HIGHER-RANK LOCAL MIXING
FOR CUSPED POSITIVE REPRESENTATIONS

DONGRYUL M. KIM, HEE OH, AND WENYU PAN

ABSTRACT. Let I' < PSL2(R) be a torsion-free, non-elementary, finitely generated Fuch-
sian group with parabolic elements, and let p : I' — G be a type-preserving, Zariski dense,
positive representation into a connected split semisimple real algebraic group. We prove
quantitative local mixing for Bowen—-Margulis—Sullivan measures on p(I')\G/M, where M
is the centralizer of a maximal split torus in a compatible maximal compact subgroup.

For every w in the interior of the limit cone of p(T"), correlations of smooth compactly
supported functions along exp(tu), normalized by t(ranks G=1)/2 "3 dmit a complete asymp-
totic expansion in integer powers of t~'. We also obtain a uniform Gaussian asymptotic
for transverse displacements, with an integrable remainder. We deduce Haar local mixing
and orbital counting asymptotics in Riemannian balls.

More generally, these conclusions hold for Zariski dense, relatively Borel Anosov repre-
sentations of I' satisfying a peripheral root-balance condition. This includes relatively Borel
Anosov representations into split simple groups of rank at most three and self-joinings of
type-preserving geometrically finite real hyperbolic representations.

To prove these results, we develop an intrinsic cusp geometry on the flag limit set
and use it to construct a countable Markov coding. We establish exponential moment
bounds and uniform distortion estimates for the unbounded vector-valued return cocycle.
Using peripheral Cartan growth and Zariski density, we establish the quantitative non-
integrability needed for the spectral analysis.
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1. INTRODUCTION

We establish local mixing with quantitative error terms for higher-rank diagonal flows
associated with cusped positive representations and two other classes of representations of
finitely generated Fuchsian groups. Our main theorem gives a complete asymptotic expan-
sion of correlations along each direction in the interior of the limit cone, together with a
Gaussian asymptotic for transverse displacements and a uniform, integrable remainder. It
also yields Haar local mixing and orbital counting in Riemannian balls.

In rank one, the Bowen—-Margulis—Sullivan (BMS) measure of a non-elementary geomet-
rically finite locally symmetric manifold is finite [74]. Babillot [I] proved mixing of the
geodesic flow for this measure, and Winter [77] established mixing of the frame flow for
Zariski dense groups. These results underlie orbital counting and equidistribution theorems;
see [511 167,160, 59]. For finite-volume locally symmetric manifolds, mixing of regular diagonal
flows with respect to Haar measure follows from the Howe-Moore theorem [34].

The higher-rank, infinite-volume setting is different. For Zariski dense discrete subgroups
of simple real algebraic groups of higher rank, there is an infinite family of non-proportional
BMS measures [2], [64], all of which are infinite [30]. Local mixing describes the decay of
correlations after a suitable normalization: for a flow {a;} on X preserving a Radon measure
m, one seeks N (t) > 0 and nonzero Radon measures my,ms2 on X such that, as t — +oo,

N (1) /X fi(wae) o) dm(z) = my(fr)malfs)  (fr fa € Co(X)),

where m;(f) := [y fdm; for i = 1,2. Oh-Pan [57] introduced this terminology and proved
local mixing for geodesic flows on Z%covers of convex cocompact rank-one locally symmetric
manifolds, with normalization proportional to t%/2.

The main new ingredient in this paper is a geometric construction of a countable cod-
ing that controls the full vector-valued return cocycle in the presence of arbitrarily long
cusp excursions. We develop an intrinsic cusp geometry on the flag limit set and derive
quantitative non-integrability in every Cartan direction from peripheral Cartan growth and
Zariski density. The required root-balance condition is automatic in the three classes below.
These estimates yield complete correlation expansions and uniform transverse asymptotics
for every representation in these classes.

Setting. Let I' < PSLy(R) be a torsion-free, non-elementary, finitely generated Fuchsian
group with parabolic elements, and let G be a connected semisimple real linear algebraic
group. Let p : I' — G be a Zariski dense representation. Assume that one of the following
holds:

e G is R-split, and p is type-preserving and positive in the sense of Fock—Goncharov

[29]; see Definitions and [4.4]

e (5 is R-split and simple with rankg G < 3, and p is relatively Borel Anosov.
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e G = Hle SO(n;, 1)°, with n; > 2, and p is type-preserving and each projection p;
is geometrically finite.

In all three cases, p is relatively Borel Anosov, and hence discrete and faithful; see Theo-
rem [£.5] and Proposition [4.7]

Positive representations admit explicit Fock—Goncharov coordinates associated with ideal
triangulations [29, Section 6.1 and Theorem 1.6]. When T is a lattice, the connected com-
ponent containing a principal Fuchsian representation, with its peripheral conjugacy classes
fixed, consists entirely of type-preserving positive representations [28, Theorem G.

More generally, our results hold for Zariski dense, relatively Borel Anosov representations
of I' satisfying the peripheral root-balance condition in Definition see Theorem

Fix a maximal R-split torus A < G, a compatible maximal compact subgroup K < G,
and a closed positive Weyl chamber AT C A, so that the Cartan decomposition G = KATK
holds. Set

a:=Lie A, at :=log AT, r :=rankg G = dim a, M = Zk(A),
where Zx (A) denotes the centralizer of A in K.

Write ') := p(I') < G and let £, C a™ and 1), denote the limit cone and growth indicator
of T'y, respectively. The limit cone has nonempty interior [2]. For each u € int £, there is
a unique linear form v, € a* tangent to v, at u, meaning that 1, > 1, and ¥, (u) = 1,(u)
[13, [14]. Set Vi, := ker .

Set X, := I',)\G/M, and let mBMS be the BMS measure on X, associated with 1, as
defined in (3.9). Write a, := exp(v) for v € a.

BMS local mixing. The following is our main result. In this higher-rank cusped setting,
the leading local mixing asymptotic is itself new. We also obtain a complete correlation
expansion and uniform transverse estimates with an integrable remainder.
Theorem 1.1. Let u € int £,,.
(1) There exist ¢, > 0 and continuous bilinear forms
G C(Xp) X CZ(Xp) =R, j=0
such that, for every integer N >0 and all fi, fo € C3°(X,),

N
5 ; fi(@ag,) fo(@) dmBMS (@) = 37 ¢ (f1, f)t 7+ Ou gy o (1)
p =0

as t = +o00, where ¢o(f1, f2) = cu mBMS (£ )ymBMS(£,).
(2) There exist a positive definite quadratic form @, on V, and a > 0 such that, for
every w € V,, and all f1, fo € C(X,),

r—

= /X F1(@ 0y 7)) dmBVS ()

= cue~Quw)/2yBMS (£ BMS(£y L 0 L (t—%e—amin{||w\|2,Hw||}>

t

as t — 400, uniformly for w € V.

Here || - || is any fixed norm on a. For functions supported in a fixed compact set, the
implied constants are controlled by products of suitable C*# norms; see Theorem [17.1} The
normalization t"~1)/2 reflects the transverse dimension dim V,, = r—1. Part (2) gives control
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on the whole transverse space, so the asymptotic can be integrated over V,, with an O(t_l/ 2
error. It also gives decay along rays other than Rsgu; see Remark [I8.1]

For Anosov subgroups, the leading local mixing asymptotic was established by Sambarino
[68, [69] and Chow—Sarkar [17], following work of Thirion in special cases [75]. More recently,
Guedes Bonthonneau-Lefeuvre-Weich [31] obtained a complete asymptotic expansion under
a Diophantine hypothesis on the representation. Our theorem treats representations with
parabolic elements and obtains the quantitative estimates from the peripheral geometry.

The rank-one theory provides important precedents for these estimates. Mohammadi-
Oh [55] and Edwards—Oh [26] proved matrix-coefficient asymptotics with exponential errors
for large critical exponents. Sarkar-Winter [72] proved exponential mixing of BMS frame
flows on convex cocompact real hyperbolic manifolds, and Chow—Sarkar [16] extended this
to rank-one locally symmetric spaces. In the presence of cusps, Li-Pan [48] proved ex-
ponential mixing of geodesic flows on geometrically finite real hyperbolic manifolds, and
Li-Pan—Sarkar [49] established the frame-flow version. Khalil [39] proved exponential mix-
ing of geodesic flows on all geometrically finite rank-one locally symmetric spaces. For
infinite invariant measures, Dolgopyat—Nandori—Péne [23] obtained expansions to arbitrary
order on Z%covers of compact negatively curved manifolds; Flaminio-Ravotti [27] obtained
expansions for horocycle flows on Z%covers of compact hyperbolic surfaces.

Orbital counting and Haar local mixing. The local mixing theorem supplies the input
for the counting and equidistribution arguments of Edwards-Lee-Oh [25]. We state two
consequences here and give the deductions, together with horospherical equidistribution, in
Section [I8

Let d be the Riemannian distance on G/K induced by the Killing form, and let §, be the
critical exponent of Zver e54079) which is independent of 0 € G/K.

Corollary 1.2. For every o € G/K, there exists c¢(p,0) > 0 such that
#{x €Tyo:d(o,x) < T} ~ c(p,0)e” (T — o0).

We also obtain bisector counting asymptotics (Corollary. The angular distributions
are given by Patterson—Sullivan measures. Canary-Zhang—Zhu—Zimmer [II] established
counting asymptotics for relatively Anosov groups with cutoffs defined by linear functionals
of the Cartan projection. Linearity reduces counting to equidistribution for a reparametrized
flow with finite BMS measure, without requiring higher-rank local mixing. Riemannian
balls impose a nonlinear cutoff on the full Cartan projection, so determining the leading
constant requires information about the transverse distribution of orbit points. Our uniform
transverse local mixing estimates provide this information.

We also obtain asymptotics for matrix coefficients of compactly supported M-invariant
vectors in LQ(FP\G). Let ¢ € a* be the sum of the positive roots counted with multiplicity,
let dz be induced by a fixed Haar measure on G, and let mE® and mPR+ be the Burger—
Roblin measures defined in Section [I8.1] Write i for the opposition involution. The transfer
argument of Edwards—Lee—Oh [25, Proposition 6.8, extending Roblin’s rank-one result [67],
gives the following limit. We also retain a transverse upper bound needed for counting.

Theorem 1.3. Let u € int L,. There exists k, > 0 such that, for every w € V, and all

fi f2 € Ce(Xp),

lim ¢ o) tww/ F1 (@ ) f2() A = Ryce™ QO 2mBR (£)mBR- (f,)

t—+00



HIGHER-RANK LOCAL MIXING 5

The convergence is locally uniform in w.
Moreover, there exists b > 0 such that, for each compact K C X, and all f1, fa € Cc(X))
supported in K, the normalized absolute correlation on the left is

Ouc (Il o=@t/

as t — 0o, uniformly for w € Vi, with tu +tw € a*t.

In rank one, matrix-coefficient asymptotics can also be obtained from a positive L? Laplace
eigenfunction and a spectral gap [55] 26]. For infinite-volume quotients with no rank-one
factors, such an eigenfunction does not exist [24, Theorem 1.1]. The local mixing approach
also gives equidistribution of expanding horospheres; the precise statement and measure
normalizations appear in Corollary [I8.2]

Finally, the Hopf-Tsuji-Sullivan criterion of Burger—Landesberg—Lee—Oh [10] gives the
same directional ergodicity threshold as for Anosov subgroups.

Corollary 1.4. For every u € int L,, the flow {aw, : t € R} on (Xp,mEMS) is ergodic if

and only if rankg G < 3.
The threshold corresponds to the divergence of ;™ t—(r=1)/2
when r < 3.

dt, which occurs precisely

Main ideas of the proof. The support of mBMS is a trivial V,,-bundle over a non-compact

flow space [45] and the base flow carries a finite invariant measure [42] 6]. For Anosov
representations, the corresponding base flow has a compact phase space and admits a finite
Markov coding [9]. In our setting, parabolic elements of I' give rise to arbitrarily long cusp
excursions, leading to countably many return branches and an unbounded a-valued return
cocycle. We construct a countable coding for the right translation by ay, = exp(tu) on
(X, mBMS) and establish uniform distortion estimates and exponential moment bounds for
this cocycle.

Our construction builds on the countable coding of Li—Pan [48] for geometrically finite
real hyperbolic manifolds. They use Euclidean boundary coordinates, cusp heights in the
upper half-space model, and conformality of the boundary action.

On the flag limit set, we develop an intrinsic cusp geometry using a blown-up premet-
ric and a compatible height theory. Separation estimates for parabolic limit points and
Patterson—Sullivan mass estimates, together with recurrence of the reparametrized flow,
give exponential decay of the residual mass in the coding construction. To control distortion
of the full return cocycle, we combine local Busemann estimates on boundary shadows [15]
with contraction of the inverse branches.

The geometry of the cusp coding. We begin with the unique linear form ¢ € a* tangent to
¥, at u. Rescaling u, we may assume that ¥ (u) = 1. Set ¢ = (¢ +1 0i)/2. The symmetric
form 1) defines the cusp geometry, while v defines the Patterson-Sullivan measure and the
return times. We use a p-equivariant continuous Morse embedding f : hullA(T') — G/K,
whose asymptotic Cartan cone equals £,,.

Let F := G/P be the Furstenberg boundary, where P is the minimal parabolic subgroup
determined by AT. Let A, C F be the limit set of I',, and let 1, be the Patterson—Sullivan
measure on A, associated with ). Recall the visual premetric on A, [47, 22]:

dy(€,m) == e POEM (e Lpe Ay,
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where G is the a-valued Gromov product defined in (3.2)). Fixing a parabolic limit point
po € A,, we introduce the blown-up premetric on A, \ {po}:

B dy(&,m)
~ dy(&po)dg(n,po)

Dy(&m) (€ #mn€ Ay~ {po})
In the upper half-space model of H", with pg = oo, this is, up to scaling, a positive power
of the Euclidean metric on §H" \ {oo} (Remark [5.6). We prove a uniform quasi-triangle
inequality for D (Corollary and establish geometric and measure estimates that allow
it to play the role of the Euclidean metric in the cusp geometry of A,,.

We define heights h(p) of parabolic limit points (Definition [6.1)), relate them with Cartan
projections of suitably chosen group representatives, (Lemm, and prove the uniform
separation estimate

Dy(p,q) > Cv/h(p)h(q)  (p# q € Ap(T)p) ~ {po})

for a uniform C' > 0; see Proposition Using the global shadow lemma [43] and
Lemma we prove doubling and reverse doubling for v, (Proposition and obtain
estimates for D;-balls centered at parabolic limit points (Corollary .

Choose a compact fundamental domain Ag C A,~\{po} for the stabilizer of pp in I',. Start-
ing from Ag, we group parabolic limit points into height layers and successively remove the
corresponding D-balls. The central geometric step combines annular mass estimates with
recurrence of the reparametrized flow: there exist N > 1 and € > 0 such that, for every suffi-
ciently large n, stages n+1,...,n+ N remove at least an e-fraction of the Patterson—Sullivan
mass remaining at stage n. Thus the residual mass decays exponentially; see Section [10]

The geometric partition defines an expanding map on a conull invariant subset of the
union of the cusp domains. Taking first returns to Ag gives a full-branch expanding map,
and we prove that the induced branches retain exponential summability. Finally, we group
a fixed number of successive returns so that the resulting scalar roof is uniformly bounded
away from zero; see Sections [T1] and

The following theorem summarizes the construction and the estimates needed for the
spectral analysis.

Theorem 1.5 (Countable Markov coding). There exist Ay C Ag with vy(Ag~Ay) =0, a
countable family H C Ty, and a map T : Ay — Ay such that

Ay = |_| YA+, Tlya, =7
YEH

Moreover, the family H freely generates a Zariski dense subsemigroup, and the coding map
U HY = Ay is a Holder homeomorphism conjugating the one-sided shift to T, for the
standard symbolic metric and the premetric D ;.

For z € yA4, define the a-valued return cocycle K and the scalar roof function R by

K(x) := Bz(e,y) +2G(Tz,po) — 2G(x, po), R(z) == (K (x)),

where (B is the a-valued Busemann map. Then K oW is locally Hélder, R > 1 on Ay, and
there exists g > 0 such that

~eH PEMT Ay
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We also prove quantitative non-integrability of the return cocycle K: in every unit direc-
tion in a, we obtain quantitative lower bounds on the variation of differences of projected
cocycle sums along suitable inverse branches (Theorem . The proof combines non-
concentration of A, at scales adapted to the contraction rates in the simple-root directions
(Proposition with Zariski density of the semigroup (H); (Corollary and the
peripheral root-balance condition .

The symbolic model. Let my, := mEMS be the BMS measure on X, associated with . The
local Holder regularity of R o U and exponential branch summability (Theorem allow
us to apply the Ruelle-Perron—Frobenius theory for countable shifts [54] [71], obtaining a
unique T-invariant Gibbs probability measure v, on Ay for the potential —R. This measure
is equivalent to 1|, , with density bounded above and below by positive constants. Using
the Gibbs property and the ergodic theorem, we show that

_ fAJrKdV'i"
fAJerV-F’

see Theorem We use the coding to construct a suspension model for the flow exp(tu)
on (X,, my) and establish local mixing in this direction.

Let A_ C A, be a compact neighborhood of pg, disjoint from Ay, chosen so that for every
v € H, v~ ! preserves A_ and contracts dy uniformly; see Lemma Define T’ on AL xA_
by

u

T(z,a_) = (Tz,y ‘o)  (z€~Ay, vEH),
and let ©° be its invariant probability measure projecting onto vy on Ay . Set

K°(z) := K(z) — R(z)u € ker 1) (x € Ay),
so that fA+ K°dvy = 0. The suspension has coordinates (z,z_,s,v) with 0 < s < R(z)
and v € ker ¢, subject to the boundary identification

(x,x_, R(x),v) ~ (f(m,a?_), 0,v— K°(z)).

The suspension flow increases s at unit speed. We construct a factor map ® from this
suspension to the exp(tu)-flow on (X,, my) that intertwines translations in the transverse
coordinates; see Section[I6] Although ® need not be proper, we prove that for every compact
set () C X, there exists Cg > 0 such that

Q) C {(z,2_,5,0) : 0 < s < R(z), ||su+v| < Co(R(z)+1)};

see Theorem [I6.7] This support bound controls the growth of the Fourier transforms of
pulled-back functions and their frequency derivatives in terms of R. The exponential moment
of R makes these bounds integrable. Contraction of the stable fibers reduces the analysis to
the expanding system (A4, T).

The correlation expansion. Fix a sufficiently small Hélder exponent ¢ > 0. For £ € a, the
normalized twisted transfer operator L¢ acts on F.(Ai,C), the space of bounded locally
c-Holder functions, by

LeH(x) = Z e~ RO=)

YEH

h(v2) it K (ya)) H
6K Gz A
h($> e (71‘)7 T € Ay,

where h > 0 is an eigenfunction with eigenvalue 1 of the transfer operator associated with
the potential —R.
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For & near zero, L¢ has a simple leading eigenvalue r¢. We prove that & — |k¢| has
a negative-definite Hessian at £ = 0; see Proposition This Hessian determines the
Gaussian dependence of the leading term on the transverse displacement w € ker .

To analyze correlations, we adapt the spectral and Fourier methods of Dolgopyat—Néndori—
Péne [23]. Fourier inversion expresses the BMS correlation as a sum over returns n of fre-
quency integrals, which we analyze using stable projections and [Zg. Outside a fixed small
neighborhood of zero, the decay of the Fourier transforms in £ and of £ in n controls the
contribution; see Proposition [17.5l The high-frequency bounds rely on quantitative non-
integrability of K (Section , which is therefore needed already in our proof of leading
local mixing asymptotic. Near & = 0, we normalize the transformed correlation associated
with n returns by K?. Spectral estimates show that the Taylor coefficients at & = 0 of
this normalized expression converge faster than any inverse power of n; see Lemma
Combining these limits with the expansion of kg, Fourier inversion gives sums over n of
derivatives of a Gaussian determined by the quadratic term of the centered leading eigen-
value. Evaluating these sums as in [23] gives the expansion in Theorem [I.I(1). Uniform
estimates for the sums, combined with exponential-moment bounds for the transverse tails,
give the uniform remainder, integrable in w € ker ¢, in Theorem (2)

Remark 1.6. In the Anosov setting, exponential mixing of the translation flow on the com-
pact based space was established by Delarue-Monclair-Sanders [21] for irreducible projective
Anosov subgroups, and by Chow—Sarkar [18] for general Zariski dense Anosov subgroups out-
side an exceptional cone of parameters. We expect an analogous result for the non-compact
base flow considered here. The symbolic, geometric, and spectral tools developed in this
paper provide key ingredients toward such an extension.

Organization of the paper. Sections [2| and [3| give the Fuchsian and higher-rank prelimi-
naries. Section [4] states the general theorem and verifies its hypotheses for the three classes
above. The remaining sections form four parts.

e Part [1| develops the cusp geometry and measure estimates, constructs the coding,
and proves exponential decay and expansion.

e Part [2] establishes the symbolic conjugacy, exponential moments, Holder regularity,
non-arithmeticity, and non-integrability of the return cocycle.

e Part 3| develops the spectral theory and suspension model, proves BMS local mixing,
and deduces Haar local mixing, horospherical equidistribution, and orbital counting.

Notation. For nonnegative functions f and g, we write f < g if f < Cg for some constant
C >0, and f =< g if both f <« g and g < f. For vector-valued functions, f =~ g means that
f — g is uniformly bounded. Dependence of an implied constant is indicated by a subscript
when needed.

Acknowledgments. We would like to thank Jialun Li, Frangoise Péne, and Andy Zimmer
for useful discussions. Our original proof of Lemma used spherical pairs. We would like
to thank Pratyush Sarkar for helpful discussions that led to a simpler proof. Part of this
research was conducted while the authors were visiting SLMath, supported by NSF grant
DMS-2424139. Kim is supported by an anonymous donor for his position at the Institute
for Advanced Study. Oh is partially supported by the NSF grant DMS-2450703. Pan is
supported by NSERC Discovery Grant RGPIN-2025-06706.

This project began in spring of 2024. During the final preparation of the manuscript, the
authors used Al tools to assist with proof checking, simplification of some arguments, and
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editing. The main mathematical ideas and methods are due to the authors, who take full
responsibility for the final manuscript.

2. FUCHSIAN GROUPS

We use the upper half-plane model H? = {z +iy € C : y > 0} with metric ds? =
(dz® + dy?)/y?, and denote the associated distance by d. Its ideal boundary is H2 = R :=
R U {oc}. The orientation-preserving isometry group PSLy(R) acts on H? U R by Mobius
transformations.

2.1. The hyperbolic plane and its isometries. Set 0 := i € H?. The stabilizer of
o is PSO(2), while the stabilizer of co € R is the upper triangular subgroup P. Thus
H? ~ PSLy(R)/PSO(2) and OH? ~ PSLy(R)/P. The action on the upward-pointing unit
tangent vector at o identifies PSLo(IR) with the unit tangent bundle T'HZ2. Under this

et’2 0 )
0 e—t/2 .

An element g € PSLy(R) is lozodromic if it fixes exactly two points of H2. One fixed
point is attracting and the other is repelling; we denote the attracting fixed point by y,. An
element is parabolic if it fixes exactly one point of OH2. Every infinite-order element of a
discrete subgroup of PSLa(R) is either loxodromic or parabolic.

For ¢ € OH? and x,y € H?, the Busemann function is

Be(w,y) = ignlg(d(w, z) —d(y, 2)).

It satisfies the cocycle identity f¢(x, 2) = Be(x,y) + Be(y, 2). A closed horoball based at £ is
a set of the form

identification, the geodesic flow for time ¢ is right multiplication by a; := (

H(, 7) = {z € H?: Be(o,x) > 1}, reR.

For distinct &,7 € H? U OH?, we write [¢,7] C H? for the geodesic segment, ray, or line
joining them. For distinct &, € OH?, their Gromov product based at o is

G(6.n) 1= 5(Be(0,2) + Bylo,2)), @ € [E.n)

which is independent of the choice of x. We set G(£,&) = +o0o. We use a visual metric on
OH? based at o, which is bi-Lipschitz equivalent to (£,7) — e 9Em,

For y € H? and r > 0, let B(y,r) := {z € H? : d(2,y) < r}. For z,y € H?, the shadow of
B(y,r) seen from z is

Or(z,y) := {€ € H? : [x,€] N B(y,r) # 0}.

The triangle inequality gives

sup  |Be(z,y) —d(z,y)| < 2r.
EEO‘I‘(I7y)

The Hopf parametrization is the homeomorphism
PSLy(R) — ((0H? x 0H?) \ diag) x R, g (97,97, 8,+(0,90)),

where g™ := g(c0) and g~ := ¢g(0). In these coordinates, left multiplication by h € PSLa(R)
takes the form

h(f, m, S) = (hf, hn, s + /Bf(hilov 0))5
and the geodesic flow is translation: (£,7,s)a; = (§,1,s +1).



10 DONGRYUL M. KIM, HEE OH, AND WENYU PAN

A discrete subgroup I' < PSLy(R) is called a Fuchsian group. Its limit set A(T) C OH?
is the set of accumulation points of I'o. In Hopf coordinates, the nonwandering set of the
geodesic flow on TH(T'\H?) is identified with

(2.1) Qr:=T\Qr,  Qr:= ((A) x A()) . diag) x R ¢ T} (H?).

2.2. Finitely generated Fuchsian groups. Throughout the paper, all Fuchsian groups
are assumed to be torsion-free. Let I' < PSLo(R) be a non-elementary Fuchsian group. A
point & € OH? is a conical limit point of T if there exist r > 0 and a sequence of distinct
elements «y, € I' such that & € O,(0,v,0) for every n. A point & € OH? is a parabolic limit
point if it is fixed by a parabolic element of I'. We denote the sets of conical and parabolic
limit points by Ac(I") and A, (I"), respectively.

The convex core of T'\H? is core(I'\H?) := I'\ hull A(T"), where hull A(T') C H? is the
convex hull of A(T'). We call T' geometrically finite if A(T') = Ac(T') WAL (T"), or equivalently,
its convex core has finite area. A Fuchsian group is geometrically finite if and only if it is
finitely generated; see, for example, [52], 53] [§].

Suppose that T' is geometrically finite and Ap(T') # (). There exists a I-invariant family
J€ of pairwise disjoint closed horoballs, one based at each parabolic limit point, such that
I' acts cocompactly on hull A(T') \ Uy int(H). Its compact quotient is called the thick
part of the convex core; the complementary components are cusp neighborhoods.

3. RELATIVELY ANOSOV REPRESENTATIONS AND BMS FLOWS

3.1. Symmetric spaces and boundary geometry. Let G be a connected semisimple real
linear algebraic group. Fix a Cartan involution 6 of GG, and use the same notation for its
differential on g := Lie(G). Let K := GY be the corresponding maximal compact subgroup.
The Cartan decomposition is g = £ ® p, where £ and p are the +1 and —1 eigenspaces of 6,
respectively.

Choose a maximal abelian subspace a C p, and set A :=expa. Let (-,-) and || - || denote
the inner product and norm on a induced by the Killing form. Fix a closed positive Weyl
chamber a™ C a, and set AT := expa™. The Cartan decomposition G = KA K defines the
Cartan projection p: G — at by g € K(exp u(g))K.

Let X := G/K be the associated Riemannian symmetric space, with basepoint o := K.
We equip X with the G-invariant Riemannian metric induced by the Killing form. Its
distance satisfies d(go, ho) = ||u(g~'h)|| for g,h € G. For x = go and y = ho, we also
write u(z) := p(g) and pu(z~ly) := u(g~th); these are independent of the representatives
by K-bi-invariance.

We will use the following estimate on the Cartan projection throughout.

Lemma 3.1 (|2, Lemma 4.6]). For every compact subset Q C G, there exists C = C(Q) > 0
such that, for all g € G,

sup ||u(qrggz) — n(g)|| < C.
q1,92€Q

For o € a*, define
9o ={Z€g:[H,Z] =a(H)Z for every H € a}.

The nonzero « for which g, # {0} form the restricted root system ®. Let ®* and II denote
the positive and simple restricted roots determined by a™. Set

n:= EB 0o, N:=expn, M :=Zg(A).

acdt
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Then P := M AN is the corresponding minimal parabolic subgroup, and G = K AN is the
Iwasawa decomposition. The Furstenberg boundary is F := G/P, which we identify with
K/M. Let W := Ng(A)/M be the restricted Weyl group. Choose a representative wy €
Nk (A) of its longest element. Set N := woNw; ', #t := Lie(N), and P := woPw,* = MAN.
The opposition involution i := — Ady, |4 preserves a™ and satisfies u(g~!) = ipu(g). We also
write i for the involution on a* defined by iy := poi.

Two flags {,n € F are transverse if ({,n) € G - (P,woP), where G acts diagonally. We
denote the set of transverse pairs by F) := G - (P,woP). For g € G, write gt := gP and
g~ = gwoP.

Every g € G has a unique real Jordan decomposition ¢ = gpgeg, into commuting hyper-
bolic, elliptic, and unipotent components. Here g, ge, and g, are conjugate to elements
of A*, K, and N, respectively. The Jordan projection A(g) € a* is the unique vector
such that g, is conjugate to exp A(g). It satisfies A(g) = lim;, 00 %u(g”). In particular,
Ag™) =1iMg).

An element g € G is called loxodromic if A(g) € intat. Equivalently, g = h(am)h~! for
some a € int AT, m € M, and h € G. In this case, g~ ! is also loxodromic, and the unique
attracting fixed flags of g and ¢! are Yg = hP and y,-1 := hwo P, respectively.

An element g is unipotent if g = g,. We call g weakly unipotent if g, = e and g, # e.
Definition 3.2. For a torsion-free discrete subgroup I' < PSLs(R), a representation p : I' —

G is type-preserving if it maps loxodromic elements to loxodromic elements and parabolic
elements to weakly unipotent elements.

For g € G and k € K, define the Iwasawa cocycle o(g,k) € a by gk € K(expo(g,k))N.
For £ = kP € F and g, h € G, the a-valued Busemann map is
(3.1) Be(g,h) = o(g~" k) —a(h™' k).
This is independent of the choice of k, and satisfies the cocycle identity and the equivariance

relation Bgi¢(g0g, goh) = Be(g, h) for go € G. It descends to F x X x X, where we use the
same notation.

Lemma 3.3. If a weakly unipotent element g € G fives £ € F, then 3¢(e,g) = 0.

Proof. Choose k € K with £ = kP and set v := k~!'gk € P. The Levi projection P — MA
preserves Jordan components. Since g is weakly unipotent, v € M N, so g~ 'k = kv~ € KN.
It follows that o(g~1, k) = 0 and S¢(e, g) = 0. O

For (¢£,n) € F®, choose g € G with (£,7) = (g7, ¢~) and define the a-valued Gromov
product by

1 .
(3.2) G(&m) = 5 (Bele 9) +1By(e,9).
This does not depend on the choice of g and satisfies that for every g € G and (§,7) € FO),
(3.3) 2G(g€,gm) = 2G(&,m) + Bge(e, g) +1Bgn(e, g).

The Hopf parametrization identifies G/M with F 2 x a by

gM = (g%,97, B+ (e, 9)).
In these coordinates, left multiplication by h € G takes the form

h(¢ m,v) = (¢, hn,v + Be(h™ ),
while right multiplication by exp(w), w € a, sends ({,n,v) to ({,n,v + w).
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3.2. Limit sets and growth indicators. Let I' < G be a discrete subgroup. We say that
a sequence , € X converges to ¢ € F if z,, = kpa,o0, where k, € K, a,, € AT, k,P — &,
and a(loga,) — +oo for every a € II.

Definition 3.4. The limit set A(I') C F consists of the points that arise as limits of
sequences in 'o in the above sense.

The limit cone of I' is the asymptotic cone of u(T'):
Lr := { lim t,u(v,) €at iy, €T, t, — 0+}.
n—oo

If T' is Zariski dense, Lr is the smallest closed cone containing A(T"); it is convex and has
nonempty interior [2].
The growth indicator ¢r : a — [—00, ) is defined by ¥r(0) = 0 and, for u # 0,

Yr(u) = ||u|| inf ¢,
Cou

where C ranges over open cones containing u, and 7¢ is the abscissa of convergence of the
series Y cr (y)ec eIt Since pu(y~1) = i(u(y)), we have ¢roi = ¢pp. When T is Zariski
dense, Quint [63] [65] proved that ir is upper semicontinuous and concave, is positive on
int Lr, and satisfies Lr = {u € a : ¢r(u) > 0}.

3.3. Weakly unipotent elements and Cartan growth. A unipotent element u € G
is called regular if it is contained in a unique minimal real parabolic subgroup of G, and
algebraically regular if it is contained in a unique Borel subgroup of G¢. Every algebraically
regular unipotent element is regular: its unique complex Borel subgroup is defined over R,
so G is quasi-split and its minimal real parabolic subgroups complexify to Borel subgroups.
When G is split, the two notions coincide; see [73].

An slp-triple in g is a triple (E, H, F'), with E # 0, satisfying [H, E] = 2F, [H, F] = —2F,
and [E,F] = H.

Lemma 3.5 (Cartan growth of weakly unipotent elements). Let g € G be weakly unipo-
tent. Then log g, belongs to an sly-triple (log gu, H, F') in g whose semisimple element H
is G-conjugate to a vector vg € at ~ {0}. The triple can be chosen so that the associated
homomorphism ® : SLo(R) — G satisfies

11 et/2 0 .
P <O 1) = Gu, o ( 0 e—t/Z) = ezH7 g€®(h) = @(h)ge (h c SLQ(R))

Moreover, i(®(a;)) = 5vg+ Oa(1) fort >0, and
(34) 1(g") = pgy) + Og(1) = (log[n)vg + Og(1)  (In| = 00).

The vector vy depends only on g, and satisfies i(vy) = vy. If gy is regular, then v, € intat.

Proof. Set u := ¢, and FE := logu. Since g. is semisimple, its centralizer is reductive.
Moreover, g, commutes with u, so E € Lie Zg(g.). Applying the real Jacobson-Morozov
theorem in this reductive Lie algebra [7, Chapter VIII, Section 11, no. 2, Proposition 2 and
its corollary| gives an sla-triple (E, H, F'). Its associated homomorphism & : SLy(R) — G
has image in Zg(g.) and satisfies @((1) %) = u. Finite-dimensional sly representation theory,
applied to the adjoint action on g, shows that ad H is diagonalizable over R with integer
eigenvalues. Thus H is hyperbolic and is G-conjugate to a unique vector v, € at. Since

E #0 and [H, E] = 2E, we have H # 0, and hence vy # 0.
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Since a; = exp(} diag(1,—1)), we have ®(a;) = exp(5H). Conjugating H to v, and
applying Lemma [3.1] gives

p(®() = 5o+ Oa(l) (12 0).

For each integer n # 0, the Cartan decomposition in SLy(R) gives

Since ®(SO(2)) is compact, Lemma [3.1] yields
p(u") = w(®(ar, ) + Os(1) = (log|n|)vy + Oa(1).

The powers of g, are relatively compact, and ¢" = gJu™. Another application of Lemma (3.1
therefore gives (3.4). Consequently,

o BT p(u”)
vy = lim ———= = lim ,
n—oc logn  n—oo logn

so vy depends only on u and is independent of the chosen triple. Applying to positive
and negative powers and using p(g™") =ipu(g") gives i(vg) = vy.

Finally, suppose that u is regular. Let Pgy be the real parabolic subgroup whose Lie
algebra is the sum of the nonnegative eigenspaces of ad H. Since [H, E] = 2F, the element
u = exp F belongs to the unipotent radical of Py. Every minimal real parabolic subgroup
contained in Py contains this radical and hence contains w. If Py were not minimal, there
would be more than one such subgroup, contradicting the regularity of u. Thus Py is
minimal, which is equivalent to v, € inta*. (|

3.4. Relatively Anosov representations and Morse embeddings. Let I' < PSLy(R)
be a non-elementary, finitely generated, Fuchsian group with parabolic elements. For a
representation p : I' = G, write I', := p(T'), A, := A(T',), £, := Lr,, and 9, := ¢r,.

Definition 3.6. A representation p : I' — G is relatively Borel Anosov if it satisfies the
following:

(1) For every sequence of distinct ~, € I' and every a € II, a(p(p(yn))) — +00.
(2) Any two distinct points of A, are transverse.
(3) There is a p-equivariant homeomorphism A(T') — A,.

The homeomorphism in (3) is unique and is called the boundary map of p.

This is the specialization to the present Fuchsian setting of the definition in [14], Sec-
tion 4.3]. The condition (1) implies that p is discrete and faithful. Moreover, relative
Anosovness implies that p(7) is weakly unipotent for every parabolic v € I'; see [12, Theo-
rems 1.1(3) and B.5].

For brevity, we refer to relatively Borel Anosov representations simply as relatively Anosov
representations throughout the paper.

Set Y := hull A(T') C H? and assume, after conjugating I' if necessary, that o = i € Y.
We also write 0 = K € X. For p = gK,q = hK € X, write pu(p~'q) := u(¢g~h). This is
well-defined by the K-bi-invariance of the Cartan projection. For amap f:Y — X, let Ly
be the asymptotic cone of {u(f(z)"1f(y)): x,y € Y}.
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Definition 3.7 (Morse embedding). A map f : Y — X is a Morse embedding if it is a
quasi-isometric embeddingﬂ and Ly C inta™ U{0}. We call Ly its Morse limit cone.

Equivalently, by the Kapovich-Leeb—Porti Morse lemma |36, Theorem 5.16 and Corol-
lary 5.28|, the images of geodesic segments in Y are II-Morse quasigeodesics with uniform
constants; see also [22] Section 4].

For G = SL,(R), the existence of an equivariant Morse embedding follows from [78|
Corollary 1.14] and [79, Proposition 11.3]. We construct a continuous embedding for general
G and identify its Morse limit cone with £,,.

Proposition 3.8 (Equivariant Morse embedding). Let p : I' — G be a Zariski dense, rela-
tively Anosov representation. Then there exists a continuous p-equivariant Morse embedding
f:Y — X such that f(o) =0 and Ly = L,. Moreover, f extends continuously to Y UA(T"),
and its restriction to A(T) is the boundary map of p.

Proof. Choose representatives &p, ..., & of the I-orbits in Ay(I"), and set I'; := Stabp(&;).
Choose a I'-invariant family .7 of pairwise disjoint closed horoballs based at A,(I"), with
H; based at &;, all avoiding o. Let Yi, :=Y — Upep int(H); then I'\Yyy, is compact.
Step 1: Construction of f. Write ns := (}{). For each ¢, choose a primitive generator
h; € T; and b; € PSLy(R) such that b;(c0) = & and bmlb;l = h;. By relative Anosovness,
p(h;) is weakly unipotent. Let g; := p(h;), e; := (gi)e and u; := (g;)y. By Lemma
choose a homomorphism ®; : SLy(R) — G with ®;(n;) = u; whose image commutes with e;,
and let v; := vy, € a™ {0} be the associated vector. For every a € II, relative Anosovness
and give

a(u(gi')) = (logn)a(vi) + O(1) = +oc.
Consequently, a(v;) > 0 for every a € I, so v; € inta™. Moreover, since g!' € T',, gives
V; € ﬁp.

Since the compact subgroups (e;) and ®;(SO(2)) commute, we can choose o; € X fixed
by both subgroups, and choose ¢; € G with ¢;o = 0;. Write H; = b;{z : Imz > eTi} for some
T; € R and define

fi(binsasi) == ®;(nsa)o; (seR, t>1T;).
Since e; fixes 0; and commutes with ®;(SLy(R)), it fixes the image of f; pointwise. Thus,
for z = binsayi,

fi(hiz) = ®i(nsy1as)o; = wi fi(2) = eui fi(2) = p(hi) fi(2).

Since I'; = (h;), the map f; is p|r,-equivariant. Restricting to H; N'Y, we extend to all
cusp regions in Y by f(vz) := p(v)fi(z). Precise invariance of the horoballs makes this
well-defined. We extend f continuously and p-equivariantly over Yiy, retaining its cusp-
boundary values and prescribing f (o) = p()o. To do so, lift a finite triangulation of I'\ Yy
compatible with the cusp boundaries and having the image of o as a vertex. Choose images
for representatives of the remaining vertex orbits and extend equivariantly. Extend over
representatives of the edge orbits using path connectedness of X, and over representatives
of the triangle orbits using simple connectedness. The action is free, so these extensions
propagate equivariantly and agree on common faces. The lifted triangulation and the family
of cusp regions are locally finite, so the glueing lemma gives a continuous map on Y.

LA map f: (Z1,d1) — (Z2,ds) is a quasi-isometric embedding if there exist C; > 1 and Cy > 0 such that
Crldi(z,2") = C2 < do(f(2), f(2) < Crda(2,2") + C2 (2,2 € Z1).
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Step 2: Quasi-isometry and root estimates. We first claim that, whenever z,y € Y
lie in a horoball vH;, with v € T,

(35) p(f ()™ F0) = s (2, y)ei + OQ),

with an error uniform in z,y,~, and i. By equivariance, it suffices to consider z,y € H; NY.
Write = b;go and y = b;ho, where g = nga;,h = ngay € SLo(R). If r = dy2(x,y), then
g~'h € SO(2)a, SO(2). By Lemmas and w(@i(gth)) = Sv; + O(1). As fi(z) =
®;(g)gio and fi(y) = ®i(h)gio, we have u(fi(z) ' fi(y)) = plg; '®i(g~ " h)g:) = Fvi + O(1).
Choose a compact fundamental set D C Yy, for the I'-action. Suppose that dgz(x,y) <
1. If x,y lie in the same horoball in 7, the preceding estimate bounds dx (f(x), f(y))
uniformly. Otherwise, [z, y] meets Yi. After translating by an element of T', both endpoints
lie in the closed 1-neighborhood of D. This neighborhood is compact in Y, so continuity
and equivariance again give a uniform bound on dx (f(x), f(y)). Subdividing an arbitrary
geodesic segment into pieces of length at most 1 now gives

for some A, B > 0.
For the lower bound, we will use the relative Anosov hypothesis to prove

(3.7) a(u(f(@) ' f() > adge(z,y) —b  (z,y €Y, a€1l)

for some a,b > 0. Fix a € II, and choose an irreducible proximal Tits representation
Ta : G — SL(V,) whose highest weight is a positive multiple of the fundamental weight
wq [76]. Equip V, with a Euclidean inner product for which 7,(K) acts orthogonally and
Ta(A) acts by positive self-adjoint operators. Let || - ||, denote the associated norm. For
x €Y, choose g, € G with g0 = f(x) and set ||v|ax := ||Ta(g;1)v]la for v € V4. Since
Ta(K) preserves || - ||, this definition is independent of the choice of g,. These norms form a
continuous, 7,0 p-equivariant family. This family is canonical in the sense of [12], Section 3.1].
Set [v]ai := ||Ta(q; *)v[la. Since e; and ®;(SO(2)) fix g;o, this norm is invariant under their
images by 7,. On H; N Y, our construction gives

V|loe = ‘Ta(q)i(nsat)_l)v‘w, T =bnsai € H;NY.

