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Abstract. Let Γ < PSL2(R) be a torsion-free, non-elementary, finitely generated Fuch-
sian group with parabolic elements, and let ρ : Γ → G be a type-preserving, Zariski dense,
positive representation into a connected split semisimple real algebraic group. We prove
quantitative local mixing for Bowen–Margulis–Sullivan measures on ρ(Γ)\G/M , where M
is the centralizer of a maximal split torus in a compatible maximal compact subgroup.

For every u in the interior of the limit cone of ρ(Γ), correlations of smooth compactly
supported functions along exp(tu), normalized by t(rankR G−1)/2, admit a complete asymp-
totic expansion in integer powers of t−1. We also obtain a uniform Gaussian asymptotic
for transverse displacements, with an integrable remainder. We deduce Haar local mixing
and orbital counting asymptotics in Riemannian balls.

More generally, these conclusions hold for Zariski dense, relatively Borel Anosov repre-
sentations of Γ satisfying a peripheral root-balance condition. This includes relatively Borel
Anosov representations into split simple groups of rank at most three and self-joinings of
type-preserving geometrically finite real hyperbolic representations.

To prove these results, we develop an intrinsic cusp geometry on the flag limit set
and use it to construct a countable Markov coding. We establish exponential moment
bounds and uniform distortion estimates for the unbounded vector-valued return cocycle.
Using peripheral Cartan growth and Zariski density, we establish the quantitative non-
integrability needed for the spectral analysis.
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1. Introduction

We establish local mixing with quantitative error terms for higher-rank diagonal flows
associated with cusped positive representations and two other classes of representations of
finitely generated Fuchsian groups. Our main theorem gives a complete asymptotic expan-
sion of correlations along each direction in the interior of the limit cone, together with a
Gaussian asymptotic for transverse displacements and a uniform, integrable remainder. It
also yields Haar local mixing and orbital counting in Riemannian balls.

In rank one, the Bowen–Margulis–Sullivan (BMS) measure of a non-elementary geomet-
rically finite locally symmetric manifold is finite [74]. Babillot [1] proved mixing of the
geodesic flow for this measure, and Winter [77] established mixing of the frame flow for
Zariski dense groups. These results underlie orbital counting and equidistribution theorems;
see [51, 67, 60, 59]. For finite-volume locally symmetric manifolds, mixing of regular diagonal
flows with respect to Haar measure follows from the Howe–Moore theorem [34].

The higher-rank, infinite-volume setting is different. For Zariski dense discrete subgroups
of simple real algebraic groups of higher rank, there is an infinite family of non-proportional
BMS measures [2, 64], all of which are infinite [30]. Local mixing describes the decay of
correlations after a suitable normalization: for a flow {at} on X preserving a Radon measure
m, one seeks N (t) > 0 and nonzero Radon measures m1,m2 on X such that, as t→ +∞,

N (t)

∫
X
f1(xat)f2(x) dm(x) → m1(f1)m2(f2) (f1, f2 ∈ Cc(X)),

where mi(f) :=
∫
X f dmi for i = 1, 2. Oh–Pan [57] introduced this terminology and proved

local mixing for geodesic flows on Zd-covers of convex cocompact rank-one locally symmetric
manifolds, with normalization proportional to td/2.

The main new ingredient in this paper is a geometric construction of a countable cod-
ing that controls the full vector-valued return cocycle in the presence of arbitrarily long
cusp excursions. We develop an intrinsic cusp geometry on the flag limit set and derive
quantitative non-integrability in every Cartan direction from peripheral Cartan growth and
Zariski density. The required root-balance condition is automatic in the three classes below.
These estimates yield complete correlation expansions and uniform transverse asymptotics
for every representation in these classes.

Setting. Let Γ < PSL2(R) be a torsion-free, non-elementary, finitely generated Fuchsian
group with parabolic elements, and let G be a connected semisimple real linear algebraic
group. Let ρ : Γ → G be a Zariski dense representation. Assume that one of the following
holds:

• G is R-split, and ρ is type-preserving and positive in the sense of Fock–Goncharov
[29]; see Definitions 3.2 and 4.4.

• G is R-split and simple with rankRG ≤ 3, and ρ is relatively Borel Anosov.
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• G =
∏k
i=1 SO(ni, 1)

◦, with ni ≥ 2, and ρ is type-preserving and each projection ρi
is geometrically finite.

In all three cases, ρ is relatively Borel Anosov, and hence discrete and faithful; see Theo-
rem 4.5 and Proposition 4.7.

Positive representations admit explicit Fock–Goncharov coordinates associated with ideal
triangulations [29, Section 6.1 and Theorem 1.6]. When Γ is a lattice, the connected com-
ponent containing a principal Fuchsian representation, with its peripheral conjugacy classes
fixed, consists entirely of type-preserving positive representations [28, Theorem G].

More generally, our results hold for Zariski dense, relatively Borel Anosov representations
of Γ satisfying the peripheral root-balance condition in Definition 4.2; see Theorem 4.1.

Fix a maximal R-split torus A < G, a compatible maximal compact subgroup K < G,
and a closed positive Weyl chamber A+ ⊂ A, so that the Cartan decomposition G = KA+K
holds. Set

a := LieA, a+ := logA+, r := rankRG = dim a, M := ZK(A),

where ZK(A) denotes the centralizer of A in K.
Write Γρ := ρ(Γ) < G and let Lρ ⊂ a+ and ψρ denote the limit cone and growth indicator

of Γρ, respectively. The limit cone has nonempty interior [2]. For each u ∈ intLρ, there is
a unique linear form ψu ∈ a∗ tangent to ψρ at u, meaning that ψu ≥ ψρ and ψu(u) = ψρ(u)
[13, 14]. Set Vu := kerψu.

Set Xρ := Γρ\G/M , and let mBMS
u be the BMS measure on Xρ associated with ψu, as

defined in (3.9). Write av := exp(v) for v ∈ a.

BMS local mixing. The following is our main result. In this higher-rank cusped setting,
the leading local mixing asymptotic is itself new. We also obtain a complete correlation
expansion and uniform transverse estimates with an integrable remainder.

Theorem 1.1. Let u ∈ intLρ.
(1) There exist cu > 0 and continuous bilinear forms

cj,u : C∞
c (Xρ)× C∞

c (Xρ) → R, j ≥ 0

such that, for every integer N ≥ 0 and all f1, f2 ∈ C∞
c (Xρ),

t
r−1
2

∫
Xρ

f1(xatu)f2(x) dm
BMS
u (x) =

N∑
j=0

cj,u(f1, f2)t
−j +Ou,f1,f2,N (t

−N−1)

as t→ +∞, where c0,u(f1, f2) = cum
BMS
u (f1)m

BMS
u (f2).

(2) There exist a positive definite quadratic form Qu on Vu and a > 0 such that, for
every w ∈ Vu and all f1, f2 ∈ C∞

c (Xρ),

t
r−1
2

∫
Xρ

f1(xatu+
√
t w)f2(x) dm

BMS
u (x)

= cue
−Qu(w)/2mBMS

u (f1)m
BMS
u (f2) +Ou,f1,f2

(
t−

1
2 e−amin{∥w∥2,∥w∥}

)
as t→ +∞, uniformly for w ∈ Vu.

Here ∥ · ∥ is any fixed norm on a. For functions supported in a fixed compact set, the
implied constants are controlled by products of suitable Ck,β norms; see Theorem 17.1. The
normalization t(r−1)/2 reflects the transverse dimension dimVu = r−1. Part (2) gives control
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on the whole transverse space, so the asymptotic can be integrated over Vu with an O(t−1/2)
error. It also gives decay along rays other than R>0u; see Remark 18.1.

For Anosov subgroups, the leading local mixing asymptotic was established by Sambarino
[68, 69] and Chow–Sarkar [17], following work of Thirion in special cases [75]. More recently,
Guedes Bonthonneau–Lefeuvre–Weich [31] obtained a complete asymptotic expansion under
a Diophantine hypothesis on the representation. Our theorem treats representations with
parabolic elements and obtains the quantitative estimates from the peripheral geometry.

The rank-one theory provides important precedents for these estimates. Mohammadi–
Oh [55] and Edwards–Oh [26] proved matrix-coefficient asymptotics with exponential errors
for large critical exponents. Sarkar–Winter [72] proved exponential mixing of BMS frame
flows on convex cocompact real hyperbolic manifolds, and Chow–Sarkar [16] extended this
to rank-one locally symmetric spaces. In the presence of cusps, Li–Pan [48] proved ex-
ponential mixing of geodesic flows on geometrically finite real hyperbolic manifolds, and
Li–Pan–Sarkar [49] established the frame-flow version. Khalil [39] proved exponential mix-
ing of geodesic flows on all geometrically finite rank-one locally symmetric spaces. For
infinite invariant measures, Dolgopyat–Nándori–Pène [23] obtained expansions to arbitrary
order on Zd-covers of compact negatively curved manifolds; Flaminio–Ravotti [27] obtained
expansions for horocycle flows on Zd-covers of compact hyperbolic surfaces.

Orbital counting and Haar local mixing. The local mixing theorem supplies the input
for the counting and equidistribution arguments of Edwards–Lee–Oh [25]. We state two
consequences here and give the deductions, together with horospherical equidistribution, in
Section 18.

Let d be the Riemannian distance on G/K induced by the Killing form, and let δρ be the
critical exponent of

∑
γ∈Γρ e

−sd(o,γo), which is independent of o ∈ G/K.

Corollary 1.2. For every o ∈ G/K, there exists c(ρ, o) > 0 such that

#{x ∈ Γρo : d(o, x) < T} ∼ c(ρ, o)eδρT (T → ∞).

We also obtain bisector counting asymptotics (Corollary 18.3). The angular distributions
are given by Patterson–Sullivan measures. Canary–Zhang–Zhu–Zimmer [11] established
counting asymptotics for relatively Anosov groups with cutoffs defined by linear functionals
of the Cartan projection. Linearity reduces counting to equidistribution for a reparametrized
flow with finite BMS measure, without requiring higher-rank local mixing. Riemannian
balls impose a nonlinear cutoff on the full Cartan projection, so determining the leading
constant requires information about the transverse distribution of orbit points. Our uniform
transverse local mixing estimates provide this information.

We also obtain asymptotics for matrix coefficients of compactly supported M -invariant
vectors in L2(Γρ\G). Let ϱ ∈ a∗ be the sum of the positive roots, counted with multiplicity,
let dx be induced by a fixed Haar measure on G, and let mBR

u and mBR∗
u be the Burger–

Roblin measures defined in Section 18.1. Write i for the opposition involution. The transfer
argument of Edwards–Lee–Oh [25, Proposition 6.8], extending Roblin’s rank-one result [67],
gives the following limit. We also retain a transverse upper bound needed for counting.

Theorem 1.3. Let u ∈ intLρ. There exists κu > 0 such that, for every w ∈ Vu and all
f1, f2 ∈ Cc(Xρ),

lim
t→+∞

t
r−1
2 e(ϱ−ψu)(tu+

√
t w)

∫
Xρ

f1(xatu+
√
t w)f2(x) dx = κucue

−Qu(w)/2mBR
i(u)(f1)m

BR∗
u (f2).
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The convergence is locally uniform in w.
Moreover, there exists b > 0 such that, for each compact K ⊂ Xρ and all f1, f2 ∈ Cc(Xρ)

supported in K, the normalized absolute correlation on the left is

Ou,K

(
∥f1∥∞∥f2∥∞e−bmin{Qu(w),

√
Qu(w)}

)
as t→ ∞, uniformly for w ∈ Vu with tu+

√
t w ∈ a+.

In rank one, matrix-coefficient asymptotics can also be obtained from a positive L2 Laplace
eigenfunction and a spectral gap [55, 26]. For infinite-volume quotients with no rank-one
factors, such an eigenfunction does not exist [24, Theorem 1.1]. The local mixing approach
also gives equidistribution of expanding horospheres; the precise statement and measure
normalizations appear in Corollary 18.2.

Finally, the Hopf–Tsuji–Sullivan criterion of Burger–Landesberg–Lee–Oh [10] gives the
same directional ergodicity threshold as for Anosov subgroups.

Corollary 1.4. For every u ∈ intLρ, the flow {atu : t ∈ R} on (Xρ,m
BMS
u ) is ergodic if

and only if rankRG ≤ 3.

The threshold corresponds to the divergence of
∫∞
1 t−(r−1)/2 dt, which occurs precisely

when r ≤ 3.

Main ideas of the proof. The support of mBMS
u is a trivial Vu-bundle over a non-compact

flow space [45] and the base flow carries a finite invariant measure [42, 6]. For Anosov
representations, the corresponding base flow has a compact phase space and admits a finite
Markov coding [9]. In our setting, parabolic elements of Γ give rise to arbitrarily long cusp
excursions, leading to countably many return branches and an unbounded a-valued return
cocycle. We construct a countable coding for the right translation by atu = exp(tu) on
(Xρ,m

BMS
u ) and establish uniform distortion estimates and exponential moment bounds for

this cocycle.
Our construction builds on the countable coding of Li–Pan [48] for geometrically finite

real hyperbolic manifolds. They use Euclidean boundary coordinates, cusp heights in the
upper half-space model, and conformality of the boundary action.

On the flag limit set, we develop an intrinsic cusp geometry using a blown-up premet-
ric and a compatible height theory. Separation estimates for parabolic limit points and
Patterson–Sullivan mass estimates, together with recurrence of the reparametrized flow,
give exponential decay of the residual mass in the coding construction. To control distortion
of the full return cocycle, we combine local Busemann estimates on boundary shadows [15]
with contraction of the inverse branches.

The geometry of the cusp coding. We begin with the unique linear form ψ ∈ a∗ tangent to
ψρ at u. Rescaling u, we may assume that ψ(u) = 1. Set ψ̄ = (ψ+ψ ◦ i)/2. The symmetric
form ψ̄ defines the cusp geometry, while ψ defines the Patterson–Sullivan measure and the
return times. We use a ρ-equivariant continuous Morse embedding f : hull Λ(Γ) → G/K,
whose asymptotic Cartan cone equals Lρ.

Let F := G/P be the Furstenberg boundary, where P is the minimal parabolic subgroup
determined by A+. Let Λρ ⊂ F be the limit set of Γρ, and let νψ be the Patterson–Sullivan
measure on Λρ associated with ψ. Recall the visual premetric on Λρ [47, 22]:

dψ̄(ξ, η) := e−ψ̄(G(ξ,η)) (ξ ̸= η ∈ Λρ),
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where G is the a-valued Gromov product defined in (3.2). Fixing a parabolic limit point
p0 ∈ Λρ, we introduce the blown-up premetric on Λρ ∖ {p0}:

Dψ̄(ξ, η) :=
dψ̄(ξ, η)

dψ̄(ξ, p0)dψ̄(η, p0)
(ξ ̸= η ∈ Λρ ∖ {p0}).

In the upper half-space model of Hn, with p0 = ∞, this is, up to scaling, a positive power
of the Euclidean metric on ∂Hn ∖ {∞} (Remark 5.6). We prove a uniform quasi-triangle
inequality for Dψ̄ (Corollary 5.10) and establish geometric and measure estimates that allow
it to play the role of the Euclidean metric in the cusp geometry of Λρ.

We define heights h(p) of parabolic limit points (Definition 6.1), relate them with Cartan
projections of suitably chosen group representatives, (Lemma 6.5), and prove the uniform
separation estimate

Dψ̄(p, q) ≥ C
√
h(p)h(q) (p ̸= q ∈ Λp(Γρ)∖ {p0})

for a uniform C > 0; see Proposition 6.7. Using the global shadow lemma [43] and
Lemma 3.5, we prove doubling and reverse doubling for νψ (Proposition 7.8) and obtain
estimates for Dψ̄-balls centered at parabolic limit points (Corollary 7.10).

Choose a compact fundamental domain ∆0 ⊂ Λρ∖{p0} for the stabilizer of p0 in Γρ. Start-
ing from ∆0, we group parabolic limit points into height layers and successively remove the
corresponding Dψ̄-balls. The central geometric step combines annular mass estimates with
recurrence of the reparametrized flow: there exist N ≥ 1 and ε > 0 such that, for every suffi-
ciently large n, stages n+1, . . . , n+N remove at least an ε-fraction of the Patterson–Sullivan
mass remaining at stage n. Thus the residual mass decays exponentially; see Section 10.

The geometric partition defines an expanding map on a conull invariant subset of the
union of the cusp domains. Taking first returns to ∆0 gives a full-branch expanding map,
and we prove that the induced branches retain exponential summability. Finally, we group
a fixed number of successive returns so that the resulting scalar roof is uniformly bounded
away from zero; see Sections 11 and 12.2.

The following theorem summarizes the construction and the estimates needed for the
spectral analysis.

Theorem 1.5 (Countable Markov coding). There exist Λ+ ⊂ ∆0 with νψ(∆0 ∖Λ+) = 0, a
countable family H ⊂ Γρ, and a map T : Λ+ → Λ+ such that

Λ+ =
⊔
γ∈H

γΛ+, T |γΛ+ = γ−1.

Moreover, the family H freely generates a Zariski dense subsemigroup, and the coding map
Ψ : HN → Λ+ is a Hölder homeomorphism conjugating the one-sided shift to T , for the
standard symbolic metric and the premetric Dψ̄.

For x ∈ γΛ+, define the a-valued return cocycle K and the scalar roof function R by

K(x) := βx(e, γ) + 2G(Tx, p0)− 2G(x, p0), R(x) := ψ(K(x)),

where β is the a-valued Busemann map. Then K ◦ Ψ is locally Hölder, R ≥ 1 on Λ+, and
there exists ε0 > 0 such that∑

γ∈H
sup
x∈Λ+

e−(1−ε0)R(γx) <∞,

∫
Λ+

eε0∥K∥ dνψ <∞.
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We also prove quantitative non-integrability of the return cocycle K: in every unit direc-
tion in a, we obtain quantitative lower bounds on the variation of differences of projected
cocycle sums along suitable inverse branches (Theorem 14.1). The proof combines non-
concentration of Λρ at scales adapted to the contraction rates in the simple-root directions
(Proposition 14.3) with Zariski density of the semigroup ⟨H⟩+ (Corollary 13.7) and the
peripheral root-balance condition (4.1).

The symbolic model. Let mψ := mBMS
u be the BMS measure on Xρ associated with ψ. The

local Hölder regularity of R ◦ Ψ and exponential branch summability (Theorem 1.5) allow
us to apply the Ruelle–Perron–Frobenius theory for countable shifts [54, 71], obtaining a
unique T -invariant Gibbs probability measure ν+ on Λ+ for the potential −R. This measure
is equivalent to νψ|Λ+ , with density bounded above and below by positive constants. Using
the Gibbs property and the ergodic theorem, we show that

u =

∫
Λ+

K dν+∫
Λ+

Rdν+
;

see Theorem 15.11. We use the coding to construct a suspension model for the flow exp(tu)
on (Xρ,mψ) and establish local mixing in this direction.

Let Λ− ⊂ Λρ be a compact neighborhood of p0, disjoint from ∆0, chosen so that for every
γ ∈ H, γ−1 preserves Λ− and contracts dψ̄ uniformly; see Lemma 16.1. Define T̂ on Λ+×Λ−
by

T̂ (x, x−) := (Tx, γ−1x−) (x ∈ γΛ+, γ ∈ H),

and let ν⋄ be its invariant probability measure projecting onto ν+ on Λ+. Set

K◦(x) := K(x)−R(x)u ∈ kerψ (x ∈ Λ+),

so that
∫
Λ+

K◦ dν+ = 0. The suspension has coordinates (x, x−, s, v) with 0 ≤ s ≤ R(x)

and v ∈ kerψ, subject to the boundary identification

(x, x−, R(x), v) ∼
(
T̂ (x, x−), 0, v −K◦(x)

)
.

The suspension flow increases s at unit speed. We construct a factor map Φ from this
suspension to the exp(tu)-flow on (Xρ,mψ) that intertwines translations in the transverse
coordinates; see Section 16. Although Φ need not be proper, we prove that for every compact
set Q ⊂ Xρ, there exists CQ > 0 such that

Φ−1(Q) ⊂
{
(x, x−, s, v) : 0 ≤ s < R(x), ∥su+ v∥ ≤ CQ(R(x) + 1)

}
;

see Theorem 16.7. This support bound controls the growth of the Fourier transforms of
pulled-back functions and their frequency derivatives in terms ofR. The exponential moment
of R makes these bounds integrable. Contraction of the stable fibers reduces the analysis to
the expanding system (Λ+, T ).

The correlation expansion. Fix a sufficiently small Hölder exponent c > 0. For ξ ∈ a, the
normalized twisted transfer operator Lξ acts on Fc(Λ+,C), the space of bounded locally
c-Hölder functions, by

LξH(x) =
∑
γ∈H

e−R(γx)h(γx)

h(x)
ei⟨ξ,K(γx)⟩H(γx), x ∈ Λ+,

where h > 0 is an eigenfunction with eigenvalue 1 of the transfer operator associated with
the potential −R.
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For ξ near zero, Lξ has a simple leading eigenvalue κξ. We prove that ξ 7→ |κξ| has
a negative-definite Hessian at ξ = 0; see Proposition 15.20. This Hessian determines the
Gaussian dependence of the leading term on the transverse displacement w ∈ kerψ.

To analyze correlations, we adapt the spectral and Fourier methods of Dolgopyat–Nándori–
Pène [23]. Fourier inversion expresses the BMS correlation as a sum over returns n of fre-
quency integrals, which we analyze using stable projections and Lnξ . Outside a fixed small
neighborhood of zero, the decay of the Fourier transforms in ξ and of Lnξ in n controls the
contribution; see Proposition 17.5. The high-frequency bounds rely on quantitative non-
integrability of K (Section 14), which is therefore needed already in our proof of leading
local mixing asymptotic. Near ξ = 0, we normalize the transformed correlation associated
with n returns by κnξ . Spectral estimates show that the Taylor coefficients at ξ = 0 of
this normalized expression converge faster than any inverse power of n; see Lemma 17.16.
Combining these limits with the expansion of κnξ , Fourier inversion gives sums over n of
derivatives of a Gaussian determined by the quadratic term of the centered leading eigen-
value. Evaluating these sums as in [23] gives the expansion in Theorem 1.1(1). Uniform
estimates for the sums, combined with exponential-moment bounds for the transverse tails,
give the uniform remainder, integrable in w ∈ kerψ, in Theorem 1.1(2).

Remark 1.6. In the Anosov setting, exponential mixing of the translation flow on the com-
pact based space was established by Delarue–Monclair–Sanders [21] for irreducible projective
Anosov subgroups, and by Chow–Sarkar [18] for general Zariski dense Anosov subgroups out-
side an exceptional cone of parameters. We expect an analogous result for the non-compact
base flow considered here. The symbolic, geometric, and spectral tools developed in this
paper provide key ingredients toward such an extension.

Organization of the paper. Sections 2 and 3 give the Fuchsian and higher-rank prelimi-
naries. Section 4 states the general theorem and verifies its hypotheses for the three classes
above. The remaining sections form four parts.

• Part 1 develops the cusp geometry and measure estimates, constructs the coding,
and proves exponential decay and expansion.

• Part 2 establishes the symbolic conjugacy, exponential moments, Hölder regularity,
non-arithmeticity, and non-integrability of the return cocycle.

• Part 3 develops the spectral theory and suspension model, proves BMS local mixing,
and deduces Haar local mixing, horospherical equidistribution, and orbital counting.

Notation. For nonnegative functions f and g, we write f ≪ g if f ≤ Cg for some constant
C > 0, and f ≍ g if both f ≪ g and g ≪ f . For vector-valued functions, f ≈ g means that
f − g is uniformly bounded. Dependence of an implied constant is indicated by a subscript
when needed.
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to thank Pratyush Sarkar for helpful discussions that led to a simpler proof. Part of this
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2. Fuchsian groups

We use the upper half-plane model H2 = {x + iy ∈ C : y > 0} with metric ds2 =

(dx2 + dy2)/y2, and denote the associated distance by d. Its ideal boundary is ∂H2 = R̂ :=

R ∪ {∞}. The orientation-preserving isometry group PSL2(R) acts on H2 ∪ R̂ by Möbius
transformations.

2.1. The hyperbolic plane and its isometries. Set o := i ∈ H2. The stabilizer of
o is PSO(2), while the stabilizer of ∞ ∈ R̂ is the upper triangular subgroup P . Thus
H2 ≃ PSL2(R)/PSO(2) and ∂H2 ≃ PSL2(R)/P . The action on the upward-pointing unit
tangent vector at o identifies PSL2(R) with the unit tangent bundle T1H2. Under this
identification, the geodesic flow for time t is right multiplication by at :=

(
et/2 0
0 e−t/2

)
.

An element g ∈ PSL2(R) is loxodromic if it fixes exactly two points of ∂H2. One fixed
point is attracting and the other is repelling; we denote the attracting fixed point by yg. An
element is parabolic if it fixes exactly one point of ∂H2. Every infinite-order element of a
discrete subgroup of PSL2(R) is either loxodromic or parabolic.

For ξ ∈ ∂H2 and x, y ∈ H2, the Busemann function is

βξ(x, y) := lim
z→ξ

(
d(x, z)− d(y, z)

)
.

It satisfies the cocycle identity βξ(x, z) = βξ(x, y)+ βξ(y, z). A closed horoball based at ξ is
a set of the form

H(ξ, r) := {x ∈ H2 : βξ(o, x) ≥ r}, r ∈ R.
For distinct ξ, η ∈ H2 ∪ ∂H2, we write [ξ, η] ⊂ H2 for the geodesic segment, ray, or line

joining them. For distinct ξ, η ∈ ∂H2, their Gromov product based at o is

G(ξ, η) := 1

2

(
βξ(o, x) + βη(o, x)

)
, x ∈ [ξ, η],

which is independent of the choice of x. We set G(ξ, ξ) = +∞. We use a visual metric on
∂H2 based at o, which is bi-Lipschitz equivalent to (ξ, η) 7→ e−G(ξ,η).

For y ∈ H2 and r > 0, let B(y, r) := {z ∈ H2 : d(z, y) < r}. For x, y ∈ H2, the shadow of
B(y, r) seen from x is

Or(x, y) := {ξ ∈ ∂H2 : [x, ξ] ∩B(y, r) ̸= ∅}.

The triangle inequality gives

sup
ξ∈Or(x,y)

|βξ(x, y)− d(x, y)| ≤ 2r.

The Hopf parametrization is the homeomorphism

PSL2(R) →
(
(∂H2 × ∂H2)∖ diag

)
× R, g 7→

(
g+, g−, βg+(o, go)

)
,

where g+ := g(∞) and g− := g(0). In these coordinates, left multiplication by h ∈ PSL2(R)
takes the form

h(ξ, η, s) =
(
hξ, hη, s+ βξ(h

−1o, o)
)
,

and the geodesic flow is translation: (ξ, η, s)at = (ξ, η, s+ t).
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A discrete subgroup Γ < PSL2(R) is called a Fuchsian group. Its limit set Λ(Γ) ⊂ ∂H2

is the set of accumulation points of Γo. In Hopf coordinates, the nonwandering set of the
geodesic flow on T1(Γ\H2) is identified with

(2.1) ΩΓ := Γ\Ω̃Γ, Ω̃Γ :=
(
(Λ(Γ)× Λ(Γ))∖ diag

)
× R ⊂ T1(H2).

2.2. Finitely generated Fuchsian groups. Throughout the paper, all Fuchsian groups
are assumed to be torsion-free. Let Γ < PSL2(R) be a non-elementary Fuchsian group. A
point ξ ∈ ∂H2 is a conical limit point of Γ if there exist r > 0 and a sequence of distinct
elements γn ∈ Γ such that ξ ∈ Or(o, γno) for every n. A point ξ ∈ ∂H2 is a parabolic limit
point if it is fixed by a parabolic element of Γ. We denote the sets of conical and parabolic
limit points by Λc(Γ) and Λp(Γ), respectively.

The convex core of Γ\H2 is core(Γ\H2) := Γ\hull Λ(Γ), where hull Λ(Γ) ⊂ H2 is the
convex hull of Λ(Γ). We call Γ geometrically finite if Λ(Γ) = Λc(Γ)⊔Λp(Γ), or equivalently,
its convex core has finite area. A Fuchsian group is geometrically finite if and only if it is
finitely generated; see, for example, [52, 53, 8].

Suppose that Γ is geometrically finite and Λp(Γ) ̸= ∅. There exists a Γ-invariant family
H of pairwise disjoint closed horoballs, one based at each parabolic limit point, such that
Γ acts cocompactly on hull Λ(Γ) ∖

⋃
H∈H int(H). Its compact quotient is called the thick

part of the convex core; the complementary components are cusp neighborhoods.

3. Relatively Anosov representations and BMS flows

3.1. Symmetric spaces and boundary geometry. Let G be a connected semisimple real
linear algebraic group. Fix a Cartan involution θ of G, and use the same notation for its
differential on g := Lie(G). Let K := Gθ be the corresponding maximal compact subgroup.
The Cartan decomposition is g = k⊕ p, where k and p are the +1 and −1 eigenspaces of θ,
respectively.

Choose a maximal abelian subspace a ⊂ p, and set A := exp a. Let ⟨·, ·⟩ and ∥ · ∥ denote
the inner product and norm on a induced by the Killing form. Fix a closed positive Weyl
chamber a+ ⊂ a, and set A+ := exp a+. The Cartan decomposition G = KA+K defines the
Cartan projection µ : G→ a+ by g ∈ K(expµ(g))K.

Let X := G/K be the associated Riemannian symmetric space, with basepoint o := K.
We equip X with the G-invariant Riemannian metric induced by the Killing form. Its
distance satisfies d(go, ho) = ∥µ(g−1h)∥ for g, h ∈ G. For x = go and y = ho, we also
write µ(x) := µ(g) and µ(x−1y) := µ(g−1h); these are independent of the representatives
by K-bi-invariance.

We will use the following estimate on the Cartan projection throughout.
Lemma 3.1 ([2, Lemma 4.6]). For every compact subset Q ⊂ G, there exists C = C(Q) > 0
such that, for all g ∈ G,

sup
q1,q2∈Q

∥µ(q1gq2)− µ(g)∥ ≤ C.

For α ∈ a∗, define

gα := {Z ∈ g : [H,Z] = α(H)Z for every H ∈ a}.
The nonzero α for which gα ̸= {0} form the restricted root system Φ. Let Φ+ and Π denote
the positive and simple restricted roots determined by a+. Set

n :=
⊕
α∈Φ+

gα, N := exp n, M := ZK(A).
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Then P := MAN is the corresponding minimal parabolic subgroup, and G = KAN is the
Iwasawa decomposition. The Furstenberg boundary is F := G/P , which we identify with
K/M . Let W := NK(A)/M be the restricted Weyl group. Choose a representative w0 ∈
NK(A) of its longest element. Set Ň := w0Nw

−1
0 , ň := Lie(Ň), and P̌ := w0Pw

−1
0 =MAŇ .

The opposition involution i := −Adw0 |a preserves a+ and satisfies µ(g−1) = iµ(g). We also
write i for the involution on a∗ defined by iφ := φ ◦ i.

Two flags ξ, η ∈ F are transverse if (ξ, η) ∈ G · (P,w0P ), where G acts diagonally. We
denote the set of transverse pairs by F (2) := G · (P,w0P ). For g ∈ G, write g+ := gP and
g− := gw0P .

Every g ∈ G has a unique real Jordan decomposition g = ghgegu into commuting hyper-
bolic, elliptic, and unipotent components. Here gh, ge, and gu are conjugate to elements
of A+, K, and N , respectively. The Jordan projection λ(g) ∈ a+ is the unique vector
such that gh is conjugate to expλ(g). It satisfies λ(g) = limn→∞

1
nµ(g

n). In particular,
λ(g−1) = iλ(g).

An element g ∈ G is called loxodromic if λ(g) ∈ int a+. Equivalently, g = h(am)h−1 for
some a ∈ intA+, m ∈ M , and h ∈ G. In this case, g−1 is also loxodromic, and the unique
attracting fixed flags of g and g−1 are yg := hP and yg−1 := hw0P , respectively.

An element g is unipotent if g = gu. We call g weakly unipotent if gh = e and gu ̸= e.
Definition 3.2. For a torsion-free discrete subgroup Γ < PSL2(R), a representation ρ : Γ →
G is type-preserving if it maps loxodromic elements to loxodromic elements and parabolic
elements to weakly unipotent elements.

For g ∈ G and k ∈ K, define the Iwasawa cocycle σ(g, k) ∈ a by gk ∈ K(expσ(g, k))N .
For ξ = kP ∈ F and g, h ∈ G, the a-valued Busemann map is

(3.1) βξ(g, h) := σ(g−1, k)− σ(h−1, k).

This is independent of the choice of k, and satisfies the cocycle identity and the equivariance
relation βg0ξ(g0g, g0h) = βξ(g, h) for g0 ∈ G. It descends to F ×X ×X, where we use the
same notation.
Lemma 3.3. If a weakly unipotent element g ∈ G fixes ξ ∈ F , then βξ(e, g) = 0.

Proof. Choose k ∈ K with ξ = kP and set v := k−1gk ∈ P . The Levi projection P → MA
preserves Jordan components. Since g is weakly unipotent, v ∈MN , so g−1k = kv−1 ∈ KN .
It follows that σ(g−1, k) = 0 and βξ(e, g) = 0. □

For (ξ, η) ∈ F (2), choose g ∈ G with (ξ, η) = (g+, g−) and define the a-valued Gromov
product by

(3.2) G(ξ, η) := 1

2

(
βξ(e, g) + iβη(e, g)

)
.

This does not depend on the choice of g and satisfies that for every g ∈ G and (ξ, η) ∈ F (2),

(3.3) 2G(gξ, gη) = 2G(ξ, η) + βgξ(e, g) + iβgη(e, g).

The Hopf parametrization identifies G/M with F (2) × a by

gM 7→
(
g+, g−, βg+(e, g)

)
.

In these coordinates, left multiplication by h ∈ G takes the form

h(ζ, η, v) =
(
hζ, hη, v + βζ(h

−1, e)
)
,

while right multiplication by exp(w), w ∈ a, sends (ζ, η, v) to (ζ, η, v + w).
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3.2. Limit sets and growth indicators. Let Γ < G be a discrete subgroup. We say that
a sequence xn ∈ X converges to ξ ∈ F if xn = knano, where kn ∈ K, an ∈ A+, knP → ξ,
and α(log an) → +∞ for every α ∈ Π.

Definition 3.4. The limit set Λ(Γ) ⊂ F consists of the points that arise as limits of
sequences in Γo in the above sense.

The limit cone of Γ is the asymptotic cone of µ(Γ):

LΓ :=
{
lim
n→∞

tnµ(γn) ∈ a+ : γn ∈ Γ, tn → 0+
}
.

If Γ is Zariski dense, LΓ is the smallest closed cone containing λ(Γ); it is convex and has
nonempty interior [2].

The growth indicator ψΓ : a → [−∞,∞) is defined by ψΓ(0) = 0 and, for u ̸= 0,

ψΓ(u) := ∥u∥ inf
C∋u

τC ,

where C ranges over open cones containing u, and τC is the abscissa of convergence of the
series

∑
γ∈Γ, µ(γ)∈C e

−s∥µ(γ)∥. Since µ(γ−1) = i(µ(γ)), we have ψΓ◦i = ψΓ. When Γ is Zariski
dense, Quint [63, 65] proved that ψΓ is upper semicontinuous and concave, is positive on
intLΓ, and satisfies LΓ = {u ∈ a : ψΓ(u) ≥ 0}.

3.3. Weakly unipotent elements and Cartan growth. A unipotent element u ∈ G
is called regular if it is contained in a unique minimal real parabolic subgroup of G, and
algebraically regular if it is contained in a unique Borel subgroup of GC. Every algebraically
regular unipotent element is regular: its unique complex Borel subgroup is defined over R,
so G is quasi-split and its minimal real parabolic subgroups complexify to Borel subgroups.
When G is split, the two notions coincide; see [73].

An sl2-triple in g is a triple (E,H,F ), with E ̸= 0, satisfying [H,E] = 2E, [H,F ] = −2F ,
and [E,F ] = H.

Lemma 3.5 (Cartan growth of weakly unipotent elements). Let g ∈ G be weakly unipo-
tent. Then log gu belongs to an sl2-triple (log gu, H, F ) in g whose semisimple element H
is G-conjugate to a vector vg ∈ a+ ∖ {0}. The triple can be chosen so that the associated
homomorphism Φ : SL2(R) → G satisfies

Φ

(
1 1
0 1

)
= gu, Φ

(
et/2 0

0 e−t/2

)
= e

t
2
H , geΦ(h) = Φ(h)ge (h ∈ SL2(R)).

Moreover, µ(Φ(at)) = t
2vg +OΦ(1) for t ≥ 0, and

(3.4) µ(gn) = µ(gnu) +Og(1) = (log |n|)vg +Og(1) (|n| → ∞).

The vector vg depends only on gu and satisfies i(vg) = vg. If gu is regular, then vg ∈ int a+.

Proof. Set u := gu and E := log u. Since ge is semisimple, its centralizer is reductive.
Moreover, ge commutes with u, so E ∈ LieZG(ge). Applying the real Jacobson–Morozov
theorem in this reductive Lie algebra [7, Chapter VIII, Section 11, no. 2, Proposition 2 and
its corollary] gives an sl2-triple (E,H,F ). Its associated homomorphism Φ : SL2(R) → G
has image in ZG(ge) and satisfies Φ

(
1 1
0 1

)
= u. Finite-dimensional sl2 representation theory,

applied to the adjoint action on g, shows that adH is diagonalizable over R with integer
eigenvalues. Thus H is hyperbolic and is G-conjugate to a unique vector vg ∈ a+. Since
E ̸= 0 and [H,E] = 2E, we have H ̸= 0, and hence vg ̸= 0.
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Since at = exp( t2 diag(1,−1)), we have Φ(at) = exp( t2H). Conjugating H to vg and
applying Lemma 3.1 gives

µ(Φ(at)) =
t

2
vg +OΦ(1) (t ≥ 0).

For each integer n ̸= 0, the Cartan decomposition in SL2(R) gives(
1 n
0 1

)
= knatnℓn, kn, ℓn ∈ SO(2), tn = 2 log |n|+O(1).

Since Φ(SO(2)) is compact, Lemma 3.1 yields

µ(un) = µ(Φ(atn)) +OΦ(1) = (log |n|)vg +OΦ(1).

The powers of ge are relatively compact, and gn = gne u
n. Another application of Lemma 3.1

therefore gives (3.4). Consequently,

vg = lim
n→∞

µ(gn)

log n
= lim

n→∞

µ(un)

log n
,

so vg depends only on u and is independent of the chosen triple. Applying (3.4) to positive
and negative powers and using µ(g−n) = iµ(gn) gives i(vg) = vg.

Finally, suppose that u is regular. Let PH be the real parabolic subgroup whose Lie
algebra is the sum of the nonnegative eigenspaces of adH. Since [H,E] = 2E, the element
u = expE belongs to the unipotent radical of PH . Every minimal real parabolic subgroup
contained in PH contains this radical and hence contains u. If PH were not minimal, there
would be more than one such subgroup, contradicting the regularity of u. Thus PH is
minimal, which is equivalent to vg ∈ int a+. □

3.4. Relatively Anosov representations and Morse embeddings. Let Γ < PSL2(R)
be a non-elementary, finitely generated, Fuchsian group with parabolic elements. For a
representation ρ : Γ → G, write Γρ := ρ(Γ), Λρ := Λ(Γρ), Lρ := LΓρ , and ψρ := ψΓρ .

Definition 3.6. A representation ρ : Γ → G is relatively Borel Anosov if it satisfies the
following:

(1) For every sequence of distinct γn ∈ Γ and every α ∈ Π, α(µ(ρ(γn))) → +∞.
(2) Any two distinct points of Λρ are transverse.
(3) There is a ρ-equivariant homeomorphism Λ(Γ) → Λρ.

The homeomorphism in (3) is unique and is called the boundary map of ρ.
This is the specialization to the present Fuchsian setting of the definition in [14, Sec-

tion 4.3]. The condition (1) implies that ρ is discrete and faithful. Moreover, relative
Anosovness implies that ρ(γ) is weakly unipotent for every parabolic γ ∈ Γ; see [12, Theo-
rems 1.1(3) and B.5].

For brevity, we refer to relatively Borel Anosov representations simply as relatively Anosov
representations throughout the paper.

Set Y := hull Λ(Γ) ⊂ H2 and assume, after conjugating Γ if necessary, that o = i ∈ Y .
We also write o = K ∈ X. For p = gK, q = hK ∈ X, write µ(p−1q) := µ(g−1h). This is
well-defined by the K-bi-invariance of the Cartan projection. For a map f : Y → X, let Lf
be the asymptotic cone of {µ(f(x)−1f(y)) : x, y ∈ Y }.
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Definition 3.7 (Morse embedding). A map f : Y → X is a Morse embedding if it is a
quasi-isometric embedding1 and Lf ⊂ int a+ ∪ {0}. We call Lf its Morse limit cone.

Equivalently, by the Kapovich–Leeb–Porti Morse lemma [36, Theorem 5.16 and Corol-
lary 5.28], the images of geodesic segments in Y are Π-Morse quasigeodesics with uniform
constants; see also [22, Section 4].

For G = SLn(R), the existence of an equivariant Morse embedding follows from [78,
Corollary 1.14] and [79, Proposition 11.3]. We construct a continuous embedding for general
G and identify its Morse limit cone with Lρ.

Proposition 3.8 (Equivariant Morse embedding). Let ρ : Γ → G be a Zariski dense, rela-
tively Anosov representation. Then there exists a continuous ρ-equivariant Morse embedding
f : Y → X such that f(o) = o and Lf = Lρ. Moreover, f extends continuously to Y ∪Λ(Γ),
and its restriction to Λ(Γ) is the boundary map of ρ.

Proof. Choose representatives ξ0, . . . , ξℓ of the Γ-orbits in Λp(Γ), and set Γi := StabΓ(ξi).
Choose a Γ-invariant family H of pairwise disjoint closed horoballs based at Λp(Γ), with
Hi based at ξi, all avoiding o. Let Yth := Y − ∪H∈H int(H); then Γ\Yth is compact.
Step 1: Construction of f . Write ns := ( 1 s0 1 ). For each i, choose a primitive generator
hi ∈ Γi and bi ∈ PSL2(R) such that bi(∞) = ξi and bin1b

−1
i = hi. By relative Anosovness,

ρ(hi) is weakly unipotent. Let gi := ρ(hi), ei := (gi)e and ui := (gi)u. By Lemma 3.5,
choose a homomorphism Φi : SL2(R) → G with Φi(n1) = ui whose image commutes with ei,
and let vi := vgi ∈ a+ ∖ {0} be the associated vector. For every α ∈ Π, relative Anosovness
and (3.4) give

α(µ(gni )) = (log n)α(vi) +O(1) → +∞.

Consequently, α(vi) > 0 for every α ∈ Π, so vi ∈ int a+. Moreover, since gni ∈ Γρ, (3.4) gives
vi ∈ Lρ.

Since the compact subgroups ⟨ei⟩ and Φi(SO(2)) commute, we can choose oi ∈ X fixed
by both subgroups, and choose qi ∈ G with qio = oi. Write Hi = bi{z : Im z ≥ eTi} for some
Ti ∈ R and define

fi(binsati) := Φi(nsat)oi (s ∈ R, t ≥ Ti).

Since ei fixes oi and commutes with Φi(SL2(R)), it fixes the image of fi pointwise. Thus,
for z = binsati,

fi(hiz) = Φi(ns+1at)oi = uifi(z) = eiuifi(z) = ρ(hi)fi(z).

Since Γi = ⟨hi⟩, the map fi is ρ|Γi-equivariant. Restricting to Hi ∩ Y , we extend to all
cusp regions in Y by f(γz) := ρ(γ)fi(z). Precise invariance of the horoballs makes this
well-defined. We extend f continuously and ρ-equivariantly over Yth, retaining its cusp-
boundary values and prescribing f(γo) = ρ(γ)o. To do so, lift a finite triangulation of Γ\Yth
compatible with the cusp boundaries and having the image of o as a vertex. Choose images
for representatives of the remaining vertex orbits and extend equivariantly. Extend over
representatives of the edge orbits using path connectedness of X, and over representatives
of the triangle orbits using simple connectedness. The action is free, so these extensions
propagate equivariantly and agree on common faces. The lifted triangulation and the family
of cusp regions are locally finite, so the glueing lemma gives a continuous map on Y .

