(k — 2) points in Ay, are negligi-
ble. The majorant (10.4) permits dominated convergence over L. Finally,
Theorem 10.1 shows that the total number of matrices of rank at most k& — 2
is O(T9*=2)), so including these matrices does not change the limit. O

Lemma 10.6 (Fibered bounded-rank asymptotic). Let
My(R) =W @ W+

be an orthogonal decomposition, and let A < My(R) be a lattice. Assume
that AN W+ is a lattice in W+ and that Aw = pw(A) is a lattice in W,
where pyw denotes orthogonal projection.

Suppose that dim W = kd for some 1 < k < d — 1, and that there is a
linear isomorphism

t: W — Mk’d(R)

such that «(Aw) is commensurable with a full-rank lattice in My, 4(Q). Then,
for every norm on Mg(R), there is a constant ca w > 0 such that

#{veA: ol <T, rank(upw(v) <k — 1} ~ caw T,

Proof. If k = 1, then the rank condition is py (v) = 0, and the assertion is
the usual lattice-point asymptotic for the rank-d(d — 1) lattice A N W+, We
therefore assume k > 2.

Let B := {v € My(R) : ||v|| < 1}. For x € W, define

B, ={zeW':z+42¢eB}, Y(x) := voly, 1 (Bg).
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The function % is bounded and supported on the compact convex body
pw(B).
For each A € Ay, choose z4 € W+ such that A + z4 € A. Then

ANpt(A) = A+ za+ (ANWH).
The Lipschitz principle, applied in the fixed space W, gives uniformly in A
Td2—kd
covol(AN W)

# ((ZA +ANWHN TBA/T) = w(A/T)—FO(TdQ*kd*l-H),

(10.10)
By Theorem 10.1, the number of relevant A with ||A|| < T and rank(:(A4)) <
k—11is O(T%*=1), Hence the total contribution of the error term in (10.10)

1S
O ((Td2fkd71 + 1)Td(k71)) _ O(Td(dq))_

Transporting Lemma 10.5 through ¢ gives a locally finite measure pa,
on W for which (10.9) holds. The discontinuities of ) are contained in
Opw (B). The measure pa,, is a locally finite sum of Lebesgue measures
on d(k — 1)-dimensional linear subspaces through the origin. Since 0 is an
interior point of py(B), none of these subspaces is contained in its boundary.
Thus Opw (B) is pa, -null, and the weighted convergence applies to ¢ by
approximation from above and below.

Summing (10.10) over the bounded-rank points in Ay gives

#{veA: || <T, rank(c(pw(v))) <k —1}

Td2 —kd

= vl (AR > W(A)T) + o(TH41)

AEAW
rank(¢(A))<k—1

1
N pd(d-1)
covol(ANW+) (/W v duAW)

The integral is positive because 1 is positive near the origin on each linear
subspace appearing in the support of p1a,,. This proves the lemma. ([

10.4. Finite decompositions of the isotropic contribution. Let Al(slo)

(or AI(SQO)) denote the set of lattice points that lie in a A-rational column (or
row )-isotropic subspace of one of the dimensions d, 2d, . ..,d(d — 1). Recall
that Ajso denote the set of lattice points that lie in a A-rational column- or
row-isotropic subspace. Thus

Aiso = A UAD (10.11)

1SO 1S0 *
The next lemma packages the structural results of Section 9 in the form
needed for counting. It says that, up to lower-dimensional pieces, the column-
isotropic contribution is a finite union of fibered bounded-rank conditions.

Lemma 10.7 (Finite piece decomposition). Assume that A is not Q-split
and satisfies the column isotropic noncoincidence condition. Then there are
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(i) finitely many proper A-rational subspaces L, ..., Ly, each contained
in a column-isotropic subspace and each of dimension at most d(d—2);
and

(ii) finitely many column-type subspaces
W, =LU;)=U;@RY*,  1<kj:=dimU; <d-1,
together with rank-preserving tensor-product isomorphisms
v Wi — Mk,jjd(R),

such that vj(pw,(A)) is commensurable with a full-rank rational lat-
tice,
for which, on writing

;= {v eA: rank(Lj(ij (”))) < kj— 1}7
one has q s
AL (m U Lm) oU s, (10.12)
m=1 7j=1

Moreover, the pieces may be chosen so that, whenever j # j’,
#vex; NSy |lv|| < T} < THE2), (10.13)
The analogous statement holds for the row-isotropic contribution.

Proof. We prove the column statement. First consider maximal proper A-
rational column-isotropic subspaces of dimension kd with k < d — 2. For
[d/2] < k < d—2, their finiteness follows from Proposition 9.4. For k < d/2,
there is at most one such maximal subspace for each k. Indeed, if V7 and V5
were distinct maximal subspaces of this dimension, then Vi* and V- would
be minimal nonzero A*-rational column-isotropic subspaces of dimension
(d — k)d. The corresponding (d — k)-dimensional subspaces of R? intersect
nontrivially, because d — k > d/2. Their intersection is again A*-rational
and column-isotropic, contradicting minimality unless Vi~ = V3. Taking
all maximal subspaces in these finitely many families gives L1,..., Ly, and
we include the zero subspace if necessary. Every column-isotropic point not
contained in a d(d — 1)-dimensional column-isotropic subspace lies in one of
these L.

It remains to treat the d(d — 1)-dimensional column-isotropic subspaces.
By Proposition 9.3, and using the construction in its proof, there are pairwise
linearly disjoint subspaces Uy, ..., Us, of dimensions between 2 and d — 1,
such that every A-rational column-isotropic subspace V' of dimension d(d—1),
apart from finitely many exceptional ones, satisfies

vt c L)
for a unique j. Moreover, A* N L(Uj) is column-Q-split. We discard from
the exceptional list any member whose orthogonal complement is already

contained in one of the £(U;). For each remaining exceptional subspace
V, add the one-dimensional factor U determined by V+ = £(U) to the list.
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Thus every d(d — 1)-dimensional column-isotropic subspace is assigned to
one of the resulting spaces W; = L(Uj;), possibly with k; = 1.
Fix one such space W; = L(U;), and write p; = pw,. Since

pi(A)* = A" N W;,

and tensor-product splitness is preserved by duality, there is a rank-preserving
tensor-product isomorphism

lj =a; @ bj Wi — Mkj,d(R)
for which ¢;(pj(A)) is commensurable with a full-rank rational lattice. When
k; = 1, this is automatic.
We claim that
AN U v=z; (10.14)
Vethl—)l,iso(A)
vicw;
If v € VN A and V1 = £(Ru) with 0 # u € Uj, then every column of p;(v)
lies in U; N ut. Since tj preserves rank,
rank (¢;(pj(v))) < k;j —1, sov € ;.

Conversely, let v € ¥;. Since ¢;(pj(A)) is commensurable with a rational
lattice, the left kernel of ¢;(pj(v)) contains a nonzero rational covector.
Pulling this covector back through a;, and using the Euclidean identification
of U with Uj, we obtain a nonzero u € U; such that £(Ru) is pj(A)*-rational
and orthogonal to pj(v). Because p;(A)* = A* N W, the space L(Ru) is
A*-rational. Hence V := L(Ru)" is a A-rational column-isotropic subspace of
dimension d(d — 1), with V- € W;. Since v —p;(v) € VVjL, the orthogonality
of pj(v) to L(Ru) implies v € V. This proves (10.14), and hence (10.12).

It remains to estimate the overlap of two distinct main pieces. By con-
struction, U; N Uy = {0} for j # j'. Put

W :=W; Wy = LU; ®Uy).

The lattice A* MW is commensurable with (A*NW;) & (A*NW;/). Using the
two tensor-product coordinate maps on the two summands, the joint quotient
lattice is commensurable with a full-rank rational lattice in Mkj,d(R) @
Mk:j,,d(R)- Thus, after scaling, we may overcount its points by pairs of

integral matrices. The number of pairs (A, A’) of norm O(T') satisfying
rank(A) < k; — 1, rank(A") < k; —1

is O(Td(kjflﬂd(kﬂ"*l)), by Theorem 10.1; if one of the k’s equals 1, the
corresponding matrix is zero and contributes O(1). The kernel of the joint
quotient map has dimension d(d — kj — kj), so each pair has O(TMd=ks=k;1))
lifts in A. Therefore

#{’U c Ej N Z]/ . ”,UH S T} < Td(k‘j—].)-l—d(k:j/—1)+d(d—k’j—k’j/) — Td(d_2).

This proves (10.13). The row statement follows after transposition. O
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‘Combining Lemma 10.6 with Lemma 10.7, we obtain constants
A, e >0 such that

#{v € AL |lo]) < T} ~ 08 1Y), (10.15)

1S0

#{ve A o] < T} ~ M8 74D, (10.16)

180
Indeed, each main piece ¥; has the asserted asymptotic, the finitely many

lower-dimensional spaces contribute O(T%4%=2)), and (10.13) gives the same
bound for every pairwise overlap of main pieces.

10.5. Mixed column—-row intersections. The column and row asymp-
totics must now be combined by inclusion—exclusion. The following compati-
bility lemma gives rational coordinates for the joint projection associated
with one column piece and one row piece. We use the notation C and R for
the two tensor factors.

Lemma 10.8 (Compatible split coordinates). Let C and R be d-dimensional
real vector spaces, let U < C and V < R, and put

W :.=U®R, 7 =CV.
Let A < C®R be a lattice. Assume that W and Z are A*-rational and that
A*NW and A*NZ

are commensurable with tensor-product lattices in W and Z, respectively.
Then one can choose bases of C and R, adapted to U and V', such that the
joint quotient image of A in the three blocks

UV, U®(R/V), (C/U)®V
s a full-rank rational lattice.

Proof. Up to commensurability, write
A*NW =< Ly ® Lg, A*"NZ =< Mc® My,

where Ly < U, Lg < R, Mc < C, and My < V are full lattices in the
indicated spaces. Since WNZ =U ® V is A*-rational, A* N (W N Z) is full
in WnNZ. It is commensurable both with

Ly® (LgNYV) and with (McNU) @ My.

In particular, V is rational with respect to Lgr, U is rational with respect to
Mc, and the two displayed product lattices are commensurable.