In the coordinates given by b;, this is the canonical family associated with the cusp homo-
morphism 7, o ®;. Thus evaluating | - ||o,. at the basepoints of geodesics gives a canonical
family on the geodesic-flow space.

Since p(I') is Zariski dense, 7, o p is irreducible, and the p-boundary map induces a
continuous, transverse, equivariant line-hyperplane limit map. By [12, Corollary 6.3(1)],
Ta © p is relatively Pj-Anosov, where P denotes the stabilizer of a line in V,,. Let E,(§) and
F, (&) denote the line and hyperplane components of its limit map. By [12], Corollary 6.2],
there exist Cp, > 1 and ¢, > 0 such that, for every unit-speed geodesic ¢ : R — Y with
endpoints £+ € A(T),

||U||oc,f(t) < Cae_co‘(t_s) ||UH04,Z(S) s < t)
|l aec) w|laecs)

for all nonzero v € Ey(£4+) and w € Fy(£-). Thus, when passing from the norm at ¢(t) to
the norm at £(s), the stretching factor on E, ({1 ) exceeds every stretching factor on F,(£_)
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by at least C e (t=5)  Writing oj for the j-th singular value, we obtain

01 (Ta 9y 90)))

o s) 7t -
(u(f(€(s)) " F(£(2)))) =1 02 (Ta 9y 90t)))

> Ca(t - 8) - log Ca.

Any two points z,y € Y lie within a uniform distance D of points 4(s), £(f) on a common
complete geodesic with endpoints in A(T'); see [79, Proposition 3.5 and Lemma B.3]. Orient-
ing ¢ so that s < ¢, we have t —s > dy2(x,y) —2D. By , the corresponding image points
are also uniformly close. Applying Lemma [3.1] and taking uniform constants over the finite
set IT proves (3.7)). Since a(v) < |||« ||v]|, this implies dx (f(z), f(y)) > a'dg2(z,y) — ¥ for
some a’,b’ > 0. Together with , this proves that f is a quasi-isometric embedding.
Step 3: The Morse property and the limit cone. Combining with gives

o £ ) Flw)) = S F ) P b - 4

This implies £; C inta™ U {0}, and hence f is a Morse embedding.

Equivariance and f(o) = o imply that I',(0) = f(T'o) C f(Y), and hence £, C Ly.
For the reverse inclusion, let C be any closed convex cone such that £, ~\ {0} C intC and
C C inta® U {0}. Then u(T',) \ C is bounded. If z,y lie in a horoball yH;, the cusp
estimate and v; € £, show that u(f(z)~!f(y)) lies in a uniform neighborhood of C. If z
and y do not lie in a common horoball, then [z, y] meets Yi,. Let 2’ and 3’ be its first and
last intersection points with Y;y, in the orientation from x to y. Since f is Morse, coarse
additivity [22] Corollary 4.12| gives

u(f (@) () = p(f(2) 7 f @)+l f @) ) + p(f) 7 () +O(1).

The first and third terms each lie within a uniform distance of one of the rays R>qv;, all
of which lie in C. By cocompactness of I' on Yy, (3.6]), equivariance, and Lemma the
middle term lies within a uniform distance of u(I',) and hence of C.

Since C is convex, the sum lies in a uniform neighborhood of C. This implies £y C
C. As C can be chosen arbitrarily close to £,, we conclude that £; = L£,. Finally, the
boundary extension theorem [36, Theorem 1.4] gives a continuous extension of f whose
boundary restriction is a p-equivariant homeomorphism A(I') = A,. By uniqueness, this is
the boundary map of p. O

Conversely, an equivariant Morse embedding implies relative Anosovness by [35, Theo-
rem 8.3|. Thus, for Zariski dense representations of I', relative Anosovness is equivalent to
the existence of an equivariant Morse embedding.

3.5. Geometric estimates. For the remainder of this section, fix a Zariski dense, relatively
Anosov representation p : I' — G and a continuous p-equivariant Morse embedding f : Y —
X supplied by Proposition so that f(o) = o and Ly = L,. We also denote its boundary
extension A(I") = A, by f. Let A,(T'y) := f(Ap(I')). The Morse property and equivariance
give
L, C Ly Cintat U{0}.
We repeatedly use the following:

Lemma 3.9. For every ¢ € a* positive on L, ~ {0}, there exist a > 1 and b > 0 such that,
forallz,y €Y,

a”td(z,y) — b < o(u(f(x) " f(y) < ad(z,y) +b.
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Proof. Since Ly = L,, positivity of ¢ and compactness of the unit directions in L; give
¢ > 1 and C > 0 such that

cHp(f @) D = C < o(u(f(2) 7 F))) < cllulf (@)~ f)]
for all z,y € Y. Since ||u(f(z)" f())| = dx(f(x), f(y)), the assertion now follows from
the quasi-isometry bounds for f. O

Lemma 3.10 (Coarse additivity, [22, Corollary 4.12]). There exists Dy > 0 such that, for
alz,z€Y andy € [z, 2],

[(f ()" f(2) = n(f (@) () — p(F(y) " £(2)]) < Do

We distinguish the hyperbolic shadows O,(z,y) from shadows in the symmetric space
X = G/K. Following [47, Section 5|, for z,y € X and r > 0, define

Op(z,y) :={gkP e F:ke€ K, gk(intA")on Bx(y,r)#0},

where = go and Bx (y, ) is the open ball in X centered at y. This definition is independent
of the choice of g with go = z. Thus O,(z,y) consists of the flags whose Weyl chambers
based at = meet Bx(y,r). The shadows are G-equivariant: hO,(z,y) = O,(hz, hy) for
heG.

Lemma 3.11 (Busemann—Cartan comparison). There exists £ > 0 such that, for every
r>0,xz,y€ X, and & € Op(z,y),
(3.8) 1Be(,y) — (™ y)|| < wr
Moreover, for every r > 0, there exists C = C(r) > 0 such that, for all z,y € Y and
¢ € Op(z,y) NA(D),

1By (f (), f(y)) = u(f(2) " fy)] < C.

Proof. The first assertion is [47, Lemma 5.7|. For the second, the Morse property implies that
f([z,¢]) lies in a uniform neighborhood of the Weyl chamber based at f(z) with endpoint
f(©). If ¢ € Op(x,y), then [z,(] meets B(y,r). Since f is a quasi-isometric embedding,

there is a uniform ¢o > 1 such that f(¢) € Oy 41)(f(®), f(y)). Applying (3.8)) proves the
claim. 0

The two types of shadows are comparable after a uniform change of radius.

Lemma 3.12 (Comparison of shadows). There exists ¢ > 1 such that, for all z,y € Y and
r2c

F(Oc1p(2,y) NA)) € Op(f(2), f(y)) N Ay C f(Ocr(,y) NAT)).

Proof. The Morse argument in the proof of Lemma [3.11] gives the first inclusion for suf-
ficiently large c¢; compare [47, Proposition 5.14|. Suppose that f(¢) € O,(f(z), f(y)) for
¢ € A(T"). Let z be the nearest-point projection of y to [z,(]. Hyperbolicity implies that
z lies within a uniform distance of bot}ﬁy] and [y,¢]. Set u := p(f(x)"1f(z)) and

v:=u(f(2) " f(y)). By Lemmas and
p(f (@) f(y) = u+v+0().
By Lemma and the cocycle identity,
Bro)(f (@), F(y) = Byo)(f (@), F(2)) = By (f(y), f(2)) = u—iv+O(1).
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All error terms are uniform in z,y, . It follows from that ||[v+iv| < kr+O(1). Since
v,iv € aT, there is a constant ¢; > 0 such that [|v]| < ¢1|lv +iv] for all v € at. The
quasi-isometric embedding property of f therefore gives d(y, z) < ¢1(r+1), by increasing c;
if necessary. Increasing ¢ so that ¢ > 2¢; + 1, we obtain, for r > ¢, d(y,z) < c1(r+1) < cr.
Thus ¢ € O (x,y), proving the second inclusion. O

The proof of [47, Lemma 6.6] uses the Morse property and hyperbolicity of the domain,
and therefore applies to f.

Lemma 3.13. There ezists C > 0 such that, for any distinct (,n € AT), if z is the
nearest-point projection of o to [(,n], then

1

G(7(0).100) — 5 (1) +in(F ) | < €

The following estimate relates the Gromov product to the Cartan projection along pe-
ripheral orbits.

Lemma 3.14 ([43, Proposition 4.3]). Let p € Ay(T',), and set P := Stabr,(p). For every
compact subset Q C A, ~ {p}, there exists C = C(p,Q) > 0 such that
1
suv_[0(p.am) - 5ut0) | <

neQ, gepP 2

Finally, we record a local regularity estimate for the a-valued Busemann cocycle. Fix a
Riemannian distance dgjem on F.

Lemma 3.15 (Local regularity). For every r > 0, there ezists C = C(r) > 0 such that, for
allg €T’y and £,m € Or(go,0) N A,

‘|ﬁ§(€7g) - 577(679)” S CdRiem(gvn)'

Proof. Enlarging r if necessary, we may apply Lemma Therefore the estimates in [15]
Propositions 4.7, 5.3, and 5.11] imply the assertion outside a finite subset of I',. For each
fixed g, the map &£ — f¢(e, g) is smooth on the compact manifold F, and hence Lipschitz.
Enlarging C' includes the finitely many remaining elements. (|

The action of I', on A, is a convergence group action, being conjugate to the action of
I’ on A(T"). Together with Lemma this gives the following convergence properties of
ambient shadows.

Lemma 3.16 (Convergence of shadows). Every sequence of pairwise distinct g, € I', has a
subsequence and points £, 6 € A, with the following properties:

(1) gnn — &4 locally uniformly on A, ~ {&-}.

(2) For every r >0, if n, € Or(0,9n0) N A,, then n, — &4

(3) If rn, = 00 and 1, € Ay~ Op, (9n0,0), then n, — &4
The same assertions hold for g, ' with £, and &_ interchanged. In particular, for each fived
r >0,

diamgy,.. (Or(0,g0) NA,) =0 (g— 00 inT,).

Proof. Put g, := p~'(gn). After passing to a subsequence, g,o — (4 and g,'o — (_ in
Y UA(D). Set &4 := f(C+). The convergence action on OH? and equivariance of f give (1).
Let ¢ be the constant in Lemma For (2), enlarge r to at least ¢; the preimages of 7,
then lie in hyperbolic shadows of a fixed radius centered at g0, and hence tend to (. For
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(3), the first inclusion of that lemma gives f~*(n,) ¢ O, /.(gn0,0) for all large n. Thus the
rays from g,0 to f~!(n,) avoid balls about o whose radii tend to infinity, so f~*(n,) = ;.
Continuity of f proves (2) and (3). The same argument applies to the inverse sequence. The
diameter assertion follows from (2) by a subsequence argument. (|

3.6. Patterson—Sullivan and BMS measures. For ¢ € a*, a Borel probability measure
v on F is called (I',, v)-conformal if, for every v € Iy,
dry«v
dv
If v is supported on A,, we call it a (I, 1)-Patterson-Sullivan measure.
For 1 € a*, let 8, = ,4(I",) be the abscissa of convergence of Z%Fp e s ()

&) = e?(Be(e) for v-almost every & € F.

Theorem 3.17 ([14]). If 0y = 1, there exists a unique (I',,1))-Patterson-Sullivan measure
vy,. Moreover, vy, is I'y-ergodic and atomless.

Recall that ¢ is tangent to v, if ¥ > 1, and equality holds at some nonzero vector. In
the present setting, this is equivalent to d,, = 1; see [40), [14]. Moreover, v, is strictly concave
between non-collinear vectors in £, [66, 46]. The parametrization of tangent forms in [46,
Corollary 1.3], together with the preceding theorem, gives the following.

Corollary 3.18. For every u € int L, there exists a unique ¥, € a* tangent to 1, at u. Let
vy, be its Patterson—Sullivan measure from Theorem [3.17. The assignments u v by, + 1y,
give bijections among unit vectors in int L£,, tangent linear forms, and Patterson—Sullivan
measures on A,.

Using the Hopf coordinates, we set
AP = (A, x A)NFP Q=T ,\(A? x a) C X, :=T,\G/M.

Fix a Lebesgue measure Leby on a. For a tangent form ), the form 1 o1i is also tangent,
since v, is invariant under i. The measure

(3.9) dmy(¢,n,v) = e2¥(G(Cm) dvy (€) dvyei(n) d Lebg(v)

is I'p-invariant and induces an A-invariant Radon measure my, on X, supported on 2,. We
call my, the Bowen-Margulis—Sullivan measure associated with ).

3.7. The base flow and reparametrization. Let 1) € a* be tangent to 1), and positive
on Ly~ {0}. Then ¢, = 1, and ¢ is proper on u(I',) by [14, Theorem 10.1]. Consider the
action of I'), on §¢ = A,(JQ) x R given by

9(&,m,8) = (g€, gn,s + ¥(Be(g ™ €))).

This action is properly discontinuous, and hence the quotient
Qy = Tp\Qy

is locally compact and Hausdorff [45]. Translation in the R-coordinate defines a flow on
1y, which we also denote by a;. Let my, be the translation-invariant Radon measure on 2
induced by

ding(&,m,8) = 2P 9EM) du,y () dvyei () ds.

Theorem 3.19 (Finiteness and mixing [42,[6]). The measure my, is finite and nonzero, and
the translation flow on (Qy, my) is strongly mizing. In particular, it is ergodic.
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Until the end of Part |§|7 we replace m, and my simultaneously by
(3.10) mq/,(Qd,)ilmQJ, and m,z,(Qd,)ilmd,,

respectively, retaining the same notation. The probability measure my is the unique in-
variant probability measure of maximal entropy [42]. The projection (§,n,v) — (&§,n,%(v))
is T'p-equivariant and induces a trivial ker¢-bundle 7y : Q, — Qy; see [45], Section 10].
Let Lebyery be the unique Lebesgue measure on ker ) such that, for one (and hence every)
vector u € a satisfying ¢(u) = 1, the map R x kery) — a, (s,v) — su+wv, sends ds d Lebyer
to d Leby. Under a trivialization respecting translations by ker ), we have

(3.11) My, = Ty & Lebkew .

When ¢ = 1, we also write mEMS = my,,, subject to the temporary normalization in

(3.10). We use the same notation for the lift to I',)\G obtained using Haar probability
measure on M.

The following is the hyperbolic-plane analogue of the reparametrization construction in
[42, Section 6]. We give a direct proof using the continuous Morse embedding f.

Theorem 3.20 (Reparametrization). There ezist a p-equivariant homeomorphism ® : Qr —
Qy and a continuous cocycle t : Qr x R — R such that, for every v € Qr and s € R,

(@), 2(v)7) = (f(v7), f(v7)),  P(vas) = P(v)ay,)-

For every v € Q[‘, the map s — t(v,s) is an increasing homeomorphism of R fixing the
origin. Moreover, there exists ¢ > 1 such that

s — e < Jt(v, s)| < ¢fs| + ¢ (veQr, seR).

Proof. For v € Qp, let m(v) € Y be its basepoint and set g(v) := V(B (o, f(m(v)))). By
Lemma [3.11] the quasi-isometry property of f, and positivity of ¢ on L \ {0}, there exist
a,A >0 and B > 0 such that

as — B < q(vas) — q(v) < As+ B (s >0),

uniformly in v. Following the averaging argument in [9), proof of Lemma 4.3], choose T' > B/a
and set Q(v) := T~ ! fOT q(va,)dr. Then

iQ(vas) = a(vasir) — glvas) €la—B/T,A+ B/T].
ds T

Define ®(v) := (f(v), f(v7),Q(v)) and t(v, s) := Q(vas) —Q(v). For v € T, the Busemann
cocycle identity gives g(yv) — q(v) = w(ﬁf(vﬂ(p(’y)_l, e)). This difference is constant along
the flow orbit of v, so the same identity holds with @ in place of ¢. Hence ® is p-equivariant.
The flow relation and cocycle identity follow from the definitions. Since a — B/T > 0, the
derivative bounds show that () maps each such orbit increasingly and bijectively onto R.
Hence @ is bijective. Continuity of () and the uniform positive lower bound on its derivative
along flow orbits give continuity of the inverse in Hopf coordinates. The same derivative
bounds give the asserted properties of t. O

The construction of Theorem uses only positivity of the linear form on L7~ {0}, not
its tangency to the growth indicator. We will also use it for such forms.
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4. GENERAL LOCAL MIXING THEOREMS AND EXAMPLES

We prove the local mixing theorems of the introduction under the following more general
hypotheses.

Theorem 4.1 (Local mixing for relatively Anosov representations). Let p : I' — G be a
Zariski dense relatively Anosov representation satisfying the peripheral root-balance condition
defined below. Then the conclusions of Theorems (md hold for every uw € int L,. The
orbital counting conclusion of Corollary[1.3 also holds.

Definition 4.2 (Peripheral root-balance condition). A relatively Anosov representation
p : I' = G satisfies the peripheral root-balance condition if, for every parabolic v € T,

(41) Jim inf Miteen a(u(p(0)™) _ 1

n—oo maxaer a(p(p(y)")) 2

By relative Anosovness, the denominator is eventually positive.

We describe three classes to which the theorem applies. We first establish a Cartan-growth
estimate.

Let vy, € inta™ be the unique vector satisfying

(4.2) a(vpr) =2 (o €1I).

We call Rs vy, the principal direction. Since i permutes the simple roots, i(vpy) = vpy.

Lemma 4.3 (Principal Cartan direction). Let g € G be weakly unipotent. If g, is alge-
braically regular, then vy = vpe. In particular,

p(g") = (log[n[)vpr + Oy(1)  (|n] = o0).

Proof. Let u := g,. Since u is regular, Lemma provides an sly-triple (E, H, F') with
E = logu and, after conjugation, H = v, € inta™. The identity [H, E] = 2E then implies
that £ € n. Since u is algebraically regular, G is quasi-split, so P¢ is a Borel subgroup
of G¢. Choose a maximal torus of Pg containing Ac. Algebraic regularity implies that F
has a nonzero component in every absolute simple-root space of the nilpotent radical; see
[73]. Projecting [H, E] = 2E to these root spaces gives a(H) = 2 for every absolute simple
root a. Since every restricted simple root is the restriction of such an absolute simple root,
a(H) = 2 for every o € II. Thus H = vy, O

4.1. Positive representations. In this subsection, assume that G is split over R. We
recall the notion of positivity on F = G/P.

For each a € II, choose a nonzero vector X, € go and set z,(t) := exp(tX,) for t € R.
These choices determine the positivity structure used below. Let s, denote the corresponding
simple reflection. For a reduced expression wo = sq, - S, > set

Nyg := {a:ail (t1)- Ty, (tg) 1 t1,... tg > O}.

This is Lusztig’s totally positive semigroup; it is independent of the reduced expression [50].
A quadruple (Fy, Fy, F3, Fy) of flags is called positive if there exist h € G and u,v € N~
such that
(hFl, hFQ, th, hF4) = (P, woP, uwoP, UUZU()P).

This agrees with the usual definition of a positive quadruple; see [32, Definition 2.13 and
Proposition 2.17].
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Definition 4.4. A representation p : I' — G is called positive if there exists a p-equivariant
map &, : Ap(I') = F sending every cyclically ordered quadruple of pairwise distinct points
to a positive quadruple of flags.

Theorem 4.5. Every type-preserving positive representation p : I' — G is relatively Anosov.
Moreover, for every parabolic vy € T, the unipotent part p(7y), is algebraically regular. In
particular, p satisfies the peripheral root-balance condition.

Proof. Relative Anosovness follows from [28, Theorem 6.17|; see also [12, Theorems 1.4
and 9.2| for G = SLy(R).

Every simple reflection occurs in a reduced expression for wyq, so every simple-root coordi-
nate of an element of N~ is a nonempty sum of positive parameters. Thus every element of
N~ has a nonzero component in every simple root group of N/[N, N| and is algebraically
regular by [73, Lemma 3.2 and Theorem 3.3|.

Let v € I" be parabolic with fixed point p € A,(I"), and choose x € A, (I") \{p}. Algebraic
regularity of the unipotent part is preserved under inversion, so we may replace v by y~!
and assume that (p,y 1z, z,vx) is cyclically ordered. Set g := p(7), F1 := &y(p), and Fy :=
&p(z). Positivity and equivariance imply that (Fy, g~' F, Fo, gFb) is a positive quadruple.

By the definition of a positive quadruple, after conjugation we may assume that F} = P,
Fy = woP, g 'woP = v~ woP and gwyP = uwoP for some u,v € N~g. Since gP = P and
u"tg(woP) = woP, we obtain u"'g € PN P = MA, so g = ul for some ¢ € MA. Since
g is weakly unipotent, ¢ has trivial hyperbolic part. As G is split, every element of M A is
semisimple, and its elliptic elements belong to M. Thus £ =m € M.

Since m fixes wo P, we deduce (m~tum)~lwoP = v~'wyP. The action of N on NwgP is
free, so m~lum = v. In N/[N, N], every simple-root coordinate of both u and v is positive.
Conjugation by m € M acts on each one-dimensional simple root space by a sign; hence all
these signs are positive. Thus Ad m is the identity on every simple root space. Since m € K,
it is also the identity on the opposite simple root spaces. These root spaces generate g, so
m belongs to the center Z(G). By uniqueness of the real Jordan decomposition, g, = u
and g = m. Since u € Nxg, the element g, is algebraically regular. By Lemma the
peripheral root-balance ratio therefore converges to 1. O

4.2. Split simple groups of low rank. For split simple groups of rank at most three,
relative Borel Anosovness alone implies peripheral root balance.

Proposition 4.6. Suppose that G is split and simple with rankr G < 3. Let p: I' — G be
relatively Anosov. Then, for every parabolic v € T', there exists ¢, € {1, %} such that

w(p()") = cy(log[n|)vp: + O4(1)  (|n] = o).
The value cy = % can occur only when G has type As. In particular, p satisfies the peripheral
root-balance condition.

Proof. Fix a parabolic v € I" and set g := p(y). By relative Borel Anosovness, g is weakly
unipotent. Let vy, € a® be a vector conjugate to the semisimple element of an sly-triple
containing log g,. Conjugate the triple so that its semisimple element is H = v,. By
Lemma p(g™) = (log|n|)vg + O4(1). Since a(u(g™)) — +oo for every o € II, we have
vg € intat.

We determine the possibilities for H. For the classical types, consider the standard module
of the complexified Lie algebra. A Jordan block of size d of log g, contributes the eigenvalues
d—1,d—3,...,1—dof H.
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In type A,, with r < 3, the condition H € int a™ requires these eigenvalues to be distinct.
Among partitions of r + 1 < 4, this leaves only the single-block partition, together with
(2,1) when r = 2. A single block gives a(H) = 2 for every a € II. For (2,1), the eigenvalues
are 1,0,—1, so both simple roots take the value 1. Thus H = vy, or, in the latter case,
H = %vpr.

In types B, and C,, with r = 2 or 3, interiority forces the eigenvalues of H on the standard
module to be distinct. In type B,, blocks of even size are excluded because they occur with
even multiplicity, while two odd blocks would both contribute the eigenvalue 0. In type C,,
odd blocks are excluded because interiority also rules out the eigenvalue 0, while two even
blocks would both contribute 1 and —1. Thus there is a single Jordan block, of size 2r + 1
or 2r, respectively, and H = vp,.

The remaining type is G2. Its only nilpotent weighted Dynkin diagram with all labels
positive is (2,2); see [20, Table 2]. Since these labels are the values a(H), we obtain
H = vy, ]

4.3. Self-joinings of rank-one representations. For representations p = (p1,...,pk)
into products of real-rank-one groups with discrete projections, type preservation is equiva-
lent to type preservation of each projection. Indeed, if p is type-preserving, each p; preserves
loxodromic elements and hence is faithful, since every nontrivial normal subgroup of I" con-
tains a loxodromic element. For parabolic v, the element p;(y) has trivial hyperbolic part;
faithfulness and discreteness exclude ellipticity, so it is parabolic. The converse follows from
the componentwise Jordan decomposition.

Proposition 4.7. Let G = Hle Gy, where each G; has real rank one, and let p : I' —
G be a Zariski dense type-preserving representation whose projections p; : I' — G; have
geometrically finite images. For every parabolic v € T', conjugate the unipotent parts u; :=
pi(Y)u tnto N; := N N G;. Suppose that u; € [N;, N;] either for every i or for no i. Then p
1s relatively Anosov and satisfies the peripheral root-balance condition. More precisely,

1(p(7)") = ey(log|nf)vpr + O4(1)  (In| = o0),
where ¢y = % if ui € [N;, N;| for every i, and ¢y, = 1 otherwise.

Proof. Since p;(T’) is geometrically finite, the generalization of Tukia’s isomorphism theorem
in |19, Theorems 1.4(i) and 1.5] therefore gives a p;-equivariant boundary homeomorphism
& A(T) — A(pi(T)). The product map (&1, ..., &) satisfies the boundary-map criterion of
[12, Corollary B.8|, and hence p is relatively Anosov.

Fix a parabolic v € T" and set g := p(y). By Lemma choose an sly-triple (E, H, F)
with F = log g,,. Since every simple root diverges along 11(¢g™), the Cartan asymptotic in that
lemma gives vy € inta™. Conjugate the triple so that H = vy. The identity [H, E] = 2E
then implies that E € n. Write E = (E;) and H = (H;).

Each nontrivial u; lies in a unique minimal real parabolic subgroup of G;. Consequently,
any two conjugations placing u; in N; differ by an element of P; := P N G;, which normal-
izes [N;, N;]. The assumed membership condition therefore still holds after the preceding
conjugation of the triple.

Let o be the simple restricted root of G;. For n; := Lie(NN;), we have [n;, ;] = g; 24, and
n; /[0, 0] =~ @i, Wwhere g;oq, 1= {0} if 2¢y is not a root. If u; ¢ [N;, N;] for every i, the
image E; of E; in this quotient is nonzero. Projecting [H;, F;] = 2E; to the quotient gives
oi(H;)E; = 2E;. Thus «o;(H;) = 2 for every i, so H = vp,.
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If u; € [N;, N;] for every i, then E; € g;2q, ~ {0}. Hence 20;(H;)E; = [H;, E;] = 2E;,
so a;(H;) =1 for every i and H = %Upr. The claimed asymptotic follows from Lemma
In either case, all simple roots take the same positive value on H, so the root-balance ratio
converges to 1. O

For G; = SO(n;, 1)°, with n; > 2, the groups N; are abelian. The peripheral condition is
then automatic, and ¢, = 1 for every parabolic ~.

Part 1. Cusp geometry and Markov coding

For the rest of the paper, let p : ' — G be a Zariski dense relatively Anosov representation
satisfying the peripheral root-balance condition of Definition

We first remove compact normal factors. Let G. be the maximal connected compact
normal subgroup of G, and let ¢ : G — G /G, be the quotient map. Since G. C M = KNP,
the spaces G/P, G/K, and G/M identify with the corresponding spaces for G/G.. The
Cartan and Jordan projections, restricted roots, and growth indicator are unchanged. Thus
q o p is Zariski dense and relatively Anosov, and satisfies the same peripheral root-balance
condition. It therefore suffices to prove the results for G/G.. For the remainder of the proof,
we work in this quotient and retain the notation G and p; in particular, G has no compact
factors.

Fix a continuous p-equivariant Morse embedding f : ¥ — X constructed in Proposi-
tion so that f(0) =0 and Ly = L,. We also denote its boundary extension A(I') — A,
by f. Set Ac(I'y) := f(Ac()) and Ap(I',) := f(Ap(I')). Choose representatives o, ..., & of
the I'-orbits in Ap(T"). Let 22, H;, 0 <4 < £ and Y;y, be as in the proof of Proposition
Let

pi=f(&), Pi:=p), T = Stabr(&).
After conjugating I' in PSLy(R) and T, in G, we assume

=00, f(oo)=po=P, 0e€Al), f(0)=wyP.

Choose compact intervals 352. C OH? (0 < i < /), each a fundamental set for the action
of I'¢, on OH? \ {&;}, with endpoints in Ap(I"), such that

0
(4.3) {Go<i<OnJAy =0, AgnAg =0 (i#)).
i=0
We consider the following compact fundamental domain for the P;-action on A, ~ {p;}:
A; = f(Ae NAT)) C A, ~ {pi},

Set 0A; := f(@ﬁgz) and int A; ;= A; N 9A;. Set

l
A=A
=0

5. THE VISUAL PREMETRIC AND ITS BLOW-UP
Throughout this section and Section [} fix a linear form x € a* satisfying
(5.1) xoi=yx, x>0 on L, {0}.

In this section we introduce the visual premetric d, on A,, compare it with the spherical
metric on OH?, and study its blow-up at the parabolic limit point py.
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Definition 5.1. For (£,7) € F®), set
dy (&, m) := e X(9EM),

Since G(n, &) =1G(&,n), the identity x oi = x makes d,, symmetric. The cocycle identity
gives, for every (¢£,n) € F® and g € G,
(52 4y (g6 g1) = dy (&, m)e P eten it

5.1. Restriction to the limit set. By Lemmas and d, extends continuously to
A, x A, by setting dy (§,€) = 0. Thus d, is a continuous premetricﬁ
it induces the usual topology on A,,.

on A,. By compactness,

Lemma 5.2. The diameter of (A,,dy) is finite.

Proof. Let £,n € A(T") be distinct, and let z be a nearest point projection of o to the geodesic

(€.n] € H2. By Lemma B18, x(G(£(€). F) ~ x(u(f(2)). Since £; = £, (1) and the
definition of £; imply that x(u(f(z))) is bounded below uniformly in z € Y. This proves

the assertion. ([l
5.2. Shadows and d,-balls. For r >0 and £ € A, set

By(&r) = {n e Ap:dy(&m) <r}.
For £ € Ay, let Z¢ : [0,00) — Y be the unit-speed geodesic ray from o to f~!(¢), and put
2¢(t) == f(Z¢(t)). Thus z¢ is a uniformly regular quasigeodesic ray in X with flag endpoint &,
with constants independent of £. Applying [43, Proposition 4.12 and (8.3)] to the hyperbolic
rays z¢ and then using Lemma we obtain the following comparison between ambient
shadows and d,-balls.

Proposition 5.3. The following hold.

(1) For every sufficiently large r > 0, there exists ¢ > 1 such that, for every £ € A, and
t>0,

By (&, te X)) € O, (0, 2(t)) N A, C By (&, ce X#ztD)),

(2) For every ¢ > 0 and every sufficiently large r > 0, depending on c, there exists
to = to(c, ) > 0 such that, for every & € A,, t >0, and s >t + 1o,

0,(0,2(3)) N A, C By (&, ce X)) © O, (0, 2¢(t)) N A

Remark 5.4. Without the symmetry assumption on Y, the radial scale in this proposition
must be replaced by e~ 2 xtxed(u(ze ()

5.3. Blow-up of d,. Set Pg = Stabr,(po). Let
Upg = {€ € F: (€,p0) € FP}
be the open Bruhat cell transverse to pg.

Definition 5.5. For &,1 € Uy, with (&,7) € F?), define D, := D, ,, by

. D —d X(G(€.20)) X (G(np0)) _ dy (§:m)
. e = e meErEe (€, o) (1, o)

and set D, (§,£) = 0 for £ € Uy,.

ZWe call a symmetric nonnegative function on S x S a premetric if it vanishes precisely on the diagonal.
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Remark 5.6. For G = SO(n,1)°, use the upper half-space model of H" with curvature —1,
basepoint 0 = (0,1), and pg = co. Let H € a* satisfy exp(tH)o = (0,€'). For &, € R*™ 1
we have

(H)
1€ —nll * 2\—x(H)/2
d = d o00) = (1+ X .

Consequently, D, is a positive power of the Euclidean metric: D, (§,n) = || — n||XH),

The cocycle identity (3.3) and Lemma , together with x = x o1, give the following
transformation properties. The uniform comparison follows by continuity and compactness.

Lemma 5.7 (Transformation of D, ). Let g € G. For pairwise transverse &,1,9 *po € F,
we have
D, (g€, gn) = dy (&, 1)eX(9(&07120)) x(G(1:97p0)) X(Bry (€:9))

If p:= g 'py € A, then for every compact Q@ C A, ~ {p,po}, there exists C = C(Q,g) > 1
such that
C'Dy(&m) < Dy(g€,gn) <CDy(&m)  (£n€Q).

Moreover, Dy is Po-invariant:

(5.4) Dy (g€, 9n) = Dy(&n) (9 € Po, §&,m € Ay~ {po}).

5.4. Metric properties of D,. By (5.3), the restriction of D, to A,~ {po} is a continuous
premetric inducing the usual topology. On every compact, pairwise transverse subset of U4,,
the premetrics d, and D, are bi-Lipschitz equivalent. We also observe:

Lemma 5.8 (Comparison of the visual and blown-up premetrics). For every §o € A,~{po},
there exists ¢ = c(§o) > 1 such that, for every & € Ay~ {po},
-1

¢ 2. ¢
1 +DX(‘$7§0)2 = dX(g’pO) = 1 +DX(§>§0)2.

dy (€,60)2 . Lo
Proof. By (B:3), (1+ Dx(& €0)%)dy(€,p0)* = dy(€,po)? + 556205, The right-hand side is
continuous and strictly positive on the compact set A, since pg # &o. It is therefore bounded
above and away from zero, which proves the claim. ]

Via f, we regard the Euclidean metric dgy. on R = 9H? \ {oo} as a metric on A, \ {po}.
The following shows that D, and dgyc are quasisymmetrically equivalent on A, ~ {po}.

Lemma 5.9. There exist a,C > 1 such that, for all distinct &,m1,m2 € Ay~ {po},

D a 1/a
X(ganl) S C max <dEuc(§anl)> : (dEuc(§7n1)> )
DX(&:”Q) dEuc(ﬁa”Q) dEuC(SaUQ)
Proof. Let o : [0,00) — hull A(T") be a geodesic ray ending at co. For i = 1,2, let u; be a
nearest point projection of o(t) to [£, n;], where t is sufficiently large. The equivariant forms

of Lemmas and give
log Dy (&,m:) & —x (u(f(o(£) ™1 f () + X(Bpo (0, F(5(1))))
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with an additive error independent of £, 7;,t. Choose v; € [o(t),&] at uniformly bounded
distance from w;. By coarse additivity,

DX(f? 7’1)
DX(ga 772)

where € € {£1} is determined by the order of vi,v2 on [o(t),£]. The corresponding calcu-
lation in H? gives, with the same sign,

diuc(&,m1) -~
dEuC(faU?) - Ed(UhUQ)‘

Set u := log% and v := log g’;ggg;; By Lemma and 7, there exist
uniform constants @ > 1 and ¢ > 0 such that v < au+cifu >0, and v < a tu+cif u < 0.
Indeed, these bounds follow by considering the two possible orders of vy, vs; if eu < 0,
makes d(v1,v2) uniformly bounded, and enlarging ¢ covers this case. Exponentiating gives
the claim with C' = e°. O

(5.9) log ~ex(p(f(v) 7 f(v2))) s

(5.6) log

Corollary 5.10 (Quasi-triangle inequality). There exists No > 1 such that, for all £,n,( €
AP ~ {pO}’

Dy (€.€) < No(Dy(&m) + Dy (1, ).
Proof. The assertion is immediate if two points coincide. Otherwise, note dgyuc(§,() <
2max{dguc(&,m), dguc(n, () }. Apply Lemma at £ or (, according to which term realizes

the maximum. Using symmetry of D,, we obtain D, (§, () < 2*C max{D, (&, 1), Dy(n,{)}.
Thus we may take Ng = 2°C. U

6. CUSP HEIGHT AND GEOMETRIC ESTIMATES

We define cusp heights, compare them to Cartan projections, and prove the separation
and inversion estimates used in the coding.

6.1. Height. Each Pg-orbit © in A(I',) \ {po} meets Aq in one or two points; fix a repre-
sentative po € O N Ay. Choose 7o € I', such that ’yglpg € {po,...,pe}

Definition 6.1. The height function h = hr, py.nq : Ap(Tp)~{po} — R0 is the Pg-invariant
function defined by

h(p) := e XPro(e19)  \where O = Pyp.
In particular, if p € int Ag and v~ *p € {po,...,p¢}, then po = p, so that
h(p) = e XBe(e),

Lemma 6.2. The definition of h is independent of the choice of vo. Different choices of
the representatives po € O N Ag change h by a uniformly bounded multiplicative factor.

Proof. Two choices of vp differ by right multiplication by an element fixing 75 Lo, Inde-
pendence follows from the cocycle identity and Lemma [3.3] By proper discontinuity, only
finitely many u € Pg satisfy ulg N Ay # (. The cocycle identity and compactness of Ag
therefore give the uniform multiplicative bound under changes of po. O

If v~ 'p € {po,...,pe} and 3p = py, then
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Lemma 6.3 (Height comparison on compact sets). For every compact set @ C A, ~\ {po},
h(p) =0 e~ X(Bp(er))

whenever p € QN AL(T,) and v € T, satisfy v 'p € {po,...,pe}. In particular, the compar-
ison is uniform for p € A.

Proof. Choose v € Py with 4p = po € Ag. Proper discontinuity implies that the set
{u € Py :uQ NAg # 0} is finite. By (6.1)) and the cocycle identity,

—1log h(p) = x(Bp(e, 7)) + x(Bp(7 ", €)) = x(Bp(e,7)) + Og(1).

This proves the assertion. ]
6.2. Top representatives. For p € I'yp; N A, choose an element v, € I', such that
(6.2) D = VpDi and 'yp_lpi € A;.

We call v, a top representative of p and set z; := v, Lp;. There are at most two choices,
differing, when distinct, by right multiplication by a generator of P;. We write 7 := p~1(v) €
I for v € T'.

Lemma 6.4. There exists r > 0 such that, for every p € Ay(I'y) N A,
p € Op(0,7p0), xp € OT(O,fyp_lo).

Proof. Suppose that the first claim does not hold. By Lemma there exist 7 and a
sequence f~1(pp) = A, & such that f~1(p,) & On(0,7p,0) for all n > 1. This implies that
/y\p_nlo — &. Since f~1(py,) ranges over a compact set disjoint from &;, the point o lies within a
uniform distance of the geodesic [f~!(p,), &]. Applying /v\p_nl, we find that %‘nlo lies within a
uniform distance of [;, y,], where y,, = Yom ¢, which also ranges over a fixed compact subset
of A(T') ~{&}. Thus &; is a conical limit point, contradicting the fact that &; is parabolic.
The second claim can be shown similarly. O

Lemma 6.5. For every p € Ap(I')) N A,
h(p) =< e X0w),

Proof. By Lemmas , and h(p) = e~ XBplem)) = e=x(1(1)), O

6.3. Height functions based at the other cusps. Set gy = e and for 1 < i < £, choose
gi € K such that g;p; = po.
Define the height function h; on g;(Ap(I'y) ~ {pi}) by
hi(gip) 7= hy,p g1 po.gin, (9iP)-
Equivalently, for each P;-orbit © in A,(T'y) ~ {pi}, fix pg) e ONA;. If 751pg) €
{po,-..,pe}, then
log hi(gip) = —x(B, o (e, 9709, 7)), pE€D.
Lemma 6.6. There exists C > 1 such that, for every 0 <i < ¢ andp € Ap(T'p) N A,
hi(gip) _

-1
C=Thp) S
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Proof. Choose v € T, with v~ 'p € {po, ..., ps}, and choose ; € P; with J;p = pg)i, where
9; = P;p. The cocycle identity gives
~—1 -1

B (€1 9:779, 1) = Bple,7) + By-1ple, 0,) + Bp(3; 977" €)-

For each 4, proper discontinuity implies that {6 € P; : JA N A; # (0} is finite. Hence the
elements 7; range over a fixed finite set. Since both g; and 4; range over finite sets, the last
two terms in the displayed identity are bounded. Applying the same argument for ¢ = 0,
with Fop = pg:))p, and comparing with , gives |log h;(g;p) — log h(p)| = O(1) uniformly
in p and 1. g

6.4. Separation. The height function gives a uniform lower bound separating distinct par-
abolic limit points.

Proposition 6.7. There exists 0 < Cs < 1 such that for all distinct p,p’ € Ap(Tp) ~ {po},

Dy (p,p') > CsA/R(p)h(p').

Proof. We first prove that there exists C' > 0 such that

(6.3) dy(p,p) > OV e xBole) By (")

whenever p # p' € Ap(T)) and v~ p = py, (/)1 = p; for some 0 < j, k < L.

Choose an oriented geodesic ¢ in H? from f~1(p') to f~!(p), with o(0) at its exit from
the horoball based at f~!(p’) in the family J#. Since I'\Y;, is compact, o(0) lies within a
uniform distance of I'o. Replacing v and + within vP;, and 7'P;, we may arrange that Jo

and :y\’ o lie within a uniform distance of the entrance into the horoball based at f~!(p) and
the exit from the horoball based at f~!(p’), respectively. These replacements do not change
the Busemann terms by Lemma |3.3

Choose g € G with gt = p and g~ = p/, and set ¢ := x(B,(g,7)) and t’' := x(By(g,7))-
Since y o1 =y, the cocycle identity gives

(6.4) 2x(G(p,p)) +t +1' = x(Bp(e,7) + By (e,7)).

Thus (6.3]) is equivalent to a uniform lower bound for ¢ + ¢'.