1A map f : (Z1, d1) → (Z2, d2) is a quasi-isometric embedding if there exist C1 ≥ 1 and C2 ≥ 0 such that
C−1

1 d1(z, z
′)− C2 ≤ d2(f(z), f(z

′)) ≤ C1d1(z, z
′) + C2 (z, z′ ∈ Z1).
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Step 2: Quasi-isometry and root estimates. We first claim that, whenever x, y ∈ Y
lie in a horoball γHi, with γ ∈ Γ,

(3.5) µ(f(x)−1f(y)) =
1

2
dH2(x, y)vi +O(1),

with an error uniform in x, y, γ, and i. By equivariance, it suffices to consider x, y ∈ Hi ∩Y .
Write x = bigo and y = biho, where g = nsat, h = ns′at′ ∈ SL2(R). If r = dH2(x, y), then
g−1h ∈ SO(2)ar SO(2). By Lemmas 3.1 and 3.5, µ(Φi(g−1h)) = r

2vi + O(1). As fi(x) =

Φi(g)qio and fi(y) = Φi(h)qio, we have µ(fi(x)−1fi(y)) = µ(q−1
i Φi(g

−1h)qi) =
r
2vi + O(1).

Choose a compact fundamental set D ⊂ Yth for the Γ-action. Suppose that dH2(x, y) ≤
1. If x, y lie in the same horoball in H , the preceding estimate bounds dX(f(x), f(y))
uniformly. Otherwise, [x, y] meets Yth. After translating by an element of Γ, both endpoints
lie in the closed 1-neighborhood of D. This neighborhood is compact in Y , so continuity
and equivariance again give a uniform bound on dX(f(x), f(y)). Subdividing an arbitrary
geodesic segment into pieces of length at most 1 now gives

(3.6) dX(f(x), f(y)) ≤ AdH2(x, y) +B (x, y ∈ Y )

for some A,B > 0.
For the lower bound, we will use the relative Anosov hypothesis to prove

(3.7) α(µ(f(x)−1f(y))) ≥ a dH2(x, y)− b (x, y ∈ Y, α ∈ Π)

for some a, b > 0. Fix α ∈ Π, and choose an irreducible proximal Tits representation
τα : G → SL(Vα) whose highest weight is a positive multiple of the fundamental weight
ωα [76]. Equip Vα with a Euclidean inner product for which τα(K) acts orthogonally and
τα(A) acts by positive self-adjoint operators. Let ∥ · ∥α denote the associated norm. For
x ∈ Y , choose gx ∈ G with gxo = f(x) and set ∥v∥α,x := ∥τα(g−1

x )v∥α for v ∈ Vα. Since
τα(K) preserves ∥ ·∥α, this definition is independent of the choice of gx. These norms form a
continuous, τα◦ρ-equivariant family. This family is canonical in the sense of [12, Section 3.1].
Set |v|α,i := ∥τα(q−1

i )v∥α. Since ei and Φi(SO(2)) fix qio, this norm is invariant under their
images by τα. On Hi ∩ Y , our construction gives

∥v∥α,x =
∣∣τα(Φi(nsat)−1)v

∣∣
α,i
, x = binsati ∈ Hi ∩ Y.

In the coordinates given by bi, this is the canonical family associated with the cusp homo-
morphism τα ◦ Φi. Thus evaluating ∥ · ∥α,x at the basepoints of geodesics gives a canonical
family on the geodesic-flow space.

Since ρ(Γ) is Zariski dense, τα ◦ ρ is irreducible, and the ρ-boundary map induces a
continuous, transverse, equivariant line–hyperplane limit map. By [12, Corollary 6.3(1)],
τα ◦ρ is relatively P1-Anosov, where P1 denotes the stabilizer of a line in Vα. Let Eα(ξ) and
Fα(ξ) denote the line and hyperplane components of its limit map. By [12, Corollary 6.2],
there exist Cα ≥ 1 and cα > 0 such that, for every unit-speed geodesic ℓ : R → Y with
endpoints ξ± ∈ Λ(Γ),

∥v∥α,ℓ(t)
∥w∥α,ℓ(t)

≤ Cαe
−cα(t−s) ∥v∥α,ℓ(s)

∥w∥α,ℓ(s)
(s ≤ t)

for all nonzero v ∈ Eα(ξ+) and w ∈ Fα(ξ−). Thus, when passing from the norm at ℓ(t) to
the norm at ℓ(s), the stretching factor on Eα(ξ+) exceeds every stretching factor on Fα(ξ−)
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by at least C−1
α ecα(t−s). Writing σj for the j-th singular value, we obtain

α(µ(f(ℓ(s))−1f(ℓ(t)))) = log
σ1
(
τα(g

−1
ℓ(s)gℓ(t))

)
σ2
(
τα(g

−1
ℓ(s)gℓ(t))

) ≥ cα(t− s)− logCα.

Any two points x, y ∈ Y lie within a uniform distance D of points ℓ(s), ℓ(t) on a common
complete geodesic with endpoints in Λ(Γ); see [79, Proposition 3.5 and Lemma B.3]. Orient-
ing ℓ so that s ≤ t, we have t−s ≥ dH2(x, y)−2D. By (3.6), the corresponding image points
are also uniformly close. Applying Lemma 3.1 and taking uniform constants over the finite
set Π proves (3.7). Since α(v) ≤ ∥α∥∗∥v∥, this implies dX(f(x), f(y)) ≥ a′dH2(x, y)− b′ for
some a′, b′ > 0. Together with (3.6), this proves that f is a quasi-isometric embedding.
Step 3: The Morse property and the limit cone. Combining (3.7) with (3.6) gives

α(µ(f(x)−1f(y))) ≥ a

A
∥µ(f(x)−1f(y))∥ − b− aB

A
.

This implies Lf ⊂ int a+ ∪ {0}, and hence f is a Morse embedding.
Equivariance and f(o) = o imply that Γρ(o) = f(Γo) ⊂ f(Y ), and hence Lρ ⊂ Lf .

For the reverse inclusion, let C be any closed convex cone such that Lρ ∖ {0} ⊂ int C and
C ⊂ int a+ ∪ {0}. Then µ(Γρ) ∖ C is bounded. If x, y lie in a horoball γHi, the cusp
estimate and vi ∈ Lρ show that µ(f(x)−1f(y)) lies in a uniform neighborhood of C. If x
and y do not lie in a common horoball, then [x, y] meets Yth. Let x′ and y′ be its first and
last intersection points with Yth, in the orientation from x to y. Since f is Morse, coarse
additivity [22, Corollary 4.12] gives

µ(f(x)−1f(y)) = µ(f(x)−1f(x′)) + µ(f(x′)−1f(y′)) + µ(f(y′)−1f(y)) +O(1).

The first and third terms each lie within a uniform distance of one of the rays R≥0vi, all
of which lie in C. By cocompactness of Γ on Yth, (3.6), equivariance, and Lemma 3.1, the
middle term lies within a uniform distance of µ(Γρ) and hence of C.

Since C is convex, the sum lies in a uniform neighborhood of C. This implies Lf ⊂
C. As C can be chosen arbitrarily close to Lρ, we conclude that Lf = Lρ. Finally, the
boundary extension theorem [36, Theorem 1.4] gives a continuous extension of f whose
boundary restriction is a ρ-equivariant homeomorphism Λ(Γ) → Λρ. By uniqueness, this is
the boundary map of ρ. □

Conversely, an equivariant Morse embedding implies relative Anosovness by [35, Theo-
rem 8.3]. Thus, for Zariski dense representations of Γ, relative Anosovness is equivalent to
the existence of an equivariant Morse embedding.

3.5. Geometric estimates. For the remainder of this section, fix a Zariski dense, relatively
Anosov representation ρ : Γ → G and a continuous ρ-equivariant Morse embedding f : Y →
X supplied by Proposition 3.8, so that f(o) = o and Lf = Lρ. We also denote its boundary
extension Λ(Γ) → Λρ by f . Let Λp(Γρ) := f(Λp(Γ)). The Morse property and equivariance
give

Lρ ⊂ Lf ⊂ int a+ ∪ {0}.
We repeatedly use the following:

Lemma 3.9. For every φ ∈ a∗ positive on Lρ ∖ {0}, there exist a ≥ 1 and b ≥ 0 such that,
for all x, y ∈ Y ,

a−1d(x, y)− b ≤ φ
(
µ(f(x)−1f(y))

)
≤ a d(x, y) + b.
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Proof. Since Lf = Lρ, positivity of φ and compactness of the unit directions in Lf give
c > 1 and C ≥ 0 such that

c−1∥µ(f(x)−1f(y))∥ − C ≤ φ
(
µ(f(x)−1f(y))

)
≤ c∥µ(f(x)−1f(y))∥

for all x, y ∈ Y . Since ∥µ(f(x)−1f(y))∥ = dX(f(x), f(y)), the assertion now follows from
the quasi-isometry bounds for f . □

Lemma 3.10 (Coarse additivity, [22, Corollary 4.12]). There exists D0 > 0 such that, for
all x, z ∈ Y and y ∈ [x, z],∥∥µ(f(x)−1f(z))− µ(f(x)−1f(y))− µ(f(y)−1f(z))

∥∥ ≤ D0.

We distinguish the hyperbolic shadows Or(x, y) from shadows in the symmetric space
X = G/K. Following [47, Section 5], for x, y ∈ X and r > 0, define

Or(x, y) :=
{
gkP ∈ F : k ∈ K, gk(intA+)o ∩BX(y, r) ̸= ∅

}
,

where x = go and BX(y, r) is the open ball inX centered at y. This definition is independent
of the choice of g with go = x. Thus Or(x, y) consists of the flags whose Weyl chambers
based at x meet BX(y, r). The shadows are G-equivariant: hOr(x, y) = Or(hx, hy) for
h ∈ G.

Lemma 3.11 (Busemann–Cartan comparison). There exists κ > 0 such that, for every
r > 0, x, y ∈ X, and ξ ∈ Or(x, y),

(3.8)
∥∥βξ(x, y)− µ(x−1y)

∥∥ ≤ κr.

Moreover, for every r > 0, there exists C = C(r) > 0 such that, for all x, y ∈ Y and
ζ ∈ Or(x, y) ∩ Λ(Γ), ∥∥βf(ζ)(f(x), f(y))− µ(f(x)−1f(y))

∥∥ ≤ C.

Proof. The first assertion is [47, Lemma 5.7]. For the second, the Morse property implies that
f([x, ζ]) lies in a uniform neighborhood of the Weyl chamber based at f(x) with endpoint
f(ζ). If ζ ∈ Or(x, y), then [x, ζ] meets B(y, r). Since f is a quasi-isometric embedding,
there is a uniform c0 ≥ 1 such that f(ζ) ∈ Oc0(r+1)(f(x), f(y)). Applying (3.8) proves the
claim. □

The two types of shadows are comparable after a uniform change of radius.

Lemma 3.12 (Comparison of shadows). There exists c ≥ 1 such that, for all x, y ∈ Y and
r ≥ c,

f
(
Oc−1r(x, y) ∩ Λ(Γ)

)
⊂ Or(f(x), f(y)) ∩ Λρ ⊂ f

(
Ocr(x, y) ∩ Λ(Γ)

)
.

Proof. The Morse argument in the proof of Lemma 3.11 gives the first inclusion for suf-
ficiently large c; compare [47, Proposition 5.14]. Suppose that f(ζ) ∈ Or(f(x), f(y)) for
ζ ∈ Λ(Γ). Let z be the nearest-point projection of y to [x, ζ]. Hyperbolicity implies that
z lies within a uniform distance of both [x, y] and [y, ζ]. Set u := µ(f(x)−1f(z)) and
v := µ(f(z)−1f(y)). By Lemmas 3.1 and 3.10,

µ(f(x)−1f(y)) = u+ v +O(1).

By Lemma 3.11 and the cocycle identity,

βf(ζ)(f(x), f(y)) = βf(ζ)(f(x), f(z))− βf(ζ)(f(y), f(z)) = u− i v +O(1).
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All error terms are uniform in x, y, ζ. It follows from (3.8) that ∥v+ i v∥ ≤ κr+O(1). Since
v, i v ∈ a+, there is a constant c1 > 0 such that ∥v∥ ≤ c1∥v + i v∥ for all v ∈ a+. The
quasi-isometric embedding property of f therefore gives d(y, z) ≤ c1(r+1), by increasing c1
if necessary. Increasing c so that c > 2c1 + 1, we obtain, for r ≥ c, d(y, z) ≤ c1(r + 1) < cr.
Thus ζ ∈ Ocr(x, y), proving the second inclusion. □

The proof of [47, Lemma 6.6] uses the Morse property and hyperbolicity of the domain,
and therefore applies to f .

Lemma 3.13. There exists C > 0 such that, for any distinct ζ, η ∈ Λ(Γ), if z is the
nearest-point projection of o to [ζ, η], then∥∥∥∥G(f(ζ), f(η))− 1

2

(
µ(f(z)) + iµ(f(z))

)∥∥∥∥ ≤ C.

The following estimate relates the Gromov product to the Cartan projection along pe-
ripheral orbits.

Lemma 3.14 ([43, Proposition 4.3]). Let p ∈ Λp(Γρ), and set P := StabΓρ(p). For every
compact subset Q ⊂ Λρ ∖ {p}, there exists C = C(p,Q) > 0 such that

sup
η∈Q, g∈P

∥∥∥∥G(p, gη)− 1

2
µ(g)

∥∥∥∥ ≤ C.

Finally, we record a local regularity estimate for the a-valued Busemann cocycle. Fix a
Riemannian distance dRiem on F .

Lemma 3.15 (Local regularity). For every r > 0, there exists C = C(r) > 0 such that, for
all g ∈ Γρ and ξ, η ∈ Or(go, o) ∩ Λρ,

∥βξ(e, g)− βη(e, g)∥ ≤ C dRiem(ξ, η).

Proof. Enlarging r if necessary, we may apply Lemma 3.12. Therefore the estimates in [15,
Propositions 4.7, 5.3, and 5.11] imply the assertion outside a finite subset of Γρ. For each
fixed g, the map ξ 7→ βξ(e, g) is smooth on the compact manifold F , and hence Lipschitz.
Enlarging C includes the finitely many remaining elements. □

The action of Γρ on Λρ is a convergence group action, being conjugate to the action of
Γ on Λ(Γ). Together with Lemma 3.12, this gives the following convergence properties of
ambient shadows.

Lemma 3.16 (Convergence of shadows). Every sequence of pairwise distinct gn ∈ Γρ has a
subsequence and points ξ+, ξ− ∈ Λρ with the following properties:

(1) gnη → ξ+ locally uniformly on Λρ ∖ {ξ−}.
(2) For every r > 0, if ηn ∈ Or(o, gno) ∩ Λρ, then ηn → ξ+.
(3) If rn → ∞ and ηn ∈ Λρ ∖Orn(gno, o), then ηn → ξ+.

The same assertions hold for g−1
n with ξ+ and ξ− interchanged. In particular, for each fixed

r > 0,
diamdRiem

(
Or(o, go) ∩ Λρ

)
→ 0 (g → ∞ in Γρ).

Proof. Put ĝn := ρ−1(gn). After passing to a subsequence, ĝno → ζ+ and ĝ−1
n o → ζ− in

Y ∪ Λ(Γ). Set ξ± := f(ζ±). The convergence action on ∂H2 and equivariance of f give (1).
Let c be the constant in Lemma 3.12. For (2), enlarge r to at least c; the preimages of ηn
then lie in hyperbolic shadows of a fixed radius centered at ĝno, and hence tend to ζ+. For
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(3), the first inclusion of that lemma gives f−1(ηn) /∈ Orn/c(ĝno, o) for all large n. Thus the
rays from ĝno to f−1(ηn) avoid balls about o whose radii tend to infinity, so f−1(ηn) → ζ+.
Continuity of f proves (2) and (3). The same argument applies to the inverse sequence. The
diameter assertion follows from (2) by a subsequence argument. □

3.6. Patterson–Sullivan and BMS measures. For ψ ∈ a∗, a Borel probability measure
ν on F is called (Γρ, ψ)-conformal if, for every γ ∈ Γρ,

dγ∗ν

dν
(ξ) = eψ(βξ(e,γ)) for ν-almost every ξ ∈ F .

If ν is supported on Λρ, we call it a (Γρ, ψ)-Patterson–Sullivan measure.
For ψ ∈ a∗, let δψ = δψ(Γρ) be the abscissa of convergence of

∑
γ∈Γρ e

−sψ(µ(γ)).

Theorem 3.17 ([14]). If δψ = 1, there exists a unique (Γρ, ψ)-Patterson–Sullivan measure
νψ. Moreover, νψ is Γρ-ergodic and atomless.

Recall that ψ is tangent to ψρ if ψ ≥ ψρ and equality holds at some nonzero vector. In
the present setting, this is equivalent to δψ = 1; see [40, 14]. Moreover, ψρ is strictly concave
between non-collinear vectors in Lρ [66, 46]. The parametrization of tangent forms in [46,
Corollary 1.3], together with the preceding theorem, gives the following.

Corollary 3.18. For every u ∈ intLρ, there exists a unique ψu ∈ a∗ tangent to ψρ at u. Let
νu be its Patterson–Sullivan measure from Theorem 3.17. The assignments u 7→ ψu 7→ νu
give bijections among unit vectors in intLρ, tangent linear forms, and Patterson–Sullivan
measures on Λρ.

Using the Hopf coordinates, we set

Λ(2)
ρ := (Λρ × Λρ) ∩ F (2), Ωρ := Γρ\

(
Λ(2)
ρ × a

)
⊂ Xρ := Γρ\G/M.

Fix a Lebesgue measure Leba on a. For a tangent form ψ, the form ψ ◦ i is also tangent,
since ψρ is invariant under i. The measure

(3.9) dm̃ψ(ζ, η, v) = e2ψ(G(ζ,η)) dνψ(ζ) dνψ◦i(η) dLeba(v)

is Γρ-invariant and induces an A-invariant Radon measure mψ on Xρ, supported on Ωρ. We
call mψ the Bowen–Margulis–Sullivan measure associated with ψ.

3.7. The base flow and reparametrization. Let ψ ∈ a∗ be tangent to ψρ and positive
on Lf ∖ {0}. Then δψ = 1, and ψ is proper on µ(Γρ) by [14, Theorem 10.1]. Consider the
action of Γρ on Ω̃ψ := Λ

(2)
ρ × R given by

g(ξ, η, s) = (gξ, gη, s+ ψ(βξ(g
−1, e))).

This action is properly discontinuous, and hence the quotient

Ωψ := Γρ\Ω̃ψ
is locally compact and Hausdorff [45]. Translation in the R-coordinate defines a flow on
Ωψ, which we also denote by at. Let mψ be the translation-invariant Radon measure on Ωψ
induced by

dm̃ψ(ξ, η, s) = e2ψ(G(ξ,η)) dνψ(ξ) dνψ◦i(η) ds.

Theorem 3.19 (Finiteness and mixing [42, 6]). The measure mψ is finite and nonzero, and
the translation flow on (Ωψ,mψ) is strongly mixing. In particular, it is ergodic.
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Until the end of Part 3, we replace mψ and mψ simultaneously by

(3.10) mψ(Ωψ)
−1mψ and mψ(Ωψ)

−1mψ,

respectively, retaining the same notation. The probability measure mψ is the unique in-
variant probability measure of maximal entropy [42]. The projection (ξ, η, v) 7→ (ξ, η, ψ(v))
is Γρ-equivariant and induces a trivial kerψ-bundle πψ : Ωρ → Ωψ; see [45, Section 10].
Let Lebkerψ be the unique Lebesgue measure on kerψ such that, for one (and hence every)
vector u ∈ a satisfying ψ(u) = 1, the map R×kerψ → a, (s, v) 7→ su+v, sends ds dLebkerψ
to dLeba. Under a trivialization respecting translations by kerψ, we have

(3.11) mψ = mψ ⊗ Lebkerψ .

When ψ = ψu, we also write mBMS
u := mψu , subject to the temporary normalization in

(3.10). We use the same notation for the lift to Γρ\G obtained using Haar probability
measure on M .

The following is the hyperbolic-plane analogue of the reparametrization construction in
[42, Section 6]. We give a direct proof using the continuous Morse embedding f .

Theorem 3.20 (Reparametrization). There exist a ρ-equivariant homeomorphism Φ : Ω̃Γ →
Ω̃ψ and a continuous cocycle t : Ω̃Γ × R → R such that, for every v ∈ Ω̃Γ and s ∈ R,

(Φ(v)+,Φ(v)−) = (f(v+), f(v−)), Φ(vas) = Φ(v)at(v,s).

For every v ∈ Ω̃Γ, the map s 7→ t(v, s) is an increasing homeomorphism of R fixing the
origin. Moreover, there exists c > 1 such that

c−1|s| − c ≤ |t(v, s)| ≤ c|s|+ c (v ∈ Ω̃Γ, s ∈ R).

Proof. For v ∈ Ω̃Γ, let π(v) ∈ Y be its basepoint and set q(v) := ψ(βf(v+)(o, f(π(v)))). By
Lemma 3.11, the quasi-isometry property of f , and positivity of ψ on Lf ∖ {0}, there exist
a,A > 0 and B ≥ 0 such that

as−B ≤ q(vas)− q(v) ≤ As+B (s ≥ 0),

uniformly in v. Following the averaging argument in [9, proof of Lemma 4.3], choose T > B/a

and set Q(v) := T−1
∫ T
0 q(var) dr. Then

d

ds
Q(vas) =

q(vas+T )− q(vas)

T
∈ [a−B/T,A+B/T ].

Define Φ(v) := (f(v+), f(v−), Q(v)) and t(v, s) := Q(vas)−Q(v). For γ ∈ Γ, the Busemann
cocycle identity gives q(γv)− q(v) = ψ(βf(v+)(ρ(γ)

−1, e)). This difference is constant along
the flow orbit of v, so the same identity holds with Q in place of q. Hence Φ is ρ-equivariant.
The flow relation and cocycle identity follow from the definitions. Since a − B/T > 0, the
derivative bounds show that Q maps each such orbit increasingly and bijectively onto R.
Hence Φ is bijective. Continuity of Q and the uniform positive lower bound on its derivative
along flow orbits give continuity of the inverse in Hopf coordinates. The same derivative
bounds give the asserted properties of t. □

The construction of Theorem 3.20 uses only positivity of the linear form on Lf ∖{0}, not
its tangency to the growth indicator. We will also use it for such forms.
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4. General local mixing theorems and examples

We prove the local mixing theorems of the introduction under the following more general
hypotheses.

Theorem 4.1 (Local mixing for relatively Anosov representations). Let ρ : Γ → G be a
Zariski dense relatively Anosov representation satisfying the peripheral root-balance condition
defined below. Then the conclusions of Theorems 1.1 and 1.3 hold for every u ∈ intLρ. The
orbital counting conclusion of Corollary 1.2 also holds.

Definition 4.2 (Peripheral root-balance condition). A relatively Anosov representation
ρ : Γ → G satisfies the peripheral root-balance condition if, for every parabolic γ ∈ Γ,

(4.1) lim inf
n→∞

minα∈Π α(µ(ρ(γ)
n))

maxα∈Π α(µ(ρ(γ)n))
>

1

2
.

By relative Anosovness, the denominator is eventually positive.
We describe three classes to which the theorem applies. We first establish a Cartan-growth

estimate.
Let vpr ∈ int a+ be the unique vector satisfying

(4.2) α(vpr) = 2 (α ∈ Π).

We call R>0vpr the principal direction. Since i permutes the simple roots, i(vpr) = vpr.

Lemma 4.3 (Principal Cartan direction). Let g ∈ G be weakly unipotent. If gu is alge-
braically regular, then vg = vpr. In particular,

µ(gn) = (log |n|)vpr +Og(1) (|n| → ∞).

Proof. Let u := gu. Since u is regular, Lemma 3.5 provides an sl2-triple (E,H,F ) with
E = log u and, after conjugation, H = vg ∈ int a+. The identity [H,E] = 2E then implies
that E ∈ n. Since u is algebraically regular, G is quasi-split, so PC is a Borel subgroup
of GC. Choose a maximal torus of PC containing AC. Algebraic regularity implies that E
has a nonzero component in every absolute simple-root space of the nilpotent radical; see
[73]. Projecting [H,E] = 2E to these root spaces gives α̃(H) = 2 for every absolute simple
root α̃. Since every restricted simple root is the restriction of such an absolute simple root,
α(H) = 2 for every α ∈ Π. Thus H = vpr. □

4.1. Positive representations. In this subsection, assume that G is split over R. We
recall the notion of positivity on F = G/P .

For each α ∈ Π, choose a nonzero vector Xα ∈ gα and set xα(t) := exp(tXα) for t ∈ R.
These choices determine the positivity structure used below. Let sα denote the corresponding
simple reflection. For a reduced expression w0 = sαi1 · · · sαik , set

N>0 :=
{
xαi1 (t1) · · ·xαik (tk) : t1, . . . , tk > 0

}
.

This is Lusztig’s totally positive semigroup; it is independent of the reduced expression [50].
A quadruple (F1, F2, F3, F4) of flags is called positive if there exist h ∈ G and u, v ∈ N>0

such that
(hF1, hF2, hF3, hF4) = (P,w0P, uw0P, uvw0P ).

This agrees with the usual definition of a positive quadruple; see [32, Definition 2.13 and
Proposition 2.17].
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Definition 4.4. A representation ρ : Γ → G is called positive if there exists a ρ-equivariant
map ξp : Λp(Γ) → F sending every cyclically ordered quadruple of pairwise distinct points
to a positive quadruple of flags.

Theorem 4.5. Every type-preserving positive representation ρ : Γ → G is relatively Anosov.
Moreover, for every parabolic γ ∈ Γ, the unipotent part ρ(γ)u is algebraically regular. In
particular, ρ satisfies the peripheral root-balance condition.

Proof. Relative Anosovness follows from [28, Theorem 6.17]; see also [12, Theorems 1.4
and 9.2] for G = SLd(R).

Every simple reflection occurs in a reduced expression for w0, so every simple-root coordi-
nate of an element of N>0 is a nonempty sum of positive parameters. Thus every element of
N>0 has a nonzero component in every simple root group of N/[N,N ] and is algebraically
regular by [73, Lemma 3.2 and Theorem 3.3].

Let γ ∈ Γ be parabolic with fixed point p ∈ Λp(Γ), and choose x ∈ Λp(Γ)∖{p}. Algebraic
regularity of the unipotent part is preserved under inversion, so we may replace γ by γ−1

and assume that (p, γ−1x, x, γx) is cyclically ordered. Set g := ρ(γ), F1 := ξp(p), and F2 :=
ξp(x). Positivity and equivariance imply that (F1, g

−1F2, F2, gF2) is a positive quadruple.
By the definition of a positive quadruple, after conjugation we may assume that F1 = P ,

F2 = w0P , g−1w0P = v−1w0P and gw0P = uw0P for some u, v ∈ N>0. Since gP = P and
u−1g(w0P ) = w0P , we obtain u−1g ∈ P ∩ P̌ = MA, so g = uℓ for some ℓ ∈ MA. Since
g is weakly unipotent, ℓ has trivial hyperbolic part. As G is split, every element of MA is
semisimple, and its elliptic elements belong to M . Thus ℓ = m ∈M .

Since m fixes w0P , we deduce (m−1um)−1w0P = v−1w0P . The action of N on Nw0P is
free, so m−1um = v. In N/[N,N ], every simple-root coordinate of both u and v is positive.
Conjugation by m ∈M acts on each one-dimensional simple root space by a sign; hence all
these signs are positive. Thus Adm is the identity on every simple root space. Since m ∈ K,
it is also the identity on the opposite simple root spaces. These root spaces generate g, so
m belongs to the center Z(G). By uniqueness of the real Jordan decomposition, gu = u
and ge = m. Since u ∈ N>0, the element gu is algebraically regular. By Lemma 4.3, the
peripheral root-balance ratio therefore converges to 1. □

4.2. Split simple groups of low rank. For split simple groups of rank at most three,
relative Borel Anosovness alone implies peripheral root balance.

Proposition 4.6. Suppose that G is split and simple with rankRG ≤ 3. Let ρ : Γ → G be
relatively Anosov. Then, for every parabolic γ ∈ Γ, there exists cγ ∈ {1, 12} such that

µ(ρ(γ)n) = cγ(log |n|)vpr +Oγ(1) (|n| → ∞).

The value cγ = 1
2 can occur only when G has type A2. In particular, ρ satisfies the peripheral

root-balance condition.

Proof. Fix a parabolic γ ∈ Γ and set g := ρ(γ). By relative Borel Anosovness, g is weakly
unipotent. Let vg ∈ a+ be a vector conjugate to the semisimple element of an sl2-triple
containing log gu. Conjugate the triple so that its semisimple element is H = vg. By
Lemma 3.5, µ(gn) = (log |n|)vg + Og(1). Since α(µ(gn)) → +∞ for every α ∈ Π, we have
vg ∈ int a+.

We determine the possibilities forH. For the classical types, consider the standard module
of the complexified Lie algebra. A Jordan block of size d of log gu contributes the eigenvalues
d− 1, d− 3, . . . , 1− d of H.
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In type Ar, with r ≤ 3, the condition H ∈ int a+ requires these eigenvalues to be distinct.
Among partitions of r + 1 ≤ 4, this leaves only the single-block partition, together with
(2, 1) when r = 2. A single block gives α(H) = 2 for every α ∈ Π. For (2, 1), the eigenvalues
are 1, 0,−1, so both simple roots take the value 1. Thus H = vpr or, in the latter case,
H = 1

2vpr.
In types Br and Cr, with r = 2 or 3, interiority forces the eigenvalues of H on the standard

module to be distinct. In type Br, blocks of even size are excluded because they occur with
even multiplicity, while two odd blocks would both contribute the eigenvalue 0. In type Cr,
odd blocks are excluded because interiority also rules out the eigenvalue 0, while two even
blocks would both contribute 1 and −1. Thus there is a single Jordan block, of size 2r + 1
or 2r, respectively, and H = vpr.

The remaining type is G2. Its only nilpotent weighted Dynkin diagram with all labels
positive is (2, 2); see [20, Table 2]. Since these labels are the values α(H), we obtain
H = vpr. □

4.3. Self-joinings of rank-one representations. For representations ρ = (ρ1, . . . , ρk)
into products of real-rank-one groups with discrete projections, type preservation is equiva-
lent to type preservation of each projection. Indeed, if ρ is type-preserving, each ρi preserves
loxodromic elements and hence is faithful, since every nontrivial normal subgroup of Γ con-
tains a loxodromic element. For parabolic γ, the element ρi(γ) has trivial hyperbolic part;
faithfulness and discreteness exclude ellipticity, so it is parabolic. The converse follows from
the componentwise Jordan decomposition.

Proposition 4.7. Let G =
∏k
i=1Gi, where each Gi has real rank one, and let ρ : Γ →

G be a Zariski dense type-preserving representation whose projections ρi : Γ → Gi have
geometrically finite images. For every parabolic γ ∈ Γ, conjugate the unipotent parts ui :=
ρi(γ)u into Ni := N ∩Gi. Suppose that ui ∈ [Ni, Ni] either for every i or for no i. Then ρ
is relatively Anosov and satisfies the peripheral root-balance condition. More precisely,

µ(ρ(γ)n) = cγ(log |n|)vpr +Oγ(1) (|n| → ∞),

where cγ = 1
2 if ui ∈ [Ni, Ni] for every i, and cγ = 1 otherwise.

Proof. Since ρi(Γ) is geometrically finite, the generalization of Tukia’s isomorphism theorem
in [19, Theorems 1.4(i) and 1.5] therefore gives a ρi-equivariant boundary homeomorphism
ξi : Λ(Γ) → Λ(ρi(Γ)). The product map (ξ1, . . . , ξk) satisfies the boundary-map criterion of
[12, Corollary B.8], and hence ρ is relatively Anosov.

Fix a parabolic γ ∈ Γ and set g := ρ(γ). By Lemma 3.5, choose an sl2-triple (E,H,F )
with E = log gu. Since every simple root diverges along µ(gn), the Cartan asymptotic in that
lemma gives vg ∈ int a+. Conjugate the triple so that H = vg. The identity [H,E] = 2E
then implies that E ∈ n. Write E = (Ei) and H = (Hi).

Each nontrivial ui lies in a unique minimal real parabolic subgroup of Gi. Consequently,
any two conjugations placing ui in Ni differ by an element of Pi := P ∩Gi, which normal-
izes [Ni, Ni]. The assumed membership condition therefore still holds after the preceding
conjugation of the triple.

Let αi be the simple restricted root of Gi. For ni := Lie(Ni), we have [ni, ni] = gi,2αi and
ni/[ni, ni] ≃ gi,αi , where gi,2αi := {0} if 2αi is not a root. If ui /∈ [Ni, Ni] for every i, the
image Ei of Ei in this quotient is nonzero. Projecting [Hi, Ei] = 2Ei to the quotient gives
αi(Hi)Ei = 2Ei. Thus αi(Hi) = 2 for every i, so H = vpr.



24 DONGRYUL M. KIM, HEE OH, AND WENYU PAN

If ui ∈ [Ni, Ni] for every i, then Ei ∈ gi,2αi ∖ {0}. Hence 2αi(Hi)Ei = [Hi, Ei] = 2Ei,
so αi(Hi) = 1 for every i and H = 1

2vpr. The claimed asymptotic follows from Lemma 3.5.
In either case, all simple roots take the same positive value on H, so the root-balance ratio
converges to 1. □

For Gi = SO(ni, 1)
◦, with ni ≥ 2, the groups Ni are abelian. The peripheral condition is

then automatic, and cγ = 1 for every parabolic γ.

Part 1. Cusp geometry and Markov coding

For the rest of the paper, let ρ : Γ → G be a Zariski dense relatively Anosov representation
satisfying the peripheral root-balance condition of Definition 4.2.

We first remove compact normal factors. Let Gc be the maximal connected compact
normal subgroup of G, and let q : G→ G/Gc be the quotient map. Since Gc ⊂M = K ∩P ,
the spaces G/P , G/K, and G/M identify with the corresponding spaces for G/Gc. The
Cartan and Jordan projections, restricted roots, and growth indicator are unchanged. Thus
q ◦ ρ is Zariski dense and relatively Anosov, and satisfies the same peripheral root-balance
condition. It therefore suffices to prove the results for G/Gc. For the remainder of the proof,
we work in this quotient and retain the notation G and ρ; in particular, G has no compact
factors.

Fix a continuous ρ-equivariant Morse embedding f : Y → X constructed in Proposi-
tion 3.8, so that f(o) = o and Lf = Lρ. We also denote its boundary extension Λ(Γ) → Λρ
by f . Set Λc(Γρ) := f(Λc(Γ)) and Λp(Γρ) := f(Λp(Γ)). Choose representatives ξ0, . . . , ξℓ of
the Γ-orbits in Λp(Γ). Let H , Hi, 0 ≤ i ≤ ℓ and Yth be as in the proof of Proposition 3.8.
Let

pi := f(ξi), Pi := ρ(Γξi), Γξi := StabΓ(ξi).

After conjugating Γ in PSL2(R) and Γρ in G, we assume

ξ0 = ∞, f(∞) = p0 = P, 0 ∈ Λ(Γ), f(0) = w0P.

Choose compact intervals ∆̂ξi ⊂ ∂H2 (0 ≤ i ≤ ℓ), each a fundamental set for the action
of Γξi on ∂H2 ∖ {ξi}, with endpoints in Λp(Γ), such that

(4.3) {ξi : 0 ≤ i ≤ ℓ} ∩
ℓ⋃
i=0

∆̂ξi = ∅, ∆̂ξi ∩ ∆̂ξj = ∅ (i ̸= j).

We consider the following compact fundamental domain for the Pi-action on Λρ ∖ {pi}:

∆i := f
(
∆̂ξi ∩ Λ(Γ)

)
⊂ Λρ ∖ {pi},

Set ∂∆i := f(∂∆̂ξi) and int∆i := ∆i ∖ ∂∆i. Set

∆ :=
ℓ⋃
i=0

∆i

5. The visual premetric and its blow-up

Throughout this section and Section 6, fix a linear form χ ∈ a∗ satisfying

(5.1) χ ◦ i = χ, χ > 0 on Lρ ∖ {0}.
In this section we introduce the visual premetric dχ on Λρ, compare it with the spherical

metric on ∂H2, and study its blow-up at the parabolic limit point p0.
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Definition 5.1. For (ξ, η) ∈ F (2), set

dχ(ξ, η) := e−χ(G(ξ,η)).

Since G(η, ξ) = iG(ξ, η), the identity χ ◦ i = χ makes dχ symmetric. The cocycle identity
gives, for every (ξ, η) ∈ F (2) and g ∈ G,

(5.2) dχ(gξ, gη) = dχ(ξ, η)e
− 1

2
χ
(
βgξ(e,g)+βgη(e,g)

)
.

5.1. Restriction to the limit set. By Lemmas 3.9 and 3.13, dχ extends continuously to
Λρ×Λρ by setting dχ(ξ, ξ) = 0. Thus dχ is a continuous premetric2 on Λρ. By compactness,
it induces the usual topology on Λρ.

Lemma 5.2. The diameter of (Λρ, dχ) is finite.

Proof. Let ξ, η ∈ Λ(Γ) be distinct, and let z be a nearest point projection of o to the geodesic
[ξ, η] ⊂ H2. By Lemma 3.13, χ(G(f(ξ), f(η))) ≈ χ(µ(f(z))). Since Lf = Lρ, (5.1) and the
definition of Lf imply that χ(µ(f(z))) is bounded below uniformly in z ∈ Y . This proves
the assertion. □

5.2. Shadows and dχ-balls. For r > 0 and ξ ∈ Λρ, set

Bχ(ξ, r) := {η ∈ Λρ : dχ(ξ, η) < r}.
For ξ ∈ Λρ, let ẑξ : [0,∞) → Y be the unit-speed geodesic ray from o to f−1(ξ), and put
zξ(t) := f(ẑξ(t)). Thus zξ is a uniformly regular quasigeodesic ray in X with flag endpoint ξ,
with constants independent of ξ. Applying [43, Proposition 4.12 and (8.3)] to the hyperbolic
rays ẑξ and then using Lemma 3.12, we obtain the following comparison between ambient
shadows and dχ-balls.

Proposition 5.3. The following hold.
(1) For every sufficiently large r > 0, there exists c > 1 such that, for every ξ ∈ Λρ and

t ≥ 0,

Bχ
(
ξ, c−1e−χ(µ(zξ(t)))

)
⊂ Or(o, zξ(t)) ∩ Λρ ⊂ Bχ

(
ξ, ce−χ(µ(zξ(t)))

)
.

(2) For every c > 0 and every sufficiently large r > 0, depending on c, there exists
t0 = t0(c, r) > 0 such that, for every ξ ∈ Λρ, t ≥ 0, and s ≥ t+ t0,

Or(o, zξ(s)) ∩ Λρ ⊂ Bχ
(
ξ, ce−χ(µ(zξ(t)))

)
⊂ Or(o, zξ(t)) ∩ Λρ.

Remark 5.4. Without the symmetry assumption on χ, the radial scale in this proposition
must be replaced by e−

1
2
(χ+χ◦i)(µ(zξ(t))).

5.3. Blow-up of dχ. Set P0 = StabΓρ(p0). Let

Up0 := {ξ ∈ F : (ξ, p0) ∈ F (2)}
be the open Bruhat cell transverse to p0.

Definition 5.5. For ξ, η ∈ Up0 with (ξ, η) ∈ F (2), define Dχ := Dχ,p0 by

(5.3) Dχ(ξ, η) := dχ(ξ, η)e
χ(G(ξ,p0))eχ(G(η,p0)) =

dχ(ξ, η)

dχ(ξ, p0)dχ(η, p0)

and set Dχ(ξ, ξ) = 0 for ξ ∈ Up0 .
2We call a symmetric nonnegative function on S × S a premetric if it vanishes precisely on the diagonal.
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Remark 5.6. For G = SO(n, 1)◦, use the upper half-space model of Hn with curvature −1,
basepoint o = (0, 1), and p0 = ∞. Let H ∈ a+ satisfy exp(tH)o = (0, et). For ξ, η ∈ Rn−1,
we have

dχ(ξ, η) =

(
∥ξ − η∥√

1 + ∥ξ∥2
√
1 + ∥η∥2

)χ(H)

, dχ(ξ,∞) = (1 + ∥ξ∥2)−χ(H)/2.

Consequently, Dχ is a positive power of the Euclidean metric: Dχ(ξ, η) = ∥ξ − η∥χ(H).

The cocycle identity (3.3) and Lemma 3.3, together with χ = χ ◦ i, give the following
transformation properties. The uniform comparison follows by continuity and compactness.

Lemma 5.7 (Transformation of Dχ). Let g ∈ G. For pairwise transverse ξ, η, g−1p0 ∈ F ,
we have

Dχ(gξ, gη) = dχ(ξ, η)e
χ(G(ξ,g−1p0))eχ(G(η,g

−1p0))eχ(βp0 (e,g)).

If p := g−1p0 ∈ Λρ, then for every compact Q ⊂ Λρ ∖ {p, p0}, there exists C = C(Q, g) ≥ 1
such that

C−1Dχ(ξ, η) ≤ Dχ(gξ, gη) ≤ CDχ(ξ, η) (ξ, η ∈ Q).

Moreover, Dχ is P0-invariant:

(5.4) Dχ(gξ, gη) = Dχ(ξ, η) (g ∈ P0, ξ, η ∈ Λρ ∖ {p0}).

5.4. Metric properties of Dχ. By (5.3), the restriction of Dχ to Λρ∖{p0} is a continuous
premetric inducing the usual topology. On every compact, pairwise transverse subset of Up0 ,
the premetrics dχ and Dχ are bi-Lipschitz equivalent. We also observe:

Lemma 5.8 (Comparison of the visual and blown-up premetrics). For every ξ0 ∈ Λρ∖{p0},
there exists c = c(ξ0) ≥ 1 such that, for every ξ ∈ Λρ ∖ {p0},

c−1

1 +Dχ(ξ, ξ0)2
≤ dχ(ξ, p0)

2 ≤ c

1 +Dχ(ξ, ξ0)2
.

Proof. By (5.3),
(
1 +Dχ(ξ, ξ0)

2
)
dχ(ξ, p0)

2 = dχ(ξ, p0)
2 +

dχ(ξ,ξ0)2

dχ(ξ0,p0)2
. The right-hand side is

continuous and strictly positive on the compact set Λρ, since p0 ̸= ξ0. It is therefore bounded
above and away from zero, which proves the claim. □

Via f , we regard the Euclidean metric dEuc on R = ∂H2∖ {∞} as a metric on Λρ∖ {p0}.
The following shows that Dχ and dEuc are quasisymmetrically equivalent on Λρ ∖ {p0}.

Lemma 5.9. There exist a,C ≥ 1 such that, for all distinct ξ, η1, η2 ∈ Λρ ∖ {p0},

Dχ(ξ, η1)

Dχ(ξ, η2)
≤ Cmax

{(
dEuc(ξ, η1)

dEuc(ξ, η2)

)a
,

(
dEuc(ξ, η1)

dEuc(ξ, η2)

)1/a
}
.

Proof. Let σ : [0,∞) → hull Λ(Γ) be a geodesic ray ending at ∞. For i = 1, 2, let ui be a
nearest point projection of σ(t) to [ξ, ηi], where t is sufficiently large. The equivariant forms
of Lemmas 3.11 and 3.13 give

logDχ(ξ, ηi) ≈ −χ
(
µ(f(σ(t))−1f(ui))

)
+ χ(βp0(o, f(σ(t)))) ,
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with an additive error independent of ξ, ηi, t. Choose vi ∈ [σ(t), ξ] at uniformly bounded
distance from ui. By coarse additivity,

(5.5) log
Dχ(ξ, η1)

Dχ(ξ, η2)
≈ ε χ

(
µ(f(v1)

−1f(v2))
)
,

where ε ∈ {±1} is determined by the order of v1, v2 on [σ(t), ξ]. The corresponding calcu-
lation in H2 gives, with the same sign,

(5.6) log
dEuc(ξ, η1)

dEuc(ξ, η2)
≈ ε d(v1, v2).

Set u := log dEuc(ξ,η1)
dEuc(ξ,η2)

and v := log
Dχ(ξ,η1)
Dχ(ξ,η2)

. By Lemma 3.9 and (5.5)–(5.6), there exist
uniform constants a ≥ 1 and c ≥ 0 such that v ≤ au+ c if u ≥ 0, and v ≤ a−1u+ c if u ≤ 0.
Indeed, these bounds follow by considering the two possible orders of v1, v2; if εu < 0, (5.6)
makes d(v1, v2) uniformly bounded, and enlarging c covers this case. Exponentiating gives
the claim with C = ec. □

Corollary 5.10 (Quasi-triangle inequality). There exists N0 ≥ 1 such that, for all ξ, η, ζ ∈
Λρ ∖ {p0},

Dχ(ξ, ζ) ≤ N0

(
Dχ(ξ, η) +Dχ(η, ζ)

)
.