We use the elementary fact that if two full tensor-product lattices L1 ® Lo
and L} ® L5 are commensurable, then there is a scalar ¢ # 0 such that L; is
commensurable with cL} and Ly is commensurable with ¢~1L}. Equivalently,
if a Kronecker product A; ® As of two invertible change-of-basis matrices
has rational entries, then, after multiplying A; by a scalar and A, by the
inverse scalar, both A7 and Ay have rational entries.

It follows that the lattice structures induced on U by Ly and Mc NU are
homothetically commensurable, and similarly the lattice structures induced
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on V by Lk NV and My are homothetically commensurable. Choose a basis
of C adapted to the rational subspace U and the lattice M¢, and choose a
basis of R adapted to V and the lattice Lgr. Rescaling one tensor-factor basis
absorbs the common homothety. In these coordinates, both A* N W and
A* N Z are rational lattices.

The dual quotient lattices py(A) and pz(A) are therefore rational in
compatible coordinates. Moreover, the kernel of the joint quotient map is
W+ n Z+, which is A-rational because W + Z is A*-rational. Hence the
joint quotient image is a lattice; since its coordinate projections are rational,
it is a full-rank rational lattice in the three displayed blocks. O

Lemma 10.9 (Mixed-piece estimate). Let ¥, be one of the column pieces
and ¥, one of the row pieces supplied by Lemma 10.7. Then

#oeS NI, v]| < T < T (log T)>.

Proof. Let k and ¢ be the dimensions of the tensor factors defining the
column and row pieces, respectively. Thus 1 < k,/ < d — 1. The dual
subspaces defining these two pieces are A*-rational, their intersections with
A* are tensor-product split, and their intersection is again A*-rational. Hence
Lemma 10.8 applies. After fixed changes of basis in the two tensor factors,
the joint quotient image of A in the three relevant blocks is a rational lattice.
Scaling only changes constants, so we may overcount this quotient by integral
matrices.

The omitted fourth block is the kernel of the joint projection and has di-
mension (d—k)(d—¢). Consequently, each projected point has O(T(@=*)(d=0))
lifts of norm at most T". We write the three quotient blocks in the form

(e )
C %)’
where the star denotes the omitted kernel block, and

A e My (Z), B € My, q—¢(Z), C € My_1s(Z).

The two piece conditions become
A
rank (A B) <k-1, rank c </ -—1. (10.17)

Interchanging the column and row pieces if necessary, assume k > /.
We stratify by r := rank(A), where 0 < r < £—1. Applying Corollary 10.3
to AT € My ,(Z) gives

#{A:||A| < T, rank(A) = r} < T (log T)". (10.18)

First suppose that r > k+/¢—d. Thend—/¢>k—randd—k>{—r.
For fixed A, applying Lemma 10.4 to (A, B), and then its transposed version
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o (A,0), gives
#{B :rank (A B) <k -1} < T D(1og T)4,

#{C : rank (é) <0 —1} < TURED (1og T,

Including the lifts in the omitted block, the rank-r stratum contributes at

most
Thr+Hd=0(k=1)+(d=k) =) +(d=k) ([d=0) (16 T)3d.

Since r < £ — 1, the exponent of T is at most d*> —2d + ¢ < d*> —d — 1.
Now suppose that r < k + ¢ — d. Then the two rank conditions in (10.17)
are automatic once A is fixed, because

r+(d—40) <k-1, r+(d—k)<¢-1.

Thus B, C, and the omitted block contribute respectively

O(TH@-0), O(T!@=H)), O(T(@=H)@d=0)).
Together with (10.18), the exponent of T is

kr+k(d—£0) +6d—k)+(d—k)(d—0)=d* =kl —r).

Sincer <k+4+/¢—d—1,wehave { —r >d—k+ 1. Hence

P —k(l—r)<d®—k(d—k+1)<d*>—d—1.
The last inequality follows from

k(d—k+1)—(d+1)=(k—1)(d—k)—12>0;

this second case can occur only for 2 < k < d— 1.
Summing over 0 < r < £ — 1 proves the lemma. O

10.6. Proof of Theorem 3.15.

Proof of Theorem 3.15. The column and row asymptotics are given by
(10.15) and (10.16). We claim that their intersection is negligible.

Apply the finite piece decomposition in both the column and row cases.
The intersection of a lower-dimensional piece with any other set contributes
at most O(T%4=2)). There are only finitely many pairs of main column and
row pieces, and Lemma 10.9 gives

# {v e AL N AL ol < T} < T4 (log T)> + T2,

iso
In particular,
# {v e AL NAL) o] < T} = o(T@D), (10.19)
Using (10.11) and inclusion—exclusion, we therefore obtain
#{v € Niso : [[vl] < T} = #{v € AL« [[v]] < T} +#{v € AZ : [lv]| < T}
—#oe A Al o) < T}

1SO

_ (Cj\uf)l _|_Cs1ng )Td(d—l) —I—O(Td(d_l)).

A,;row
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Thus the limit in Theorem 3.15 exists, with

sing sing

_ sing
CA = Cpeol TC > 0.

Ajrow —
This proof also shows that Theorem 3.15 applies to determinant-rational
lattices that are not Q-split. O

11. FIBER INTEGRALS AND INTEGRAL IDENTITIES

In this section, we isolate the kernel governing the asymptotic K-averages
that appear in the counting argument.

For v € Mg4(R), we write
0+
v = (“_ v ) (11.1)

(% Vdd

where v* € My_1(R), vt € R¥1 and v~ € (RI1)T.
Let

M} = {v € My(R) : det v’ > 0}.

For a test function f € C.(M,}), the main object is the fiber integral J(r, ()
defined in (11.1), where r € B records the (d—1)-dimensional singular-value
data and ¢ records the determinant. The section has two purposes. First, we
show that compactly supported functions on Bgr x R can be realized through
the kernels Jy. Second, we establish the integral identities satisfied by J¢,
which identify the limiting functional arising from the dynamical averaging.
These identities will be the key input in the counting argument of the next
section.

By the singular value decomposition, for each v € My(R), there exists a
unique diagonal element

b(v) := diag(e™®), ..., e"-1(") sgn(detv)e ™))
with k1(v) > -+ > k4(v) > —o0 such that
v==Fk-b)

for some k € K. When det(v) = 0, we have (") =0, i.e., k;(v) = —o0 for
some .
For v € M;{, set

v (v) = diag(e™ ™), ... era-1()) ¢ GL; | (R)
where k1 (v) > -+ > K4-1(v) > —00. Note that the sign of det v is recorded

in the last diagonal entry of b(v); accordingly b°(v) lies in GL, | (R), while
the full determinant sign is carried by the parameter ( = detv € R.



104 WOOYEON KIM AND HEE OH

11.1. The fiber integrals J; and approximation of K-averages. Let
BY = {r:=diag(r1, - ,rq—1) € GL] [(R) :71 >+ >7r4_1 >0}
= {t°(v) :v e M}
Note that M = SO(d — 1) x SO(d — 1) acts on GL] ,(R) by
(my,mg) - A :=mjAmy.

By the Cartan decomposition of GL] |(R), for any A € GL; |(R) there
exists a unique r € Bi such that A € M.r. Thus any continuous function on
BS)r determines a unique continuous M-invariant function on GL;{_I(R), and
vice versa.

Definition 11.1. Given f € C.(M), we define the associated fiber integral
function

Jr:BY xR—R
as follows: for any (r,() € B} x R,

1 m.r m)
Jp(r,Q) := dot(r)? /]Rd—lde—lfo<mI o dm dxq dzo,

where x4q = xqq(r,(, m, 1, x2) is determined by the condition

det <m+r @) =C.

.1‘1 Tdd
We may consider J; as a function on GL} | (R) x R:
Jf(Aa C) = Jf(l’, C)a
where r € Bg is the unique element such that A € M.r.

Lemma 11.2. For any M -invariant function h € C.(GL4_1(R)™ xR), there
exists f € C.(MJ) such that

Jr(A,C) = h(A,¢)  forall (A,C) € GLy_1(R)* x R.

Proof. Choose a nonnegative 1 € Cc(Rd—l X ]Rd—l) such that
/ (a1, x2) dry dre = 1.
Rd—1xRd—1

For an M-invariant function h € C.(GL4—1(R)T x R), define f; : M} — R
by

fn (mT ' $2) .= det(r)? h(r, det <WZTT 2 )) (a1, x2) (11.2)

Zq Tdd 1 Ldd

where r € BS)F, m € M, x1,z0 € R*1. Then f € CC(MI), and by the
definition of Jy and 1,

Ji(r,¢) = h(r,{) forallre BY.
This proves the claim. O
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We set
SN = S(Ma(R)) = {v € Ma(R) : [[o] = 1}.

We denote by v the adjugate matrix adj(v), that is, the transpose of the
cofactor matrix of v. For v € My(R),

v#0 <= rank(v)>d-1

Equivalently, ¥ = 0 precisely on the rank-at-most-(d —2) locus. Thus v/||7|| is
defined exactly on the regular part of the determinant hypersurface together
with the full-rank locus. We compare the K-average of f(a¢k - v) with the
corresponding averaged kernel Jy.

Proposition 11.3. Let f € C.(M) and v € C(SN~1) be nonnegative
functions. For any ¢ > 0, there exist constants tg, Ty > 0 such that the
following holds uniformly for all t > to and all v € Mg(R) with ||v]| > Tp
and U # 0,

w3 e2dd=1t /K flatk - v)v((kT - Egq)T) dk

—Jy (bO(e_Qtv),det(v)) I/< <e

5‘ <)

where wq_1 denotes the surface volume of unit sphere {x? + --- + xﬁ =1}.

Proof. For simplicity, we write b, = b(v). We write

L(v) = /K Flagk - 0) v ((kT- Eg)T) dk.
For k = (k1,k2) € K, define
ko= (K], KT) € K.

Then
(kT- Eqq)" = ks - Eqa,

and, since k; = k! = k] for k; € SO(d), we have

—

ke - k-u=1u for all u € My(R).