Choose h € T such that ho(0) lies in a fixed bounded neighborhood of o. Replacing o by
ho and simultaneously left translating p, p’, g,v,7" by p(h) preserves ¢ and ' by equivariance.
We may therefore assume that o(0) lies in that neighborhood of 0. By Lemma [3.13| G(p, p’)
is then uniformly bounded. The choices of 7,+" and Lemma give a uniform r > 0 such
that

p € O,(0,70), p € O,(0,70).
By Lemma and ,
(6.5) t+t" = x(u(y) + x(p()) +O(1).

Since x(u(6)) is uniformly bounded below for § € Ty, this proves (6.3)).
Now let p,p’ # po and choose 7,7 € Py with Yp = pp and 7'p’ = poyr. Lemma and

(6 give

(6.6) 2X(G(pp0)) =x(Bp(e7)) = 2x(G(Po:Po)) (1),

and similarly for p’. Multiplying (6.3)) by eX(G(Pp0)+x(G('.p0)) therefore yields
Dy (p,p') > CeX(9(Pop0))tx(G(porpo)) | /1 (p) (D).
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Since po, por € Ag and A is compact and disjoint from pg, the exponential factor has a
uniform positive lower bound. This proves the proposition. ]

6.5. Ball flipping. The first estimate below shows that y~! maps a punctured D,-ball of

radius r around p = ypg into the complement of a ball around v~ 'pg of radius comparable
to h(p)/r. The second gives the corresponding two-point estimate.

Lemma 6.8. Let v € I'y \ Py and set p := ypo. For all x,y € A, ~ {po,p},

h(p) h(p) Dy (2, y)
DX(xap)’ l))((xvp)l)x(yap)7
with constants independent of v, x,y.

Proof. Choose ¥ € Py such that p = pop € Ag. Lemma (3.3), and (6.1) give
e2X(9(P.p0))=x(Bp(e:7)) = £2x(9(Po:r0)) b (p) =< h(p), uniformly, since Ag is compact and py ¢ Ag.
Both estimates now follow from Lemma and ([5.3)). O

Dy(y v o) =< Dy(vta,y7ly) <

7. LOCAL BEHAVIOR OF PATTERSON—SULLIVAN MEASURES

For the rest of the paper, fix ¢ € a* tangent to v,, and set

_ . = + ¢~
P =)ol w::d};/} .
Since 1), is i-invariant, the form ¢~ is also tangent and
(7.1) >0 onL,~{0}  (pe{v,y .9}

Since Y oi=1), we use the geometric constructions and notation of Sections [5| and |§| with
X = ¢. Let v := vy be the unique (I',, v)-Patterson-Sullivan probability measure on A;
thus 6,(I'y) = 1. For r > 0 and £ € A, ~ {po}, write

By(& ) ={ne A, ~{po}: Dy(&n) <r}.

We use the same notation for balls relative to conjugate limit sets, retaining the ambient
premetric Dy. For H < T'p, let 6,,(H) be the abscissa of convergence of EveH e sY(u(),

Theorem 7.1 ([14, Theorem 1.1 and Corollary 7.2]). We have >, p e ?M) = 0o and
0y (P;) <1 for every 0 < < 2.
Lemma 7.2. There exists C > 0 such that, for all distinct §,n € A,,

(¥ — ) (G(&,m)| < C.

Proof. Let z be the nearest-point projection of o to the geodesic joining ftl (¢) and f~1(n).

By Lemma [3.13] G(&,7) = $(u(f(2)) +iu(f(2))) + O(1). The form 1) — v vanishes on the
first term, since (¢ — 1)) oi = —(¢p — ). O

7.1. Change of measure.

Lemma 7.3. Fiz& € A,~{po} and D > 0. Uniformly for v € Py, Borel sets ' C A,~{po}
with v(F) > 0 and D -diameter at most D, and § € F, we have

_ 1+ Dy(v '€, &)

(7.2) V(F) = T Dy (1P,
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Proof. For v € Py, Lemma gives By, (e,v) = 0, so (3.3) yields
577(6’7) = 2g(773p0) - QQ(V_IU,}?O)-

By Lemma applying 1 or 9 to this difference changes its value by a uniformly bounded
amount. Conformality and Lemma therefore give

dg(y ', po)? p v/ 1+ Dy(n, &)
F d&(n»pO)Q F 1+ D'zz;(’yil’r/? 60)2

o7 F) = [ e o) = v ().

By Po-invariance of D, both F' and v~ 1F have diameter at most D. Thus Corollary [5.10
shows that the last integrand is uniformly comparable to its value at £. Integrating and
rearranging proves ([7.2]). O

Lemma 7.4. Fizc > 1. Uniformly for allp € ANAL(T,), where vy, is the top representative
from (6.2)), and Borel sets F' C By(p, ch(p)), we have

V(F) =, e—w(u(vp)),,(vp—lp)‘

Proof. We claim that there exists R = R(c) > 0 such that B(p,ch(p)) C Or(o,y0) for
every p = yppo € A. Otherwise, choose p, = yp,p0 € A and z, € By(pn,ch(pn)) \
On(0,7p,0). By Lemma Ty, # pn for all sufficiently large n. Set y, := v, Lz, and
2 = 7;;_,3100 =z, € Ag. Then Lemma gives Dq/‘,(yn, zp) >¢ 1. Since z, ¢ Op(0,7p,0),
we have d(o,7v,,0) > n, and hence 7, — oo. By Lemma (3), after passing to a
subsequence, ¥, — ¢ € A,. By Lemma and Lemma m@), zn — C as well. Since
Ay is compact and disjoint from pp, we have ¢ # po. Continuity of D therefore gives
Dy(Yn, zn) — 0, a contradiction.

Now let p = v,p; € A for an arbitrary . For fixed c, and Lemma imply that,
when h(p) is sufficiently small, the ball B (p, ch(p)) lies in a fixed compact neighborhood of
A disjoint from all the points po, ..., p,. Hence Lemmas and give a uniform C > 1
such that

9By (p, ch(p)) C By(gip, Cchi(gip))-

Apply the preceding argument in I'; = g;I',g, ! The element 9iVp9; 1 sends py to gip, and
its inverse sends pg into g;A;. Thus the ball on the right is contained in Og(o, (gmpg;l)o)
for some R = R(c), uniform over the finitely many cusp types. Since g; € K, pulling back
by gi gives B(p, ch(p)) € Or(0,7p0).

By Lemma and , only finitely many top representatives 7, occur when h(p) is
bounded below by a fixed positive constant. Increasing R therefore handles the remaining
points p and proves the claim for every cusp type.

The claim and Lemma give B¢(e,vp) = () + Oc(1) uniformly for £ € By (p, ch(p)).
The result follows from conformality: v(y,'F) = [ e?Be(emw)) du(¢). O
7.2. Cusp depth and global shadows. A horoball in J# has type i if it is a I-translate
of H;; a parabolic point p € A,(T',) has type ¢ if p € T'pp;.

For a primitive generator u; of P;, put v; := v,,. By Lemma i(v;) =v; and v; € inta™.
Set

TE('UZ) > 0.

N =

R 1= %w(vz) =
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For each ¢ € {1,7}, the same lemma gives p(u(ul)) = 2k;log|n| + O(1) as |n| — oo.
Since P; = (u;), the Poincaré series » p. e—5?((") has the same abscissa of convergence
as y ;51 n~2%%_ Consequently,

1
8 == 0y(P;) = 65(Pi) = =— < 1,
w(Ps) 5 (Pi) 2% <
where the last inequality follows from Theorem [7.1]
The cusp calculation (3.5)) gives

(7.3) e(u(f (@) f(y) = wid(z, y) + O(1)
for ¢ € {1, } whenever z,y € Y lie in the same horoball of type i, with uniform error.

Lemma 7.5 (Comparison with cusp depth). For ¢ € {1,9} and every horoball H € 5 of
type 1,

inf p(u(g~"f(@)) = md(z,0H) + O(1)  (z €Y NH).

g&lp

For x € Yy, the same infimum is O(1). All errors are uniform in x and H.

Proof. On Yy, the assertion follows from cocompactness and Lemma [3.9 Suppose that
x € Y NH, where H has type i. Choose z € Y N0H such that d(x, z) = d(x,0H) 4+ O(1) and
d(z,T'o) = O(1). The upper bound follows from and Lemma [3.1]

For the lower bound, fix g € ', and let z € [go, 2] N OH. By Lemmas and and

@3

cp(,u(g*lf(a:))) > kid(z,z) — C > kid(z,0H) — C.
Taking the infimum over g proves the claim. O

Theorem 7.6 (Global shadow lemma, [43] Theorems 1.4 and 5.1|). For every sufficiently
large fixred R > 1, the following estimates hold uniformly for ¢ € A(T') and x € [o,(]. If x
lies in a horoball H € 2 of type i, then

(7'4) V(OR(O, f(x))) =~ 6_¢(N(f($)))+(25i—l)fiid(w,aH).
If v € Yy, then I/(OR(Q f(x))) = e ¥(u(f(@)))
Proof. Apply the cited global shadow lemma using Lemmas and [7.5] The polynomial

term is absent because the peripheral groups are cyclic. U

For p € A,(T)), let H, € 5 be the horoball based at f~!(p), and let t, > 0 be the
entrance time of z, into H,. If p has type 4, choose g, € I, such that g,p; = p and gyo lies
within a uniform distance of 2, (t,). Writing P, := Stabr, (p), we have dy(Pp) = 6,5(Pp) = 6;.

For t > t,,, d(2,(t),0H,) = t —t,. Coarse additivity, Lemma and (|7.3)) therefore give,
for ¢ € {4y, ¥},

o(p(zp(t))) = w(ulgp)) + kit — tp) + O(1),
e(ulgy ' 2p(t)) = kit —tp) + O(1).

Corollary 7.7. For every sufficiently large fixed R > 1, uniformly in p € Ap(I',) of type i
and t > t,,

(7.5)

(7.6) v(OR(0, 2(t))) = oY (1(9p))+2(6 =)0 (ulgp "2 (1) o o= (1lgp))—2(1=8i)ri(t—tp)

Proof. Substitute (7.5)), with ¢ =, into (7.4). O
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7.3. Doubling and reverse doubling.

Proposition 7.8 (Doubling and reverse doubling). (1) For every C > 1,
v(By(€,Cr)) =<c v(Bg(€,r))

uniformly for £ € A and 0 <r <1/C.
(2) There exists Cy > 1 such that, for every & € A and 0 < r < 1/Cy,

2v(By(€,1)) < v(Bg(E, Cor)).

Proof. Fix a sufficiently large R and set o := max; [20;—1| < 1. Let ¢ € A(T") and z,y € [o, ]
with d(o,z) < d(o,y).

Suppose first that z,y lie in the same horoball H of type . By Lemma , , and
@9,
v(Or(o, f(x)))
v(Or(o, f()))
Since distance to OH is 1-Lipschitz, this lies between (1—o0)k;d(z,y)— K and (14-0)rk;d(z,y)+
K for a uniform K.

Otherwise, let z be the exit point of [z, y] from the horoball H of type i containing x, and

let 2’ be its entrance point into the horoball H” of type j containing y. If # € Y;y,, set z = x;
if y € Yiy, set 2/ = y. Omit the corresponding cusp terms in these cases. Coarse additivity

and give
O(p(f (@) () = mid(z, 2) + Y (u(f(2) 7 () + Kid(2,y) + O(1).
Apply Lemma [3.9 to the middle term and use
d(z,0H) < d(z, z), d(y,0H") < d(Z,y).
Since 0 < 1, min; k; > 0, and d(z,z) + d(z,2') + d(2',y) = d(z,y), the global shadow
estimates give, after enlarging K to cover both cases,

1 _ o V(OR(07 f(.%')))
0 e =S8 e, 1))
Coarse additivity and Lemma also bound ¥(u(f(y))) — ¥ (u(f(x))) above and below

by positive multiples of d(z,y), up to uniform additive errors. Together with Proposition
and (7.7)), this gives power bounds for ratios of d;-ball masses. Here continuity and diver-

log = rid(z,y) — (26; — 1)r;(d(y, OH) — d(z, H)) + O(1).

< Kd(z,y) + K.

gence of t > 1(u(z¢(t))) allow prescribed sufficiently small scales to be realized in order
along each ray. The uniform comparison of dj and Dy near A transfers these bounds to
B-balls. Thus there exist L1 > 1,0 < S < 4, and 0 <7 < 1 such that, for every £ € A
and 0 <7 < s <1y,

v(Bg(&,7))
7.8 L7l(r/s)Pr < 0> 777
(78) /s s v(By (&, s))
Taking s = Cr proves (1) when Cr < rp; compactness covers the remaining radii. For

(2), choose Cy > 1/rq such that Li(Coro)™#- < 1/2. Apply the upper bound in (7.8) with
s = min{Cor, 1o}, noting that r/s < (Corg)~! whenever 0 < r < 1/Cy. O

S Ll(r/s)’B*.

We fix a choice of Cj satisfying (2) for use in the geometric partition construction below.

Corollary 7.9. There exist ¢, 3 > 0 such that, for every £ € A and 0 <r < 1,
V(By(& 1)) = e,
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Proof. Since v has full support and A is compact, infeea v(By(§ ,70)) > 0. Apply (7.8
with s = rg to obtain the estimate for r < rg, with 8 = f4. The remaining radii follow by
monotonicity. ]

7.4. Parabolic ball estimates.

Corollary 7.10. Uniformly for p € ANAL(I',) and 0 < r < h(p), we have
Hlan) 2(1=6y(Pp))
7.9 v(Bz(p,r)) < e ¥ ()
Proof. Fix p € AN Ap(T,) of type i. By the choice of g, and Lemmas and
h(p) =< e~ ¥9)) Thus (7.5) gives
rp(t) i= e PO < p(p)erilt=tr) (t >t,).

Since dy; and Dy are uniformly comparable near A, Proposition gives, for sufficiently
large fixed R, constants T',ty > 0 such that, for every ¢t > ¢, + T,

(7.10) Or(0, zp(t +to)) N A, C B@(p,rp(t)) C Or(0,2p(1)) N A,.
Applying (7.6) to the two shadows gives

, 2(1-5;)
V(B (p, rp(t))) = e~V blor) < $ > |

The function r, is continuous, tends to zero, and satisfies 7, (t, +1') < h(p). Hence these
radii cover (0,ch(p)] for some uniform ¢ > 0. Proposition 1) and compactness extend
the estimate to the remaining radii ch(p) < r < h(p). O

8. RECURRENCE OF THE TRANSLATION FLOW

We describe the stable and unstable leaves of the translation flow on €2; and prove the
uniform recurrence property used in the coding construction. We then show that a return
to a fixed compact set forces the forward endpoint to lie near a parabolic limit point whose
height is comparable to the scale determined by the return time.

8.1. Stable and unstable leaves. Recall that ?21/; = Al()z) x R and Q; = I‘p\ﬁlﬁ.
For g € G with (¢7,¢7) € AE?), write
9] = (97,97, ¥(By+ (e, 9))) € Q.
For z = lg] = (at,27,5,) € (NZJ), set s, = (B, (e,9)). Since ¢ oi = 1, we have s; =
29(G(xT, x*)N) — Sg, S0 s, depends only on x.
For z,y € Q, define
di(2,y) = T2t gy, d_(a,y) = el T 2 (a7, y 7).

They are nonnegative, symmetric, I' ,-invariant and satisfy that for all ¢ € R,

dy (zas, yay) = etdy (z,y), d_(zas, ya;) = e~ td_(z,y).
For x = [g], set
W () = {(m5) 1 € Ay~ {a T} = [gN] N 8,
WH(z) = {(&27,20(G(&,27)) = 57) s € € Ay~ {27 }} = [gN] N Q.
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These leaves are stable and unstable for the translation flow in the following sense: by [44]
Proposition 8.6], there exists a metric d inducing the topology of Q2 such that, as ¢ — +o0,
d(Tpza, Tyyar) =0 fory e W (z) and d(Tpza_y, Tpya_y) — 0 fory € WH(z).

For r > 0, set
W(z,r) = {y € WE(x) : de(z,y) < r}.
These sets form a neighborhood basis on the corresponding leaves.

8.2. Local product structure. For z,y € QJJ with (y*,27) € F@ the intersection
W (x) N W~ (yar) consists of a unique point, denoted by (z,y). Explicitly,

() = (y* 27, sy +0(x,y)),  where d(z,y) := 20(G(y",27)) — 55 — sy
That is, ¥(x,y) is the unique time ¢ such that (z,y) € W~ (ya;). The maps ¥ and (-,-) are

continuous wherever (y*,z7) is transverse and, by (3.3), are respectively I',-invariant and
I’ j-equivariant. Since ¥(x,x) = 0 and (z,x) = x, continuity and compactness imply that,

for every compact @ C €,

‘79(113,y)‘ — 0, d+($, (w,y>) — 0, d—(yaﬁ(x,y)7<xay>) —0

uniformly as (z,y) approaches the diagonal in @ x Q.
We choose the compact section

KO = {(fap()vo) :5 € AO} C ﬁ";

of the flow lines with negative endpoint pg and positive endpoint in Ay.
Lemma 8.1. For every r > 0, the set Uxeﬁo W (x,r) is relatively compact in SNLZ.

Proof. By compactness of Ag, the formula for dy shows that di(z,y) — oo as y* — po,
uniformly for z € Ag and y € W(z). Thus do(x,y) < r keeps y™ in a fixed compact subset
of A, ~ {po}. Finally, s, = 2¢(G(y™,po) — G(£,po)) is uniformly bounded by continuity;
since y~ = pg, the claim follows. O

8.3. Uniform recurrence. For § € R, let

Wp_o,(S = {(P077775) ne Ap AN {po}} C ﬁ’l/_)
denote the stable leaf with positive endpoint pg and R-coordinate §.

Lemma 8.2. Let Q) C € be compact and let 6 € R. There exists T\ = T.(Q,d) > 0 such
that, for every x € ﬁdg with T'px € Q, there is 0 < t < T\ for which

WH(z,1)a; NT,W— < # 0.

Po;
Proof. Applying Theorem to a tangent multiple of 1) and rescaling time, we obtain a
mixing invariant probability measure of full support on €2;.

Choose a compact set C~2 - ﬁd_} whose image contains @), and choose 0 < € < 1/4 so that
Upew+ () WH(2',e) € WH(a,1) for all z € Q). After decreasing ¢ if necessary, choose a
relatively compact product neighborhood V of a point in I/Vp_0 5 such that every yo € V can
be written as yo = y1ay, where z € W5 y1 € W(z,¢), and |u| < €, with z,y; ranging
over fixed compact sets. We may also arrange that, whenever w € W~ (y1,¢), the bracket
(w, z) is defined and satisfies |9(w, z)| < 1 and d4(w, (w, z)) < 1.
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Cover @ by finitely many sufficiently small product neighborhoods Ui, ...,Ur. Their
images and that of V are nonempty open sets in {2;. Mixing therefore gives a common
L > 2, with e L=29) < ¢ such that every U; meets I')Va_,.

For x € @, choose j with z € U;, and choose yo = y1a, € V and v € I', such that
Yyoa—r, € U;. Then there exist || < e and

2 e WH(z,e) "W~ (Yyoa_L10,€).

Put T := L —u — o and w := v~ !(2’ar). Equivariance and the scaling relation for d_ give
we W (y1,ee”T) € W= (y1,¢). Set 0 :=I(w,z) and qo := y{w, z). By the choice of V and
the definition of the bracket, || < 1 and go € W (2'ar, 1) N W™ (yz ag).

Set g :=qpa_g and t :=T — . Then q € 7Wp;,5, while

qga_s = qoa_r € W (2, e™T) c WH(al,e) c WH(z,1).

Thus q belongs to the required intersection. Since 0 < ¢ < L + 2, we may take T, := L + 2.
Equivariance extends the conclusion to every lift of a point of Q). O

The next lemma converts uniform recurrence into a parabolic approximation with con-
trolled height.

Lemma 8.3. For every 7 > 1, there exists C > 1 with the following property. For every
compact Q C Qy, there exists Uy = Up(7,Q) > 0 such that, if x = (2%, p0,0) € Ag and
Ipraniogr € Q for some n € N, then there exists p € Ap(I'y) N {po} satisfying

(8.1) Dy(p,x™) <Cr", e r T <h(p) <™

Proof. Fix 7 > 1 and a parameter 6 € R to be chosen below. Let T, = T,(Q,d) be given
by Lemma Applying that lemma to xay,10g -, choose vy €'y, z € Wp_o,cS’ and 0 < t < T
such that

vz € WH(zaniogr, 1)ay.
Set y := yza_p10gr—¢ and p := yT =~ypo. Then y € Wt (z,77"). By Lemma all such y
lie in a fixed relatively compact set, independent of @, n,t,d. Consequently, p lies in a fixed
compact subset of A, \ {po} and s, is uniformly bounded.

Since s, = 0, the definition of d, gives esy/zdi(:v’“,p) = dy(x,y) < 77" The uniform
comparison of dj and Dy on this compact set therefore gives Dy (xzt,p) < Cr7". It follows
that s, = ¥(Bp(e,7))+d—nlogT—t. By Lemmaand the bound on s, there is a constant
¢ > 1, independent of @ and ¢, such that

cledr e T < h(p) < cedr ™.

Choose § := —log(2c¢) and then set Uy := T4 (Q, 6) + logc — . This gives (8.1)). O

9. CONSTRUCTION OF THE GEOMETRIC PARTITION

For a small parameter 7 > 0 to be chosen below, we construct neighborhoods Jp,, of
parabolic points p € A, comparable to D -balls of radius nh(p). We remove selected neigh-
borhoods from each A; in successive height ranges, starting with the largest heights. The
residual set Z; (1) consists of the points of A; remaining after n steps. We prove that its
measure decays exponentially in n (Proposition .
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When discussing intervals and their order, we use the Euclidean coordinate transported
by f on A, ~ {po}. For nonempty subsets A, B C A, \ {po}, set

Dy(A,B) = aeziﬁlr,lgEB Dy(a,b), Bg(A,r):={z € Ay~ {po}: Dy(z, A) <r}.

Let C > 1 be the constant in Lemma [5.9

Corollary 9.1 (Quasi-monotonicity of Dyj). For any &1,62,&3 € A, \ {po} satisfying
diuc(§1,62) < dpuc(&1,€3) and dpuc(§2,83) < dpuc(§1,83), one has

Dy(&1,82) < CDy(&1,€3) and  Dy(&2,€3) < CDyg(&1,83).

Proof. Each of the two relevant Euclidean distance ratios is at most one. The upper bound
in Lemma [5.9] applied at the appropriate endpoint, gives both assertions. O

Recall from (4.3) that A = Uf:o A;.

Lemma 9.2. There exists Ciyq > 1 such that, for every 0 < n < 1, there are a finite-index
subgroup Py = P{(n) < Po and a compact fundamental domain Ry, C A, ~ {po} for its
action satisfying

(9.1 B@(A,T}fl) C Ry, C 81/;(3:, Cfdnfl) (x € A).

Proof. Choose a generator hg of Py acting by = — x + 1, and normalize ﬁoo = [0,1]. By
(0.4), Dy is invariant under translation by hg. Let a,b be the left and right endpoints of
B;(A,n~!) and put n := |a] and m := [b]. Since this set contains Ao, we have m —n > 1.
Define

Py = (R,  Ro,:=[n,m]NA).

Then Ry, is a compact fundamental domain for Pj and contains By (A, n1).

For the upper bound, note Dy (a, A), Dy (b, A) < n~L. Hence Corollary gives Dy (z,a)+
Dy(x,b) < n~! uniformly for z € A and 0 <7 < 1. As x € [a,b], Corollary [9.1] therefore
yields

Dy(z,&) <n™t  (zeA, £€la,b)NAI)).

Since a—n, m—>b < 1, Dg-diameters for [n,a]VA(T") and [b, m]NA(T") are uniformly bounded.
Applying Corollary wex‘cends the preceding bound to every £ € Ry ;. Choosing Cq > 1
larger than the implied constant proves (9.1]). ]

The proof applies without change to each of the finitely many conjugated systems
;= gilyg; " giPig; t < Iy,

using ¢;4\; as the compact set of centers. Hence, after taking the maximum of finitely many
constants, the same Cfq works for all 0 < ¢ < £. For each ¢ and 7, fix once and for all a
compact fundamental domain R;,; constructed as in Lemma and a finite-index subgroup
P;m < P; such that R;, is a fundamental domain for gipgjng; and

(9.2) By(giz,n™ ") C Riy C By(giw,Can™ ") (z € Ay).
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9.1. Building blocks of the coding. Fix 0 < n < n,, where 1, < 1/4 will be decreased
a finite number of times below. Until n is fixed in Proposition [0.8] we retain it in the
notation. For each parabolic point p € A, we construct a compact neighborhood J,,, of p
that will serve as a building block of the coding. Let p € AN A, (I',) have type ¢, with top
representative 7y, as in ; S0 p = Yppi and x, = 'yp_lpi € A;.

Here and below, complements are taken in A, \ {po} and closures in A,.

Definition 9.3 (J, and N,). For p € ANT,p;, define

—1 —1
9.3) Jp = Jpm = Np N Wy Rin =Wy, RE,
Npi={m €Pi:ypmAi C Jp} = {y € Pi: A Cg; 'RE .

The set J,,, is the image of the closed neighborhood Rfm of po under ~,g; ! which sends
po to p.

For v1 € N, the invariance (5.4)) applied in the conjugate system gives
(9.4) Dy (9:(vpr1) ' pir 9iAi) = Dyg(gizp, gimAi) >0~ "
The last inequality follows from (9.2)), since By (gizp, 1Y) C Ry

Lemma 9.4 (Peripheral tiling of J,). For fized n, 0 <i < ¢, and p € ANT,p;, we have:
(1) The complement P; . N, is finite.
(2) There is a countable set &, C {p} U, cp, 1p110A; such that

IpNEp = |_| Ypy1int A;.
Y1EN)

In particular, v (Jp A leepryp’ylAi) = 0 where A\ denotes the symmetric difference.

Proof. All but finitely many tiles lie in Ri‘fn, so the definition of N, implies that P; \ N, is

finite. The map v,g; ! sends each tile giy1A; to Yp71A; and sends pg to p. This gives the
asserted decomposition, with &, consisting of p and the endpoints of these images. U

We compare Jp , with D ;-balls centered at p whose radii are proportional to nh(p).

Lemma 9.5. There exist n, >0, 0 < Cy; < 1, and Cy > 1 such that, for every 0 < n < 1y,
0<i</{, andpc ANT,p;, we have
Cinhi(gip) nhi(gip)
B (gip, ) C9ilen © By | 9p, 75 )
nh(p)
By <p, C2> C Jpy C By (p, Canh(p)) .

Proof. Fix i and p € ANT,p;. Recall that a,, := giypg;1 satisfies appo = gip and oz;lpo =
giTp € g;A;. By Lemma applied to T,
hi(gip)
Dy (y, 9ip)
If y € giJpy ~ {gip}, then oy Ly € Rf,. Since ), € A;, the first inclusion in (19.2) gives
D@(aljly,giwp) > n~!. Together with (9.5), this implies Dy (y, 9ip) < nhi(gip). Conversely,
if y € giA, (ginm U {po}), then oz;ly € R;,, so the second inclusion in (9.2) gives

(9.5) Dy(a, 'y, gimp) < (v € gihy ~ {po, 9ip})-
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D@(agly,gixp) < Cian~'. Hence Dy (y, gip) > %fgdip). Choosing Cy > 0 sufficiently small
proves the first pair of inclusions. By Lemmas and hi(gip) =< h(p) < 1 uniformly.
For sufficiently small 7,, Lemma therefore gives uniform bi-Lipschitz bounds on the
relevant neighborhoods. Pulling back the first pair of inclusions by g;” ! yields the second
pair, with a uniform constant Cy > 1. O

9.2. The inductive partition. Let v; := (g;)«v; this is the unique (I';,)-Patterson-
Sullivan measure on g;A,. Apply Corollary @ to each conjugated representation v —
gip(7)g; ! with the same form 1 and distinguished point g;p; = po. Choose ¢ > 1 larger
than all the resulting constants.

Lemma 9.6. There exists H > c® such that, for every 0 < i < {, p € Ap(T;) ~ {po}, and
0<r S hz(p);

(9.6) v; (Bd;(p, r/\/ﬁ)) <~y (Bd;(p, r/c)).

Proof. To apply Corollary first move the center p into the compact fundamental do-
main: choose v € giPigi_l such that ¢ := v 'p € ¢;A;. By invariance, h;(q) = h;(p) and
7*181; (p,s) = By(g,s). Since r < hj(g) < 1, the balls under consideration have uniformly
bounded diameter. Applying Lemma [7.3]in I'; to both balls, with the same center p, gives

vi(By(p,r/VH)) _ vi(By(g,r/VH)
vi(By(p,r/c)) — vi(By(a,r/c))

By Corollary applied in T;, the right-hand side is < (c/v/H)® for some uniform a > 0.
Hence taking H sufficiently large proves the claim. O

N |

Fix H as in Lemma [0.6] and set
hp:=H" (n>0).

For ¢ = gip with p € A, write Jr, 4, = giJpy. Take the constants Cy and Cy in
Lemma [0.5] and proposition [6.7] uniformly over the finitely many groups I';, and decrease 7,
if necessary so that 4Con, < 1.

Definition 9.7. For 0 < i < £ and 0 < n < 1y, set Z;0(n) := A;. For n > 1, define
inductively

B
Pin(n) = {p €A NATY) :+ hy <nhi(gip) < hn-1, B (gm 47]1> C 9iZin-1(n) } ,

where B (gip,r) == {q € giAp ~ {po} : Dy(gip,q) < r}. Thus P;,(n) consists of the centers
of the sets J),, removed from A; at stage n. Set

Din(n) == U Ipm;s Zin(m) = Zin-1(n) ~ Din(n).
PEP; n(n)
For i = 0, abbreviate P,,(n) := Py n(n), Dn(n) := Don(n), and Z,(n) := Zo.,(n).

For p € P; (1), the ball condition implies p € Z;,,—1(n). By Lemma applied to Ty,

[
9idpn C By(gip, Canhi(gip)) C By (91'2?, 4771> C 9iZin-1(n).

Thus D; (n) C Zin—1(n), and all three sets lie in A,;.
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Moreover, Proposition applied to I';, gives Dy (gip, gip") > Cshy,/n for distinct p,p’ €
P; ,,(n). Since g;A; is compact, P; ,(n) is finite. Hence D; ,,(n) is a finite union of the sets
Jp.n- The following proposition will be proved in Section

Proposition 9.8 (Exponential decay of residual mass). For all sufficiently small n > 0,
there exists €9 > 0 such that, for every 0 < i < £ and sufficiently large n,

Z/(Zl7n(’l’])) S (1 — 50)”.

We take 1 > 0 sufficiently small for the preceding proposition and all requirements above,
allowing further reductions until its final choice in the proof of Lemma [I1.5] We suppress 7
from the notation:

Pip:=Pinm), Jp:=Jdpy, Din:=Din(n), Zin:=Zinn),
and write
Pn = P()’n, Dn = D07n, Zn = ZO,n-
We also abbreviate R; := R;, and P/ := P;m.

~

9.3. Boundary conventions. By construction, each J, has the form J, = f(J, N A(T"))

for a closed interval j; C OH?. Define 0.J, := f(&/]\p NA(T")). This set contains at most two
points and is v-null. For p of type i, we have gry;laJp = 0R;.
For n > 0, define

n
(9.7) 02, :=000U ] | 9,
k=1 pePy
where the union is empty when n = 0.
We call the sets 0Ag and 9J, the boundary pieces; a piece may contain two endpoints.
Thus 0Z,, denotes their union, rather than a family of connected components. The separa-
tion statement in Lemma identifies the pieces relevant to the residual set Z,.

10. EXPONENTIAL DECAY OF THE RESIDUAL MASS

Proposition follows from the case ¢ = 0 stated below. Indeed, applying this case to
each I'; with measure v; = (g;)«V gives the desired estimate, since v;(g;Z; n (1)) = v(Zin(n)).

Proposition 10.1. For every sufficiently small n > 0, there exists eg > 0 such that, for all
sufficiently large n, v(Z,) < (1 —&o)".

We classify parabolic limit points according to their proximity to the boundary pieces of
the residual sets Z; ,(n). The resulting geometric estimates, combined with annular mass
loss and recurrence of the reparametrized flow, show that D, U---U D,y removes a fixed
proportion of the residual mass, yielding uniform contraction over blocks of N generations.

For n > 1, define

hn < nh(p) < hp_1, P,
= {p € Ap(Tp) > tro} Bmp,?z,h(@))) mzn_lpf@ }
Set
r(p,n) == /nh(p)hn, Q= {p € Qun:By(p,r(p,n)) NIZ,_1 # 0}
By Definition and Lemma the height A is uniformly bounded. Since By (p, nh(p))

meets Z,_1 C Ag for every p € Q,, all the sets @, lie, for sufficiently small 7, in a
fixed compact neighborhood of Ay avoiding po, ..., pe. On this neighborhood, Lemma [6.3
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applied both to I', and to the conjugated groups I'; = g;I" g9, ! together with g; € K, gives
hi(gip) =< h(p). The maps g; also satisfy uniform bi-Lipschitz bounds there by Lemma
We use both facts below without further mention.

10.1. A previous-generation boundary piece. We first consider p € Q) for which
By (p,r(p,n)) meets 0.J, for some q € Uy, Pr. Write ¢ = ygpi, where 7, is as in ,
and z, = ’yq_lpi SWAVE
Lemma 10.2. There exists C' > 1 such that

nh(p) < hu—1 < C0’h(q) and C~'nhi(gip) < hn-1 < Cr’hi(giq).
Proof. Tt suffices to prove the first statement; the height comparison h;(g;p) < h(p) then

gives the second. Since p € @Q,,, we have h,, < nh(p) < h,_1, showing the first inequality.
By Proposition we have

(10.1) Dy(p,q) > Csv/h ) > Cs\/hph(q)n—1.
On the other hand, since Dy (p,dJ;) < r(p, n), we have for some z € 0.J; that
Dy(p.q) < No(Dy(p:x) + Dy(z,q)) < No(r(p,n) + Canh(q))

by Corollary where the second inequality follows by Lemma Since p € @, and
qgeE P U---UP,_1, we have r(p,n) < \/hpn—1hn < hp—1 < nh(q). Therefore, we have

Dy(p,q) < No(1 + C2)nh(q).

Together with (10.1), we have Csy/hn—1h(q)(H) T = Cor/huh(@)n T < No(1 + C2)nh(q),
and hence h,,_1 < Cn3h(q) with C := W -

S

Lemma 10.3. There exists C > 1 such that
By (gip, hi(gip)) C By(g9iq, Cnhi(g:0)) ~ By (9:a,C~ 'nhi(giq)) -

Proof. Let x € By(gip, hi(g:p)). Then by Corollary Lemma and Lemma|10.2} there
exist ¢, ¢ > 0, depending only on 1, such that

Dy (9iq, ) < No(Dy(9:9; 9ip) + Dy (9ip, ) < No(Dy(9iq, gip) + hi(gip))
< No(¢'Dy(q,p) + hi(gip)) < No(¢'Dy(q,p) + enhi(giq))-
Since p € @y, we have
Dy(p,0Jq) <1(p,n) = Vnh(p)hn < \/hpn—1hn < hp—1.
By Lemma Corollary m, 5.10, and Lemma [10.2] _ there exists ¢” > 0 such that
Dy(q,p) < No(Canh(q) + hn-1) < Noc"nhi(giq)-
Combining this with (10.2]) yields the inclusion
B (gip, hi(gip)) C By(gig, Cnhi(giq))  for some C' > 1.
Now by Corollary [5.10], we have
Dy (9iq, 9i(0J4)) < N§(Dy(9iq, ®) + Dy (, 9ip) + Dy (gip, 9:(8Jy)))
< N (Dy(9ig, ©) + hilgip) + Dy (gip, 9:(0Jy))).
Again, by the bi-Lipschitz property of g; (Lemma ,
Dy(gip, 9i(0Jy)) < ¢ Dy(p, 0Jy) < r(p,n) < hy1.

(10.2)
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By Lemma [10.2] this implies that for some uniform constant ¢ > 0,
hi(gip) + Dy (gip, 9:(014)) < enhi(giq).
Since Dy;(9:q, gi(0Jq)) > Cinhi(giq)/Cra by Lemma we finally have that

C -
— i(9:9) < Dj(9iq, ).
(CdeOQ cn) nhi(giq) 5(9iq, )

Since = € By (gip, hi(gip)) is arbitrary, it follows that

By (gip, hi(g9ip)) N By (90, C ' nhi(giq)) = 0
for some C' > 1. This completes the proof. O
Lemma 10.4. We have

B h; (gip)
1 N
hilgivg p) = o oy

Proof. By the definition of h;, the cocycle identity, and Lemmas and

- hi(giq)hi(gip)
1 -
hi(givg "p) = dy(gip, 9iq)?

The points p and ¢ lie in a fixed compact neighborhood of Ag avoiding pg, ..., pe. Hence
gip and g;q lie in a fixed compact subset of g;A, \ {po}, on which dj; =< D ;. Taking x = g;p
in Lemmam therefore gives d;;(g:p, 9iq) < nhi(giq). Substitution proves the lemma. U

Define

_ hnhi(9ivg 'p)
10.3 Fpm 1= | mndila P),
(10.3) P nhi(9:q)

By Lemma and the assumption that p € @Q,,, we have
nhnhi(gip) _ hi(gip)
n?hi(9:q) nhi(giq

In particular, 7, < 7, since h;(giv, Ip) is invariant under g;P;g;" ! and is bounded above
on a fixed fundamental domain.

(10.4) Fom <

y < nhi(givg 'p).

Lemma 10.5. There exists C3 > 1 such that every p’ € A, with D@(gﬂq—lp’,gi'yq_lan) <
%—‘; satisfies Dy (p',0Jq) < hy.

Proof. Choose = € 0.J, realizing the distance in the hypothesis. By Lemma

_ -1 —1
(10.5) Do (gip, gix) = Dy(9ivg 'v' 917 ')
' 1 s Y1 —~ — —
' D97 ‘P 9i2q) Dy (9iq, 9ivq ' @)

Here we use Lemmas [6.4] to m to obtain e¥(Bro(€9799; ) < e=¥(r(1)) < hi(giq).

Since gi’yq_l(?Jq = OR;, (9.2) gives D@(gixq,gi'yq_la:) = n~!. The hypothesis and (10.4)
give Di(gi’yq’lp’, gi’y;lx) <7Tpn/C3 < n/Cs. Thus Corollaryimplies Di(gi’yqflp’, gitq) <
n~! for sufficiently large C3. Substituting these bounds into (10.5) and using (10.4)), we ob-
tain

hi(9iq)-

2
n°hi(9iq) ~ nhi(gip)
Cs Tpn < Cs

Dy(gir', giz) <
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Since z € dJ; C Ag and the preceding bound is O(n), p' lies in a fixed compact neighborhood
of Ag where the inverse coordinate change is uniformly bi-Lipschitz. Using Lemma [5.7 and
nh(p) < hn—1 = Hhy, we obtain D (p',z) < Hhy,/Cs. Increasing C3 proves the lemma. [

10.2. Separation of boundary pieces. We next estimate the separation of the sets Jp,
p € Py, from one another and from Z¢ ;.

Lemma 10.6. After decreasing 1y, for every n > 1 and distinct p,p’ € P,

C C

DJJ(JP’JP,> > Whn and D&(JP,Z;,l) > Wh”'

Consequently, the sets Jy,, p € J,,~; Pn, are pairwise disjoint.

Proof. For x € J, and y € J,y, Proposition and Lemma [0.5] give
Csv/h(p)h(p') < N3 (Dy(w,y) + Conh(p) + Conh(p')).

Since nh(p),nh(p’) € (hn, hn-1], it follows that Dg(z,y) > hy (T]Cﬁ - 2HCQ> , which is at
0
least the claimed lower bound for small 7.

Ifz e Z$ | andy € Jp, then the definition of P, and Lemmagive hz;l < No(Dy(z,y)+

anh(p)). The same choice of 7, gives the second estimate. If p € P;, p' € Py, and j < k,
then J, C Z ,, so the second estimate applied to J, proves cross-generation disjoint-
ness. ]

Lemma 10.7. For every p € Q/,, the ball By(p,7(p,n)) meets exactly one of the sets A
and 0Jg, q € UZ;% P..

Proof. The ball meets at least one of these sets by definition. If it met two distinct sets F
and F, then Corollary would give Dy (E, F) < 2Nor(p,n) < 2Nohy—1. On the other
hand, Lemmagives Dy(E,F) > Cshy—1/(2nNg), since hj > h,_1 for j < n —1. For
sufficiently small 7, these bounds contradict each other. O

10.3. Equivalence classes. We construct the sets C(p), the radii rp,,, and the neighbor-
hoods B, inductively. At stage n > 1, consider p € Qn \ Uy, @), where the union is
empty when n = 1.

Case 1: p € Q). By Lemma By(p,7(p,n)) meets exactly one of dAg and 9J,,
q¢€ Uk<n Py..

Case 1-1: Dy(p,0Ap) < r(p,n). Set

C(p) == {mp:m €Po, mBy(p,7(p,n)) NOA # 0} .

For p’ € C(p) and m > n, define

o' m =/ Nhmh(D'), By = B@(p,,Tpﬁm)-
Case 1-2: Dy(p,0J,) < r(p,n). Write ¢ = y4p; and use 7, and C3 from (10.3) and
Lemma If qu(gfyq_lp, Tpn/C3) meets gy, '0Jy, set
(10.6)
Cp) = {97y ") " ngivg "o € 9iPlgr B9y P, Tpn/Cs) N givg 10Ty # 0 .
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Otherwise, set C(p) := {p}. For p’ € C(p) and m > n, define

1 [hmhilgivg ')

Tyl m = , By = (907, ) ' By(9iv, 0 s 7 m)-

Case 2. For every remaining point p € Q, \ ., @}, not covered by the classes above, set
C(p) := {p} and define rp,,, and B, ,, as in Case 1-1.

In each case, 1y, = Tpm for p' € C(p), by invariance of the corresponding height
under the peripheral group. For each member p’ of a constructed class C(p), we write
C(p') :== C(p); the consistency of these assignments is proved in Lemma

Finally, set

QL = U cw.
peQ"\Uk<n Qg

Then | i<n Q;cy i<n Q;-’ . A class constructed at the n-th step is said to have generation n.
We call 04 in Case 1-1 and 0.J; in Case 1-2 the associated boundary of the class. Classes
constructed in Case 2 have no associated boundary.