Proof. The assertion is immediate if two points coincide. Otherwise, note dEuc(ξ, ζ) ≤
2max{dEuc(ξ, η), dEuc(η, ζ)}. Apply Lemma 5.9 at ξ or ζ, according to which term realizes
the maximum. Using symmetry of Dχ, we obtain Dχ(ξ, ζ) ≤ 2aCmax{Dχ(ξ, η), Dχ(η, ζ)}.
Thus we may take N0 = 2aC. □

6. Cusp height and geometric estimates

We define cusp heights, compare them to Cartan projections, and prove the separation
and inversion estimates used in the coding.

6.1. Height. Each P0-orbit O in Λp(Γρ)∖ {p0} meets ∆0 in one or two points; fix a repre-
sentative pO ∈ O ∩∆0. Choose γO ∈ Γρ such that γ−1

O pO ∈ {p0, . . . , pℓ}.

Definition 6.1. The height function h = hΓρ,p0,∆0 : Λp(Γρ)∖{p0} → R>0 is the P0-invariant
function defined by

h(p) := e−χ(βpO (e,γO)) where O = P0p.

In particular, if p ∈ int∆0 and γ−1p ∈ {p0, . . . , pℓ}, then pO = p, so that

h(p) = e−χ(βp(e,γ)).

Lemma 6.2. The definition of h is independent of the choice of γO. Different choices of
the representatives pO ∈ O ∩∆0 change h by a uniformly bounded multiplicative factor.

Proof. Two choices of γO differ by right multiplication by an element fixing γ−1
O pO. Inde-

pendence follows from the cocycle identity and Lemma 3.3. By proper discontinuity, only
finitely many u ∈ P0 satisfy u∆0 ∩ ∆0 ̸= ∅. The cocycle identity and compactness of ∆0

therefore give the uniform multiplicative bound under changes of pO. □

If γ−1p ∈ {p0, . . . , pℓ} and γ̃p = pO, then

(6.1) h(p) = e−χ(βγ̃p(e,γ̃γ)).
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Lemma 6.3 (Height comparison on compact sets). For every compact set Q ⊂ Λρ ∖ {p0},

h(p) ≍Q e
−χ(βp(e,γ))

whenever p ∈ Q∩Λp(Γρ) and γ ∈ Γρ satisfy γ−1p ∈ {p0, . . . , pℓ}. In particular, the compar-
ison is uniform for p ∈ ∆.

Proof. Choose γ̃ ∈ P0 with γ̃p = pO ∈ ∆0. Proper discontinuity implies that the set
{u ∈ P0 : uQ ∩∆0 ̸= ∅} is finite. By (6.1) and the cocycle identity,

− log h(p) = χ(βp(e, γ)) + χ(βp(γ̃
−1, e)) = χ(βp(e, γ)) +OQ(1).

This proves the assertion. □

6.2. Top representatives. For p ∈ Γρpi ∩∆, choose an element γp ∈ Γρ such that

(6.2) p = γppi and γ−1
p pi ∈ ∆i.

We call γp a top representative of p and set xp := γ−1
p pi. There are at most two choices,

differing, when distinct, by right multiplication by a generator of Pi. We write γ̂ := ρ−1(γ) ∈
Γ for γ ∈ Γρ.

Lemma 6.4. There exists r > 0 such that, for every p ∈ Λp(Γρ) ∩∆,

p ∈ Or(o, γpo), xp ∈ Or(o, γ
−1
p o).

Proof. Suppose that the first claim does not hold. By Lemma 3.12, there exist i and a
sequence f−1(pn) = γ̂pnξi such that f−1(pn) /∈ On(o, γ̂pno) for all n ≥ 1. This implies that
γ̂−1
pn o→ ξi. Since f−1(pn) ranges over a compact set disjoint from ξi, the point o lies within a

uniform distance of the geodesic [f−1(pn), ξi]. Applying γ̂−1
pn , we find that γ̂−1

pn o lies within a
uniform distance of [ξi, yn], where yn = γ̂−1

pn ξi which also ranges over a fixed compact subset
of Λ(Γ) ∖ {ξi}. Thus ξi is a conical limit point, contradicting the fact that ξi is parabolic.
The second claim can be shown similarly. □

Lemma 6.5. For every p ∈ Λp(Γρ) ∩∆,

h(p) ≍ e−χ(µ(γp)).

Proof. By Lemmas 3.11, 6.3 and 6.4, h(p) ≍ e−χ(βp(e,γp)) ≍ e−χ(µ(γp)). □

6.3. Height functions based at the other cusps. Set g0 = e and for 1 ≤ i ≤ ℓ, choose

gi ∈ K such that gipi = p0.

Define the height function hi on gi(Λp(Γρ)∖ {pi}) by

hi(gip) := hgiΓρg−1
i ,p0,gi∆i

(gip).

Equivalently, for each Pi-orbit O in Λp(Γρ) ∖ {pi}, fix p
(i)
O ∈ O ∩ ∆i. If γ−1

O p
(i)
O ∈

{p0, . . . , pℓ}, then

log hi(gip) = −χ(β
gip

(i)
O

(e, giγOg
−1
i )), p ∈ O.

Lemma 6.6. There exists C > 1 such that, for every 0 ≤ i ≤ ℓ and p ∈ Λp(Γρ) ∩∆,

C−1 ≤ hi(gip)

h(p)
≤ C.



HIGHER-RANK LOCAL MIXING 29

Proof. Choose γ ∈ Γρ with γ−1p ∈ {p0, . . . , pℓ}, and choose γ̃i ∈ Pi with γ̃ip = p
(i)
Oi

, where
Oi = Pip. The cocycle identity gives

β
gip

(i)
Oi

(e, giγ̃iγg
−1
i ) = βp(e, γ) + βγ−1p(e, g

−1
i ) + βp(γ̃

−1
i g−1

i , e).

For each i, proper discontinuity implies that {δ ∈ Pi : δ∆ ∩ ∆i ̸= ∅} is finite. Hence the
elements γ̃i range over a fixed finite set. Since both gi and γ̃i range over finite sets, the last
two terms in the displayed identity are bounded. Applying the same argument for i = 0,
with γ̃0p = p

(0)
P0p

, and comparing with (6.1), gives | log hi(gip) − log h(p)| = O(1) uniformly
in p and i. □

6.4. Separation. The height function gives a uniform lower bound separating distinct par-
abolic limit points.

Proposition 6.7. There exists 0 < Cs ≤ 1 such that for all distinct p, p′ ∈ Λp(Γρ)∖ {p0},

Dχ(p, p
′) ≥ Cs

√
h(p)h(p′).

Proof. We first prove that there exists C > 0 such that

(6.3) dχ(p, p
′) ≥ C

√
e−χ(βp(e,γ)+βp′ (e,γ

′))

whenever p ̸= p′ ∈ Λp(Γρ) and γ−1p = pk, (γ′)−1p′ = pj for some 0 ≤ j, k ≤ ℓ.
Choose an oriented geodesic σ in H2 from f−1(p′) to f−1(p), with σ(0) at its exit from

the horoball based at f−1(p′) in the family H . Since Γ\Yth is compact, σ(0) lies within a
uniform distance of Γo. Replacing γ and γ′ within γPk and γ′Pj , we may arrange that γ̂o
and γ̂′o lie within a uniform distance of the entrance into the horoball based at f−1(p) and
the exit from the horoball based at f−1(p′), respectively. These replacements do not change
the Busemann terms by Lemma 3.3.

Choose g ∈ G with g+ = p and g− = p′, and set t := χ(βp(g, γ)) and t′ := χ(βp′(g, γ
′)).

Since χ ◦ i = χ, the cocycle identity gives

(6.4) 2χ(G(p, p′)) + t+ t′ = χ
(
βp(e, γ) + βp′(e, γ

′)
)
.

Thus (6.3) is equivalent to a uniform lower bound for t+ t′.
Choose h ∈ Γ such that hσ(0) lies in a fixed bounded neighborhood of o. Replacing σ by

hσ and simultaneously left translating p, p′, g, γ, γ′ by ρ(h) preserves t and t′ by equivariance.
We may therefore assume that σ(0) lies in that neighborhood of o. By Lemma 3.13, G(p, p′)
is then uniformly bounded. The choices of γ, γ′ and Lemma 3.12 give a uniform r > 0 such
that

p ∈ Or(o, γo), p′ ∈ Or(o, γ
′o).

By Lemma 3.11 and (6.4),

(6.5) t+ t′ = χ(µ(γ)) + χ(µ(γ′)) +O(1).

Since χ(µ(δ)) is uniformly bounded below for δ ∈ Γρ, this proves (6.3).
Now let p, p′ ̸= p0 and choose γ̃, γ̃′ ∈ P0 with γ̃p = pO and γ̃′p′ = pO′ . Lemma 3.3 and

(6.1) give

(6.6) e2χ(G(p,p0))−χ(βp(e,γ)) = e2χ(G(pO,p0))h(p),

and similarly for p′. Multiplying (6.3) by eχ(G(p,p0))+χ(G(p′,p0)) therefore yields

Dχ(p, p
′) ≥ Ceχ(G(pO,p0))+χ(G(pO′ ,p0))

√
h(p)h(p′).
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Since pO, pO′ ∈ ∆0 and ∆0 is compact and disjoint from p0, the exponential factor has a
uniform positive lower bound. This proves the proposition. □

6.5. Ball flipping. The first estimate below shows that γ−1 maps a punctured Dχ-ball of
radius r around p = γp0 into the complement of a ball around γ−1p0 of radius comparable
to h(p)/r. The second gives the corresponding two-point estimate.

Lemma 6.8. Let γ ∈ Γρ ∖ P0 and set p := γp0. For all x, y ∈ Λρ ∖ {p0, p},

Dχ(γ
−1x, γ−1p0) ≍

h(p)

Dχ(x, p)
, Dχ(γ

−1x, γ−1y) ≍ h(p)Dχ(x, y)

Dχ(x, p)Dχ(y, p)
,

with constants independent of γ, x, y.

Proof. Choose γ̃ ∈ P0 such that γ̃p = pO ∈ ∆0. Lemma 3.3, (3.3), and (6.1) give
e2χ(G(p,p0))−χ(βp(e,γ)) = e2χ(G(pO,p0))h(p) ≍ h(p), uniformly, since ∆0 is compact and p0 /∈ ∆0.
Both estimates now follow from Lemma 5.7 and (5.3). □

7. Local behavior of Patterson–Sullivan measures

For the rest of the paper, fix ψ ∈ a∗ tangent to ψρ, and set

ψ− := ψ ◦ i, ψ̄ :=
ψ + ψ−

2
.

Since ψρ is i-invariant, the form ψ− is also tangent and

(7.1) φ > 0 on Lρ ∖ {0} (φ ∈ {ψ,ψ−, ψ̄}).

Since ψ̄ ◦ i = ψ̄, we use the geometric constructions and notation of Sections 5 and 6 with
χ = ψ̄. Let ν := νψ be the unique (Γρ, ψ)-Patterson–Sullivan probability measure on Λρ;
thus δψ(Γρ) = 1. For r > 0 and ξ ∈ Λρ ∖ {p0}, write

Bψ̄(ξ, r) := {η ∈ Λρ ∖ {p0} : Dψ̄(ξ, η) < r}.

We use the same notation for balls relative to conjugate limit sets, retaining the ambient
premetric Dψ̄. For H < Γρ, let δψ(H) be the abscissa of convergence of

∑
γ∈H e

−sψ(µ(γ)).

Theorem 7.1 ([14, Theorem 1.1 and Corollary 7.2]). We have
∑

γ∈Γρ e
−ψ(µ(γ)) = ∞ and

δψ(Pi) < 1 for every 0 ≤ i ≤ ℓ.

Lemma 7.2. There exists C > 0 such that, for all distinct ξ, η ∈ Λρ,∣∣(ψ − ψ̄)(G(ξ, η))
∣∣ ≤ C.

Proof. Let z be the nearest-point projection of o to the geodesic joining f−1(ξ) and f−1(η).
By Lemma 3.13, G(ξ, η) = 1

2(µ(f(z)) + iµ(f(z))) + O(1). The form ψ − ψ̄ vanishes on the
first term, since (ψ − ψ̄) ◦ i = −(ψ − ψ̄). □

7.1. Change of measure.

Lemma 7.3. Fix ξ0 ∈ Λρ∖{p0} and D > 0. Uniformly for γ ∈ P0, Borel sets F ⊂ Λρ∖{p0}
with ν(F ) > 0 and Dψ̄-diameter at most D, and ξ ∈ F , we have

(7.2) ν(F ) ≍
1 +Dψ̄(γ

−1ξ, ξ0)
2

1 +Dψ̄(ξ, ξ0)
2

ν(γ−1F ).
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Proof. For γ ∈ P0, Lemma 3.3 gives βp0(e, γ) = 0, so (3.3) yields

βη(e, γ) = 2G(η, p0)− 2G(γ−1η, p0).

By Lemma 7.2, applying ψ or ψ̄ to this difference changes its value by a uniformly bounded
amount. Conformality and Lemma 5.8 therefore give

ν(γ−1F ) =

∫
F
eψ(βη(e,γ)) dν(η) ≍

∫
F

dψ̄(γ
−1η, p0)

2

dψ̄(η, p0)
2

dν(η) ≍
∫
F

1 +Dψ̄(η, ξ0)
2

1 +Dψ̄(γ
−1η, ξ0)2

dν(η).

By P0-invariance of Dψ̄, both F and γ−1F have diameter at most D. Thus Corollary 5.10
shows that the last integrand is uniformly comparable to its value at ξ. Integrating and
rearranging proves (7.2). □

Lemma 7.4. Fix c > 1. Uniformly for all p ∈ ∆∩Λp(Γρ), where γp is the top representative
from (6.2), and Borel sets F ⊂ Bψ̄(p, ch(p)), we have

ν(F ) ≍c e
−ψ(µ(γp))ν(γ−1

p F ).

Proof. We claim that there exists R = R(c) > 0 such that Bψ̄(p, ch(p)) ⊂ OR(o, γpo) for
every p = γpp0 ∈ ∆. Otherwise, choose pn = γpnp0 ∈ ∆ and xn ∈ Bψ̄(pn, ch(pn)) ∖
On(o, γpno). By Lemma 6.4, xn ̸= pn for all sufficiently large n. Set yn := γ−1

pn xn and
zn := γ−1

pn p0 = xpn ∈ ∆0. Then Lemma 6.8 gives Dψ̄(yn, zn) ≫c 1. Since xn /∈ On(o, γpno),
we have d(o, γpno) ≥ n, and hence γ−1

pn → ∞. By Lemma 3.16(3), after passing to a
subsequence, yn → ζ ∈ Λρ. By Lemma 6.4 and Lemma 3.16(2), zn → ζ as well. Since
∆0 is compact and disjoint from p0, we have ζ ̸= p0. Continuity of Dψ̄ therefore gives
Dψ̄(yn, zn) → 0, a contradiction.

Now let p = γppi ∈ ∆ for an arbitrary i. For fixed c, (5.3) and Lemma 5.2 imply that,
when h(p) is sufficiently small, the ball Bψ̄(p, ch(p)) lies in a fixed compact neighborhood of
∆ disjoint from all the points p0, . . . , pℓ. Hence Lemmas 5.7 and 6.6 give a uniform C > 1
such that

giBψ̄(p, ch(p)) ⊂ Bψ̄(gip, Cc hi(gip)).

Apply the preceding argument in Γi = giΓρg
−1
i . The element giγpg−1

i sends p0 to gip, and
its inverse sends p0 into gi∆i. Thus the ball on the right is contained in OR(o, (giγpg

−1
i )o)

for some R = R(c), uniform over the finitely many cusp types. Since gi ∈ K, pulling back
by gi gives Bψ̄(p, ch(p)) ⊂ OR(o, γpo).

By Lemma 6.5 and (7.1), only finitely many top representatives γp occur when h(p) is
bounded below by a fixed positive constant. Increasing R therefore handles the remaining
points p and proves the claim for every cusp type.

The claim and Lemma 3.11 give βξ(e, γp) = µ(γp)+Oc(1) uniformly for ξ ∈ Bψ̄(p, ch(p)).
The result follows from conformality: ν(γ−1

p F ) =
∫
F e

ψ(βξ(e,γp)) dν(ξ). □

7.2. Cusp depth and global shadows. A horoball in H has type i if it is a Γ-translate
of Hi; a parabolic point p ∈ Λp(Γρ) has type i if p ∈ Γρpi.

For a primitive generator ui of Pi, put vi := vui . By Lemma 3.5, i(vi) = vi and vi ∈ int a+.
Set

κi :=
1

2
ψ(vi) =

1

2
ψ̄(vi) > 0.
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For each φ ∈ {ψ, ψ̄}, the same lemma gives φ(µ(uni )) = 2κi log |n| + O(1) as |n| → ∞.
Since Pi = ⟨ui⟩, the Poincaré series

∑
γ∈Pi e

−sφ(µ(γ)) has the same abscissa of convergence
as
∑

n≥1 n
−2sκi . Consequently,

δi := δψ(Pi) = δψ̄(Pi) =
1

2κi
< 1,

where the last inequality follows from Theorem 7.1.
The cusp calculation (3.5) gives

(7.3) φ
(
µ(f(x)−1f(y))

)
= κid(x, y) +O(1)

for φ ∈ {ψ, ψ̄} whenever x, y ∈ Y lie in the same horoball of type i, with uniform error.

Lemma 7.5 (Comparison with cusp depth). For φ ∈ {ψ, ψ̄} and every horoball H ∈ H of
type i,

inf
g∈Γρ

φ
(
µ(g−1f(x))

)
= κid(x, ∂H) +O(1) (x ∈ Y ∩ H).

For x ∈ Yth, the same infimum is O(1). All errors are uniform in x and H.

Proof. On Yth, the assertion follows from cocompactness and Lemma 3.9. Suppose that
x ∈ Y ∩H, where H has type i. Choose z ∈ Y ∩ ∂H such that d(x, z) = d(x, ∂H)+O(1) and
d(z,Γo) = O(1). The upper bound follows from (7.3) and Lemma 3.1.

For the lower bound, fix g ∈ Γρ and let z ∈ [ĝo, x] ∩ ∂H. By Lemmas 3.9 and 3.10 and
(7.3),

φ
(
µ(g−1f(x))

)
≥ κid(z, x)− C ≥ κid(x, ∂H)− C.

Taking the infimum over g proves the claim. □

Theorem 7.6 (Global shadow lemma, [43, Theorems 1.4 and 5.1]). For every sufficiently
large fixed R > 1, the following estimates hold uniformly for ζ ∈ Λ(Γ) and x ∈ [o, ζ]. If x
lies in a horoball H ∈ H of type i, then

(7.4) ν
(
OR(o, f(x))

)
≍ e−ψ(µ(f(x)))+(2δi−1)κid(x,∂H).

If x ∈ Yth, then ν(OR(o, f(x))) ≍ e−ψ(µ(f(x))).

Proof. Apply the cited global shadow lemma using Lemmas 3.12 and 7.5. The polynomial
term is absent because the peripheral groups are cyclic. □

For p ∈ Λp(Γρ), let Hp ∈ H be the horoball based at f−1(p), and let tp ≥ 0 be the
entrance time of ẑp into Hp. If p has type i, choose gp ∈ Γρ such that gppi = p and ĝpo lies
within a uniform distance of ẑp(tp). Writing Pp := StabΓρ(p), we have δψ(Pp) = δψ̄(Pp) = δi.

For t ≥ tp, d(ẑp(t), ∂Hp) = t− tp. Coarse additivity, Lemma 3.1, and (7.3) therefore give,
for φ ∈ {ψ, ψ̄},

(7.5)
φ(µ(zp(t))) = φ(µ(gp)) + κi(t− tp) +O(1),

φ(µ(g−1
p zp(t))) = κi(t− tp) +O(1).

Corollary 7.7. For every sufficiently large fixed R > 1, uniformly in p ∈ Λp(Γρ) of type i
and t ≥ tp,

(7.6) ν
(
OR(o, zp(t))

)
≍ e−ψ(µ(gp))+2(δi−1)ψ(µ(g−1

p zp(t))) ≍ e−ψ(µ(gp))−2(1−δi)κi(t−tp).

Proof. Substitute (7.5), with φ = ψ, into (7.4). □
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7.3. Doubling and reverse doubling.

Proposition 7.8 (Doubling and reverse doubling). (1) For every C > 1,

ν(Bψ̄(ξ, Cr)) ≍C ν(Bψ̄(ξ, r))
uniformly for ξ ∈ ∆ and 0 < r ≤ 1/C.

(2) There exists C0 > 1 such that, for every ξ ∈ ∆ and 0 < r < 1/C0,

2ν(Bψ̄(ξ, r)) ≤ ν(Bψ̄(ξ, C0r)).

Proof. Fix a sufficiently large R and set σ := maxi |2δi−1| < 1. Let ζ ∈ Λ(Γ) and x, y ∈ [o, ζ]
with d(o, x) ≤ d(o, y).

Suppose first that x, y lie in the same horoball H of type i. By Lemma 3.10, (7.3), and
(7.4),

log
ν(OR(o, f(x)))

ν(OR(o, f(y)))
= κid(x, y)− (2δi − 1)κi

(
d(y, ∂H)− d(x, ∂H)

)
+O(1).

Since distance to ∂H is 1-Lipschitz, this lies between (1−σ)κid(x, y)−K and (1+σ)κid(x, y)+
K for a uniform K.

Otherwise, let z be the exit point of [x, y] from the horoball H of type i containing x, and
let z′ be its entrance point into the horoball H′ of type j containing y. If x ∈ Yth, set z = x;
if y ∈ Yth, set z′ = y. Omit the corresponding cusp terms in these cases. Coarse additivity
and (7.3) give

ψ
(
µ(f(x)−1f(y))

)
= κid(x, z) + ψ

(
µ(f(z)−1f(z′))

)
+ κjd(z

′, y) +O(1).

Apply Lemma 3.9 to the middle term and use

d(x, ∂H) ≤ d(x, z), d(y, ∂H′) ≤ d(z′, y).

Since σ < 1, mini κi > 0, and d(x, z) + d(z, z′) + d(z′, y) = d(x, y), the global shadow
estimates give, after enlarging K to cover both cases,

(7.7) K−1d(x, y)−K ≤ log
ν(OR(o, f(x)))

ν(OR(o, f(y)))
≤ Kd(x, y) +K.

Coarse additivity and Lemma 3.9 also bound ψ̄(µ(f(y))) − ψ̄(µ(f(x))) above and below
by positive multiples of d(x, y), up to uniform additive errors. Together with Proposition 5.3
and (7.7), this gives power bounds for ratios of dψ̄-ball masses. Here continuity and diver-
gence of t 7→ ψ̄(µ(zξ(t))) allow prescribed sufficiently small scales to be realized in order
along each ray. The uniform comparison of dψ̄ and Dψ̄ near ∆ transfers these bounds to
Bψ̄-balls. Thus there exist L1 ≥ 1, 0 < β− ≤ β+, and 0 < r0 ≤ 1 such that, for every ξ ∈ ∆
and 0 < r ≤ s ≤ r0,

(7.8) L−1
1 (r/s)β+ ≤

ν(Bψ̄(ξ, r))
ν(Bψ̄(ξ, s))

≤ L1(r/s)
β− .

Taking s = Cr proves (1) when Cr ≤ r0; compactness covers the remaining radii. For
(2), choose C0 > 1/r0 such that L1(C0r0)

−β− ≤ 1/2. Apply the upper bound in (7.8) with
s = min{C0r, r0}, noting that r/s ≤ (C0r0)

−1 whenever 0 < r < 1/C0. □

We fix a choice of C0 satisfying (2) for use in the geometric partition construction below.

Corollary 7.9. There exist c, β > 0 such that, for every ξ ∈ ∆ and 0 < r < 1,

ν(Bψ̄(ξ, r)) ≥ crβ.
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Proof. Since ν has full support and ∆ is compact, infξ∈∆ ν(Bψ̄(ξ, r0)) > 0. Apply (7.8)
with s = r0 to obtain the estimate for r ≤ r0, with β = β+. The remaining radii follow by
monotonicity. □

7.4. Parabolic ball estimates.

Corollary 7.10. Uniformly for p ∈ ∆ ∩ Λp(Γρ) and 0 < r ≤ h(p), we have

(7.9) ν(Bψ̄(p, r)) ≍ e−ψ(µ(gp))
(

r

h(p)

)2(1−δψ(Pp))
.

Proof. Fix p ∈ ∆ ∩ Λp(Γρ) of type i. By the choice of gp and Lemmas 3.11 and 6.3,
h(p) ≍ e−ψ̄(µ(gp)). Thus (7.5) gives

rp(t) := e−ψ̄(µ(zp(t))) ≍ h(p)e−κi(t−tp) (t ≥ tp).

Since dψ̄ and Dψ̄ are uniformly comparable near ∆, Proposition 5.3 gives, for sufficiently
large fixed R, constants T, t0 > 0 such that, for every t ≥ tp + T ,

(7.10) OR(o, zp(t+ t0)) ∩ Λρ ⊂ Bψ̄(p, rp(t)) ⊂ OR(o, zp(t)) ∩ Λρ.

Applying (7.6) to the two shadows gives

ν(Bψ̄(p, rp(t))) ≍ e−ψ(µ(gp))
(
rp(t)

h(p)

)2(1−δi)
.

The function rp is continuous, tends to zero, and satisfies rp(tp + T ) ≍ h(p). Hence these
radii cover (0, ch(p)] for some uniform c > 0. Proposition 7.8(1) and compactness extend
the estimate to the remaining radii ch(p) < r ≤ h(p). □

8. Recurrence of the translation flow

We describe the stable and unstable leaves of the translation flow on Ωψ̄ and prove the
uniform recurrence property used in the coding construction. We then show that a return
to a fixed compact set forces the forward endpoint to lie near a parabolic limit point whose
height is comparable to the scale determined by the return time.

8.1. Stable and unstable leaves. Recall that Ω̃ψ̄ = Λ
(2)
ρ × R and Ωψ̄ = Γρ\Ω̃ψ̄.

For g ∈ G with (g+, g−) ∈ Λ
(2)
ρ , write

[g] :=
(
g+, g−, ψ̄(βg+(e, g))

)
∈ Ω̃ψ̄.

For x = [g] = (x+, x−, sx) ∈ Ω̃ψ̄, set s−x := ψ̄(βg−(e, g)). Since ψ̄ ◦ i = ψ̄, we have s−x =

2ψ̄(G(x+, x−))− sx, so s−x depends only on x.
For x, y ∈ Ω̃ψ̄, define

d+(x, y) := e(sx+sy)/2dψ̄(x
+, y+), d−(x, y) := e(s

−
x +s−y )/2dψ̄(x

−, y−).

They are nonnegative, symmetric, Γρ-invariant and satisfy that for all t ∈ R,

d+(xat, yat) = etd+(x, y), d−(xat, yat) = e−td−(x, y).

For x = [g], set

W−(x) := {(x+, η, sx) : η ∈ Λρ ∖ {x+}} = [gN ] ∩ Ω̃ψ̄,

W+(x) := {(ξ, x−, 2ψ̄(G(ξ, x−))− s−x ) : ξ ∈ Λρ ∖ {x−}} = [gŇ ] ∩ Ω̃ψ̄.
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These leaves are stable and unstable for the translation flow in the following sense: by [44,
Proposition 8.6], there exists a metric d inducing the topology of Ωψ̄ such that, as t→ +∞,

d(Γρxat,Γρyat) → 0 for y ∈W−(x) and d(Γρxa−t,Γρya−t) → 0 for y ∈W+(x).

For r > 0, set
W±(x, r) := {y ∈W±(x) : d±(x, y) < r}.

These sets form a neighborhood basis on the corresponding leaves.

8.2. Local product structure. For x, y ∈ Ω̃ψ̄ with (y+, x−) ∈ F (2), the intersection
W+(x) ∩W−(yaR) consists of a unique point, denoted by ⟨x, y⟩. Explicitly,

⟨x, y⟩ = (y+, x−, sy + ϑ(x, y)), where ϑ(x, y) := 2ψ̄(G(y+, x−))− s−x − sy.

That is, ϑ(x, y) is the unique time t such that ⟨x, y⟩ ∈ W−(yat). The maps ϑ and ⟨·, ·⟩ are
continuous wherever (y+, x−) is transverse and, by (3.3), are respectively Γρ-invariant and
Γρ-equivariant. Since ϑ(x, x) = 0 and ⟨x, x⟩ = x, continuity and compactness imply that,
for every compact Q ⊂ Ω̃ψ̄,

|ϑ(x, y)| → 0, d+(x, ⟨x, y⟩) → 0, d−(yaϑ(x,y), ⟨x, y⟩) → 0

uniformly as (x, y) approaches the diagonal in Q×Q.
We choose the compact section

∆̃0 := {(ξ, p0, 0) : ξ ∈ ∆0} ⊂ Ω̃ψ̄

of the flow lines with negative endpoint p0 and positive endpoint in ∆0.

Lemma 8.1. For every r > 0, the set
⋃
x∈∆̃0

W+(x, r) is relatively compact in Ω̃ψ̄.

Proof. By compactness of ∆0, the formula for d+ shows that d+(x, y) → ∞ as y+ → p0,
uniformly for x ∈ ∆̃0 and y ∈W+(x). Thus d+(x, y) < r keeps y+ in a fixed compact subset
of Λρ ∖ {p0}. Finally, sy = 2ψ̄(G(y+, p0) − G(ξ, p0)) is uniformly bounded by continuity;
since y− = p0, the claim follows. □

8.3. Uniform recurrence. For δ ∈ R, let

W−
p0,δ

:= {(p0, η, δ) : η ∈ Λρ ∖ {p0}} ⊂ Ω̃ψ̄

denote the stable leaf with positive endpoint p0 and R-coordinate δ.

Lemma 8.2. Let Q ⊂ Ωψ̄ be compact and let δ ∈ R. There exists T∗ = T∗(Q, δ) > 0 such
that, for every x ∈ Ω̃ψ̄ with Γρx ∈ Q, there is 0 < t < T∗ for which

W+(x, 1)at ∩ ΓρW
−
p0,δ

̸= ∅.

Proof. Applying Theorem 3.19 to a tangent multiple of ψ̄ and rescaling time, we obtain a
mixing invariant probability measure of full support on Ωψ̄.

Choose a compact set Q̃ ⊂ Ω̃ψ̄ whose image contains Q, and choose 0 < ε < 1/4 so that⋃
x′∈W+(x,ε)W

+(x′, ε) ⊂ W+(x, 1) for all x ∈ Q̃). After decreasing ε if necessary, choose a
relatively compact product neighborhood V of a point in W−

p0,δ
such that every y0 ∈ V can

be written as y0 = y1au, where z ∈ W−
p0,δ

, y1 ∈ W+(z, ε), and |u| < ε, with z, y1 ranging
over fixed compact sets. We may also arrange that, whenever w ∈ W−(y1, ε), the bracket
⟨w, z⟩ is defined and satisfies |ϑ(w, z)| < 1 and d+(w, ⟨w, z⟩) < 1.
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Cover Q̃ by finitely many sufficiently small product neighborhoods U1, . . . ,Uk. Their
images and that of V are nonempty open sets in Ωψ̄. Mixing therefore gives a common
L > 2, with e−(L−2ε) < ε, such that every Uj meets ΓρVa−L.

For x ∈ Q̃, choose j with x ∈ Uj , and choose y0 = y1au ∈ V and γ ∈ Γρ such that
γy0a−L ∈ Uj . Then there exist |σ| < ε and

x′ ∈W+(x, ε) ∩W−(γy0a−L+σ, ε).

Put T := L− u− σ and w := γ−1(x′aT ). Equivariance and the scaling relation for d− give
w ∈W−(y1, εe

−T ) ⊂W−(y1, ε). Set θ := ϑ(w, z) and q0 := γ⟨w, z⟩. By the choice of V and
the definition of the bracket, |θ| < 1 and q0 ∈W+(x′aT , 1) ∩W−(γz aθ).

Set q := q0a−θ and t := T − θ. Then q ∈ γW−
p0,δ

, while

qa−t = q0a−T ∈W+(x′, e−T ) ⊂W+(x′, ε) ⊂W+(x, 1).

Thus q belongs to the required intersection. Since 0 < t < L+ 2, we may take T∗ := L+ 2.
Equivariance extends the conclusion to every lift of a point of Q. □

The next lemma converts uniform recurrence into a parabolic approximation with con-
trolled height.

Lemma 8.3. For every τ > 1, there exists C > 1 with the following property. For every
compact Q ⊂ Ωψ̄, there exists U0 = U0(τ,Q) > 0 such that, if x = (x+, p0, 0) ∈ ∆̃0 and
Γρxan log τ ∈ Q for some n ∈ N, then there exists p ∈ Λp(Γρ)∖ {p0} satisfying

(8.1) Dψ̄(p, x
+) ≤ Cτ−n, e−U0τ−n ≤ h(p) ≤ τ−n.

Proof. Fix τ > 1 and a parameter δ ∈ R to be chosen below. Let T∗ = T∗(Q, δ) be given
by Lemma 8.2. Applying that lemma to xan log τ , choose γ ∈ Γρ, z ∈W−

p0,δ
, and 0 < t < T∗

such that
γz ∈W+(xan log τ , 1)at.

Set y := γza−n log τ−t and p := y+ = γp0. Then y ∈W+(x, τ−n). By Lemma 8.1, all such y
lie in a fixed relatively compact set, independent of Q,n, t, δ. Consequently, p lies in a fixed
compact subset of Λρ ∖ {p0} and sy is uniformly bounded.

Since sx = 0, the definition of d+ gives esy/2dψ̄(x+, p) = d+(x, y) < τ−n. The uniform
comparison of dψ̄ and Dψ̄ on this compact set therefore gives Dψ̄(x

+, p) ≤ Cτ−n. It follows
that sy = ψ̄(βp(e, γ))+δ−n log τ−t. By Lemma 6.3 and the bound on sy, there is a constant
c > 1, independent of Q and δ, such that

c−1eδτ−ne−T∗ ≤ h(p) ≤ ceδτ−n.

Choose δ := − log(2c) and then set U0 := T∗(Q, δ) + log c− δ. This gives (8.1). □

9. Construction of the geometric partition

For a small parameter η > 0 to be chosen below, we construct neighborhoods Jp,η of
parabolic points p ∈ ∆, comparable to Dψ̄-balls of radius ηh(p). We remove selected neigh-
borhoods from each ∆i in successive height ranges, starting with the largest heights. The
residual set Zi,n(η) consists of the points of ∆i remaining after n steps. We prove that its
measure decays exponentially in n (Proposition 9.8).
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When discussing intervals and their order, we use the Euclidean coordinate transported
by f on Λρ ∖ {p0}. For nonempty subsets A,B ⊂ Λρ ∖ {p0}, set

Dψ̄(A,B) := inf
a∈A, b∈B

Dψ̄(a, b), Bψ̄(A, r) := {x ∈ Λρ ∖ {p0} : Dψ̄(x,A) < r}.

Let C ≥ 1 be the constant in Lemma 5.9.

Corollary 9.1 (Quasi-monotonicity of Dψ̄). For any ξ1, ξ2, ξ3 ∈ Λρ ∖ {p0} satisfying
dEuc(ξ1, ξ2) ≤ dEuc(ξ1, ξ3) and dEuc(ξ2, ξ3) ≤ dEuc(ξ1, ξ3), one has

Dψ̄(ξ1, ξ2) ≤ CDψ̄(ξ1, ξ3) and Dψ̄(ξ2, ξ3) ≤ CDψ̄(ξ1, ξ3).

Proof. Each of the two relevant Euclidean distance ratios is at most one. The upper bound
in Lemma 5.9, applied at the appropriate endpoint, gives both assertions. □

Recall from (4.3) that ∆ =
⋃ℓ
i=0∆i.

Lemma 9.2. There exists Cfd > 1 such that, for every 0 < η < 1, there are a finite-index
subgroup P′

0 = P′
0(η) < P0 and a compact fundamental domain R0,η ⊂ Λρ ∖ {p0} for its

action satisfying

(9.1) Bψ̄(∆, η−1) ⊂ R0,η ⊂ Bψ̄(x,Cfdη
−1) (x ∈ ∆).

Proof. Choose a generator h0 of P0 acting by x 7→ x + 1, and normalize ∆̂∞ = [0, 1]. By
(5.4), Dψ̄ is invariant under translation by h0. Let a, b be the left and right endpoints of
Bψ̄(∆, η−1) and put n := ⌊a⌋ and m := ⌈b⌉. Since this set contains ∆0, we have m− n ≥ 1.
Define

P′
0 := ⟨hm−n

0 ⟩, R0,η := [n,m] ∩ Λ(Γ).

Then R0,η is a compact fundamental domain for P′
0 and contains Bψ̄(∆, η−1).

For the upper bound, noteDψ̄(a,∆), Dψ̄(b,∆) ≤ η−1. Hence Corollary 5.10 givesDψ̄(x, a)+

Dψ̄(x, b) ≪ η−1 uniformly for x ∈ ∆ and 0 < η < 1. As x ∈ [a, b], Corollary 9.1 therefore
yields

Dψ̄(x, ξ) ≪ η−1
(
x ∈ ∆, ξ ∈ [a, b] ∩ Λ(Γ)

)
.

Since a−n,m−b < 1, Dψ̄-diameters for [n, a]∩Λ(Γ) and [b,m]∩Λ(Γ) are uniformly bounded.
Applying Corollary 5.10 extends the preceding bound to every ξ ∈ R0,η. Choosing Cfd > 1
larger than the implied constant proves (9.1). □

The proof applies without change to each of the finitely many conjugated systems

Γi := giΓρg
−1
i , giPig

−1
i < Γi,

using gi∆i as the compact set of centers. Hence, after taking the maximum of finitely many
constants, the same Cfd works for all 0 ≤ i ≤ ℓ. For each i and η, fix once and for all a
compact fundamental domain Ri,η constructed as in Lemma 9.2 and a finite-index subgroup
P′
i,η < Pi such that Ri,η is a fundamental domain for giP′

i,ηg
−1
i and

(9.2) Bψ̄(gix, η−1) ⊂ Ri,η ⊂ Bψ̄(gix,Cfdη
−1) (x ∈ ∆i).
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9.1. Building blocks of the coding. Fix 0 < η < η∗, where η∗ < 1/4 will be decreased
a finite number of times below. Until η is fixed in Proposition 9.8, we retain it in the
notation. For each parabolic point p ∈ ∆, we construct a compact neighborhood Jp,η of p
that will serve as a building block of the coding. Let p ∈ ∆ ∩ Λp(Γρ) have type i, with top
representative γp as in (6.2); so p = γppi and xp = γ−1

p pi ∈ ∆i.
Here and below, complements are taken in Λρ ∖ {p0} and closures in Λρ.

Definition 9.3 (Jp and Np). For p ∈ ∆ ∩ Γρpi, define

(9.3)
Jp = Jp,η := Λρ ∖ γpg

−1
i Ri,η = γpg

−1
i R c

i,η,

Np := {γ1 ∈ Pi : γpγ1∆i ⊂ Jp} = {γ1 ∈ Pi : γ1∆i ⊂ g−1
i R c

i,η}.

The set Jp,η is the image of the closed neighborhood R c
i,η of p0 under γpg−1

i , which sends
p0 to p.

For γ1 ∈ Np, the invariance (5.4) applied in the conjugate system gives

(9.4) Dψ̄

(
gi(γpγ1)

−1pi, gi∆i

)
= Dψ̄(gixp, giγ1∆i) ≥ η−1.

The last inequality follows from (9.2), since Bψ̄(gixp, η−1) ⊂ Ri,η.

Lemma 9.4 (Peripheral tiling of Jp). For fixed η, 0 ≤ i ≤ ℓ, and p ∈ ∆ ∩ Γρpi, we have:
(1) The complement Pi ∖Np is finite.
(2) There is a countable set Ep ⊂ {p} ∪

⋃
γ1∈Pi γpγ1∂∆i such that

Jp ∖ Ep =
⊔

γ1∈Np

γpγ1 int∆i.

In particular, ν
(
Jp △∪γ1∈Npγpγ1∆i

)
= 0 where △ denotes the symmetric difference.

Proof. All but finitely many tiles lie in R c
i,η, so the definition of Np implies that Pi ∖Np is

finite. The map γpg
−1
i sends each tile giγ1∆i to γpγ1∆i and sends p0 to p. This gives the

asserted decomposition, with Ep consisting of p and the endpoints of these images. □

We compare Jp,η with Dψ̄-balls centered at p whose radii are proportional to ηh(p).

Lemma 9.5. There exist η∗ > 0, 0 < C1 < 1, and C2 > 1 such that, for every 0 < η < η∗,
0 ≤ i ≤ ℓ, and p ∈ ∆ ∩ Γρpi, we have

Bψ̄
(
gip,

C1ηhi(gip)

Cfd

)
⊂ giJp,η ⊂ Bψ̄

(
gip,

ηhi(gip)

C1

)
,

Bψ̄
(
p,
ηh(p)

C2

)
⊂ Jp,η ⊂ Bψ̄ (p, C2ηh(p)) .

Proof. Fix i and p ∈ ∆ ∩ Γρpi. Recall that αp := giγpg
−1
i satisfies αpp0 = gip and α−1

p p0 =
gixp ∈ gi∆i. By Lemma 6.8, applied to Γi,

(9.5) Dψ̄(α
−1
p y, gixp) ≍

hi(gip)

Dψ̄(y, gip)

(
y ∈ giΛρ ∖ {p0, gip}

)
.

If y ∈ giJp,η ∖ {gip}, then α−1
p y ∈ R c

i,η. Since xp ∈ ∆i, the first inclusion in (9.2) gives
Dψ̄(α

−1
p y, gixp) ≥ η−1. Together with (9.5), this implies Dψ̄(y, gip) ≪ ηhi(gip). Conversely,

if y ∈ giΛρ ∖
(
giJp,η ∪ {p0}

)
, then α−1

p y ∈ Ri,η, so the second inclusion in (9.2) gives
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Dψ̄(α
−1
p y, gixp) < Cfdη

−1. Hence Dψ̄(y, gip) ≫
ηhi(gip)
Cfd

. Choosing C1 > 0 sufficiently small
proves the first pair of inclusions. By Lemmas 6.5 and 6.6, hi(gip) ≍ h(p) ≪ 1 uniformly.
For sufficiently small η∗, Lemma 5.7 therefore gives uniform bi-Lipschitz bounds on the
relevant neighborhoods. Pulling back the first pair of inclusions by g−1

i yields the second
pair, with a uniform constant C2 > 1. □

9.2. The inductive partition. Let νi := (gi)∗ν; this is the unique (Γi, ψ)-Patterson-
Sullivan measure on giΛρ. Apply Corollary 9.1 to each conjugated representation γ 7→
giρ(γ)g

−1
i , with the same form ψ̄ and distinguished point gipi = p0. Choose c ≥ 1 larger

than all the resulting constants.

Lemma 9.6. There exists H > c2 such that, for every 0 ≤ i ≤ ℓ, p ∈ Λp(Γi) ∖ {p0}, and
0 < r ≤ hi(p),

(9.6) νi
(
Bψ̄(p, r/

√
H)
)
≤ 1

2
νi
(
Bψ̄(p, r/c)

)
.

Proof. To apply Corollary 7.10, first move the center p into the compact fundamental do-
main: choose γ ∈ giPig

−1
i such that q := γ−1p ∈ gi∆i. By invariance, hi(q) = hi(p) and

γ−1Bψ̄(p, s) = Bψ̄(q, s). Since r ≤ hi(q) ≪ 1, the balls under consideration have uniformly
bounded diameter. Applying Lemma 7.3 in Γi to both balls, with the same center p, gives

νi(Bψ̄(p, r/
√
H))

νi(Bψ̄(p, r/c))
≍
νi(Bψ̄(q, r/

√
H))

νi(Bψ̄(q, r/c))
.

By Corollary 7.10 applied in Γi, the right-hand side is ≪ (c/
√
H)a for some uniform a > 0.

Hence taking H sufficiently large proves the claim. □

Fix H as in Lemma 9.6 and set

hn := H−n (n ≥ 0).

For q = gip with p ∈ ∆, write JΓi,q,η := giJp,η. Take the constants C2 and Cs in
Lemma 9.5 and proposition 6.7 uniformly over the finitely many groups Γi, and decrease η∗
if necessary so that 4C2η∗ < 1.

Definition 9.7. For 0 ≤ i ≤ ℓ and 0 < η < η∗, set Zi,0(η) := ∆i. For n ≥ 1, define
inductively

Pi,n(η) :=

{
p ∈ ∆i ∩ Λp(Γρ) : hn < ηhi(gip) ≤ hn−1, Bψ̄

(
gip,

hn−1

4η

)
⊂ giZi,n−1(η)

}
,

where Bψ̄(gip, r) := {q ∈ giΛρ ∖ {p0} : Dψ̄(gip, q) < r}. Thus Pi,n(η) consists of the centers
of the sets Jp,η removed from ∆i at stage n. Set

Di,n(η) :=
⋃

p∈Pi,n(η)

Jp,η, Zi,n(η) := Zi,n−1(η)∖Di,n(η).