Using Haar invariance and the change of variables k — kk, !, we obtain
L(v) = /K flagk - by) v((kky')s - Eaq) dk.

If ak - by, ¢ supp(f) for all k € K, then the left-hand side in the statement
vanishes. Since the term Jy(b"(e~?'v), det(v)) also vanishes for ¢ sufficiently
large, there is nothing to prove in this case. We may therefore assume that
there exists k € K such that

atk - by € supp(f).
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Step 1: localization near Fj;. Since f is compactly supported in M1,
there exists ¢ > 0 such that

det(u®) > ¢ for all u € supp(f).

b €—2t(k, . bU)O e—(d—2)t(k, . bv)+
Qa 0y = 9
t 67(d72)t(k . bv)f e2(d71)t(k . bv)dd

so the support condition implies

det(agk - b,)° = e 2@ D! det((k - b,)°) > ¢

Now

Hence -
(k- by)aa| = | det((k - b,)0)| > ce2 @Vt

On the other hand, any other entry of k/b\v is O(eld=2) because it is
a (d—1) x (d — 1)-minor involving at least one row or column from the
lower-right corner of a;k - b,. Therefore

= O(e™). (11.3)

HHk bl

By uniform continuity of v, given § > 0, there exists ty such that whenever
t > to and ak - b, € supp(f), we have

V((k‘k‘;l)* . Edd) -V ((kk‘v_l)* . k/ﬁ ) | <d

1K - byl

Using the covariance of the adjugate, this becomes

v((kky s - Eaa) — ”(ng>

Step 2: local parametrization of K. For 1 <i¢ <d—1 and 6 € R, define

< 0. (11.4)

L.y O 0 0
mo) = o 30 L0 TN | esow.
0 sinf 0 cos 6
and set
n01,...,0q-1) :=n1(01) - -ng_1(0g—1).
Let

N:={n(01,...,04-1): 0; € (=5,5)}.
If ak - b, € supp(f), then by (11.3) we have
ks - Eqq — Eqqll = O(e™®).

Writing k = (k1, k2) € SO(d) x SO(d), this means that both k; and ks are
O(e~%)-close to the subgroup SO(d — 1) stabilizing e4. Since the projection

N — SO(d — 1)\ SO(d)
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is a local diffeomorphism at the identity, we may write
ki =min(07,...,0, 1), ko = mao n(9f,...,9$_1)
with mq,mg € SO(d — 1) and
0E=0(% (1<i<d-1).

Thus
E=m(n",(nT)T), m = (my1,mz) € M,
where
n*i=n(0F,..., 05 ).

Step 3: approximation by the J;-kernel. Since m € M commutes with
a¢, we have

agk - by = m - (at(n_, () Ma_y - (ag bv)>.
For x € R, define

i1 O 0 0
v [ 0o 1 0o o PR
nz’ (.CE) - 0 0 Id—i—l 0 ) nz ($) . (nz (:L‘))
0 =z 0 1

Set
d

zp := e¥sin .
Since § = O(e~%), we have
cosf =1+ O(e 24, e % sin g = O(e24),
and therefore
beni(0)b_y = n; (zg) + O(e™ ™), beny(0)Tb_y = nf (zg) + O(e™ ™).
Now for each 1 < ¢ < d — 1, define

x; = (4=t eriv) gip 0., zl = (4=t ghi(v) gip 0,
and let
- (o - +_ (T +
= (v, )7, = (7,2 )T

Then a:k - b, is approximated by
0(,—2t +
_ 4 m-b(e ) =z >
x(m,x”,x") = v ,
( ) ( (@) Tdd
up to an error O(e~%), where z44 is uniquely chosen so that
detx(m,z~,2") = det(v).

Since det(x”) is bounded below and the support of f is compact, we also
have

‘xdd - (atk . by)dd‘ = O(e_dt).
By uniform continuity of f, after enlarging ¢y if necessary we may assume

|f(ask - by) — f(x(m,z™,27))| < (t > tp). (11.5)
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Step 4: the Jacobian and the appearance of wy 1. For each 1 <1 <
d—1,
drE = el d2teriV) cos 0F doF

Hence

d—1

dz™ dat = 27Dt qot (50 (v))2 H cos O cosO; do~ doT.
i=1
We now recall the standard factorization of Haar probability measure on

SO(d). If dk; denotes Haar probability measure on SO(d) and dm; Haar
probability measure on SO(d — 1), then in the coordinates k; = m;n(6%) we
have

d—1
dk; = wit (H(cos 9})]’1) dm; do5 - - - do_|.
j=1
Here
wg—1 = vol(S¢1 c RY)

is exactly the normalizing constant coming from the standard spherical
coordinate formula on the unit sphere. Since dk = dkidks and dm =
dmy dmg, this gives

d—1 d—1
dk = wy? (H (cos Gj)j_l) (H (cos Hj)j_1> dmdf— do+.
j=1 j=1
Equivalently,
d—1 ' d—1 '
dmdo~ dot = Wi | (H(cos ej)—<ﬂ—1>> <H(Cos ej)—U—l)) dk.
j=1 j=1
Combining this with the formula for dxz~dz™, we obtain
dmdaz™ dzt = wl_ 2PN 4ot (10 (v))?
d—1 N\ /d-1 '
: (H(cosej)2_3> (H(cos@j)2_3> dk.
j=1 j=1

—dt)

Since Hji = O(e~ %), any cosine factor equals 1+ O(e~%), and therefore

dmdzr~ det = (1+0(e™ ")) wi_ X =21 det(b°(v))? dk.
Finally, since
(e 2) = =240 (v),
we have
e2(d=2)(d-1)t det(bo(v))2 _ 2d(d-1)t det(bo(e_QtU))Q.
Thus
dmdz~ dat = (14 O0(e™ ™)) wi_; 2Dt det (10(e~2v)) 2 dk.  (11.6)
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Step 5: conclusion. Using (11.4), (11.5), and (11.6), we obtain

w§7162d(d71)t/Kf(atk.U)V((kT.Edd)T) dk:

v 1 _ _
= V(HUA||> det(B0(c—2v))? /Rd—lde—l /M f(x(m,z”,27))dmdz™ dz™ + O(6).

By definition of J, the inner integral is exactly Jy(b%(e~*v),det(v)). Hence

wﬁ_leQd(d_l)t/K flagk -v) v((kT- Eqq)T) dk — Jf(bo(e_Qtv),det(v)) <H H)' < 0.

Choosing ¢ sufficiently small completes the proof. O

11.2. Integral identities for J;. We now turn to the integral identities
satisfied by J;. These will convert the asymptotic kernel appearing in
Proposition 11.3 into the explicit main term used in the counting argument.

Proposition 11.4. Let f € C.(M;) and v € C(SN~1) be nonnegative. Then
lim e‘zd(d_l)t/ Jr(0° (e ?w), det(v)) I/<§) dv
o M) 2l

=wi </Md(R) f(v) dv) (/K v((kT- Eqq)T) dk) :

We will deduce this proposition from Lemmas 11.5 and 11.6 below. The
following shows that .J; recovers the ambient Lebesgue integral of f.

Let d* A := det(A)~ (@Y dA denote the Haar measure on GL} |(R), and
let dr be the measure on BS)r characterized by

d*A=dmdr for A=m.r. (11.7)
Soifr = diag(e®,--- ,e%-1), thendr = c[];<; j<4-1 sinh(a;—a;)day - - - dag_1.
Lemma 11.5. For any f € C.(M}), we have

Am “—//;0 ¢) det(r)dr d¢.

Proof. Since f is supported in M} 4> We may write

[ twyde= | s
My(R) M}

Write
v = (é @)7 AGGL}ZI(R), z1, 20 € R z4g € R
{L‘l Tdd
Set
¢ :=det(v) = det(A)(zga — 2] A~ ZL‘Q)
For fixed A, x1, x2, (, this determines x4 uniquely as

mdd(/la ¢, 1, 1’2) = det(A)_IC + x.{A_l‘T?’
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Since 8— = det(A), the change of variables (A, x1,x2, x4q) — (A, 21,22, ()
has Jacobian det(A), and therefore

dv = dAdxi dre drgg = dA dxq dxo dC.

1
det(A)

Hence

A x dzrydrydA
d :// / < ; )d’
/MI feydv=J, GLI_, (R) et ] \al 2aa(A, Gar ) " der(d) ©

Now write

dA

= det(A) 2 d* A.
det(4) det(A)=d

Using (11.7), we get

/M; flo)dv = /R/reBg /meM /Rdfldefl / (TZI r Taa(m - :26901, 902))

-det(r)*2 dxy dao dm dr dC.

Since

m-r 9 _ 2
/meM /Rdfldefl / ( ] xgg(m-r, ¢ x, $2)) dwy dzz dm = det(r)" J(r, C),

substituting this into the previous formula, we obtain

/Md dv_//reB #(r, Q) det() drd(,

as claimed. 0

The next lemma gives the limiting integral identity in an abstract form,
for a general test function h on GL} |(R) x R. Its role is to convert the
asymptotic K-average obtained in the approximation step into an explicit
volume integral; later we will apply it with h = J.

Lemma 11.6. Let h € C.(GL} | (R) x R) be an M-invariant function and
v € O(SN=1) be nonnegative. Then

lim efzd(dfl)t/ h(b° (e~ %), det(v < v > dv
A A AN

=wl </KV((I<;T.Edd)T) dk) (/R . h(r,¢) det(r)ddrd¢>.

Proof. Considering h as a function on BY x R, let f;, € C.(M]) be as in
(11.2). Apply Lemma 11.3 to f; and v. Let

Z = {v e Mg(R) : h(b°(e™*v),detv) #0or Ik € K : fulatk -v) # 0}.

Since h and fj, are compactly supported, there exists C' > 1 such that for all
sufficiently large t,

utC{UEMd(R) Cle?t < e < e (1<i<d—1), \detv|<C’}
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By the Cartan decomposition of GL (R) and its negative-determinant ana-
logue, this implies

e 2Dt yol(F) < 1. (11.8)

Now choose € > 0, and let €1 > 0 be so small that the right-hand side of
(11.8) times ¢7 is < €. By Lemma 11.3, there exist tg, Tp > 0 such that for
all t > tp and all v € Z; we have

'h(bo(6_2tv), det(v)) V<||U?||> — w3 21t /K fulak -v) v((kT- Eqq)T) dk‘ <eq.