10.4. Uniformity among equivalence classes.

Lemma 10.8. There exists Cy > 1 such that for any p € Qn ~ Up<,_1 @ and p’ € C(p),

we have
0471 S h(p/)
h(p')
The assertion is immediate for singleton classes. In Case 1-1, p’ € Pop and h is Pg-

invariant by Definition so h(p') = h(p). It therefore remains to consider Case 1-2, with
associated boundary dJ,, where ¢ = ,p;. We first establish the following estimate.

< (4.

Lemma 10.9. There exists C > 1 such that for any p € @), ~ ngn_l QY satisfying the
hypothesis of Case 1-2 (i.e., By(p,r(p,n)) NOJ, # 0 for some g € PLU---UP,_1), any
p' € C(p) and any m > n, we have

By(9i75 ' 1y m) C Bylgirg, Cn~ ") N By(gizq, (Cn)™h);
9iBy m C By(giq, Cnhi(giq)) ~ By (giq, C~'nhi(giq))-

Proof. Since gifyglan = 0R;, (9.2) gives Dy(gizg, 2) < n~! for every z € gi’y;l@Jq.

In the first alternative of Case 1-2, (10.6) and Lemma imply that B*(gmglp’,rp/m)
meets g;7, 18Jq. In the singleton alternative, p’ = p, and Lemmas and 10.3) give
D@(gi'y;lp, gizg) =< n~'. By Definition h; is giPigi_l-invariant. Together with ((10.6)),
this gives h;(giv, Ly = hi(givg 1p). Hence, by the definitions of the radii and (10.4)),
Tp'm < Tp/n = Tpn = Tpn/C3 <K 1.

Thus Corollary implies Dy (2, gizq) < n~! throughout B-(gi’yq_lp’, Tp.m)- This proves
the first inclusion. For every z € Bﬂ;(gi”yq_ Ly, T m)s Lemma gives

hi(giq)

S = nhi(giq)-
D(z, gizg) i(914)

Dy (97997 M)z 9iq) <

Since (givq9; 1)81;(91'%1_ ' vy m) = giBy m by definition, the second inclusion follows. [
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Proof of Lemma[10-8 It remains to consider Case 1-2. Since hi(giq) < 1, Lemma [10.9]
places p and p’ in a fixed compact neighborhood of Ao avoiding the cusp representatives,

after decreasing 7. In particular, 1 ) gives d;(g:p’, 9iq) D¢(gzp 9iq)-

The computation in the proof of Lemma ﬂiﬁ together with Lemma [TI0.9] therefore gives
hi(giq)hi(g:0") _ hi(gip')
dy(9ip's 9:9)* — 1*hi(9iq)
By the definition of C(p), hi(giv, 'p') = hi(giv; 'p). Combining (10.7) with Lemma m
yields h;(g:p") < hi(g:p).

Finally, Lemma [6.3] applied to the original and conjugated systems, and g; € K give
h(p') < hi(g;p’) and h(p) =< h;(g;p) on these compact neighborhoods. Hence h(p’) < h(p),

as required. O

(10.7) hi(givg 'p') =<

10.5. Size of the neighborhoods B, .
Lemma 10.10. There exists Cs5 > 1 such that for any p € Q! and any m > n,

By (p, Vnh(p)him/Cs) C Bpm C By(p, Cs7/nh(p)him)-

Proof. The assertion follows directly from the definitions in Cases 1-1 and 2. Consider Case
1-2, with associated boundary 0.J,, where ¢ = ~,p; and z, = vq*lpi.

By Lemma p lies in a fixed compact neighborhood of Ay avoiding the cusp repre-
sentatives. On these neighborhoods, Lemmas and give h;(g;p) < h(p) and uniform
bi-Lipschitz bounds for g;. For x € By (giv, Yy, rpm), Lemmas and give

(10.8) Dy (gip: (9i7q9; ) = n°hi(9:q) D (givg 'p, ).
Moreover, the definition of 7, and (10.7)) imply
hi(gip) hm
(10.9) P = LI Dm (9ip)
n?hi(giq)

Since (9i7q9; 1)B¢(gi’yq* ', rp.m) = 9iBp.m, these estimates give a uniform C > 1 such that
9iBpm C By(gip, Cy/nhi(gip)hm). Pulling back by g; and using h;(gip) < h(p) proves the

second inclusion.

To prove the first inclusion, take x € By(gip, \/nhi(gip)hm/C). By Lemma and
m > n, /nhi(gip)hym < h,. Since ¢ € Uj<nPj, we also have h,, < nh;(giq). Thus
Lemma and corollary imply Dy (z, giq) = nhi(giq) for sufficiently large C. Applying
Lemma [6.8| again, we obtain

hi(giq) Dy (gip; x) nhi(gip)hm _ Tpm
Dy (9ip; 9:9) Dy (, 9iq) Cn?hi(9iq) C
Increasing C' makes the last quantity smaller than ry, ,,,, so x € g; B}, . Pulling back the two
inclusions by g; and using h;(g;p) < h(p) proves the lemma. O

(1010) D¢(gﬁq b, gl’Yq gz )

10.6. Well-definedness of equivalence classes.
Lemma 10.11. Any two equivalence classes are equal or disjoint.

Proof. Suppose that C(p")NC(p”) # 0. First consider the case when C(p’) = {p’}. If C(p")
is also a singleton, the assertion is immediate. Otherwise, let k and n be the generations at
which C(p’) and C(p”) are defined. Since p’ € C(p”) C @I, the construction gives k < n.
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If the associated boundary of C(p”) is 0Ag, then p' € Pyp”. The Py-invariance of h
(Definition gives h(p') = h(p"), hence k = n. Moreover, By (p',r(p',n)) meets 9A.
Thus C(p) is also defined in Case 1-1, and Lemma [5.7] gives C(p') = C(p").

Suppose instead that the associated boundary is 0.J;, where ¢ = ~4p;. By Lemma [10.2]
and Lemma m, h(q) > hy/n3. For sufficiently small 5, this implies ¢ € Uj<r P By
(10.6) and Lemma the ball centered at g;v, Ly with radius Tprn/C3 meets g;7y, 1.,
Hence Lemma [10.5] gives

D&(p/,ajq) < hn < hk < T(p/, ]{3)

By Lemma @, C(p') is therefore constructed in Case 1-2 with associated boundary 9.J,.
The ¢;P;g; Linvariance of h; (Definition gives Ty, > Ty = T pp. Thus implies
C(p") c C(p'), contradicting the singleton assumption.

It remains to consider two classes containing at least two points. Let their generations
be m < n, their associated boundaries be 9; and 92, and choose p € C(p’) N C(p”). The
definitions and Lemmamgive Dy(p,01) < hy—1 and Dy (p, 02) < hy—1. By Lemma
h(p') < h(p"), s0 hyp—1 < hp—1. If Oy # 0o, then Lemma and Corollary yield

Cshn_1
—_= < Dg(01,82) < No(hm-1+ hn-1) < hp1,
2nN;
a contradiction for small 1. Thus the associated boundaries agree.
If the common boundary is 9Ag, then h(p’) = h(p) = h(p”), so m = n. Both classes are
consequently defined by the same Pg-orbit and the same radius, and hence are equal.
If the common boundary is 9.J,, then g;7, 1y’ and 9ivq 1p" lie in the same g;P’g; '-orbit.
Their hs-heights are therefore equal, and m < n gives 7, < 7 . Thus (10.6) gives
C(p") c C(p'). In particular, p” € Q7 so the construction forces m = n. The defining

m?

radii are then equal, and therefore C(p) = C(p”). O

10.7. Auxiliary sets in Z,,. By construction and Lemma [10.11 the sets Q! are pairwise
disjoint. Define
By=Z,0J |J Bom:  An:=Z,~\ By
j<n peQ!

For p = yp; € Ap(T',), the horoball based at f~!(p) whose boundary contains p~1(vP;)o
is called the horoball for p. This does not depend on the choice of 7.

Let @ : Qp — Q be the reparametrization from Theorem m For 0 < e < 1, let 6
consist of those x € ﬁi for which there exists p € A,(T,) such that (@~!(xa))(0) lies in
the interior of the horoball for p whenever |t| < —loge.

For each fixed ¢, the set ¢; is open and I'p-invariant. Let @@ C €2 be the image of the
compact set T'\ (T! Yy, N ﬁp) under the homeomorphism induced by ®. Every point outside
the image of €. meets @ within flow time [¢| < —loge. Hence I'y)\(; \ %%) is compact.

Lemma 10.12. There exists C > 0 such that, for every sufficiently small € > 0, if x =

(xt,po,0) satisfies T € Zy and Taplogn € Gce for some n > 1, then there exists p €
Ap(T)) ~{po} such that

hn < eh(p), Dd;(aﬁ,p) < \/eh(p)hp.

Proof. Let 0 < C < 1 be chosen below, set T' := nlogH, and choose p as in the definition
of €c.. The set ®~1({(£,po,0) : € € Zy}) is compact. Hence Theorem gives a uniform



HIGHER-RANK LOCAL MIXING 47

upper bound for the forward exit time from the horoball for pg. Since T' > 0, we have p # pg
for sufficiently small €.

We also record that p lies in a fixed compact subset of A, \ {po}. Indeed, place f~(pg)
at oo in the upper half-plane model. The horoballs for p # py have uniformly bounded
Euclidean diameters, since they are uniformly bounded enlargements of the horoballs in 7.
As f~1(z™) ranges over a bounded subset of R, the basepoints of horoballs meeting the
vertical geodesic from oo to f~1(xT) also remain bounded.

Write p = p;. Since x~ = py # p, there is an entrance time T' — ¢1, with ¢; > —log(Ce).
Set 01 := ®!(xar_4,) and choose v; € vP; so that J0 is uniformly close to o1(0). The
entrance point is uniformly close to both rays [0, f~'(p)] and [o, f~*(2*)]. Thus Lemmal[3.12]
and Lemma give ¥(By+ (e,71)) = ¥(By(e,71)) + O(1). Moreover, equivariance and con-
tinuity of ® imply that the R-coordinate of ~; 1®(o1) is uniformly bounded. Consequently,

T—1t = &(ﬁaj* (6”7/1)) + 0(1) = '&(6;0(6771)) + O(l)

By Lemma hn, =< e "h(p) < Ceh(p), which proves the first inequality when C is
sufficiently small.

If 7 = p, the second inequality is immediate. Otherwise, there is an exit time T + to,
with to > —log(Ce). Set o9 := ®~!(zar,y,) and choose 2 € YP; so that As0 is uniformly
close to a2(0). As above, T +ty = 1) Bﬁ(e v2)) + O( ) The exit point is uniformly close
to [f~H(«*), f7(p)]. Hence Lemma [3.13| gives G(vy tat, pi) = O(1). The cocycle identity,
Y oi =1, and Lemma 6.3 E 3| therefore yleld

20(G(x™,p)) = ¥(Ber (e,72)) + ¥ (Bp(e,72)) + O(1) = T + t2 — log h(p) + O(1).
Since T and p lie in a fixed compact set avoiding po, 1' now gives
Dy(x ) = dy(w *p) e~ 2h(p)h, < \/Ceh(p)hy,.
Choosing C' sufficiently small proves the second 1nequahty. O

Lemma 10.13. There exists Cg > 0 such that if x = (7, po,0) € 621; satisfies x* € Z,, and
Ty logn € Ccyy for somen €N, then T € By,.

Proof. Let C be the constant in Lemma [10.12} and choose 0 < Cg < C'min{1,C;*,C5?}.
Applying that lemma with ¢ = Csn/C, we obtain p € Ap(I',) \ {po} such that

h(p) nh(p)hn}
Cy Cs '

hn <nh(p),  Dg(z™*,p) < min { L

Since h(p) < 1, for sufficiently small 7 there is 1 < k < n with hy < nh(p) < hg—1. The
ball Blz(p,nh(p)) contains T € Z,, C Zj_1, 50 p € P, UQy.
If p € P, then Lemma gives 7 € Jp, contradicting T € Z,. Thus p € Qi C

Uj<x @} Since Dy(2™,p) < /nh(p)hn/Cs, Lemma |10.10| gives 2 € By ,. Together with

T € Z,, this yields 2T € B,,. O
10.8. Separation across generations.

Lemma 10.14. For every n > 1,

PnJrlmUQ/kC:

k<n
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Proof. Suppose that p € P11 NC(p'), where C(p') is defined at generation m < n. If C(p’)
is a singleton or is associated with dAg, then h(p) = h(p'), using the Pg-invariance of h in
the latter case (Definition . This contradicts the disjoint height ranges of P,,+1 and Q.

Thus C(p') is a non-singleton class in Case 1-2, with associated boundary d.J; for some
q € Uj<mP By Lemma [10.5, Dy(p, 0Jy) < hy. On the other hand, By (p, hn/(4n)) C 2,
and 9J, C J, C Z¢. Together with Lemma this gives

hn
E < DJ;(pv 8Jq) < hpy < nh(p/) < 0477h(p) < Cyhy,

a contradiction for sufficiently small 7. 0

Lemma 10.15. There exists 0 < C7 < 1 such that, for everyn > 1, p € Poy1 U@, and
q € Uj<n

Dy (p, Bgn) > Conhy,.
In particular, Dj(p, By) > C7n~thy,.

Proof. By Lemma [10.11| and Lemma [10.14] p # ¢q. The height ranges and Lemma give
h
h(p) > —*, hiq) > =.
(p) = HC,1 (q) > Cun
By Proposition @ Lemma and Corollary [5.10] -
\/7 i

D \/ — Cxv/
70 Byn) 2 ° 2N004\f77

where the second mequahty holds for sufficiently small 7, since \/nh,/h(p) < nv/HC4. Thus
we may take C7 := Cs/(2NgCyv/H). The assertion for B, follows from its definition. O

Recall that D, = UpePn+1 Jp and Z, 11 = Z, N Dy

Lemma 10.16. For sufficiently small n and every n > 1, the following hold:
(1) Dpy1 N By =0 for every q € Uj<n Qj. In particular, Dpy1 N By, = 0.
(2) Bpn+1NByyn =0 whenever p € QI and q € Uj<, Qf- In particular, By, n 11N By, =
0 for everyp € Q..
(3) An+1 = (An N ( n+1 U Bn+1)) (] (An+1 N Bn)
(4) An N Bn+1 = Zn+1 N UpeQx+1 Bp,n+1~
(5) Ant1 N By =By~ Bpt1.
Moreover, By N Zp = Bpm N 2, whenever p € QU and m > n.

Proof. For p € P41, Lemma gives J, C Bqﬁ(p, Cahy). For p € Q1 , Lemma and
Lemma give By nt1 C By (p, C5+/Cy hy,). For sufficiently small 7, both radii are smaller
than C7hy,/n, so (1) and (2) follow from Lemma [10.15]

By the definitions, A,+1 ~ By, = Ay ~\ (Dpy1 U Byy1). Partitioning A, 41 according to
membership in B,, proves (3).

The sets By, decrease with m. Thus, for ¢ € Ujgn Q;-’, Byn+1 N Zy41 C By, The
neighborhoods By 41, p € Q) 1, are disjoint from B, by (2). Splitting the defining union
for By1 into these two groups proves (4).

By (1)7 B, C Z,41. Hence A1 N By, = (ZnJrl N Bn+1) N Bp = By \ By, proving (5)

Finally, let p € Q) and m > n. For every n < k < m, nesting and (1) give By, C By
and B, N Dy = (. Thus By, is disjoint from all sets removed between Z,, and Z,,,
proving the last assertion. O




HIGHER-RANK LOCAL MIXING 49

10.9. Transfer of mass between B,, and A, 1. The sets A,, and B,, partition Z,,. The
following lemma shows that a uniform fraction of the mass of B,, passes to A,+1.

Lemma 10.17. There exists Cg > 0, independent of n, such that, for every sufficiently
small n and every n > 1,

V(Bn N An+1) > Cgl/(Bn).
Proof. We first show that for all p,p’ € U<, @}, p # P,
(10.11) By Byn=0.

For points from different generations, this follows from Lemma [10.16(2), since B, 41 C
Bys. If p,p’ € QF, then Lemma [10.8) gives h(p), h(p') =< h;/n, so Proposition yields

Dy(p,p’) > hj/n. An intersection of By ; and By ; would instead give D;(p,p’) < h; by
10.11)
7.10

Lemma [10.10[ and Corollary This is impossible for small 7, proving (|
We also record a consequence of . The ball estimates in Corollary together with
Lemma [7.3] give

(10.12) i (By(z. /o)~ By(z.r/ V) > % vi(By(2,7/0)) > i (By(z.7)

uniformly for z € Ap(I';) ~ {po} and 0 < r < h;(2).

Fix a class C(p) of generation m < n, and set My := 3 e, V(Bp,s N Zp) for s > m.
By the last assertion of Lemmal[I0.16] Z,, may be replaced by Z; in this definition. Together
with and Lemmal([10.16{2), (5), this reduces the proof to M, — M1 > M,,, uniformly
over the classes.

We first record the separation needed below. Every center in C'(p) lies outside P,,. For sin-
gleton classes this follows from p € @,,. Otherwise, the class definition and Lemma [I0.5] give

Dy(p',0Zp-1) < hpy, for every p’ € C(p). If p’ € Py, then, by definition, By (p’, h’zn_l) C

Zyn-1. Since 02,1 C Z,_;, this implies Dy (p/, 0Zm—1) > hj;n—l = P By For sufficiently
small 7, this contradicts the preceding bound D, (p',0Zm-1) < hp.

The heights of centers in C'(p) and P,, are comparable to h,,/n, so Proposition sepa-
rates distinct centers by a distance > h,, /7. Since the radii in Lemma and Lemma
are O(hy), every By ,, is disjoint from D,,. In either boundary case, the class centers
are within O(h,,) of the associated boundary. Thus Lemma also keeps each By,
p' € C(p), disjoint from every J, removed before generation m, except the associated J; in
Case 1-2; in Case 1-2, it also keeps each B,y ,, inside Ay.

Suppose first that C(p) is constructed in Case 1-1. The preceding separation gives By ;N
Zm = By sN A for p’ € C(p) and s > m. For each p’ € C(p), let u,y € Py satisfy p’ = uyp.
For small 7, B, lies in the two adjacent fundamental intervals sharing the endpoint it
meets. The maps u, carry these intervals onto Ag. Thus, for every Borel set £ C By,
the sets £ N u;,le, p' € C(p), partition E up to endpoints. Applying Lemma with
E =B, and F = B, \ By n41 gives

M, < v(Bpn), M, — My4+1 < v(Bpn ~ Bpni1).
Since rp py1 = rpyn/\/ﬁ and rp.p, < 1pm < nh(p) < h(p), Lemmagives M, — M, 11> M,.
Now suppose that C(p) is constructed in Case 2. Write r := r,,. The neighborhood
By, misses 0Z,,—1. Since r < 1y, Corollary implies that By (p,7/c) is contained in
Zm_1 if p € Z,,_1, and is disjoint from Z,,_; otherwise. In the latter case, v/H > ¢ implies
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M, +1 = 0. In the former case, separation from D,, gives B@(p, r/c) C Z,. Consequently,

yields
My = Mye1 > v (By(p.r/0) N By(pr/VE)) > v(By(p.1)) = M.

Finally, consider Case 1-2, with associated boundary 9.J,, where ¢ = v,p;. Set T := g;, 1
and Us := By(T'p,rp,5). Since v; = (g;)«v and g; € K, Lemma and Lemma (7.4} applied
in the conjugated coordinates, give

V(E) < e W0y (TE)  (E C By, Borel, p' € C(p)).
By separation, for every p’ € C(p) and s > m,
T(Bp/7s N Zm) = B&(Tp/, Tp/’s) N R;,
up to v;-null endpoints. Moreover, 7,41 = rp,n/\/ﬁ and 7, < 7pm < nhi(Tp) by ,
s0 Tpn < hi(T'p) for small 7.

In the first alternative of Case 1-2, for each p’ € C(p), choose uy € g;Plg; ! with Tp' =
uyTp. Then T By s = uyUs. For small n, U, lies in two adjacent translates of R; sharing
the endpoint it meets. The class definition selects precisely the peripheral maps carrying
these intervals onto R;. Consequently, the sets

u ' T(By s N Zm) =Us Nu 'Ry, pl € C(p),
partition Us up to null endpoints. Apply this with s = n and s = n + 1. By Lemma [10.9]
all these portions lie at D ;-distance comparable to ™! from 9iTq, while their diameters are
uniformly bounded by . Thus Lemma gives uniform measure comparisons under
these peripheral maps. Applying these comparisons separately to the ball and the annulus
gives
M, = e 0y, 1), My — My = e P H0D) Uy < Upyr).

It follows from Lemma that M,, — My4+1 > M,.

In the singleton alternative, U,,, misses OR;. Write r := 1}, ,. By Corollary By;(Tp,r/c)

is contained in R; if Tp € R;, and is disjoint from R; otherwise. In the latter case, vH > ¢
gives My 11 = 0. In the former case, separation gives

7! (B@(Tp,?“/c) ~ Un_H) C Zm.

Hence ((10.12)) and the change-of-measure comparison give M, — M, 1 > e~ ¥(u(va))y, (Uy,) >
M,,.

The implied lower bound is uniform over all classes. Summing over them proves the
lemma. O

10.10. Non-concentration of PS measures near partition boundaries. For any r > 0,
set

(10.13) Ny (Ag) :={z € Ao : Dy(z,080) <7}
where A¢ = f(0A).

Lemma 10.18. There ezists 0 < €9 < 1 such that for any 0 < € < €g, there ezxists
A= Ae) €(0,1) so that

V(Ner(Ag)) < A(Np(Ag)) forall0 <r < 1.
Moreover, A(e) — 0 as € — 0.
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Proof. Write 0Ag = {1,232}, where x9 = yx; for a generator v € Pg. Let Cy > 1 be as in
Proposition (2) Choose 0 < 7, < C;* so that each By (zi,74) lies in the two fundamental
intervals adjacent to x;. For 0 < r < r,, the peripheral translations satisfy

7(31/;(371,7“) N Ag) C By (z2,7) N Ao, fy*l(B&(xg, r) N Ag) C By(x1,7) N Ao.
Thus Lemma [5.7] and Lemma [7.3] give
v(By(x1,7)) + v(By(22,7)) < v(Ny(Ag)) (0<r<ry).
Iterating Proposition [7.8(2), we obtain
v(By(xi, CyFr)) < 27 u(By(zi,r))  (0<r <y, k>1).
If CoF 1 < e < C7*, then N..(Ap) is contained in [J7_, Bij(a:i,CO_kr). Consequently,

V(N2 (Ag)) < 27k (N, (Ap)) uniformly for 0 < r < 7.
For r, < r < 1, monotonicity gives

V(Ner(Ao)) _ v(Ne(Ao))
v(Nr(Bo)) — v(Nr.(Ao))
since v(0A() = 0 by Theorem Combining the two ranges proves the lemma. 0

—0 (e = 0),

We will use the following counting result from [43, Proposition 5.2], which is based on [3,
Proposition 7.2].

Proposition 10.19. For any & € A,(T'y) and all sufficiently large T,

#{v € Pe: d(u(v)) < T} =< M PT
For p e ANAL(I',) and r > 0, define
(10.14) Ny (0Jp) :=A{z € Jy : Dy(x,0Jp) <r}.
When p = yppo, we define N,.(3(v, '.J,)) in the same way.

Lemma 10.20. Let C > 1. For every sufficiently small n > 0, there exists ¢ = ¢(n) € (0,1)
such that for allp € ANAL(T,) and 0 <7 < h(p),

V(Nonr(8Jp)) < cv(N(9Jp))-
Moreover, c(n) = 0 as n — 0.

Proof. Suppose that p € I'yp; and write Ns(i) := Ns(90Jr,,4,p). Choose fixed constants
0 < a < 1land L > 1 so that the neighborhoods of radius ar and ar/L used below
lie in compact sets where the coordinate changes are bi-Lipschitz with constant L. For

sufficiently small 7, Lemma and v; = (g;)«v then give v(Ngyr(0Jp)) < l/i(Nggm) and

yi(NC(Li)/L) < v(N;(0Jp)). By Lemma , we may also choose a so that r; := ar/L < hi(gip).

Since LCnr = (L2C/a)nr;, it suffices to prove the assertion at the cusp pg in each con-
jugated system, after adjusting the fixed constant C. We give the proof in the original
notation, with p = v,po. Write z, := yljlpg and set 3 := C\/n < 1. We first estimate
v(Ngr(0Jp))/v(Ny(0Jp)) in three ranges of r.

Suppose first that » < nh(p). By Lemma and corollary every x € N,(0Jp)
satoilsﬁes Dy(z,p) =< nh(p). The ball-flipping estimates therefore give Dzz(fypflx,:cp) = !
an
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Applying these estimates in both directions, we obtain constants ¢y, co > 0 such that

(10.15) Neyrsznp) O 0p) v ' Ne(0Jp) © Ny jtoznioy) (- 0J)-

For the first inclusion, choose ¢y sufficiently small that points in the left-hand neighborhood
remain at distance comparable to n~! from xp, and apply the inverse ball-flipping estimate.
Moreover, Lemma [7.4] gives

(10.16) V(7 LN (9T,)) = WDy (N(87,)).

These estimates also hold with gBr in place of 7.
Case Al: r < n?h(p). The endpoints of 'yp_lJp are peripheral translates of the endpoints

of Ag. By (10.15]), the part near each endpoint z € vp_l&]p is contained in

_ Ccor
ze (v, ) Dy(x,2) < }
{ P 2h(p)
Since r < n?h(p), each of these endpoint neighborhoods has uniformly bounded diameter and
lies at distance comparable to n~! from Zp. Thus Lemma , applied to the two endpoint
neighborhoods as in the proof of Lemmal[I0.18] gives a fixed 29 € A and constants a,b > 0
such that, for ¢ = r and t = Br,

n*v (Bw <:r0, 7722t(p)>> < vy, 'Ni(07,)) < nPv <B¢ (xg, 772;7@))) .

Together with ((10.16]), Proposition (2) yields v(Ng,(0Jp)) < w(B)v(N,(0Jp)), where
w(t) — 0 as t — 0. The bounded range of radii is handled as in Lemma [10.18

Case A2: 7°/%h(p) < r < nh(p). Write o := 6,(Po). For a generator u of Py, Lem-
mas |5_2 and ﬁ and Lemma @I give Dlz(xo,ujxg) = e¥W))/2 for large |j|. Hence
Proposition [10.19| gives a tile count comparable to T2% at D -scale T

For n?h(p) < t < nh(p), apply this count with 7' = t/(n?h(p)) to the endpoint neighbor-
hoods in . For large T', quasi-monotonicity gives both an upper covering count and a
comparable lower count of full tiles contained in Ne,;/m2n(p)) (7 19.J,). The bounded range
of T follows from the endpoint estimates used in Case Al. For the upper bound, use the
peripheral tiles that meet v, th((?Jp). The preceding distance estimate and the uniformly

bounded diameters of the tiles place every such tile at distance comparable to 7! from
xp. For the lower bound, use the full tiles contained in Nclt/(nzh(p))('yzjlﬁJp) in ; the
choice of ¢; keeps every point of that neighborhood at distance comparable to 7! from
zp. Thus Lemma gives measure comparable to n? for every tile used in either estimate.
Consequently,

200
V(o NUOT)) = 7 (UQ,f(pQ |

Both ¢ = r and t = r belong to this range, since Gr > anh(p). Using (|10.16)), we obtain
V(N5r(0Jp)) < B20v(N(DJy)).

Case B: \/nh(p) <r < h(p). Here nh(p) < pr. By Lemmaand corollaries and
there are fixed constants 0 < a < 1 < b such that

By(p,ar) C Jp U Ny (9Jp), Jp U Npr(0J,) C By (p, bBr).
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Take 7 sufficiently small that b5 < 1. Since Ng,(0.J,) C N;(0J,) and both sets are disjoint
from Jp,

v(Np(0y)) _ v(Jp U Nsr(0y)) _ v(By(p:bBr))
V(N (9Jp)) v(Jp UNp(0Jp)) — V(BzZ(P,aT))
by Corollary [7.10] The exponent is positive by Theorem [7.1]
The three cases give a common ¢(n) — 0 such that v(Ng,(0Jp)) < c(n)v(Ny(0Jp))
throughout the indicated ranges. Since Crmr < fr, this proves the desired estimate in
those ranges.
In either remaining range, n?h(p) < r < n*/2h(p) or nh(p) < r < \/Th(p), set s := /.
Then s belongs to Case Al or Case A2, respectively, and Cnr = 8s. Therefore,
V(Negr(9Jp)) = v(Nps(0Jp)) < c(n)v(Ns(0Jp)) < c(n)v(Ne(0Jp)).

For sufficiently small n, we also have ¢(n) < 1. O

< ﬁ2(1*50)

IN

10.11. Boundary-neighborhood estimates. Let
Cp = 2cNyCyCy + 4C5 4+ 3NEC5+/Cy H.

Here Cy, Cs, C4, and C5 are the constants from Proposition Lemma 0.5 Lemma [10.8
and Lemma [10.10] respectively. The constant c was fixed before Lemma
Set
Zl ={xeZ,: Dy(z,02,) < Cphy}.
Lemma 10.21. There exists Cy > 0, depending only on n, such that for all sufficiently large
n7
v(Z,) < Cov(Z);
in particular, v(A, N Z,) < Cov(Z,). Moreover, Cog — 0 asn — 0.
Proof. Choose 0 < a < min{1,Cs/(4N3)} and set 7, := ahy/n. For p € Py U---U Py, we
have h,, < nh(p), so r, < h(p). For sufficiently large n, we also have r, < 1.
Since Cphy, = (Cp/a)nry,, Lemmas [10.18| and [10.20] give a common ¢ = ¢(n) > 0, with
c(n) — 0 as n — 0, such that
v(Negh, (Do) < cv(Nr, (Do),
V(N (0J)) < cv (N (91,))  (p€ PLU--U Py,

By Lemma and the choice of a, the sets N, (Ag) and N, (0J,), p€ PLU---UP,, are
pairwise disjoint subsets of Z,,. Hence

v(Z)) <v(Nogh, (Do) + D v(Negn, (04p)) < cv(Zn).
pEPLU--UP,

Taking Cy := ¢ proves the lemma. O
Lemma 10.22. There exists 0 < C19 < 1 such that for allmn > 1,
V(A N (Dpy1 U Bpir)) < Crov(Ay) +v(4,N Z)).
Proof. Set
Q,r/L,—i-l = {p € QZ—H : Bp,n-i—l N ((An n Bn-i—l) ~N Zwlz) 7é 0} .
For p € Q),, choose x € By, 11 N Ap N Byy1 with o ¢ Z],. By Lemmas and [10.10
Dq/;(l’,p) < Cs5v/Cy hyy.
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We claim that the class containing p is constructed in Case 2. Otherwise, its construc-
tion and Lemma give Dy (p, 0Z,) < h,. The quasi-triangle inequality then implies
Dy(x,02,) < No(C5¢/Cy + 1)hy, < Cphy, contrary to z ¢ Z). Thus p € Qny1 ™ Q) yqs
C(p) = {p}, and Bpn+1 = By(p,7(p,n+ 1)) C By(p, hn).

For p € Ppy1, Lemma (9.5 gives J, C By (p, C2hy,). Together with Lemma [10.16(4), these

inclusions show that
(Ap N (Dpt1 U Byy1)) N 2, C U Bylp Cohn).
pEPnJFlUQ;;’JFl
Set Ry, := Cphy,/(2¢Ny). We next show that By (p, Rn) C Ay, for every p € Ppyq U -

By Lemma|l0.15, D (p, By,) > C7hy,/n > Ry, for sufficiently small 7, so these balls avoid B,,.
For p € P41, their inclusion in Z, follows from the defining condition By (p, hn/(4n)) C 2.

For p € @',;, use the point x chosen above, which now satisfies Dy(z,p) < hy. If

z € By(p, Ry) \ 2y, then Corollaries and give
Cgh, < Dd;(x,BZn) < ch/;(a;,z) < cNo(hn + Ry) < Cghy,
since C'g > 2cNy. This contradiction proves the required inclusion in A,,.
By Proposition the balls By (p, Ry), p € Poy1 U Qy4, are pairwise disjoint for suffi-
ciently small 7. Their centers lie in Ag, so Lemma[6.5|and hy,+1 < nh(p) give h,, < n when-

ever the index set is nonempty. Thus Coh,, < 1/Cy after decreasing 7. Since R, > CyCsh,
by the choice of C'g, Proposition (2) yields

V((An N (Dpp1 UBpp)) N 25) < Y v(By(p, Cahn))

PGPn+1UQ',Z'+1
1
S B ) < (A,
pePnJrlUQ,Ti/Jrl

Adding v(A,, N Z],) proves the lemma with Cg = 1/2. O

<

| =

Lemma 10.23. There exist N € N and Cyp > 0, depending on n, such that, for all suffi-
crently large n,

v (U;\[:anJrj) > Cv(An N 2)).

Proof. Set AIT,L:: A, N Zl. Let Up > 0 be given by Lemma for 7 = H and the compact
set Q 1= I'p(Qy \ Cogy) C Q. Set k:= [—logn/logH| and L := [Up/logH], and choose
N > 2k + L + 2. We will show that there exists C’ > 1 such that

(10.17) for every z € Al there is p € U;-VzanH with Dg(z,p) < C'hy,.

We first consider a point y € Ay, satisfying Dy (y,0Zm) > 2hy,/n. We claim that there
exists ¢ € Pry1 U+ U Pyipqp1 with Dy(y, @) < .

Indeed, Lemma implies that I',(y, po, 0)amiogn € Q. By Lemma there is a par-
abolic point p such that D (y, p) < Chy, and e"Y%h,, < h(p) < Ay, where C is independent
of n. For sufficiently small 7, Corollary and the distance of y from 0Z,, imply that
D E Zp.

Set j := |—log(nh(p))/logH]. Then m +k < j <m+k+ L, hji1 < nh(p) < hj, and
hj/n < Hhy,. If p € Pjiq, take ¢ = p. If p ¢ Z;, then p € J, for some ¢ € Py U---UP;.
By Lemma and corollary Dy(y,q) < No(C + C2)hp,.
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It remains to consider p € Z; \ Pj;1. The definition of Pj;; and Corollary [0.0] give
Dy(p,02;) < chj/(4n). On the other hand, Dy(p,0Zm) > 2hy/(Non) — Chy,. Choose
z € 0Z; such that

Dy(p, z) < chj/(4n).
Since hj/n < Hhp, the lower bound for Dy (p, 02,,) implies z ¢ 02, for sufficiently small
n. Thus there is ¢ € Pyt U--- U P; with Dy(p,0Jy) < chj/(4n). Another application of
Lemma [9.5] and corollary gives

Dy(y,q) < NoChum + N§ (CLL; + Cghm> & ho.

This proves the auxiliary claim.

Now fix z € A/, and put m :=n + k. Recall that n < H™* < Hy.

If x ¢ Z,, then x € J, for some p € P,4q1 U---U P,. By Lemma Dy(z,p) <
anh(p) S Cghn

Suppose next that x € Z,, and Dd;(a:, 0Z) < 3Nohm,/n. Since 3Ngh,,/n < 3NoHh,, <
Cphy, and © ¢ Z/ | there is p € P,4q U--- U P, with Dy(x,0Jp) < 3Nohy/n. Hence
de(x,p) < N0(3N0hm/77 + Cohy) < hy,.

We may therefore assume that x € Z,, and Dd;(a:,azm) > 3Nohm/n. If x € A, the
auxiliary claim gives the required point in P41 U--- U Pyikyry1-

It remains to consider x € B,,. Since x ¢ B,, and the sets B, ; decrease with ¢, there is
peEQ) U---UQy, such that © € By,,. By Lemmas and

(10.18) By C B; (p, 05\/C4hnhm) .

In particular, any two points of B, are at Dd;—distance O(Vhphy). Since Vhyhy, <
V1 hi /7, Corollaryand the distance of « from 0Z,, imply that B, ,,, C Z,, for sufficiently
small 7.

As in the proof of Lemma [I0.17] the annular estimate Lemma [9.6] applied in the coordi-
nates defining By, ,, gives v(Bpm ~ Bpm+1) > 0. Choose y in this difference. By ((10.11]
and Lemma [10.16{(2),(5), ¥ € Bpm ~\ Bm41 C Apmt1. Moreover, for sufficiently small 7

1 2hm

If Dy(y,0Zm+1) > 2hmy1/n, apply the auxiliary claim at level m + 1. It gives ¢ €
ProU- - UPy i 42 with Dig(y, q) < hmy1. Otherwise, the preceding lower bound shows
that Dy (y,0.Jg) < 2hp+1/n for some ¢ € Ppq1. Then Lemma and corollary m give
Dy(y, @) < hint1/n + hap < b, since hupy1 /1 < hi.

In either case, q¢ € U;V:1 Ppij and Dy(x,q) < No(Dy(z,y) + Dy(y,q)) < hy. This proves
after choosing C” sufficiently large.

Finally, for every p € Uévzl P,+;, Lemma gives By (p, hnin/C2) C Jp, and these sets
Jp are pairwise disjoint by Lemma Applying Proposition (1) with the fixed dilation
factor C’CoHY, we obtain, for all sufficiently large n,

v (U D) =) v (By(p hnyn/Ca)) = Ci1 Y v (By(p, C'hn)) > Criv(Ay),
P p

where both sums range over p € U;V:1 P, ;. The last inequality follows from ({10.17)). g
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10.12. Proof of Proposition[10.1} By Lemmal[10.16{(1), (3), (5), Lemma[10.17} Lemma[10.21]
and Lemma [10.22]

V(An) > (1 - CV9 - ClO)V(An—l) + (08 - Cg)l/(Bn_l).
Since Cy — 0 as n — 0, choose 1 so small that 2Cy < min{l — Ci9,Cs}, and put m :=
min{l — Cy — C19,Cs — Co} > Cy. As Z, 1 = A1 U B,_1 and Z,, C Z,_1, we have
v(A,) > mv(2Z,). Thus Lemma [10.21] gives
WA~ 25) > W(An) ~U(Z) > (m— Cow(Z,).
By Lemma [10.23] there exist N > 1 and ¢y € (0,1) such that, for all sufficiently large
n, v (U;ylenH) > cov(Z,). Since Z,4n = 2, N U;ylenJrj, V(Znin) < (1= co)v(Z2n).

Tteration gives v(Z,) < (1 —¢o)™". Choose g9 > 0 so that (1 —¢g)'/N < 1 —¢¢ < 1. Then
v(Z,) < (1 —gp)™ for all sufficiently large n, proving Proposition m O

11. THE INDUCED EXPANDING MAP

We now use the geometric partition to construct an expanding map with countably many
branches. We first define Ty on the sets 7,71 A; appearing in the decompositions of the sets
Jp. We then successively take first-return maps until we obtain a return map on Ay. At each
step, we prove that the return time is finite almost everywhere and establish exponential
summability of the branches. Finally, we take a fixed power of the return map so that all
return vectors lie uniformly in the prescribed positive cone.

Let n be sufficiently small as in Proposition allowong further reduction until its final
choice after Lemma We suppress n from the notation. Set

L
A= U U U Ips A=A~ Ap(T)).

j=0 n>1 peP;,,

By Lemma[9.4

i—U U U U el anm).

i,j=0 n>1 pelypp;NPjn Y1EN
For each j, the construction gives
AU U =2
n>1 pEij n>0
By Proposition V(Z;n) — 0 asn — oo. Hence A’ has full v-measure in A. Since A, (T,)

is countable and v is atomless by Theorem [3.17] removing the parabolic fixed points leaves

A with full v-measure in A.
Define Ty : A — A by

To(x) = (py) e ifz € ANypmAs

For 0 <i,5 < £, let Ho(i,7) be the set of elements v,y with p € I'yp; N P}, for some
n > 1and y1 € Np. Each v € Ho(4,5) maps A; onto a cell vA; C Aj, on which Tj acts as
7~ wherever it is defined. We call v an inverse branch of Ty. Thus i records the domain of
the inverse branch, and j records the set containing its image.

Set B B
Ap= () T,

m>0
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This is precisely the set of points whose iterates Tjj* are defined for every m > 1, and it has
full v-measure in A by quasi-invariance of v. By construction, Ty maps K+ into itself.

The inverse branches also preserve this set: if € Ay N A; and v € Ho(i,j), then
v € AN Aj and Ty(yx) = x. Hence all iterates of yz are defined, so vz € A+ NA;.

The transmon graph of Tj is the directed graph with vertex set {0,...,¢} and an edge
j — i whenever Hq(i,j) # 0. Since this graph is finite, we can choose a nonempty set Iy
of indices such that no directed edge leaves Iy and the graph on Iy is strongly connected:
every vertex can be reached from every other by a directed path within Iy. Thus Ty maps
/~X+ N Uz‘elo A; into itself. We may assume the index 0 belongs to Ij.

Definition 11.1 (First returns to Ag). Let A, be the set of points # € Ay N Ag such that
T§x € A for infinitely many m > 1. For x € Ay, let n(x) := min{m > 1: Tz € Ap}.

Proposition 11.2. The set Ay has full v-measure in Ag.

We prove this by removing one index other than 0 at a time and taking the first-return
map to the remaining domains. After |Iy| — 1 steps, only A( remains.

Set Xy := A+ N Uzefo i, and retain the notation Tj for its restriction to Xy. Then Tj
maps X into itself, and v(Xo N A;) C Xo N A; for every i,j € Ip and v € Ho(1, 7).

Suppose inductively that we have defined an index set I containing 0 and a map T}, :
X, — X}, where X, C Uielk A; has full v-measure in that union. For i, j € Iy, let Hy(, )
denote the group elements defining the inverse branches of T}, from A; to A;. Assume that,
for every v € Hy(i,7) and y € X N A;, we have vy € X N A; and Ty(yy) = y. The
transition graph of T has vertex set I and an edge j — i whenever Hy(i,7) # (). Assume
that this graph is strongly connected. If I = {0}, the construction stops.