For i = 0, abbreviate Pn(η) := P0,n(η), Dn(η) := D0,n(η), and Zn(η) := Z0,n(η).

For p ∈ Pi,n(η), the ball condition implies p ∈ Zi,n−1(η). By Lemma 9.5, applied to Γi,

giJp,η ⊂ Bψ̄(gip, C2ηhi(gip)) ⊂ Bψ̄
(
gip,

hn−1

4η

)
⊂ giZi,n−1(η).

Thus Di,n(η) ⊂ Zi,n−1(η), and all three sets lie in ∆i.
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Moreover, Proposition 6.7, applied to Γi, gives Dψ̄(gip, gip
′) > Cshn/η for distinct p, p′ ∈

Pi,n(η). Since gi∆i is compact, Pi,n(η) is finite. Hence Di,n(η) is a finite union of the sets
Jp,η. The following proposition will be proved in Section 10.

Proposition 9.8 (Exponential decay of residual mass). For all sufficiently small η > 0,
there exists ε0 > 0 such that, for every 0 ≤ i ≤ ℓ and sufficiently large n,

ν
(
Zi,n(η)

)
≤ (1− ε0)

n.

We take η > 0 sufficiently small for the preceding proposition and all requirements above,
allowing further reductions until its final choice in the proof of Lemma 11.5. We suppress η
from the notation:

Pi,n := Pi,n(η), Jp := Jp,η, Di,n := Di,n(η), Zi,n := Zi,n(η),
and write

Pn := P0,n, Dn := D0,n, Zn := Z0,n.

We also abbreviate Ri := Ri,η and P′
i := P′

i,η.

9.3. Boundary conventions. By construction, each Jp has the form Jp = f(Ĵp ∩ Λ(Γ))

for a closed interval Ĵp ⊂ ∂H2. Define ∂Jp := f(∂Ĵp ∩Λ(Γ)). This set contains at most two
points and is ν-null. For p of type i, we have giγ−1

p ∂Jp = ∂Ri.
For n ≥ 0, define

(9.7) ∂Zn := ∂∆0 ∪
n⋃
k=1

⋃
p∈Pk

∂Jp,

where the union is empty when n = 0.
We call the sets ∂∆0 and ∂Jp the boundary pieces; a piece may contain two endpoints.

Thus ∂Zn denotes their union, rather than a family of connected components. The separa-
tion statement in Lemma 10.6 identifies the pieces relevant to the residual set Zn.

10. Exponential decay of the residual mass

Proposition 9.8 follows from the case i = 0 stated below. Indeed, applying this case to
each Γi with measure νi = (gi)∗ν gives the desired estimate, since νi(giZi,n(η)) = ν(Zi,n(η)).

Proposition 10.1. For every sufficiently small η > 0, there exists ε0 > 0 such that, for all
sufficiently large n, ν(Zn) ≤ (1− ε0)

n.

We classify parabolic limit points according to their proximity to the boundary pieces of
the residual sets Zi,n(η). The resulting geometric estimates, combined with annular mass
loss and recurrence of the reparametrized flow, show that Dn+1∪· · ·∪Dn+N removes a fixed
proportion of the residual mass, yielding uniform contraction over blocks of N generations.

For n ≥ 1, define

Qn :=

{
p ∈ Λp(Γρ)∖ {p0} :

hn < ηh(p) ≤ hn−1, p /∈ Pn
Bψ̄(p, ηh(p)) ∩ Zn−1 ̸= ∅

}
.

Set
r(p, n) :=

√
ηh(p)hn, Q′

n := {p ∈ Qn : Bψ̄(p, r(p, n)) ∩ ∂Zn−1 ̸= ∅}.
By Definition 6.1 and Lemma 6.5, the height h is uniformly bounded. Since Bψ̄(p, ηh(p))

meets Zn−1 ⊂ ∆0 for every p ∈ Qn, all the sets Qn lie, for sufficiently small η, in a
fixed compact neighborhood of ∆0 avoiding p0, . . . , pℓ. On this neighborhood, Lemma 6.3,
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applied both to Γρ and to the conjugated groups Γi = giΓρg
−1
i , together with gi ∈ K, gives

hi(gip) ≍ h(p). The maps gi also satisfy uniform bi-Lipschitz bounds there by Lemma 5.7.
We use both facts below without further mention.

10.1. A previous-generation boundary piece. We first consider p ∈ Q′
n for which

Bψ̄(p, r(p, n)) meets ∂Jq for some q ∈
⋃
k<n Pk. Write q = γqpi, where γq is as in (6.2),

and xq = γ−1
q pi ∈ ∆i.

Lemma 10.2. There exists C > 1 such that

ηh(p) ≤ hn−1 ≤ Cη3h(q) and C−1ηhi(gip) ≤ hn−1 ≤ Cη3hi(giq).

Proof. It suffices to prove the first statement; the height comparison hi(gip) ≍ h(p) then
gives the second. Since p ∈ Qn, we have hn < ηh(p) ≤ hn−1, showing the first inequality.
By Proposition 6.7, we have

(10.1) Dψ̄(p, q) > Cs
√
h(p)h(q) > Cs

√
hnh(q)η−1.

On the other hand, since Dψ̄(p, ∂Jq) < r(p, n), we have for some x ∈ ∂Jq that

Dψ̄(p, q) ≤ N0(Dψ̄(p, x) +Dψ̄(x, q)) ≤ N0(r(p, n) + C2ηh(q))

by Corollary 5.10, where the second inequality follows by Lemma 9.5. Since p ∈ Qn and
q ∈ P1 ∪ · · · ∪ Pn−1, we have r(p, n) ≤

√
hn−1hn ≤ hn−1 < ηh(q). Therefore, we have

Dψ̄(p, q) ≤ N0(1 + C2)ηh(q).

Together with (10.1), we have Cs
√
hn−1h(q)(Hη)−1 = Cs

√
hnh(q)η−1 ≤ N0(1 + C2)ηh(q),

and hence hn−1 ≤ Cη3h(q) with C :=
N2

0 (1+C2)2H
C2
s

. □

Lemma 10.3. There exists C > 1 such that

Bψ̄(gip, hi(gip)) ⊂ Bψ̄(giq, Cηhi(giq))∖ Bψ̄
(
giq, C

−1ηhi(giq)
)
.

Proof. Let x ∈ Bψ̄(gip, hi(gip)). Then by Corollary 5.10, Lemma 5.7, and Lemma 10.2, there
exist c′, c > 0, depending only on ψ̄, such that

(10.2)
Dψ̄(giq, x) ≤ N0(Dψ̄(giq, gip) +Dψ̄(gip, x)) ≤ N0(Dψ̄(giq, gip) + hi(gip))

≤ N0(c
′Dψ̄(q, p) + hi(gip)) ≤ N0(c

′Dψ̄(q, p) + cη2hi(giq)).

Since p ∈ Qn, we have

Dψ̄(p, ∂Jq) < r(p, n) =
√
ηh(p)hn ≤

√
hn−1hn ≤ hn−1.

By Lemma 9.5, Corollary 5.10, and Lemma 10.2, there exists c′′ > 0 such that

Dψ̄(q, p) ≤ N0(C2ηh(q) + hn−1) ≤ N0c
′′ηhi(giq).

Combining this with (10.2) yields the inclusion

Bψ̄(gip, hi(gip)) ⊂ Bψ̄(giq, Cηhi(giq)) for some C > 1.

Now by Corollary 5.10, we have

Dψ̄(giq, gi(∂Jq)) ≤ N2
0 (Dψ̄(giq, x) +Dψ̄(x, gip) +Dψ̄(gip, gi(∂Jq)))

≤ N2
0 (Dψ̄(giq, x) + hi(gip) +Dψ̄(gip, gi(∂Jq))).

Again, by the bi-Lipschitz property of gi (Lemma 5.7),

Dψ̄(gip, gi(∂Jq)) ≤ c′Dψ̄(p, ∂Jq) < c′r(p, n) ≤ c′hn−1.
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By Lemma 10.2, this implies that for some uniform constant c̃ > 0,

hi(gip) +Dψ̄(gip, gi(∂Jq)) ≤ c̃η2hi(giq).

Since Dψ̄(giq, gi(∂Jq)) ≥ C1ηhi(giq)/Cfd by Lemma 9.5, we finally have that(
C1

CfdN
2
0

− c̃η

)
ηhi(giq) ≤ Dψ̄(giq, x).

Since x ∈ Bψ̄(gip, hi(gip)) is arbitrary, it follows that

Bψ̄(gip, hi(gip)) ∩ Bψ̄
(
giq, C

−1ηhi(giq)
)
= ∅

for some C > 1. This completes the proof. □

Lemma 10.4. We have

hi(giγ
−1
q p) ≍ hi(gip)

η2hi(giq)
.

Proof. By the definition of hi, the cocycle identity, and Lemmas 3.11 and 3.14,

hi(giγ
−1
q p) ≍ hi(giq)hi(gip)

dψ̄(gip, giq)
2
.

The points p and q lie in a fixed compact neighborhood of ∆0 avoiding p0, . . . , pℓ. Hence
gip and giq lie in a fixed compact subset of giΛρ∖ {p0}, on which dψ̄ ≍ Dψ̄. Taking x = gip

in Lemma 10.3 therefore gives dψ̄(gip, giq) ≍ ηhi(giq). Substitution proves the lemma. □

Define

(10.3) r̃p,n :=

√
hnhi(giγ

−1
q p)

ηhi(giq)
.

By Lemma 10.4 and the assumption that p ∈ Qn, we have

(10.4) r̃p,n ≪
√
ηhnhi(gip)

η2hi(giq)
≪ hi(gip)

ηhi(giq)
≪ ηhi(giγ

−1
q p).

In particular, r̃p,n ≪ η, since hi(giγ−1
q p) is invariant under giPig−1

i and is bounded above
on a fixed fundamental domain.

Lemma 10.5. There exists C3 > 1 such that every p′ ∈ Λρ with Dψ̄(giγ
−1
q p′, giγ

−1
q ∂Jq) ≤

r̃p,n
C3

satisfies Dψ̄(p
′, ∂Jq) ≤ hn.

Proof. Choose x ∈ ∂Jq realizing the distance in the hypothesis. By Lemma 5.7,

(10.5) Dψ̄(gip
′, gix) ≍

Dψ̄(giγ
−1
q p′, giγ

−1
q x)

Dψ̄(giγ
−1
q p′, gixq)Dψ̄(gixq, giγ

−1
q x)

hi(giq).

Here we use Lemmas 6.4 to 6.6 to obtain eψ̄(βp0 (e,giγqg
−1
i )) ≍ e−ψ̄(µ(γq)) ≍ hi(giq).

Since giγ−1
q ∂Jq = ∂Ri, (9.2) gives Dψ̄(gixq, giγ

−1
q x) ≍ η−1. The hypothesis and (10.4)

giveDψ̄(giγ
−1
q p′, giγ

−1
q x) ≤ r̃p,n/C3 ≪ η/C3. Thus Corollary 5.10 impliesDψ̄(giγ

−1
q p′, gixq) ≍

η−1 for sufficiently large C3. Substituting these bounds into (10.5) and using (10.4), we ob-
tain

Dψ̄(gip
′, gix) ≪

η2hi(giq)

C3
r̃p,n ≪ ηhi(gip)

C3
.
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Since x ∈ ∂Jq ⊂ ∆0 and the preceding bound is O(η), p′ lies in a fixed compact neighborhood
of ∆0 where the inverse coordinate change is uniformly bi-Lipschitz. Using Lemma 5.7 and
ηh(p) ≤ hn−1 = Hhn, we obtain Dψ̄(p

′, x) ≪ Hhn/C3. Increasing C3 proves the lemma. □

10.2. Separation of boundary pieces. We next estimate the separation of the sets Jp,
p ∈ Pn, from one another and from Z c

n−1.

Lemma 10.6. After decreasing η∗, for every n ≥ 1 and distinct p, p′ ∈ Pn,

Dψ̄(Jp, Jp′) >
Cs

2ηN2
0

hn and Dψ̄(Jp,Z c
n−1) >

Cs
2ηN2

0

hn.

Consequently, the sets Jp, p ∈
⋃
n≥1 Pn, are pairwise disjoint.

Proof. For x ∈ Jp and y ∈ Jp′ , Proposition 6.7 and Lemma 9.5 give

Cs
√
h(p)h(p′) < N2

0

(
Dψ̄(x, y) + C2ηh(p) + C2ηh(p

′)
)
.

Since ηh(p), ηh(p′) ∈ (hn, hn−1], it follows that Dψ̄(x, y) > hn

(
Cs
ηN2

0
− 2HC2

)
, which is at

least the claimed lower bound for small η.
If x ∈ Z c

n−1 and y ∈ Jp, then the definition of Pn and Lemma 9.5 give hn−1

4η ≤ N0

(
Dψ̄(x, y)+

C2ηh(p)
)
. The same choice of η∗ gives the second estimate. If p ∈ Pj , p′ ∈ Pk, and j < k,

then Jp ⊂ Z c
k−1, so the second estimate applied to Jp′ proves cross-generation disjoint-

ness. □

Lemma 10.7. For every p ∈ Q′
n, the ball Bψ̄(p, r(p, n)) meets exactly one of the sets ∂∆0

and ∂Jq, q ∈
⋃n−1
k=1 Pk.

Proof. The ball meets at least one of these sets by definition. If it met two distinct sets E
and F , then Corollary 5.10 would give Dψ̄(E,F ) ≤ 2N0r(p, n) ≤ 2N0hn−1. On the other
hand, Lemma 10.6 gives Dψ̄(E,F ) ≥ Cshn−1/(2ηN

2
0 ), since hj ≥ hn−1 for j ≤ n − 1. For

sufficiently small η, these bounds contradict each other. □

10.3. Equivalence classes. We construct the sets C(p), the radii rp,m, and the neighbor-
hoods Bp,m inductively. At stage n ≥ 1, consider p ∈ Qn ∖

⋃
k<nQ

′′
k, where the union is

empty when n = 1.
Case 1: p ∈ Q′

n. By Lemma 10.7, Bψ̄(p, r(p, n)) meets exactly one of ∂∆0 and ∂Jq,
q ∈

⋃
k<n Pk.

Case 1-1: Dψ̄(p, ∂∆0) < r(p, n). Set

C(p) :=
{
γ1p : γ1 ∈ P0, γ1Bψ̄(p, r(p, n)) ∩ ∂∆0 ̸= ∅

}
.

For p′ ∈ C(p) and m ≥ n, define

rp′,m :=
√
ηhmh(p′), Bp′,m := Bψ̄(p′, rp′,m).

Case 1-2: Dψ̄(p, ∂Jq) < r(p, n). Write q = γqpi and use r̃p,n and C3 from (10.3) and
Lemma 10.5. If Bψ̄(giγ−1

q p, r̃p,n/C3) meets giγ−1
q ∂Jq, set

(10.6)
C(p) :=

{
(giγ

−1
q )−1γ1giγ

−1
q p : γ1 ∈ giP

′
ig

−1
i , γ1Bψ̄(giγ−1

q p, r̃p,n/C3) ∩ giγ−1
q ∂Jq ̸= ∅

}
.
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Otherwise, set C(p) := {p}. For p′ ∈ C(p) and m ≥ n, define

rp′,m :=
1

C3

√
hmhi(giγ

−1
q p′)

ηhi(giq)
, Bp′,m := (giγ

−1
q )−1Bψ̄(giγ−1

q p′, rp′,m).

Case 2. For every remaining point p ∈ Qn∖
⋃
k<nQ

′′
k not covered by the classes above, set

C(p) := {p} and define rp,m and Bp,m as in Case 1-1.
In each case, rp′,m = rp,m for p′ ∈ C(p), by invariance of the corresponding height

under the peripheral group. For each member p′ of a constructed class C(p), we write
C(p′) := C(p); the consistency of these assignments is proved in Lemma 10.11.

Finally, set

Q′′
n :=

⋃
p∈Qn∖

⋃
k<nQ

′′
k

C(p).

Then
⋃
j≤nQj ⊂

⋃
j≤nQ

′′
j . A class constructed at the n-th step is said to have generation n.

We call ∂∆0 in Case 1-1 and ∂Jq in Case 1-2 the associated boundary of the class. Classes
constructed in Case 2 have no associated boundary.

10.4. Uniformity among equivalence classes.

Lemma 10.8. There exists C4 > 1 such that for any p ∈ Qn ∖
⋃
k≤n−1Q

′′
k and p′ ∈ C(p),

we have

C4
−1 ≤ h(p)

h(p′)
≤ C4.

The assertion is immediate for singleton classes. In Case 1-1, p′ ∈ P0p and h is P0-
invariant by Definition 6.1, so h(p′) = h(p). It therefore remains to consider Case 1-2, with
associated boundary ∂Jq, where q = γqpi. We first establish the following estimate.

Lemma 10.9. There exists C > 1 such that for any p ∈ Q′
n ∖

⋃
k≤n−1Q

′′
k satisfying the

hypothesis of Case 1-2 (i.e., Bψ̄(p, r(p, n)) ∩ ∂Jq ̸= ∅ for some q ∈ P1 ∪ · · · ∪ Pn−1), any
p′ ∈ C(p) and any m ≥ n, we have

Bψ̄(giγ−1
q p′, rp′,m) ⊂ Bψ̄(gixq, Cη−1)∖ Bψ̄(gixq, (Cη)−1);

giBp′,m ⊂ Bψ̄(giq, Cηhi(giq))∖ Bψ̄(giq, C−1ηhi(giq)).

Proof. Since giγ−1
q ∂Jq = ∂Ri, (9.2) gives Dψ̄(gixq, z) ≍ η−1 for every z ∈ giγ

−1
q ∂Jq.

In the first alternative of Case 1-2, (10.6) and Lemma 5.7 imply that Bψ̄(giγ−1
q p′, rp′,n)

meets giγ
−1
q ∂Jq. In the singleton alternative, p′ = p, and Lemmas 6.8 and 10.3 give

Dψ̄(giγ
−1
q p, gixq) ≍ η−1. By Definition 6.1, hi is giPig−1

i -invariant. Together with (10.6),
this gives hi(giγ−1

q p′) = hi(giγ
−1
q p). Hence, by the definitions of the radii and (10.4),

rp′,m ≤ rp′,n = rp,n = r̃p,n/C3 ≪ η.
Thus Corollary 5.10 implies Dψ̄(z, gixq) ≍ η−1 throughout Bψ̄(giγ−1

q p′, rp′,m). This proves
the first inclusion. For every z ∈ Bψ̄(giγ−1

q p′, rp′,m), Lemma 6.8 gives

Dψ̄((giγqg
−1
i )z, giq) ≍

hi(giq)

Dψ̄(z, gixq)
≍ ηhi(giq).

Since (giγqg
−1
i )Bψ̄(giγ−1

q p′, rp′,m) = giBp′,m by definition, the second inclusion follows. □
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Proof of Lemma 10.8. It remains to consider Case 1-2. Since hi(giq) ≪ 1, Lemma 10.9
places p and p′ in a fixed compact neighborhood of ∆0 avoiding the cusp representatives,
after decreasing η. In particular, (5.3) gives dψ̄(gip′, giq) ≍ Dψ̄(gip

′, giq).
The computation in the proof of Lemma 10.4, together with Lemma 10.9, therefore gives

(10.7) hi(giγ
−1
q p′) ≍ hi(giq)hi(gip

′)

dψ̄(gip
′, giq)2

≍ hi(gip
′)

η2hi(giq)
.

By the definition of C(p), hi(giγ−1
q p′) = hi(giγ

−1
q p). Combining (10.7) with Lemma 10.4

yields hi(gip′) ≍ hi(gip).
Finally, Lemma 6.3, applied to the original and conjugated systems, and gi ∈ K give

h(p′) ≍ hi(gip
′) and h(p) ≍ hi(gip) on these compact neighborhoods. Hence h(p′) ≍ h(p),

as required. □

10.5. Size of the neighborhoods Bp,m.

Lemma 10.10. There exists C5 > 1 such that for any p ∈ Q′′
n and any m ≥ n,

Bψ̄(p,
√
ηh(p)hm/C5) ⊂ Bp,m ⊂ Bψ̄(p, C5

√
ηh(p)hm).

Proof. The assertion follows directly from the definitions in Cases 1-1 and 2. Consider Case
1-2, with associated boundary ∂Jq, where q = γqpi and xq = γ−1

q pi.
By Lemma 10.9, p lies in a fixed compact neighborhood of ∆0 avoiding the cusp repre-

sentatives. On these neighborhoods, Lemmas 5.7 and 6.3 give hi(gip) ≍ h(p) and uniform
bi-Lipschitz bounds for gi. For x ∈ Bψ̄(giγ−1

q p, rp,m), Lemmas 6.8 and 10.9 give

(10.8) Dψ̄(gip, (giγqg
−1
i )x) ≍ η2hi(giq)Dψ̄(giγ

−1
q p, x).

Moreover, the definition of rp,m and (10.7) imply

(10.9) rp,m ≍
√
ηhi(gip)hm
η2hi(giq)

.

Since (giγqg
−1
i )Bψ̄(giγ−1

q p, rp,m) = giBp,m, these estimates give a uniform C > 1 such that
giBp,m ⊂ Bψ̄(gip, C

√
ηhi(gip)hm). Pulling back by gi and using hi(gip) ≍ h(p) proves the

second inclusion.
To prove the first inclusion, take x ∈ Bψ̄(gip,

√
ηhi(gip)hm/C). By Lemma 10.8 and

m ≥ n,
√
ηhi(gip)hm ≪ hn. Since q ∈

⋃
j<n Pj , we also have hn ≪ ηhi(giq). Thus

Lemma 10.9 and corollary 5.10 implyDψ̄(x, giq) ≍ ηhi(giq) for sufficiently large C. Applying
Lemma 6.8 again, we obtain

(10.10) Dψ̄(giγ
−1
q p, giγ

−1
q g−1

i x) ≍
hi(giq)Dψ̄(gip, x)

Dψ̄(gip, giq)Dψ̄(x, giq)
≪
√
ηhi(gip)hm
Cη2hi(giq)

≍ rp,m
C

.

Increasing C makes the last quantity smaller than rp,m, so x ∈ giBp,m. Pulling back the two
inclusions by gi and using hi(gip) ≍ h(p) proves the lemma. □

10.6. Well-definedness of equivalence classes.

Lemma 10.11. Any two equivalence classes are equal or disjoint.

Proof. Suppose that C(p′)∩C(p′′) ̸= ∅. First consider the case when C(p′) = {p′}. If C(p′′)
is also a singleton, the assertion is immediate. Otherwise, let k and n be the generations at
which C(p′) and C(p′′) are defined. Since p′ ∈ C(p′′) ⊂ Q′′

n, the construction gives k ≤ n.
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If the associated boundary of C(p′′) is ∂∆0, then p′ ∈ P0p
′′. The P0-invariance of h

(Definition 6.1) gives h(p′) = h(p′′), hence k = n. Moreover, Bψ̄(p′, r(p′, n)) meets ∂∆0.
Thus C(p′) is also defined in Case 1-1, and Lemma 5.7 gives C(p′) = C(p′′).

Suppose instead that the associated boundary is ∂Jq, where q = γqpi. By Lemma 10.2
and Lemma 10.8, h(q) ≫ hk/η

3. For sufficiently small η, this implies q ∈
⋃
j<k Pj . By

(10.6) and Lemma 5.7, the ball centered at giγ−1
q p′ with radius r̃p′′,n/C3 meets giγ−1

q ∂Jq.
Hence Lemma 10.5 gives

Dψ̄(p
′, ∂Jq) ≤ hn ≤ hk < r(p′, k).

By Lemma 10.7, C(p′) is therefore constructed in Case 1-2 with associated boundary ∂Jq.
The giPig−1

i -invariance of hi (Definition 6.1) gives r̃p′,k ≥ r̃p′,n = r̃p′′,n. Thus (10.6) implies
C(p′′) ⊂ C(p′), contradicting the singleton assumption.

It remains to consider two classes containing at least two points. Let their generations
be m ≤ n, their associated boundaries be ∂1 and ∂2, and choose p ∈ C(p′) ∩ C(p′′). The
definitions and Lemma 10.5 give Dψ̄(p, ∂1) ≤ hm−1 and Dψ̄(p, ∂2) ≤ hn−1. By Lemma 10.8,
h(p′) ≍ h(p′′), so hm−1 ≍ hn−1. If ∂1 ̸= ∂2, then Lemma 10.6 and Corollary 5.10 yield

Cshn−1

2ηN2
0

≤ Dψ̄(∂1, ∂2) ≤ N0(hm−1 + hn−1) ≪ hn−1,

a contradiction for small η. Thus the associated boundaries agree.
If the common boundary is ∂∆0, then h(p′) = h(p) = h(p′′), so m = n. Both classes are

consequently defined by the same P0-orbit and the same radius, and hence are equal.
If the common boundary is ∂Jq, then giγ−1

q p′ and giγ−1
q p′′ lie in the same giP′

ig
−1
i -orbit.

Their hi-heights are therefore equal, and m ≤ n gives r̃p′′,n ≤ r̃p′,m. Thus (10.6) gives
C(p′′) ⊂ C(p′). In particular, p′′ ∈ Q′′

m, so the construction forces m = n. The defining
radii are then equal, and therefore C(p′) = C(p′′). □

10.7. Auxiliary sets in Zn. By construction and Lemma 10.11, the sets Q′′
n are pairwise

disjoint. Define
Bn := Zn ∩

⋃
j≤n

⋃
p∈Q′′

j

Bp,n, An := Zn ∖Bn.

For p = γpi ∈ Λp(Γρ), the horoball based at f−1(p) whose boundary contains ρ−1(γPi)o
is called the horoball for p. This does not depend on the choice of γ.

Let Φ : Ω̃Γ → Ω̃ψ̄ be the reparametrization from Theorem 3.20. For 0 < ε < 1, let Cε

consist of those x ∈ Ω̃ψ̄ for which there exists p ∈ Λp(Γρ) such that (Φ−1(xat))(0) lies in
the interior of the horoball for p whenever |t| ≤ − log ε.

For each fixed ε, the set Cε is open and Γρ-invariant. Let Q ⊂ Ωψ̄ be the image of the
compact set Γ\(T1 Yth ∩ Ω̃Γ) under the homeomorphism induced by Φ. Every point outside
the image of Cε meets Q within flow time |t| ≤ − log ε. Hence Γρ\(Ω̃ψ̄ ∖ Cε) is compact.

Lemma 10.12. There exists C > 0 such that, for every sufficiently small ε > 0, if x =
(x+, p0, 0) satisfies x+ ∈ Z0 and xan log H ∈ CCε for some n ≥ 1, then there exists p ∈
Λp(Γρ)∖ {p0} such that

hn < εh(p), Dψ̄(x
+, p) <

√
εh(p)hn.

Proof. Let 0 < C < 1 be chosen below, set T := n log H, and choose p as in the definition
of CCε. The set Φ−1({(ξ, p0, 0) : ξ ∈ Z0}) is compact. Hence Theorem 3.20 gives a uniform
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upper bound for the forward exit time from the horoball for p0. Since T ≥ 0, we have p ̸= p0
for sufficiently small ε.

We also record that p lies in a fixed compact subset of Λρ ∖ {p0}. Indeed, place f−1(p0)
at ∞ in the upper half-plane model. The horoballs for p ̸= p0 have uniformly bounded
Euclidean diameters, since they are uniformly bounded enlargements of the horoballs in H .
As f−1(x+) ranges over a bounded subset of R, the basepoints of horoballs meeting the
vertical geodesic from ∞ to f−1(x+) also remain bounded.

Write p = γpi. Since x− = p0 ̸= p, there is an entrance time T − t1, with t1 > − log(Cε).
Set σ1 := Φ−1(xaT−t1) and choose γ1 ∈ γPi so that γ̂1o is uniformly close to σ1(0). The
entrance point is uniformly close to both rays [o, f−1(p)] and [o, f−1(x+)]. Thus Lemma 3.12
and Lemma 3.11 give ψ̄(βx+(e, γ1)) = ψ̄(βp(e, γ1))+O(1). Moreover, equivariance and con-
tinuity of Φ imply that the R-coordinate of γ−1

1 Φ(σ1) is uniformly bounded. Consequently,

T − t1 = ψ̄(βx+(e, γ1)) +O(1) = ψ̄(βp(e, γ1)) +O(1).

By Lemma 6.3, hn ≍ e−t1h(p) ≪ Cεh(p), which proves the first inequality when C is
sufficiently small.

If x+ = p, the second inequality is immediate. Otherwise, there is an exit time T + t2,
with t2 > − log(Cε). Set σ2 := Φ−1(xaT+t2) and choose γ2 ∈ γPi so that γ̂2o is uniformly
close to σ2(0). As above, T + t2 = ψ̄(βx+(e, γ2)) + O(1). The exit point is uniformly close
to [f−1(x+), f−1(p)]. Hence Lemma 3.13 gives G(γ−1

2 x+, pi) = O(1). The cocycle identity,
ψ̄ ◦ i = ψ̄, and Lemma 6.3 therefore yield

2ψ̄(G(x+, p)) = ψ̄(βx+(e, γ2)) + ψ̄(βp(e, γ2)) +O(1) = T + t2 − log h(p) +O(1).

Since x+ and p lie in a fixed compact set avoiding p0, (5.3) now gives

Dψ̄(x
+, p) ≍ dψ̄(x

+, p) ≍
√
e−t2h(p)hn ≪

√
Cεh(p)hn.

Choosing C sufficiently small proves the second inequality. □

Lemma 10.13. There exists C6 > 0 such that if x = (x+, p0, 0) ∈ Ω̃ψ̄ satisfies x+ ∈ Zn and
xan log H ∈ CC6η for some n ∈ N, then x+ ∈ Bn.

Proof. Let C be the constant in Lemma 10.12, and choose 0 < C6 < Cmin{1, C−1
2 , C−2

5 }.
Applying that lemma with ε = C6η/C, we obtain p ∈ Λp(Γρ)∖ {p0} such that

hn < ηh(p), Dψ̄(x
+, p) < min

{
ηh(p)

C2
,

√
ηh(p)hn
C5

}
.

Since h(p) ≪ 1, for sufficiently small η there is 1 ≤ k ≤ n with hk < ηh(p) ≤ hk−1. The
ball Bψ̄(p, ηh(p)) contains x+ ∈ Zn ⊂ Zk−1, so p ∈ Pk ∪Qk.

If p ∈ Pk, then Lemma 9.5 gives x+ ∈ Jp, contradicting x+ ∈ Zn. Thus p ∈ Qk ⊂⋃
j≤kQ

′′
j . Since Dψ̄(x

+, p) <
√
ηh(p)hn/C5, Lemma 10.10 gives x+ ∈ Bp,n. Together with

x+ ∈ Zn, this yields x+ ∈ Bn. □

10.8. Separation across generations.

Lemma 10.14. For every n ≥ 1,

Pn+1 ∩
⋃
k≤n

Q′′
k = ∅.
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Proof. Suppose that p ∈ Pn+1 ∩C(p′), where C(p′) is defined at generation m ≤ n. If C(p′)
is a singleton or is associated with ∂∆0, then h(p) = h(p′), using the P0-invariance of h in
the latter case (Definition 6.1). This contradicts the disjoint height ranges of Pn+1 and Qm.

Thus C(p′) is a non-singleton class in Case 1-2, with associated boundary ∂Jq for some
q ∈

⋃
j<m Pj . By Lemma 10.5, Dψ̄(p, ∂Jq) ≤ hm. On the other hand, Bψ̄(p, hn/(4η)) ⊂ Zn

and ∂Jq ⊂ Jq ⊂ Zc
n. Together with Lemma 10.8, this gives
hn
4η

≤ Dψ̄(p, ∂Jq) ≤ hm < ηh(p′) ≤ C4ηh(p) ≤ C4hn,

a contradiction for sufficiently small η. □

Lemma 10.15. There exists 0 < C7 < 1 such that, for every n ≥ 1, p ∈ Pn+1 ∪Q′′
n+1, and

q ∈
⋃
j≤nQ

′′
j ,

Dψ̄(p,Bq,n) ≥ C7η
−1hn.

In particular, Dψ̄(p,Bn) ≥ C7η
−1hn.

Proof. By Lemma 10.11 and Lemma 10.14, p ̸= q. The height ranges and Lemma 10.8 give

h(p) ≥ hn
HC4η

, h(q) ≥ hn
C4η

.

By Proposition 6.7, Lemma 10.10, and Corollary 5.10,

Dψ̄(p,Bq,n) ≥
Cs
N0

√
h(p)h(q)− C5

√
ηh(q)hn ≥ Cs

2N0

√
h(p)h(q) ≥ Cs

2N0C4

√
H

hn
η
,

where the second inequality holds for sufficiently small η, since
√
ηhn/h(p) ≤ η

√
HC4. Thus

we may take C7 := Cs/(2N0C4

√
H). The assertion for Bn follows from its definition. □

Recall that Dn+1 =
⋃
p∈Pn+1

Jp and Zn+1 = Zn ∖Dn+1.

Lemma 10.16. For sufficiently small η and every n ≥ 1, the following hold:
(1) Dn+1 ∩Bq,n = ∅ for every q ∈

⋃
j≤nQ

′′
j . In particular, Dn+1 ∩Bn = ∅.

(2) Bp,n+1∩Bq,n = ∅ whenever p ∈ Q′′
n+1 and q ∈

⋃
j≤nQ

′′
j . In particular, Bp,n+1∩Bn =

∅ for every p ∈ Q′′
n+1.

(3) An+1 =
(
An ∖ (Dn+1 ∪Bn+1)

)
⊔ (An+1 ∩Bn).

(4) An ∩Bn+1 = Zn+1 ∩
⋃
p∈Q′′

n+1
Bp,n+1.

(5) An+1 ∩Bn = Bn ∖Bn+1.
Moreover, Bp,m ∩ Zm = Bp,m ∩ Zn whenever p ∈ Q′′

n and m ≥ n.

Proof. For p ∈ Pn+1, Lemma 9.5 gives Jp ⊂ Bψ̄(p, C2hn). For p ∈ Q′′
n+1, Lemma 10.8 and

Lemma 10.10 give Bp,n+1 ⊂ Bψ̄(p, C5

√
C4 hn). For sufficiently small η, both radii are smaller

than C7hn/η, so (1) and (2) follow from Lemma 10.15.
By the definitions, An+1 ∖ Bn = An ∖ (Dn+1 ∪ Bn+1). Partitioning An+1 according to

membership in Bn proves (3).
The sets Bp,m decrease with m. Thus, for q ∈

⋃
j≤nQ

′′
j , Bq,n+1 ∩ Zn+1 ⊂ Bn. The

neighborhoods Bp,n+1, p ∈ Q′′
n+1, are disjoint from Bn by (2). Splitting the defining union

for Bn+1 into these two groups proves (4).
By (1), Bn ⊂ Zn+1. Hence An+1 ∩Bn = (Zn+1 ∖Bn+1) ∩Bn = Bn ∖Bn+1, proving (5).
Finally, let p ∈ Q′′

n and m ≥ n. For every n ≤ k < m, nesting and (1) give Bp,m ⊂ Bp,k
and Bp,k ∩ Dk+1 = ∅. Thus Bp,m is disjoint from all sets removed between Zn and Zm,
proving the last assertion. □
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10.9. Transfer of mass between Bn and An+1. The sets An and Bn partition Zn. The
following lemma shows that a uniform fraction of the mass of Bn passes to An+1.

Lemma 10.17. There exists C8 > 0, independent of η, such that, for every sufficiently
small η and every n ≥ 1,

ν(Bn ∩An+1) ≥ C8ν(Bn).

Proof. We first show that for all p, p′ ∈
⋃
j≤nQ

′′
j , p ̸= p′,

(10.11) Bp,n ∩Bp′,n = ∅.

For points from different generations, this follows from Lemma 10.16(2), since Bp,s+1 ⊂
Bp,s. If p, p′ ∈ Q′′

j , then Lemma 10.8 gives h(p), h(p′) ≍ hj/η, so Proposition 6.7 yields
Dψ̄(p, p

′) ≫ hj/η. An intersection of Bp,j and Bp′,j would instead give Dψ̄(p, p
′) ≪ hj by

Lemma 10.10 and Corollary 5.10. This is impossible for small η, proving (10.11).
We also record a consequence of (9.6). The ball estimates in Corollary 7.10, together with

Lemma 7.3, give

(10.12) νi

(
Bψ̄(z, r/c)∖ Bψ̄(z, r/

√
H)
)
≥ 1

2
νi
(
Bψ̄(z, r/c)

)
≫ νi

(
Bψ̄(z, r)

)
uniformly for z ∈ Λp(Γi)∖ {p0} and 0 < r ≤ hi(z).

Fix a class C(p) of generation m ≤ n, and set Ms :=
∑

p′∈C(p) ν(Bp′,s ∩ Zm) for s ≥ m.
By the last assertion of Lemma 10.16, Zm may be replaced by Zs in this definition. Together
with (10.11) and Lemma 10.16(2), (5), this reduces the proof toMn−Mn+1 ≫Mn, uniformly
over the classes.

We first record the separation needed below. Every center in C(p) lies outside Pm. For sin-
gleton classes this follows from p ∈ Qm. Otherwise, the class definition and Lemma 10.5 give
Dψ̄(p

′, ∂Zm−1) ≪ hm for every p′ ∈ C(p). If p′ ∈ Pm, then, by definition, Bψ̄
(
p′, hm−1

4η

)
⊂

Zm−1. Since ∂Zm−1 ⊂ Z c
m−1, this implies Dψ̄(p

′, ∂Zm−1) ≥ hm−1

4η = H
4ηhm. For sufficiently

small η, this contradicts the preceding bound Dψ̄(p
′, ∂Zm−1) ≪ hm.

The heights of centers in C(p) and Pm are comparable to hm/η, so Proposition 6.7 sepa-
rates distinct centers by a distance ≫ hm/η. Since the radii in Lemma 9.5 and Lemma 10.10
are O(hm), every Bp′,m is disjoint from Dm. In either boundary case, the class centers
are within O(hm) of the associated boundary. Thus Lemma 10.6 also keeps each Bp′,m,
p′ ∈ C(p), disjoint from every Jq removed before generation m, except the associated Jq in
Case 1-2; in Case 1-2, it also keeps each Bp′,m inside ∆0.

Suppose first that C(p) is constructed in Case 1-1. The preceding separation gives Bp′,s∩
Zm = Bp′,s ∩∆0 for p′ ∈ C(p) and s ≥ m. For each p′ ∈ C(p), let up′ ∈ P0 satisfy p′ = up′p.
For small η, Bp,m lies in the two adjacent fundamental intervals sharing the endpoint it
meets. The maps up′ carry these intervals onto ∆0. Thus, for every Borel set E ⊂ Bp,m,
the sets E ∩ u−1

p′ ∆0, p′ ∈ C(p), partition E up to endpoints. Applying Lemma 7.3 with
E = Bp,n and E = Bp,n ∖Bp,n+1 gives

Mn ≍ ν(Bp,n), Mn −Mn+1 ≍ ν(Bp,n ∖Bp,n+1).

Since rp,n+1 = rp,n/
√
H and rp,n ≤ rp,m < ηh(p) ≤ h(p), Lemma 9.6 gives Mn−Mn+1 ≫Mn.

Now suppose that C(p) is constructed in Case 2. Write r := rp,n. The neighborhood
Bp,m misses ∂Zm−1. Since r ≤ rp,m, Corollary 9.1 implies that Bψ̄(p, r/c) is contained in
Zm−1 if p ∈ Zm−1, and is disjoint from Zm−1 otherwise. In the latter case,

√
H > c implies



50 DONGRYUL M. KIM, HEE OH, AND WENYU PAN

Mn+1 = 0. In the former case, separation from Dm gives Bψ̄(p, r/c) ⊂ Zm. Consequently,
(10.12) yields

Mn −Mn+1 ≥ ν
(
Bψ̄(p, r/c)∖ Bψ̄(p, r/

√
H)
)
≫ ν

(
Bψ̄(p, r)

)
≥Mn.

Finally, consider Case 1-2, with associated boundary ∂Jq, where q = γqpi. Set T := giγ
−1
q

and Us := Bψ̄(Tp, rp,s). Since νi = (gi)∗ν and gi ∈ K, Lemma 10.9 and Lemma 7.4, applied
in the conjugated coordinates, give

ν(E) ≍ e−ψ(µ(γq))νi(TE)
(
E ⊂ Bp′,m Borel, p′ ∈ C(p)

)
.

By separation, for every p′ ∈ C(p) and s ≥ m,

T (Bp′,s ∩ Zm) = Bψ̄(Tp′, rp′,s) ∩Ri,

up to νi-null endpoints. Moreover, rp,n+1 = rp,n/
√
H and rp,n ≤ rp,m ≪ ηhi(Tp) by (10.4),

so rp,n ≤ hi(Tp) for small η.
In the first alternative of Case 1-2, for each p′ ∈ C(p), choose up′ ∈ giP

′
ig

−1
i with Tp′ =

up′Tp. Then TBp′,s = up′Us. For small η, Um lies in two adjacent translates of Ri sharing
the endpoint it meets. The class definition selects precisely the peripheral maps carrying
these intervals onto Ri. Consequently, the sets

u−1
p′ T (Bp′,s ∩ Zm) = Us ∩ u−1

p′ Ri, p′ ∈ C(p),

partition Us up to null endpoints. Apply this with s = n and s = n + 1. By Lemma 10.9,
all these portions lie at Dψ̄-distance comparable to η−1 from gixq, while their diameters are
uniformly bounded by (10.4). Thus Lemma 7.3 gives uniform measure comparisons under
these peripheral maps. Applying these comparisons separately to the ball and the annulus
gives

Mn ≍ e−ψ(µ(γq))νi(Un), Mn −Mn+1 ≍ e−ψ(µ(γq))νi(Un ∖ Un+1).

It follows from Lemma 9.6 that Mn −Mn+1 ≫Mn.
In the singleton alternative, Um misses ∂Ri. Write r := rp,n. By Corollary 9.1, Bψ̄(Tp, r/c)

is contained in Ri if Tp ∈ Ri, and is disjoint from Ri otherwise. In the latter case,
√
H > c

gives Mn+1 = 0. In the former case, separation gives

T−1
(
Bψ̄(Tp, r/c)∖ Un+1

)
⊂ Zm.

Hence (10.12) and the change-of-measure comparison give Mn−Mn+1 ≫ e−ψ(µ(γq))νi(Un) ≫
Mn.

The implied lower bound is uniform over all classes. Summing over them proves the
lemma. □

10.10. Non-concentration of PS measures near partition boundaries. For any r > 0,
set

(10.13) Nr(∆0) := {x ∈ ∆0 : Dψ̄(x, ∂∆0) ≤ r}

where ∂∆0 = f(∂∆̂∞).

Lemma 10.18. There exists 0 < ε0 < 1 such that for any 0 < ε < ε0, there exists
λ = λ(ε) ∈ (0, 1) so that

ν(Nεr(∆0)) ≤ λν(Nr(∆0)) for all 0 < r < 1.

Moreover, λ(ε) → 0 as ε→ 0.
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Proof. Write ∂∆0 = {x1, x2}, where x2 = γx1 for a generator γ ∈ P0. Let C0 > 1 be as in
Proposition 7.8(2). Choose 0 < r∗ < C−1

0 so that each Bψ̄(xi, r∗) lies in the two fundamental
intervals adjacent to xi. For 0 < r < r∗, the peripheral translations satisfy

γ
(
Bψ̄(x1, r)∖∆0

)
⊂ Bψ̄(x2, r) ∩∆0, γ−1

(
Bψ̄(x2, r)∖∆0

)
⊂ Bψ̄(x1, r) ∩∆0.

Thus Lemma 5.7 and Lemma 7.3 give

ν(Bψ̄(x1, r)) + ν(Bψ̄(x2, r)) ≪ ν(Nr(∆0)) (0 < r < r∗).

Iterating Proposition 7.8(2), we obtain

ν(Bψ̄(xi, C
−k
0 r)) ≤ 2−kν(Bψ̄(xi, r)) (0 < r < r∗, k ≥ 1).

If C−k−1
0 ≤ ε < C−k

0 , then Nεr(∆0) is contained in
⋃2
i=1 Bψ̄(xi, C

−k
0 r). Consequently,

ν(Nεr(∆0)) ≪ 2−kν(Nr(∆0)) uniformly for 0 < r < r∗.
For r∗ ≤ r < 1, monotonicity gives

ν(Nεr(∆0))

ν(Nr(∆0))
≤ ν(Nε(∆0))

ν(Nr∗(∆0))
−→ 0 (ε→ 0),

since ν(∂∆0) = 0 by Theorem 3.17. Combining the two ranges proves the lemma. □

We will use the following counting result from [43, Proposition 5.2], which is based on [5,
Proposition 7.2].