2d(d—1)t

Integrating this over Z;, multiplying by e~ , and using (11.8), we

obtain

0 [ (et0), deto)) v )
. &l

—ng—l/ / fulak - v) v((kT- Egq)T) dk dv| <e.
My(R) JK

Since the integrand vanishes outside =;, we may drop the restriction to =.
Now apply Fubini and the change of variables u = a:k - v. Since

/ frlak - v)dv = / frn(u) du,
My (R) My4(R)

we have

w2, /Md(R)/th(atk-v)u((sz.Edd)T) dk dv

=wi (/K v((kT- Ega)T) dk;) </Md(R) fn(u) du) :

Finally, by Lemma 11.5 and the identity Jg, = h,
/ Fulu) du = / h(r, ¢) det(r) drdc.
My(R) R /B9
Since £ > 0 was arbitrary, the result follows. U

Proof of Proposition 11.4. Apply Lemma 11.6 with h = J;. The left-
hand side is exactly the one appearing in Lemma 11.6. On the right-hand
side we obtain

w3, (/Kz/((kT-Edd)T) dk) (/R . J¢(r,€) det(r)ddrdg“).

By Lemma 11.5, the second factor equals [y gy f(v)dv. This proves the
claim. O

We also record the following corollary of Proposition 11.4 for a later volume
computation.
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Corollary 11.7. For any function F € C.(M} xR) such that F(k.v,() =
F(v,Q) for any k € K, we have

lim 7~ %=1 / F(T ', detv) dv = w?_, / F(v,()dvdC.
T—o0 My (R) M4 (R)xR

Proof. By Lemma 11.2, it suffices to consider functions of the form

(%

F.0) = 0%, 0w (27 )

for some h € C¢(BY x R). Then the claim is exactly Proposition 11.4. O

Remark 11.8 (Uniformity on compact singular-value windows). Let Q C
B(J{ x R be compact. Then the parameters r, r ', and ¢ are uniformly
bounded on 2. Consequently, all norm-comparison factors and weight factors
appearing in the fiber-coordinate formulas of this section are uniformly
bounded on 2. Moreover, any such factor which is continuous and nonzero
on the region under consideration is bounded away from zero on 2.

We shall use this compactness uniformity without further comment when
the (r, {)-parameter is restricted to a compact singular-value window.

12. MODIFIED SIEGEL TRANSFORMS AND COUNTING

In this section we convert the uniform height estimates proved above into
the counting asymptotics. There are three distinct steps. First, we extend
Shah’s equidistribution theorem from bounded functions on the space of
lattices to the modified Siegel transforms used here. Second, we compare the
resulting dynamical averages with the fiber kernels from Section 11. Third,
we pass from compact subsets of the singular-value parameter space to norm
balls. The last step requires a separate estimate for the deep singular-value
cusp.

Throughout the section, let A € X be a Diophantine lattice. Fix pa-
rameters 0 < 7 < 19 < 1 and M > 1 such that A is (19, M)-Diophantine.
By Lemma 9.1, the (1, M)-quasi-null rational subspaces are precisely the
rational isotropic subspaces. We use the all-degree modified height o, as
from Section 6; thus, in every exterior degree, rational subspaces contained
in a rational isotropic critical subspace are omitted.

12.1. Modified Siegel transforms and moment truncation. For a
lattice A, put

Ani = A — Aism (121)

where Ajso is the union of all proper A-rational column- and row-isotropic
subspaces. If f € C.(Mg(R)), define

Fai(A) == 3 f(o).

UEAni
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Equivalently,
Fu(hiA) = fus(hA) = Y f(hw),  heH,

VEAR;
because the H-action preserves the column- and row-isotropic families.
We first record the counting form of the modified Lipschitz principle. The
second part, in which one side of the box is allowed to grow, will be used in
the singular-value shell estimates.

Lemma 12.1 (Modified Lipschitz principle). Let A € X, and let n, M > 0.
Suppose that all (n, M)-quasi-null subspaces of A are isotropic. Then the
following statements hold.

(i) For every nonnegative f € Ce.(Mg4(R)),
Fuih; &) < 1+ @yn(h;A)  (he H).
(ii) Fizr R>1. For L > 1, let
PBr(L) = {z = (zij) € Ma(R) : [z55] < R for all (i, ) # (d,d), |zas| < RL}.
Then
#{v € A : hw € Br(L)} < L(1+ ana(h; A))
where the implied constant is uniform for all h € H and L > 1.

Proof. We use the standard successive-minima proof of the Lipschitz principle;
see [11, 13]. We indicate why the modified height is the correct height in the
present setting.
Let % be either a fixed bounded set containing supp(f), or the box Zr(L),
and consider
S = hAy,NA.

In the successive-minima argument one forms a flag of rational subspaces by
successively adjoining elements of .. Every nonzero subspace in this flag is
spanned by vectors of hA,;, and therefore cannot be contained in a rational
isotropic critical subspace. Consequently every subspace in the flag is among
the admissible subspaces in the definition of &, ar(e; hA).

The usual flag estimate bounds #.7 by a dimensional constant times

volgim v (pv %)
1
g covoly (hRANV)’

where the maximum is taken over the subspaces occurring in the flag and py
denotes orthogonal projection. For a fixed bounded set, all the projection
volumes in the numerator are uniformly bounded, proving (i). For Zr(L),
every positive-dimensional orthogonal projection has volume Ogr(L), since
only one coordinate length depends on L. This proves (ii). O

We shall repeatedly use the following elementary uniform-integrability
principle. It is stated for finite measures because the weighted K-averages
appearing below need not be probability measures.
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Lemma 12.2 (Moment truncation). Let Y be a locally compact second-
countable Hausdorff space, let i and p be finite Borel measures on'Y, and
suppose that pi; — p weakly. Let ® : Y — R be Borel measurable and
continuous outside a p-null set. If, for some 5 > 1,

sup/ @17 dp; < oo, (12.2)
i Jy

'lim/q)duj:/ D dpu.
j—oo Jy Y
Proof. For A > 0, let

D4 := max{—A, min{P, A}}.

The discontinuity set of ® 4 is contained in the discontinuity set of ®, hence
is p-null. By the Portmanteau theorem in the form for bounded p-a.e.
continuous functions,

then ® € L*(u) and

1im/<I>Aduj:/ D4 du.
j—oo )y Y

The same applies to min{|®|?, A}. Letting A — oo and using monotone
convergence gives

/ |®|% dp < sup/ @17 dp;.
Y i Jy

In particular, ® € L'(u). Moreover,

[ el <A [ el dug,
{|®]>A} Y

and the same estimate holds for u. Hence the tails are uniformly negligible.
Therefore,

'/ @duj—/@du‘g‘/ @Aduj—/CI)Adu’—i-/ |®| dpj + |P| dp.
Y Y Y Y {|®|>A} {|®|>A}

Letting first j — oo and then A — oo proves the claim. ([

The next observation verifies the almost-everywhere continuity required
in Lemma 12.2.

Lemma 12.3 (Regularity of the modified Siegel transform). For every
f € Cc(Mg(R)), the function fai : X — R is Borel measurable. Moreover,
with respect to the Haar measure mx, it agrees almost everywhere with
the ordinary Siegel transform f. In particular, if 0 ¢ supp(f), then fu; is
continuous outside an mx-null set.

Proof. Every rational subspace of a lattice ¢gZ" has the form gW, where
W < QN is rational. For each fixed rational W, the condition that gWW be
column- or row-isotropic is a proper algebraic condition on g. There are only
countably many rational subspaces W. Hence the set of lattices possessing
a nonzero rational isotropic subspace is contained in a countable union of
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proper algebraic subvarieties of G, and therefore has Haar measure zero in
X.

Outside this null set one has Ap; = A — {0}, so the modified transform
agrees with the ordinary Siegel transform. The latter is continuous whenever
the support of f avoids the origin. Borel measurability follows directly by
writing the sum in local lattice charts, or equivalently by expressing the
exceptional condition as the countable union of the algebraic conditions
above. O

12.2. Counting singular-value shells. We now control the parts of the
norm ball which are not covered by compact singular-value windows. The
dynamical equidistribution input used above is only along the principal ray
at; the remaining singular-value ratios are handled here by elementary shell
estimates.

For a matrix v, let

k1(v) =+ = Ka(v)

denote the logarithms of its singular values, with the convention k;(v) = —oco
when the corresponding singular value is zero. Let

K’:(K’l?"'a’%d—l)7 K1 2 2 Kd_1, k1 2 0.
Put
K1 d—1
ti=—, m; =k —k; (1<i<d-1), m::Zmi.
2 =2

Thus m; = 0 and
0=my <mg < - <mg_1.

The choice t = k1/2 reflects the principal-ray normalization. In a
determinant-bounded region, matrices of large norm are close to {det = 0}.
On compact singular-value windows one has, after separating the common
scale,

k1(v), ... kg—1(v) =2t + O(1), ka(v) = =2(d — 1)t + O(1).

The diagonal b; therefore normalizes this configuration under the left-right
action a; = b ® by: the d — 1 large singular directions are scaled down,
while the small compensating direction is scaled up. Hence the principal ray
supplies the only dynamical equidistribution input needed for the main term.

The remaining singular-value ratios are not treated by additional diag-
onal equidistribution. On compact windows they stay in a fixed compact
parameter set, so all norm-comparison, weight, and Jacobian factors are
uniformly bounded above and below. The regions where these ratios become
unbalanced are controlled instead by the shell estimates below. We divide
the cusp into two regimes: moderate degeneration, treated by a box with
one long coordinate, and deep degeneration, treated in a chart centered at
an off-diagonal Weyl element.
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For D > 0, define
ki—1<rkri(v)<r, (1<i<d-1),
S(k,D) := e My(R) : .
(k. D) { B D
Every matrix in this shell has rank at least d — 1.
For R > 0, set

g <R, (i,§) # (d,d), }

Bm,D(R) = {.ﬁlf = (xzj> € Md(R) : |xdd’ < R(l + D)em'

Lemma 12.4 (Moderate shells: a box with one long direction). For every
D > 0, there exist constants R = Rqp > 1 and ¢ = cqp > 0 such that, for
every K as above and every v € S(k, D),

d—1
volg{k € K : atk - v € Bn,p(R)} > cexp (—2 Z <c2l,£1 - mz> ) , (12.3)
i=1 +

where x4 = max{z,0}.