Otherwise, put ¢ := max [ > 0 and Jy := I ~\ {{;}, and set Y1 := X N UzeJ
For x € Yj1, define its first-return time by

ng1(x) :=1inf{m > 1: T} x € Yi11},
with inf ) = co. Set
Xiy1 :={x € Yq1 : T}z € Yy for infinitely many m > 1},

and define T4 (z) := T;’““(z)x for ¥ € Xgy1. Put Ixyq := Jg. After its first return, a
point of Xy 1 still returns infinitely often to Yj,1. Hence Ty11 maps X into itself.

The inverse branches of Tj,1 are compositions of inverse branches of T along paths that
start and end in J; and whose intermediate vertices are all £. If such a composition v has
domain A; and y € Xg1 N A, then vy first returns to Yz41 at y. Hence vy also returns
infinitely often, so vy € Xp11 and Tpy1(vy) = y.

Lemma 11.3 (Connectivity of the transition graphs). For every k, the transition graph of
Ty, is strongly connected. If I, # {0}, there is an edge from { to a vertez of Jy.

Proof. The assertion holds for £ = 0 by the choice of Iy. Suppose that the transition graph
of Ty, is strongly connected and I # {0}. Since Ji is nonempty, a path from ¢ to Jj
contains an edge from ¢ to a vertex of Jg.

Given i,j € Jg, choose a directed path from ¢ to j in the graph of T and divide it at
successive visits to J. Each resulting segment has all its intermediate vertices equal to £, so
it defines a branch of T} ;. These branches give a directed path from ¢ to j in the transition
graph of Tj1. Thus this graph is strongly connected, completing the induction. O
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The following proposition, proved below, shows that the restriction to Xy, 1 removes only
a null set.

Proposition 11.4. For every k with Iy, # {0}, the set X1 has full v-measure in Yiiq.

11.1. Estimates for the initial branch map. Recall that
(11.1) Ho(i,j) = J {wpm i p €T pin P, meN,},  ijel.
n>1

Write Ho := |, jez, Ho(i, ) for the collection of all inverse branches of Tp.
For i € Iy, define the following neighborhood of p; in A:

1

-1

Lemma 11.5. For every n > 0 sufficiently small, we have y~1U; C U; for all v € Ho(i, j).
Proof. Write v = 7,71, so that yp; =p € Aj;. Since A; is compact and disjoint from p;, we
may choose a neighborhood W; of p; so that W; N A; = 0. As n — 0, the sets U; shrink to

p;. Decreasing 7 if necessary, we may therefore assume U; C W;. Compactness and (5.3))
now give € > 0 such that, independent of 7,
(11.3) Dy (giz, gip) > € (x € Uj ~A{pi}),
uniformly over the finitely many pairs ¢, j and all such p.

Fix x € U;. By (9.4)), applied in the conjugated system, Dﬁ(gwflpi,giA,;) >l If
x = p;, this already gives 7'z € U;. Otherwise, Lemma applied to g;vg; ! together
with (11.3) and the uniform bound h;(g;p) < 1, gives Dd;(gfy_lx,gfy_lpi) < C, where
C is independent of ~, x, and n. Therefore, decreasing nn > 0 sufficiently small that n <

(2NoC)~ 1, Corollary gives
1 1

D-(g;~ L A)Y>S — —(C > .
1/)(927 €, gi z)_Non _2N077

This means that v 'z € U;. O

For the rest of the paper, we fix n > 0 sufficiently small to satisfy all the preceding
requirements, including those of Lemma [11.5

Lemma 11.6. There exists r > 0 such that, for every n > 1, ig,...,in € Iy, and v, €
Ho(im—1,1m) (1 <m < n), the product g := , --- 71 satisfies gA;;, C O (0, go).

Proof. Suppose otherwise. For each k > 1, choose a product gy := Ykn, - - Vk,1 as in the
statement and z € A;, , such that gpay ¢ Ok (o0, gro), or equivalently, ) ¢ (’)k(gk_lo, o). It
follows that g — oo and we may therefore assume that the g, are pairwise distinct, iy g = 4,
ik, = J, and x, — o € A,

By Lemma (1) and (3), after passing to a further subsequence, there exists y € A,
such that g,;lg — « for every ( € A, ~ {y}. Repeated application of Lemma gives
gk_lUj C U;. Choose ¢ € U; \ {y}; then gk_lg‘ € U; and gk_lg‘ — x. As U; is closed, = € U;,
contradicting U; N A; = 0. O

Proposition 11.7. There exists € > 0 such that

Z e~ (1=9)9 (7)) ~ 0.
YEHo
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Proof. By Lemma[0.5] and the proof of Lemma [7.4], applied to the finitely many conjugated
systems, there exists 7 > 0 such that, for every 7 € Iy, p € ANT,p;, and y1 € Ny,

(11.4) YY1 C Jp C Op(0,7p0).
After increasing r, we also have
(11.5) lei C OT(O, ’)/10).

Indeed, otherwise equivariance and Lemma m(S), applied to a sequence in P;, would force
a sequence in A; to converge to p;, contradicting compactness of A; and p; ¢ A;.

Now fix j € Ip and restrict to p € Pj, NI'yp;, with n > 1 and ¢ € Ip. For 71 € N, and
x € A, the cocycle identity gives

/B'Yp'}’lx(e’ Y1) = vaw(e, Yp) + 57190(6»’71)-

By (11.4), (11.5), and Lemma [3.11] the two terms on the right are p(v,) +O(1) and pu(vy1) +
O(1), respectively, with uniform errors. By Lemma YY14i C Op(0,7p710). Hence

Lemma and conformality of v give v(y,714;) < e~V #(»1)) . Combining this with the
preceding cocycle estimate, we obtain

(11.6) e~ V() — V() = e~ () p=¥ (1))

By Theorem choose € > 0 small enough that 1 —e > 6, (P;) for every i. For fixed
7, the set N,, depends only on the type i. Both sums below are finite and strictly positive,
since IV, is cofinite in P;. As there are only finitely many types, we obtain, uniformly in p,

Z e~ (1=e)¥(u(n)) — Z e~ ¥(u(n)).
Y1ENp Y1EN
Together with ([11.6) and Lemma this gives
Z e~ (1=8)Y(u(vpm)) = #(p)) Z v(pmn ) = esw(u(vp))V(Jp)_

71END M ENp

By (7.1)), ¥~ (u(y)) is bounded below uniformly on T'y, so ¥(u(v)) < 20 (u(7y)) + O(1).
For p € P} ,,, Lemmas 6.5 and [6.6{ and the definition of Pj,, give ¢ (p(7p)) < nlogH+ O(1),
with the fixed parameter n absorbed in the error. Hence, by (11.1)) and -

Z Z —(1=e)p(p(v)) <<ZH2sn Z <<ZH25n e 1 Z H25 1—60

i€lo veHo(i,5) n>1 pEP; n n>1 n>1

(11.7)

The last estimate follows from Proposition Taking e smaller if necessary so that H?¢(1 —
€0) < 1 proves the desired summability for every j € Iy, and hence for Hy. O

11.2. The inductive argument. We now prove the estimates needed at each step of the
induction. Fix k with Iy # {0}. For I, J C Iy, write Hy(I,J) := U,e;, jes Hi(i,J), and set
Hk = Hk(fk, Ik>

Lemma 11.8. There exists €, > 0 such that, for every n > 1,

Z e V) (1 — gp)",
Yoo €HE (Cr L)
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Proof. Set J = Hr(ly,ly) and E = Ay ~ U’yej vAy,. By Lemma there exist
i € Ji = I~ {l} and v € H(i, lx). The set vA; is disjoint from (Jsc 7 Ay, up to a v-null
set. Since v(A;) > 0 and v is quasi-invariant, v(E) > v(y4A;) > 0.

Each branch of T} is a composition of branches of Tj. By conformality and Lemmas [3.17]
and [T1.6] there exists C' > 1 such that, for g = e or any finite product of elements of 7, and
every Borel A C Ay,

(11.8) Cle Py (A) < v(gA) < Ce POy (A).

Set ey, := C2v(E)/v(Ay,) € (0,1). Then v(gE) > erv(gAy, ). The sets gyAy,, v € J, are
disjoint up to v-null sets, and their complement in gA,, is gE. Thus their total measure is
at most (1 — ex)v(gAy, ). Iterating this estimate and using the lower bound in (11.8), we
obtain

C
§ ( =¢(p(y1m)) < E v A ) < C(1 = ).

€ — V(Afk) 7/(’71 7’”1 gk) — C( gk)
V15T E€ET Y1y IR ET

We next estimate the return time to Yy ;.
Proposition 11.9. There exists e, > 0 such that, for everyn > 1,
v({z € Vi1 s niga(z) >n+1}) < (1 —gp)™
In particular, X411 has full v-measure in Yi41.
Proof. Set J := Hy (L, lx). Every x € Y11 with ngiq(x) > n+ 1 belongs to a set y9g9Ay, ,

where vg € Hp(lg, Ji) and g = 1 - - - v, with v, € J.
Applying conformality and Lemmas and to 0, and (11.8)) to g, gives

V(")/OA&C) —
V(B0,) v(9he,) < v(v0Ag)e
The sets v0Ay,, with 79 € Hy(lk, Ji), are disjoint up to null sets, so their measures
sum to at most 1. Every point with ngyi(z) > n + 1 lies in a set yoy1 - - - Ay, , Where
Yo € Hi(lg, Jx) and v1,...,7, € J. Summing the preceding estimate over these choices
gives

v(1094y,) <

v({z € Vi () > n+1}) < S v(Ay) $ et
YoEH ) (L, Jk) V1Y €T
< (1 —egp)"

by Lemma [TT.§ Letting n — oo shows that the set of points in Yj;1 that never return to
Yi+1 has measure zero. Since Y11\ Xgy1 C U0 Ty ™ ({y € Yiy1 : niy1(y) = 00}), Xt
has full v-measure in Yy11. O

The inverse branches of Ty, are
Hicr = Hi( Tk, i) U (L Hae(lh, Te) (O, )" Hr (i, Or),
n>0
where the zeroth power is {e}.
Proposition 11.10. Assume that, for some € > 0, Z'ye?{k e~ (1=9)%((M) < oo0. Then there

exists €1 > 0 such that ZWGHkﬂ e~ (1=e)¥(u(7) « 0.
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Proof. Decreasing ¢ if necessary, we may assume that 0 < ¢ < 1. Set J := Hy(lk, lx). The
cocycle identity and Lemmas [3.11] and [T1.6] give a constant C' > 0 such that

@Z)(/‘(’Yl e Vn)) > Z 1/1(M(Vm)) —Cn
m=1

for every 1, ...,7v, € J. The hypothesis therefore implies that, for some B > 1,

Z e~ (1=8)Y(u(y1--7n)) < B",
’Yl’“'a'ynej

Choose 0 < 6 < 1 small enough that (1 —e)'~?BY < 1, where ¢} is given by Lemma
Since 1 —0e = (1—0)+6(1 —¢), Holder’s inequality with exponents 1/(1 — @) and 1/6 gives

Z e~ (1=0)P(u(v1m))
Viseey IR €T
1-0 0
(11.9) R ) S et n)
Y5 VET V1 €T
< (1 —ep)BY",

where the last inequality follows from Lemma and the preceding bound. Set 1 = fe.
Then

(1110) Z Z 67(1751)1/’(.“(71'”%1)) < 0.

n2071,..,9n €T

Every branch in Hyy1 ~ Hi(Jg, Ji) has the form ~og7), where 9 € Hi(lk, Ji), Vo €
Hy(Jk, Ux), and g is a product of elements of 7, possibly empty. The same cocycle argument
gives

1(709%) = k(o) + ulg) + u(vo) + O(1),
with a uniform error. Consequently, the sum of e~(1=¢1)%(1(2097%)) over these branches is
bounded by a constant times the product of the sums over 7, g, and 7). The sum over
g is finite by (11.10]). Since £1 < ¢ and ¥ (u(7)) is uniformly bounded below by (7.1]), the
hypothesis implies that Z’YEHk e~(17e1)¥(1(7) < o0, This bounds both outer sums and the
sum over H(Jg, Ji), proving the proposition. O

11.3. Proofs of Proposition and Proposition [11.2

Proof. Starting with Xy, apply Proposition [I1.9] at each stage. It follows inductively that
Xj41 has full v-measure in Y11, and hence in (J,¢ . A;. This proves Proposition
Moreover, Propositions and show that, at every stage k, there exists € > 0 suc
that 37 g/, e~ (1=e)¥((7) < 0.

Let r := |Io| — 1, so that I, = {0}. Every point of A4 returns to A¢ infinitely often and
therefore belongs to every Xi. Thus Ay C X,.. Conversely, the iterates of T, give successive
returns under Ty to Ag at strictly increasing times. Hence X, C A4, and therefore X, = A4.
Since X, has full v-measure in Ag, this proves Proposition [11.2] The map 7, is the first-
return map of Ty to Ay. O]

We henceforth write Tyet := T, and Hyet := Hy. Thus Tiet(z) = Tgb(x):z‘ for x € Ay, and
Hret 18 its collection of inverse branches.
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11.4. A fixed iterate with positive roof. We will choose ng > 1 so that the return
vectors of T := T.0 satisfy the required cone condition and scalar lower bound. In terms of
T07
no—1 )
T@) =Ty (@), Nopla) = Y nlTia).
j=0
Each first-return branch is represented by a product 1 - - - vy, where vy, € Ho(im, tm—1),
1o =1inp, = 0, and 4,, # 0 for 0 < m < n. For x € A, the corresponding sequence of branches
is uniquely determined by its first n(x) iterates under Tp.
The sets YAy, v € Hyet, are the first-return cylinders. Until Lemma [I1.12]is proved, H
denotes the set of ordered m-tuples of branches; in expressions such as YA, v denotes their
group product. For every m > 1,

Ay = | ] Ay
YEH

ret

Since Ay is the closure of its relative interior, Ay is dense in Ag. Thus vAy is the closure
of yA . The following lemma places these closures in the relative interior of Ay.

Lemma 11.11. For every b € Ho(i,7), bA; C inty,(Aj). Consequently, vAg C inty,(Ao)
for every nonempty product v of elements of Hyet .

Proof. Let b € Ho(i,j). Then bA; C J, for some p € Pj,. Set ¢ := g;p and work in
the conjugated system I';. Since nh;(q) < h,—1 and n < 1/(4C3), we have Conhj(q) <
hn—1/(4n). Hence Lemma[9.5) and definition give

gj(bAi) C ngp C B@ (q, hZ’I’]1> - ngj.
The ball in this display is open in g;A,. Applying gj_1 proves the first assertion.

In a product defining a first-return branch, the leftmost factor belongs to Ho(é,0) for
some 4, and the remaining factors map Ay into A;. Its image is therefore contained in the
relative interior of Ag. Any further composition of first-return branches has image contained
in that of its leftmost factor, proving the final assertion. O

Lemma 11.12. The set Hyet freely generates a semigroup.

Proof. Suppose that v1 -+, = ] - -+ 7,- The common image of A is a nonempty subset
of both y1A4 and v{A4. Since distinct first-return branches have disjoint images, v1 = 7.
Cancelling and repeating identifies the factors up to the shorter length.

By Lemma every nonempty product maps Ag into inty,(Ag). Since Ag has
nonempty relative boundary, this image is a proper subset of Ag, so the product cannot
be the identity. The two lengths must therefore agree, proving the lemma. O

Recall that Uy = Ap\By; (Ao, ﬁ) Repeated application of Lemma[11.5gives v~ 1Uy C

Uy for every nonempty product « of elements of Het.
Lemma 11.13. There exists r > 0 such that Uy C O,(vy0,0) for every v € Um21 HE.
Proof. By Lemma [I1.0] there exists r > 0 such that

(11.11) vAy C O, (0,70) (v € Um>1H,es) -
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Suppose the assertion fails. For each k > 1, choose zj € Uy and 7y, € |, H/o such that
z & Ok(yr0,0). Then d(o,yz0) > k. Passing to a subsequence, assume that the v, are
pairwise distinct and x, — x € Up.

Fix z € Ap. By and Lemma[3.16](2) and (3), after passing to a further subsequence,
Yrz — x. Since v,z € Ag and Ag is compact, x € Ag, contradicting Uy N Ay = 0. O

Lemma 11.14. Let Dy C a be compact, and let Cy C a™ be a closed cone such that L,~{0} C
intCy. For every Co > 0, there exists ng > 1 such that, for every n > ng and every
V=71 Yn With vj € Hyer:

(1) Bz(e,v) + Dy C Cy for every x € Ay NyAg; B

(2) ¢(Bz(e,7)) = Co for every x € Ay NyAg and ¢ € {1, ¥};

(3) ©(By(7,€)) = Co for every y € Uy and @ € {4, 9}.

Proof. By (11.11]) and Lemmas and [11.13]
Bale;7) = pu(y) +0(1),  Byly,e) =iu(y) +0(1),

uniformly for the products v and points x,y in the statement.

By the definition of £,, every accumulation point of p(y)/||pu(v)| as ||u(y)|| = oo belongs
to L,. Since Dy is compact, the hypothesis on Cy and positivity of ¢, ¥, and 1 on L,~{0}
give all three conclusions whenever || u(7)|| is sufficiently large. By discreteness, only finitely
many elements of I', have Cartan projection below this norm bound. By Lemma , each
such element has at most one expression as a product of elements of Hye;. The lengths of
these exceptional products are therefore bounded. Choosing ng larger than these lengths
proves the lemma. O

11.5. The final expanding map. We now fix ng and the map 7. Since Ag is compact
and disjoint from pg, there is a compact set Dy C a such that

(1112) 2g(x,p0) - 2g(y7p0) € D0 (l‘,y € AO)

Choose a closed cone Cp C inta™ U {0} such that £, \ {0} C intCy and 1,%~,1 > 0 on
Co ~ {0}. Apply Lemma [11.14] with

Co=Cr:=14+4 max sup |p(G(x,po))|-
pe{Y P} el

Fix the resulting ng and define

T:=T70 ZA+ —>A+.

ret

This is our final expanding map, whose inverse branches form H := H"?. By Lemma [11.12

ret

H freely generates a semigroup. Write (H)4 := UJ,>o H", with HY = {e}.

Part 2. The return cocycle

We establish the symbolic coding and the exponential moments and uniform distortion
estimates of the return cocycle. We then prove Zariski density of the return semigroup,
non-arithmeticity of the return periods, and quantitative non-integrability.
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12. SYMBOLIC CODING AND COCYCLE ESTIMATES

We identify the expanding map T : Ay — A with the one-sided full shift on its countable
family H of inverse branches. We then define the return cocycle and prove the moment and
regularity estimates needed for the spectral analysis.

Equip the countable alphabet H with the discrete topology, and let ¥t := HN. For
distinet z,y € X%, set n(x,y) := min{j > 1: z; # y;} and define
(12.1) dy+(z,y) == 27" dey(z,2) := 0.

The one-sided shift is o(x1,x2,...) := (x2,23,...). Since all transitions are allowed, this

full shift is topologically mixing and has the big-images-and-preimages (BIP) property: any

fixed symbol can precede and follow every symbol; see |71 [70]. For n > 1, write 3} := H"

for the words of length n. The cylinder of w = (w1, ...,wy,) € &} is
w]:={zeXz;=wjfor1<j<n}

12.1. Conjugacy with full shift. We retain the notation Ay, Ay, T, and H from Sec-

tion Il Thus

A-‘r = |_| ’)/A_;,_, T”YA+ = ’Y_lv
YEH
and, more generally,

(12.2) A= ||y (nx1)
yEH™
The compact set yAq is the closure of the corresponding branch cylinder.

Lemma 12.1. For every (y1,72,...) € X1, the compact sets v1 -y QDo,n > 1, form a
decreasing sequence whose intersection consists of a single point. Moreover, this point belongs
to A+.

Proof. The sets are nonempty, compact, and nested because every inverse branch maps
Ag into itself. Put g, := v1---7,. By Lemma the elements g, are distinct. By
Lemma there exists » > 0, independent of n, such that
gnDo C Or(0, gno) N A,.

Hence Lemma gives diamgg,. (9nAo) — 0. The intersection therefore consists of a
single point x.

Since z € O, (o, gno) for every n, Lemma shows that f~!(z) is a conical limit point
of I'. In particular, z ¢ A, (T')).

Expand each 7, into its finite word of basic Tp-branches. The inclusions = € g,/ show
that every intermediate image of x belongs to the corresponding basic cell. Each such image
is nonparabolic, since the set of parabolic fixed points is I' p-invariant. It therefore belongs to

/~X, and the prescribed Ty-iterate is defined. Each -, records ng successive returns to Ag, so
this orbit returns to Ag infinitely often. Thus x € A, and T"z = g, ' for every n > 1. [
Define
v E+ — A+
by letting W((7;);>1) be the unique point in (51 71 -1 Ao.
Proposition 12.2. The map ¥ : T — Ay is a homeomorphism and
Voog=ToW.
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Proof. For each x € A, the branch partition determines a unique sequence (;,) such that
T 'z € y,Ay for every n > 1. Then x € 1 ---v,A¢ for every n, so x = ¥((v,)) by
Lemma [I2.1] Conversely, the proof of that lemma shows that the image of each sequence
follows its prescribed branches. Thus W is a bijection and ¥ oo =T o V.

Fix s = (11,72,...) € X7 and put g, := 71---Vn. Sequences agreeing with s in their
first n entries have images in g,Ag. Since the diameters of these sets tend to zero, W is
continuous.

To prove continuity of ¥~!, put x := ¥(s). By Lemma

T e gn'YnJrlAO C gn iIltAp (AO)

The branch definitions give Ay N g,A¢ = gnAy = V([71,...,7]). Thus Ay N gy, inty,(Ao)
is a neighborhood of = contained in the image of this symbolic cylinder. Since symbolic
cylinders form a basis, ¥~! is continuous. O

Recall the constant C'r used in the choice of ngy in Section [11.5
Lemma 12.3 (Uniform branch contraction). For everyn > 1, v € H", and x,y € A4,
(12.3) dy (v, vy) < e “rtdy(x,y).
Proof. For v € H, (5.2) and Lemma [11.14(2) give
1y _
dj(ve,vy) = dg(a,y)e 2V Gt < o=Cry (2, y).
Since every inverse branch maps A4 into itself, iteration gives the estimate for vy € H™. O

Proposition 12.4. There exists C > 0 such that, for all s,t € 2T,

a Cr
A5(¥(s), B(0) < Clye (5,7, 0= 5.

In particular, ¥ is Hélder continuous.

Proof. The assertion is immediate when s = ¢. Otherwise, put N := n(s,t) so that
ds+(s,t) = 27N, So s and t share their first N — 1 symbols, so Lemmas and
give
dg(U(s), U(t)) < e 2NV diamy_(A,) < dy+ (s, )77/ 182,
0

12.2. Return cocycle and positivity. We define the return cocycle for T'= T..?, which

ret
records ng successive first returns to Ay, and establish its positivity and comparison with

the Cartan projection.

Definition 12.5 (Return cocycle and roof function). For z € A, let v € H be the unique
element such that x € yA;. Define

K(x) = Ba(e,7) +2G(Tx, po) — 2G(x,po),  R(x) := (K (x)).
Put Ko := 0 and Ry := 0. For n > 1, set K, := Z;L;OlKoTj and R, := ¢Yo K, =
Y1y RoTY.
For n > 1 and v € H", put

(12.4) R, := sup R,(z).
rEYA4
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Lemma 12.6. There exists C > 0 such that, for everyn > 1, v € H"™, and x € yA4,

(12'5) Kn(x) = Bx(ea’)/) + 29(7_11'7170) - 2g($,p0),
(12.6) [Kn(2) = p(I < C |[Ra(x) = d(u(7)] < C.

Moreover, for everyn > 1 and x € A4, K, (x) € Cy and Ry, (z) > n.

Proof. Writey = 71+ - -y, with 1, ...,v, € H. The cocycle identity gives Z?;& Briz(e,vj+1) =
Bz(e,v). Since the G-terms telescope and 7™z = vy~ 'x, this proves .

By , the endpoint term belongs to the fixed compact set Dy. Together with
(11.11) and Lemma [3.11] this gives (12.6)). Since v is a word of length nng > ng in Hyet,
Lemma [11.14{1) also gives K, (z) € Co.

Forn =1, Lemma(2) and the choice of Cr give R(x) > Cr—4sup,cp, [¥(G(2,p0))| >
1. Summing along the orbit yields R, (x) > n. O

12.3. Exponential summability and moments. Exponential summability for H,et also
holds for H = H 9

ret*

Proposition 12.7 (Exponential branch summability). There exists e, € (0,1) such that,
for every 0 < e < ey,

Z sup e~ (1—e)R(yz) _ Ze—(l e)Y(p

YEH z€A4 yEH
Proof. By Propositionsand 11.10} there exists e, € (0,1) such that > 5, e e~ (1=e)¥ (M) <

oo. Since 1 (p(7y)) is uniformly bounded below, the same convergence holds for 0 < € < ¢,.
For v1,...,9ny € Hret, the cocycle identity, (11.11f), and Lemma m give

(1 o)) Zd’ ) + On, (1),

uniformly in the letters. Hence

no

Z e~ (1=8)¥(u(v) E e~ (1=e)¥(u(7)) < 00.

YEH YEHret
Finally, (12.6) with n =1 gives R(yz) = ¥ (u(y)) + O(1) uniformly in  and z, proving the
comparison of the two sums. O
Proposition 12.8 (Exponential moments). (1) For every 0 <e <1,

/ RO (1) =, 3 =12 )
Ay yEH

(2) There exist €9, C > 0 such that
/ e dy < oo, v({r € Ay : R(z) > t}) < Ce ' (t>0).
Ay

(8) There exists 1 > 0 such that

/ UEN gy < 0.
Ay
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Proof. By conformality, (I1.11), and Lemma [3.11]
v(vAy) = / e~ VBree) g (z) e~V
Ay

uniformly in v € H, since v(A4) = v(Ap) > 0. Moreover, (12.6]) gives
Ry) = ¥(p(7) +0(1)  (y € vA4),

with a uniform error. Therefore, summing over the branch partition, we obtain

W) qu(y) = / W) qy(y) = VM (yA L) =< e~ (1=8)d(u(7))
/A+ W=/ =Y ()= Y

YEH YEH YEH

This proves (1).

Taking €9 = e, and applying Proposition gives the finite moment in (2). The tail
bound follows from v({R > t}) < e 0! fA+ et du.

Finally, K (z) € Cp by Lemma [12.6, and v is positive on Cy ~. {0}. Thus mg := min{¢(v) :
v € Co, ||v|| =1} >0, s0o R(x) = (K (z)) > mp||K(z)||. Taking €1 = mpeo and applying
(2) proves (3). O
12.4. Uniform distortion and Hdélder regularity. We estimate the variation of K, at
Y,y in terms of d;(z,y), uniformly in n and v € H".

Definition 12.9. Let o > 0. Amap ¢ : X7 — aor ¢ : ¥+ — R is locally a-Hélder if there
exists C' > 0 such that
lo(s) — o(t)]| < Cds+(s, ) whenever s; = ;.
We call ¢ locally Hélder if this holds for some « > 0.
Lemma 12.10. There exist 0 € (0,1] and C > 0 such that, for all §,m € A,

dpiem(€,1) < Cdy(&,n)".

Proof. For distinct £, € A, let z be the nearest-point projection of o to the geodesic joining

F71(€) and f~1(n). By [12, Corollary B.7(2)], the boundary map f is Holder with respect to

a visual metric on A(T") and dRjem on F. Since the visual distance is comparable to e~ d(0:2)

there exists a > 0 such that dgiem (£, 1) < e~ad(0:2)

By Lemmas and we can choose b > a such that ¥(G(&,n)) < bd(o, z) + O(1).
Thus dg(§,n) > e~t42) "and hence dgiem(&,7) < di(f,n)a/b. Taking 6 = a/b proves the
lemma. O

Remark 12.11. A reverse Holder estimate also holds: there exist © > 1 and C' > 0 such that

driem(€,m) > C71dg(€,m)° (&, € Ap).

This follows from [47, Lemma 3.11], together with Lemmas and We will not use
this estimate.

Proposition 12.12 (Uniform distortion of the return cocycle). There exist ¢o € (0,1] and
C > 0 such that, for everyn > 1, v € H", and x,y € Ay,

”5’733(67’7) - 5’71}(677)” < quﬁ({rv y)CO7
(12.7) [ EKn(yz) — Kn(vy)|l < Cdg(z,y)®,
(Bo(vz) — Rulyy)| < Cag(a ).
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Proof. Take ¢y = 0 from Lemma[12.10} By (11.11)) and equivariance, z,y € O, (v 10, 0)NA,.
Applying Lemma to v~ and using By (e,7) = —Bs(e,7 ), we obtain

1Bye(e;7) = Byy(e; V)l < Cdriem(z,y) < Cdy(,y)*.
The map 2G( -, pp) is smooth on a neighborhood of the compact set Ag, so its restriction
to Ag is Lipschitz. By Lemmas and
2|G(, po) — G(y, po)ll + 2[|G (v, po) — Gy, po) |l
L dy(2,y)° + dy(yz,7y)* < dy(z,y)°.

Combining this with the first estimate and (12.5)) proves the estimate for K. Applying
gives the estimate for R,,. U

Corollary 12.13 (Symbolic Holder regularity). For every ¢ € (0,co], the map K o ¥ is
locally 0.-Holder, where 0. := c¢Cgr/log2. The same holds for Ro V.

Proof. Since dj is bounded on A,, the estimates in Proposition [12.12f also hold with ¢
replaced by any ¢ € (0, ¢g], with a constant depending on c.
Let s # t satisfy s; = t1. Applying Proposition [12.12] to their common first branch and
then Proposition [12.4], we obtain
1K (T(s)) — K(U(1))|| < dy((os), T(ot)® < ds (s, 0t) = 2%ds (s, 1)

Composition with 9 preserves this estimate and yields the last claim. ([l

13. NON-ARITHMETICITY OF PERIODIC RETURN VECTORS

We prove that the periodic return vectors generate a dense additive subgroup of a. We
first identify these vectors with Jordan projections and prove that the return semigroup is
Zariski dense. The conclusion then follows from Benoist’s non-arithmeticity theorem [3].

For n > 1, let Fix(T™) C A4 denote the fixed-point set of 1.

Theorem 13.1 (Non-arithmeticity of return vectors). The additive subgroup generated by
{Kn(z) : x € Fix(T"), n > 1}
1s dense in a.

Lemma 13.2. The set Ay is Zariski dense in F.

Proof. By Theorem H E'yel‘p e ¥() = 0o. Hence |41, Theorem 1.4] implies that every
proper subvariety of F is v-null. Since Ay has full v-measure in Ay by Proposition and
v(Ag) > 0, it cannot be contained in a proper subvariety. O

Lemma 13.3 (Periodic return vectors). Every nontrivial element of (H)y is lozodromic.
For every n > 1, the fived points of T™ are precisely the attracting flags y,, v € H", and

Proof. Let vy =~y -7, € H". The periodic repetition of (v1,...,7,) defines a point x € A4
with T"2z = x and yz = x. Since Ky, (x) = kK, (z), applying (12.6) to v* gives
IkKn(z) —p(*) <C (k=1).

Dividing by k and letting & — oo, we obtain K,(z) = A(y). By Lemma this vector
belongs to Cy and satisfies (K, (z)) > n. Thus A(v) belongs to int a™, so v is loxodromic.

Moreover, (I1.11]) gives = € O,(0,7*0) for every k > 1. By Lemma [3.16(2), = = Yry-
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Conversely, every fixed point of T™ has an itinerary obtained by repeating a word of
length n. The preceding argument identifies it with the attracting flag of the corresponding
element of H™. ]

Lemma 13.4. The set {y, :v € H", n > 1} is dense in A,

Proof. Periodic sequences are dense in X*. Apply the homeomorphism ¥ and Lemma, m
O

Let I'yy < T', be the subgroup generated by (H)4

Lemma 13.5. No finite-index subgroup of I'y is contained in a proper parabolic subgroup
of G.

1 where Q is a

Proof. Suppose that a finite-index subgroup H < I'y is contained in gQg
maximal proper parabolic subgroup containing P. Then H fixes gQ € G/Q.

The flags transverse to gP form a nonempty Zariski-open subset of 7. By Lemmas [13.2
and choose v1,72 € (H)+ ~ {e} with distinct attracting flags, both transverse to gP.
Replacing them by a common positive power, we may assume that 1,79 € H. For ¢ = 1,2,
transversality gives v; "gP — Y1 asm — 00 Since v; "gQ = gQ, both flags Y, project
to g@. The preimages of v1, v are hyperbolic. Two hyperbolic elements of a Fuchblan group
that share one fixed point share both fixed points. Hence the distinct attracting flags of
71,72 imply that their repelling flags are distinct. As these repelling flags belong to A,
they have the form hP and hwyP for some h € G. Their images h@ and hwoQ in G/Q are

distinct because () is proper, contradicting the preceding paragraph. ]

Lemma 13.6. Let G be a connected semisimple real algebraic group, and let L < G be a
reductive real algebraic subgroup. Suppose that the projection of L° to every simple factor of
G is non-compact. If {yg € F : g € L°, loxodromic} is Zariski dense in F, then L = G.

Proof. By [56], after conjugation we may assume that L° is invariant under 6. Write [ =
t; @ pr and K = L° N K. After a further conjugation by K, choose a maximal abelian
subspace ar C pr contained in a. Then L° = Kj exp(af)[( 1, for a closed positive Weyl
chamber aJr For a loxodromic g € L°, write ¢" = k, exp(Hy,)k/, in this decomposition.
Let W C NK(A) be a finite set of representatives of the Weyl group. Choose w, € W
such that Ad(w;, ')H, = u(g"). Along a subsequence, w, = w and k, — k € K. Since
nu(g™) — g ) € int a+, we obtain y, = kwP € |,y KL - (wP). By the hypothesis, the
union J,,cyy K1 - (wP) is Zariski dense.

Each K7, - (wP) is a compact semialgebraic submanifold, and its real Zariski closure has
the same dimension. Therefore for some w € W, Ky.wP must have has dimension dim F.
That orbit is open and closed in the connected space F, so Kp.wP = F. Thus K acts
transitively on F = K/M, and K = K1, M.

Write g = €D, gi, where g; = € @ p; are the simple ideals. By the non-compactness
assumption, py projects nontrivially to every p;. We can therefore choose X € py whose
projections to all p; are nonzero. Conjugating by K, we obtain H € ay whose projections
H; are still nonzero. Since M centralizes H and K = KM,

Ad(K)H = Ad(K)H C pr.

Let V be the linear span of Ad(K)H. For each i, the action of ¢ on p; is nontrivial and
irreducible. Choose Z; € ¢ with [Z;, H;] # 0. Since V is t-invariant and distinct simple
ideals commute, 0 # [Z;, H| = [Z;, H;] € V Np;. Since V N p; is a nonzero ¢;-invariant
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subspace of p;, irreducibility gives p; C V. Thus p C V C [. As G has no compact factors,
[p,p] =€ so [ =g. Connectedness of G now gives L = G. O

Corollary 13.7. The semigroup (H)+ is Zariski dense in G.

Proof. Let L be the Zariski closure of (H);. By |4, Lemma 6.15], L is an algebraic subgroup
containing I'y;. By Lemma every nontrivial element of (#) is loxodromic and hence
the projection of L° to every simple factor of G is non-compact.

Since L/L° is finite, I'yy N L° has finite index in I'y. If L° were nonreductive, then it
should be contained in a proper parabolic subgroup of G, contrary to Lemma Hence L
is reductive. For any g € (H), there is n such that ¢" € L° and y, = y4n. By Lemmasm

and [I3.4] and Lemma L=aG. O

Since inversion is a biregular map of G, (})' is also Zariski dense.

Proof of Theorem[153.1 By Lemma
[Ka(e) : 2 € Fix(T™), n> 1} = {A(3) : 7 € ()4 ~ {e}h
By Corollary (H)4 is Zariski dense. Therefore |3, Proposition, p. 34| implies that

{Ay) + v € (H)+ ~ {e}} generates a dense subgroup of a; see also [58] for a dynamical
proof. ([l

14. QUANTITATIVE NON-INTEGRABILITY OF THE RETURN COCYCLE

We prove the quantitative non-integrability estimate for K used in Proposition [I7.5 The
proof uses Zariski density of (#); and the peripheral root-balance condition .

For C > 0, set Ho = {y € H : R, < C}, where R, is defined in (12.4). By (12.6),
R, = 9(u(v)) + O(1) uniformly in . Thus Hc¢ is finite by Proposition [12.7]

Theorem 14.1 (Quantitative non-integrability). There ezist constants C' > 1, 0 < s1 < sa,
sg > 0, Nnr > 1, and €1,01,n € (0,1) with the following property. For every unit vector
vo € a, b> 3, and integer n > Nni, there exist v1,72 € H¢, v € He, and x1,72 € Ay such
that

€1 €1 0161
x1 € YA, 31Z <;,;17le> C vAg, QTQGB,L/_) (331,72b51) \Bu_) <$1,2b32>7

and

(141) (o, Kn(nan) = Kn(an) = (vo, Kn(122) = Kn(122)| = ndy(er,22)".

Moreover, writing vg = Vi1 Vin With Y, € He, we have

€1 €1
(14.2) By (%fm, %T1> U By (%962, 2571) Cmildo  (k=1,2).

14.1. Root balance in the return limit cone. Let Ly be the asymptotic cone of
w((H)+). Since (H)4 is Zariski dense by Corollary [2, Theorem 1.2(a)| gives

Loy =TN) 120, 7€ (H)1).

Lemma 14.2 (Peripheral root balance). There exists v € L3y Nint at such that

mingea(v) _ 1

maxgena(v) ~ 2
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Proof. Recall that H = H 20, where Hyet consists of products n; - - - 0, satisfying

ret’
U G/Ho(ij,ijfl), 10 =1 = 0, ij;«éO 0<j<r).
The last factor has the form 7, = 7,h, where p € I'ypg and h € N, C Pg. By (1L.1),
Y Np C Ho(0,4,—1), and N, is cofinite in Py by (9.3).
For every nontrivial u € Pg, the elements hu™ are distinct and hence belong to IV, for all

sufficiently large m. Replacing the last factor of the last return word therefore shows that,
for every g € H and u € Py ~ {e}, there exists mo = mg(g, u) such that

(14.3) gu™ e H (m > my).
Now fix g € H and ugp € Pg~{e}. Then ug is weakly unipotent and hence, by Lemmas
and
n(gug’) = p(ug') + Og(1) = (log m)vy, + O(1).
By (14.3)), gui® € H for all sufficiently large m. Dividing by log m therefore gives v,, € Ly.
Moreover, v, # 0, and the Cartan asymptotic and (4.1 imply

milaen @(Vuy) _ . mileennau(ug)) 1
maxaern @(vy,)  m—oo maxger a(p(ult)) ~ 2

Thus vy, € inta™, and we may take v = vy,. O

For the remainder of this section, fix a vector v, € Ly Ninta™ supplied by Lemma, m
and set

(14.4) g, .= Mitacnav,) (11
maxXqery o(vx) 2

14.2. Quantitative non-concentration. Equip g with the inner product (X,Y) := —B(X,0Y),
where B is the Killing form, and use the induced norms. Its restriction to a agrees with the
inner product fixed above. Consider the root decomposition

(14.5) g=adm® P (g Bg-a), (m=LieM).

acdt

This is an orthogonal decomposition which is Ad(M)-invariant. For € (0, 1] and « € II,
put

Wi(g-a) = {Zéﬁ: 1Z]| =1, sup (Z,Z")| Zm}.
Z'eg—a)lZ'||=1
The following proposition gives an attracting fixed point y,« such that, in local Bruhat
coordinates centered there, A escapes every hyperplane through the origin whose normal
has a definite component in a negative simple-root space, with quantitative bounds at all
sufficiently small scales. The powers of d; match the contraction rates in the corresponding
root spaces; see ([14.9)).

Proposition 14.3 (Adapted non-concentration). Fiz s € (%, 0.). There exists a lorodromic
element v* € (H) 1 with the following property. For every fived g. € G satisfying g; 'v* g« €
ATM and k € (0,1], there exist co, b0, M0 € (0,1) such that, for every a« € 11, Z € Wy (9-a),
and € € (0,¢p), there exists Y € n with g.exp(Y)P € Ay and

aA(y*

x )
(14.6) Soe < d(yy, ge exp(Y)P) 5007 <&, [(Z,Y)] > noe, Y] <&,
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Proof. Choose sq € (s,0,). By (14.4)), for every 8 € ®* and « € II,
Vs ) > min ((vy) > somax ((vs) > soa(vy).

ﬂ()_CEHC( ) OCGHC()_O()

Since Ly is the closure of the rays through A((H)1), we may choose v* € (H)4+ \ {e}
such that

(14.7) BAGMY)) = s0a(A(Y)) (B €T, acll).
By Lemmam v* is loxodromic, and ¥(A(7*)) > 0 by (7.1). Fix g« € G with g7 'y*g. €
ATM. Then

9P =y, gawoP =yi-1, g2 g € exp(A(y)) M.
For every k > 0, we have
(7)*gx exp(V) P = gx exp(Ad(g, ' (v))*g)V) P (V € 1),
IAd(g: ! (v*) g )V = e A0y (Vegp Bedh)
Since the exponential and logarithm maps of N are polynomial, V' — g, exp(V)P is an
algebraic isomorphism onto the open Bruhat cell g./NP. By Lemma the set {V € n:

gxexp(V)P € A, } is Zariski dense and hence spans . Choose a basis Y7, ..., Yy from this
set and C' > 1 such that

(14.8) max ||V} <€, max[(V,Y;)| = CT V] (V€ n).
J J

By Lemmam Yo € Ay, and ([12:2) gives (v*)*A; C Ay for every k > 0. By (T1.11)),
Lemma [3.11} and Lemma (3.1
Biyyka(es (7)) = ul((v*)*) + O(1) = kA(Y") + O(1)

uniformly for £ > 0 and z € A;. Applying (5.2)) to y,+ and g, exp(Y;)P, whose distance is
positive, and enlarging C'; we obtain

* a(A (")) *
(14.9) C~1e—ka(A(v") < dl;’ (yw*7 (7*)kg* exp(Yj)P) wu(%) < Ce— k(M)
for every ae € I1, j, and k > 0. Fix x € (0,1]. For Z € Wy (g_a), we have

[Ad(g; " (v)* g.) 2| = ke F PO,

where * denotes the adjoint in fi. Combining this with (14.8)) gives the first estimate below,
while (14.7) gives the second:

max|(Z, Ad(g*_l(’y*)kg*)Yj)’ > O e kNG,
14.10 J *
o max || Ad(g; ! (v9)*g.)Y; || < CeFeoar0m),
J

Since sg > s, choose ¢y € (0,1) so small that C (%)SO < ef for all 0 < e < ¢p. Given
acll, Z € W(g-a), and € € (0,cp), choose k > 1 so that

Ce R < % < Ce—k—Dalr(r).