Proposition 10.19. For any ξ ∈ Λp(Γρ) and all sufficiently large T ,

#{γ ∈ Pξ : ψ̄(µ(γ)) ≤ T} ≍ eδψ(Pξ)T .

For p ∈ ∆ ∩ Λp(Γρ) and r > 0, define

(10.14) Nr(∂Jp) := {x ∈ Jcp : Dψ̄(x, ∂Jp) ≤ r}.

When p = γpp0, we define Nr(∂(γ
−1
p Jp)) in the same way.

Lemma 10.20. Let C > 1. For every sufficiently small η > 0, there exists c = c(η) ∈ (0, 1)
such that for all p ∈ ∆ ∩ Λp(Γρ) and 0 < r < h(p),

ν(NCηr(∂Jp)) ≤ c ν(Nr(∂Jp)).

Moreover, c(η) → 0 as η → 0.

Proof. Suppose that p ∈ Γρpi and write N
(i)
s := Ns(∂JΓi,gip). Choose fixed constants

0 < a < 1 and L ≥ 1 so that the neighborhoods of radius ar and ar/L used below
lie in compact sets where the coordinate changes are bi-Lipschitz with constant L. For
sufficiently small η, Lemma 5.7 and νi = (gi)∗ν then give ν(NCηr(∂Jp)) ≤ νi(N

(i)
LCηr) and

νi(N
(i)
ar/L) ≤ ν(Nr(∂Jp)). By Lemma 6.6, we may also choose a so that ri := ar/L < hi(gip).

Since LCηr = (L2C/a)ηri, it suffices to prove the assertion at the cusp p0 in each con-
jugated system, after adjusting the fixed constant C. We give the proof in the original
notation, with p = γpp0. Write xp := γ−1

p p0 and set β := C
√
η < 1. We first estimate

ν(Nβr(∂Jp))/ν(Nr(∂Jp)) in three ranges of r.
Suppose first that r ≤ ηh(p). By Lemma 9.5 and corollary 5.10, every x ∈ Nr(∂Jp)

satisfies Dψ̄(x, p) ≍ ηh(p). The ball-flipping estimates therefore give Dψ̄(γ
−1
p x, xp) ≍ η−1

and

Dψ̄(γ
−1
p x, γ−1

p ∂Jp) ≍
Dψ̄(x, ∂Jp)

η2h(p)
.
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Applying these estimates in both directions, we obtain constants c1, c2 > 0 such that

(10.15) Nc1r/(η2h(p))(γ
−1
p ∂Jp) ⊂ γ−1

p Nr(∂Jp) ⊂ Nc2r/(η2h(p))(γ
−1
p ∂Jp).

For the first inclusion, choose c1 sufficiently small that points in the left-hand neighborhood
remain at distance comparable to η−1 from xp, and apply the inverse ball-flipping estimate.
Moreover, Lemma 7.4 gives

(10.16) ν(γ−1
p Nr(∂Jp)) ≍ eψ(µ(γp))ν(Nr(∂Jp)).

These estimates also hold with βr in place of r.
Case A1: r ≤ η2h(p). The endpoints of γ−1

p Jp are peripheral translates of the endpoints
of ∆0. By (10.15), the part near each endpoint z ∈ γ−1

p ∂Jp is contained in{
x ∈ (γ−1

p Jp)
c : Dψ̄(x, z) ≤

c2r

η2h(p)

}
.

Since r ≤ η2h(p), each of these endpoint neighborhoods has uniformly bounded diameter and
lies at distance comparable to η−1 from xp. Thus Lemma 7.3, applied to the two endpoint
neighborhoods as in the proof of Lemma 10.18, gives a fixed x0 ∈ ∂∆0 and constants a, b > 0
such that, for t = r and t = βr,

η2ν

(
Bψ̄
(
x0,

at

η2h(p)

))
≪ ν(γ−1

p Nt(∂Jp)) ≪ η2ν

(
Bψ̄
(
x0,

bt

η2h(p)

))
.

Together with (10.16), Proposition 7.8(2) yields ν(Nβr(∂Jp)) ≤ ω(β)ν(Nr(∂Jp)), where
ω(t) → 0 as t→ 0. The bounded range of radii is handled as in Lemma 10.18.
Case A2: η3/2h(p) < r ≤ ηh(p). Write δ0 := δψ(P0). For a generator u of P0, Lem-
mas 3.3, 5.2 and 5.7 and Lemma 3.14 give Dψ̄(x0, u

jx0) ≍ eψ̄(µ(u
j))/2 for large |j|. Hence

Proposition 10.19 gives a tile count comparable to T 2δ0 at Dψ̄-scale T .
For η2h(p) ≤ t ≤ ηh(p), apply this count with T = t/(η2h(p)) to the endpoint neighbor-

hoods in (10.15). For large T , quasi-monotonicity gives both an upper covering count and a
comparable lower count of full tiles contained in Nc1t/(η2h(p))(γ

−1
p ∂Jp). The bounded range

of T follows from the endpoint estimates used in Case A1. For the upper bound, use the
peripheral tiles that meet γ−1

p Nt(∂Jp). The preceding distance estimate and the uniformly
bounded diameters of the tiles place every such tile at distance comparable to η−1 from
xp. For the lower bound, use the full tiles contained in Nc1t/(η2h(p))(γ

−1
p ∂Jp) in (10.15); the

choice of c1 keeps every point of that neighborhood at distance comparable to η−1 from
xp. Thus Lemma 7.3 gives measure comparable to η2 for every tile used in either estimate.
Consequently,

ν(γ−1
p Nt(∂Jp)) ≍ η2

(
t

η2h(p)

)2δ0

.

Both t = r and t = βr belong to this range, since βr > Cη2h(p). Using (10.16), we obtain
ν(Nβr(∂Jp)) ≪ β2δ0ν(Nr(∂Jp)).

Case B:
√
η h(p) ≤ r < h(p). Here ηh(p) ≤ βr. By Lemma 9.5 and corollaries 5.10 and 9.1,

there are fixed constants 0 < a < 1 < b such that

Bψ̄(p, ar) ⊂ Jp ∪Nr(∂Jp), Jp ∪Nβr(∂Jp) ⊂ Bψ̄(p, bβr).
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Take η sufficiently small that bβ < 1. Since Nβr(∂Jp) ⊂ Nr(∂Jp) and both sets are disjoint
from Jp,

ν(Nβr(∂Jp))

ν(Nr(∂Jp))
≤
ν(Jp ∪Nβr(∂Jp))

ν(Jp ∪Nr(∂Jp))
≤
ν(Bψ̄(p, bβr))
ν(Bψ̄(p, ar))

≪ β2(1−δ0)

by Corollary 7.10. The exponent is positive by Theorem 7.1.
The three cases give a common c(η) → 0 such that ν(Nβr(∂Jp)) ≤ c(η)ν(Nr(∂Jp))

throughout the indicated ranges. Since Cηr ≤ βr, this proves the desired estimate in
those ranges.

In either remaining range, η2h(p) < r ≤ η3/2h(p) or ηh(p) < r <
√
η h(p), set s := √

η r.
Then s belongs to Case A1 or Case A2, respectively, and Cηr = βs. Therefore,

ν(NCηr(∂Jp)) = ν(Nβs(∂Jp)) ≤ c(η)ν(Ns(∂Jp)) ≤ c(η)ν(Nr(∂Jp)).

For sufficiently small η, we also have c(η) < 1. □

10.11. Boundary-neighborhood estimates. Let

CB = 2cN0C2C0 + 4C5 + 3N2
0C5

√
C4 H.

Here C0, C2, C4, and C5 are the constants from Proposition 7.8, Lemma 9.5, Lemma 10.8,
and Lemma 10.10, respectively. The constant c was fixed before Lemma 9.6.

Set
Z ′
n = {x ∈ Zn : Dψ̄(x, ∂Zn) ≤ CBhn}.

Lemma 10.21. There exists C9 > 0, depending only on η, such that for all sufficiently large
n,

ν(Z ′
n) ≤ C9ν(Zn);

in particular, ν(An ∩ Z ′
n) ≤ C9ν(Zn). Moreover, C9 → 0 as η → 0.

Proof. Choose 0 < a < min{1, Cs/(4N3
0 )} and set rn := ahn/η. For p ∈ P1 ∪ · · · ∪ Pn, we

have hn < ηh(p), so rn < h(p). For sufficiently large n, we also have rn < 1.
Since CBhn = (CB/a)ηrn, Lemmas 10.18 and 10.20 give a common c = c(η) > 0, with

c(η) → 0 as η → 0, such that

ν(NCBhn(∆0)) ≤ c ν(Nrn(∆0)),

ν(NCBhn(∂Jp)) ≤ c ν(Nrn(∂Jp)) (p ∈ P1 ∪ · · · ∪ Pn).

By Lemma 10.6 and the choice of a, the sets Nrn(∆0) and Nrn(∂Jp), p ∈ P1 ∪ · · · ∪ Pn, are
pairwise disjoint subsets of Zn. Hence

ν(Z ′
n) ≤ ν(NCBhn(∆0)) +

∑
p∈P1∪···∪Pn

ν(NCBhn(∂Jp)) ≤ c ν(Zn).

Taking C9 := c proves the lemma. □

Lemma 10.22. There exists 0 < C10 < 1 such that for all n ≥ 1,

ν(An ∩ (Dn+1 ∪Bn+1)) ≤ C10ν(An) + ν(An ∩ Z ′
n).

Proof. Set
Q′′′
n+1 :=

{
p ∈ Q′′

n+1 : Bp,n+1 ∩
(
(An ∩Bn+1)∖ Z ′

n

)
̸= ∅
}
.

For p ∈ Q′′′
n+1, choose x ∈ Bp,n+1 ∩ An ∩ Bn+1 with x /∈ Z ′

n. By Lemmas 10.8 and 10.10,
Dψ̄(x, p) < C5

√
C4 hn.
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We claim that the class containing p is constructed in Case 2. Otherwise, its construc-
tion and Lemma 10.5 give Dψ̄(p, ∂Zn) ≤ hn. The quasi-triangle inequality then implies
Dψ̄(x, ∂Zn) ≤ N0(C5

√
C4 + 1)hn < CBhn, contrary to x /∈ Z ′

n. Thus p ∈ Qn+1 ∖ Q′
n+1,

C(p) = {p}, and Bp,n+1 = Bψ̄(p, r(p, n+ 1)) ⊂ Bψ̄(p, hn).
For p ∈ Pn+1, Lemma 9.5 gives Jp ⊂ Bψ̄(p, C2hn). Together with Lemma 10.16(4), these

inclusions show that(
An ∩ (Dn+1 ∪Bn+1)

)
∖ Z ′

n ⊂
⋃

p∈Pn+1∪Q′′′
n+1

Bψ̄(p, C2hn).

Set Rn := CBhn/(2cN0). We next show that Bψ̄(p,Rn) ⊂ An for every p ∈ Pn+1 ∪Q′′′
n+1.

By Lemma 10.15, Dψ̄(p,Bn) ≥ C7hn/η > Rn for sufficiently small η, so these balls avoid Bn.
For p ∈ Pn+1, their inclusion in Zn follows from the defining condition Bψ̄(p, hn/(4η)) ⊂ Zn.

For p ∈ Q′′′
n+1, use the point x chosen above, which now satisfies Dψ̄(x, p) < hn. If

z ∈ Bψ̄(p,Rn)∖ Zn, then Corollaries 5.10 and 9.1 give

CBhn < Dψ̄(x, ∂Zn) ≤ cDψ̄(x, z) ≤ cN0(hn +Rn) < CBhn,

since CB > 2cN0. This contradiction proves the required inclusion in An.
By Proposition 6.7, the balls Bψ̄(p,Rn), p ∈ Pn+1 ∪Q′′′

n+1, are pairwise disjoint for suffi-
ciently small η. Their centers lie in ∆0, so Lemma 6.5 and hn+1 < ηh(p) give hn ≪ η when-
ever the index set is nonempty. Thus C2hn < 1/C0 after decreasing η. Since Rn ≥ C0C2hn
by the choice of CB, Proposition 7.8(2) yields

ν
(
(An ∩ (Dn+1 ∪Bn+1))∖ Z ′

n

)
≤

∑
p∈Pn+1∪Q′′′

n+1

ν(Bψ̄(p, C2hn))

≤ 1

2

∑
p∈Pn+1∪Q′′′

n+1

ν(Bψ̄(p,Rn)) ≤
1

2
ν(An).

Adding ν(An ∩ Z ′
n) proves the lemma with C10 = 1/2. □

Lemma 10.23. There exist N ∈ N and C11 > 0, depending on η, such that, for all suffi-
ciently large n,

ν
(
∪Nj=1Dn+j

)
≥ C11ν(An ∖ Z ′

n).

Proof. Set A′
n := An ∖ Z ′

n. Let U0 > 0 be given by Lemma 8.3 for τ = H and the compact
set Q := Γρ(Ω̃ψ̄ ∖ CC6η) ⊂ Ωψ̄. Set k := ⌊− log η/ log H⌋ and L := ⌈U0/ log H⌉, and choose
N > 2k + L+ 2. We will show that there exists C ′ > 1 such that

(10.17) for every x ∈ A′
n, there is p ∈ ∪Nj=1Pn+j with Dψ̄(x, p) < C ′hn.

We first consider a point y ∈ Am satisfying Dψ̄(y, ∂Zm) > 2hm/η. We claim that there
exists q ∈ Pm+1 ∪ · · · ∪ Pm+k+L+1 with Dψ̄(y, q) ≪ hm.

Indeed, Lemma 10.13 implies that Γρ(y, p0, 0)am log H ∈ Q. By Lemma 8.3, there is a par-
abolic point p such that Dψ̄(y, p) ≤ Chm and e−U0hm ≤ h(p) ≤ hm, where C is independent
of η. For sufficiently small η, Corollary 9.1 and the distance of y from ∂Zm imply that
p ∈ Zm.

Set j := ⌊− log(ηh(p))/ log H⌋. Then m + k ≤ j ≤ m + k + L, hj+1 < ηh(p) ≤ hj , and
hj/η < Hhm. If p ∈ Pj+1, take q = p. If p /∈ Zj , then p ∈ Jq for some q ∈ Pm+1 ∪ · · · ∪ Pj .
By Lemma 9.5 and corollary 5.10, Dψ̄(y, q) ≤ N0(C + C2)hm.
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It remains to consider p ∈ Zj ∖ Pj+1. The definition of Pj+1 and Corollary 9.1 give
Dψ̄(p, ∂Zj) ≤ chj/(4η). On the other hand, Dψ̄(p, ∂Zm) ≥ 2hm/(N0η) − Chm. Choose
z ∈ ∂Zj such that

Dψ̄(p, z) ≤ chj/(4η).

Since hj/η < Hhm, the lower bound for Dψ̄(p, ∂Zm) implies z /∈ ∂Zm for sufficiently small
η. Thus there is q ∈ Pm+1 ∪ · · · ∪ Pj with Dψ̄(p, ∂Jq) ≤ chj/(4η). Another application of
Lemma 9.5 and corollary 5.10 gives

Dψ̄(y, q) ≤ N0Chm +N2
0

(
chj
4η

+ C2hm

)
≪ hm.

This proves the auxiliary claim.
Now fix x ∈ A′

n and put m := n+ k. Recall that η ≤ H−k < Hη.
If x /∈ Zm, then x ∈ Jp for some p ∈ Pn+1 ∪ · · · ∪ Pm. By Lemma 9.5, Dψ̄(x, p) <

C2ηh(p) ≤ C2hn.
Suppose next that x ∈ Zm and Dψ̄(x, ∂Zm) < 3N0hm/η. Since 3N0hm/η < 3N0Hhn <

CBhn and x /∈ Z ′
n, there is p ∈ Pn+1 ∪ · · · ∪ Pm with Dψ̄(x, ∂Jp) < 3N0hm/η. Hence

Dψ̄(x, p) ≤ N0(3N0hm/η + C2hn) ≪ hn.
We may therefore assume that x ∈ Zm and Dψ̄(x, ∂Zm) ≥ 3N0hm/η. If x ∈ Am, the

auxiliary claim gives the required point in Pm+1 ∪ · · · ∪ Pm+k+L+1.
It remains to consider x ∈ Bm. Since x /∈ Bn and the sets Bp,t decrease with t, there is

p ∈ Q′′
n+1 ∪ · · · ∪Q′′

m such that x ∈ Bp,m. By Lemmas 10.8 and 10.10,

(10.18) Bp,m ⊂ Bψ̄
(
p, C5

√
C4hnhm

)
.

In particular, any two points of Bp,m are at Dψ̄-distance O(
√
hnhm). Since

√
hnhm ≤√

η hm/η, Corollary 9.1 and the distance of x from ∂Zm imply thatBp,m ⊂ Zm for sufficiently
small η.

As in the proof of Lemma 10.17, the annular estimate Lemma 9.6, applied in the coordi-
nates defining Bp,m, gives ν(Bp,m ∖ Bp,m+1) > 0. Choose y in this difference. By (10.11)
and Lemma 10.16(2),(5), y ∈ Bm ∖Bm+1 ⊂ Am+1. Moreover, for sufficiently small η

Dψ̄(y, ∂Zm) ≥
1

N0
Dψ̄(x, ∂Zm)−Dψ̄(x, y) >

2hm
η

If Dψ̄(y, ∂Zm+1) > 2hm+1/η, apply the auxiliary claim at level m + 1. It gives q ∈
Pm+2∪· · ·∪Pm+k+L+2 with Dψ̄(y, q) ≪ hm+1. Otherwise, the preceding lower bound shows
that Dψ̄(y, ∂Jq) ≤ 2hm+1/η for some q ∈ Pm+1. Then Lemma 9.5 and corollary 5.10 give
Dψ̄(y, q) ≪ hm+1/η + hm ≪ hn, since hm+1/η ≤ hn.

In either case, q ∈
⋃N
j=1 Pn+j and Dψ̄(x, q) ≤ N0(Dψ̄(x, y)+Dψ̄(y, q)) ≪ hn. This proves

(10.17) after choosing C ′ sufficiently large.
Finally, for every p ∈

⋃N
j=1 Pn+j , Lemma 9.5 gives Bψ̄(p, hn+N/C2) ⊂ Jp, and these sets

Jp are pairwise disjoint by Lemma 10.6. Applying Proposition 7.8(1) with the fixed dilation
factor C ′C2H

N , we obtain, for all sufficiently large n,

ν
(
∪Nj=1Dn+j

)
≥
∑
p

ν
(
Bψ̄(p, hn+N/C2)

)
≥ C11

∑
p

ν
(
Bψ̄(p, C ′hn)

)
≥ C11ν(A

′
n),

where both sums range over p ∈
⋃N
j=1 Pn+j . The last inequality follows from (10.17). □
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10.12. Proof of Proposition 10.1. By Lemma 10.16(1), (3), (5), Lemma 10.17, Lemma 10.21,
and Lemma 10.22,

ν(An) ≥ (1− C9 − C10)ν(An−1) + (C8 − C9)ν(Bn−1).

Since C9 → 0 as η → 0, choose η so small that 2C9 < min{1 − C10, C8}, and put m :=
min{1 − C9 − C10, C8 − C9} > C9. As Zn−1 = An−1 ⊔ Bn−1 and Zn ⊂ Zn−1, we have
ν(An) ≥ mν(Zn). Thus Lemma 10.21 gives

ν(An −Z ′
n) ≥ ν(An)− ν(Z ′

n) ≥ (m− C9)ν(Zn).
By Lemma 10.23, there exist N ≥ 1 and c0 ∈ (0, 1) such that, for all sufficiently large
n, ν

(
∪Nj=1Dn+j

)
≥ c0ν(Zn). Since Zn+N = Zn ∖ ∪Nj=1Dn+j , ν(Zn+N ) ≤ (1 − c0)ν(Zn).

Iteration gives ν(Zn) ≪ (1− c0)
n/N . Choose ε0 > 0 so that (1− c0)

1/N < 1− ε0 < 1. Then
ν(Zn) ≤ (1− ε0)

n for all sufficiently large n, proving Proposition 10.1. □

11. The induced expanding map

We now use the geometric partition to construct an expanding map with countably many
branches. We first define T0 on the sets γpγ1∆i appearing in the decompositions of the sets
Jp. We then successively take first-return maps until we obtain a return map on ∆0. At each
step, we prove that the return time is finite almost everywhere and establish exponential
summability of the branches. Finally, we take a fixed power of the return map so that all
return vectors lie uniformly in the prescribed positive cone.

Let η be sufficiently small as in Proposition 9.8, allowong further reduction until its final
choice after Lemma 11.5. We suppress η from the notation. Set

Λ̃′ :=

ℓ⋃
j=0

⋃
n≥1

⋃
p∈Pj,n

Jp, Λ̃ := Λ̃′ ∖ Λp(Γρ).

By Lemma 9.4,

Λ̃ =

ℓ⋃
i,j=0

⋃
n≥1

⋃
p∈Γρpi∩Pj,n

⋃
γ1∈Np

γpγ1
(
∆i ∖ Λp(Γρ)

)
.

For each j, the construction gives

∆j ∖
⋃
n≥1

⋃
p∈Pj,n

Jp =
⋂
n≥0

Zj,n.

By Proposition 9.8, ν(Zj,n) → 0 as n→ ∞. Hence Λ̃′ has full ν-measure in ∆. Since Λp(Γρ)
is countable and ν is atomless by Theorem 3.17, removing the parabolic fixed points leaves
Λ̃ with full ν-measure in ∆.

Define T0 : Λ̃ → ∆ by

T0(x) = (γpγ1)
−1x if x ∈ Λ̃ ∩ γpγ1∆i.

For 0 ≤ i, j ≤ ℓ, let H0(i, j) be the set of elements γpγ1 with p ∈ Γρpi ∩ Pj,n for some
n ≥ 1 and γ1 ∈ Np. Each γ ∈ H0(i, j) maps ∆i onto a cell γ∆i ⊂ ∆j , on which T0 acts as
γ−1 wherever it is defined. We call γ an inverse branch of T0. Thus i records the domain of
the inverse branch, and j records the set containing its image.

Set
Λ̃+ :=

⋂
m≥0

T−m
0 (Λ̃).
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This is precisely the set of points whose iterates Tm0 are defined for every m ≥ 1, and it has
full ν-measure in ∆ by quasi-invariance of ν. By construction, T0 maps Λ̃+ into itself.

The inverse branches also preserve this set: if x ∈ Λ̃+ ∩ ∆i and γ ∈ H0(i, j), then
γx ∈ Λ̃ ∩∆j and T0(γx) = x. Hence all iterates of γx are defined, so γx ∈ Λ̃+ ∩∆j .

The transition graph of T0 is the directed graph with vertex set {0, . . . , ℓ} and an edge
j → i whenever H0(i, j) ̸= ∅. Since this graph is finite, we can choose a nonempty set I0
of indices such that no directed edge leaves I0 and the graph on I0 is strongly connected:
every vertex can be reached from every other by a directed path within I0. Thus T0 maps
Λ̃+ ∩

⋃
i∈I0 ∆i into itself. We may assume the index 0 belongs to I0.

Definition 11.1 (First returns to ∆0). Let Λ+ be the set of points x ∈ Λ̃+ ∩∆0 such that
Tm0 x ∈ ∆0 for infinitely many m ≥ 1. For x ∈ Λ+, let n(x) := min{m ≥ 1 : Tm0 x ∈ ∆0}.

Proposition 11.2. The set Λ+ has full ν-measure in ∆0.

We prove this by removing one index other than 0 at a time and taking the first-return
map to the remaining domains. After |I0| − 1 steps, only ∆0 remains.

Set X0 := Λ̃+ ∩
⋃
i∈I0 ∆i, and retain the notation T0 for its restriction to X0. Then T0

maps X0 into itself, and γ(X0 ∩∆i) ⊂ X0 ∩∆j for every i, j ∈ I0 and γ ∈ H0(i, j).
Suppose inductively that we have defined an index set Ik containing 0 and a map Tk :

Xk → Xk, where Xk ⊂
⋃
i∈Ik ∆i has full ν-measure in that union. For i, j ∈ Ik, let Hk(i, j)

denote the group elements defining the inverse branches of Tk from ∆i to ∆j . Assume that,
for every γ ∈ Hk(i, j) and y ∈ Xk ∩ ∆i, we have γy ∈ Xk ∩ ∆j and Tk(γy) = y. The
transition graph of Tk has vertex set Ik and an edge j → i whenever Hk(i, j) ̸= ∅. Assume
that this graph is strongly connected. If Ik = {0}, the construction stops.

Otherwise, put ℓk := max Ik > 0 and Jk := Ik ∖ {ℓk}, and set Yk+1 := Xk ∩
⋃
i∈Jk ∆i.

For x ∈ Yk+1, define its first-return time by

nk+1(x) := inf{m ≥ 1 : Tmk x ∈ Yk+1},
with inf ∅ = ∞. Set

Xk+1 := {x ∈ Yk+1 : T
m
k x ∈ Yk+1 for infinitely many m ≥ 1},

and define Tk+1(x) := T
nk+1(x)
k x for x ∈ Xk+1. Put Ik+1 := Jk. After its first return, a

point of Xk+1 still returns infinitely often to Yk+1. Hence Tk+1 maps Xk+1 into itself.
The inverse branches of Tk+1 are compositions of inverse branches of Tk along paths that

start and end in Jk and whose intermediate vertices are all ℓk. If such a composition γ has
domain ∆i and y ∈ Xk+1 ∩ ∆i, then γy first returns to Yk+1 at y. Hence γy also returns
infinitely often, so γy ∈ Xk+1 and Tk+1(γy) = y.

Lemma 11.3 (Connectivity of the transition graphs). For every k, the transition graph of
Tk is strongly connected. If Ik ̸= {0}, there is an edge from ℓk to a vertex of Jk.

Proof. The assertion holds for k = 0 by the choice of I0. Suppose that the transition graph
of Tk is strongly connected and Ik ̸= {0}. Since Jk is nonempty, a path from ℓk to Jk
contains an edge from ℓk to a vertex of Jk.

Given i, j ∈ Jk, choose a directed path from i to j in the graph of Tk and divide it at
successive visits to Jk. Each resulting segment has all its intermediate vertices equal to ℓk, so
it defines a branch of Tk+1. These branches give a directed path from i to j in the transition
graph of Tk+1. Thus this graph is strongly connected, completing the induction. □
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The following proposition, proved below, shows that the restriction to Xk+1 removes only
a null set.

Proposition 11.4. For every k with Ik ̸= {0}, the set Xk+1 has full ν-measure in Yk+1.

11.1. Estimates for the initial branch map. Recall that

(11.1) H0(i, j) =
⋃
n≥1

{γpγ1 : p ∈ Γρpi ∩ Pj,n, γ1 ∈ Np} , i, j ∈ I0.

Write H0 :=
⋃
i,j∈I0 H0(i, j) for the collection of all inverse branches of T0.

For i ∈ I0, define the following neighborhood of pi in Λρ:

(11.2) Ui := Λρ ∖ g−1
i Bψ̄

(
gi∆i,

1

2N0η

)
.

Lemma 11.5. For every η > 0 sufficiently small, we have γ−1Uj ⊂ Ui for all γ ∈ H0(i, j).

Proof. Write γ = γpγ1, so that γpi = p ∈ ∆j . Since ∆j is compact and disjoint from pj , we
may choose a neighborhood Wj of pj so that Wj ∩∆j = ∅. As η → 0, the sets Uj shrink to
pj . Decreasing η if necessary, we may therefore assume Uj ⊂ Wj . Compactness and (5.3)
now give ε > 0 such that, independent of η,

(11.3) Dψ̄(gix, gip) ≥ ε (x ∈ Uj ∖ {pi}),
uniformly over the finitely many pairs i, j and all such p.

Fix x ∈ Uj . By (9.4), applied in the conjugated system, Dψ̄(giγ
−1pi, gi∆i) ≥ η−1. If

x = pi, this already gives γ−1x ∈ Ui. Otherwise, Lemma 6.8, applied to giγg−1
i , together

with (11.3) and the uniform bound hi(gip) ≪ 1, gives Dψ̄(giγ
−1x, giγ

−1pi) ≤ C, where
C is independent of γ, x, and η. Therefore, decreasing η > 0 sufficiently small that η ≤
(2N0C)

−1, Corollary 5.10 gives

Dψ̄(giγ
−1x, gi∆i) ≥

1

N0η
− C ≥ 1

2N0η
.

This means that γ−1x ∈ Ui. □

For the rest of the paper, we fix η > 0 sufficiently small to satisfy all the preceding
requirements, including those of Lemma 11.5.

Lemma 11.6. There exists r > 0 such that, for every n ≥ 1, i0, . . . , in ∈ I0, and γm ∈
H0(im−1, im) (1 ≤ m ≤ n), the product g := γn · · · γ1 satisfies g∆i0 ⊂ Or(o, go).

Proof. Suppose otherwise. For each k ≥ 1, choose a product gk := γk,nk · · · γk,1 as in the
statement and xk ∈ ∆ik,0 such that gkxk /∈ Ok(o, gko), or equivalently, xk /∈ Ok(g

−1
k o, o). It

follows that gk → ∞ and we may therefore assume that the gk are pairwise distinct, ik,0 = i,
ik,nk = j, and xk → x ∈ ∆i.

By Lemma 3.16(1) and (3), after passing to a further subsequence, there exists y ∈ Λρ
such that g−1

k ζ → x for every ζ ∈ Λρ ∖ {y}. Repeated application of Lemma 11.5 gives
g−1
k Uj ⊂ Ui. Choose ζ ∈ Uj ∖ {y}; then g−1

k ζ ∈ Ui and g−1
k ζ → x. As Ui is closed, x ∈ Ui,

contradicting Ui ∩∆i = ∅. □

Proposition 11.7. There exists ε > 0 such that∑
γ∈H0

e−(1−ε)ψ(µ(γ)) <∞.
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Proof. By Lemma 9.5 and the proof of Lemma 7.4, applied to the finitely many conjugated
systems, there exists r > 0 such that, for every i ∈ I0, p ∈ ∆ ∩ Γρpi, and γ1 ∈ Np,

(11.4) γpγ1∆i ⊂ Jp ⊂ Or(o, γpo).

After increasing r, we also have

(11.5) γ1∆i ⊂ Or(o, γ1o).

Indeed, otherwise equivariance and Lemma 3.16(3), applied to a sequence in Pi, would force
a sequence in ∆i to converge to pi, contradicting compactness of ∆i and pi /∈ ∆i.

Now fix j ∈ I0 and restrict to p ∈ Pj,n ∩ Γρpi, with n ≥ 1 and i ∈ I0. For γ1 ∈ Np and
x ∈ ∆i, the cocycle identity gives

βγpγ1x(e, γpγ1) = βγpγ1x(e, γp) + βγ1x(e, γ1).

By (11.4), (11.5), and Lemma 3.11, the two terms on the right are µ(γp)+O(1) and µ(γ1)+
O(1), respectively, with uniform errors. By Lemma 11.6, γpγ1∆i ⊂ Or(o, γpγ1o). Hence
Lemma 3.11 and conformality of ν give ν(γpγ1∆i) ≍ e−ψ(µ(γpγ1)). Combining this with the
preceding cocycle estimate, we obtain

(11.6) e−ψ(µ(γpγ1)) ≍ ν(γpγ1∆i) ≍ e−ψ(µ(γp))e−ψ(µ(γ1)).

By Theorem 7.1, choose ε > 0 small enough that 1 − ε > δψ(Pi) for every i. For fixed
η, the set Np depends only on the type i. Both sums below are finite and strictly positive,
since Np is cofinite in Pi. As there are only finitely many types, we obtain, uniformly in p,∑

γ1∈Np

e−(1−ε)ψ(µ(γ1)) ≍
∑
γ1∈Np

e−ψ(µ(γ1)).

Together with (11.6) and Lemma 9.4, this gives

(11.7)
∑
γ1∈Np

e−(1−ε)ψ(µ(γpγ1)) ≍ eεψ(µ(γp))
∑
γ1∈Np

ν(γpγ1∆i) = eεψ(µ(γp))ν(Jp).

By (7.1), ψ−(µ(γ)) is bounded below uniformly on Γρ, so ψ(µ(γ)) ≤ 2ψ̄(µ(γ)) + O(1).
For p ∈ Pj,n, Lemmas 6.5 and 6.6 and the definition of Pj,n give ψ̄(µ(γp)) ≤ n log H+O(1),
with the fixed parameter η absorbed in the error. Hence, by (11.1) and (11.7),∑
i∈I0

∑
γ∈H0(i,j)

e−(1−ε)ψ(µ(γ)) ≪
∑
n≥1

H2εn
∑
p∈Pj,n

ν(Jp) ≪
∑
n≥1

H2εnν(Zj,n−1) ≪
∑
n≥1

(
H2ε(1− ε0)

)n
.

The last estimate follows from Proposition 9.8. Taking ε smaller if necessary so that H2ε(1−
ε0) < 1 proves the desired summability for every j ∈ I0, and hence for H0. □

11.2. The inductive argument. We now prove the estimates needed at each step of the
induction. Fix k with Ik ̸= {0}. For I, J ⊂ Ik, write Hk(I, J) :=

⋃
i∈I, j∈J Hk(i, j), and set

Hk := Hk(Ik, Ik).

Lemma 11.8. There exists εk > 0 such that, for every n ≥ 1,∑
γ1,...,γn∈Hk(ℓk,ℓk)

e−ψ(µ(γ1···γn)) ≪ (1− εk)
n.
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Proof. Set J := Hk(ℓk, ℓk) and E := ∆ℓk ∖
⋃
γ∈J γ∆ℓk . By Lemma 11.3, there exist

i ∈ Jk = Ik∖ {ℓk} and γ ∈ Hk(i, ℓk). The set γ∆i is disjoint from
⋃
δ∈J δ∆ℓk up to a ν-null

set. Since ν(∆i) > 0 and ν is quasi-invariant, ν(E) ≥ ν(γ∆i) > 0.
Each branch of Tk is a composition of branches of T0. By conformality and Lemmas 3.11

and 11.6, there exists C > 1 such that, for g = e or any finite product of elements of J , and
every Borel A ⊂ ∆ℓk ,

(11.8) C−1e−ψ(µ(g))ν(A) ≤ ν(gA) ≤ Ce−ψ(µ(g))ν(A).

Set εk := C−2ν(E)/ν(∆ℓk) ∈ (0, 1). Then ν(gE) ≥ εkν(g∆ℓk). The sets gγ∆ℓk , γ ∈ J , are
disjoint up to ν-null sets, and their complement in g∆ℓk is gE. Thus their total measure is
at most (1 − εk)ν(g∆ℓk). Iterating this estimate and using the lower bound in (11.8), we
obtain ∑

γ1,...,γn∈J
e−ψ(µ(γ1···γn)) ≤ C

ν(∆ℓk)

∑
γ1,...,γn∈J

ν(γ1 · · · γn∆ℓk) ≤ C(1− εk)
n.

□

We next estimate the return time to Yk+1.

Proposition 11.9. There exists εk > 0 such that, for every n ≥ 1,

ν
(
{x ∈ Yk+1 : nk+1(x) > n+ 1}

)
≪ (1− εk)

n.

In particular, Xk+1 has full ν-measure in Yk+1.

Proof. Set J := Hk(ℓk, ℓk). Every x ∈ Yk+1 with nk+1(x) > n+ 1 belongs to a set γ0g∆ℓk ,
where γ0 ∈ Hk(ℓk, Jk) and g = γ1 · · · γn with γm ∈ J .

Applying conformality and Lemmas 3.11 and 11.6 to γ0, and (11.8) to g, gives

ν(γ0g∆ℓk) ≪
ν(γ0∆ℓk)

ν(∆ℓk)
ν(g∆ℓk) ≪ ν(γ0∆ℓk)e

−ψ(µ(g)).

The sets γ0∆ℓk , with γ0 ∈ Hk(ℓk, Jk), are disjoint up to null sets, so their measures
sum to at most 1. Every point with nk+1(x) > n + 1 lies in a set γ0γ1 · · · γn∆ℓk , where
γ0 ∈ Hk(ℓk, Jk) and γ1, . . . , γn ∈ J . Summing the preceding estimate over these choices
gives

ν
(
{x ∈ Yk+1 : nk+1(x) > n+ 1}

)
≪

 ∑
γ0∈Hk(ℓk,Jk)

ν(γ0∆ℓk)

 ∑
γ1,...,γn∈J

e−ψ(µ(γ1···γn))


≪ (1− εk)

n

by Lemma 11.8. Letting n → ∞ shows that the set of points in Yk+1 that never return to
Yk+1 has measure zero. Since Yk+1∖Xk+1 ⊂

⋃
m≥0 T

−m
k

(
{y ∈ Yk+1 : nk+1(y) = ∞}

)
, Xk+1

has full ν-measure in Yk+1. □

The inverse branches of Tk+1 are

Hk+1 = Hk(Jk, Jk) ∪
⋃
n≥0

Hk(ℓk, Jk)Hk(ℓk, ℓk)
nHk(Jk, ℓk),

where the zeroth power is {e}.

Proposition 11.10. Assume that, for some ε > 0,
∑

γ∈Hk
e−(1−ε)ψ(µ(γ)) < ∞. Then there

exists ε1 > 0 such that
∑

γ∈Hk+1
e−(1−ε1)ψ(µ(γ)) <∞.
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Proof. Decreasing ε if necessary, we may assume that 0 < ε < 1. Set J := Hk(ℓk, ℓk). The
cocycle identity and Lemmas 3.11 and 11.6 give a constant C > 0 such that

ψ(µ(γ1 · · · γn)) ≥
n∑

m=1

ψ(µ(γm))− Cn

for every γ1, . . . , γn ∈ J . The hypothesis therefore implies that, for some B ≥ 1,∑
γ1,...,γn∈J

e−(1−ε)ψ(µ(γ1···γn)) ≤ Bn.

Choose 0 < θ < 1 small enough that (1− εk)
1−θBθ < 1, where εk is given by Lemma 11.8.

Since 1− θε = (1− θ)+ θ(1− ε), Hölder’s inequality with exponents 1/(1− θ) and 1/θ gives

(11.9)

∑
γ1,...,γn∈J

e−(1−θε)ψ(µ(γ1···γn))

≤

 ∑
γ1,...,γn∈J

e−ψ(µ(γ1···γn))

1−θ ∑
γ1,...,γn∈J

e−(1−ε)ψ(µ(γ1···γn))

θ

≪
(
(1− εk)

1−θBθ
)n
,

where the last inequality follows from Lemma 11.8 and the preceding bound. Set ε1 = θε.
Then

(11.10)
∑
n≥0

∑
γ1,...,γn∈J

e−(1−ε1)ψ(µ(γ1···γn)) <∞.

Every branch in Hk+1 ∖ Hk(Jk, Jk) has the form γ0gγ
′
0, where γ0 ∈ Hk(ℓk, Jk), γ′0 ∈

Hk(Jk, ℓk), and g is a product of elements of J , possibly empty. The same cocycle argument
gives

µ(γ0gγ
′
0) = µ(γ0) + µ(g) + µ(γ′0) +O(1),

with a uniform error. Consequently, the sum of e−(1−ε1)ψ(µ(γ0gγ′0)) over these branches is
bounded by a constant times the product of the sums over γ0, g, and γ′0. The sum over
g is finite by (11.10). Since ε1 < ε and ψ(µ(γ)) is uniformly bounded below by (7.1), the
hypothesis implies that

∑
γ∈Hk

e−(1−ε1)ψ(µ(γ)) < ∞. This bounds both outer sums and the
sum over Hk(Jk, Jk), proving the proposition. □

11.3. Proofs of Proposition 11.4 and Proposition 11.2.

Proof. Starting with X0, apply Proposition 11.9 at each stage. It follows inductively that
Xk+1 has full ν-measure in Yk+1, and hence in

⋃
i∈Ik+1

∆i. This proves Proposition 11.4.
Moreover, Propositions 11.7 and 11.10 show that, at every stage k, there exists ε > 0 such
that

∑
γ∈Hk

e−(1−ε)ψ(µ(γ)) <∞.
Let r := |I0| − 1, so that Ir = {0}. Every point of Λ+ returns to ∆0 infinitely often and

therefore belongs to every Xk. Thus Λ+ ⊂ Xr. Conversely, the iterates of Tr give successive
returns under T0 to ∆0 at strictly increasing times. Hence Xr ⊂ Λ+, and therefore Xr = Λ+.
Since Xr has full ν-measure in ∆0, this proves Proposition 11.2. The map Tr is the first-
return map of T0 to ∆0. □

We henceforth write Tret := Tr and Hret := Hr. Thus Tret(x) = T
n(x)
0 x for x ∈ Λ+, and

Hret is its collection of inverse branches.
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11.4. A fixed iterate with positive roof. We will choose n0 ≥ 1 so that the return
vectors of T := T n0

ret satisfy the required cone condition and scalar lower bound. In terms of
T0,

T (x) = T
Nn0 (x)
0 (x), Nn0(x) :=

n0−1∑
j=0

n(T jretx).

Each first-return branch is represented by a product γ1 · · · γn, where γm ∈ H0(im, im−1),
i0 = in = 0, and im ̸= 0 for 0 < m < n. For x ∈ Λ+, the corresponding sequence of branches
is uniquely determined by its first n(x) iterates under T0.

The sets γΛ+, γ ∈ Hret, are the first-return cylinders. Until Lemma 11.12 is proved, Hm
ret

denotes the set of ordered m-tuples of branches; in expressions such as γΛ+, γ denotes their
group product. For every m ≥ 1,

Λ+ =
⊔

γ∈Hm
ret

γΛ+.

Since ∆0 is the closure of its relative interior, Λ+ is dense in ∆0. Thus γ∆0 is the closure
of γΛ+. The following lemma places these closures in the relative interior of ∆0.

Lemma 11.11. For every b ∈ H0(i, j), b∆i ⊂ intΛρ(∆j). Consequently, γ∆0 ⊂ intΛρ(∆0)
for every nonempty product γ of elements of Hret.

Proof. Let b ∈ H0(i, j). Then b∆i ⊂ Jp for some p ∈ Pj,n. Set q := gjp and work in
the conjugated system Γj . Since ηhj(q) ≤ hn−1 and η < 1/(4C2), we have C2ηhj(q) <
hn−1/(4η). Hence Lemma 9.5 and definition 9.7 give

gj(b∆i) ⊂ gjJp ⊂ Bψ̄
(
q,
hn−1

4η

)
⊂ gj∆j .

The ball in this display is open in gjΛρ. Applying g−1
j proves the first assertion.

In a product defining a first-return branch, the leftmost factor belongs to H0(i, 0) for
some i, and the remaining factors map ∆0 into ∆i. Its image is therefore contained in the
relative interior of ∆0. Any further composition of first-return branches has image contained
in that of its leftmost factor, proving the final assertion. □

Lemma 11.12. The set Hret freely generates a semigroup.

Proof. Suppose that γ1 · · · γn = γ′1 · · · γ′m. The common image of Λ+ is a nonempty subset
of both γ1Λ+ and γ′1Λ+. Since distinct first-return branches have disjoint images, γ1 = γ′1.
Cancelling and repeating identifies the factors up to the shorter length.

By Lemma 11.11, every nonempty product maps ∆0 into intΛρ(∆0). Since ∆0 has
nonempty relative boundary, this image is a proper subset of ∆0, so the product cannot
be the identity. The two lengths must therefore agree, proving the lemma. □

Recall that U0 = Λρ∖Bψ̄
(
∆0,

1
2N0η

)
. Repeated application of Lemma 11.5 gives γ−1U0 ⊂

U0 for every nonempty product γ of elements of Hret.

Lemma 11.13. There exists r > 0 such that U0 ⊂ Or(γo, o) for every γ ∈
⋃
m≥1Hm

ret.

Proof. By Lemma 11.6, there exists r > 0 such that

(11.11) γ∆0 ⊂ Or(o, γo) (γ ∈ ∪m≥1Hm
ret) .
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Suppose the assertion fails. For each k ≥ 1, choose xk ∈ U0 and γk ∈
⋃
m≥1Hm

ret such that
xk /∈ Ok(γko, o). Then d(o, γko) ≥ k. Passing to a subsequence, assume that the γk are
pairwise distinct and xk → x ∈ U0.