Proof. All implied constants depend only on d and D. By the singular-value
decomposition and the left and right invariance of Haar measure on K, we
may assume that

v = diag (6)\1, ce eAdfl,ee)‘d) ,

where e € {—1,0,1}, ki —1 < \; < K; for 1 <i < d—1, and the final diagonal
entry is understood to be zero when ¢ = 0.

Put
d (@)
G = 5m—m,~z(d—2)t+m, p; = gpe B+,
where g9 > 0 is sufficiently small, depending only on d. For x = (z1,...,24-1),
set

d-1
k(z) := > wi(Eig — Eg;) € s0(d).
=1

Choose a fixed sufficiently small neighborhood % of the identity in SO(d—1).
In a fixed neighborhood of the identity in SO(d), the map

h O
(h,z) — (0 1> expk(x)
is a smooth coordinate chart with Jacobian bounded above and below. Let
Ky be the image of
he, lzil <pi (1<i<d-—1).
Then
d—1 d—1
volsoa)(Kw) > [] pi = exp (- Z(%’M) : (12.4)

i=1 i=1
We claim that
at(k:b kg) NS Bm’D(R)
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for all k1,ke € Ky, provided that R is sufficiently large. Entries in the
upper-left (d — 1) x (d — 1) block are O(1), because e 2t = O(1). For a
mixed entry, the contribution of the ¢-th singular direction is

O(e(d—Z)tJr/\ipi) = O(e%p;) = O(1).

The last singular direction satisfies the same bound because A\g < \;.
For the (d,d)-entry, the contribution of the last singular direction is

2=+ Aa — | det v| exp ( — k1 - Z )\> €

For i < d, the corresponding contribution is O(e 2(d—1)t+A; 2) If ¢; > 0, this
is
O (exp(2(d — 1)t + w; — 2¢;)) = O(e™) = O(e™).
If ¢; < 0, then p; < 1, while m; > dk1/2, and hence
2(d—1t+ N\ < dky —m; <m; <m.

This proves the claim. Taking the product of (12.4) for the two factors of K
yields (12.3). O

The preceding lemma is efficient only while my_; < dk1/2. Beyond this
threshold, the last two singular directions should be placed off the diagonal.
Let w € SO(d) be the identity on (e1,...,e4s_2) and the rotation by 7/2 on
(eq—1,€4), so that

weq_1 = eq, weq = —eq_q.

Lemma 12.5 (Deep shells: an off-diagonal Weyl chart). There exist constants
Ry > 1 and cq > 0 such that the following holds. Let T > 1, and let v € M4(R)

satisfy
d—2
T.

T—1<ki(v) <, Ka—1(v) < (12.5)
Then

volg {k € K : ||a, ok - v < Ry} > cqe ", (12.6)
where 6q := d(d — 1) — &. The convention r4_1(v) = —oc is allowed, so the
lemma also covers matrices of rank at most d — 2.
Proof. Write the singular values of v as s1 > -+ > s4 > 0. By the

singular-value decomposition and Haar invariance, we may replace v by
D = diag(s1, ..., Sq), with the sign of the final entry changed if necessary.
Put p:= g0e~97/2 where g > 0 is a sufficiently small dimensional constant.

For 1 <i<d-—1, write X; = E;q — E4. Near the identity, and near w,
use the coordinate charts

k= (%1 )exp (Z ;i 1> exp(aXg_1),
ko = (%2 >exp (Z Ui ,) exp(SXq_1)w,
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where hy, he range over fixed small neighborhoods of the identity in SO(d—1).
These are full-dimensional smooth charts, and their Jacobians are bounded
above and below on fixed coordinate boxes.
Restrict
‘$i‘,|yi|§p (1§i§d—2),
and |a|, |B] < gp. In the last two singular directions, the (d, d)-entry before
applying the diagonal weights is
F(a,B) := sq—1sinacos f — sqcos asin f.

We impose the additional condition

|F(a, B)] < goe™ 1T, (12.7)

If s4_1 = 0, this condition is automatic. Otherwise, after reducing g, one
has |04 F(a, B)| < sq4—1 throughout the coordinate square. Fubini’s theorem
and the one-dimensional mean-value theorem therefore show that the area
of the set of (o, 8) satisfying (12.7) is

' e—(d=1)T
>minql, — 5.
Sd—1

By (12.5), sq—1 < e~ (@27/2 and hence this area is > e~97/2. It follows
that the set of pairs (k1, ko) just described has Haar measure

> 22 emd/2 — oxp (— <d(d -2)+ g) 7’> =e 0T, (12.8)

It remains to bound the image of D. An entry in the upper-left (d —
1) x (d — 1) block of bk DkIb, is bounded by O(e”"s1) = O(1). A mixed
entry has weight e(4=27/2_ The contribution of a singular direction i < d — 2
contains one of the factors z;, y;, and is therefore

0 (e(d_Q)T/zsip) = O(1).

The contributions of the last two directions are also O(1), by the bound on
Sd—1-

The (d, d)-entry has weight e(~D7_ TIts contribution from the last two
directions is bounded by (12.7). For i < d — 2, both a left and a right small
coordinate occur, and the contribution is

O (e(d_l)Tsin) =0 (edTe_dT) = O(1).

The remaining Taylor terms contain either the same two small coordinates,
or one small coordinate together with s;_1; the latter are bounded by

O (e(d_l)Tsd_lp) = O(1).

Thus all entries are uniformly bounded on the coordinate set. Enlarging a
dimensional constant gives ||a¢(k1, k2) - D|| < R4. Together with (12.8), this
proves (12.6). O

We now turn the two lower bounds into lattice-point estimates.
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Lemma 12.6 (Counting moderate and deep shells). Let D > 0. The
following estimates hold uniformly in their stated parameters.

() Ifmas < rr, then
#(Ani NS(k, D)) <p,p exp(d(d — 1)k —m). (12.9)
(ii) If T > 1, then

T—1<ri(v) <7,

.. —dr /2 d(d—1)T
# {v € Api: ka1 (v) < —(d— 2)7/2 } <pe e . (12.10)

Proof. Let R = R4 p be as in Lemma 12.4. By Lemma 12.1(ii), uniformly in
keK,
#{v e Ai:atk-v e Bup(R)} <p em(l + &N,M(atk;A)).

Summing (12.3) over the vectors in the shell and integrating over K, we
obtain

d—1

#(AniﬂS(li, D)) <p exp <m +2 ; <C2l/<61 — mz>+> /K(1+&,7,M(atk; A)) dk.

The last integral is uniformly bounded by Theorem 3.13. Under the hypoth-
esis in (i), every m; < dk1/2, and hence

d—1 d
25 (Eky —myi ) = d(d — 1)r1 — 2m.
;(2/11 m) d(d— 1)k — 2m

This proves (12.9).
For (ii), choose a nonnegative f € C.(Mg(R)) which is identically one on
the ball of radius R; from Lemma 12.5. The lower bound (12.6) gives

1< 66”/ flaz ok -v)dk
K

for every vector counted in (12.10). Summing over v, applying Lemma 12.1(i),
and then using Theorem 3.13, we obtain

#{v e Ayitatk-v € Bap(R)} <p T — = dT/2 A1)
as required. 0

The shell estimates imply both the compact-window bound needed in the
kernel comparison and the cusp-tail bound needed for norm balls.

Corollary 12.7 (Counting in a compact singular-value window). Let € C
Bar be compact and let D > 0. Then

#{v € M : T 00(v) € F, |detv| < D} <pgp TUY
uniformly for T > 2.
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Proof. Compactness of % implies

ki(v) =log T + O (1) (1<i<d-1).
Thus the relevant matrices lie in finitely many unit shells for which m = O (1).
For all sufficiently large T, these are moderate shells. Applying (12.9) and

summing over the finitely many shells gives the assertion. The bounded
range of T' is absorbed into the implied constant. ([

Lemma 12.8 (An elementary deficit sum). For every n > 2, there exist a
constant C,, > 0 such that

Z exp (— Xn:mz> < C’ne_M/2 (M >0).

0=my <mp<--<my, i=2

mn>M
Proof. For a fixed value m, = m, the number of nondecreasing tuples
(ma,...,mpy_1) is at most (m + 1)"~2, while 3" o m; > m. Therefore the

left-hand side is bounded by
S mA 1) e <, e M2
m>M
O
Proposition 12.9 (Uniform singular-value cusp tail). Fiz D > 0 and a
K -invariant norm on Mg(R). There exist constants ¢,C > 0, depending on
A, D, and the norm, such that for every R > 1 and T > 2,
#{veAp:|v|| <T, |detv| < D, kg_1(v) <logT — R}
< Qe B2pdld=1) 4 opdd=1-d/2 (12 11)

In particular,
limsup T-U" Vgl .} « e F/2,

T—o0
Proof. By equivalence of norms, there is ¢y > 0 such that
k1(v) < log||v]| + co

for every nonzero v. Matrices with x1(v) < 0 lie in a fixed compact set
and contribute Oy (1). For the remaining matrices, let 7 = [k1(v)]. Then
1<7<logT + cog+ 1.