Choose j attaining the maximum in the first line of (T4.10]), and put Y := Ad(g; }(v*)*g.)Y;.
Then g. exp(Y)P = (v*)kg. exp(Y;)P € A;. By ([4.9) and the choice of k,

a(A(r™)

o < gl g p(V)P) S < £ <o
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where g := (2C?)~le~ maxgen BAGT) | Likewise, (T4.10)) gives

Ke g \% _ .
(ZY) > sopnmy 2 rdee, IV <C(55)" <<
Taking 7o := kdg € (0,1) proves ((14.6). 0

14.3. A geometric formula for cocycle differences. We express differences between
return branches in the Bruhat coordinates associated with the attracting and repelling flags
of v* used in Proposition [14.3]

Recall that pg = P. For g € G, recall

9] = (g%.97 . Byr(e,9) € FP xa, " =gpo, g~ = guwopo.
Lemma 14.4 (44, Lemma 8.4]). Forg€ G,n€ N, and h € N,
[gn] - (g+7 gn -, /BgJr (6, g))7
lgh] = (9h™. g7, By+ (e, 9) +2G(gh™*,97) —2G(g",97)).

For the rest of this section, fix s € (1/2,6,) and * as in Proposition [14.3] Choose g. € G
such that g, 17*g. € exp(A(y*))M, and set
(14.11) 21 = G« P =y, Qs 1= Guwo P = y(yey-1.
For every x € F transverse to gs, let h, € N be the unique element such that « = g,h, P.
In particular, hy, = e, and hg, op(v)p = exp(Y) for Y € n.

For (z,y) € F@ with z transverse to ¢, and y transverse to x, set g; = g, and
successively choose g2 € g1 N, g3 € g2 N, g4 € g3N, and g5 € g4 N such that

9 =Y, 93 =T, g =, g5 =1

Each choice is unique. For (h,n) € N x N such that (g,hP, g.nwoP) € F@ apply this
construction with x = g.hP and y = g.nwoP. Since g5 and g, have the same two flags,
g:1gs € AM. Define Z(h,n) to be the unique element of A satisfying
(14.12) g« M = gs=(h,n)M.

For fixed n € N, write Z,(h) := Z(h,n). For v € (H)4 \ {e}, let n, € N be determined
by

¢y =7 'po = ganywo P,

By Lemma [T1.5] and inverse iteration in Uy, the flags po, ¢«, and g, belong to Uy, which is
disjoint from A, . They are therefore transverse to every point of Ay, so h, and Z(hy, Ny)
are defined for z € A,.

Lemma 14.5. Forn > 1, y,n € H", and x € A,
log E(hg, ny) — log E(hg, ny) = Kp(yz) — Kp(nz) — Kp(yar) + Kn(nzr).
Proof. Apply Lemma to the associated sequence for (z,qy). Since logZ(hy,ny) =
Bay (€, 9x) — Bay (€, g5), we obtain
log E(ha, ny) = 2G(x, 4x) — 2G(21, ) — 2G(x, 4y) + 2G(21, ¢4).
On the other hand, and give
Kn(yz) — Kn(y21) = 2G(2, po) — 2G (21, p0) — 26(, q) + 2G(21, ¢y)-

Subtracting the corresponding formulas for 7 cancels the terms involving ¢, and pg, respec-
tively, and proves the identity. O
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Define the backward limit set

Ay = {y,1 v € (H)+ ~{e}}.

By Lemma v "Mpo € Up for every v € (H)+ ~ {e} and m > 1. Since py is transverse
to yy € A, these points converge to y,-1. Closedness of Uy therefore gives Ay C Up. In

particular, Ay is disjoint from A .

Lemma 14.6. The set Ay is Zariski dense in F, contains py, and satisfies Y Ay, C Ay for
every v € (H) 4.

Proof. Since <’H)jrl is Zariski dense by Corollary , [2, Section 3.6 gives the invariance
and Zariski density of A,. Fix g € H and u € Po~{e}. By (14.3)), gu™ € H for all sufficiently
large m. Choose ¢ € Ay~{gpo}. The invariance just proved gives u="g~1¢ = (gu™) "¢ € Ay
for all sufficiently large m. Since g~'¢ # po and u € Py, these points converge to py. Thus
po € Ap by closedness. d

Since A} and Ay are disjoint subsets of A,, every pair in Ay x A, is transverse. Asz; € Ay
and ¢, € Ay, the inverse image of this product under (h,n) — (g+hP, gsnwoP) is a compact
product contained in the domain of =.

Choose relatively compact open neighborhoods N € N and N; C N of its two factors
such that Nj x N is still contained in that domain. Then h, € Ny for z € K, and n, € Ny
for v € (H)4 ~ {e}. Moreover, e € Ny N Ny, since h;, = e and ¢. = gwoP.

Let mq : g — a be the projection associated to (|14.5)).

Lemma 14.7. The map E is real analytic on its domain, =,(e) = e, and

(14.13) (d(log0Z,)), = ma 0 Ad,,—1 5.

Proof. Let (h,n) € N x N belong to the domain of Z. Then (n~'hP,woP) € F®, and
hence n='h € NP Write n='h = h'amn’, with ' € N, a € A, m € M, and n’ € N. The
associated sequence satisfies

gs=ginh',  gi=giha 'm™!, g5 =gia"'m ",
Thus (14.12) gives Z(h,n) = a. The components of this decomposition are real analytic,
and the A-component of n=! is e, so Z,(e) = e.

Since right multiplication by n preserves the A-component, for Y € nn and ¢t € R close to
0, Z,(exp(tY)) is the A-component of n~!exp(tY)n = exp(t Ad,—1 Y). The differential at

e of the logarithm of the A-component is 74, by (14.5)). This proves (14.13)). O
By compactness,
(14.14) Cy = sup ||Ad,—1 || < oc.
neﬁ

14.4. A finite family of nondegenerate adjoint directions.
Lemma 14.8. Let £ € Ay. For every € > 0, there exists a loxodromic element vy € (H)4
such that

dy((vv0) 'po,&) <& for everyy € (H).

Proof. By the definition of Ay, choose n € (H)+ ~\ {e} such that d;(y,-1,§) < e. Every
point of the compact set Ay is transverse to y,; € Ay. Hence ™™y — y,-1 uniformly for
y € Ap. By continuity of dj, we may choose m > 1 such that sup,c,, d@(n_my, €) < e. Set
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Y0 == n™. Since v 1pg € Ay for every v € (H), by Lemma the assertion follows from
(v0) "o = 1" 'po. O
For g €11, let Hg € a be defined by (H, Hg) = $(H) for every H € a.

Lemma 14.9 (|33, Chapter VI, Section 3, Lemma 3.1]). For every 5 € II, there are unit
vectors Eg € gg and E_g € g_g such that

[Eﬁ, E_ﬁ} S R>0Hﬁ.

Fix the unit vectors g from Lemma Since the simple roots span a*, compactness
of the unit sphere gives d2 > 0 such that every unit vector vy € a satisfies |5(vg)| > d2 for
some [ € 1I.

Proposition 14.10. There exist Co,C3 > 0, jo, ko € N, and 'y} € %ko (1 <j < jo) with the
following property. For every integer k > ko and v; € € HF ko (1 < j < jo), the following
hold:
(1) ny; € Ny for every 1 < j < jo;
(2) for every unit vector vy € a and B € II satisfying |B(vo)| > d2, there is 1 < 5 < jo
such that ‘(vo,Adn;]; E_g)| > Cs.

Proof. By Lemma 7~ 1po € Ay for every v € (H),. Thus (1) follows from the choice of
Ni. Fix a unit vector vg € aand 8 € I with |5(vo)| > d2. The function n — (vg, Ad,,-1 E_g)
is polynomial in exponential coordinates on N, since Adeyp—x) =€~ ad X g a finite sum for
X €n. Its derivative at e in the direction Eg is —(vo, [Eg, E_g]) # 0 by Lemma [14.9]

The map n — g.nwoP is an algebraic isomorphism from N onto the open Bruhat cell
transverse to 1, which contains A,. By Lemma [I4.6 we may therefore choose n € N;
such that g,nwoP € Ay and (vg, Ad,,-1 E_g) # 0. Continuity and Lemma then give
v € (H)+ ~ {e} and ¢ > 0 such that, for every unit vector v sufficiently close to v,

|(v,Ad, -+ E_g)| >c  for every w € (H)4.
w’y’

By compactness of the sets {v : |[v|| = 1, |B(v)| > d2}, finitely many such choices give
elements ’y;» € H* and a common lower bound C3 > 0, valid after any left multiplication by
an element of (#),. Fix ©¥ € H and put ko := max; k;. Replacing 'y;- by ¥k0—k; 'y} preserves
this property and makes every word have length ky. Choose Co > 0 so that all letters in
these finitely many words belong to H¢,. This proves (2). O

14.5. Proof of Theorem Recall 1 = g« P and ¢, = g,woP from m We use
the constants and branches supphed by Proposition |14.10

Step 1: infinitesimal non-integrability. Since g, = gswoP, its N-coordinate is e. Also,
mala = 0. Applying Lemma to g« € Ay and using continuity gives v, € H™°, for some
mo € N, such that

(14.15) |7a o Ad, -1 5| < C3/2  for every w € (H)4.

Let v € H be the first letter of the word representing ~v*. The periodic itinerary of xy
gives v~ lz1 € A, Since A, Cintp, (Ag) by Lemma [11.11] we have z; € yA, Nintya, (7A0).
Fix v, € H. By Lemma 11.11L fygAg is a compact subset of intp,(1,A0). We may

therefore choose rg > 0 such that
(14.16) By(z1,70) CyA0,  By(vilo,m0) C 1wl
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Choose C' > 1 so that 7,7, and all letters of yg,71,...,7}, belong to Hc, and put Ny :=
max{mg, ko} + 2. Fix an integer £ > Ny and define

(14.17) Y= "%, = 0 (1< < o).
Every ~;, including 79, belongs to H‘é and begins with wg.
For 1 < j < jp, define

BP;(h) :=logZy, (h) —logE,, (h)  (h€ Nyp).
Then BP;(e) = 0, and Lemma [14.5] gives
(14.18) BP;(hy) = Ke(vjz) — Ke(yoz) — Ke(vjzr) + Ke(voz1)  (z € Ay).
By (14.13),

(dBPj)e = mq 0 (Adn;jl — Adn;01) |i-

Since 7, is an orthogonal projection, gives
(14.19) |(dBP;).|| < 2Ch.

By Proposition [14.10| and (14.15]), for every unit vector vy € a and « € II with |a(vg)| > 0,
some 1 < j' < jg satisfies
(14.20) [(vo, (dBPj1)eE_qa)| > C3/2.

Step 2: finite-scale non-integrability. Put
DAy DAy
$1 := min 1,minM ) $9 := max 1,maxM ) sg:=1/s1.
a€ll al(A(7*)) acll a(A(7*))
For the fixed s € (1/2,6.), let cp,dp,no be supplied by Proposition for g, and k :=
min{1,03/(401)}. L
Since n,; € Ny for 0 < j < jo, analyticity of = on a neighborhood of N; x Nj gives
M > 0, independent of £ and j, such that for Y in a fixed neighborhood of 0 in n,
(14.21) IBP,(expY) — (dBP,). Y < M|[Y|2
Choose €3 € (0,¢g) so small that this estimate holds whenever [|Y|| < €3, that 25" <
min{1,7}, and that Me3*~' < C3no/4. Set
g1 1= 2e3', 01 = 0y%e3 ™, n := min{1/2, C3no/4}.
These constants are independent of £.
Fix a unit vector vy € a and b > 3, and choose a € II with |a(vg)| > . Let j’ be given
by (14.20), and put Z := ((dBPj).)*vo € 1. By (14.20) and (14.19),
(ZE-a) 2 Cs/2  Cyf2<)2] <20,
Thus Z/||Z|| € Wx(g-a). Apply Proposition to this unit vector with e = £3/b, and let

Y be the resulting vector. Set x5 := g« exp(Y)P. Then h,, = exp(Y) and x2 € A,. Since
51 <PA(Y))/a(A(v)) < s2 and € < 1, we obtain

does ) €3 51 C3no €3 €38
. 20=3 . =3 > 231023 <(2)".
a2 (%) <gonam < (2)" wEnizSRE < ()
By (14.21)) and (14.22),
Csno €3 e3\2s _ C3noes s
(w0, By (he))| = =57 €—M<?> > S0y dy (o, @)
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Here the second inequality uses 2s > 1 and the choice of €3, and the last uses s;s3 = 1.
Taking «y;» and g as the two branches in the theorem, (14.18]) gives ([14.1]). The definitions of
€1,01 turn (14.22) into the required annulus. Also, £1/b%! < 79, so ({14.16) gives the required
ball about x7.

Finally, every word in (14.17)) begins with 'yg, SO YTk € ’yﬁAg. By (14.16)),

€1 . .
B (’le’k, 2171) CwAo (057 <jo, k=1,2).
Since 7y, is the first letter of both selected branches, this proves (|14.2)). O

Part 3. Spectral theory and BMS local mixing
15. SPECTRAL THEORY OF TRANSFER OPERATORS

We study the real and complex transfer operators for (A, T), with weights determined
by the roof function R and the return cocycle K. We apply the Ruelle-Perron—Frobenius
theory for countable shifts and establish regularity directly with respect to dj;. We obtain
a positive eigenfunction and a spectral gap for the normalized real operator, and show that
the gap persists under small complex perturbations. Finally, we compute the second-order
expansion of the centered leading eigenvalue and prove that its negative Hessian at the origin
is positive definite.

Definition 15.1. Let £ be a bounded linear operator on a complex Banach space X, with
spectrum o(L£) and spectral radius p(L£) := sup{|z| : z € o(L)}. We say that £ has a
spectral gap if there exist k € C, a bounded rank-one projection P on X, and a bounded
linear operator R on X such that

L=~rP+R, PR =RP =0, p(R) < |K|.

In this case, x is a simple eigenvalue of £, p(L) = |k|, and we call k the leading eigenvalue
of L.

For a topological space X and K € {R,C}, let C(X,K) and Cp(X, K) denote the spaces of
continuous and bounded continuous K-valued functions on X, respectively. When K = R,

we suppress R from the notation.
Recall the constant ¢y > 0 from Proposition and let

(15.1) c € (0, co]
be any number in this section and in Section [I6]
Definition 15.2 (Bounded c-locally Holder functions). For f € C(A4,C) and v € H, define
flx) = fly
P )
syerhpazy  dgp(@,Y)
Set
[fle:=sup|fleqy,  [flle = Flloo + [fles
YEH
where || floo := supgen, |f(z)|. We define
Fe(Ay, C) = {f € C(A4,C) : || flle < o0}

On this space, | -|. is a seminorm and || - || is a norm. Equipped with || - ||, this is a complex
Banach space. We write F.(A4) for the corresponding real Banach space.
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15.1. Thermodynamic formalism for the —R-potential. By Proposition [I2.7] there
exists g9 € (0, 1) such that

(15.2) Z sup e~ (17e0)R0) < oo
’VG’H:EGA+

Definition 15.3 (Real transfer operator on A, ). Define £_g: Cy(Ay) — Cy(Ay) by
L_pH(z) = Z e H (o) = Z e RO H (y);
z'eT—1(x) yEH
by , the series on the right converges absolutely and uniformly on A.
Setting A := e~C% € (0,1), where Cg is the constant in (12.3]), we have

(15.3) dg(vz,vy) < Ndy(,y)
for every n > 1, vy € H", and z,y € Ay.
15.1.1. Ruelle—Perron—Frobenius theorem on (X1, dy+). Recall from Section that ¥ 1 =

HN is equipped with the metric ds+ and that o: ¥ — %7 is the one-sided shift map. Recall
also from Proposition the homeomorphism ¥: ¥ — A, conjugating o to T. Set

R°:=RoVU and K®:=KoU.
Fix the Holder exponent
__clogA
~ log2

Thus, for z # 2/, dg+(z,2)? = X™5%) where n(z,2) is as in (12.1). For K € {R,C}, let
Fo(X1,K) denote the space of bounded K-valued functions on X% that are locally §-Holder,
equipped with the norm

(15.4) >0, equivalently 270 — )\e.

o= 1fleo+  sup L@ =T

ne -
z#2'eXt n(z,2")>2 ds+ (Z, z )

The potential —R® has the following properties:

(R1) The function R° is locally #-Holder by Corollary [12.13] since A = e~“% and hence
0 = cCr/log2.
(R2) The potential —R® is summable by Proposition [12.7}

Z exp(sup (—RQ(Z))) < o0.

~EH 2€[]
Therefore, the transfer operator £_go: Cy(S1) — Co(ST), defined by
L_poF(z):= Z e E R,

oz'=z
is bounded. By Proposition this operator is conjugate to E,R:
(15.5) L_pe=U*"0L_gpo (U 1)
where U* denotes the pull-back by W.
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We recall several notions from the thermodynamic formalism for countable-state shifts.
Let f: ¥* — R be a locally Holder summable potential. Its Gurevich pressure is

1 n—1 .
Pr(f) := lim —lo exp(Snf(x)) |, Snf = foo’,
5= b 3 esnlsso) >
T1="y
where v € H is any fixed element. Since the full shift is topologically mixing, the limit exists,
possibly with value 400, and is independent of the choice of ~ |71, Theorem 1]. Since f is
summable, the limit is finite. The full shift also has the BIP property. A Borel probability
measure g on L1 is a Gibbs state for f if there exists C' > 1 such that for every n > 1 and
z€XT,
-1~ M([zlv"‘azn]) <.
— exp(Snf(z) —nPr(f)) ~

We define the action of £* ge on finite Borel measures on 1 by duality:

/Fd(E*Rou) = /ZRoFd,u (F e Cy(2)).

By |[(R1)[and |(R2)| we have the following; see [54, Corollary 2.7.5] and [38, Theorem 2.4 and
Corollary 2.5].

Theorem 15.4 (Real Ruelle-Perron-Frobenius theorem). (1) There is a unique Borel
Pr(~R°)

probability eigenmeasure m® of EN*_RO, and the corresponding eigenvalue is e
Moreover m® is a Gibbs state for —R°.

(2) There is a unique eigenfunction h® € Fo(XT) of L_pe with eigenvalue P
normalized by [¢, h®dm® = 1. Moreover, h° is bounded above and below by positive

,RO)

constants.
(8) The measure v° := h®m® is the unique o-invariant Gibbs state for —R®, and it is
ergodic.
(4) There exist M > 0 and o € (0,1) such that for every g € Fo(X1) and n > 0,
(15.6) He_"Pr(_RQ)ZZRog - (/+ gdmO) B, < Me" gl
b

Applying (15.6) to the real and imaginary parts of g shows that, after enlarging M, the
same estimate holds for every g € Fp(X1,C).

15.1.2. The conformal eigenmeasures. We continue to write v for the restriction of the
Patterson—Sullivan measure to A4. Since v(A4) > 0 and ¥ (G(x,pp)) is uniformly bounded

on Ay, the measure
e2¥(9(x,po))

[y, VG du(y) dv(z)
is a well-defined probability measure on A.
Corollary 15.5. We have ¥, m® =V and Pr(—R®) = 0.

dD(z) =

Proof. For v € H and = € yA,, conformality and the definition of R give d};a(x) =e

on yA,. Thus L rV = V. By (15.5)), ¥*v is a Borel probability eigenmeasure of L o With
eigenvalue 1. The uniqueness in Theorem|[15.4(1) therefore gives U*D = m® and eP*(—5°) =1,
proving both assertions. O

Since e~ "Pr(=F%) = 1, this factor will henceforth be omitted from (I5.6).

R(x)
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15.1.3. The eigenfunctions and spectral gap. The following Lasota—Yorke inequality is the
main input for establishing the dj-regularity of the transported eigenfunction in Proposi-
tion [I5.8] It can be proved by a standard argument, based on Proposition [12.12]

Lemma 15.6. There is C > 0 such that, for every f € F.(A4+,C) and n € N,
122 p 1], < Cllflloc + CX £
In particular, L_g preserves Fe(Ay,C) and Fe(Ay).
The following follows from by the same argument as in .
Lemma 15.7. With 6 as in ([15.4), U* maps F.(Ay,C) boundedly into Fo(XT,C), i.e.,
[foWll < |flle  for f € Fe(A4,C).
With h® given by Theorem [15.4] set

(15.7) h:=h®c¥ 1:A, =R
Proposition 15.8. (1) We have h € F.(Ay) and h is bounded above and below by pos-
itive constants. Moreover, L_gh = h, and v(h) = 1. It is the unique eigenfunction

of L_pg in Fo(Ay) with eigenvalue 1 and this normalization.
(2) There exist M' > 0 and ¢ € (0,1) such that, for every g € Fe(A4,C) and n >0,

(15.9 |2ks = ([ ado)n] <2yl
+

In particular, L_g has a spectral gap on F.(A4,C), with leading eigenvalue 1 and
rank-one spectral projection g (fA+ gd?))h.

Proof. To prove (1), it suffices to show that ||h|. < oco; the remaining claims follow from
(15.5)), Corollary Lemma [15.7, and Theorem Let 1 denote the constant function

1 on A, and set u, := L" 1 for each n € N. Since ||[1]|. =1, Lemma@gives unlle < 2C
for all n > 1.

On the other hand, by (15.5)), (15.6]), and Corollary
[un = hlloo = || L7 gol = 12|, < Mo™ — 0.

Passing to the limit in the Holder inequalities gives ||h||. < 2C.

Now to prove (2), fix g € Fe(A4,C) and set D, := L" pg — V(g)h. Since L_rh = h by
part (1),
(15.9) Dypim =L":Dy  (n,m > 0).

By Lemma [15.7] go ¥ € Fy(=+,C) and [|g o ¥|lg < ||g|lc. Applying (15.6) to go ¥, and
using Corollary [15.5and (|15.5) gives
(15.10) [ Dnloo < 2" lglle-
Here we used [y, g o U dm® = fA+ gdv. By Lemma and part (1), we also have

(15.11) IDalle < llgle + A7l + | [ 7] bl < gl

with the case n = 0 following directly from the definition of Dy. Combining (15.9)) with
Lemma (15.10), and (|15.11)), we obtain

HDnerHc < ||Dn||oo + AcmHDan < (Qn + Acm)HQHC-
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For N > 1, take n = |[N/2] and m = N — n. It follows that (15.8) holds with any
= (max{g, /\C}l/ 2, 1) and a suitable M’, enlarged if necessary to include N = 0. Finally,
define P, R : Fo(A+,C) — F.(A4+,C) by

Pg = ﬁ(g)h, R:=L_p—P,
which are bounded. By Corollary [15.5 and part (1), P2 =P and L_gP = PL_r = P.

Hence PR = RP =0 and R" = EﬁR P for every n > 1. By (15.8), [|R"™|| < M'(¢")", so
p(R) < ¢ < 1. This proves the spectral-gap assertion in the sense of Definition m O

Let h € F.(A+) be as in (15.7)), and define the probability measure
(15.12) dvy := hdv

on A;. By Proposition both h and h~! belong to F.(A, ), and multiplication by either
is bounded on F.(A4,C). Hence, by Lemma the normalized operator

(15.13) LoH :=h"'L_p(hH)  (H € F.(A4,0Q))

is bounded on F. (A+, C) It is the case @ = w = 0 of the family introduced in Definition|15.12
below. By (15.13), (15.12), Corollary [15.5 and Proposition [15.8(1),

(15.14) Lol=1, Liv,=uv,.
Define the operators Py, Ro : Fe(A4,C) — F.(A4,C) by
(15.15) Pof = (/ fdl/_|_>]_, Ro := Ly — Po.
Ay

Corollary 15.9. The operators Py and Ro are bounded on F.(Ay,C) and satisfy
(15.16) PoRo = RoPy = 0, p(Ro) < 1.
Proof. By (15.13)), Lg is conjugate to L r by multiplication by h. Multiplication by h and

by h~! is bounded on F.(A,,C), so the spectral gap in Proposition M(Z) transfers to Lg.
By (15.12), the conjugated spectral projection is

f'—></A+hfdﬁ)1:</A+fdu+>1:770f.

This proves the corollary. U

Corollary 15.10. The probability measure vy is T-invariant and ergodic.

Proof. By (15.12)), (15.7)), Corollary and Theorem
Uy, = (ho W) U*D = h°m® =1°,

which is o-invariant and ergodic by Theorem M(?)) Since ¥ conjugates o and T (Propo-
sition [12.2)), this finishes the proof. O

Recall from Lemma that R > 1. Since dvy/dv is bounded above and below by
positive constants, Proposition implies that R € L'(vy) and K € L'(vy;a). Hence,
the 9-symbolic vector

fA K dV+
fA R dl/+
is well-defined, and 1(u) = 1 because R = ¢ o K.

(15.17) ui=uy = €a
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Theorem 15.11. The symbolic direction uy satisfies 1,(uy) = ¥(uy) = 1. Consequently,
if Y = 1y for some u € int L,, then

U = Py () uy, .

Proof. Setting K := fA+ Kdvy and R := fA+ Rdvy., it suffices to prove that ¢,(K) = (K).

The measure v is the T-invariant Gibbs probability measure for the potential — R, whose
pressure is zero; see Theorem [I5.4] Corollary Corollary Thus there exists C' > 1
such that

vi(yAy) < Cefin@) (n>1, yeH", z€vyAy).

Fix e > 0 and set E,, := {z € A, : |[K,(z)/n — K| < €}. By ergodicity and the Birkhoff
ergodic theorem, v4(E,) — 1. Let W,, C H™ consist of the words whose cylinders meet
Eyp, and choose x~ € YA N By, for each v € Wy,. Writing |||« for the dual norm, we have

R, () > n(R—||9||«¢) for all sufficiently large n. Since these cylinders cover E,,, the Gibbs
estimate gives, for all sufficiently large n,

1 —
. > L n(R-lwlle)
(15.18) #Wa = 550

Distinct words represent distinct group elements. Moreover, by ([12.6]), there is a uniform
constant Cy > 0 such that

l(y) — nK|| < ne + Cy (7 € Wy).

Let O be any open cone containing K. Choose € > 0 sufficiently small that B(K,2¢) C O
and R — [[1[|«¢ > 0. For all sufficiently large n, every v € W, then satisfies u(y) € O and
I < n(||K|| +¢€) + Co. The bound ([15.18)) implies that the abscissa of convergence 7o
of the Poincaré series Z’yEFp,u('\/)EO eI satisfies

s R llle
1Kl +e

Indeed, for any positive s below this ratio, the sum over W, of e It tends to infinity as
n — 00, so the restricted series diverges. Letting ¢ — 0 and then taking the infimum over
O, the definition of the growth indicator gives

U(R) = K| inf 70> R = (K).

The reverse inequality follows from ¢, < ). Homogeneity now yields ¥, (uy) = ¥(uy) = 1.
By the strict concavity of v, [66], 46], there exists a unique tangent direction of 1. Hence
P =1y gives u € Ryoguy, . O

15.2. Complex transfer operators. Throughout this section, we fix an inner product
(-,-)u on a for which the decomposition
a = Ru® ker

is orthogonal and (u,u), = 1. We write ||- ||, for the associated norm, omitting the subscript
when it is clear from the context.
Recall the constant g > 0 from (15.2)).
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Definition 15.12 (Normalized complex transfer operators). For a € C with Ra > —eg and

w € a, define the normalized transfer operator L, ., : Fc(A4,C)
1

— ‘Fc(A-l—?(C) by

LowH(z) = —~ Z e~ (I ROD)+w. KOD)u p (0 H (yz).

h($) yeEH

The defining series converges absolutely and uniformly by ([15.2) and the boundedness of h

and h~!. Boundedness on F.(A,,C) follows from Proposition

12.12, (15:3), and h,h~! €

Fe(Ay). Tt preserves F.(A4) when a € R and w = 0. We abbreviate

Ly = Low, Lo = Lo,
the latter agreeing with the operator in ((15.13)).

Recall from (12.4) that R := sup,c,p, R(z) for v € H. By
after enlarging C' > 0 if necessary,

(15.19) Ry~ g <C,  R,—C < R()
for every v € H and x € yA .

Lemma R, > 1, and,

<R,

The following provides the estimates needed for the spectral analysis.

Lemma 15.13 (Lasota—Yorke inequalities). There exists C' >
n €N and f € F.(A4+,C),

0 such that for all w € a,

(15.20) 1L flloo < Cllfllos,
(15.21) L fle < Cmax{[[w]], 1} [[flloo + CA™[|f|e,
(15.22) 1£5 flle < Cmax{llwll, 1} [ flloc + CAT[[ £]le-

Proof. 1t suffices to prove (15.20) and (15.21)), since ([15.22) then follows after enlarging
C. Fixw € a, n € N, and f € F.(A4,C). We first prove (15.20). Since L™ zh = h by

Proposition [15.§|(1),
1/ lloo

Lo f@)] < =22 3 e 0P h(yz) = || fllo-

h(x)

YEH™

Next we prove (15.21)). Let x,y € v9A4 be distinct where vg € ‘H. We have
Lof@) —Lofy)= > (L(7) +L() + I() + 1i(y))

YEH™
where
1 1 :
T — _ =Ry (vz)+i{w,Kn (72))u
1 — x)+i{w x — i(w
L(y) = e (e R (y2)+ilw,Kn(12))a _ o= Rn(79)+i( ,Kmy»u) h(va) f(v),
1 — {(w
I3(v) = ) FnC)¥ilw En e (h(yz) — h(yy)) f(y),
1 — 2{w
L(y) = e Bn )i Kn (e by (yy) (f (v2) — f(y))-

Since h,h~! € F.(A,), the preceding summation bound gives

Do )< I flloedy (2, )"

yEH™



84 DONGRYUL M. KIM, HEE OH, AND WENYU PAN

Similarly, using ((15.3]),

S7 L) < 1 llod (2,9

YEH™
By the uniform distortion estimates for R, and K, in Proposition [12.12|and the mean value
estimate for the exponential function,

‘e—Rn(w)H(w,Kn(w))u — e O+ Ka(W)h | « max{||wl], 1}e‘R"(W)d¢(x, y)°.

Applying the same summation argument as in the proof of ((15.20]), we obtain
> ()] < max{|[w], 1} flloody (2, ) .
YEH™

Finally, for each v € H",

|f(vz) = FOyy)| < I flledy(vz, vy)e < A flledg (@, v)©

Hence

Do )< XM flled (2, )"

yEH™
Combining these estimates and taking the supremum over all distinct z,y in a common
one-cylinder proves ([15.21]). O

Lemma 15.14. For every w € a, we have p(L,,) < 1.
Proof. By (15.22), [|£7 fllc < (Cmax{||w|,1} + C)|/f|| for all n > 1 and f € F.(A4,C).

The spectral-radius formula gives the assertion. ([l
15.3. Spectral gap of complex transfer operators.

Definition 15.15. Let w € a and 0 < a < 27w. We call (w, K(-))y an a-function if there
exists ¢ € Fe(A4+,C) with |¢| = 1 such that

(15.23) (WK — ¢ o,
The argument of [38, Proposition 2.6] gives the following:

Proposition 15.16 (38, Proposition 2.6]). Let w € a and 0 < a < 2w. Then €' is an
eigenvalue of Ly, on Fe(Ay, C) if and only if (w, K(-))y is an a-function.

It follows from Proposition [15.16{ and Lemma [15.14] that, if (w, K(-))y is an a-function,
then

(15.24) p(Ly) = 1.
Lemma 15.17. Letw € a and 0 < a < 27w. If (w, K(-))u is an a-function, then
(w, Kp(x))y —an € 277 for every n > 1 and z € Fix(T").

Proof. Tterating (15.23)) gives e!({wKn(@)u=an)¢ () = ¢(Tmx). If T"2 = x, then |((z)] = 1
implies the assertion. O

Proposition 15.18. Let w € a ~ {0}. If L, has an eigenvalue €'* with 0 < a < 27, then
a/m ¢ Q.

Proof. Suppose a/m € Q. By Proposition [15.16{ and Lemma [15.17, the character v € a —
e'{wVh takes only finitely many values on periods of 7. On the other hand, by the non-
arithmeticity of periods (Theorem [13.1)), this implies w = 0, a contradiction. O
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Write ac for the complexification of a, and extend (-, ), complex-bilinearly to ac. The

bound [|K(z)| < R(x) from Lemma and (15.2) give an open neighborhood U C ac of
a on which the series below converges absolutely and uniformly for every H € F (A4, C).
We extend the family £,,, defined for w € a, to w € U C ac by
1 .
(15.25) L,H(1) = —— Z 6_R(W)+Z<w’K(W)>“h(’yx)H('ya:).
h(x) o=t

The argument in the proof of Lemma [[5.13] with n = 1 shows that £, is bounded, after
shrinking U/ if necessary.

We now perturb the decomposition ((15.16)) in the parameter w.
Theorem 15.19 (Spectral decomposition near zero). The following hold:

e There exist an open neighborhood U C ac of 0 such that w — Ly, is analytic on U.
e For each w € U, Ly admits a spectral decomposition

(15.26) Ly = KywPw + R,

where Ky, 1S a simple eigenvalue of L, with kg = 1, Py, s the corresponding rank-one
spectral projection, and Ry, is a bounded operator on F.(A4,C) satisfying:
(1) The maps w — Ky, W Py, and w — Ry, are analytic on U.
(2) There exists n > 0 such that for every w € U,
(15.27) PuwRw = RwPw =0, P(Ruy) < |Kw| — 1.
(8) Setting O :=U N a, we have
|kw| < 1 for every w € O ~{0}.
e For every w € U, fA+ Puwldry # 0 and thus

(15.28) Hy = vy (Pyl) 1Pyl € Fo(A4,C)
is well defined. Moreover, H,, is the unique eigenfunction of L., with eigenvalue K,
satisfying fA+ Hy,dvy =1,, Hy=1; and the map w +— H,, is analytic on U.
o Setting Ay = k'R, there exists ¥ € (0,1) such that, for every multi-index «,
there is a constant C, > 0 for which

(15.29) sup H@g (A7) H < Co" foralln >0
weO

where ||-|| is the operator norm. In particular, there exists C > 0 such that ||R{|| <
CY" for alln > 0.

Proof. Analyticity of L,,. For v € H, let L7, denote the operator on F.(A,C) given by the
corresponding summand in . Since K is bounded on A, , Proposition shows
that w — L7, is analytic in operator norm. N
Using || K (2)|| < R(z) from Lemma choose a bounded neighborhood U C U of 0 so
small that
(S(w), K(@)h| € TR@)  (weld, v eAy).

By Proposition [12.12) (15.19)), (15.3)), and h,h~! € F.(A),

S sup Ly < 3 e/ < o,
NeH WU b=
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where the last inequality follows from ((15.2)). Thus £,, = Zye?—t L7, converges uniformly in
operator norm on U, and w — L,, is analytic there.

The decomposition and (1)-(3). By Corollary 1 is a simple isolated eigenvalue of
Lo, so we may fix a contour enclosing 1 and no other point of o(Lp). Analytic perturbation
theory [37, Chapter VII, Section 1| and [61} Proposition 4.6] apply: because the unperturbed
eigenvalue is simple, no branching occurs, and one obtains, after shrinking I/ if necessary,
analytic maps w +— Ky € C, w — Py, and w — Ry, on U satisfying and the first half
of , with P, the rank-one eigenprojection of k.. Hence (1) follows. By the upper
semicontinuity of the spectral radius, shrinking ¢ while keeping the same contour yields the
uniform spectral separation p(R,) < |kw| — 7 on U in (2) for some 1 > 0; in particular,
K 7# 0.

We now prove (3), by applying [I7, Lemma 6.12]. Let w € O :=U Na. By Lemma
we have p(L,) < 1, and k,, is an eigenvalue of Ly, so |kyw| < 1. By Proposition
|kw| = 1, then ky, € {€ : a/m ¢ Q} U {1}, which is totally disconnected.

To apply [I7, Lemma 6.12], it remains to show that there is no nonconstant analytic
curve t = w(t) in O with w(0) = 0 and k) = 1 for all t. If such a curve exists, then by
Proposition[15.16|and Lemmal[15.17 with a = 0, we have for each t that (w(t), K, (z))y € 27Z
for every n > 1 and = € Fix(T™). By the non-arithmeticity in Theorem , this implies
w(t) = 0 for all ¢, which is a contradiction. Hence, we can apply [I7, Lemma 6.12] and have
that, after shrinking & once more, |k,| < 1 for every w € O \ {0}.

The eigenfunction. Since v4(Pyl) = 1, analyticity of P, allows us to shrink I so that
V4 (Pwl) # 0 there. Formula therefore defines an analytic family H,, with Hy = 1
and v4(Hy,) = 1. Uniqueness follows because the range of P, is the one-dimensional
eigenspace of Ky,.

The uniform bound . Since w — Ky, is analytic on U with kg = 1, we can shrink
U so that 0 < |ky| < 2 for w €U. As p(Ry) < |kw| —n for w € U and Ay, = K, Ry, there
exist constants 0 < 9y < 1 < 1 such that for each w € U,

o(Aw) C{¢ € C:[¢] < Do}

After shrinking U, we may assume that U is compact and that A, is analytic on a
neighborhood of U, where the same spectral bound holds. Set O := U Na. The circle |¢| = ¥
is therefore a resolvent contour common to all these operators, and by Cauchy’s estimates
on a neighborhood of U, the quantity M, := sup,, .5 K‘:ﬁHaﬁj (¢I—Ay) ™| is finite for each
«. Dunford’s formula and differentiation under the integral sign give

1
AL = 5 ORI~ A
<=2

27

Thus [|0S AL || < IMuY™, proving (15.29). O

15.4. Expansion of the leading eigenvalue. Let O C a be the neighborhood of 0 pro-
vided by Theorem [15.19] and let u € a be as in (15.17). When convenient, we write w € a
in the coordinates (s,v) € R x ker ¢ determined by w = su+ v, and we set

(15.30) R(w) i= kpe B = g (W (R) w e 0.

Proposition 15.20. There is a positive definite symmetric linear operator S on a such that
for all w in a neighborhood of 0 in a,

7(w) = 1= 5 (Sw,whu + o lul}?).



HIGHER-RANK LOCAL MIXING 87

The main point is the positive definiteness of —D?#(0). The analogous conclusion in [62,
Lemma 8(3)] follows from symmetry of a homological cocycle. That symmetry is unavailable
for our a-valued Busemann cocycle.

Before proving the proposition, we establish a regularity lemma to handle the unbounded
return cocycle. For w € a, set

Du(@) = (w0, K@)y — b(w)vi (R) (v € Ay).
For every G € F.(A4,C) and j > 1, the series
Lo(9],G)(x) = h(1$) > e OB (y2) Dy (y2) G(ya)
yEH
converges absolutely and uniformly on Ay . Indeed, |®,| <, 1+ R by Lemma Using
(1+u)e ™ <j e (1720 for 4 > 1 and (15.2), we obtain

15.31 sup e B0 D, (va) [ <o s sup e~ (1720)E02) o,
v J
vEH zEA4 veH TzEAL

The claimed convergence follows since G, h, and h~! are bounded.

Lemma 15.21. For every w € a, G € F.(A4+,C), and integer j > 1, we have EO(Q{‘UG) €
Fe(Ay,C). In particular, Lo®P,, € Fe(Ay).

Proof. By Theorem [15.19} the map ¢ — e~ tb(Wvi(R) £, G is analytic near 0 with values in
Fe(Ay,C). Since |e®w| =1 for real ¢, (15.31]) justifies termwise differentiation of its branch

formula, giving

J ) . )
(15.32) % (7B, Q) =P Lo(¥,G) (> 1).
t=0
The left-hand side belongs to F.(Ay, C) by analyticity. O

Proof of Proposition[15.20. For w € O, recall H,, € F.(A;,C) from (15.28). By Theo-
rem [I5.19] the maps w + k,, and w — H,, are analytic on O, and Hy = 1.

By positivity of the branch weights, (15.14]), and monotone convergence, Ly extends to
LY(vy), given almost everywhere by the same branch formula:

(15.33) 1£oF 110, < /A ColFldvs = |Fllpi ).
+

The linear term vanishes. Differentiating the identity k., = f Av Ly,(Hy)dvy at w =0, it
follows from Ly = v4 and fA+ Hydvy =1 that

DKO(') = /A (Dw£w|w:0)(HO) dvy +/A Lo (DwHw|w:O) dvy

+

- / Loit- K)uo) dvs + Dy ([ Hydvy)
Al 0NJAL

w=

= 1< . A Kdl/+>u = 2< vy (R) u>u’

the last equality by (15.17)). Hence Dko(w) = iv4(R)y(w), and therefore (Dk(0))(-) = 0.
By Taylor’s theorem,

(15.34) R(w) = 1+ 5 DR(0)(w, w) + of ),
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so it suffices to prove that the quadratic form

Q(w) == —D*(0)(w, w)
is positive definite on a. Writing Q(w) = (Sw,w), for the corresponding positive definite
symmetric operator .S, (15.34]) gives the asserted expansion.
Setup along a ray. Fix w = su+ v € a \ {0} in the coordinate R x kert, and write the
function ® := ®,, as in Lemma [15.21] By ((15.17), fA+ ® dv, = 0. By Proposition and
the boundedness of dv, /dv, there exists £; > 0 such that

(15.35) / Pl dy, < 0.
Ay
For ¢t € R with |t| small, write k(t) := k(tw) and H; := Hy,, and define
(15.36) Li(F) = Lo(e"®F),  F e F.(Ay,C).