Fix z ∈ ∆0. By (11.11) and Lemma 3.16(2) and (3), after passing to a further subsequence,
γkz → x. Since γkz ∈ ∆0 and ∆0 is compact, x ∈ ∆0, contradicting U0 ∩∆0 = ∅. □

Lemma 11.14. Let D0 ⊂ a be compact, and let C0 ⊂ a+ be a closed cone such that Lρ∖{0} ⊂
int C0. For every C0 > 0, there exists n0 ≥ 1 such that, for every n ≥ n0 and every
γ = γ1 · · · γn with γj ∈ Hret:

(1) βx(e, γ) +D0 ⊂ C0 for every x ∈ Λ+ ∩ γ∆0;
(2) φ(βx(e, γ)) ≥ C0 for every x ∈ Λ+ ∩ γ∆0 and φ ∈ {ψ, ψ̄};
(3) φ(βy(γ, e)) ≥ C0 for every y ∈ U0 and φ ∈ {ψ, ψ̄}.

Proof. By (11.11) and Lemmas 3.11 and 11.13,

βx(e, γ) = µ(γ) +O(1), βy(γ, e) = iµ(γ) +O(1),

uniformly for the products γ and points x, y in the statement.
By the definition of Lρ, every accumulation point of µ(γ)/∥µ(γ)∥ as ∥µ(γ)∥ → ∞ belongs

to Lρ. Since D0 is compact, the hypothesis on C0 and positivity of ψ, ψ−, and ψ̄ on Lρ∖{0}
give all three conclusions whenever ∥µ(γ)∥ is sufficiently large. By discreteness, only finitely
many elements of Γρ have Cartan projection below this norm bound. By Lemma 11.12, each
such element has at most one expression as a product of elements of Hret. The lengths of
these exceptional products are therefore bounded. Choosing n0 larger than these lengths
proves the lemma. □

11.5. The final expanding map. We now fix n0 and the map T . Since ∆0 is compact
and disjoint from p0, there is a compact set D0 ⊂ a such that

(11.12) 2G(x, p0)− 2G(y, p0) ∈ D0 (x, y ∈ ∆0).

Choose a closed cone C0 ⊂ int a+ ∪ {0} such that Lρ ∖ {0} ⊂ int C0 and ψ,ψ−, ψ̄ > 0 on
C0 ∖ {0}. Apply Lemma 11.14 with

C0 = CR := 1 + 4 max
φ∈{ψ,ψ̄}

sup
x∈∆0

|φ(G(x, p0))|.

Fix the resulting n0 and define

T := T n0
ret : Λ+ → Λ+.

This is our final expanding map, whose inverse branches form H := Hn0
ret . By Lemma 11.12,

H freely generates a semigroup. Write ⟨H⟩+ :=
⋃
n≥0Hn, with H0 := {e}.

Part 2. The return cocycle

We establish the symbolic coding and the exponential moments and uniform distortion
estimates of the return cocycle. We then prove Zariski density of the return semigroup,
non-arithmeticity of the return periods, and quantitative non-integrability.
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12. Symbolic coding and cocycle estimates

We identify the expanding map T : Λ+ → Λ+ with the one-sided full shift on its countable
family H of inverse branches. We then define the return cocycle and prove the moment and
regularity estimates needed for the spectral analysis.

Equip the countable alphabet H with the discrete topology, and let Σ+ := HN. For
distinct x, y ∈ Σ+, set n(x, y) := min{j ≥ 1 : xj ̸= yj} and define

(12.1) dΣ+(x, y) := 2−n(x,y), dΣ+(x, x) := 0.

The one-sided shift is σ(x1, x2, . . .) := (x2, x3, . . .). Since all transitions are allowed, this
full shift is topologically mixing and has the big-images-and-preimages (BIP) property: any
fixed symbol can precede and follow every symbol; see [71, 70]. For n ≥ 1, write Σ+

n := Hn

for the words of length n. The cylinder of ω = (ω1, . . . , ωn) ∈ Σ+
n is

[ω] := {x ∈ Σ+ : xj = ωj for 1 ≤ j ≤ n}.

12.1. Conjugacy with full shift. We retain the notation ∆0, Λ+, T , and H from Sec-
tion 11. Thus

Λ+ =
⊔
γ∈H

γΛ+, T |γΛ+ = γ−1,

and, more generally,

(12.2) Λ+ =
⊔
γ∈Hn

γΛ+ (n ≥ 1).

The compact set γ∆0 is the closure of the corresponding branch cylinder.

Lemma 12.1. For every (γ1, γ2, . . .) ∈ Σ+, the compact sets γ1 · · · γn∆0, n ≥ 1, form a
decreasing sequence whose intersection consists of a single point. Moreover, this point belongs
to Λ+.

Proof. The sets are nonempty, compact, and nested because every inverse branch maps
∆0 into itself. Put gn := γ1 · · · γn. By Lemma 11.12, the elements gn are distinct. By
Lemma 11.6, there exists r > 0, independent of n, such that

gn∆0 ⊂ Or(o, gno) ∩ Λρ.

Hence Lemma 3.16 gives diamdRiem
(gn∆0) → 0. The intersection therefore consists of a

single point x.
Since x ∈ Or(o, gno) for every n, Lemma 3.12 shows that f−1(x) is a conical limit point

of Γ. In particular, x /∈ Λp(Γρ).
Expand each γn into its finite word of basic T0-branches. The inclusions x ∈ gn∆0 show

that every intermediate image of x belongs to the corresponding basic cell. Each such image
is nonparabolic, since the set of parabolic fixed points is Γρ-invariant. It therefore belongs to
Λ̃, and the prescribed T0-iterate is defined. Each γn records n0 successive returns to ∆0, so
this orbit returns to ∆0 infinitely often. Thus x ∈ Λ+, and Tnx = g−1

n x for every n ≥ 1. □

Define
Ψ : Σ+ → Λ+

by letting Ψ((γj)j≥1) be the unique point in
⋂
n≥1 γ1 · · · γn∆0.

Proposition 12.2. The map Ψ : Σ+ → Λ+ is a homeomorphism and

Ψ ◦ σ = T ◦Ψ.
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Proof. For each x ∈ Λ+, the branch partition determines a unique sequence (γn) such that
Tn−1x ∈ γnΛ+ for every n ≥ 1. Then x ∈ γ1 · · · γn∆0 for every n, so x = Ψ((γn)) by
Lemma 12.1. Conversely, the proof of that lemma shows that the image of each sequence
follows its prescribed branches. Thus Ψ is a bijection and Ψ ◦ σ = T ◦Ψ.

Fix s = (γ1, γ2, . . .) ∈ Σ+ and put gn := γ1 · · · γn. Sequences agreeing with s in their
first n entries have images in gn∆0. Since the diameters of these sets tend to zero, Ψ is
continuous.

To prove continuity of Ψ−1, put x := Ψ(s). By Lemma 11.11,

x ∈ gnγn+1∆0 ⊂ gn intΛρ(∆0).

The branch definitions give Λ+ ∩ gn∆0 = gnΛ+ = Ψ([γ1, . . . , γn]). Thus Λ+ ∩ gn intΛρ(∆0)
is a neighborhood of x contained in the image of this symbolic cylinder. Since symbolic
cylinders form a basis, Ψ−1 is continuous. □

Recall the constant CR used in the choice of n0 in Section 11.5.

Lemma 12.3 (Uniform branch contraction). For every n ≥ 1, γ ∈ Hn, and x, y ∈ Λ+,

(12.3) dψ̄(γx, γy) ≤ e−CRndψ̄(x, y).

Proof. For γ ∈ H, (5.2) and Lemma 11.14(2) give

dψ̄(γx, γy) = dψ̄(x, y)e
− 1

2
ψ̄(βγx(e,γ)+βγy(e,γ)) ≤ e−CRdψ̄(x, y).

Since every inverse branch maps Λ+ into itself, iteration gives the estimate for γ ∈ Hn. □

Proposition 12.4. There exists C > 0 such that, for all s, t ∈ Σ+,

dψ̄(Ψ(s),Ψ(t)) ≤ CdΣ+(s, t)α0 , α0 :=
CR
log 2

.

In particular, Ψ is Hölder continuous.

Proof. The assertion is immediate when s = t. Otherwise, put N := n(s, t) so that
dΣ+(s, t) = 2−N . So s and t share their first N − 1 symbols, so Lemmas 5.2 and 12.3
give

dψ̄(Ψ(s),Ψ(t)) ≤ e−CR(N−1) diamdψ̄
(Λρ) ≪ dΣ+(s, t)CR/ log 2.

□

12.2. Return cocycle and positivity. We define the return cocycle for T = T n0
ret , which

records n0 successive first returns to ∆0, and establish its positivity and comparison with
the Cartan projection.

Definition 12.5 (Return cocycle and roof function). For x ∈ Λ+, let γ ∈ H be the unique
element such that x ∈ γΛ+. Define

K(x) := βx(e, γ) + 2G(Tx, p0)− 2G(x, p0), R(x) := ψ(K(x)).

Put K0 := 0 and R0 := 0. For n ≥ 1, set Kn :=
∑n−1

j=0 K ◦ T j and Rn := ψ ◦ Kn =∑n−1
j=0 R ◦ T j .

For n ≥ 1 and γ ∈ Hn, put

(12.4) Rγ := sup
x∈γΛ+

Rn(x).
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Lemma 12.6. There exists C > 0 such that, for every n ≥ 1, γ ∈ Hn, and x ∈ γΛ+,

Kn(x) = βx(e, γ) + 2G(γ−1x, p0)− 2G(x, p0),(12.5)
∥Kn(x)− µ(γ)∥ ≤ C, |Rn(x)− ψ(µ(γ))| ≤ C.(12.6)

Moreover, for every n ≥ 1 and x ∈ Λ+, Kn(x) ∈ C0 and Rn(x) ≥ n.

Proof. Write γ = γ1 · · · γn with γ1, . . . , γn ∈ H. The cocycle identity gives
∑n−1

j=0 βT jx(e, γj+1) =

βx(e, γ). Since the G-terms telescope and Tnx = γ−1x, this proves (12.5).
By (11.12), the endpoint term belongs to the fixed compact set D0. Together with

(11.11) and Lemma 3.11, this gives (12.6). Since γ is a word of length nn0 ≥ n0 in Hret,
Lemma 11.14(1) also gives Kn(x) ∈ C0.

For n = 1, Lemma 11.14(2) and the choice of CR giveR(x) ≥ CR−4 supz∈∆0
|ψ(G(z, p0))| ≥

1. Summing along the orbit yields Rn(x) ≥ n. □

12.3. Exponential summability and moments. Exponential summability for Hret also
holds for H = Hn0

ret .

Proposition 12.7 (Exponential branch summability). There exists ε∗ ∈ (0, 1) such that,
for every 0 < ε ≤ ε∗, ∑

γ∈H
sup
x∈Λ+

e−(1−ε)R(γx) ≍
∑
γ∈H

e−(1−ε)ψ(µ(γ)) <∞.

Proof. By Propositions 11.7 and 11.10, there exists ε∗ ∈ (0, 1) such that
∑

γ∈Hret
e−(1−ε∗)ψ(µ(γ)) <

∞. Since ψ(µ(γ)) is uniformly bounded below, the same convergence holds for 0 < ε ≤ ε∗.
For γ1, . . . , γn0 ∈ Hret, the cocycle identity, (11.11), and Lemma 3.11 give

ψ(µ(γ1 · · · γn0)) =

n0∑
j=1

ψ(µ(γj)) +On0(1),

uniformly in the letters. Hence

∑
γ∈H

e−(1−ε)ψ(µ(γ)) ≪

 ∑
γ∈Hret

e−(1−ε)ψ(µ(γ))

n0

<∞.

Finally, (12.6) with n = 1 gives R(γx) = ψ(µ(γ)) +O(1) uniformly in γ and x, proving the
comparison of the two sums. □

Proposition 12.8 (Exponential moments). (1) For every 0 < ε < 1,∫
Λ+

eεR(x) dν(x) ≍ε

∑
γ∈H

e−(1−ε)ψ(µ(γ)).

(2) There exist ε0, C > 0 such that∫
Λ+

eε0R dν <∞, ν({x ∈ Λ+ : R(x) > t}) ≤ Ce−ε0t (t ≥ 0).

(3) There exists ε1 > 0 such that∫
Λ+

eε1∥K∥ dν <∞.
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Proof. By conformality, (11.11), and Lemma 3.11,

ν(γΛ+) =

∫
Λ+

e−ψ(βγx(e,γ)) dν(x) ≍ e−ψ(µ(γ)),

uniformly in γ ∈ H, since ν(Λ+) = ν(∆0) > 0. Moreover, (12.6) gives

R(y) = ψ(µ(γ)) +O(1) (y ∈ γΛ+),

with a uniform error. Therefore, summing over the branch partition, we obtain∫
Λ+

eεR(y) dν(y) =
∑
γ∈H

∫
γΛ+

eεR(y) dν(y) ≍ε

∑
γ∈H

eεψ(µ(γ))ν(γΛ+) ≍ε

∑
γ∈H

e−(1−ε)ψ(µ(γ)).

This proves (1).
Taking ε0 = ε∗ and applying Proposition 12.7 gives the finite moment in (2). The tail

bound follows from ν({R > t}) ≤ e−ε0t
∫
Λ+

eε0R dν.
Finally, K(x) ∈ C0 by Lemma 12.6, and ψ is positive on C0∖{0}. Thus m0 := min{ψ(v) :

v ∈ C0, ∥v∥ = 1} > 0, so R(x) = ψ(K(x)) ≥ m0∥K(x)∥. Taking ε1 = m0ε0 and applying
(2) proves (3). □

12.4. Uniform distortion and Hölder regularity. We estimate the variation of Kn at
γx, γy in terms of dψ̄(x, y), uniformly in n and γ ∈ Hn.

Definition 12.9. Let α > 0. A map ϕ : Σ+ → a or ϕ : Σ+ → R is locally α-Hölder if there
exists C > 0 such that

∥ϕ(s)− ϕ(t)∥ ≤ CdΣ+(s, t)α whenever s1 = t1.

We call ϕ locally Hölder if this holds for some α > 0.

Lemma 12.10. There exist θ ∈ (0, 1] and C > 0 such that, for all ξ, η ∈ Λρ,

dRiem(ξ, η) ≤ Cdψ̄(ξ, η)
θ.

Proof. For distinct ξ, η ∈ Λρ, let z be the nearest-point projection of o to the geodesic joining
f−1(ξ) and f−1(η). By [12, Corollary B.7(2)], the boundary map f is Hölder with respect to
a visual metric on Λ(Γ) and dRiem on F . Since the visual distance is comparable to e−d(o,z),
there exists a > 0 such that dRiem(ξ, η) ≪ e−ad(o,z).

By Lemmas 3.9 and 3.13, we can choose b ≥ a such that ψ̄(G(ξ, η)) ≤ b d(o, z) + O(1).
Thus dψ̄(ξ, η) ≫ e−bd(o,z), and hence dRiem(ξ, η) ≪ dψ̄(ξ, η)

a/b. Taking θ = a/b proves the
lemma. □

Remark 12.11. A reverse Hölder estimate also holds: there exist Θ ≥ 1 and C > 0 such that

dRiem(ξ, η) ≥ C−1dψ̄(ξ, η)
Θ (ξ, η ∈ Λρ).

This follows from [47, Lemma 3.11], together with Lemmas 3.9 and 3.13. We will not use
this estimate.

Proposition 12.12 (Uniform distortion of the return cocycle). There exist c0 ∈ (0, 1] and
C > 0 such that, for every n ≥ 1, γ ∈ Hn, and x, y ∈ Λ+,

(12.7)

∥βγx(e, γ)− βγy(e, γ)∥ ≤ Cdψ̄(x, y)
c0 ,

∥Kn(γx)−Kn(γy)∥ ≤ Cdψ̄(x, y)
c0 ,

|Rn(γx)−Rn(γy)| ≤ Cdψ̄(x, y)
c0 .
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Proof. Take c0 = θ from Lemma 12.10. By (11.11) and equivariance, x, y ∈ Or(γ
−1o, o)∩Λρ.

Applying Lemma 3.15 to γ−1 and using βγx(e, γ) = −βx(e, γ−1), we obtain

∥βγx(e, γ)− βγy(e, γ)∥ ≤ CdRiem(x, y) ≤ Cdψ̄(x, y)
c0 .

The map 2G( · , p0) is smooth on a neighborhood of the compact set ∆0, so its restriction
to ∆0 is Lipschitz. By Lemmas 12.3 and 12.10,

2∥G(x, p0)− G(y, p0)∥+ 2∥G(γx, p0)− G(γy, p0)∥
≪ dψ̄(x, y)

c0 + dψ̄(γx, γy)
c0 ≪ dψ̄(x, y)

c0 .

Combining this with the first estimate and (12.5) proves the estimate for Kn. Applying ψ
gives the estimate for Rn. □

Corollary 12.13 (Symbolic Hölder regularity). For every c ∈ (0, c0], the map K ◦ Ψ is
locally θc-Hölder, where θc := cCR/ log 2. The same holds for R ◦Ψ.

Proof. Since dψ̄ is bounded on Λρ, the estimates in Proposition 12.12 also hold with c0
replaced by any c ∈ (0, c0], with a constant depending on c.

Let s ̸= t satisfy s1 = t1. Applying Proposition 12.12 to their common first branch and
then Proposition 12.4, we obtain

∥K(Ψ(s))−K(Ψ(t))∥ ≪c dψ̄(Ψ(σs),Ψ(σt))c ≪c dΣ+(σs, σt)θc = 2θcdΣ+(s, t)θc .

Composition with ψ preserves this estimate and yields the last claim. □

13. Non-arithmeticity of periodic return vectors

We prove that the periodic return vectors generate a dense additive subgroup of a. We
first identify these vectors with Jordan projections and prove that the return semigroup is
Zariski dense. The conclusion then follows from Benoist’s non-arithmeticity theorem [3].

For n ≥ 1, let Fix(Tn) ⊂ Λ+ denote the fixed-point set of Tn.

Theorem 13.1 (Non-arithmeticity of return vectors). The additive subgroup generated by

{Kn(x) : x ∈ Fix(Tn), n ≥ 1}
is dense in a.

Lemma 13.2. The set Λ+ is Zariski dense in F .

Proof. By Theorem 7.1,
∑

γ∈Γρ e
−ψ(µ(γ)) = ∞. Hence [41, Theorem 1.4] implies that every

proper subvariety of F is ν-null. Since Λ+ has full ν-measure in ∆0 by Proposition 11.2 and
ν(∆0) > 0, it cannot be contained in a proper subvariety. □

Lemma 13.3 (Periodic return vectors). Every nontrivial element of ⟨H⟩+ is loxodromic.
For every n ≥ 1, the fixed points of Tn are precisely the attracting flags yγ, γ ∈ Hn, and
Kn(yγ) = λ(γ).

Proof. Let γ = γ1 · · · γn ∈ Hn. The periodic repetition of (γ1, . . . , γn) defines a point x ∈ Λ+

with Tnx = x and γx = x. Since Kkn(x) = kKn(x), applying (12.6) to γk gives

∥kKn(x)− µ(γk)∥ ≤ C (k ≥ 1).

Dividing by k and letting k → ∞, we obtain Kn(x) = λ(γ). By Lemma 12.6, this vector
belongs to C0 and satisfies ψ(Kn(x)) ≥ n. Thus λ(γ) belongs to int a+, so γ is loxodromic.
Moreover, (11.11) gives x ∈ Or(o, γ

ko) for every k ≥ 1. By Lemma 3.16(2), x = yγ .
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Conversely, every fixed point of Tn has an itinerary obtained by repeating a word of
length n. The preceding argument identifies it with the attracting flag of the corresponding
element of Hn. □

Lemma 13.4. The set {yγ : γ ∈ Hn, n ≥ 1} is dense in Λ+.

Proof. Periodic sequences are dense in Σ+. Apply the homeomorphism Ψ and Lemma 13.3.
□

Let ΓH < Γρ be the subgroup generated by ⟨H⟩+.

Lemma 13.5. No finite-index subgroup of ΓH is contained in a proper parabolic subgroup
of G.

Proof. Suppose that a finite-index subgroup H < ΓH is contained in gQg−1, where Q is a
maximal proper parabolic subgroup containing P . Then H fixes gQ ∈ G/Q.

The flags transverse to gP form a nonempty Zariski-open subset of F . By Lemmas 13.2
and 13.4, choose γ1, γ2 ∈ ⟨H⟩+ ∖ {e} with distinct attracting flags, both transverse to gP .
Replacing them by a common positive power, we may assume that γ1, γ2 ∈ H. For i = 1, 2,
transversality gives γ−mi gP → yγ−1

i
as m→ ∞. Since γ−mi gQ = gQ, both flags yγ−1

i
project

to gQ. The preimages of γ1, γ2 are hyperbolic. Two hyperbolic elements of a Fuchsian group
that share one fixed point share both fixed points. Hence the distinct attracting flags of
γ1, γ2 imply that their repelling flags are distinct. As these repelling flags belong to Λρ,
they have the form hP and hw0P for some h ∈ G. Their images hQ and hw0Q in G/Q are
distinct because Q is proper, contradicting the preceding paragraph. □

Lemma 13.6. Let G be a connected semisimple real algebraic group, and let L < G be a
reductive real algebraic subgroup. Suppose that the projection of L◦ to every simple factor of
G is non-compact. If {yg ∈ F : g ∈ L◦, loxodromic} is Zariski dense in F , then L = G.

Proof. By [56], after conjugation we may assume that L◦ is invariant under θ. Write l =
kL ⊕ pL and KL = L◦ ∩ K. After a further conjugation by K, choose a maximal abelian
subspace aL ⊂ pL contained in a. Then L◦ = KL exp(a

+
L )KL for a closed positive Weyl

chamber a+L . For a loxodromic g ∈ L◦, write gn = kn exp(Hn)k
′
n in this decomposition.

Let W ⊂ NK(A) be a finite set of representatives of the Weyl group. Choose wn ∈ W
such that Ad(w−1

n )Hn = µ(gn). Along a subsequence, wn = w and kn → k ∈ KL. Since
n−1µ(gn) → λ(g) ∈ int a+, we obtain yg = kwP ∈

⋃
w∈W KL · (wP ). By the hypothesis, the

union
⋃
w∈W KL · (wP ) is Zariski dense.

Each KL · (wP ) is a compact semialgebraic submanifold, and its real Zariski closure has
the same dimension. Therefore for some w ∈ W, KL.wP must have has dimension dimF .
That orbit is open and closed in the connected space F , so KL.wP = F . Thus KL acts
transitively on F = K/M , and K = KLM .

Write g =
⊕

i gi, where gi = ki ⊕ pi are the simple ideals. By the non-compactness
assumption, pL projects nontrivially to every pi. We can therefore choose X ∈ pL whose
projections to all pi are nonzero. Conjugating by KL, we obtain H ∈ aL whose projections
Hi are still nonzero. Since M centralizes H and K = KLM ,

Ad(K)H = Ad(KL)H ⊂ pL.

Let V be the linear span of Ad(K)H. For each i, the action of ki on pi is nontrivial and
irreducible. Choose Zi ∈ ki with [Zi, Hi] ̸= 0. Since V is k-invariant and distinct simple
ideals commute, 0 ̸= [Zi, H] = [Zi, Hi] ∈ V ∩ pi. Since V ∩ pi is a nonzero ki-invariant
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subspace of pi, irreducibility gives pi ⊂ V . Thus p ⊂ V ⊂ l. As G has no compact factors,
[p, p] = k, so l = g. Connectedness of G now gives L = G. □

Corollary 13.7. The semigroup ⟨H⟩+ is Zariski dense in G.

Proof. Let L be the Zariski closure of ⟨H⟩+. By [4, Lemma 6.15], L is an algebraic subgroup
containing ΓH. By Lemma 13.3, every nontrivial element of ⟨H⟩+ is loxodromic and hence
the projection of L◦ to every simple factor of G is non-compact.

Since L/L◦ is finite, ΓH ∩ L◦ has finite index in ΓH. If L◦ were nonreductive, then it
should be contained in a proper parabolic subgroup of G, contrary to Lemma 13.5. Hence L
is reductive. For any g ∈ ⟨H⟩+, there is n such that gn ∈ L◦ and yg = ygn . By Lemmas 13.2
and 13.4 and Lemma 13.6, L = G. □

Since inversion is a biregular map of G, ⟨H⟩−1
+ is also Zariski dense.

Proof of Theorem 13.1. By Lemma 13.3,

{Kn(x) : x ∈ Fix(Tn), n ≥ 1} = {λ(γ) : γ ∈ ⟨H⟩+ ∖ {e}}.

By Corollary 13.7, ⟨H⟩+ is Zariski dense. Therefore [3, Proposition, p. 34] implies that
{λ(γ) : γ ∈ ⟨H⟩+ ∖ {e}} generates a dense subgroup of a; see also [58] for a dynamical
proof. □

14. Quantitative non-integrability of the return cocycle

We prove the quantitative non-integrability estimate for K used in Proposition 17.5. The
proof uses Zariski density of ⟨H⟩+ and the peripheral root-balance condition (4.1).

For C > 0, set HC := {γ ∈ H : Rγ < C}, where Rγ is defined in (12.4). By (12.6),
Rγ = ψ(µ(γ)) +O(1) uniformly in γ. Thus HC is finite by Proposition 12.7.

Theorem 14.1 (Quantitative non-integrability). There exist constants C > 1, 0 < s1 ≤ s2,
s3 > 0, NNI > 1, and ε1, δ1, η ∈ (0, 1) with the following property. For every unit vector
v0 ∈ a, b > 3, and integer n > NNI, there exist γ1, γ2 ∈ Hn

C , γ ∈ HC , and x1, x2 ∈ Λ+ such
that

x1 ∈ γΛ+, Bψ̄

(
x1,

ε1
bs1

)
⊂ γ∆0, x2 ∈ Bψ̄

(
x1,

ε1
2bs1

)
∖Bψ̄

(
x1,

δ1ε1
2bs2

)
,

and

(14.1)
∣∣∣⟨v0,Kn(γ1x1)−Kn(γ2x1)⟩ − ⟨v0,Kn(γ1x2)−Kn(γ2x2)⟩

∣∣∣ ≥ η dψ̄(x1, x2)
s3 .

Moreover, writing γk = γk,1 · · · γk,n with γk,i ∈ HC , we have

(14.2) Bψ̄

(
γkx1,

ε1
2bs1

)
∪Bψ̄

(
γkx2,

ε1
2bs1

)
⊂ γk,1∆0 (k = 1, 2).

14.1. Root balance in the return limit cone. Let LH be the asymptotic cone of
µ(⟨H⟩+). Since ⟨H⟩+ is Zariski dense by Corollary 13.7, [2, Theorem 1.2(a)] gives

LH = {tλ(γ) : t ≥ 0, γ ∈ ⟨H⟩+}.

Lemma 14.2 (Peripheral root balance). There exists v ∈ LH ∩ int a+ such that

minα∈Π α(v)

maxα∈Π α(v)
>

1

2
.
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Proof. Recall that H = Hn0
ret , where Hret consists of products η1 · · · ηr satisfying

ηj ∈ H0(ij , ij−1), i0 = ir = 0, ij ̸= 0 (0 < j < r).

The last factor has the form ηr = γph, where p ∈ Γρp0 and h ∈ Np ⊂ P0. By (11.1),
γpNp ⊂ H0(0, ir−1), and Np is cofinite in P0 by (9.3).

For every nontrivial u ∈ P0, the elements hum are distinct and hence belong to Np for all
sufficiently large m. Replacing the last factor of the last return word therefore shows that,
for every g ∈ H and u ∈ P0 ∖ {e}, there exists m0 = m0(g, u) such that

(14.3) gum ∈ H (m ≥ m0).

Now fix g ∈ H and u0 ∈ P0∖{e}. Then u0 is weakly unipotent and hence, by Lemmas 3.1
and 3.5,

µ(gum0 ) = µ(um0 ) +Og(1) = (logm)vu0 +O(1).

By (14.3), gum0 ∈ H for all sufficiently large m. Dividing by logm therefore gives vu0 ∈ LH.
Moreover, vu0 ̸= 0, and the Cartan asymptotic and (4.1) imply

minα∈Π α(vu0)

maxα∈Π α(vu0)
= lim

m→∞

minα∈Π α(µ(u
m
0 ))

maxα∈Π α(µ(um0 ))
>

1

2
.

Thus vu0 ∈ int a+, and we may take v = vu0 . □

For the remainder of this section, fix a vector v∗ ∈ LH ∩ int a+ supplied by Lemma 14.2,
and set

(14.4) θ∗ :=
minα∈Π α(v∗)

maxα∈Π α(v∗)
∈
(
1

2
, 1

]
.

14.2. Quantitative non-concentration. Equip g with the inner product ⟨X,Y ⟩ := −B(X, θY ),
where B is the Killing form, and use the induced norms. Its restriction to a agrees with the
inner product fixed above. Consider the root decomposition

(14.5) g = a⊕m⊕
⊕
α∈Φ+

(
gα ⊕ g−α

)
, (m = LieM).

This is an orthogonal decomposition which is Ad(M)-invariant. For κ ∈ (0, 1] and α ∈ Π,
put

Wκ(g−α) :=

{
Z ∈ ň : ∥Z∥ = 1, sup

Z′∈g−α,∥Z′∥=1

|⟨Z,Z ′⟩| ≥ κ

}
.

The following proposition gives an attracting fixed point yγ∗ such that, in local Bruhat
coordinates centered there, Λ+ escapes every hyperplane through the origin whose normal
has a definite component in a negative simple-root space, with quantitative bounds at all
sufficiently small scales. The powers of dψ̄ match the contraction rates in the corresponding
root spaces; see (14.9).

Proposition 14.3 (Adapted non-concentration). Fix s ∈ (12 , θ∗). There exists a loxodromic
element γ∗ ∈ ⟨H⟩+ with the following property. For every fixed g∗ ∈ G satisfying g−1

∗ γ∗g∗ ∈
A+M and κ ∈ (0, 1], there exist c0, δ0, η0 ∈ (0, 1) such that, for every α ∈ Π, Z ∈Wκ(g−α),
and ε ∈ (0, c0), there exists Y ∈ ň with g∗ exp(Y )P ∈ Λ+ and

(14.6) δ0ε < dψ̄
(
yγ∗ , g∗ exp(Y )P

)α(λ(γ∗))
ψ̄(λ(γ∗)) < ε, |⟨Z, Y ⟩| > η0ε, ∥Y ∥ ≤ εs.
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Proof. Choose s0 ∈ (s, θ∗). By (14.4), for every β ∈ Φ+ and α ∈ Π,

β(v∗) ≥ min
ζ∈Π

ζ(v∗) > s0max
ζ∈Π

ζ(v∗) ≥ s0α(v∗).

Since LH is the closure of the rays through λ(⟨H⟩+), we may choose γ∗ ∈ ⟨H⟩+ ∖ {e}
such that

(14.7) β(λ(γ∗)) ≥ s0α(λ(γ
∗)) (β ∈ Φ+, α ∈ Π).

By Lemma 13.3, γ∗ is loxodromic, and ψ̄(λ(γ∗)) > 0 by (7.1). Fix g∗ ∈ G with g−1
∗ γ∗g∗ ∈

A+M . Then

g∗P = yγ∗ , g∗w0P = y(γ∗)−1 , g−1
∗ γ∗g∗ ∈ exp(λ(γ∗))M.

For every k ≥ 0, we have

(γ∗)kg∗ exp(V )P = g∗ exp
(
Ad(g−1

∗ (γ∗)kg∗)V
)
P (V ∈ ň),

∥Ad(g−1
∗ (γ∗)kg∗)V ∥ = e−kβ(λ(γ

∗))∥V ∥ (V ∈ g−β, β ∈ Φ+).

Since the exponential and logarithm maps of Ň are polynomial, V 7→ g∗ exp(V )P is an
algebraic isomorphism onto the open Bruhat cell g∗ŇP . By Lemma 13.2, the set {V ∈ ň :
g∗ exp(V )P ∈ Λ+} is Zariski dense and hence spans ň. Choose a basis Y1, . . . , Yd from this
set and C > 1 such that

(14.8) max
j

∥Yj∥ ≤ C, max
j

|⟨V, Yj⟩| ≥ C−1∥V ∥ (V ∈ ň).

By Lemma 13.3, yγ∗ ∈ Λ+, and (12.2) gives (γ∗)kΛ+ ⊂ Λ+ for every k ≥ 0. By (11.11),
Lemma 3.11, and Lemma 3.1,

β(γ∗)kz(e, (γ
∗)k) = µ((γ∗)k) +O(1) = kλ(γ∗) +O(1)

uniformly for k ≥ 0 and z ∈ Λ+. Applying (5.2) to yγ∗ and g∗ exp(Yj)P , whose distance is
positive, and enlarging C, we obtain

(14.9) C−1e−kα(λ(γ
∗)) ≤ dψ̄

(
yγ∗ , (γ

∗)kg∗ exp(Yj)P
)α(λ(γ∗))
ψ̄(λ(γ∗)) ≤ Ce−kα(λ(γ

∗))

for every α ∈ Π, j, and k ≥ 0. Fix κ ∈ (0, 1]. For Z ∈Wκ(g−α), we have∥∥Ad(g−1
∗ (γ∗)kg∗)

∗Z
∥∥ ≥ κe−kα(λ(γ

∗)),

where ∗ denotes the adjoint in ň. Combining this with (14.8) gives the first estimate below,
while (14.7) gives the second:

(14.10)
max
j

∣∣⟨Z,Ad(g−1
∗ (γ∗)kg∗)Yj⟩

∣∣ ≥ C−1κe−kα(λ(γ
∗)),

max
j

∥Ad(g−1
∗ (γ∗)kg∗)Yj∥ ≤ Ce−ks0α(λ(γ

∗)).

Since s0 > s, choose c0 ∈ (0, 1) so small that C
(
ε
2C

)s0 ≤ εs for all 0 < ε < c0. Given
α ∈ Π, Z ∈Wκ(g−α), and ε ∈ (0, c0), choose k ≥ 1 so that

Ce−kα(λ(γ
∗)) ≤ ε

2
< Ce−(k−1)α(λ(γ∗)).

Choose j attaining the maximum in the first line of (14.10), and put Y := Ad(g−1
∗ (γ∗)kg∗)Yj .

Then g∗ exp(Y )P = (γ∗)kg∗ exp(Yj)P ∈ Λ+. By (14.9) and the choice of k,

δ0ε < dψ̄
(
yγ∗ , g∗ exp(Y )P

)α(λ(γ∗))
ψ̄(λ(γ∗)) ≤ ε

2
< ε.
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where δ0 := (2C2)−1e−maxβ∈Π β(λ(γ
∗)). Likewise, (14.10) gives

|⟨Z, Y ⟩| > κε

2C2eα(λ(γ∗))
≥ κδ0ε, ∥Y ∥ ≤ C

( ε

2C

)s0
≤ εs.

Taking η0 := κδ0 ∈ (0, 1) proves (14.6). □

14.3. A geometric formula for cocycle differences. We express differences between
return branches in the Bruhat coordinates associated with the attracting and repelling flags
of γ∗ used in Proposition 14.3.

Recall that p0 = P . For g ∈ G, recall

[g] := (g+, g−, βg+(e, g)) ∈ F (2) × a, g+ = gp0, g− = gw0p0.

Lemma 14.4 ([44, Lemma 8.4]). For g ∈ G, n ∈ N , and h ∈ Ň ,

[gn] = (g+, gn−, βg+(e, g)),

[gh] =
(
gh+, g−, βg+(e, g) + 2G(gh+, g−)− 2G(g+, g−)

)
.

For the rest of this section, fix s ∈ (1/2, θ∗) and γ∗ as in Proposition 14.3. Choose g∗ ∈ G
such that g−1

∗ γ∗g∗ ∈ exp(λ(γ∗))M , and set

(14.11) x1 := g∗P = yγ∗ , q∗ := g∗w0P = y(γ∗)−1 .

For every x ∈ F transverse to q∗, let hx ∈ Ň be the unique element such that x = g∗hxP .
In particular, hx1 = e, and hg∗ exp(Y )P = exp(Y ) for Y ∈ ň.

For (x, y) ∈ F (2) with x transverse to q∗ and y transverse to x1, set g1 := g∗ and
successively choose g2 ∈ g1N , g3 ∈ g2Ň , g4 ∈ g3N , and g5 ∈ g4Ň such that

g−2 = y, g+3 = x, g−4 = q∗, g+5 = x1.

Each choice is unique. For (h, n) ∈ Ň × N such that (g∗hP, g∗nw0P ) ∈ F (2), apply this
construction with x = g∗hP and y = g∗nw0P . Since g5 and g∗ have the same two flags,
g−1
∗ g5 ∈ AM . Define Ξ(h, n) to be the unique element of A satisfying

(14.12) g∗M = g5Ξ(h, n)M.

For fixed n ∈ N , write Ξn(h) := Ξ(h, n). For γ ∈ ⟨H⟩+ ∖ {e}, let nγ ∈ N be determined
by

qγ := γ−1p0 = g∗nγw0P.

By Lemma 11.5 and inverse iteration in U0, the flags p0, q∗, and qγ belong to U0, which is
disjoint from Λ+. They are therefore transverse to every point of Λ+, so hx and Ξ(hx, nγ)
are defined for x ∈ Λ+.

Lemma 14.5. For n ≥ 1, γ, η ∈ Hn, and x ∈ Λ+,
log Ξ(hx, nγ)− log Ξ(hx, nη) = Kn(γx)−Kn(ηx)−Kn(γx1) +Kn(ηx1).

Proof. Apply Lemma 14.4 to the associated sequence for (x, qγ). Since log Ξ(hx, nγ) =
βx1(e, g∗)− βx1(e, g5), we obtain

log Ξ(hx, nγ) = 2G(x, q∗)− 2G(x1, q∗)− 2G(x, qγ) + 2G(x1, qγ).
On the other hand, (12.5) and (3.3) give

Kn(γx)−Kn(γx1) = 2G(x, p0)− 2G(x1, p0)− 2G(x, qγ) + 2G(x1, qγ).
Subtracting the corresponding formulas for η cancels the terms involving q∗ and p0, respec-
tively, and proves the identity. □
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Define the backward limit set

Λb := {yγ−1 : γ ∈ ⟨H⟩+ ∖ {e}}.
By Lemma 11.5, γ−mp0 ∈ U0 for every γ ∈ ⟨H⟩+ ∖ {e} and m ≥ 1. Since p0 is transverse
to yγ ∈ Λ+, these points converge to yγ−1 . Closedness of U0 therefore gives Λb ⊂ U0. In
particular, Λb is disjoint from Λ+.

Lemma 14.6. The set Λb is Zariski dense in F , contains p0, and satisfies γ−1Λb ⊂ Λb for
every γ ∈ ⟨H⟩+.

Proof. Since ⟨H⟩−1
+ is Zariski dense by Corollary 13.7, [2, Section 3.6] gives the invariance

and Zariski density of Λb. Fix g ∈ H and u ∈ P0∖{e}. By (14.3), gum ∈ H for all sufficiently
largem. Choose ζ ∈ Λb∖{gp0}. The invariance just proved gives u−mg−1ζ = (gum)−1ζ ∈ Λb
for all sufficiently large m. Since g−1ζ ̸= p0 and u ∈ P0, these points converge to p0. Thus
p0 ∈ Λb by closedness. □

Since Λ+ and Λb are disjoint subsets of Λρ, every pair in Λ+×Λb is transverse. As x1 ∈ Λ+

and q∗ ∈ Λb, the inverse image of this product under (h, n) 7→ (g∗hP, g∗nw0P ) is a compact
product contained in the domain of Ξ.

Choose relatively compact open neighborhoods Ň1 ⊂ Ň and N1 ⊂ N of its two factors
such that Ň1×N1 is still contained in that domain. Then hx ∈ Ň1 for x ∈ Λ+, and nγ ∈ N1

for γ ∈ ⟨H⟩+ ∖ {e}. Moreover, e ∈ Ň1 ∩N1, since hx1 = e and q∗ = g∗w0P .
Let πa : g → a be the projection associated to (14.5).

Lemma 14.7. The map Ξ is real analytic on its domain, Ξn(e) = e, and

(14.13)
(
d(log ◦Ξn)

)
e
= πa ◦Adn−1 |ň.

Proof. Let (h, n) ∈ Ň × N belong to the domain of Ξ. Then (n−1hP,w0P ) ∈ F (2), and
hence n−1h ∈ ŇP Write n−1h = h′amn′, with h′ ∈ Ň , a ∈ A, m ∈ M , and n′ ∈ N . The
associated sequence satisfies

g3 = g1nh
′, g4 = g1ha

−1m−1, g5 = g1a
−1m−1.

Thus (14.12) gives Ξ(h, n) = a. The components of this decomposition are real analytic,
and the A-component of n−1 is e, so Ξn(e) = e.

Since right multiplication by n preserves the A-component, for Y ∈ ň and t ∈ R close to
0, Ξn(exp(tY )) is the A-component of n−1 exp(tY )n = exp(tAdn−1 Y ). The differential at
e of the logarithm of the A-component is πa, by (14.5). This proves (14.13). □

By compactness,

(14.14) C1 := sup
n∈N1

∥Adn−1 ∥ <∞.

14.4. A finite family of nondegenerate adjoint directions.

Lemma 14.8. Let ξ ∈ Λb. For every ε > 0, there exists a loxodromic element γ0 ∈ ⟨H⟩+
such that

dψ̄((γγ0)
−1p0, ξ) < ε for every γ ∈ ⟨H⟩+.

Proof. By the definition of Λb, choose η ∈ ⟨H⟩+ ∖ {e} such that dψ̄(yη−1 , ξ) < ε. Every
point of the compact set Λb is transverse to yη ∈ Λ+. Hence η−my → yη−1 uniformly for
y ∈ Λb. By continuity of dψ̄, we may choose m ≥ 1 such that supy∈Λb dψ̄(η

−my, ξ) < ε. Set
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γ0 := ηm. Since γ−1p0 ∈ Λb for every γ ∈ ⟨H⟩+ by Lemma 14.6, the assertion follows from
(γγ0)

−1p0 = η−mγ−1p0. □

For β ∈ Π, let Hβ ∈ a be defined by ⟨H,Hβ⟩ = β(H) for every H ∈ a.

Lemma 14.9 ([33, Chapter VI, Section 3, Lemma 3.1]). For every β ∈ Π, there are unit
vectors Eβ ∈ gβ and E−β ∈ g−β such that

[Eβ, E−β] ∈ R>0Hβ.

Fix the unit vectors E±β from Lemma 14.9. Since the simple roots span a∗, compactness
of the unit sphere gives δ2 > 0 such that every unit vector v0 ∈ a satisfies |β(v0)| ≥ δ2 for
some β ∈ Π.

Proposition 14.10. There exist C2, C3 > 0, j0, k0 ∈ N, and γ′j ∈ Hk0
C2

(1 ≤ j ≤ j0) with the
following property. For every integer k > k0 and γj ∈ Hk−k0γ′j (1 ≤ j ≤ j0), the following
hold:

(1) nγj ∈ N1 for every 1 ≤ j ≤ j0;
(2) for every unit vector v0 ∈ a and β ∈ Π satisfying |β(v0)| ≥ δ2, there is 1 ≤ j ≤ j0

such that
∣∣⟨v0,Adn−1

γj
E−β⟩

∣∣ ≥ C3.

Proof. By Lemma 14.6, γ−1p0 ∈ Λb for every γ ∈ ⟨H⟩+. Thus (1) follows from the choice of
N1. Fix a unit vector v0 ∈ a and β ∈ Π with |β(v0)| ≥ δ2. The function n 7→ ⟨v0,Adn−1 E−β⟩
is polynomial in exponential coordinates on N , since Adexp(−X) = e− adX is a finite sum for
X ∈ n. Its derivative at e in the direction Eβ is −⟨v0, [Eβ, E−β]⟩ ≠ 0 by Lemma 14.9.

The map n 7→ g∗nw0P is an algebraic isomorphism from N onto the open Bruhat cell
transverse to x1, which contains Λb. By Lemma 14.6, we may therefore choose n ∈ N1

such that g∗nw0P ∈ Λb and ⟨v0,Adn−1 E−β⟩ ̸= 0. Continuity and Lemma 14.8 then give
γ′ ∈ ⟨H⟩+ ∖ {e} and c > 0 such that, for every unit vector v sufficiently close to v0,∣∣⟨v,Adn−1

ωγ′
E−β⟩

∣∣ > c for every ω ∈ ⟨H⟩+.