First consider the deep region kq_1(v) < —%T. By (12.10), its contribu-

tion is
< Z pld(d=1)=d/2)7 . pd(d-1)-d/2.
1<r<log T4co+1
It remains to consider the moderate region. For 1 <i <d — 1, put

7i = [ki(v)], m; =T — T;.
Then

0:m1§m2§"'§md—l<§7—7
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and v belongs to the unit shell with upper endpoints (1, ...,7,). By (12.9),
this shell contains

<\,p exp (d(d - 1) — Z mi)
=2

nonisotropic lattice points.
The cusp condition implies

mg1=7—T4g1>7—logT+ R—1>R—-v—Cjy

for a constant Cy depending only on the norm. Therefore Lemma 12.8 gives,
for each fixed T,

d—1
Z exp (— Z mz> < exp(—3(R—v—Co)y).
)

admissible (ma,...,mq_1 =2
Since edd—D7 & Tdld—1)=d(d=1)v symming over v > 0 yields

Z Td(d—l)e—d(d—l)l/ exp(—%(R —v— CO)—‘,—) < Td(d_l)e_R/2.
v>0

Indeed, for v < R — Cy the summand is bounded by e B/2e=(dd-1)—c)v

while for v > R — Cj the geometric factor 44— already gives exponential

decay in R. Combining the moderate and deep regions proves (12.11). O

12.3. Equidistribution of modified Siegel transforms. For k € K, put
w(k) == (kT- Egq)T e SV L,

We use the following form of Shah’s theorem.

Theorem 12.10 (Shah). Let F € C.(X) and v € C(SN71). If HA is dense
in X, then

Jim /K Flak M) v(w(k)) dk = ( /X dex> ( /K u(w(k:))dk:).

Proof. This is [30, Corollary 1.2]; see also [29] for the measure-classification
input. [l

We now extend the theorem to the modified Siegel transform. The proof
is a direct application of Lemma 12.2; this avoids a separate lower- and
upper-bound argument.

Theorem 12.11 (Equidistribution for modified Siegel transforms). Let
fe CC(M(J{), and let v € C(SN™1). Suppose that A is Diophantine and not
determinant-rational. Then
lim [ Fi(ack; M (w(k)) dk = < / (o) dv) ( / u(w(k:))dk).
t—oo JK My(R) K

(12.12)
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Proof. By linearity, it is enough to treat nonnegative f and nonnegative v.
Since A is not determinant-rational, Theorem 2.9 implies that HA is dense
in X.
For t > 0, define the finite measure p; on X by
/ Fdu i— / FlagkA)v(w(k)) dk.
X K

By Theorem 12.10,
e — </ v(w(k)) dk:) myx weakly as t — oo.
K

Put ® = f:ﬁ. By Lemma 12.3, ® is Borel measurable and is continuous
outside an mx-null set. By Lemma 12.1(i),

|®(atkA)| <¢ 14 ayar(ak; A).

Choose 6 > 0 as in Theorem 3.13. Since v is bounded, that theorem gives

sup/ 1B+ dpy < 0.
>0 Jx

The bounded range of ¢ follows from the log-Lipschitz property of the height.
Thus Lemma 12.2 applies and gives

tlircr)lo/xfbdut:(/Ku(w(k))dk>/xi>dmx.

Finally, Lemma 12.3 and Siegel’s formula imply

/ @de:/ fde:/ f(v) dv.
X X My (R)
This proves (12.12). O

12.4. Comparison with the fiber kernel. We next combine the pointwise
comparison from Proposition 11.3 with the compact singular-value window
count proved above.

Proposition 12.12. Let f € C.(M}), and let v € C(SN™1). Then as
T — o0,

G Jf(T—lbO(u),dem)y<HUEH)

—u? /K Foi(1 g b M (k) e — 0, (12.13)

Proof. Put t = %log T. Let Ep C Ay be the set of all v for which either
JH T80 (v),detv) # 0 or flazk-v)#0 for some k € K.

Compactness of the supports in Proposition 11.3 gives a compact set €y C BJ
and a constant Dy > 0 such that

vEEr = T ') €%, |det v| < Dy.
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Therefore Corollary 12.7 gives
#5r < TUD, (12.14)

Moreover, every v € Zp has rank at least d — 1, and hence ¥ # 0. The same
support localization gives [[v|| >; T

Fix € > 0. Apply Proposition 11.3 with an error ; > 0 to be chosen. For
all sufficiently large T, the resulting estimate is valid for every v € =p, and
gives

~

w?_ THd=1) /K f(agk - v)v(w(k)) dk — Jf(T_lbO(v),detv)u<H6H> ' <e1.

Sum this inequality over v € Zp, multiply by T4 and use (12.14).
Choosing 1 so that the resulting upper bound is less than & proves (12.13).
U

Proposition 12.13 (Counting in the (b°, det)-parameter space). Suppose
that A is Diophantine and non-determinant-rational. Let h € C.(Bf x R)
and v € C(SV~1). Then

lim 7~4=1 Z h(T 1bo(v),detv)1/<”vAH>
v

T—o0
VEAp;

040

— W2, </Ky(w(k))dk> (/R/B0+ h(r,()det(r)ddrdg‘). (12.15)

Proof. By linearity and approximation, it suffices to treat nonnegative h
and v. By Lemma 11.2, choose f € C.(M}) such that J; = h. Applying
Proposition 12.12, followed by Theorem 12.11, gives the right-hand side of
(12.15) with the final factor [y ) f. By Lemma 11.5,

/M dv—// h(r,¢) det(r)® dr d¢.

U
Corollary 12.14. Let ¢ € C.(Bf) and ¢ € Ce(R). Then
- d(d—1) ~130
Th—I>Ic1>oT Z o(T™b"(v))Y(detv)
vEAp;
540
=w§1(/+ (1) det(r) )(/w Qdc)
BO
Proof. Apply Proposition 12.13 with h(r,({) = ¢(r)y¥(¢) and v = 1. O

The same conclusion holds for bounded compactly supported Borel func-
tions whose discontinuity set has measure zero with respect to

det(r)¢ dr dc.
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Indeed, approximate such a function from above and below by continuous
compactly supported functions and use Proposition 12.13. We shall use this
extension without further comment.

12.5. Passage from compact windows to norm balls. Fix a K-invariant
norm || - || on My(R). For r € Bf and 7 € R, put

) T
O(r, 1) := ||diag (r, @) .
Because the norm is K-invariant, for every matrix v of rank at least d — 1,
|v|| = ®(b°(v), det v). (12.16)
Consequently,
v < T <<= &T %), T %detv) < 1. (12.17)

Theorem 12.15 (Counting in norm balls). Suppose that A € X is Diophan-
tine and non-determinant-rational. Then, for every a < b,
lim T4 YDfy e Ay« |lv]| < T, a < detv < b} = Cjy(b—a), (12.18)
T—o00
where
CH” = w?l—l/ det(r)d dr. (12.19)
{TGBS': || diag(r,0)||<1}
Proof. Fix R > 1, and put
Dp = {T € By irq1 > e B ®(r,0) < 1} .
This is relatively compact in BS‘ . Define

lo|| < T, a < detv < b, }

NR(T) = # {'U c Ani : Kd_l(v) > 10gT “R

For fixed R, the convergence
®(r, T~9) = ®(r,0)

is uniform for r in compact subsets with 74_; > e % and ¢ € [a,b]. Hence
(12.17), the boundary-null extension of Corollary 12.14, and a standard
inner—outer approximation give
lim T~ DNR(T) = w2 [(b—a) | det(r)?dr. (12.20)
T—o0 Dr
Here the relevant boundary is null because it is contained in the union of
{rg_1 = e f'} and the boundary of the unit ball of the norm restricted to

the diagonal subspace.

Let
vl < T, a<detv <b, }

ER(T) = F# {U €Ay "id—l(v) <logT — R
Apply Proposition 12.9 with D = 1 4 max{]al, |b|}. It gives
limsup T-U4Y ER(T) <« e 1/2. (12.21)

T—o00
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Since the full counting function is Nr(T') + Er(T), (12.20) and (12.21) imply

w3 1(b—a) det(r)? dr < liminf T~U"Y Np(a, b)

DR T—o0
and
limsup T~ VINy (a,b;T) <wi_y(b—a) | det(r)*dr+ O(e™ /),
T—o0 Dg
where

Np(a,b;T) :=#{v € Ani : ]| < T, a < detv < b}.
As R — o0, the sets Dy increase to
{re Bf : ®(r,0) < 1}.
Monotone convergence and then R — oo prove (12.18). O
Lemma 12.16 (The corresponding volume asymptotic). For every a < b,
vol{v € My(R) : [|v]| < T, a < detv < b} ~ Cjj(b— a)TH4 . (12.22)

Proof. The rank-at-most-(d — 2) locus has Lebesgue measure zero. On its
complement, use (12.17) and the integral identity Lemma 11.6. For each
fixed R, the same compact-window approximation used in (12.20) gives

lim T~ 4 Dyp(T) = w2 (b — a)/ det(r)? dr,
Dpg

T—o0

where VR(T') denotes the volume with the additional condition k4—1(v) >
log T — R.
The omitted part corresponds in the limiting integral to

{7“ € Bf 1 ®(r,0) <1, rg_1 < e_R} .

Its contribution tends to zero as R — oo, by dominated convergence; indeed

the region is bounded and the density is det(r)?. Letting R — oo yields

(12.22). 0

12.6. Completion of the counting theorems. We finish by assembling
the regular and singular contributions. Put

Spi(T) :=#{v € Ay : ||v]| < T, detv =0},
For every € > 0,
Spi(T) < #{v e Ay ||v]| < T, —e < detv < &}.
By Theorem 12.15,
lim sup 7~%4=1 8:(T) < 201 &-

T—o00

Letting € — 0, we obtain

Spi(T) = o(T44=1), (12.23)
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Every lattice point with nonzero determinant belongs to A,;. Hence, for
unimodular A,

#{veA:|v|| <T, a<detv <b, detv # 0} = C”.”(b—a)Td(dfl)—i-o(Td(d*l)).

For a general lattice, put ¢ = covol(A)*l/ d2, so that cA is unimodular.
Since

det(cv) = ¢? det v, llev|| = clv]], =1 — @ — covol(A)7,
we obtain

#{veA:||v]| <T, a<detv<b, detv# 0}
_ Oy
covol(A)

Together with Lemma 12.16, this proves Theorem 3.8 and the volume for-
mulation in Theorem 1.1. The determinant-form statement follows from the
coordinate change defining F, g, as recorded in Theorem 3.10.