Then Zt = e tv+(B)sp, and hence Zth = k(t)H;. By Lemma [15.21) Lo® € F.(AL).
The covariance formula. The derivative identities (15.32)) allow us to differentiate the

eigenrelation in F.(Ay,C). Writing Hy = %‘t:O H; and using &’'(0) = 0, we obtain
(15.37) (I — Lo)Hy = iLo®, vy (H) =0.
Both £o® and Hy have mean zero. The spectral gap of £ therefore gives
(15.38) Hy=i(1—Ro)'Lo® =i Ly®,
n>1

with convergence in F.(A4,C). Differentiating the eigenrelation twice and integrating
against v gives
&'(0) = —v4(9?) + 2ivy (PHy).
Consequently,
(15.39) Qw) = vy (D) +2) v (PLFD).
n>1
The series is absolutely convergent because ||L{®||c decays exponentially for n > 1 and
P e Ll(l/+).
Set
fr=0+(1—Ro) Lo => L{D)
k>0

Then f is real-valued and f — ® € F.(Ay). Since ® € L?(v,) by (15.35) and Lof = f — ®
is bounded, we have f, Lof € L?(vy). Substituting ® = f — Lo f and D k1 LE® = Lof into
(15.39), we obtain

Quw) = / (f — Lof)?dvy +2 / (f = Lof)(Lof) dvs
(15.40) As At

=/ 12— (Lof)? dvy = X Lo(f?) = (Lof)? dvy.

In the last equality, we used Livy = v4.
Moreover, Lof = f — ® € F.(Ay). Applying Lemma [15.21] to the first two terms in

fP=02+20(f — @)+ (f — ®)?,
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and using the boundedness of £y on F.(Ay) for the last term, gives Lo(f?) € Fe(Ay). In
particular, the integrand in is continuous.

Positivity. Since Ly is a positive operator on Cp(A4) and L£o1 = 1, Jensen’s inequality
gives Lo(f?) > (Lof)? pointwise, so Q(w) > 0. Suppose Q(w) = 0 for some w # 0. Since Q
is a quadratic form and ®4,, = t®,,, we may replace w by tw for small ¢ > 0 and so assume
w € O. By (15.40), the full support of v, and the continuity of Lo(f?) — (Lof)* on A, we
have Lo(f?) = (Lof)? on A,. Together with the definition of £y whose branch weights are
all strictly positive, this implies that f is constant on T !(z) for each # € A;. Fix y € H
and define ¢ : Ay — R by ¢(x) := f(yz). Then f = poT and ¢ = Lof € Fe(A+), and
hence ® = poT — ¢, i.e.,

(15.41) (w0, K( Yo — v (R)s = (poT—9)()  on Ay
Set ¢ := €%, so that |¢| = 1. Since ¢ € F.(A,), we have ¢ € F.(A;,C). Exponentiating

(15.41)) now gives
el Kyp=ve(B)s) - — ¢ 6T on Ay,

so (w, K(+))y is an a-function in the sense of Definition [15.15, for the a € [0,27) with

vi(R)s € a+27Z. Hence p(L,,) =1 by (15.24). On the other hand, by Theorem [15.19] this
is impossible unless w = 0. Therefore Q(w) > 0 for every w # 0, so @ is positive definite,
completing the proof. O

16. SUSPENSION MODELS AND FACTOR MAPS

We construct suspension models for the translation flow on {2, and the diagonal flow

on Q := Q, Write Q= Agz) X a and retain the projection my and BMS measures of
Section The measures have the normalization (3.10), so my(£2y) = 1. Retain the
splitting a = Ru @ ker ¢ from ([15.17) and define the following functions on A4:

n—1
K°():= K() = R()u, Kp()i=Y (K°oT/)(-) = Kn(-) = Ru(-)u, Kg:=0
j=0

where n € N. The translations

Wi(&,m, 2) := (§,m, 2 + tu), Wi(€,m,s) = (&,m,8 +1)

on © and (21/, descend to the quotients 2 and €1, respectively. For fixed w € ker ¢, we study
correlations under the maps

q = qQQptp(t)u ((t) = 0 or V1.

Recall from Section [3.7] that 7y : Q@ — Qy is a trivial principal kert-bundle. Fix a
continuous section o : €, — Q. It gives the identification

Qy x kerp — Q, (q,v) = o(q)ay.
By (3.11)), for every F € C.(),

(16.1) /S]de¢ = /Qw /keer(U(Q)av)dLebkerw(v) dmy(q).
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16.1. The contracting skew product and the suspension spaces. Set

1
A =Uyg=A,~B;|Ag,=——].
e ¢( °’2Non>
Lemma 16.1. The set A_ is a compact neighborhood of py in A, and satisfies A_ NAg=10
and Ay C A_. For everyy € H and y,y € A_,

YA CAL, dg(v oY) < My, Y,
where X is as in (15.3).

Proof. The compact neighborhood assertion and disjointness follow from the definition. It-
erating Lemmam gives v 'A_ C A_. Since <7—[>J—rl is Zariski dense (Corollary ,
a nonempty (H), -invariant compact set A_ contains the unique (”Hﬁrl—minimal set Ay
[2]. The contraction estimate follows from (5.2)), Lemma [I1.143), and the choice of A in
(115.3). O

For (z,z_), (y,y—) € Ay x A_ with x and y belonging to a common one-cylinder, define

the premetric
dayxa_ (@, 22), (y,y-)) = dg(x,y) + dg(z—,y-).

Let ¢ € (0, co] be any number as in (15.1)). Define F,(A_, C) as in Definition[15.2} imposing
the c-Hélder condition on all of A_. Similarly, define F.(AL x A_,C) using da, xa_ and
imposing the Holder condition on each (yAy) X A_, v € H. In both spaces, use the norm
1 lle =11 floo + 1+ fe-

Recall that Tx =y~ for x € yA. Define

T(z,2-) = T,y '2-) = (7 'o,v'2-)  (ze vy, o€ A).

Proposition 16.2. There is a unique T-invariant probability measure v° on Ay X A_ whose
progection to Ay is vy, and it is ergodic. Its disintegration {v4 5 : x € Ay} over vy can be
chosen to be defined at every x € Ay, and there is C. > 0 with the following two properties.

(1) For every f € Fo(Ay x A_,C),
(16.2) 1Fle < Collflles Fla) = / f(,z_) dvy o(z).
A_

(2) For p € Fo(A_,C) and z,y € Ay in a common one-cylinder,

/sodw,x—/ pdvyy
A

(16.3) < Ccllpllocdy(, y)°.

Proof. We construct the conditional measures at every z € A;. For v € H™, put
P (@) = B0 () h(a)
where h is given by (15.7). By (15.14), Z,yeﬂn pgn)(:r) = 1, and for every v; € H¢ and
72 € H",
(16.4) Pt (@) = i) (@)pl) (o).
Fix q— € A_ and define the probability measure

VS—n:)r = Z pg")(a:) Oy1q_
YEH™
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where 0.,-1, is the Dirac mass at v~ 1q_. Since (y172) " 'q_, fyz_lq_ € ’yQ_IA_, by Lemma 16.1L
their distance is at most A™ diam% (A_). Forevery ¢ € C(A_,C), (16.4]), Lemma[12.10] and

uniform continuity show that Vsrng)c( ) is Cauchy uniformly in . Thus I/J(rng)c converges weakly

to a Borel probability measure vy . By (16.4)), we have V(n+k) D ek pg )( (v~ )*I/ES)W
Letting n — oo gives that for every k > 1

(16.5) vie= Y @) s e
~EHE

Define a Borel probability measure on Ay x A_:
dv(z,x_) := dvy(z) dvy 5 (x_).

We first show the T-invariance of v°. For a bounded Borel function F : Ay xA_ — C, we
have from Liv; = v, as extended in ((15.33)), and (16.5) that

/Fofdyoz/ pr / Flz,y 'z ) dvy yu(z_) dvy(x /Fdl/

+ yeH

It is clear from the definition that v projects to vy on A.

To prove uniqueness, let n be any T-invariant probability measure projecting to vy. For
a bounded Borel function a : Ay — C and ¢ € C(A_), put F(x,z_) := a(z)p(x_). Since n
is T-invariant and  is uniformly continuous, Lemma gives

/Fdn = lim /A+ F(T™(z,q-)) dvy(z).

The right-hand side is independent of 1. Since these product functions determine a proba-
bility measure, the invariant lift is unique. Finally, let E be an invariant set with v°(E) > 0.
The normalized restriction v°|g/v°(F) projects to a T-invariant probability measure abso-
lutely continuous with respect to v;.. By Corollary [I5.10] this projection equals v4. Unique-
ness of the invariant lift gives v°|g/v°(F) = v°, hence v°(F) = 1. Thus v° is ergodic.

To prove (2), let z,y € A1 belong to a common one-cylinder. Applying the estimates for
I, Iy, I3 in the proof of Lemma [I5.13 with w = 0 and f = 1, we obtain

S (@) — p )| < Cedy(z,y)° (0> 1);

yYEH™

hence I/_(i_ ;)E(cp) — Vsr";(cp)‘ < Cellplloody(x,y)°. Letting n — oo proves (2).

We now prove (1). For f € F.(Ay x A_,C), define f by (16.2). Then ||f]loo < || fllc is
clear. For z and ¥y in a common one-cylinder, write

F(x) - Fy) = /A (Fle.as) — f(yoes)) dvg oo

+<Af(y, ) s o /fy, Vv (@ >>

The first integral is bounded in absolute value by |f|cdy(z,y)¢. The remaining difference is
bounded by C¢| f|locdy(,y)¢, by applying (2) to f(y,-). Together with Il flloo < |If]loo, this
proves (1) after enlarging C..

]
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Let B

Ag = Ap x A xR x ker, K¢::A+><A,><]R.
Define the skew-product maps (: Ka — Ka and Cy: Kw — [~\¢ by

(16.6) C(z,2_,5,0) = (T(x,2_),s — R(z),v — K°(z)),

~

Cpz,z_,s) == (T'(x,2-),s — R(x)).
Let ~
Ao :={(z,2_,s,v) € Ay : 0 < s < R(x)},
Ay ={(z,z_,s) € Kw :0<s< R(z)}.
For ¢ > 0, define the semiflow T} on A, by
(16.7) Ty(z,x_,s,v) =" (x,2_,s+t,v) = (f”(a:, x_),s+t— Rp(z),v— Ky (z)),

where n = n(t, z, s) is the unique nonnegative integer such that R, (z) < s+t < Rp41(z).
Such an integer exists because R > 1 by Lemma[12.6] This descends to the semiflow on Ay,
via the projection m: Aq — Ay, which we also denote by T;. For v € ker ), define

(z,x_,8,v0)ay = (x,2_,8,v9 + V).

These translations commute with 73. On the product spaces, define
1 —~ 1
dv® dsdLeb v), dM,y, ==
/i (R) ero) M=
Since v° is T-invariant (Proposition , Mw and ]\7¢ are invariant under ¢ and ¢y, respec-
tively. Consider the following Ti-invariant measures for ¢ > 0:

(16.8) My, == dv® ds.

My =Wyla,, My = Myla,.
Lemma 16.3. The measure My is an ergodic probability measure for {T} : t > 0}.

Proof. Since v° projects to vy, My(Ay) = ﬁ fA+XA7 R(z) dv®(xz,z_) = 1. Every mea-

surable set invariant under all T;, ¢ > 0, is the suspension of a T-invariant set. Thus
ergodicity follows from Proposition [16.2 0

16.2. The factor maps. The symbolic suspensions are related to the geometric flows by
explicit equivariant maps. Define the maps

(16.9) d:Aq — 0, E)(x,x_, $,v) = (z,z_,su+ v+ 2G(x, py)),
(16.10) By : Ay — Qy, Oy (x,2_,8) = (z,2_, 5 + 20(G(x, po)))-
Restricting to the suspension domains and composing with the projections Q — Q and
Qy, — €1y, yields continuous maps

(I)iAa—>Q, (I)w:A¢—>Q¢.
By (12.5) and (16.6)), these maps satisfy
(16.11) PoTy=W,09, Dy 0Ty = Wyody, D(za,) = P(2)ay.

In particular,

(p((trtz)aﬁ(t)w) = q)(z)atquf(t)W'
Proposition 16.4. We have (®y) My = my.
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We first record two elementary measure-theoretic facts needed in the proof.

Lemma 16.5. There is a Borel set U C Ay such that my,(®y(U)) > 0 and Py, is injective
on U.

Proof. The map &)w is an embedding by (16.10). Since inf,ep, R(z) > 0 by Lemma m,
we have M, (®qy(Ay)) > 0. Since I’y is torsion-free, there exists an open O C Qw on which
Qy — Qy is injective and m, (0O N <I>¢(A¢,)) > 0. Setting U := <I> 1(0) N Ay finishes the
proof. 0

Here stable leaves are taken in {2y, rather than the auxiliary flow Qg of Section |8} two
points lie on the same stable leaf if they admit lifts (x,z_,s) and (z,y—, s) with the same
positive endpoint and R-coordinate. By [44] Proposition 8.6], there exists a metric d on €y,
compatible with the topology of €2, such that

(16.12) dWig, Wiq') =0 (t — +00).
whenever ¢, ¢’ € Qy lie on the same stable leaf.

Lemma 16.6. Let Q C Ay be My-conull and Q" C y be my,-conull. Then ®(Q) and Q'
meet a common stable leaf of (1.

Proof. Let U be as in Lemma @l and set V 1= @, (U). Also set m = ((Py|v) ™) s (mylv).
For p(z,z_,s) := (z,s), the local product formula for BMS measure gives p,m < dvds.
Since v and v|y, are equivalent, it follows from Proposition that p,m < psMy. Since
Q is My-conull, by Proposition iz ({2 (z,2-,8) € Q}) = 1 for p,My-a.e. (z,s)
and hence for p,m-a.e. (z,s). Since @1;1(@/ N V) is m-conull, there exists (z,2’_,s) €
<I>;1(Q’) NU such that vy ; ({z— : (z,2_,s) € Q}) = 1. Choose z_ with (z,z_,s) € Q. By
(16.10), @y (x,z—,s) and ®y(z, 2", s) € Q' lie on the same stable leaf in Q. O

Proof of Proposition[16.4 Let f € Cc(y). By Lemma Theorem [3.19] and the Birkhoff
ergodic theorem, there exist conull sets Q" C €2, and @ C Ay on which, respectively,

T
lim 1 f(Wtq)dt:m¢(f), lim / [(®y(Tiz)) dt = My (f o @y).

T—oo T T—oo T

By Lemma [16.6] choose z € @ and ¢ € Q" such that ®,(z) and ¢ lie on the same stable leaf.
Then by 16.11, the uniform continuity of f, and ((16.12f), we have

/ FOVg) — FWDy(2)) dt — 0.

It follows that my(f) = My(f o ®y). Since this holds for every f € C.(Qy), (Py)«My =
My u

Theorem 16.7. We have ®.My, = my,. Moreover, for every compact set Q C 2 and a > 0,
there is Cg o > 0 such that

Hsu + UH < CQ,GR<.I‘) + CQ a

whenever (z,z_,s,v) € Aq, —a < s < R(z), and [®(z,x_,s,v)] € Q. Here [] denotes
projection to §2.
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Proof. In the bundle trivialization determined by the section o : 2y, — €, there is a unique
continuous map 7, : Ay, — kert such that ®(z,0) = o(®y(z))ar, (). Proposition and
(116.1)) give, for F' € C.(£2),

N F(®(z,v)) dMy(z,v) = /Aw /kerw F(0(®y(2))ay) dvdMy(z)

:/ / F (0(q)ay) dvdmy(q) = my(F),
Q. Jker

where dv = d Lebyer(v). This proves ®,M,; = my. We now prove the remaining claim. Fix
a compact subset ) C 2 and a > 0. We fix a compact subset ) C {2 whose image under
the projection to € contains Q. Let (z,xz_,s,v) € Ay be such that —a < s < R(x) and

[&)(x,x_, s, U)i| € . Then there exists v € I', so that

VO (@, -, 5,0) = (yo, v, su+ v+ 2G(x,po) + f(v "1 e)) € Q.

Since G(x,po) is uniformly bounded by Lemma and @ is compact, this implies that
su+ v+ B(y71, e) is uniformly bounded, depending only on Q.
By the proof of |45, Proposition 9.7] and compactness of @, either

Be(vhie) = u(7) + 0g(1) or Bu(v ' e) =—p(y") + Og(1).
By (7.1), ¥ > 0 on £, \ {0}, so
lsu+v]l =g [B:(v" @)l <@ L+ [(Ba(v™", €) =q |s] < a+ R().
This completes the proof. ]

17. BMS LOCAL MIXING AND THE CORRELATION EXPANSION

In this section, we prove local mixing for (€2, W;, my). All spaces of smooth functions
in this section are understood to consist of complex-valued functions. The factor map
D : (Ag, T3, My) — (2, Wy, my) from Theorem allows us to express correlations on € in
terms of the suspension flow T3 on A,. The principal technical difficulty is that ® involves
an unbounded a-coordinate: the pullback of a compactly supported function on 2 need not
be compactly supported on A,. Set

r :=rankg G = dim a, CR = ( Rdlj+>
Ay

Throughout this section, we omit the subscripts in (-, )y and || - ||s. We use the orthogonal
splitting a = Ru@®ker ¢, and write elements of a as pairs (s,v) accordingly. Fix an orthonor-
mal basis for (-,-) containing u. Let S be the matrix in this basis of the positive definite
symmetric operator in Proposition [15.20}

Write dz := d Lebg(2) = ds d Lebyer(v), as in Section For F € L'(dz;C), our Fourier

convention is
F(&) = /ei<fvz>F(z) dz.
a

Frequency integrals use the dual Lebesgue measure d¢, characterized by the inversion formula

F() = Gy / cEAPE)dE (F e C(a).
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Let G be the centered Gaussian probability density on a with covariance .S, defined by

1 1,tg—1
G(z) = ——————e 2797
( ) fae_%yts—ly dy
Then [ G(2)dz =1, [,2G(z)dz =0, [, 22" G(z) dz = S and its Fourier transform is
C?({) = e’%étsf, £ca.

We sometimes write G(s,v) = G(su+ v) for s € R and v € kery. Fix a basis
Xi,..., Xdgimq of left-invariant vector fields on G, regarded also as vector fields on I',\G.
For f € C*(T)\G), k € Z>p and S € (0,1], set

1 llk,6 := max (| X flloc + | X f[5),

ax
al<k

, zZ € a.

where X¢ = Xill .. 'X((lxi(ri:ilmGG and |g|6 = SUDgy %. Here dgrjem is the quotient
metric induced by a fixed left G-invariant and right K-invariant Riemannian metric on G.
We also write driem for the induced quotient metric on I')\G/M.

For a compact subset K C I',\G, denote by C°(I',\G)™ the space of smooth M-invariant

functions whose supports are contained in K. For simplicity, we write Cg° := C(I',\G)M.

Theorem 17.1 (BMS local mixing). The following assertions hold.
(1) There exist bilinear forms c¢; : C°(T,\G)M x C*(T,\G)M — C, j > 0, such that,
for every compact set K C T')\G and L € Z>q, there exist k € N and 8 € (0,1) for
which

lcj(fr. )l <ion L fillkgll fells  (0<j<L)
and the following expansion holds for all fi, fo € C ast — oco:
L
r—1

t 2 / fl(xatu)f2(l‘) dm¢(l‘) = cj(fl,fQ)t—j + OIC,L (Hfl||k,ﬁ||f2||k,@t_(L+1)) )
I'o\G

J=0

Moreover,

s 2) = i [ Glenswyas) mo(fimo( s

(2) There exists a > 0 such that, for every compact set I C I',)\G, there exist k € N,
B €(0,1), and C,T > 0 with the following property. For all fi, fo € C°, t > T, and
w € ker,

tr;Ql /I‘p\G f1($atu+\/iw)f2(1:) dm¢(x) = ch¢(f1)mw(f2) + gfhf? (t,W),

where ¢y = ¢ [p G(cr(su+w))ds and
(17.1) €16 w)] < Cllfallk,sll f2

Remark 17.2 (More general transverse displacements). Let ¢ : [1,00) — (0,00) be any
function. Since the constants in Theorem M(Z) are independent of w, we may apply that
theorem with w replaced by £(t)w/+/t. This gives, for all sufficiently large ¢,

1 .
lk,5t™2 exp(—a - min{lu]|?, [w]}).

r—1

2t
t3 /Fp\G Fr(@appeeye) fo(@) dmy () = oy e e (FOM(f2) + € (t, \(/E)w) |
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with the remainder bounded by (17.1)) evaluated at £(t)w/+/t. In particular, if £(¢)?/t — q €
[0,00), then

t—00

lim 7" /F 1) () () = € (Fm ),

by continuity of v + ¢,. If £(t)?/t — oo, the limit is zero for every w # 0. This is analogous
to the more general transverse local mixing statement in [I7, Theorem 1.3|.

We first prepare the estimates needed for the proof of Theorem After introduc-
ing the pullback functions and fixing the parameters, we establish return-time tail bounds
and a rough transverse correlation bound in Section [I7.3] The transfer-operator decay in
Section [I7.4] together with the Fourier and stable-projection estimates in Section [I7.5] con-
trols frequencies away from zero and reduces the remaining contribution to the expanding
map. We then obtain the limiting Taylor coefficients in Section [I7.6] and the Gaussian sum
estimates in Section [I7.7] The proof of Theorem [I7.1]is given in Section [I7.8]

17.1. Pullbacks of compactly supported functions. For the remainder of this section
we fix

a compact subset K C I',)\G, L € Z>¢, and fi, fo € Cg°

as in Theorem |1 Unless otherwise indicated, all implicit constants depend only on K, L.
In the followmg, we abuse the notation and write @ : A — Q for the composition of
A — Q and the projection Q — 0. We pull f1 and fy back to the suspension A and
replace the second pullback by a function smooth in the a-variable. More precisely, define
Fi: Ay — C,i=1,2, by

(17.2) Fi(z,z_,s,v) = f; (@(x,x_,s,v))l[O,R(‘r))(s).

Fix a function (o € C*°(R, [0,1]) such that (y(s) = 0 for s < —infyep, % and (p(s) =1
for s > 0. Define FQti : 1~\a — C by

(17.3) Fg(azjx_, s,0) = Co(8) f2(®(z, _, 5,v)) (1 = Co(s — R(x))).

Then Fg is smooth in the a-variable, is nonzero only if —inf,ecp, 1(3 ) <5< R(zx), and

satisfies
(17.4) Fy=F}+F}o( onA,,

where ( is defined in ([16.6)), since ® o { = ® by (16.9) and ((12.5)), and the cutoff factors on
Aq are 1 — (o(s — R(z)) and (o(s — R(x)), respectively.
By Theorem [16.7] there is C; = C1(K) > 0 such that

(17.5) supp Fy U supp F5 U supp F2ti C{(z,z—,2) : ||z]]| < C1R(x) + C1}.

Note that by (16.9), the map (z,z_) — ®(z,z_,0) extends smoothly to a neighborhood
of the compact set A, x A_ in F?). Using Lemma [12.10] and || Ad(a_.)| < e“2l?l we
obtain Cy > 0 and 7 € (0, 1] such that

(17.6) driem(®(x, 7, 2), D(y, y-, 2)) < eI (dy (2, 9)" + d(x—,y-)")
for all (z,z_),(y,y—) € Ay x A_ and z € a.
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We also introduce the stable projections used below. Recall the conditional measures v ;
from Proposition For a Borel function H : Ay x A_ — C and k > 0, define its k-step
stable projection by

(17.7) (o H) (z) = / H(T*(e,2.)) dvsole-), o€ A,

whenever the integral converges absolutely.

17.2. Parameters and the local spectral expansion. Recall A € (0,1), ¢ > 0, and gy >
0 from Lemma Proposition 12.12|7 and (|15.2)), respectively; in particular, fA+ efoftdy, <

oo. With C1,n,Cy > 0 as in (17.5)) and (17.6)), choose §,e1 € (0, 1) such that

1/r—1 3\ !
(17.8) 8BC1C < g, e < - r + L+ - s
4 2 2
and set
1
(17.9) cri=gmin{fn,co,e0/8},  T=AT>1 Ji=2L 45,

We apply the results of Sections [I5] and [I6] with ¢ = ¢; in the estimates below.
For t > 1, set

r—1 logt

(17.10) ky = K 5 +L+2J> MlogAJ .
Then 7%t = \Bnkt < t—((r=1)/2+L+2J)

Finally, choose by > 0 such that Theorem and Proposition hold on a neigh-
borhood of [—bg, by]", and for every z € (—bp, by)",

(r—1)/2+L+2J
( Bnllog Al
These choices are possible because kg = 1 and

€1

(17.11) > |log ||| < ! IO , |ko| < Q\(z/\@)

1
log |k.| = —§ztSz + o(||2]|?)
by (15.30) and Proposition(15.20, Let O := (—bg, by)". By analyticity and Proposition [15.20

d%log kse] = —sE8SE + O(s?|€]|?). Since S is positive definite, decreasing by if necessary
makes this derivative nonpositive for { € O and 0 < s < 1. Thus s — log |k is nonin-
creasing, and hence

(17.12) |ksg| > |Rel (€0, 0<s<1).

We use the symmetrized tensor product ® and write % for full tensor contraction in the
fixed orthonormal coordinates. Apply [23, Lemma A.1] to K with its parameters K = 2L +3
and J = 3; the latter is distinct from our J = 2L + 5. We now record the expansion of
k¢ that produces the Gaussian terms after Fourier inversion. After decreasing by further if
necessary, the following expansion and remainder estimate hold uniformly for & € [—by, bo]”
and all sufficiently large n:

(17.13)
2044 2L+4+2k

Rg =" HEG(VnE) Y Y nf A€ 10 (G(Vn2en A1+ lvnel)e(9)
k=0

=0 j=3k
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where A; ) are fixed symmetric tensors, Agp = 1, Ajp = 0 for j > 0, Ly € N, and ¢ is
bounded on O with ¢(§) — 0 as £ — 0.

All these choices are independent of ¢. For each § € a, the operator L¢ extends to
a contraction on L'(v), given almost everywhere by the same branch formula. Indeed,

‘ﬁéF’ < [,0|F‘ and 15.33 give H££F|’L1(V+) < HFHLl(zur)'

17.3. Return decomposition and tail estimates. We express the correlations as finite
sums indexed by n, the number of iterations of the return map 7. The return-time tail bound
in Lemma will allow us to discard terms with n < #'=°1 in the return decomposition.
The rough correlation bound in Lemma [I7.4] provides the transverse decay needed for the
integrable remainder in Theorem [17.1)2).

Let ¢ be either the zero function or ¢ — v/t on [0, 00). For ¢t > 0 and w € ker 1, set

CE(fr, fosw) = /F i) @) ),

Putt; :=2t/infR+2. Ifx € Ay, 0<s < R(z), and R,(x) < s+t for some n > 1, then
(n—1)inf R < R,(z) — R(x) <t. Hence n <t/inf R+1=1t,/2.
By Theorem [16.7, (16.11)), and (16.7),

(17.14) C’f(fl,fz;w): Z /A(F1o(")(m,x_,s—i—t,v—i—é(t)w)Fg(x,x_,s,v)de.

0<n<ty

We first estimate the total measure of N-step branches yAy for which R, > t. By
Lemma m there exists C3 > 0 such that, for every N > 1, v € HY and = € yA,

(17.15) R, —C3 < Rn(z) < R,.
Lemma 17.3. There exists Cy > 0 such that for every N > 1 and t > 0,

Z vy(yAy) < CyNe ot/N,
YEHN | Ry>t

Proof. By (17.19)), the definition of Ry, and T-invariance of v,
Z vi(YAy) S vi({Rn >t = Cs})

YEHN, Ry>t
N-1 ‘
< S U (TR > (- Cy)/NY) = Nus({R > (¢ — Cy)/NY)
j=0
< Ne—é()(t—C3)/N/ eaoR dl/+.
Ay
The integral is finite by the choice of g and hence the claim follows. O

The next bound gives transverse decay but does not yet give decay in ¢. In the proof of
Theorem 2), we combine it with a sufficiently high-order approximation to obtain the
required integrable error.

Lemma 17.4. There exists ag > 0 such that, for £(t) = \/t, for allw € kerv and sufficiently
large t,

0 D2IGE (o, foi )] < ool foll 6172 Lm0 mintIwi el
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Proof. Apply Theorem on the fixed space F., (A4, C). By analyticity and v (K°) =0,
we have k_;p = 1+0(||0]|%) for 6 € ker 1) near 0. The spectral decomposition, with uniformly
bounded remainder powers on a smaller complex neighborhood of 0, therefore gives §,C > 0
such that for every n > 0, 6 € ker, and ||6]| <4,

(17.16) vy (eOFn)) = v (L£71) < CeCrIPI,

Suppose w # 0 and set w := w/||w|. For £(t) = v/t, the Fj-factor in the nth integrand of
([17.14)) is evaluated at (T"(z,x_), s + t — Rn(x), v') for v/ := v + Vtw — Kg(x). On the
support of this integrand, (17.5) gives |[v|| + [[v/|| < C1(2 + R(z) + R(T"x)). Taking the
inner product with w in vtw = K2(z) 4+ v’ — v, we obtain

Vit |[ull < (w, Kn(2)) + D(1+ R(z) + R(T"z)),

where D > 0 depends only on K. The volume of the initial (s, v)-support is O((1 + R(z))").
Choose qp € (0,1) with 2¢p < 6 and 4Dqg < £¢/2. For 0 < ¢ < qp, two applications of
Cauchy—Schwarz, T-invariance of v, and (|17.16) give

v ((1+ R)req<w,Kn>+qD(R+RoT”))
< vy (62q<w’K”>)1/21/+((1 + R)4re4qDR) 1/4y+(e4qDR)1/4 < equQ‘

Here, the last two factors are uniformly bounded by the exponential moment v (e*0f) < oo.
Summing over 0 < n < t, and absorbing the factor e?” into the implied constant yields

ICE(f1, f2iw)] < [ f1llooll f2lloo texp(—qV/E W] + Ctq?).

Taking ¢ = min{zg'\%,qo} bounds the exponent above by —cmin{|w||?, gov/% |||}, with
¢ > 0 uniform. For ¢ > ¢, 2 this proves the assertion. The case w = 0 follows from the same

support and moment bounds with ¢ = 0. ]

17.4. Decay of transfer operators. To control the Fourier integral outside O = (—by, by)"
fixed in Section [I7.2] we need decay estimates with constants independent of the frequency
parameter w € a. We derive these estimates from the quantitative non-integrability estab-
lished in Theorem . In the next subsection (Lemma , we establish the regularity
and norm bounds needed to apply this decay estimate to the functions arising from the
stable-projection reduction.

Throughout this subsection, we abbreviate F (A4, C) := F., (A4, C). For each w € a~{0}
we equip this space with the norm

C’0 |H‘Cl
Jw[l +1

where Cy > 0 will be chosen below so that (17.21]) holds. The main result of this subsection
is the following exponential decay estimate.

(17.17) | H | := max{|H||oo, } . HeF(Ay,C),

Proposition 17.5 (Transfer-operator decay away from zero). There exist C, 51, B2 > 0 such
that for every w € a with |w|| > by, n € N and H € F(A4,C),

|£5H o < Ce Pl ),
Absorbing the term A" || H || in (15.21)), we obtain Cp; > 0 such that
(17.18) [LiwHle, < Coa([[wl] + D[ Hlloo + Coa A" [Hle,
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foreveryw € a,n € N, and H € F(A4,C). We use the following two conventions throughout

this subsection. First, for ¢t > 0, we write £, := ci Second, we denote again by || - ||, the
operator norm on F(Ay,C) induced by (17.17).

For z € C~ {0}, let argz := {9 € R: z = |z[¢"’} and let Argz be its unique element in
(—m, w]. Write Log for the principal logarithm on C ~\ (—o0, 0].

Fix H € F(A4+,C). On a cylinder yA, v € (H)4, where H does not vanish, a branch of
arg H is a function ¢, : YAy — R satisfying ¢, (y) € arg H(y) for every y € yA4. Set

(17.19) No(H) := min {n € N: [Hlo " diamg, (A4)7 < 1/8} .

Lemma 17.6. Let n > No(H) and v € H" satisfy infya, [H| > 1/4, and fix x, € yA4.
There is a branch ¢, of arg H on yAL such that

(1) () = Arg(H (24));
(2) for every y,y' € yAy, |oy(y) — 4 (y)] < 8[H|e,dy(y,y)

Proof. Put a := H(x,). By (15.3) and (17.19),
H(y) ] < [H]o, N diamg (A) <18 <Jal/2 (5 € 1AL,

Thus ¢, (y) := Arg(a) + S(Log(H (y)/a)) is a branch with the required normalization. The
segment joining H(y)/a and H(y')/a lies in {z : |z — 1| < 1/2}, where |(Log)'(z)| < 2.
Integrating along this segment gives

(7 (y) — 0 (y)] < 2la| ™Y H(y) — H(y')| < 8|H]e,dy(y,y')*
O

The following elementary lemma will be used in the proof of Lemma [I7.§] to control the
angular separation of summands whose weighted sum has modulus close to one.

Lemma 17.7. Let (x;) be a countable set of positive numbers x; and 3, x; <1, let y; € R,
and letn € (0,1). If\z«a:jeiyj| > 1—mn, then for all j, k, dsi(y;,yx) < f <1 /L ”m)
where dsi (u,v) = inf,,ez |[u — v + 2mm| denotes the angular distance in St = R/(2nZ).

Proof. 1 0 is an argument of } ; z;e%i, then >ojxj(l—cos(y;—0)) = >, xj— ‘Z] zjeWi| <.
Use 1 — cosu > 2u? /72 for |u| < m and the triangle inequality on S!. O

The following is the main ingredient in the proof of Proposition

Lemma 17.8. There exist ap > 0, D1 > 1, and Dy > 0 such that, for every w € a with
|lw|| > by and every H € F(A4,C),

(17.20) chlbg@llwn/bo HH (1= Dajw]| =) [|H -

Proof. Choose Cy > 0 so that Cp1Cy < 1/4, and fix Dy > 0 sufficiently large that
Co At lPralogs] < 1/4. Now fix w € a with ||w| > by and H € F(Ay,C) with [|[H|, < 1.

y [I717), |H|le < 1 and |H|, < (JJw|| + 1)/Co. Thus gives, for every n >
[ D11 1og(3|wl]/bo)],

(17.21) M 1'

< Cp1Co + Cop X" < —
o +1 = 0,1Co0 + Co,1 <
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Also, |L2H| < L§|H| <1 by (15.14)). It remains to find a;, D2 > 0, independent of w and
H, such that

(17.22) [£wH |loo <1 = Dafjwl]| ™

for n = | D1 log(3||w||/bo) ], with D; > 0 to be chosen below.

Let a12 > 0 be a constant to be specified in Step 3. We divide the proof into three steps.
The constants 5’ in Step 1 and Dj o in Step 2 are chosen after a2 is fixed.

Step 1. Denote the constants C, €1, and 7 in Theoremby CN1, N1, and 71, respec-
tively, so as to distinguish them from the constants fixed in Section retain sq, s9, 83, 01
from that theorem. We use that theorem with (-, )y, decreasing nny if necessary. Indeed,
let (-, )k denote the Killing-form inner product on a used in Theorem [14.1] For each v € a
with |[v]ls = 1, choose v” so that (v”,Y)x = (v,Y), for all Y € a. Apply the theorem to
v”/||v°||x; the quantity ||v°||x has a positive lower bound independent of v with |||, = 1.
Choose s4 > 1 such that s1s4¢; > 1 and for any w’ € a with ||w'|] > by, any n € N, any
Y1,72 € H"™ and x1,x9 € Ay with dd;(xl,acg) < M%, we have

|((w', Kn(miz1)) — (0, Kp(y211))) — (', Kp(r122)) — (W', Kn(y212))) |
T
o
where C'r > 0 is the constant in , with ¢o replaced by ¢1 using the finite dj-diameter
of Ay. We may increase s4 further as required in Step 3. Once a2 is fixed in Step 3, choose
B3’ sufficiently large that

(1723) / c1 bO 1—cy c1 / 1—s184c1
< 2wl - O - d(a1, 22)* < 5277 Ceeyy - [[3w'/bo <

1
(17.24) B’ > max {3134, 2 ¥ } :
C1

Suppose that there exist v € Hey, and x € YA such that

ENI 1
17.25 By(z,— ) cHAy, |H@)|<lo -
(7:29) o (o i) <0 B < g
We first prove that (17.25) implies
Dy
17.26 H <1l— —>
( ) H HLl(VJr)— ||3w/b0\|‘1171

for some a1, D21 > 0 independent of w and H. By (17.17)), |H|., < (||w| + 1)/Coy. For
every ' € Ay in the ball in ((17.25)),
|H(2')| < [H(@)| + [Hle,dy (2, ")
17.27 1 1 “ 1
aram Jlwlet ea N |
2||3w/bol|*12 Co  \2([3w/bo||? 43w/ bl "2
Here 2/ lies in yA 4 by (12.2)), and the last inequality holds for all ||w|| > by after increasing

B" in (17.24). By Corollary (5.3]), Proposition [11.2] and (15.12

ENI Dy 3
By, — ) ) > —20
o ( ¢ ( 2||3w/bo||ﬁ') > MR

for some a;3 > 1 and Dy 3 € (0,1). Combining this with (17.27) and ||[H||« < 1 gives
(T7.26), with

/
ayl =a12 + I3 a3, D271 = D2’3/4.
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Step 2. Assuming ((17.25)), we use the spectral gap of Ly to turn (17.26]) into the uniform
supremum-norm bound (17.22)). By (17.17), |[|H||le; < [|H]le; < ||3w/bo]|. Thus Corol-

lary [15.9| and ([17.26) give C' > 0 and ¥ € (0, 1), independent of w, H, and n, such that, for
every n > 1,

D31
[[3w/bo |

Since [[3w/bg|| > 3, we can choose D1 o > 0 sufficiently large that, for n = | Dy 2 log||3w/bgl| | >
1, the last term is strictly less than Do 1/(2]|3w/bg||*"*) for every ||w| > by. Consequently,

D5 4
2|[3w/bg |2

The same bound holds for all further iterates, since £,, contracts the supremum norm.
Step 3. We now show that holds for either H or an iterate L]°H. Step 2
then gives the required supremum-norm bound (17.22). Set Cj := inf, yen, h(x)/h(y) > 0,
choose a1 6 > 0 so that 3,36 > 2, and put a1 7 := a172/2.
It suffices to find v € Hcy, and x € YA satisfying the ball inclusion in such that
either H satisfies at x, or
a7 —a1e

1
17.28 L0 H <l— ——F7—— = | —=—=—=log ||[3w/bo]| | .
128) L@ <1 g e | g i

1£0H oo < [1£51Hllloo < v (|H]) + IR H]lloo <1 = + C9"|[3w/bol|

||[’1|_UD1,2 IOgHBUJ/bOHJHHOO <1-—

Choose a; 2 sufficiently large that, for all ||w|| > by, we have ng > N1, ng > | D11 log||3w/bol|],
and

1
(17.29) Il ymoer giamy (A ) <
Co 2
In the former case, Step 2 applies to H. In the latter, it applies to £];°H, since ({17.21))
gives ||[LW0H ||, < 1.
Applying Theorem m to the unit vector leTH € a, b = [|3w/by||**, and ng, we obtain

| =

V1,72 € /Hg‘f\n as the two inverse branches, and two points z1, 29 € A4 satisfying

ENI O1ENT
eAn(B; |21, =—r——— | ~B; (21, ——— ) .
T <¢< 2usw/bo|15481>\ w(‘“ 2\\3w/b018482>>

We also need the ball inclusion in at these points. In the proof of Theorem m,
x1 is fixed in the interior of a one-cylinder by , and o — x1 uniformly as b — oo by
(14.22). For s4 sufficiently large, both points lie in a fixed compact subset of that interior.
Increasing 4’ then gives the ball condition at both points. For vjz;, 4,5 € {1,2}, the
same condition follows directly from and 8/ > s1s4. These requirements on s; are
independent of a1 2; we now fix sy4.

Suppose that no pair (v, x) as above satisfies for H. We show that holds
at x1 or xa. Assume to the contrary that it holds at neither point. Put F := |H|. Omitting
terms for which H(vyx;) = 0, write

—Rng (vz1) . .
(EZOH)(‘TI) — Z € 0 F(’Y‘Tl)h("y‘rl) i(w, Kng (y21))+iArgH (y21)

e
ey h(z1)

The weights are positive and sum to L{°F(z1) < 1.
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Set n := [|3w/bp||~*2. Since (17.28)) fails at x1, |LI0H(x1)| > 1 —n/2 > 1 —n. Thus
Lemma [L7.7] applies, and any two terms with weights at least ||3w/by|| =7 have angular
distance at most

1/2 V2r

~ [Bw/bollers”
By this assumption and the ball inclusions at vjz;, F(vjz;) > 1 —
i,7 € {1,2}. We claim that

V2 (||3w/bo =2 3w /bo |7 a18 = ay2/4.