By compactness of the sets {v : ∥v∥ = 1, |β(v)| ≥ δ2}, finitely many such choices give
elements γ′j ∈ Hkj and a common lower bound C3 > 0, valid after any left multiplication by
an element of ⟨H⟩+. Fix ϑ ∈ H and put k0 := maxj kj . Replacing γ′j by ϑk0−kjγ′j preserves
this property and makes every word have length k0. Choose C2 > 0 so that all letters in
these finitely many words belong to HC2 . This proves (2). □

14.5. Proof of Theorem 14.1. Recall x1 = g∗P and q∗ = g∗w0P from (14.11). We use
the constants and branches supplied by Proposition 14.10.
Step 1: infinitesimal non-integrability. Since q∗ = g∗w0P , its N -coordinate is e. Also,
πa|ň = 0. Applying Lemma 14.8 to q∗ ∈ Λb and using continuity gives γ′0 ∈ Hm0 , for some
m0 ∈ N, such that

(14.15)
∥∥πa ◦Adn−1

ωγ′0

|ň
∥∥ < C3/2 for every ω ∈ ⟨H⟩+.

Let γ ∈ H be the first letter of the word representing γ∗. The periodic itinerary of x1
gives γ−1x1 ∈ Λ+. Since Λ+ ⊂ intΛρ(∆0) by Lemma 11.11, we have x1 ∈ γΛ+∩ intΛρ(γ∆0).

Fix γb ∈ H. By Lemma 11.11, γ2b∆0 is a compact subset of intΛρ(γb∆0). We may
therefore choose r0 > 0 such that

(14.16) Bψ̄(x1, r0) ⊂ γ∆0, Bψ̄(γ
2
b∆0, r0) ⊂ γb∆0.
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Choose C > 1 so that γ, γb and all letters of γ′0, γ′1, . . . , γ′j0 belong to HC , and put NNI :=

max{m0, k0}+ 2. Fix an integer ℓ > NNI and define

(14.17) γ0 := γ ℓ−m0
b γ′0, γj := γ ℓ−k0b γ′j (1 ≤ j ≤ j0).

Every γj , including γ0, belongs to Hℓ
C and begins with γ2b.

For 1 ≤ j ≤ j0, define

BPj(h) := log Ξnγj (h)− log Ξnγ0 (h) (h ∈ Ň1).

Then BPj(e) = 0, and Lemma 14.5 gives

(14.18) BPj(hx) = Kℓ(γjx)−Kℓ(γ0x)−Kℓ(γjx1) +Kℓ(γ0x1) (x ∈ Λ+).

By (14.13),
(dBPj)e = πa ◦

(
Adn−1

γj
−Adn−1

γ0

)
|ň.

Since πa is an orthogonal projection, (14.14) gives

(14.19) ∥(dBPj)e∥ ≤ 2C1.

By Proposition 14.10 and (14.15), for every unit vector v0 ∈ a and α ∈ Π with |α(v0)| ≥ δ2,
some 1 ≤ j′ ≤ j0 satisfies

(14.20) |⟨v0, (dBPj′)eE−α⟩| ≥ C3/2.

Step 2: finite-scale non-integrability. Put

s1 := min

{
1,min
α∈Π

ψ̄(λ(γ∗))

α(λ(γ∗))

}
, s2 := max

{
1,max

α∈Π

ψ̄(λ(γ∗))

α(λ(γ∗))

}
, s3 := 1/s1.

For the fixed s ∈ (1/2, θ∗), let c0, δ0, η0 be supplied by Proposition 14.3 for g∗ and κ :=
min{1, C3/(4C1)}.

Since nγj ∈ N1 for 0 ≤ j ≤ j0, analyticity of Ξ on a neighborhood of Ň1 × N1 gives
M > 0, independent of ℓ and j, such that for Y in a fixed neighborhood of 0 in ň,

(14.21) ∥BPj(expY )− (dBPj)eY ∥ ≤M∥Y ∥2.
Choose ε3 ∈ (0, c0) so small that this estimate holds whenever ∥Y ∥ ≤ εs3, that 2εs13 <

min{1, r0}, and that Mε2s−1
3 ≤ C3η0/4. Set

ε1 := 2εs13 , δ1 := δs20 ε
s2−s1
3 , η := min{1/2, C3η0/4}.

These constants are independent of ℓ.
Fix a unit vector v0 ∈ a and b > 3, and choose α ∈ Π with |α(v0)| ≥ δ2. Let j′ be given

by (14.20), and put Z := ((dBPj′)e)
∗v0 ∈ ň. By (14.20) and (14.19),

|⟨Z,E−α⟩| ≥ C3/2, C3/2 ≤ ∥Z∥ ≤ 2C1.

Thus Z/∥Z∥ ∈ Wκ(g−α). Apply Proposition 14.3 to this unit vector with ε = ε3/b, and let
Y be the resulting vector. Set x2 := g∗ exp(Y )P . Then hx2 = exp(Y ) and x2 ∈ Λ+. Since
s1 ≤ ψ̄(λ(γ∗))/α(λ(γ∗)) ≤ s2 and ε < 1, we obtain

(14.22)
(
δ0ε3
b

)s2
< dψ̄(x1, x2) <

(ε3
b

)s1
, |⟨Z, Y ⟩| ≥ C3η0

2

ε3
b
, ∥Y ∥ ≤

(ε3
b

)s
.

By (14.21) and (14.22),

|⟨v0,BPj′(hx2)⟩| ≥
C3η0
2

ε3
b
−M

(ε3
b

)2s
≥ C3η0

4

ε3
b

≥ η dψ̄(x1, x2)
s3 .
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Here the second inequality uses 2s > 1 and the choice of ε3, and the last uses s1s3 = 1.
Taking γj′ and γ0 as the two branches in the theorem, (14.18) gives (14.1). The definitions of
ε1, δ1 turn (14.22) into the required annulus. Also, ε1/bs1 < r0, so (14.16) gives the required
ball about x1.

Finally, every word in (14.17) begins with γ2b, so γjxk ∈ γ2b∆0. By (14.16),

Bψ̄

(
γjxk,

ε1
2bs1

)
⊂ γb∆0 (0 ≤ j ≤ j0, k = 1, 2).

Since γb is the first letter of both selected branches, this proves (14.2). □

Part 3. Spectral theory and BMS local mixing

15. Spectral theory of transfer operators

We study the real and complex transfer operators for (Λ+, T ), with weights determined
by the roof function R and the return cocycle K. We apply the Ruelle–Perron–Frobenius
theory for countable shifts and establish regularity directly with respect to dψ̄. We obtain
a positive eigenfunction and a spectral gap for the normalized real operator, and show that
the gap persists under small complex perturbations. Finally, we compute the second-order
expansion of the centered leading eigenvalue and prove that its negative Hessian at the origin
is positive definite.

Definition 15.1. Let L be a bounded linear operator on a complex Banach space X, with
spectrum σ(L) and spectral radius ρ(L) := sup{|z| : z ∈ σ(L)}. We say that L has a
spectral gap if there exist κ ∈ C, a bounded rank-one projection P on X, and a bounded
linear operator R on X such that

L = κP +R, PR = RP = 0, ρ(R) < |κ|.
In this case, κ is a simple eigenvalue of L, ρ(L) = |κ|, and we call κ the leading eigenvalue
of L.

For a topological space X and K ∈ {R,C}, let C(X,K) and Cb(X,K) denote the spaces of
continuous and bounded continuous K-valued functions on X, respectively. When K = R,
we suppress R from the notation.

Recall the constant c0 > 0 from Proposition 12.12 and let

(15.1) c ∈ (0, c0]

be any number in this section and in Section 16.

Definition 15.2 (Bounded c-locally Hölder functions). For f ∈ C(Λ+,C) and γ ∈ H, define

|f |c,γ := sup
x,y∈γΛ+,x ̸=y

|f(x)− f(y)|
dψ̄(x, y)

c
.

Set
|f |c := sup

γ∈H
|f |c,γ , ∥f∥c := ∥f∥∞ + |f |c,

where ∥f∥∞ := supx∈Λ+
|f(x)|. We define

Fc(Λ+,C) := {f ∈ C(Λ+,C) : ∥f∥c <∞}.
On this space, | · |c is a seminorm and ∥ · ∥c is a norm. Equipped with ∥ · ∥c, this is a complex
Banach space. We write Fc(Λ+) for the corresponding real Banach space.
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15.1. Thermodynamic formalism for the −R-potential. By Proposition 12.7, there
exists ε0 ∈ (0, 1) such that

(15.2)
∑
γ∈H

sup
x∈Λ+

e−(1−ε0)R(γx) <∞.

Definition 15.3 (Real transfer operator on Λ+). Define L̃−R : Cb(Λ+) → Cb(Λ+) by

L̃−RH(x) :=
∑

x′∈T−1(x)

e−R(x′)H(x′) =
∑
γ∈H

e−R(γx)H(γx);

by (15.2), the series on the right converges absolutely and uniformly on Λ+.

Setting λ := e−CR ∈ (0, 1), where CR is the constant in (12.3), we have

(15.3) dψ̄(γx, γy) ≤ λndψ̄(x, y)

for every n ≥ 1, γ ∈ Hn, and x, y ∈ Λ+.

15.1.1. Ruelle–Perron–Frobenius theorem on (Σ+, dΣ+). Recall from Section 12.1 that Σ+ =
HN is equipped with the metric dΣ+ and that σ : Σ+ → Σ+ is the one-sided shift map. Recall
also from Proposition 12.2 the homeomorphism Ψ: Σ+ → Λ+ conjugating σ to T . Set

R⋄ := R ◦Ψ and K⋄ := K ◦Ψ.

Fix the Hölder exponent

(15.4) θ := −c log λ
log 2

> 0, equivalently 2−θ = λc.

Thus, for z ̸= z′, dΣ+(z, z′)θ = λc n(z,z
′) where n(z, z′) is as in (12.1). For K ∈ {R,C}, let

Fθ(Σ+,K) denote the space of bounded K-valued functions on Σ+ that are locally θ-Hölder,
equipped with the norm

∥f∥θ := ∥f∥∞ + sup
z ̸=z′∈Σ+,n(z,z′)≥2

|f(z)− f(z′)|
dΣ+(z, z′)θ

.

The potential −R⋄ has the following properties:
(R1) The function R⋄ is locally θ-Hölder by Corollary 12.13, since λ = e−CR and hence

θ = cCR/ log 2.
(R2) The potential −R⋄ is summable by Proposition 12.7:∑

γ∈H
exp
(
sup
z∈[γ]

(
−R⋄(z)

))
<∞.

Therefore, the transfer operator L̃−R⋄ : Cb(Σ+) → Cb(Σ+), defined by

L̃−R⋄F (z) :=
∑
σz′=z

e−R
⋄(z′)F (z′),

is bounded. By Proposition 12.2, this operator is conjugate to L̃−R:

(15.5) L̃−R⋄ = Ψ∗ ◦ L̃−R ◦ (Ψ−1)∗

where Ψ∗ denotes the pull-back by Ψ.
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We recall several notions from the thermodynamic formalism for countable-state shifts.
Let f : Σ+ → R be a locally Hölder summable potential. Its Gurevich pressure is

Pr(f) := lim
n→∞

1

n
log

( ∑
σnx=x
x1=γ

exp
(
Snf(x)

))
, Snf :=

n−1∑
j=0

f ◦ σj ,

where γ ∈ H is any fixed element. Since the full shift is topologically mixing, the limit exists,
possibly with value +∞, and is independent of the choice of γ [71, Theorem 1]. Since f is
summable, the limit is finite. The full shift also has the BIP property. A Borel probability
measure µ on Σ+ is a Gibbs state for f if there exists C > 1 such that for every n ≥ 1 and
z ∈ Σ+,

C−1 ≤ µ([z1, . . . , zn])

exp(Snf(z)− nPr(f))
≤ C.

We define the action of L̃∗
−R⋄ on finite Borel measures on Σ+ by duality:∫

F d
(
L̃∗
−R⋄µ

)
=

∫
L̃−R⋄F dµ (F ∈ Cb(Σ+)).

By (R1) and (R2), we have the following; see [54, Corollary 2.7.5] and [38, Theorem 2.4 and
Corollary 2.5].
Theorem 15.4 (Real Ruelle–Perron–Frobenius theorem). (1) There is a unique Borel

probability eigenmeasure m̃⋄ of L̃∗
−R⋄, and the corresponding eigenvalue is ePr(−R⋄).

Moreover m̃⋄ is a Gibbs state for −R⋄.
(2) There is a unique eigenfunction h⋄ ∈ Fθ(Σ+) of L̃−R⋄ with eigenvalue ePr(−R

⋄)

normalized by
∫
Σ+ h

⋄ dm̃⋄ = 1. Moreover, h⋄ is bounded above and below by positive
constants.

(3) The measure ν̃⋄ := h⋄m̃⋄ is the unique σ-invariant Gibbs state for −R⋄, and it is
ergodic.

(4) There exist M > 0 and ϱ ∈ (0, 1) such that for every g ∈ Fθ(Σ+) and n ≥ 0,

(15.6)
∥∥∥e−nPr(−R⋄)L̃n−R⋄g −

(∫
Σ+

g dm̃⋄
)
h⋄
∥∥∥
θ
≤Mϱn∥g∥θ.

Applying (15.6) to the real and imaginary parts of g shows that, after enlarging M , the
same estimate holds for every g ∈ Fθ(Σ+,C).

15.1.2. The conformal eigenmeasures. We continue to write ν for the restriction of the
Patterson–Sullivan measure to Λ+. Since ν(Λ+) > 0 and ψ(G(x, p0)) is uniformly bounded
on Λ+, the measure

dν̂(x) :=
e2ψ(G(x,p0))∫

Λ+
e2ψ(G(y,p0)) dν(y)

dν(x)

is a well-defined probability measure on Λ+.
Corollary 15.5. We have Ψ∗m̃

⋄ = ν̂ and Pr(−R⋄) = 0.

Proof. For γ ∈ H and x ∈ γΛ+, conformality and the definition of R give dγ∗ν̂
dν̂ (x) = eR(x)

on γΛ+. Thus L̃∗
−Rν̂ = ν̂. By (15.5), Ψ∗ν̂ is a Borel probability eigenmeasure of L̃∗

−R⋄ with
eigenvalue 1. The uniqueness in Theorem 15.4(1) therefore gives Ψ∗ν̂ = m̃⋄ and ePr(−R⋄) = 1,
proving both assertions. □

Since e−nPr(−R⋄) = 1, this factor will henceforth be omitted from (15.6).



80 DONGRYUL M. KIM, HEE OH, AND WENYU PAN

15.1.3. The eigenfunctions and spectral gap. The following Lasota–Yorke inequality is the
main input for establishing the dψ̄-regularity of the transported eigenfunction in Proposi-
tion 15.8. It can be proved by a standard argument, based on Proposition 12.12.

Lemma 15.6. There is C > 0 such that, for every f ∈ Fc(Λ+,C) and n ∈ N,∥∥L̃n−Rf∥∥c ≤ C∥f∥∞ + Cλcn∥f∥c.

In particular, L̃−R preserves Fc(Λ+,C) and Fc(Λ+).

The following follows from (15.3) by the same argument as in (R1).

Lemma 15.7. With θ as in (15.4), Ψ∗ maps Fc(Λ+,C) boundedly into Fθ(Σ+,C), i.e.,

∥f ◦Ψ∥θ ≪ ∥f∥c for f ∈ Fc(Λ+,C).

With h⋄ given by Theorem 15.4, set

(15.7) h := h⋄ ◦Ψ−1 : Λ+ → R.

Proposition 15.8. (1) We have h ∈ Fc(Λ+) and h is bounded above and below by pos-
itive constants. Moreover, L̃−Rh = h, and ν̂(h) = 1. It is the unique eigenfunction
of L̃−R in Fc(Λ+) with eigenvalue 1 and this normalization.

(2) There exist M ′ > 0 and ϱ′ ∈ (0, 1) such that, for every g ∈ Fc(Λ+,C) and n ≥ 0,

(15.8)
∥∥∥L̃n−Rg − (∫

Λ+

g dν̂
)
h
∥∥∥
c
≤M ′(ϱ′)n∥g∥c.

In particular, L̃−R has a spectral gap on Fc(Λ+,C), with leading eigenvalue 1 and
rank-one spectral projection g 7→

(∫
Λ+

g dν̂
)
h.

Proof. To prove (1), it suffices to show that ∥h∥c < ∞; the remaining claims follow from
(15.5), Corollary 15.5, Lemma 15.7, and Theorem 15.4. Let 1 denote the constant function
1 on Λ+, and set un := L̃n−R1 for each n ∈ N. Since ∥1∥c = 1, Lemma 15.6 gives ∥un∥c ≤ 2C
for all n ≥ 1.

On the other hand, by (15.5), (15.6), and Corollary 15.5,

∥un − h∥∞ =
∥∥L̃n−R⋄1− h⋄

∥∥
∞ ≤Mϱn → 0.

Passing to the limit in the Hölder inequalities gives ∥h∥c ≤ 2C.
Now to prove (2), fix g ∈ Fc(Λ+,C) and set Dn := L̃n−Rg − ν̂(g)h. Since L̃−Rh = h by

part (1),

(15.9) Dn+m = L̃m−RDn (n,m ≥ 0).

By Lemma 15.7, g ◦Ψ ∈ Fθ(Σ+,C) and ∥g ◦Ψ∥θ ≪ ∥g∥c. Applying (15.6) to g ◦Ψ, and
using Corollary 15.5 and (15.5) gives

(15.10) ∥Dn∥∞ ≪ ϱn∥g∥c.
Here we used

∫
Σ+ g ◦Ψ dm̃⋄ =

∫
Λ+

g dν̂. By Lemma 15.6 and part (1), we also have

(15.11) ∥Dn∥c ≪ ∥g∥∞ + λcn∥g∥c +
∣∣∣∫ g dν̂

∣∣∣ ∥h∥c ≪ ∥g∥c,

with the case n = 0 following directly from the definition of D0. Combining (15.9) with
Lemma 15.6, (15.10), and (15.11), we obtain

∥Dn+m∥c ≪ ∥Dn∥∞ + λcm∥Dn∥c ≪
(
ϱn + λcm

)
∥g∥c.
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For N ≥ 1, take n = ⌊N/2⌋ and m = N − n. It follows that (15.8) holds with any
ϱ′ ∈

(
max{ϱ, λc}1/2, 1

)
and a suitable M ′, enlarged if necessary to include N = 0. Finally,

define P,R : Fc(Λ+,C) → Fc(Λ+,C) by

Pg := ν̂(g)h, R := L̃−R − P,

which are bounded. By Corollary 15.5 and part (1), P2 = P and L̃−RP = PL̃−R = P.
Hence PR = RP = 0 and Rn = L̃n−R − P for every n ≥ 1. By (15.8), ∥Rn∥ ≤ M ′(ϱ′)n, so
ρ(R) ≤ ϱ′ < 1. This proves the spectral-gap assertion in the sense of Definition 15.1. □

Let h ∈ Fc(Λ+) be as in (15.7), and define the probability measure

(15.12) dν+ := h dν̂

on Λ+. By Proposition 15.8, both h and h−1 belong to Fc(Λ+), and multiplication by either
is bounded on Fc(Λ+,C). Hence, by Lemma 15.6, the normalized operator

(15.13) L0H := h−1L̃−R(hH)
(
H ∈ Fc(Λ+,C)

)
is bounded on Fc(Λ+,C). It is the case a = w = 0 of the family introduced in Definition 15.12
below. By (15.13), (15.12), Corollary 15.5, and Proposition 15.8(1),

(15.14) L01 = 1, L∗
0ν+ = ν+.

Define the operators P0,R0 : Fc(Λ+,C) → Fc(Λ+,C) by

(15.15) P0f :=
(∫

Λ+

f dν+

)
1, R0 := L0 − P0.

Corollary 15.9. The operators P0 and R0 are bounded on Fc(Λ+,C) and satisfy

(15.16) P0R0 = R0P0 = 0, ρ(R0) < 1.

Proof. By (15.13), L0 is conjugate to L̃−R by multiplication by h. Multiplication by h and
by h−1 is bounded on Fc(Λ+,C), so the spectral gap in Proposition 15.8(2) transfers to L0.
By (15.12), the conjugated spectral projection is

f 7→
(∫

Λ+

hf dν̂

)
1 =

(∫
Λ+

f dν+

)
1 = P0f.

This proves the corollary. □

Corollary 15.10. The probability measure ν+ is T -invariant and ergodic.

Proof. By (15.12), (15.7), Corollary 15.5 and Theorem 15.4,

Ψ∗ν+ = (h ◦Ψ)Ψ∗ν̂ = h⋄ m̃⋄ = ν̃⋄,

which is σ-invariant and ergodic by Theorem 15.4(3). Since Ψ conjugates σ and T (Propo-
sition 12.2), this finishes the proof. □

Recall from Lemma 12.6 that R ≥ 1. Since dν+/dν is bounded above and below by
positive constants, Proposition 12.8 implies that R ∈ L1(ν+) and K ∈ L1(ν+; a). Hence,
the ψ-symbolic vector

(15.17) u := uψ :=

∫
Λ+

K dν+∫
Λ+

Rdν+
∈ a

is well-defined, and ψ(u) = 1 because R = ψ ◦K.
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Theorem 15.11. The symbolic direction uψ satisfies ψρ(uψ) = ψ(uψ) = 1. Consequently,
if ψ = ψu for some u ∈ intLρ, then

u = ψu(u) uψu .

Proof. Setting K̄ :=
∫
Λ+

K dν+ and R̄ :=
∫
Λ+

Rdν+, it suffices to prove that ψρ(K̄) = ψ(K̄).
The measure ν+ is the T -invariant Gibbs probability measure for the potential −R, whose

pressure is zero; see Theorem 15.4, Corollary 15.5, Corollary 15.10. Thus there exists C ≥ 1
such that

ν+(γΛ+) ≤ Ce−Rn(x) (n ≥ 1, γ ∈ Hn, x ∈ γΛ+).

Fix ε > 0 and set En := {x ∈ Λ+ : ∥Kn(x)/n− K̄∥ < ε}. By ergodicity and the Birkhoff
ergodic theorem, ν+(En) → 1. Let Wn ⊂ Hn consist of the words whose cylinders meet
En, and choose xγ ∈ γΛ+ ∩ En for each γ ∈ Wn. Writing ∥ψ∥∗ for the dual norm, we have
Rn(xγ) ≥ n(R̄−∥ψ∥∗ε) for all sufficiently large n. Since these cylinders cover En, the Gibbs
estimate gives, for all sufficiently large n,

(15.18) #Wn ≥ 1

2C
en(R̄−∥ψ∥∗ε).

Distinct words represent distinct group elements. Moreover, by (12.6), there is a uniform
constant C0 > 0 such that

∥µ(γ)− nK̄∥ ≤ nε+ C0 (γ ∈ Wn).

Let O be any open cone containing K̄. Choose ε > 0 sufficiently small that B(K̄, 2ε) ⊂ O
and R̄ − ∥ψ∥∗ε > 0. For all sufficiently large n, every γ ∈ Wn then satisfies µ(γ) ∈ O and
∥µ(γ)∥ ≤ n(∥K̄∥+ ε) + C0. The bound (15.18) implies that the abscissa of convergence τO
of the Poincaré series

∑
γ∈Γρ,µ(γ)∈O e

−s∥µ(γ)∥ satisfies

τO ≥ R̄− ∥ψ∥∗ε
∥K̄∥+ ε

.

Indeed, for any positive s below this ratio, the sum over Wn of e−s∥µ(γ)∥ tends to infinity as
n → ∞, so the restricted series diverges. Letting ε → 0 and then taking the infimum over
O, the definition of the growth indicator gives

ψρ(K̄) = ∥K̄∥ inf
O∋K̄

τO ≥ R̄ = ψ(K̄).

The reverse inequality follows from ψρ ≤ ψ. Homogeneity now yields ψρ(uψ) = ψ(uψ) = 1.
By the strict concavity of ψρ [66, 46], there exists a unique tangent direction of ψ. Hence

ψ = ψu gives u ∈ R>0uψu . □

15.2. Complex transfer operators. Throughout this section, we fix an inner product
⟨·, ·⟩u on a for which the decomposition

a = Ru⊕ kerψ

is orthogonal and ⟨u, u⟩u = 1. We write ∥ ·∥u for the associated norm, omitting the subscript
when it is clear from the context.

Recall the constant ε0 > 0 from (15.2).
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Definition 15.12 (Normalized complex transfer operators). For a ∈ C with ℜa ≥ −ε0 and
w ∈ a, define the normalized transfer operator La,w : Fc(Λ+,C) → Fc(Λ+,C) by

La,wH(x) =
1

h(x)

∑
γ∈H

e−(1+a)R(γx)+i⟨w,K(γx)⟩uh(γx)H(γx).

The defining series converges absolutely and uniformly by (15.2) and the boundedness of h
and h−1. Boundedness on Fc(Λ+,C) follows from Proposition 12.12, (15.3), and h, h−1 ∈
Fc(Λ+). It preserves Fc(Λ+) when a ∈ R and w = 0. We abbreviate

Lw := L0,w, L0 := L0,0,

the latter agreeing with the operator in (15.13).

Recall from (12.4) that Rγ := supx∈γΛ+
R(x) for γ ∈ H. By Lemma 12.6, Rγ ≥ 1, and,

after enlarging C > 0 if necessary,

(15.19) |Rγ − ψ(µ(γ))| ≤ C, Rγ − C ≤ R(x) ≤ Rγ

for every γ ∈ H and x ∈ γΛ+.
The following provides the estimates needed for the spectral analysis.

Lemma 15.13 (Lasota–Yorke inequalities). There exists C > 0 such that for all w ∈ a,
n ∈ N and f ∈ Fc(Λ+,C),

∥Lnwf∥∞ ≤ C∥f∥∞,(15.20)
|Lnwf |c ≤ Cmax{∥w∥, 1} ∥f∥∞ + Cλcn∥f∥c,(15.21)
∥Lnwf∥c ≤ Cmax{∥w∥, 1} ∥f∥∞ + Cλcn∥f∥c.(15.22)

Proof. It suffices to prove (15.20) and (15.21), since (15.22) then follows after enlarging
C. Fix w ∈ a, n ∈ N, and f ∈ Fc(Λ+,C). We first prove (15.20). Since L̃n−Rh = h by
Proposition 15.8(1),

|Lnwf(x)| ≤
∥f∥∞
h(x)

∑
γ∈Hn

e−Rn(γx)h(γx) = ∥f∥∞.

Next we prove (15.21). Let x, y ∈ γ0Λ+ be distinct where γ0 ∈ H. We have

Lnwf(x)− Lnwf(y) =
∑
γ∈Hn

(I1(γ) + I2(γ) + I3(γ) + I4(γ))

where

I1(γ) :=
( 1

h(x)
− 1

h(y)

)
e−Rn(γx)+i⟨w,Kn(γx)⟩uh(γx)f(γx),

I2(γ) :=
1

h(y)

(
e−Rn(γx)+i⟨w,Kn(γx)⟩u − e−Rn(γy)+i⟨w,Kn(γy)⟩u

)
h(γx)f(γx),

I3(γ) :=
1

h(y)
e−Rn(γy)+i⟨w,Kn(γy)⟩u

(
h(γx)− h(γy)

)
f(γx),

I4(γ) :=
1

h(y)
e−Rn(γy)+i⟨w,Kn(γy)⟩uh(γy)

(
f(γx)− f(γy)

)
.

Since h, h−1 ∈ Fc(Λ+), the preceding summation bound gives∑
γ∈Hn

|I1(γ)| ≪ ∥f∥∞dψ̄(x, y)c.
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Similarly, using (15.3), ∑
γ∈Hn

|I3(γ)| ≪ ∥f∥∞dψ̄(x, y)c.

By the uniform distortion estimates for Rn and Kn in Proposition 12.12 and the mean value
estimate for the exponential function,∣∣∣e−Rn(γx)+i⟨w,Kn(γx)⟩u − e−Rn(γy)+i⟨w,Kn(γy)⟩u

∣∣∣≪ max{∥w∥, 1}e−Rn(γx)dψ̄(x, y)c.

Applying the same summation argument as in the proof of (15.20), we obtain∑
γ∈Hn

|I2(γ)| ≪ max{∥w∥, 1}∥f∥∞dψ̄(x, y)c.

Finally, for each γ ∈ Hn,

|f(γx)− f(γy)| ≤ ∥f∥cdψ̄(γx, γy)c ≤ λcn∥f∥cdψ̄(x, y)c.
Hence ∑

γ∈Hn

|I4(γ)| ≪ λcn∥f∥cdψ̄(x, y)c.

Combining these estimates and taking the supremum over all distinct x, y in a common
one-cylinder proves (15.21). □

Lemma 15.14. For every w ∈ a, we have ρ(Lw) ≤ 1.

Proof. By (15.22), ∥Lnwf∥c ≤ (Cmax{∥w∥, 1} + C)∥f∥c for all n ≥ 1 and f ∈ Fc(Λ+,C).
The spectral-radius formula gives the assertion. □

15.3. Spectral gap of complex transfer operators.

Definition 15.15. Let w ∈ a and 0 ≤ a < 2π. We call ⟨w,K(·)⟩u an a-function if there
exists ζ ∈ Fc(Λ+,C) with |ζ| ≡ 1 such that

(15.23) ei(⟨w,K⟩u−a)ζ = ζ ◦ T.

The argument of [38, Proposition 2.6] gives the following:

Proposition 15.16 ([38, Proposition 2.6]). Let w ∈ a and 0 ≤ a < 2π. Then eia is an
eigenvalue of Lw on Fc(Λ+,C) if and only if ⟨w,K(·)⟩u is an a-function.

It follows from Proposition 15.16 and Lemma 15.14 that, if ⟨w,K(·)⟩u is an a-function,
then

(15.24) ρ(Lw) = 1.

Lemma 15.17. Let w ∈ a and 0 ≤ a < 2π. If ⟨w,K(·)⟩u is an a-function, then

⟨w,Kn(x)⟩u − an ∈ 2πZ for every n ≥ 1 and x ∈ Fix(Tn).

Proof. Iterating (15.23) gives ei(⟨w,Kn(x)⟩u−an)ζ(x) = ζ(Tnx). If Tnx = x, then |ζ(x)| = 1
implies the assertion. □

Proposition 15.18. Let w ∈ a ∖ {0}. If Lw has an eigenvalue eia with 0 ≤ a < 2π, then
a/π /∈ Q.

Proof. Suppose a/π ∈ Q. By Proposition 15.16 and Lemma 15.17, the character v ∈ a 7→
ei⟨w,v⟩u takes only finitely many values on periods of Tn. On the other hand, by the non-
arithmeticity of periods (Theorem 13.1), this implies w = 0, a contradiction. □
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Write aC for the complexification of a, and extend ⟨·, ·⟩u complex-bilinearly to aC. The
bound ∥K(x)∥ ≪ R(x) from Lemma 12.6 and (15.2) give an open neighborhood Ũ ⊂ aC of
a on which the series below converges absolutely and uniformly for every H ∈ Fc(Λ+,C).

We extend the family Lw, defined for w ∈ a, to w ∈ Ũ ⊂ aC by

(15.25) LwH(x) :=
1

h(x)

∑
γ∈H

e−R(γx)+i⟨w,K(γx)⟩uh(γx)H(γx).

The argument in the proof of Lemma 15.13 with n = 1 shows that Lw is bounded, after
shrinking Ũ if necessary.

We now perturb the decomposition (15.16) in the parameter w.

Theorem 15.19 (Spectral decomposition near zero). The following hold:
• There exist an open neighborhood U ⊂ aC of 0 such that w 7→ Lw is analytic on U .
• For each w ∈ U , Lw admits a spectral decomposition

(15.26) Lw = κwPw +Rw,

where κw is a simple eigenvalue of Lw with κ0 = 1, Pw is the corresponding rank-one
spectral projection, and Rw is a bounded operator on Fc(Λ+,C) satisfying:
(1) The maps w 7→ κw, w 7→ Pw, and w 7→ Rw are analytic on U .
(2) There exists η > 0 such that for every w ∈ U ,

(15.27) PwRw = RwPw = 0, ρ(Rw) < |κw| − η.

(3) Setting O := U ∩ a, we have

|κw| < 1 for every w ∈ O ∖ {0}.

• For every w ∈ U ,
∫
Λ+

Pw1 dν+ ̸= 0 and thus

(15.28) Hw := ν+(Pw1)−1Pw1 ∈ Fc(Λ+,C)

is well defined. Moreover, Hw is the unique eigenfunction of Lw with eigenvalue κw
satisfying

∫
Λ+

Hw dν+ = 1,, H0 = 1; and the map w 7→ Hw is analytic on U .
• Setting Aw := κ−1

w Rw, there exists ϑ ∈ (0, 1) such that, for every multi-index α,
there is a constant Cα > 0 for which

(15.29) sup
w∈O

∥∥∂αw(Anw)∥∥ ≤ Cαϑ
n for all n ≥ 0

where ∥·∥ is the operator norm. In particular, there exists C > 0 such that ∥Rn
0∥ ≤

Cϑn for all n ≥ 0.

Proof. Analyticity of Lw. For γ ∈ H, let Lγw denote the operator on Fc(Λ+,C) given by the
corresponding summand in (15.25). Since K is bounded on γΛ+, Proposition 12.12 shows
that w 7→ Lγw is analytic in operator norm.

Using ∥K(x)∥ ≪ R(x) from Lemma 12.6, choose a bounded neighborhood U ⊂ Ũ of 0 so
small that

|⟨ℑ(w),K(x)⟩u| ≤
ε0
2
R(x) (w ∈ U , x ∈ Λ+).

By Proposition 12.12, (15.19), (15.3), and h, h−1 ∈ Fc(Λ+),∑
γ∈H

sup
w∈U

∥Lγw∥ ≪
∑
γ∈H

e−(1−ε0/2)Rγ <∞,
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where the last inequality follows from (15.2). Thus Lw =
∑

γ∈H Lγw converges uniformly in
operator norm on U , and w 7→ Lw is analytic there.

The decomposition and (1)–(3). By Corollary 15.9, 1 is a simple isolated eigenvalue of
L0, so we may fix a contour enclosing 1 and no other point of σ(L0). Analytic perturbation
theory [37, Chapter VII, Section 1] and [61, Proposition 4.6] apply: because the unperturbed
eigenvalue is simple, no branching occurs, and one obtains, after shrinking U if necessary,
analytic maps w 7→ κw ∈ C, w 7→ Pw, and w 7→ Rw on U satisfying (15.26) and the first half
of (15.27), with Pw the rank-one eigenprojection of κw. Hence (1) follows. By the upper
semicontinuity of the spectral radius, shrinking U while keeping the same contour yields the
uniform spectral separation ρ(Rw) < |κw| − η on U in (2) for some η > 0; in particular,
κw ̸= 0.

We now prove (3), by applying [17, Lemma 6.12]. Let w ∈ O := U ∩ a. By Lemma 15.14
we have ρ(Lw) ≤ 1, and κw is an eigenvalue of Lw, so |κw| ≤ 1. By Proposition 15.18, if
|κw| = 1, then κw ∈ {eia : a/π /∈ Q} ∪ {1}, which is totally disconnected.

To apply [17, Lemma 6.12], it remains to show that there is no nonconstant analytic
curve t 7→ w(t) in O with w(0) = 0 and κw(t) = 1 for all t. If such a curve exists, then by
Proposition 15.16 and Lemma 15.17 with a = 0, we have for each t that ⟨w(t),Kn(x)⟩u ∈ 2πZ
for every n ≥ 1 and x ∈ Fix(Tn). By the non-arithmeticity in Theorem 13.1, this implies
w(t) = 0 for all t, which is a contradiction. Hence, we can apply [17, Lemma 6.12] and have
that, after shrinking U once more, |κw| < 1 for every w ∈ O ∖ {0}.

The eigenfunction. Since ν+(P01) = 1, analyticity of Pw allows us to shrink U so that
ν+(Pw1) ̸= 0 there. Formula (15.28) therefore defines an analytic family Hw with H0 = 1
and ν+(Hw) = 1. Uniqueness follows because the range of Pw is the one-dimensional
eigenspace of κw.

The uniform bound (15.29). Since w 7→ κw is analytic on U with κ0 = 1, we can shrink
U so that 0 < |κw| < 2 for w ∈ U . As ρ(Rw) < |κw| − η for w ∈ U and Aw := κ−1

w Rw, there
exist constants 0 < ϑ0 < ϑ < 1 such that for each w ∈ U ,

σ(Aw) ⊂ {ζ ∈ C : |ζ| ≤ ϑ0}.
After shrinking U , we may assume that U is compact and that Aw is analytic on a

neighborhood of U , where the same spectral bound holds. Set O := U ∩a. The circle |ζ| = ϑ
is therefore a resolvent contour common to all these operators, and by Cauchy’s estimates
on a neighborhood of U , the quantity Mα := supw∈O, |ζ|=ϑ

∥∥∂αw(ζI−Aw)−1
∥∥ is finite for each

α. Dunford’s formula and differentiation under the integral sign give

∂αwA
n
w =

1

2πi

∮
|ζ|=ϑ

ζn ∂αw(ζI −Aw)
−1 dζ.

Thus ∥∂αwAnw∥ ≤ ϑMαϑ
n, proving (15.29). □

15.4. Expansion of the leading eigenvalue. Let O ⊂ a be the neighborhood of 0 pro-
vided by Theorem 15.19, and let u ∈ a be as in (15.17). When convenient, we write w ∈ a
in the coordinates (s, v) ∈ R× kerψ determined by w = su+ v, and we set

(15.30) κ̃(w) := κwe
−isν+(R) = κwe

−iψ(w)ν+(R), w ∈ O.

Proposition 15.20. There is a positive definite symmetric linear operator S on a such that
for all w in a neighborhood of 0 in a,

κ̃(w) = 1− 1

2
⟨Sw,w⟩u + o

(
∥w∥2u

)
.
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The main point is the positive definiteness of −D2κ̃(0). The analogous conclusion in [62,
Lemma 8(3)] follows from symmetry of a homological cocycle. That symmetry is unavailable
for our a-valued Busemann cocycle.

Before proving the proposition, we establish a regularity lemma to handle the unbounded
return cocycle. For w ∈ a, set

Φw(x) := ⟨w,K(x)⟩u − ψ(w)ν+(R) (x ∈ Λ+).

For every G ∈ Fc(Λ+,C) and j ≥ 1, the series

L0(Φ
j
wG)(x) :=

1

h(x)

∑
γ∈H

e−R(γx)h(γx)Φw(γx)
jG(γx)

converges absolutely and uniformly on Λ+. Indeed, |Φw| ≪w 1 + R by Lemma 12.6. Using
(1 + u)je−u ≪j e

−(1−ε0)u for u ≥ 1 and (15.2), we obtain

(15.31)
∑
γ∈H

sup
x∈Λ+

e−R(γx)|Φw(γx)|j ≪w,j

∑
γ∈H

sup
x∈Λ+

e−(1−ε0)R(γx) <∞.

The claimed convergence follows since G, h, and h−1 are bounded.

Lemma 15.21. For every w ∈ a, G ∈ Fc(Λ+,C), and integer j ≥ 1, we have L0(Φ
j
wG) ∈

Fc(Λ+,C). In particular, L0Φw ∈ Fc(Λ+).

Proof. By Theorem 15.19, the map t 7→ e−itψ(w)ν+(R)LtwG is analytic near 0 with values in
Fc(Λ+,C). Since |eitΦw | = 1 for real t, (15.31) justifies termwise differentiation of its branch
formula, giving

(15.32)
dj

dtj

∣∣∣∣
t=0

(
e−itψ(w)ν+(R)LtwG

)
= ijL0(Φ

j
wG) (j ≥ 1).

The left-hand side belongs to Fc(Λ+,C) by analyticity. □

Proof of Proposition 15.20. For w ∈ O, recall Hw ∈ Fc(Λ+,C) from (15.28). By Theo-
rem 15.19 the maps w 7→ κw and w 7→ Hw are analytic on O, and H0 = 1.

By positivity of the branch weights, (15.14), and monotone convergence, L0 extends to
L1(ν+), given almost everywhere by the same branch formula:

(15.33) ∥L0F∥L1(ν+) ≤
∫
Λ+

L0|F | dν+ = ∥F∥L1(ν+).

The linear term vanishes. Differentiating the identity κw =
∫
Λ+

Lw(Hw) dν+ at w = 0, it
follows from L∗

0ν+ = ν+ and
∫
Λ+

Hwdν+ = 1 that

Dκ0(·) =
∫
Λ+

(
DwLw|w=0

)
(H0) dν+ +

∫
Λ+

L0

(
DwHw|w=0

)
dν+

=

∫
Λ+

L0

(
i⟨ · ,K⟩uH0

)
dν+ +Dw

∣∣∣
w=0

(∫
Λ+

Hw dν+

)
= i
〈
· ,
∫
Λ+

K dν+

〉
u
= i
〈
· , ν+(R) u

〉
u
,

the last equality by (15.17). Hence Dκ0(w) = iν+(R)ψ(w), and therefore (Dκ̃(0))(·) = 0.
By Taylor’s theorem,

(15.34) κ̃(w) = 1 +
1

2
D2κ̃(0)(w,w) + o

(
∥w∥2u

)
,
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so it suffices to prove that the quadratic form

Q(w) := −D2κ̃(0)(w,w)

is positive definite on a. Writing Q(w) = ⟨Sw,w⟩u for the corresponding positive definite
symmetric operator S, (15.34) gives the asserted expansion.

Setup along a ray. Fix w = su + v ∈ a ∖ {0} in the coordinate R × kerψ, and write the
function Φ := Φw as in Lemma 15.21. By (15.17),

∫
Λ+

Φ dν+ = 0. By Proposition 12.8 and
the boundedness of dν+/dν, there exists ε1 > 0 such that

(15.35)
∫
Λ+

eε1|Φ| dν+ <∞.

For t ∈ R with |t| small, write κ̃(t) := κ̃(tw) and Ht := Htw, and define

(15.36) L̃t(F ) := L0

(
eitΦF

)
, F ∈ Fc(Λ+,C).

Then L̃t = e−itν+(R)sLtw, and hence L̃tHt = κ̃(t)Ht. By Lemma 15.21, L0Φ ∈ Fc(Λ+).
The covariance formula. The derivative identities (15.32) allow us to differentiate the

eigenrelation in Fc(Λ+,C). Writing Ḣ0 =
d
dt

∣∣
t=0

Ht and using κ̃′(0) = 0, we obtain

(15.37) (I − L0)Ḣ0 = iL0Φ, ν+(Ḣ0) = 0.

Both L0Φ and Ḣ0 have mean zero. The spectral gap of L0 therefore gives

(15.38) Ḣ0 = i(1−R0)
−1L0Φ = i

∑
n≥1

Ln0Φ,

with convergence in Fc(Λ+,C). Differentiating the eigenrelation twice and integrating
against ν+ gives

κ̃′′(0) = −ν+(Φ2) + 2iν+(ΦḢ0).

Consequently,

(15.39) Q(w) = ν+(Φ
2) + 2

∑
n≥1

ν+(ΦLn0Φ).

The series is absolutely convergent because ∥Ln0Φ∥∞ decays exponentially for n ≥ 1 and
Φ ∈ L1(ν+).

Set
f := Φ + (1−R0)

−1L0Φ =
∑
k≥0

Lk0(Φ).

Then f is real-valued and f − Φ ∈ Fc(Λ+). Since Φ ∈ L2(ν+) by (15.35) and L0f = f − Φ
is bounded, we have f,L0f ∈ L2(ν+). Substituting Φ = f −L0f and

∑
k≥1 Lk0Φ = L0f into

(15.39), we obtain

(15.40)
Q(w) =

∫
Λ+

(f − L0f)
2 dν+ + 2

∫
Λ+

(f − L0f)(L0f) dν+

=

∫
Λ+

f2 − (L0f)
2 dν+ =

∫
Λ+

L0(f
2)− (L0f)

2 dν+.

In the last equality, we used L∗
0ν+ = ν+.

Moreover, L0f = f − Φ ∈ Fc(Λ+). Applying Lemma 15.21 to the first two terms in

f2 = Φ2 + 2Φ(f − Φ) + (f − Φ)2,
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and using the boundedness of L0 on Fc(Λ+) for the last term, gives L0(f
2) ∈ Fc(Λ+). In

particular, the integrand in (15.40) is continuous.
Positivity. Since L0 is a positive operator on Cb(Λ+) and L01 = 1, Jensen’s inequality

gives L0(f
2) ≥ (L0f)

2 pointwise, so Q(w) ≥ 0. Suppose Q(w) = 0 for some w ̸= 0. Since Q
is a quadratic form and Φtw = tΦw, we may replace w by tw for small t > 0 and so assume
w ∈ O. By (15.40), the full support of ν+, and the continuity of L0(f

2)− (L0f)
2 on Λ+, we

have L0(f
2) = (L0f)

2 on Λ+. Together with the definition of L0 whose branch weights are
all strictly positive, this implies that f is constant on T−1(x) for each x ∈ Λ+. Fix γ ∈ H
and define φ : Λ+ → R by φ(x) := f(γx). Then f = φ ◦ T and φ = L0f ∈ Fc(Λ+), and
hence Φ = φ ◦ T − φ, i.e.,

(15.41) ⟨w,K(·)⟩u − ν+(R)s = (φ ◦ T − φ)(·) on Λ+.