Assume in addition that A satisfies the isotropic noncoincidence condition.
Since a non-determinant-rational lattice is not of Q-split type, Theorem 3.15
gives

(b — a)THD 4 o(T4d-D), (12.24)

#{v € Ao : ||v]| < T} = EP8TUED 4 o(7Ud-1),
This together with (12.23) proves (1.4). The finite-piece decomposition in
Lemma 10.7, together with the positive main constants in Lemma 10.6,
gives the stated positivity criterion for cimg. Finally, adding the regular and
singular contributions proves (1.5) and hence Theorem 1.2.

13. ALGEBRAIC LATTICES ARE DIOPHANTINE

In this section we prove Proposition 3.7 and record several examples. The
proof is an application of a Liouville estimate to the integral Pliicker vectors
associated with rational subspaces of an algebraic lattice.

Lemma 13.1 (Liouville estimate for algebraic linear maps). Let
A:R° — R
be a linear map whose matriz entries are algebraic numbers. Then there are
constants ¢ > 0 and M > 0, depending only on A, such that
Az #0 = || Az|| > cmax{1,|z]|} ™™  (z€7Z%.

Proof. Choose a number field K C R containing the entries of A, and let
o9 : K — R be the given embedding. Choose an integer D > 1 such that
every entry of DA is an algebraic integer.

Suppose that Az # 0. Some coordinate a of Az is then nonzero, and Da
is a nonzero algebraic integer. Hence

1< [NgoDa)| = [] |o(Da)l.
o:K—=C
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For every embedding o : K < C, the entries of o(DA) are bounded by a
constant depending only on A. Thus

o(Da)| < Cmax{1, |2]}

for a constant C' > 1 independent of z. Isolating the factor corresponding to
00, we obtain

Da| > O max1, |12},

Since ||Az|| > |a], the assertion follows. O

Proof of Proposition 3.7. As before, identify My(R) with RY. Choose a
Z-basis of A and write

A=gZ",  geGLy(@QNR).

We first note that the projections appearing in Definition 3.6 are defined
over Q. Indeed, the skew Cauchy decomposition in (3.3) is obtained by
base change from the corresponding decomposition over @, and each of
its Schur-functor summands is defined over Q; see, for example, [1, 15].
Consequently,

Thm NFARN Mim

and 7T](€T7)n = A", have rational matrices with respect to the standard

exterior bases.
Fix 1<k<d—-1,me{l,2}, and r € {1,dim My, }. Let V1,...,V, be
kd-dimensional A-rational subspaces. For each j, set

Li=g ' ANV)=Z"ng 'V,

Then L; is a primitive sublattice of ZN of rank kd. Choose a Z-basis of L;,
and let g; € AFIZN be the corresponding primitive Pliicker vector, with its

sign chosen so that
Akd

WAV = (A\"g)q;.

Define
g =qN---Ng, € /\T(/\deN) and w:i=wpy A Awyy.
Then
w = By, ,q, By =N (/\kdg) . (13.1)

If ¢ = 0, then w = 0, so the first alternative in Definition 3.6 holds.
Suppose henceforth that ¢ # 0. Since By, is invertible, there is a constant
Ck,» > 1 such that

lgll < Chrl[wl]. (13.2)
In particular, because ¢ is a nonzero integral vector,
[wl| > C . (13.3)

Consider the fixed linear map

Apmr = (I gy )Bk,m'

k,m
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Its matrix entries are algebraic, and by (13.1),

w — ﬂ,(gf%l(w) = Apmrq.
If this vector is nonzero, Lemma 13.1 gives constants cy p, , > 0 and My, ,, >
0 such that

(r)

HW - ﬂ—k,m(W)” Z ck,m,r ’_Mk:,m,r

q|
> g G o™ |w| =M,

There are only finitely many triples (k,m,r). Let ¢g > 0 be a common
lower bound for the nonzero vectors w furnished by (13.3), and choose

My > max{l,Mypm,:1<k<d—1, me{l,2}, re{l,qpm}}
For each admissible triple,
My —M, Mo—Mp m.r . Mo— M. m,r —M
[[w| = = [lw || 70w || F0T R > min1, e w7

Taking the minimum of the resulting finitely many positive constants gives
1o > 0 such that

I — i (w) | = 0w~
whenever w # 771(:2;1(“’)- This is precisely the condition in Definition 3.6. [

Corollary 13.2. FEvery determinant form with algebraic coefficients is Dio-
phantine.

Proof. Let F' be such a form. By definition, there exists ¢ € GLx(R)
such that F' = det og. The polynomial identity F' = det og, together with
the condition g € GLy, is an algebraic condition on the entries of g with
coefficients in Q@ N R. More explicitly, after comparing coefficients and
adding an auxiliary variable to express det g # 0, this condition becomes an
existential first-order formula over the real closed field @ NR. Since it has a
solution over R, Tarski’s transfer principle for real closed fields [4] gives a
solution
g0 € GLN(QNR).

Thus F is realized by the algebraic lattice goZ”". The conclusion follows
from Proposition 3.7 and Definition 3.9. U

Consequently, Theorem 1.1 follows from Theorem 3.8 and Proposition 3.7;
the determinant-form version follows from Theorem 3.10 and Corollary 13.2.

13.1. Examples.

Example 13.3 (Entrywise algebraic lattices). Let o, 3,7, € Q N R be
nonzero, and define the lattice

oZ BZ T

Aaﬁ,%(g =\ vZ 6Z 7Z <M3(R).
7Z 7 Z
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Unless all «, 3,7, 0 are rational, A, g, is not determinant rational and
hence Theorem 1.1 applies. To see this, note that, with respect to the
evident basis, the six coefficients of the determinant corresponding to the six
permutations are, up to sign,

a57 a? IBP}I? 57 ’Y7 5

If the lattice were determinant-rational, these six numbers would be pro-
portional over Q. Taking the ratios (ad)/a = § and (57)/8 = =, and then
comparing « with § and 8 with -, shows that «, 3,~,d would all be rational.
The rank-six submodule obtained by setting the first row equal to zero
is contained in a column-isotropic subspace. Since d = 3, the isotropic
noncoincidence condition is vacuous. Thus Theorem 3.15 applies, and the
usual lattice-point asymptotic in this rank-six submodule gives
sing
cAa,,B,’y,é
Example 13.4 (A cubic norm-form lattice). Let K = Q(f), where 63 = 2,
and let

>0

1 K < Endg(K) ~ M3(Q)

be the regular representation with respect to the basis 1,0, 02. Then ¢(1) = I
and

00 2 020
(@) =T:=(10 0]}, (6H=T>=[0 0 2
010 100

In particular,
det(xI + yT + 2T?) = Nk jolr +y0 + 20%) = 2 4 23 + 423 — 6ayz2.
Let a € QN R satisfy o® ¢ Q, and put
W :={A € M3(Q) : the first column of A is zero}.

Since the first column of «(z) is the coordinate vector of x € K, one has
(K)NW = {0}, and therefore

Define
3
Ao =Z(al) ® ZT & ZT? & P (ZEr2 & ZE,s3).

r=1

The associated determinant form is
ar] 2x3+yi2  2x2 + Y13
Frp (z,y) =det| 22 oax1+yn 223+ ys
r3 T2+ Y2 oax1+Ys3

Since

det(al)
det(T)

3
(%
:?¢Q)
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the lattice is not determinant-rational, so Theorem 1.1 applies. Moreover,
the rank-six submodule

3
@(ZEvﬂ S5 ZET‘3)

r=1
consists entirely of matrices with zero first column. Since d = 3, Theorem 3.15
applies, and standard lattice-point counting in this submodule gives

sing
Chrn > 0.

Example 13.5 (A cubic reduced-norm form). Let
K =Q(b), 03 +6%—-20—-1=0.
This is the real cyclic cubic subfield of Q((7). Let o generate Gal(K/Q), and
consider the cyclic algebra
A= (K/Q,0,2) =Ko Ku® Ku?,
with multiplication determined by
ud =2, ur =o(x)u (z€K).

The ring of integers of K is Z[f], and the reduction of the defining polynomial
modulo 2 is X3 + X2 + 1, which is irreducible over Fy. Hence 2 is inert in
K. At the place above 2, norms from K have valuation divisible by 3, so 2
is not a norm. The norm criterion for cyclic algebras therefore shows that A
is not split; since its degree is the prime 3, it is a division algebra. We use
here the standard facts on cyclic algebras and reduced norms; see [18].

The Brauer group of R has exponent 2, whereas the class of A has exponent
dividing 3. Thus A splits over R. More concretely, the splitting

A®g K ~ Ms(K)

yields, after choosing a real embedding of K, an injective (Q-algebra homo-
morphism
t: A Mg(K) — M3(R)
In particular, all entries of ¢(A) are algebraic.
Let a € QN R satisfy o ¢ Q, and define

2
Apo = Z(al) ® Zu(0) ® Zu(6*) @ @(ZL(QTU) B Zu(0"u?)).
r=0
The associated determinant form, with the reduced norm extended to A®gR,
is

Fpo(z) = NrdA(cml + 290 + 2307 + z4u + z50U
+ z260%u + z7u® + z5bu® + 33992u2).
Since Nrda(u) = 2,
det(al) oj ¢Q
det(v(u)) 2 '

Thus A 4 is not determinant-rational, and Theorem 1.1 applies.
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This example has no rank-six submodule on which the determinant vanishes
identically. Indeed, let

2
Wo == Qu(0) & Qu(6%) & D (Qu(b™u) & Qu6"u?)).
r=0
Then dimg Wy = 8 and Wy C ¢(A). Since o ¢ Q and the scalar matrices in
t(A) form its center QI, one has

Q- (al) N Wy = {0}.
Consequently,
QAa0 =Q - (al) ® Wo.
Suppose that a rank-six submodule of A4, were contained in the singular
locus, and let V be its six-dimensional Q-span. The restriction of the

determinant to V' vanishes on a full lattice, and therefore vanishes identically.
Moreover,

dimg(VNWy) >6+8—-9=5.
Choose 0 # ¢ € VN Wy. Since ¢ € 1(A),
0 = det(q) = Nrda(q),

contradicting the fact that every nonzero element of the division algebra A is
invertible. This proves the claim. Since d = 3, the isotropic noncoincidence
condition is vacuous. By the finite decomposition in Lemma 10.7, the absence
of a six-dimensional rational isotropic subspace eliminates every main piece
in the singular asymptotic; the remaining pieces contribute only O(T3).
Consequently,

cf\lrfa = 0.