1 1
33w/ I > 2 for all

6_R"0(7j$i)h(’y'l") 2
17.30 I > i,j € {1,2}).
(7:30) W) Bupoer  B7€1L2
Indeed, since v; € H¢ , we have

e Fino 0aT) h(yj:) Ch

> Cje N > .
D) = e = TBw/bof[e7—are

The choice C,3%1:6 > 2 proves (17.30)). Including the factor F'(v;x;), the weights of the
selected terms are at least ||3w/bg||~%*7. Thus

(17.31)
dst (<’LU, Kno (715131» + ArgH(71x1)7 <w> Kno ('721:1» + ArgH(72$1)) ﬂ,ﬂ

G e —
~ [13w/bof|r#

The same argument at xo gives

(17.32)
V2n
dgl (<wa Kno (71$2)> + ArgH(’yle)v <wv Kno ('72$2)> + ArgH('nyQ)) < ||3w/b0||a1’8 ’

Fix j € {1,2}. By (17.29) and |H(vjz1)| > 1/2, we have ng > No(H) as in (17.19) and
inf A, |H| > 3/8. Thus Lemma m gives a branch ¢, : v;A; — R satisfying
< Ds 7 ’
= Bw/bol
where we use (|15.3) and the estimate |H|;, < (|Jw||+1)/Co < ||3w/bg||, absorbing the factor
A~ from the integer part in ng into Do 7, and where a1 9 := —1—c1(a1,7—a16)(log ) /Cni >
0.
Replacing ArgH by ©ny; does not change the angular distances in (17.31)) and (17.32]).
The triangle inequality for dg1 and (17.33)) therefore give
dsi ((w, Kno(1171) — Kny (7271)), (0, Kng (1172) — Knp (7272)))
(17.34) < 4 n 2D 7 Do g
= 13w/bol|*rs " [[3w/bol|*t0 T [|3w/bo #1107
where a1 10 = min{a; 8,a19} = min{a; 2/4, —1 — c1(a1,2/2 — a1,6)(log \)/Cnt}.
By (17.23)), the phase difference has absolute value less than 7/2, so its distance to 27Z
is its absolute value. Thus (|17.34]) gives

| ((w, Ko (71221)) = (W, Ky (1271))) = ((w, Ko (1122)) = (w0, K (7222)))

On the other hand, gives
| ((w, Ko (7121)) — {w, Ky (1271))) — (w0, Kng (7172)) — (w, K (7222)))]

(17.33) |05, (vj1) = @r, (Yj22) | < 8| H |eydig (51, 7522)

< Do g
= |I3w/bg |10
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N (51€NI ”
> i ||w|| 2|[3w/bo|[+52 )

The lower bound is a fixed positive multiple of ||3w/bg||* #4253, The constant D g can
be chosen independently of a; 2, whereas aj,10 — 00 as a1 2 — o0o. Since ||3w/bp|| > 3, we
may therefore fix a; o sufficiently large that the upper bound is strictly smaller than the
lower bound for every ||w| > by. Now choose " and D; o as in Steps 1 and 2. In either case,
Step 2 gives

D1
2[|3w /b 12
Choose D1’3 > D1,1 + 1 with D1,3 > DLQ + (a1’7 — al,ﬁ)/C’NI. Since D2’1 < 1/4, this

a
bound and (I7.21) prove (I7.20), with a; := ay.1, Dy := Dy 5, and Dy := 221 (%ﬂ) o

Proof of Proposition[17.5 Fix any w € a ~ {0} with |jw| > by, n € N, and any H €
F(Ay,C) with ||Hljw = 1. Let ag > 0,D; > 1, Dy > 0 be the constants from Lemma [17.8|
Set ng = | Djlog||3w/bo||] > 1, where the last inequality follows from Djlog3 > 1 and
13w /bo]| = 3.

Write n = kng + [ with 0 <[ < ng. Using Lemma 1—u<e ™ foru>0, and the
fact that |[|[Ly]|eo < 1, we obtain

€% H oo < L0 Hlloo < [1£3 H |lu

L0 H oo < 1— (n = no + [D121og [3w/boll]) -

Dy \* _ ipufuln a2 —Binljw|~(@1+D)
=\ g ) =€ < Pl e I < Ce ’

where we used ng < ||w|| for ||w| > bp. This proves the proposition with 8 :=a; +1. O

17.5. Fourier and stable-projection estimates. We now estimate the Fourier trans-
forms of the pullback functions and their stable projections. These estimates justify Fourier
inversion, allow us to apply Proposition and control the error introduced by averaging
over the contracting A_ coordinate after applying T*. To streamline the arguments, we
introduce

S :={F, 9°F} : a a multi-index}, Coo(F1) := [ filloo, Coo(0%FL) = || fallclal-

By (17.2), (17.3), and the product rule, ||H||cc < Coo(H) for H € S. Constants in estimates
involving derivatives may depend on their orders. Derivatives of F' are taken in &; derivatives
of F are taken in its last variable z. For F' € {F}, FQﬁ}, write f = f1 or fo, respectively.

17.5.1. Bounds for Fourier transforms. Since FZﬁ(:L‘,:L‘,, -) is smooth and compactly sup-
ported, integration by parts |a| times gives the following identity.

Lemma 17.9. Let « be a multi-index and let (x,z_) € Ay x A_. Then, for every £ € a
with € # 0,
— o) ——
i
Fgﬁ(a},x_,f) = g—aag‘FQﬁ(:c,m_,ﬁ).
Lemma 17.10 (Supremum norm). (1) Let H € S. Then, for all (x,x_) € Ay x A_,
all £ € a and every integer k > 0,

(17.35) |H(z,z_, )| < Coo(H)(R(z) + 1),
(e H (- €)) ()] < Coo(H)(R(TFz) +1)".
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(2) For all (z,z_) € Ay x A_, all £ € a~ {0}, m € N and integers k > 0,
(17.36) |F (2,2, &)| <om 1€ ) follom (R(w) + 1),
| (mF5 () (@)] <o €17 | fllem (R(T ) 4 1)
(8) For F € {Fl,FZﬁ}, every multi-index o, all (x,x_) € Ay X A_, £ €a and k >0,
06 F (0, )] < || flloo(R(x) + 1)1,
| (k05 F (-, ) ()| < [If oo (R(T") + 1)7F100.

Proof. By (17.5)), the support of every H(xz,z_,-), H € S, lies in the ball of radius C} (R(z)+
1). Hence

H(z,2,6)| < /\H(m,x_,z)]dz < Co(H)(R(z) +1)".
a
Integrating this bound against the probability measure in (17.7) proves (1). For (2),

choose j with [&;| > ||£]|/+/r and apply Lemma with a = me;, followed by (1).
For (3), differentiation under the Fourier integral gives

(17.37) 6;)‘13(33,3:_,5) = il /ei<5’z>z°‘F(x, r_,z)dz.
a
On the support, |2%| <o (R(x) 4+ 1)l by (I7.5). Apply the argument for (1). O

Lemma 17.11 (L'-norm). For all (z,z_) € Ay x A_,
(17.38) 1F (@, 2, )o@y < [ follorsr (R() + 1)
Proof. On ||£]] < 1 we bound the integrand by (17.35), and on ||£]| > 1 by (17.36) with

m =r + 1, which gives

1FS (@2, )@y < [l fallomer (R(z) +1)" (1 + /”5”>1 (13— d€> :
The last integral is finite because r +1 > r = dim a. O

Lemma 17.12 (Holder norm). Let x € Ay, let x_, 2" € A_, and let € € a.
(1) For every H € S,

H(z,2_,€) — H(z,2_, )| < C(H)eP2RO (R(z) + 1) d (2,2’ )",
where C(F1) = || fillos and C(OLFL) := || folljaf.5-
(2) For F € {Fy, Fzﬁ} and every multi-index o,
|09 F (2, _,€) — 0F (z, 2, )| < || llo,pe”*>F)(R(x) + 1)1t d (w27 ).

Proof. The cutoff factors in (17.2)) and (17.3) do not depend on z_. Thus (17.6) and the
product rule give

|H(z,x_,2) - Hw,a',2)| < C(H) W dy(a_, 2! ).

If this difference is nonzero, (17.5)) gives ||z|| < Ci1(R(z) + 1). Integrating over this ball
proves (1). For (2), use (17.37); the extra factor z® contributes at most O ((R(z)+1)l*). O

Lemma 17.13 (Stable projection error). Let k > 0 be an integer and (r,z_) € Ay x A_.
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(1) For every H € S and £ € a,
| (T*(z,2-),) — (mpH(-€))(2)| < C(H)ePOCRT D 2=k (R(Thg) 41",
(2) For every integer m > 1 and £ € a~ O,
[ (T4 (,20,€) — (mFE ) @) o €17 foll e 2R D7 (R(TEE) 1)
(8) For F € {Fl,FQﬂ}, every multi-index « and € € a,

|00 F (T (x,2-),€) — (w02 F(-,€)) (x) POCR(T D) =k (R(Thg) 4 1)lel+7,

Proof. By Lemmam two points of a stable fiber have images under T* at stable distance
at most \F diamg; (A-). Integrate the bounds of Lemma [17.12f against vy 5, using (17.7)

and V"% = 7% from (17.9)). This proves (1) and (3). For (2), choose j with |&;] > ||€]|/+/7
and apply Lemma with o = me;, followed by (1) and the definition of C'(H). O

We record a direct estimate for the branch formula after composing with inverse branches.
For ¢ € a, a continuous function F', and a multi-index «, we have

|Le(KOF)|e,

7. Le(KYF) oo
(17.39) LK™ Pl + =

o Yo e 14 RN oo,
YEH
whenever the sum is finite. Here K¢ is the coordinate monomial in the fixed basis of
a. To prove this, apply Proposition [12.12 m, and - to each summand, using
h,h=t € Fo,(Ay) and |K|| < R (Lemma 12.6)). The resulting series converges in F, (A+, C).
Using the stable projection of ((17.7] deﬁne

Hyy(@,€) = i (B (L )(@), Hayla,€) = ma (FE(,€))(x),
Hjo(w,€) = ©Eu@ g (2,6)  (j=1,2).

After cancellation of the k-step phase, the remaining stable average may still grow with
R(x). One further application of L¢, using (17.39), gives the norm bounds needed both for
the large-frequency contribution and for the normalized expectations in Lemma [17.16]

(17.40)

Lemma 17.14. For every integer k > 0 and £ € a, set
Hyg = L™ (e‘““”m(Fﬁ(-, —s))) .

Then Hye € Fe (A4, C). Moreover, the following estimates hold with implied constants
independent of k.

(1) For every & € a with ||£]| > by and m € N,
€I 1 f2llm. 5,

(2) For every & € O and multi-index «,
108 Hiell,., <a [l f2llo,5-

For k = kq, the input to /JkH s Hgt €) by m
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Proof. For a Borel function H bounded on each stable fiber, and (| give
chmn@) = 3 o) [ H(x,flx_mw,m(x_) — moH ().
~yEHF -

The series converges absolutely because its sum of absolute values is at most sup, ¢ |H(z,y-)|.
The factors e&Kk) and e &K% cancel in the k-step branch formula, giving

—

(17.41) Lk <ei<5’Kk>7rk@(~, —5))) = ﬁ'éﬂk@(', ~€)) = mo(F3(-,—¢€)).

Thus both assertions reduce to estimates for L (wo(F§(~, —¢))), independently of k. Fix an

inverse branch v € H. We estimate (TFoFQﬁ(-, ff)) o~. For x,y in a common one-cylinder,
Proposition [12.12] gives |R(yx) — R(vy)| < dj(z,y)'. Use this bound for the cutoff factors
in (17.3), and (]17_6D with ((15.3) for the derivatives of fs. Since ¢; < min{co, n}, the
product rule and (17.5)) give, for H = 85F n,

H (yz,2-,6) = H(yy, 2, 8)| <5 C(H)PP (1 4 Ry dy ()"
For the conditional measures, (16.3|) applied at yx, vy bounds their contribution by

CllH vy, - ) lloody (v, vy)™
Together with Lemmam and -, this gives

(17.42) Imwo(H (- )] 0 Alley <5 C(H)F(1+ R,
The same argument and ((17.37)) give
(17.43) 1m0 (95 F5 (. =) 0 Yller o [l fallo,ge” ™ (1 4 Ryl

For (1), choose j with |¢;| > ||£]|/+/r and apply Lemma with 0 = me;. By (17.42)

and ([17.39),

]\zg<wO<F§<-,—£>>)\' G [ folls 3 e 0B (14 R o ] el
£ YEH

The last inequality follows from SC1Cy < g in and , absorbing the polynomial
factor into the remaining exponential margin. Together with (17.41)), this proves (1).

For (2), differentiating the Fourier transform at —& contributes the factor (—1)1*2l. The
product rule gives

o [ce(mFiC.-0)| = 2 (& )ee (@m0 (-0 m@z . -9).

altas=«

Apply (17.39) and ((17.43]). Since O is bounded,
Jee | ce(mrC. ~0))]
using (|15.2)) as above. These summable bounds, also at one higher derivative order, justify

differentiation in F., (A4, C). Equation (17.41]) now proves (2). The estimates in (1) and in
(2) with ao = 0 also show that Hj ¢ € F, (A4, C) for every £ € a. O

Za || fallop D e PO (1 4+ R <4 || fallo 6,
€1 yEH
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17.5.2. Reduction to the expanding map. The following lemma quantifies the error intro-
duced by stable projection, both outside O and for derivatives of the normalized expecta-
tions inside O. We write (N) for the Nth derivative with respect to £, viewed as a symmetric
N-linear form on a. For £ € a, put

(17.44) @n(§’ l‘) — efi(g,tquZ(t)w)ei(g,Kn(ac»'

Lemma 17.15. Let k > 0 be an integer.
(1) For everyn € N andt > 1,

/ / (60 By (7 (), €) Fi(, o, —€) dv (o) d
a0 A+><A_

-/ . /A (6, T2 (11 1 (-, €)) (T"2) (g FE(, —)) (1) dvy ()
O((IAillo,gll follorr + I fillsoll f2llrt1,8) 7%).
(2) For everyn € N, N € Z>g, and & € O,

. o —~ (N)
{nén [ SRR, a6 v wﬂ
A+><A,

. k ~ - (N)
= [ [ R B ) () (i ~) ) oy o)
Ay

+ 0w (Ifillosl 2llo,sm n¥ g™ )

where the deriwatives are taken with respect to €.

Proof. We prove (1); the proof of (2) is similar, and we indicate the changes at the end.
Fix n € N, ¢t > 1, and k£ > 0, and recall the unimodular factor 0,,(¢,z) of ( m By the

T-invariance of 1°, the left-hand side equals
[ e T R ) OFHI o), ~) dv e
a0 JAL XA

Replacing each of the two factors by its stable projection, we obtain the asserted main
term together with the two errors

B[ ] " Ou(&, T0) (F(T*H (2, 2), ) — (i (,€)) (7))

B (2,0 ), —€) v de,

E2 = / / @n(gkax) (ﬂkﬁl(ag))(Tnx)
a0 JALxA_
(FS (I (,2),—€) = (miF3(, —)) () ) dv* de.
It therefore suffices to show that
B1| < [l fillogll follcrim™,  [Bal < [l fallooll follrsn,p7
Since |©,| =1, Lemma [17.13|(1), Fubini’s theorem and ((17.38) give

B < | fillosl follgreT™ / POCRITD) (R(TR Mgy 4 1) (R(T" ) + 1) dvs ()
Ay

—k
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1/2
< Ifillosl fellorar™ ( / AIOCRE) (R(z) 1 1) duy / (R(z) + 1)2%)
A A

< | fillosll f2llream™F,

where we used Cauchy—Schwarz, T-invariance of v, the exponential moment fixed in Sec-
tion and 28C1Cy < ¢ from (17.8)). The estimate for Fs follows by the same argument,

applying @ to L and Lemma 17.13(2) to F2ﬁ —7rk.FQﬁ with m = r+1, which produces
| 1llocl foll 315 i Dlace of || i o5 e

For (2), apply the product rule. Derivatives of the Fourier factors and of their projection
errors satisfy Lemma [17.10)3) and Lemma [17.13|(3). Derivatives of the cocycle phase insert
powers of K, o T*, and, for every j € N,

+

n—1
[ K o T <y ™1 D R(TH )
1=0
by [|K|| < R (Lemma [12.6). Holder’s inequality with exponents 4,4, 2, T-invariance, and
the exponential moment of R bound each such integral by O;(n’) after removing the factor
7% here 43C,Cy < gy by . Finally, Theorem gives analyticity and nonvanishing
of K¢ on a neighborhood of O, and hence || D’ (ke ")l <5 n?|ke| ™. The total derivative order

is N, so the product rule contributes at most n’V. This proves (2). ]

17.6. Convergence of the normalized expectations. Near zero frequency, we separate

the leading eigenvalue from the Fourier-transformed return correlations. We show that the

derivatives of the resulting normalized expectations converge, providing the coefficients for

the correlation expansion. Their zeroth-order limit will identify the leading mixing constant.
For0O< N<J,n>1,and £ € O, set

(17.45)

ANm(ﬁl,FZﬁ;f) = [F{"/A ei@’Kn(z»ﬁl(f"(x,x_),f)FQﬁ(x,x_, —&)dv®(z,z_)

+><A_

(N)

We omit & when & = 0 and write

—~ o~

(17.46) An(F1, Ff) = lim Ay (Fy, F)

for the limits whose existence is established in Lemma [17.16(1). We suppress the two
function arguments when no confusion can arise.

Lemma 17.16. (1) For each N € {0,...,J} the limit (17.46|) ezxists and

(17.47) An(Fy, FD| < I fillogll fallo,s-

Moreover, for every L € N and n € N,

<pn t|f

(17.48) \Amm, ) — Ana(Fr, F) 05l f2llos.

(2) For every & € O and n € N,

Ay (Fr, Fi;6)) < |1

r—1
0,8]l.f2llo, (n_( 3 +L+J)|,{gn| + n2/5) .
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(3) We have

—~

Ao(Fy, F§) = chMy (Fy) My (F).

Proof. Fix N € {0,...,J} and abbreviate Ay (§) = AN,n(ﬁ, Fzﬁ;ﬁ). For an integer
1<k<n-—2, set

~

Gj,k‘(?é—) = ez@’Kk(»ﬂ-k(P’j(’g))’ ] = 172a

where F 1= qu, so that G, = .E[j7t by (17.40). By Lemma [17.15(2) and the cocycle and
transfer-operator duality identities,

(17.49) Av (€)= Anni(€) + O (Ifillosl fallosn™ g ™)

where

- (N)
AN k(§) == [Fﬂg—n A G p(z,8) 52"“‘1 (ﬁlgﬂGz,k(',—ﬁ)) () dV+(9C)] :

For every multi-index a with || < N, Lemma [17.10[3), ||K|| < R from the proof of
Proposition [12.8] and the product rule give

105 G (2, €)] < (1 flloo (L + Ri(@))!*! (1 + R(TFa)) oL,

Since || Rillr(v,) < Kl|R|zp,) for p > 1 by the triangle inequality in LP(vy) and T-
invariance, Cauchy—Schwarz and the exponential moment of R give

(17.50) 102G 1y < [ fuloakl®)
We pair this bound with Lemma [17.14)(2), which gives

105 (LET Ga i, =) ey < [ f2llos

uniformly in k. These estimates also justify differentiating the expectation above. By
Theorem [15.19]
(17.51) pg " LE R = ke BTIPe 4k BT (R frig)n R
We use this identity on F¢, (A4, C).

Proof of (1). Fix L € N and take k, := [(L + N)logn/log7]. For sufficiently large n,
1 < k,+1<n/2. Use the same k,, for n and an integer n’ € [n,2n]. The projection term in
(17.51)) is independent of n, so its contributions to Ay 1, (0) and Ay k,(0) cancel. Since
ko =1, (15.29)) and the product rule give

agv (Hg(k"—H) (Rg/ﬂg)nfknfl) ‘

<N kLoAﬂnfknfl

520 c1—C1

for some ¥ € (0,1). Combining this with (17.50) and Lemma |17.14{(2), we obtain
AN 1,10 (0) = AN 1, (0)] < | f1lloo [ folo R 07/
Equation (|17.49) and the choice of k, therefore give
sup | A (0) = Anwr (0)] < " ful

n<n’/<2n

0,8l f2llo,5-

Summing this estimate over successive dyadic intervals proves the Cauchy property and

(17.48) for large n. For each fixed n, (17.45]), Lemma|17.10(3), and the exponential moment
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of R bound Ap,,(0) by On(]|filleo|lf2lloc). This covers the remaining finitely many n and
gives (|17.47)).

Proof of (2). Take N = J and k := [“_D{f#logn] For sufficiently large n,

k+1<n/2and n/r=F < n=((=D/2+L+J)  Thus (17.49) gives the first term of the asserted
bound. By (17.51)), analyticity of k¢ and P¢, and (|15.29)),

105 (kg " L2 lerser < MY g " FHD (4977571 (o] < ).
Using ((17.50) and Lemma [17.14(2), we obtain
Ak ()] < [ fillooll f2llo gk kel < || fullo, s f2

Indeed, and give |ke|"* D) <« p0-2)/10 yniformly on O, and &/ <
(logn)’ < n'/1°. The moment bounds used in (1), together with the nonvanishing of
k¢ on a neighborhood of O, cover the remaining finitely many n.

Proof of (3). Take N =0, £ =0, and k = [logn]| in and (L7.51)). The projection
error and the spectral remainder tend to zero by the estimates in (1). By (15.15), the
remaining term is

0,5/,

vi (meFi (-, 0)) vy (LE i FE (-, 0) = V(B (-, 0)) v (Ff(,0)),
where we used (17.7)), T-invariance of v°, and (|15.33). Consequently, Fubini’s theorem and
(116.8) give Ao(ﬁl,FQﬁ) = cj{?ﬁw(Fl)ﬁw(Fg). Absolute integrability follows from ((17.5)) and
the exponential moment of R. Finally, My(F1) = My (F1). Integrating (I7.4) over A, and

translating (s,v) by (—R(z), —K°(x)) in its second term gives ﬁw(FQﬂ) = My, (F2). This proves
(3). O

17.7. Uniform estimates for Gaussian sums. Fourier inversion of the local spectral
expansion produces sums of Gaussian derivatives indexed by the number of returns. The
following estimates identify the leading transverse Gaussian and bound the remaining terms
uniformly in the transverse displacement. They will be used in the final step of the proof of

Theorem [I7.1)2).

Lemma 17.17. There is a > 0, depending only on cgr,r,S, with the following properties.
For every fized € € (0,1), uniformly for t > 2 and w € ker 1,
(17.52)

t—c%n Vitw : 2
—r/2 R V'W )\ _ r-2 —(r—=1)/2 —r/2 —amin{||w||?,||w| }
E n g( T \/ﬁ) cp °t /Rd8+05(t e )

Moreover, for integers p,k > 0 with p > 2k,

(17.53) ) nlmlrte)2

n>1

n>tl—¢

2
t—chn Vi W> H o - THD=20) 2 mamin((ul. o]}

o (A

Proof. For some a; > 0 depending only on S, Gaussian decay gives [|G®)(2)| <, e~all=l” for
every p > 0. Put W := |lu|| and P, := ((t — ckn)/v/n,Vtu/y/n). On t/(2c%) <n < 2t/c%,

| P2 > (n —t/ch)?/t + W2,
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The Gaussian sum over this range is O(+/t), proving there. Forn < t/(2c%), | P> >
t+ W2, for n > 2t/ C%, | Pall? > n + v/t W by the arithmetic-geometric mean inequality.
Both tails satisfy the same bound.

For , restrict to Uy := {n: |n — t/c%\ < t5/8}. Splitting the Gaussian exponent in

the preceding estimates shows that the omitted sum is O(e="*e=amin{llM®¥1}) " For large
tfc%n

t, this also permits the cutoff n > t'=¢. For n € U;, put y, := N Qn = (CRYn, crw) and

Ly = /ﬁ. Then P, = (1,Qp and |p, — 1| < |yn|/v/t. The mean value theorem and the
R

Gaussian bounds for G and its first derivative give

072G (P) = (/)26 (Qn) | < 4T (14 g + W ORI,

Summing over the grid of spacing c%% /\/t gives an error O(t”"/ 2e*CIWQ). For an integrable

absolutely continuous function g with integrable derivative,
by g(y)—/g(y)dy Sb/ l9'(y)] dy.
yEa+bZ R R

Apply this with g(y) = G(cry, cgw) and b = ¢%//t; the omitted grid points are exponentially
small. It follows that

3 6(@u) = ¥t | Gtenv.cuwdy + 0(?)
CR R

nelly
Multiply by t_r/zc’;% to obtain (|17.52)). The bound (17.53)) covers the remaining bounded
range of ¢, after enlarging the implied constant. (|

17.8. Proof of the local mixing theorem. We now combine the preceding estimates to
prove Theorem m We follow the proof of |23, Theorem 2.2|, using [23, Lemmas A.1,
A.3 and A.4] for the Taylor expansions and Gaussian sums. Starting from the return de-
composition , we discard small return counts, control frequencies outside O using
stable projection and transfer-operator decay, and expand the contribution from O using
the normalized expectations. Fourier inversion and summation of the resulting Gaussian
terms then give the two assertions of the theorem. We retain the upper cutoff n < ¢ until
Step IV, including after restricting the Fourier integral.

Step I (Reduction to return sums and Fourier transform).
Split as
Ci(f1, foiw) = Ry 1 (fi. fo3w) + Cf 1 (f1, fasw),
where Rf;l and ny1 are the sums over 0 < n < t17°1 and 1751 < n < ¢, respectively.
Claim 1. We have
Cf = Cia + Ol fills | fall oot~ (= H/ZHEED).
Proof of Claim[1] Set

inf R
10 -

Abad,t = {x S A_|_ : RLtl—elJJrl(.%') >t —
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Fix an integer 0 < n < t!=°1. If the integrand of the summand of Rfl indexed by n is

nonzero at (z,x_,s,v) € Aq, then R, 1(z) > s+t > t. Hence © € Apyqs. Summing over
these indices and using ((17.5)), we obtain

(17.54) RE| < Al [ (R4 1) Ly,

+
By Lemma|17.3] applied with N = [¢!~°1| 41 and its parameter ¢ replaced by ¢ — (inf R) /10,
we have vy (Apaqs) < te~"' for some ¢ > 0. The exponential moment of R implies
1) A+(R +1)?" dvy < oo. Hence Cauchy—Schwarz gives

(17.55) / (R4 1) Lay, dig < 81272,
Ay
Substituting this into (|17.54) proves the claim. ]
Next, set
Clolfrs fiw) = ) /~ (Fro¢")(z,a,s+t,v+Ut)) - Fi(z,z_,s,0)dMy.
tl=el<n<ty Aa

Claim 2. We have
Ct1 = Cfy+ O(|| fillso|l follsot (= 1/2HLAD

Proof of Claim[3 Use (17.4)). In the term containing FQOC, translate (s, v) by (—R(z), —K°(z))

and use T-invariance of v° Slnce E; ¢ vanishes for s < — inf R/10, this gives

/ (Fyo(")(z,x_,s+t,v+ 6(7f)w)(F2tt oC)(x,x—,s,v)dMy

a

(FioC" Y z,x_,s+t,v+ E(t)w)FQﬁ(x, x_,5,0)dMy.

a /{— inf R/10<s<0}
Using Fh = FQﬁ + FzIj o on Ay, we sum the preceding identity and reindex the contribution
from F2jj o(. The upper boundary term vanishes by the support cutoff. Thus C’ﬁ 1= sz +E,
where, with Ny := [t17°1],
E = (Fyo M) (z, 2, s+ t,v + ﬁ(t)w)FQﬁ(x, x_,5,v) dMy.
{—inf R/10<s<0}

Where the integrand defining E' is nonzero, Ry, y1(x) >t + s >t —inf R/10. Thus (17.5))
and ([17.55) give the claimed bound. O

For fixed n and (x,z_) € AL x A_, put
g9(z) == /F1 (f"(m,x_), z+ z’)FQﬁ(x,:c_, 2 d7.
a
Since Fy(T"(x,z_),-) is bounded and compactly supported and Fg(m,x_, ) € CX(a), we
have g € C°(a). Since g(§) = ﬁl(f”(m,x_),f)FQﬁ(ac,x_, —¢£), Fourier inversion gives

! / e HEtFHOT—En @) By (T (2, ), €) Fi (2, 2, —€) dE.

gtu+ L(t)w — Kp(z)) = Gy
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Here and below d¢ is the dual measure fixed above. Define Cﬁg by summing the integral on
the right without the factor (27r)~" over 71 < n < t, and integrating against dv°®(z, ™)
on Ay x A—. By Lemma ( ),(2), the integrals are absolutely convergent. Since dM, =
61}2 dv® dz,
(2m)" ¢k Cf o = Cy 5.
Step IT (Reduction to integration over a compact domain).
Recall O from Section and the oscillatory factor ©,, from . We isolate the

contribution from frequencies near zero, which will produce the Gaussian term and its higher-
order corrections:

Cly= Y / / L) FL (T (@, m), €) Fi (2, x_, —€) dv® dE,
tl-e1<n<ty A XA
and set
Rt 2= Cf,s - Ctg,4'
Thus RfQ is the contribution from frequencies outside O.
Claim 3. There exists m € N such that
Cis = Cla+ O(Ifillopll fallm st~ TH/EHEHD),

Claim [3] l will be a consequence of Claim [4]

Let R + 5 denote the expression obtained from Rt 9 by composing with T Tk and replacing
both factors by their stable projections. By Lemma ( ), this replacement introduces
an error of O(|| f1 |lr+1,57 %) for each n in the summation range. Summing over O(t)

summands and usiI;g (17.10) gives
(17.56) Rby = Rby+ O(Ifillosl fllsr gt~ —0/2015D).

The transfer-operator decay obtained from quantitative non-integrability, combined with

the Fourier decay of FQﬁ, gives the following estimate:
Claim 4. For sufficiently large m € N,
Ry 5| < || filloo | follm, gt~ (= D/ZHEAD),

Proof of Claim [ The cocycle identity K,oTk = K, - K k, + K, oT" and transfer-operator
duality give
(17.57)

Rt 3= Z / TG Rt ﬁl,t(xa 5)»65”"”‘1 (ﬁftﬂﬁzt('a —5))(55) dvy (x) d€.
th—e1<n<ty Ay

Let m > r be an integer, to be chosen below. Set D1 := || fi|loo|| f2||m,, and let 81, B2 > 0

be as in Proposition For { € a\ O, put B¢ := £§t+1HQ7t(', —£). Since k; = O(logt)

and n > t'7°1 we have n — k; — 1 > n/2 throughout the summation range for sufficiently

large ¢t. By Proposition and Lemma [17.14(1),
|£e75 7 Brglloe < e MMCIID By ¢ll¢ < o1/ CIND €)= fy] .
Moreover, (|17.35]), T-invariance of v, and the exponential moment of R give

/ i (2, €) vy (2) < il / (RoT* + 1) dvy < || il
Ay

Ay
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Applying these bounds to (17.57)), we obtain

|Rf,3| < D Z e_ﬁln/@”&HﬁQ)HEH—m dg.

s an<t, U

There are O(t) summands, and a ~ O C {¢ : ||€]| > bo}. Using n > t'7°1 and polar
coordinates therefore gives
(o9}
Ry 3l < Dlt/ eet LT grolom g
bo

With the substitution s = ¢t(1=¢1)/82y the integral on the right becomes

o0
4~ (1=e1)(m—r)/Bs / e P2 r=1-m g,
bot—(1—€1)/B2

The last integral is bounded uniformly in ¢: the exponential ensures integrability near zero,
while m > r ensures integrability at infinity. Hence ]Rf73\ < Dyt ~(=e)(m=n)/B2  Choosing

m to be any number larger than max {7’ +1, [r + 16281 (% + L+ 2)-‘ } gives the required
bound. g
Combining (17.56)) and Claim 4| proves Claim

Step III (Expansion of the normalized expectations).

Recall the normalized derivatives A, and their limits Ay from (17.45)) and (17.46). We
suppress their two function arguments in this step. Set Da := || f1 0,3 Where 3 is
fixed in (17.8). Taylor’s formula at £ = 0 gives, for every n > 1 and £ € O,

Aon(€) = k" / I B (T (2, ), ) Fi(m, 2, —€) dv°(w, 2

A+><A_
— §®N J
Z +0 (sup 1Al
N=0 0<s<1
By Lemma m(l ),(2) and ( , this equals
J—1
'AN *€®N —((r— -n L
(17.58) > 0 <D2 (O D g 7 2] )

where L > (r—1)/2+ L+5/2 is a fixed integer. Multiplying (17.58)) by k¢ and substituting
the expansion (17.13)), we obtain, using (17.11)) and (17.47)),

/ ei<£’K"(x)>ﬁ1 (f”(x, x_), f)FQﬁ (x,x—, =€) dv®(z,z_)
A+ XA _

Jo12L442L 4442k k

=" RG(VRE) YD Y Y Ty @ 4 x €2V 4 B, ()

N=0 k=0 j=3k
where, by the substitution £ — £/y/n and J = 2L + 5,

/ |E,(§)] d¢ < Dy (n—((r—l)/2+L+J) + n—((r—l)/2+L+5/2)> '
o
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Summing and using ((17.8]), we obtain
C 4= Ct5 + O(th ((7’71)/24’[/4*1))’

where
2L +4 2L +4+42k
é N7k7j
Cls = Z Z > X .
= J=3k tl=c1<n<t,
and

TNk nk/oe HE(=neR) D) G/ &) (An © Ay g)  E9NH) g,

Step IV (Fourier inversion).

After the change of variables n = /n ¢, Gaussian decay and (17.47)) allow us to extend
the integration domain from /n O to a, with error O(Dae™"). Fourier inversion then gives

t—nck L(t)w

Ié\[,k,j _ (QW)TZ'N-H'nk—(T+N+j)/2g(N+j) ( ) * (AN &® Aj,k) + O(Dze_cn).

vno o /n
2 2
For n > ty, we have C%’I’L > 2t, and hence I ;;R| > %R\/ﬁ The Gaussian and its

derivatives therefore decay exponentially in n on this range. Thus the terms with n > ¢
contribute O(Dge™), and we may extend the sum to all n > t1=1. Consequently,

Cf5 Ct£6 + O(D t~ ((7“*1)/2+L+1)),

where
J 1 2044 2L+4+2k N+ '
(17.59) N=0 k=0 j=3k ! I
St — nc? L(t)w
. (N+]) "R A )
o (S ’\/ﬁ>*(AN® )

Combining Steps -1V, for some integer m > r + 1 we have

{r=1)/2

(17.60) VRG] o Gl [ Follm st~ D,

< | f1llo,s

uniformly in w € ker .
Step V (Summing over n).

Case 1: £(t) = 0. For an integer p > 0, write G®) := DPG for the p-th total derivative,
with GO = G. For ¢ € R, define

CRZ
hpo(21, 22) := 25 DPG <5z€ ) , (21,22) € R x (0,00).

Set

- . N<J—1, k<2L+4,
V'_{(N’k’J’q)€Z>0 3k < j <2L+4+ 2k, N+j—2k:+q<2L}
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Apply [23] Lemma A.3] with @ = 2L 4 1 to each Gaussian sum. The lower cutoff can be
changed to any fixed positive multiple of ¢ below ¢/ C%z at an exponentially small cost. By
[23, Lemma A.4|, the terms with N + j + ¢ odd vanish. Thus

(17.61)
‘N+j (\[/CR) ((r—1)+N+j—2k+q)

VA 7
Cie = (27)" Z qul A+
(N.k,j,q)€V ‘R

' (/ O3IN 1 j k- (N+jtr)/2(8, 1) (=) dS)  (An ® Ajp) + O(Dyt~(r=D/24 L4y
R

The remaining omitted terms have N 4+ j — 2k + ¢ > 2L + 2 and are absorbed into the error.
After dividing by (27)"cZ and multiplying by t"~1/2, define, for 0 <m < L,

N+ AN+ =2k
nlfifo)i= Y R

Nlg!
(Nk,j,q) €V
N+j—2k+q=2m

: </R 3N gk (N jr) 2(8, 1) (—8)7 d8> * (AN @ Aj k).
With these definitions, (17.61)) becomes

g L .
Clo=>_ em(fr, f)t 7™+ O(Dat™FH).

3 Cie
(2m)T ey, =

Combining this with gives the correlation expansion in Theorem [17.1)(1). Uniqueness
of the coeflicients of an asymptotic expansion makes these definitions compatible as K and
L vary. They therefore define bilinear forms on C2°(I',)\G)M x C*(T,\G)

Since each defining sum is finite, gives

lem(f1, f2)| <icn L fillogll follog (0<m <L)
for f1, fo € C°. This implies the coefficient bounds in Theorem M(l)
By Lemma [17.16(3), Ao = cpMy(F1)My(F2). The term N = k = j = ¢ = 0 in (I7.61) is

therefore
(2m) i r= /2 ( / G(cgs,0) ds) My, (F1 )My (F).
R

Since My (F;) = my(fi;) by Theorem division by (27)"c% proves the stated leading
coefficient and completes part (1).
Case 2: £(t) = /t. For this, carry out Steps [-IV with L = [(r — 1)/2 + 1] and put

r=1)/2
Pt(W> izm (f17f2, )

Since N+ j —2k > 1 unless N = k = 5 = 0, (17.53)) bounds every nonleading term
by O(Dgtfl/Qefalmin{HWHQ’Hw”}). Applying Lemma [17.17| to the leading term and using
Lemma [17.16|(3), we obtain

(17.62) Py(w) = cumy(f1)my(f2) + O(thfl/Qefalmin{HW\|2,HW||})7

where a; > 0 is uniform. In particular, |P,(w)| < Dye@mindllMI% ¥} Choose ay =
min{ag, a1 }. By Lemma the triangle inequality gives

|t(r—1)/2cf — P(w)| < Dyt(r—1D/2+1 g—az min{[w|[?[|w]|}
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Take the geometric mean of this bound and (17.60). Since L > (r — 1)/2 + 1, we obtain
(=020 — py(w)| < ||f1]\05||f2||mﬁt((r_l)/Q_L)/Qe_(@/Q) min{] w2, |||}
< N fillmgll follm gt~/ 26~ (@272 ming vl [|wl]}

Combining this with (17.62)) proves (17.1) with a = ag/2. This completes the proof of
Theorem [I7.1] O

18. HAAR LOCAL MIXING AND ORBITAL COUNTING

We deduce Haar local mixing and orbital counting from BMS local mixing, using the
arguments of Edwards—Lee—Oh [25]. We first specify the measure normalizations.

18.1. Measure normalizations. We use the Hopf coordinates and Lebesgue measure fixed
in Section Throughout this part, mgMS denotes the BMS measure induced by ({3.9)),

before the normalization ({3.10]).
Let m, be the K-invariant probability measure on F, which is (G, g)-conformal, where
0= qeqpt dim(gq ). Define Haar and Burger-Roblin measures in Hopf coordinates by

dr’ﬁHaar(g) — eQ(/Bg+ (679))+Q(Bg— (e7g)) dmo(g+) dmo(g_) dLebu,
dr’ﬁER(g) — 69(59-‘1- (6,9))+¢(59— (679)) dmo(g+) dyw(g_) dLeba,

dﬁ]BR* (9) oV (Byt(e:9)+e(B,—(e,9)) dvy(g") dmo(g~) dLeby .

We lift these measures from G/M to G using Haar probability measure on M, and denote
their descents to I',\G by the corresponding untilded symbols. For ¢ = 1), write mBR .=

mgf and mBR+ .= mif‘*. Uniqueness of tangent forms gives () = 9y 0 1. Thus the Haar

local mixing limit involves m%j) and mPR« in the notation of the introduction.

After rescaling the BMS measure to mgMS, write the coefficient in Theorem m@) as
cwe_Q¢(w)/2, where ¢y, > 0 and w € ker .

18.2. Local mixing.

Proof of Theorem [{.1. Fix u € int £,. By [14, Theorem 10.1], ¢, is positive on £, ~ {0},
so Theorem applies with ¢ = 1,. Since u = 9,(u)uy, by Theorem replacing ¢
by 1,(u)t and w by w/+/1,(u) gives Theorem , with Qu = ¥, (u)"'Qy,. Approximation
by smooth functions, with errost controlled by fixed smooth cutoffs, extends the limit to
continuous compactly supported functions. Theorem follows from [25], Proposition 6.8|.
The convergence is locally uniform in w: on compact sets of transverse parameters, all simple
roots of tu + v/t w tend to infinity uniformly, so the error terms in that proof are uniform.

For the transverse bound, the upper comparisons in [25, Propositions 5.3, 6.1, and 6.8]
bound the Haar correlation by BMS correlations of fixed compactly supported functions at
the same A-parameter. These comparisons hold whenever tu + vtw € a*. Dominating
the functions by smooth functions and applying Theorem M(Q) gives the asserted decay.
For functions supported in a fixed compact set, domination by their supremum norms times
a fixed smooth majorant gives the stated dependence on || fi]|co||f2]|co. Finally, the time
rescaling and the measure normalizations above give k¢, = @bp(u)_(’”_l)/ 2% . U

u
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Remark 18.1. The uniformity in w in Theorem (2) controls correlations along other rays:
for every v € int £, \ Rsou, there exists b = b(u,v) > 0 such that, for all fi, fo € C2°(X,),

/ fi(@ag) fo(z) dmBMS(2) = Ou gy 1 (t"”/Qe""/i) (t — +00).

Proof of Corollary[I.7]. The BMS local mixing asymptotic implies u-balancedness in the
sense of [10]. The conclusion follows from [10, Theorem 1.4]. O

18.3. Equidistribution of expanding horospheres. Our local mixing theorem also gives
equidistribution of translates of maximal horospheres. Let N be the maximal horospherical
subgroup satisfying ay,na_t, — e ast — oo for n € N and u € inta®. For z = [g] € [,\G,
the measure Mi]%,u on N is defined by dl“ijs\?,u (n) = e¥uBonr(e9m) dyy, (gnP). We normalize
Haar measure dn on N compatibly with the measures in Theorem as in [25], Section 4].
Applying [25 Proposition 6.1] to Theorem gives the following.

Corollary 18.2. For every u € int L, x € T,\G, f € C.(T,)\G)M, and ¢ € C.(N), we
have

lim t 7 et (0=9u)(u) / f xnatu )d’I’L = RyCy mﬁqu) (f) M§%7U(¢)v

t—o00

where Ky, and ¢, are as in Theorem [1.3

Approximation by smooth functions, using fixed smooth majorants, extends the limit to
continuous compactly supported functions.

18.4. Orbital counting in Riemannian balls. Let (-,-) and |- || denote the inner product
and norm on a induced by the Killing form. By [63] 13, 14], there is a unique unit vector
u, € int £, such that

O0p = ||m||aX1 ¢p( ) = %pr(up)-
Since i preserves the norm and ,, uniqueness gives i(u,) = w,. Differentiability of v,
[13, 14] gives 1w, (v) = 0,(v,u,). In particular, Ru, L kert,,. For Q C K, write Q[P] :=
{aP:q e Q}.

Corollary 18.3 (Bisector counting in Riemannian balls). There exists ¢, > 0 such that, for
all Borel sets Q1,Q2 C K satisfying v,,,(0(Q1[P])) = yup(ﬁ(QQ_Iwo[P])) =0,

JHm e T H#{y €T, NQIMATQs : p(N)]| < T} = ¢ v, (Qu[P])1, (@ 'wo[ P)).

Proof. Apply the counting argument of [25] Corollary 9.21 and the proof of Theorem 1.§]
with H = K, b = a, and the Killing-form norm, using Theorem in direction u,. Since
i(up) = uyp, both angular measures are v,,. O

Taking @)1 = Q2 = K in Corollary gives the orbital asymptotic at o = K as stated
in Corollary Conjugating I', gives the result at every o € G/K, since §, is invariant
under conjugation.
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