Example 13.6 (Diagonal lattices satisfy isotropic noncoincidence). Let
(/\ij)lgi,jgd € (RX)dQ, and set

d
Ay = @ )\z‘jZEij < Md(R).
i,j=1
Equivalently, Ay = gZd2 under the standard coordinate identification

My(R) ~ ]Rdz, where g is diagonal. Then Ay satisfies the isotropic non-
coincidence condition.
Proof. We prove the column statement; the row statement is identical. Write

d
Aj = @)\UZQ < Rd

i=1
for the lattice formed by the j-th column coordinates. If U < R?, then
L(U)={X € My(R) : Col(X) Cc U}
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is Ay-rational if and only if U is Aj-rational for every 1 < j < d. Indeed,

A,\ﬂﬁ(U):é(Aij%

j=1

under the decomposition of a matrix into its columns.

Now suppose that U is proper and dimU < d — 2. Choose a coordinate
vector e, ¢ U. Since the line Re, is rational with respect to every A;, the
subspace

U :=U + Re,

is again Aj-rational for every j. Hence £(U’) is a proper Ajx-rational column-
isotropic subspace which properly contains L£(U).

Therefore no proper Ajx-rational column-isotropic subspace of dimension
kd with k£ < d — 2 is maximal among proper rational column-isotropic
subspaces. Thus the column isotropic noncoincidence condition is vacuous.
The same argument applied to the row coordinate lattices proves the row
condition. Hence Ay satisfies the isotropic noncoincidence condition. O

For example, the lattice
A\/Q = {(Jjw) S Md(R) 1T € \/EZ, Tij € Z for (Z,]) =+ (1, 1)}
satisfies the isotropic noncoincidence condition.

Example 13.7 (A non-vacuous d = 4, k = 2 noncoincidence example). We
give an example showing that the isotropic noncoincidence condition is not
vacuous in the first genuinely new case d = 4, k = 2.

Let C = R* R = (R*)* and write My(R) = C®R. Let C; := (e, e2) and
Cy := (es,eq). We construct a lattice through its dual. For ¢ = 1,2 and
1 < j <4, choose full lattices L; ; < C; with algebraic basis vectors, and set

4
I, = @Lm’ ®6; cC; ®R.
j=1

Define
A*:=T1 @Iy C (C1 & Cy) ®R=My(R), A= (AY)

Then A is a lattice with algebraic entries.

We choose the lattices L; ; so that, for each ¢ = 1,2, there is no line in C,
which is rational with respect to all four lattices Lq 1, ..., Lqa. For instance,
in C; ~ R2, one may start with

Ll,l = Zey D Zea, LLQ =7Ze1 D Z\/ieg,

so that the only common rational lines for L; ; and L 2 are the two coordinate
axes. Choosing L 3 with algebraic basis vectors so that neither coordinate
axis is rational for L 3, and then choosing Li 4 generically, gives the desired
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property. The same construction is made in C5. Consider the two column-
isotropic subspaces V1 := Cy @ R, V5 := C1 ® R of My(R). Their orthogonal
complements are

Vit =CI R, Vit = Cy @R,

and hence
ViENA* =Ty, V5" NA*=T,.

The choice above implies that V7 and V5 are maximal proper A-rational
column-isotropic subspaces of dimension 8. Indeed, if V; were contained in
a larger proper A-rational column-isotropic subspace, then VIL N A* would
contain a A*-rational subspace of the form ¢ ® R, where £ < C7 is a line.
This would mean that ¢ is rational with respect to every L1 j, contrary to
the construction. The argument for V5 is the same.

We now arrange that these two maximal pieces are noncoincident. Choose
the lattices so that

covol(Ly,1) = covol(La 1) =1, covol(L12) = V2, covol(La2) = V/3.

Suppose, for contradiction, that the column noncoincidence condition fails for
Vi and Va. By the dual formulation of the condition, there exists g € GL4(R)
such that

g(Vi- N A*) is commensurable with V5" 1 A*.
Since Vll =(C1 ®R and VQL = (9 ® R, the map ¢ sends C7 to Cs. Let
A:=gle, : C1 — Co.

Because g acts by left multiplication, the same linear map A acts on each
column. Therefore, for every 1 < j <4,

ALy is commensurable with Lo ;.

Taking covolumes gives

covol(Lq ;)

| det A| cQ*  (1<j<4).

covol(Lg ;)
For j = 1, this implies
|det A] € Q.

@ c QX

\/g )

which is impossible. Hence the two 8-dimensional maximal column-isotropic
subspaces V1 and V5 do not violate the noncoincidence condition.

Finally, by choosing the remaining lattices L, ; generically with algebraic
basis vectors, one may ensure that there are no other accidental maximal
8-dimensional column- or row-isotropic rational subspaces, except for those
forced by the construction above and their row analogues if one chooses
to include them. Since the possible accidental coincidences are described
by countably many proper algebraic conditions on the chosen basis vectors,

For j = 2, it implies
| det A|
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such algebraic choices exist. For these choices, A satisfies the isotropic
noncoincidence condition, and the £ = 2 column part of the condition is
genuinely non-vacuous.

APPENDIX A. ANALYTIC STABILITY OF NEGATIVE MOMENTS

In this appendix we prove the following lemma which is a main ingredient
of the proof of Lemma 4.5.

Lemma A.1. Let B C R™ be a bounded semialgebraic open set, let J = [0,9),
and let

H:JxB—[0,00)
be the restriction of a real-analytic globally subanalytic function defined on a
neighborhood of J x B. Suppose that, for some 7 > 0,

H(0,-) " € LY(B).
Then, for every 0 < o < 7, there exists §' > 0 such that

sup / H(t,x) % dx < 0.
0<t<é’ /B

Proof. The proof uses standard consequences of boundary-compatible rec-
tilinearization and the monomial integrability criterion of Cluckers—Miller.
Apply parameterized rectilinearization to H, the parameter function ¢, and
a finite collection of semialgebraic functions defining the boundary of B; in
doing so, apply the preparation recursively on the frontier {¢ = 0}. This is
the boundary-compatible form of [9, Theorem 1.5]. After a finite partition
and power substitutions, each full-dimensional chart whose closure meets
{t = 0} has coordinates y = (y1,...,¥,) € (0,1)" in which

tor=y",  Horm=y"u(y), |detDr(y)| =y v(y). (A1)

Here o, 5 € N", v € Z", B # 0, and u, v are positive analytic units bounded
above and below away from zero. A positive unit in the expression for ¢t o w
has been absorbed into one of the coordinates with 8; > 0. Extra coordinates
ranging in a fixed compact subset of (0, 1] are harmless and are suppressed
from the notation. Lower-dimensional charts that dominate the parameter
interval have zero measure in every fiber, while charts contained in {t = 0}
contribute only to the central fiber.

We need one standard consequence of carrying out the rectilinearization
compatibly with {t = 0}. For each coordinate divisor E; = {y; = 0} other

than the strict transform of {¢ = 0}, there is a corresponding divisor over the
(0)

central fiber for which, writing ~; ~ for the central-fiber Jacobian exponent

and ago) for the order of H(0,-),
A4 1=5+1-8,  ol” > (A.2)

The first identity is the usual adjunction calculation for the fiber ¢t = 0; the
second inequality holds because restriction to t = 0 can only increase the
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order of vanishing. These relations also follow directly from the recursive
construction: when a coordinate center is blown up, the new Jacobian and
parameter orders add, and the same blow-up on the central fiber lowers the
Jacobian order by precisely the order of ¢. Thus the quantity (v; + 1) — f; is
exactly the corresponding central-fiber log-Jacobian exponent.

Applying the monomial integrability criterion [9, Corollary 5.5] on the
resolved central fiber gives

e

Together with (A.2), this implies
di(T) = ’yz‘—i-l—,Bi—TOéi >0 (A.3)

for every coordinate divisor other than the strict transform of {t = 0}. For
the strict-transform coordinate, one has

(/Bi77i7ai) = (17070)7 (A4)

so d;(7) = 0. Indeed, H(0,-) is not identically zero on any nonempty open
subset of B, and therefore H has order zero along the generic point of the
strict transform of {t = 0}.

Since ; > 0 and 0 < T,

di(o) =di(1) + (T —0)a; >0 (A.5)

for every coordinate other than the possible strict-transform coordinate; for
that coordinate, d;(c) = 0. Thus among the coordinates with 8; > 0, at
most one has d;(o) = 0.

It remains to estimate the fiber integral in a chart. Put

2 :={i:p; =0}, V:={i: 8 >0}

For i € 2, (A.5) reads 7; — oy > —1. Hence integration in the horizontal
variables is uniformly bounded by Corollary 5.5 of [9]. After performing
those integrations, the coarea formula bounds the remaining contribution by
a constant multiple of

— 70450) > —1.

d Q\Vkl
/ y'y—aa 3 (y) , (AG)
{ye(0,1)V:yf=t} IV (y7)]
where only the coordinates indexed by V occur in the monomials.
Set y; = e i and L = —logt. The coarea formula, or equivalently the

identity
6(t - e_ﬁ'w) = t_lé(L - 8- w),
shows that (A.6) is bounded by a constant multiple of

/wiZO (icy) €XP <— Zdi(a)wi) dAp(w), (A7)

where d)\, is Euclidean measure on the indicated hyperplane; the normalizing
factor depends only on (.
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If all d;(o) are positive, let

¢ := min di(a) > 0.
eV 61

On the hyperplane in (A.7),
Zdi(a)wi > cL.
%
The volume of the corresponding simplex is O((1 + L)VI=1), so the integral
is
O((1+ L)VI=te=ely,
uniformly for L > 0. If a strict-transform coordinate ¢y is present, solve

the hyperplane equation for wj,. Since d;,(c) = 0, enlarging the remaining
domain to the full positive orthant gives

(A7) < H / e~ %W duy; < o0,
0

S%
i#io
again uniformly in L. Summing over the finitely many charts proves the
lemma. (]
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