Set ζ := eiφ, so that |ζ| ≡ 1. Since φ ∈ Fc(Λ+), we have ζ ∈ Fc(Λ+,C). Exponentiating
(15.41) now gives

e i(⟨w,K⟩u−ν+(R)s) ζ = ζ ◦ T on Λ+,

so ⟨w,K(·)⟩u is an a-function in the sense of Definition 15.15, for the a ∈ [0, 2π) with
ν+(R)s ∈ a+2πZ. Hence ρ(Lw) = 1 by (15.24). On the other hand, by Theorem 15.19, this
is impossible unless w = 0. Therefore Q(w) > 0 for every w ̸= 0, so Q is positive definite,
completing the proof. □

16. Suspension models and factor maps

We construct suspension models for the translation flow on Ωψ and the diagonal flow
on Ω := Ωρ. Write Ω̃ := Λ

(2)
ρ × a and retain the projection πψ and BMS measures of

Section 3.7. The measures have the normalization (3.10), so mψ(Ωψ) = 1. Retain the
splitting a = Ru⊕ kerψ from (15.17) and define the following functions on Λ+:

K◦(·) := K(·)−R(·)u, K◦
n(·) :=

n−1∑
j=0

(K◦ ◦ T j)(·) = Kn(·)−Rn(·)u, K◦
0 := 0

where n ∈ N. The translations

Wt(ξ, η, z) := (ξ, η, z + tu), Wt(ξ, η, s) := (ξ, η, s+ t)

on Ω̃ and Ω̃ψ descend to the quotients Ω and Ωψ, respectively. For fixed w ∈ kerψ, we study
correlations under the maps

q 7→ qatu+ℓ(t)w, ℓ(t) = 0 or
√
t.

Recall from Section 3.7 that πψ : Ω → Ωψ is a trivial principal kerψ-bundle. Fix a
continuous section σ : Ωψ → Ω. It gives the identification

Ωψ × kerψ → Ω, (q, v) 7→ σ(q)av.

By (3.11), for every F ∈ Cc(Ω),

(16.1)
∫
Ω
F dmψ =

∫
Ωψ

∫
kerψ

F (σ(q)av) dLebkerψ(v) dmψ(q).
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16.1. The contracting skew product and the suspension spaces. Set

Λ− := U0 = Λρ ∖ Bψ̄
(
∆0,

1

2N0η

)
.

Lemma 16.1. The set Λ− is a compact neighborhood of p0 in Λρ and satisfies Λ− ∩∆0 = ∅
and Λb ⊂ Λ−. For every γ ∈ H and y, y′ ∈ Λ−,

γ−1Λ− ⊂ Λ−, dψ̄(γ
−1y, γ−1y′) ≤ λdψ̄(y, y

′),

where λ is as in (15.3).

Proof. The compact neighborhood assertion and disjointness follow from the definition. It-
erating Lemma 11.5 gives γ−1Λ− ⊂ Λ−. Since ⟨H⟩−1

+ is Zariski dense (Corollary 13.7),
a nonempty ⟨H⟩−1

+ -invariant compact set Λ− contains the unique ⟨H⟩−1
+ -minimal set Λb

[2]. The contraction estimate follows from (5.2), Lemma 11.14(3), and the choice of λ in
(15.3). □

For (x, x−), (y, y−) ∈ Λ+ × Λ− with x and y belonging to a common one-cylinder, define
the premetric

dΛ+×Λ−

(
(x, x−), (y, y−)

)
:= dψ̄(x, y) + dψ̄(x−, y−).

Let c ∈ (0, c0] be any number as in (15.1). Define Fc(Λ−,C) as in Definition 15.2, imposing
the c-Hölder condition on all of Λ−. Similarly, define Fc(Λ+ × Λ−,C) using dΛ+×Λ− and
imposing the Hölder condition on each (γΛ+) × Λ−, γ ∈ H. In both spaces, use the norm
∥ · ∥c = ∥ · ∥∞ + | · |c.

Recall that Tx = γ−1x for x ∈ γΛ+. Define

T̂ (x, x−) := (Tx, γ−1x−) = (γ−1x, γ−1x−) (x ∈ γΛ+, x− ∈ Λ−).

Proposition 16.2. There is a unique T̂ -invariant probability measure ν⋄ on Λ+×Λ− whose
projection to Λ+ is ν+, and it is ergodic. Its disintegration {ν+,x : x ∈ Λ+} over ν+ can be
chosen to be defined at every x ∈ Λ+, and there is Cc > 0 with the following two properties.

(1) For every f ∈ Fc(Λ+ × Λ−,C),

(16.2) ∥f̄∥c ≤ Cc∥f∥c, f̄(x) :=

∫
Λ−

f(x, x−) dν+,x(x−).

(2) For φ ∈ Fc(Λ−,C) and x, y ∈ Λ+ in a common one-cylinder,

(16.3)
∣∣∣∣∫

Λ−

φdν+,x −
∫
Λ−

φdν+,y

∣∣∣∣ ≤ Cc∥φ∥∞dψ̄(x, y)c.

Proof. We construct the conditional measures at every x ∈ Λ+. For γ ∈ Hn, put

p(n)γ (x) := e−Rn(γx)h(γx)h(x)−1

where h is given by (15.7). By (15.14),
∑

γ∈Hn p
(n)
γ (x) = 1, and for every γ1 ∈ Hℓ and

γ2 ∈ Hn,

(16.4) p(n+ℓ)γ1γ2 (x) = p(n)γ2 (x)p(ℓ)γ1 (γ2x).

Fix q− ∈ Λ− and define the probability measure

ν
(n)
+,x :=

∑
γ∈Hn

p(n)γ (x) δγ−1q−
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where δγ−1q− is the Dirac mass at γ−1q−. Since (γ1γ2)−1q−, γ
−1
2 q− ∈ γ−1

2 Λ−, by Lemma 16.1,
their distance is at most λn diamdψ̄

(Λ−). For every φ ∈ C(Λ−,C), (16.4), Lemma 12.10, and

uniform continuity show that ν(n)+,x(φ) is Cauchy uniformly in x. Thus ν(n)+,x converges weakly
to a Borel probability measure ν+,x. By (16.4), we have ν(n+k)+,x =

∑
γ∈Hk p

(k)
γ (x)(γ−1)∗ν

(n)
+,γx.

Letting n→ ∞ gives that for every k ≥ 1,

(16.5) ν+,x =
∑
γ∈Hk

p(k)γ (x)(γ−1)∗ν+,γx.

Define a Borel probability measure on Λ+ × Λ−:

dν⋄(x, x−) := dν+(x) dν+,x(x−).

We first show the T̂ -invariance of ν⋄. For a bounded Borel function F : Λ+ × Λ− → C, we
have from L∗

0ν+ = ν+, as extended in (15.33), and (16.5) that∫
F ◦ T̂ dν⋄ =

∫
Λ+

∑
γ∈H

p(1)γ (x)

∫
Λ−

F (x, γ−1x−) dν+,γx(x−) dν+(x) =

∫
F dν⋄.

It is clear from the definition that ν⋄ projects to ν+ on Λ+.
To prove uniqueness, let η be any T̂ -invariant probability measure projecting to ν+. For

a bounded Borel function a : Λ+ → C and φ ∈ C(Λ−), put F (x, x−) := a(x)φ(x−). Since η
is T̂ -invariant and φ is uniformly continuous, Lemma 16.1 gives∫

F dη = lim
n→∞

∫
Λ+

F
(
T̂n(x, q−)

)
dν+(x).

The right-hand side is independent of η. Since these product functions determine a proba-
bility measure, the invariant lift is unique. Finally, let E be an invariant set with ν⋄(E) > 0.
The normalized restriction ν⋄|E/ν⋄(E) projects to a T -invariant probability measure abso-
lutely continuous with respect to ν+. By Corollary 15.10, this projection equals ν+. Unique-
ness of the invariant lift gives ν⋄|E/ν⋄(E) = ν⋄, hence ν⋄(E) = 1. Thus ν⋄ is ergodic.

To prove (2), let x, y ∈ Λ+ belong to a common one-cylinder. Applying the estimates for
I1, I2, I3 in the proof of Lemma 15.13 with w = 0 and f = 1, we obtain∑

γ∈Hn

|p(n)γ (x)− p(n)γ (y)| ≤ Ccdψ̄(x, y)
c (n ≥ 1);

hence
∣∣∣ν(n)+,x(φ)− ν

(n)
+,y(φ)

∣∣∣ ≤ Cc∥φ∥∞dψ̄(x, y)c. Letting n→ ∞ proves (2).
We now prove (1). For f ∈ Fc(Λ+ × Λ−,C), define f̄ by (16.2). Then ∥f̄∥∞ ≤ ∥f∥∞ is

clear. For x and y in a common one-cylinder, write

f̄(x)− f̄(y) =

∫
Λ−

(
f(x, x−)− f(y, x−)

)
dν+,x(x−)

+

(∫
Λ−

f(y, x−) dν+,x(x−)−
∫
Λ−

f(y, x−) dν+,y(x−)

)
.

The first integral is bounded in absolute value by |f |cdψ̄(x, y)c. The remaining difference is
bounded by Cc∥f∥∞dψ̄(x, y)c, by applying (2) to f(y, ·). Together with ∥f̄∥∞ ≤ ∥f∥∞, this
proves (1) after enlarging Cc.

□
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Let
Λ̃a := Λ+ × Λ− × R× kerψ, Λ̃ψ := Λ+ × Λ− × R.

Define the skew-product maps ζ : Λ̃a → Λ̃a and ζψ : Λ̃ψ → Λ̃ψ by

ζ(x, x−, s, v) := (T̂ (x, x−), s−R(x), v −K◦(x)),(16.6)

ζψ(x, x−, s) := (T̂ (x, x−), s−R(x)).

Let
Λa := {(x, x−, s, v) ∈ Λ̃a : 0 ≤ s < R(x)},

Λψ := {(x, x−, s) ∈ Λ̃ψ : 0 ≤ s < R(x)}.
For t ≥ 0, define the semiflow Tt on Λa by

(16.7) Tt(x, x−, s, v) := ζn(x, x−, s+ t, v) =
(
T̂n(x, x−), s+ t−Rn(x), v −K◦

n(x)
)
,

where n = n(t, x, s) is the unique nonnegative integer such that Rn(x) ≤ s + t < Rn+1(x).
Such an integer exists because R ≥ 1 by Lemma 12.6. This descends to the semiflow on Λψ
via the projection π : Λa → Λψ, which we also denote by Tt. For v ∈ kerψ, define

(x, x−, s, v0)av := (x, x−, s, v0 + v).

These translations commute with Tt. On the product spaces, define

(16.8) dM̃ψ :=
1

ν+(R)
dν⋄ ds dLebkerψ(v), dM̃ψ :=

1

ν+(R)
dν⋄ ds.

Since ν⋄ is T̂ -invariant (Proposition 16.2), M̃ψ and M̃ψ are invariant under ζ and ζψ, respec-
tively. Consider the following Tt-invariant measures for t ≥ 0:

Mψ := M̃ψ|Λa , Mψ = M̃ψ|Λψ .

Lemma 16.3. The measure Mψ is an ergodic probability measure for {Tt : t ≥ 0}.

Proof. Since ν⋄ projects to ν+, Mψ(Λψ) =
1

ν+(R)

∫
Λ+×Λ−

R(x) dν⋄(x, x−) = 1. Every mea-

surable set invariant under all Tt, t ≥ 0, is the suspension of a T̂ -invariant set. Thus
ergodicity follows from Proposition 16.2. □

16.2. The factor maps. The symbolic suspensions are related to the geometric flows by
explicit equivariant maps. Define the maps

Φ̃ : Λ̃a → Ω̃, Φ̃(x, x−, s, v) := (x, x−, su+ v + 2G(x, p0)),(16.9)

Φ̃ψ : Λ̃ψ → Ω̃ψ, Φ̃ψ(x, x−, s) := (x, x−, s+ 2ψ(G(x, p0))).(16.10)

Restricting to the suspension domains and composing with the projections Ω̃ → Ω and
Ω̃ψ → Ωψ yields continuous maps

Φ : Λa → Ω, Φψ : Λψ → Ωψ.

By (12.5) and (16.6), these maps satisfy

(16.11) Φ ◦ Tt = Wt ◦ Φ, Φψ ◦ Tt = Wt ◦ Φψ, Φ(zav) = Φ(z)av.

In particular,
Φ
(
(Ttz)aℓ(t)w

)
= Φ(z)atu+ℓ(t)w.

Proposition 16.4. We have (Φψ)∗Mψ = mψ.
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We first record two elementary measure-theoretic facts needed in the proof.

Lemma 16.5. There is a Borel set U ⊂ Λψ such that mψ(Φψ(U)) > 0 and Φψ is injective
on U .

Proof. The map Φ̃ψ is an embedding by (16.10). Since infx∈Λ+ R(x) > 0 by Lemma 12.6,
we have m̃ψ(Φ̃ψ(Λψ)) > 0. Since Γρ is torsion-free, there exists an open O ⊂ Ω̃ψ on which
Ω̃ψ → Ωψ is injective and m̃ψ(O ∩ Φ̃ψ(Λψ)) > 0. Setting U := Φ̃−1

ψ (O) ∩ Λψ finishes the
proof. □

Here stable leaves are taken in Ωψ, rather than the auxiliary flow Ωψ̄ of Section 8: two
points lie on the same stable leaf if they admit lifts (x, x−, s) and (x, y−, s) with the same
positive endpoint and R-coordinate. By [44, Proposition 8.6], there exists a metric d on Ωψ
compatible with the topology of Ωψ such that

(16.12) d(Wtq,Wtq
′) → 0 (t→ +∞).

whenever q, q′ ∈ Ωψ lie on the same stable leaf.

Lemma 16.6. Let Q ⊂ Λψ be Mψ-conull and Q′ ⊂ Ωψ be mψ-conull. Then Φψ(Q) and Q′

meet a common stable leaf of Ωψ.

Proof. Let U be as in Lemma 16.5 and set V := Φψ(U). Also set m := ((Φψ|U )−1)∗(mψ|V ).
For p(x, x−, s) := (x, s), the local product formula for BMS measure gives p∗m ≪ dνds.
Since ν+ and ν|Λ+ are equivalent, it follows from Proposition 16.2 that p∗m≪ p∗Mψ. Since
Q is Mψ-conull, by Proposition 16.2, ν+,x ({x− : (x, x−, s) ∈ Q}) = 1 for p∗Mψ-a.e. (x, s)

and hence for p∗m-a.e. (x, s). Since Φ−1
ψ (Q′ ∩ V ) is m-conull, there exists (x, x′−, s) ∈

Φ−1
ψ (Q′) ∩ U such that ν+,x ({x− : (x, x−, s) ∈ Q}) = 1. Choose x− with (x, x−, s) ∈ Q. By

(16.10), Φψ(x, x−, s) and Φψ(x, x
′
−, s) ∈ Q′ lie on the same stable leaf in Ωψ. □

Proof of Proposition 16.4. Let f ∈ Cc(Ωψ). By Lemma 16.3, Theorem 3.19, and the Birkhoff
ergodic theorem, there exist conull sets Q′ ⊂ Ωψ and Q ⊂ Λψ on which, respectively,

lim
T→∞

1

T

∫ T

0
f(Wtq) dt = mψ(f), lim

T→∞

1

T

∫ T

0
f(Φψ(Ttz)) dt =Mψ(f ◦ Φψ).

By Lemma 16.6, choose z ∈ Q and q ∈ Q′ such that Φψ(z) and q lie on the same stable leaf.
Then by (16.11), the uniform continuity of f , and (16.12), we have

1

T

∫ T

0
f(Wtq)− f(WtΦψ(z)) dt→ 0.

It follows that mψ(f) = Mψ(f ◦ Φψ). Since this holds for every f ∈ Cc(Ωψ), (Φψ)∗Mψ =
mψ. □

Theorem 16.7. We have Φ∗Mψ = mψ. Moreover, for every compact set Q ⊂ Ω and a ≥ 0,
there is CQ,a > 0 such that

∥su+ v∥ ≤ CQ,aR(x) + CQ,a

whenever (x, x−, s, v) ∈ Λ̃a, −a ≤ s < R(x), and [Φ̃(x, x−, s, v)] ∈ Q. Here [·] denotes
projection to Ω.
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Proof. In the bundle trivialization determined by the section σ : Ωψ → Ω, there is a unique
continuous map τσ : Λψ → kerψ such that Φ(z, 0) = σ(Φψ(z))aτσ(z). Proposition 16.4 and
(16.1) give, for F ∈ Cc(Ω),∫

Λa

F (Φ(z, v)) dMψ(z, v) =

∫
Λψ

∫
kerψ

F (σ(Φψ(z))av) dv dMψ(z)

=

∫
Ωψ

∫
kerψ

F (σ(q)av) dv dmψ(q) = mψ(F ),

where dv = dLebkerψ(v). This proves Φ∗Mψ = mψ. We now prove the remaining claim. Fix
a compact subset Q ⊂ Ω and a ≥ 0. We fix a compact subset Q̃ ⊂ Ω̃ whose image under
the projection to Ω contains Q. Let (x, x−, s, v) ∈ Λ̃a be such that −a ≤ s < R(x) and[
Φ̃(x, x−, s, v)

]
∈ Q. Then there exists γ ∈ Γρ so that

γΦ̃(x, x−, s, v) = (γx, γx−, su+ v + 2G(x, p0) + βx(γ
−1, e)) ∈ Q̃.

Since G(x, p0) is uniformly bounded by Lemma 3.13 and Q̃ is compact, this implies that
su+ v + βx(γ

−1, e) is uniformly bounded, depending only on Q.
By the proof of [45, Proposition 9.7] and compactness of Q, either

βx(γ
−1, e) = µ(γ) +OQ(1) or βx(γ

−1, e) = −µ(γ−1) +OQ(1).

By (7.1), ψ > 0 on Lρ ∖ {0}, so

∥su+ v∥ ≈Q ∥βx(γ−1, e)∥ ≪Q 1 + |ψ(βx(γ−1, e))| ≈Q |s| ≤ a+R(x).

This completes the proof. □

17. BMS local mixing and the correlation expansion

In this section, we prove local mixing for (Ω,Wt,mψ). All spaces of smooth functions
in this section are understood to consist of complex-valued functions. The factor map
Φ : (Λa, Tt, Mψ) → (Ω,Wt,mψ) from Theorem 16.7 allows us to express correlations on Ω in
terms of the suspension flow Tt on Λa. The principal technical difficulty is that Φ involves
an unbounded a-coordinate: the pullback of a compactly supported function on Ω need not
be compactly supported on Λa. Set

r := rankRG = dim a, cR :=

(∫
Λ+

Rdν+

)1/2

.

Throughout this section, we omit the subscripts in ⟨·, ·⟩u and ∥ · ∥u. We use the orthogonal
splitting a = Ru⊕kerψ, and write elements of a as pairs (s, v) accordingly. Fix an orthonor-
mal basis for ⟨·, ·⟩ containing u. Let S be the matrix in this basis of the positive definite
symmetric operator in Proposition 15.20.

Write dz := dLeba(z) = ds dLebkerψ(v), as in Section 3.6. For F ∈ L1(dz;C), our Fourier
convention is

F̂ (ξ) :=

∫
a
ei⟨ξ,z⟩F (z) dz.

Frequency integrals use the dual Lebesgue measure dξ, characterized by the inversion formula

F (z) =
1

(2π)r

∫
a
e−i⟨ξ,z⟩F̂ (ξ) dξ (F ∈ C∞

c (a)).
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Let G be the centered Gaussian probability density on a with covariance S, defined by

G(z) := 1∫
a e

− 1
2
ytS−1y dy

e−
1
2
ztS−1z, z ∈ a.

Then
∫
a G(z) dz = 1,

∫
a z G(z) dz = 0,

∫
a zz

t G(z) dz = S and its Fourier transform is

Ĝ(ξ) = e−
1
2
ξtSξ, ξ ∈ a.

We sometimes write G(s, v) := G(su + v) for s ∈ R and v ∈ kerψ. Fix a basis
X1, . . . , XdimG of left-invariant vector fields on G, regarded also as vector fields on Γρ\G.
For f ∈ C∞

c (Γρ\G), k ∈ Z≥0 and β ∈ (0, 1], set

∥f∥k,β := max
|α|≤k

(∥Xαf∥∞ + |Xαf |β) ,

where Xα := Xα1
1 · · ·XαdimG

dimG and |g|β := supx̸=y
|g(x)−g(y)|
dRiem(x,y)β

. Here dRiem is the quotient
metric induced by a fixed left G-invariant and right K-invariant Riemannian metric on G.
We also write dRiem for the induced quotient metric on Γρ\G/M .

For a compact subset K ⊂ Γρ\G, denote by C∞
K (Γρ\G)M the space of smooth M -invariant

functions whose supports are contained in K. For simplicity, we write C∞
K := C∞

K (Γρ\G)M .

Theorem 17.1 (BMS local mixing). The following assertions hold.
(1) There exist bilinear forms cj : C∞

c (Γρ\G)M × C∞
c (Γρ\G)M → C, j ≥ 0, such that,

for every compact set K ⊂ Γρ\G and L ∈ Z≥0, there exist k ∈ N and β ∈ (0, 1) for
which

|cj(f1, f2)| ≪K,L ∥f1∥k,β∥f2∥k,β (0 ≤ j ≤ L)

and the following expansion holds for all f1, f2 ∈ C∞
K as t→ ∞:

t
r−1
2

∫
Γρ\G

f1(xatu)f2(x) dmψ(x) =

L∑
j=0

cj(f1, f2)t
−j +OK,L

(
∥f1∥k,β∥f2∥k,βt−(L+1)

)
.

Moreover,

c0(f1, f2) = crR

(∫
R
G(cRsu) ds

)
mψ(f1)mψ(f2).

(2) There exists a > 0 such that, for every compact set K ⊂ Γρ\G, there exist k ∈ N,
β ∈ (0, 1), and C, T > 0 with the following property. For all f1, f2 ∈ C∞

K , t ≥ T , and
w ∈ kerψ,

t
r−1
2

∫
Γρ\G

f1(xatu+
√
t w)f2(x) dmψ(x) = cwmψ(f1)mψ(f2) + Ef1,f2(t, w),

where cw = crR
∫
R G
(
cR(su+ w)

)
ds and

(17.1) |Ef1,f2(t, w)| ≤ C∥f1∥k,β∥f2∥k,β t−
1
2 exp

(
−a ·min{∥w∥2, ∥w∥}

)
.

Remark 17.2 (More general transverse displacements). Let ℓ : [1,∞) → (0,∞) be any
function. Since the constants in Theorem 17.1(2) are independent of w, we may apply that
theorem with w replaced by ℓ(t)w/

√
t. This gives, for all sufficiently large t,

t
r−1
2

∫
Γρ\G

f1(xatu+ℓ(t)w)f2(x) dmψ(x) = cℓ(t)w/
√
tmψ(f1)mψ(f2) + Ef1,f2

(
t,
ℓ(t)√
t
w

)
,
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with the remainder bounded by (17.1) evaluated at ℓ(t)w/
√
t. In particular, if ℓ(t)2/t→ q ∈

[0,∞), then

lim
t→∞

t
r−1
2

∫
Γρ\G

f1(xatu+ℓ(t)w)f2(x) dmψ(x) = c√q wmψ(f1)mψ(f2),

by continuity of v 7→ cv. If ℓ(t)2/t→ ∞, the limit is zero for every w ̸= 0. This is analogous
to the more general transverse local mixing statement in [17, Theorem 1.3].

We first prepare the estimates needed for the proof of Theorem 17.1. After introduc-
ing the pullback functions and fixing the parameters, we establish return-time tail bounds
and a rough transverse correlation bound in Section 17.3. The transfer-operator decay in
Section 17.4, together with the Fourier and stable-projection estimates in Section 17.5, con-
trols frequencies away from zero and reduces the remaining contribution to the expanding
map. We then obtain the limiting Taylor coefficients in Section 17.6 and the Gaussian sum
estimates in Section 17.7. The proof of Theorem 17.1 is given in Section 17.8.

17.1. Pullbacks of compactly supported functions. For the remainder of this section
we fix

a compact subset K ⊂ Γρ\G, L ∈ Z≥0, and f1, f2 ∈ C∞
K

as in Theorem 17.1. Unless otherwise indicated, all implicit constants depend only on K, L.
In the following, we abuse the notation and write Φ : Λ̃a → Ω for the composition of

Φ̃ : Λ̃a → Ω̃ and the projection Ω̃ → Ω. We pull f1 and f2 back to the suspension Λ̃a and
replace the second pullback by a function smooth in the a-variable. More precisely, define
Fi : Λ̃a → C, i = 1, 2, by

(17.2) Fi(x, x−, s, v) := fi
(
Φ(x, x−, s, v)

)
1[0,R(x))(s).

Fix a function ζ0 ∈ C∞(R, [0, 1]) such that ζ0(s) = 0 for s ≤ − infx∈Λ+

R(x)
10 and ζ0(s) = 1

for s ≥ 0. Define F ♯2 : Λ̃a → C by

(17.3) F ♯2(x, x−, s, v) := ζ0(s)f2
(
Φ(x, x−, s, v)

)(
1− ζ0(s−R(x))

)
.

Then F ♯2 is smooth in the a-variable, is nonzero only if − infx∈Λ+

R(x)
10 ≤ s ≤ R(x), and

satisfies

(17.4) F2 = F ♯2 + F ♯2 ◦ ζ on Λa,

where ζ is defined in (16.6), since Φ ◦ ζ = Φ by (16.9) and (12.5), and the cutoff factors on
Λa are 1− ζ0(s−R(x)) and ζ0(s−R(x)), respectively.

By Theorem 16.7, there is C1 = C1(K) > 0 such that

(17.5) suppF1 ∪ suppF2 ∪ suppF ♯2 ⊂ {(x, x−, z) : ∥z∥ ≤ C1R(x) + C1}.

Note that by (16.9), the map (x, x−) 7→ Φ(x, x−, 0) extends smoothly to a neighborhood
of the compact set Λ+ × Λ− in F (2). Using Lemma 12.10 and ∥Ad(a−z)∥ ≪ eC2∥z∥, we
obtain C2 > 0 and η ∈ (0, 1] such that

(17.6) dRiem(Φ(x, x−, z),Φ(y, y−, z)) ≪ eC2∥z∥(dψ̄(x, y)η + dψ̄(x−, y−)
η
)

for all (x, x−), (y, y−) ∈ Λ+ × Λ− and z ∈ a.
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We also introduce the stable projections used below. Recall the conditional measures ν+,x
from Proposition 16.2. For a Borel function H : Λ+ × Λ− → C and k ≥ 0, define its k-step
stable projection by

(17.7) (πkH)(x) :=

∫
Λ−

H
(
T̂ k(x, x−)

)
dν+,x(x−), x ∈ Λ+,

whenever the integral converges absolutely.

17.2. Parameters and the local spectral expansion. Recall λ ∈ (0, 1), c0 > 0, and ε0 >
0 from Lemma 16.1, Proposition 12.12, and (15.2), respectively; in particular,

∫
Λ+

eε0R dν+ <

∞. With C1, η, C2 > 0 as in (17.5) and (17.6), choose β, ε1 ∈ (0, 1) such that

(17.8) 8βC1C2 < ε0, ε1 <
1

4

(
r − 1

2
+ L+

3

2

)−1

,

and set

(17.9) c1 :=
1

2
min {βη, c0, ε0/8} , τ := λ−βη > 1, J := 2L+ 5.

We apply the results of Sections 15 and 16 with c = c1 in the estimates below.
For t > 1, set

(17.10) kt :=

⌈(
r − 1

2
+ L+ 2J

)
log t

βη| log λ|

⌉
.

Then τ−kt := λβηkt ≤ t−((r−1)/2+L+2J).
Finally, choose b0 > 0 such that Theorem 15.19 and Proposition 15.20 hold on a neigh-

borhood of [−b0, b0]r, and for every z ∈ (−b0, b0)r,

(17.11)
(
(r − 1)/2 + L+ 2J

βη| log λ|

) ∣∣log |κz|∣∣ < 1− ε1
10

, |κz| ≤ Ĝ(z/
√
2).

These choices are possible because κ0 = 1 and

log |κz| = −1

2
ztSz + o(∥z∥2)

by (15.30) and Proposition 15.20. Let O := (−b0, b0)r. By analyticity and Proposition 15.20,
d
ds log |κsξ| = −sξtSξ + O(s2∥ξ∥3). Since S is positive definite, decreasing b0 if necessary
makes this derivative nonpositive for ξ ∈ O and 0 ≤ s ≤ 1. Thus s 7→ log |κsξ| is nonin-
creasing, and hence

(17.12) |κsξ| ≥ |κξ| (ξ ∈ O, 0 ≤ s ≤ 1).

We use the symmetrized tensor product ⊗ and write ∗ for full tensor contraction in the
fixed orthonormal coordinates. Apply [23, Lemma A.1] to κ̃ with its parameters K = 2L+3
and J = 3; the latter is distinct from our J = 2L + 5. We now record the expansion of
κnξ that produces the Gaussian terms after Fourier inversion. After decreasing b0 further if
necessary, the following expansion and remainder estimate hold uniformly for ξ ∈ [−b0, b0]r
and all sufficiently large n:
(17.13)

κnξ = einc
2
Rξ1 Ĝ(

√
n ξ)

2L+4∑
k=0

2L+4+2k∑
j=3k

nkAj,k ∗ ξ⊗j +O
(
Ĝ(
√
n/2 ξ)n−(L+2)(1 + ∥

√
n ξ∥L0)φ(ξ)

)
,
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where Aj,k are fixed symmetric tensors, A0,0 = 1, Aj,0 = 0 for j > 0, L0 ∈ N, and φ is
bounded on O with φ(ξ) → 0 as ξ → 0.

All these choices are independent of t. For each ξ ∈ a, the operator Lξ extends to
a contraction on L1(ν+), given almost everywhere by the same branch formula. Indeed,
|LξF | ≤ L0|F | and (15.33) give ∥LξF∥L1(ν+) ≤ ∥F∥L1(ν+).

17.3. Return decomposition and tail estimates. We express the correlations as finite
sums indexed by n, the number of iterations of the return map T . The return-time tail bound
in Lemma 17.3 will allow us to discard terms with n ≤ t1−ε1 in the return decomposition.
The rough correlation bound in Lemma 17.4 provides the transverse decay needed for the
integrable remainder in Theorem 17.1(2).

Let ℓ be either the zero function or t 7→
√
t on [0,∞). For t ≥ 0 and w ∈ kerψ, set

Cℓt (f1, f2; w) :=

∫
Γρ\G

f1(xatu+ℓ(t)w)f2(x) dmψ(x).

Put t+ := 2t/ inf R + 2. If x ∈ Λ+, 0 ≤ s < R(x), and Rn(x) ≤ s+ t for some n ≥ 1, then
(n− 1) inf R ≤ Rn(x)−R(x) < t. Hence n < t/ inf R+ 1 = t+/2.

By Theorem 16.7, (16.11), and (16.7),

(17.14) Cℓt (f1, f2; w) =
∑

0≤n<t+

∫
Λa

(F1 ◦ ζn)(x, x−, s+ t, v + ℓ(t)w)F2(x, x−, s, v) dMψ.

We first estimate the total measure of N -step branches γΛ+ for which Rγ > t. By
Lemma 12.6, there exists C3 > 0 such that, for every N ≥ 1, γ ∈ HN , and x ∈ γΛ+,

(17.15) Rγ − C3 ≤ RN (x) ≤ Rγ .

Lemma 17.3. There exists C4 > 0 such that for every N ≥ 1 and t > 0,∑
γ∈HN , Rγ>t

ν+(γΛ+) ≤ C4Ne
−ε0t/N .

Proof. By (17.15), the definition of RN , and T -invariance of ν+,∑
γ∈HN , Rγ>t

ν+(γΛ+) ≤ ν+({RN > t− C3})

≤
N−1∑
j=0

ν+
(
T−j{R > (t− C3)/N}

)
= Nν+({R > (t− C3)/N})

≤ Ne−ε0(t−C3)/N

∫
Λ+

eε0R dν+.

The integral is finite by the choice of ε0 and hence the claim follows. □

The next bound gives transverse decay but does not yet give decay in t. In the proof of
Theorem 17.1(2), we combine it with a sufficiently high-order approximation to obtain the
required integrable error.

Lemma 17.4. There exists a0 > 0 such that, for ℓ(t) =
√
t, for all w ∈ kerψ and sufficiently

large t,
t(r−1)/2|Cℓt (f1, f2; w)| ≪ ∥f1∥∞∥f2∥∞ t(r−1)/2+1e−a0 min{∥w∥2,∥w∥}.
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Proof. Apply Theorem 15.19 on the fixed space Fc0(Λ+,C). By analyticity and ν+(K◦) = 0,
we have κ−iθ = 1+O(∥θ∥2) for θ ∈ kerψ near 0. The spectral decomposition, with uniformly
bounded remainder powers on a smaller complex neighborhood of 0, therefore gives δ, C > 0
such that for every n ≥ 0, θ ∈ kerψ, and ∥θ∥ ≤ δ,

(17.16) ν+
(
e⟨θ,Kn⟩

)
= ν+(Ln

−iθ1) ≤ CeCn∥θ∥
2
.

Suppose w ̸= 0 and set w := w/∥w∥. For ℓ(t) =
√
t, the F1-factor in the nth integrand of

(17.14) is evaluated at
(
T̂n(x, x−), s + t − Rn(x), v

′) for v′ := v +
√
t w − K◦

n(x). On the
support of this integrand, (17.5) gives ∥v∥ + ∥v′∥ ≤ C1

(
2 + R(x) + R(Tnx)

)
. Taking the

inner product with w in
√
t w = K◦

n(x) + v′ − v, we obtain
√
t ∥w∥ ≤ ⟨w,Kn(x)⟩+D

(
1 +R(x) +R(Tnx)

)
,

where D > 0 depends only on K. The volume of the initial (s, v)-support is O((1+R(x))r).
Choose q0 ∈ (0, 1) with 2q0 ≤ δ and 4Dq0 ≤ ε0/2. For 0 ≤ q ≤ q0, two applications of

Cauchy–Schwarz, T -invariance of ν+, and (17.16) give

ν+
(
(1 +R)req⟨w,Kn⟩+qD(R+R◦Tn))
≤ ν+

(
e2q⟨w,Kn⟩

)1/2
ν+
(
(1 +R)4re4qDR

)1/4
ν+(e

4qDR)1/4 ≪ eCnq
2
.

Here, the last two factors are uniformly bounded by the exponential moment ν+(eε0R) <∞.
Summing over 0 ≤ n < t+ and absorbing the factor eqD into the implied constant yields

|Cℓt (f1, f2; w)| ≪ ∥f1∥∞∥f2∥∞ t exp(−q
√
t ∥w∥+ Ctq2).

Taking q = min
{

∥w∥
2C

√
t
, q0

}
bounds the exponent above by −cmin{∥w∥2, q0

√
t ∥w∥}, with

c > 0 uniform. For t ≥ q−2
0 , this proves the assertion. The case w = 0 follows from the same

support and moment bounds with q = 0. □

17.4. Decay of transfer operators. To control the Fourier integral outside O = (−b0, b0)r
fixed in Section 17.2, we need decay estimates with constants independent of the frequency
parameter w ∈ a. We derive these estimates from the quantitative non-integrability estab-
lished in Theorem 14.1. In the next subsection (Lemma 17.14), we establish the regularity
and norm bounds needed to apply this decay estimate to the functions arising from the
stable-projection reduction.

Throughout this subsection, we abbreviate F(Λ+,C) := Fc1(Λ+,C). For each w ∈ a∖{0}
we equip this space with the norm

(17.17) ∥H∥w := max

{
∥H∥∞,

C0 |H|c1
∥w∥+ 1

}
, H ∈ F(Λ+,C),

where C0 > 0 will be chosen below so that (17.21) holds. The main result of this subsection
is the following exponential decay estimate.

Proposition 17.5 (Transfer-operator decay away from zero). There exist C, β1, β2 > 0 such
that for every w ∈ a with ∥w∥ ≥ b0, n ∈ N and H ∈ F(Λ+,C),

∥LnwH∥∞ ≤ Ce−β1n∥w∥
−β2∥H∥w.

Absorbing the term λc1n∥H∥∞ in (15.21), we obtain C0,1 > 0 such that

(17.18) |LnwH|c1 ≤ C0,1(∥w∥+ 1)∥H∥∞ + C0,1λ
c1n|H|c1
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for every w ∈ a, n ∈ N, andH ∈ F(Λ+,C). We use the following two conventions throughout
this subsection. First, for t > 0, we write Ltw := L⌊t⌋

w . Second, we denote again by ∥ · ∥w the
operator norm on F(Λ+,C) induced by (17.17).

For z ∈ C ∖ {0}, let arg z := {ϑ ∈ R : z = |z|eiϑ} and let Argz be its unique element in
(−π, π]. Write Log for the principal logarithm on C∖ (−∞, 0].

Fix H ∈ F(Λ+,C). On a cylinder γΛ+, γ ∈ ⟨H⟩+, where H does not vanish, a branch of
argH is a function φγ : γΛ+ → R satisfying φγ(y) ∈ argH(y) for every y ∈ γΛ+. Set

(17.19) N0(H) := min
{
n ∈ N : |H|c1λnc1 diamdψ̄

(Λ+)
c1 ≤ 1/8

}
.

Lemma 17.6. Let n ≥ N0(H) and γ ∈ Hn satisfy infγΛ+ |H| ≥ 1/4, and fix xγ ∈ γΛ+.
There is a branch φγ of argH on γΛ+ such that

(1) φγ(xγ) = Arg(H(xγ));
(2) for every y, y′ ∈ γΛ+, |φγ(y)− φγ(y

′)| ≤ 8|H|c1dψ̄(y, y′)c1.

Proof. Put a := H(xγ). By (15.3) and (17.19),

|H(y)− a| ≤ |H|c1λnc1 diamdψ̄
(Λ+)

c1 ≤ 1/8 ≤ |a|/2 (y ∈ γΛ+).

Thus φγ(y) := Arg(a) +ℑ(Log
(
H(y)/a

)
) is a branch with the required normalization. The

segment joining H(y)/a and H(y′)/a lies in {z : |z − 1| ≤ 1/2}, where |(Log)′(z)| ≤ 2.
Integrating along this segment gives

|φγ(y)− φγ(y
′)| ≤ 2|a|−1|H(y)−H(y′)| ≤ 8|H|c1dψ̄(y, y′)c1 .

□

The following elementary lemma will be used in the proof of Lemma 17.8 to control the
angular separation of summands whose weighted sum has modulus close to one.

Lemma 17.7. Let (xj) be a countable set of positive numbers xj and
∑

j xj ≤ 1, let yj ∈ R,

and let η ∈ (0, 1). If |
∑

j xje
iyj | > 1−η, then for all j, k, dS1(yj , yk) < π√

2

(√
η
xj

+
√

η
xk

)
where dS1(u, v) := infm∈Z |u− v + 2πm| denotes the angular distance in S1 = R/(2πZ).

Proof. If θ is an argument of
∑

j xje
iyj , then

∑
j xj(1−cos(yj−θ)) =

∑
j xj−

∣∣∣∑j xje
iyj
∣∣∣ < η.

Use 1− cosu ≥ 2u2/π2 for |u| ≤ π and the triangle inequality on S1. □

The following is the main ingredient in the proof of Proposition 17.5.

Lemma 17.8. There exist a1 > 0, D1 > 1, and D2 > 0 such that, for every w ∈ a with
∥w∥ ≥ b0 and every H ∈ F(Λ+,C),

(17.20)
∥∥∥L ⌊D1 log(3∥w∥/b0)⌋

w H
∥∥∥
w
≤
(
1−D2∥w∥−a1

)
∥H∥w.

Proof. Choose C0 > 0 so that C0,1C0 ≤ 1/4, and fix D1,1 > 0 sufficiently large that
C0,1λ

c1⌊D1,1 log 3⌋ ≤ 1/4. Now fix w ∈ a with ∥w∥ ≥ b0 and H ∈ F(Λ+,C) with ∥H∥w ≤ 1.
By (17.17), ∥H∥∞ ≤ 1 and |H|c1 ≤ (∥w∥ + 1)/C0. Thus (17.18) gives, for every n ≥
⌊D1,1 log(3∥w∥/b0)⌋,

(17.21)
C0|LnwH|c1
∥w∥+ 1

≤ C0,1C0 + C0,1λ
c1n ≤ 1

2
.
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Also, |LnwH| ≤ Ln0 |H| ≤ 1 by (15.14). It remains to find a1, D2 > 0, independent of w and
H, such that

(17.22) ∥LnwH∥∞ ≤ 1−D2∥w∥−a1

for n = ⌊D1 log(3∥w∥/b0)⌋, with D1 > 0 to be chosen below.
Let a1,2 > 0 be a constant to be specified in Step 3. We divide the proof into three steps.

The constants β′ in Step 1 and D1,2 in Step 2 are chosen after a1,2 is fixed.
Step 1. Denote the constants C, ε1, and η in Theorem 14.1 by CNI, εNI, and ηNI, respec-

tively, so as to distinguish them from the constants fixed in Section 17.2; retain s1, s2, s3, δ1
from that theorem. We use that theorem with ⟨·, ·⟩u, decreasing ηNI if necessary. Indeed,
let ⟨·, ·⟩K denote the Killing-form inner product on a used in Theorem 14.1. For each v ∈ a

with ∥v∥u = 1, choose v♭ so that ⟨v♭, Y ⟩K = ⟨v, Y ⟩u for all Y ∈ a. Apply the theorem to
v♭/∥v♭∥K; the quantity ∥v♭∥K has a positive lower bound independent of v with ∥v∥u = 1.
Choose s4 > 1 such that s1s4c1 > 1 and for any w′ ∈ a with ∥w′∥ ≥ b0, any n ∈ N, any
γ1, γ2 ∈ Hn and x1, x2 ∈ Λ+ with dψ̄(x1, x2) ≤

εNI
2∥3w′/b0∥s1s4 , we have

(17.23)

∣∣(⟨w′,Kn(γ1x1)⟩ − ⟨w′,Kn(γ2x1)⟩
)
−
(
⟨w′,Kn(γ1x2)⟩ − ⟨w′,Kn(γ2x2)⟩

)∣∣
≤ 2∥w′∥ · CK · dψ̄(x1, x2)c1 ≤ b0

3
21−c1CKε

c1
NI · ∥3w

′/b0∥1−s1s4c1 <
π

2
,

where CK > 0 is the constant in (12.7), with c0 replaced by c1 using the finite dψ̄-diameter
of Λ+. We may increase s4 further as required in Step 3. Once a1,2 is fixed in Step 3, choose
β′ sufficiently large that

(17.24) β′ > max

{
s1s4,

a1,2 + 1

c1

}
.

Suppose that there exist γ ∈ HCNI
and x ∈ γΛ+ such that

(17.25) Bψ̄

(
x,

εNI

2∥3w/b0∥β′

)
⊂ γ∆0, |H(x)| < 1− 1

2∥3w/b0∥a1,2
.

We first prove that (17.25) implies

(17.26) ∥H∥L1(ν+) ≤ 1− D2,1

∥3w/b0∥a1,1

for some a1,1, D2,1 > 0 independent of w and H. By (17.17), |H|c1 ≤ (∥w∥ + 1)/C0. For
every x′ ∈ Λ+ in the ball in (17.25),

(17.27)
|H(x′)| ≤ |H(x)|+ |H|c1dψ̄(x, x′)c1

≤ 1− 1

2∥3w/b0∥a1,2
+

∥w∥+ 1

C0

(
εNI

2∥3w/b0∥β′

)c1
≤ 1− 1

4∥3w/b0∥a1,2
.

Here x′ lies in γΛ+ by (12.2), and the last inequality holds for all ∥w∥ ≥ b0 after increasing
β′ in (17.24). By Corollary 7.9, (5.3), Proposition 11.2, and (15.12),

ν+

(
Bψ̄

(
x,

εNI

2∥3w/b0∥β′

))
≥ D2,3

∥3w/b0∥β′a1,3

for some a1,3 > 1 and D2,3 ∈ (0, 1). Combining this with (17.27) and ∥H∥∞ ≤ 1 gives
(17.26), with

a1,1 := a1,2 + β′a1,3, D2,1 := D2,3/4.
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Step 2. Assuming (17.25), we use the spectral gap of L0 to turn (17.26) into the uniform
supremum-norm bound (17.22). By (17.17), ∥|H|∥c1 ≤ ∥H∥c1 ≪ ∥3w/b0∥. Thus Corol-
lary 15.9 and (17.26) give C > 0 and ϑ ∈ (0, 1), independent of w, H, and n, such that, for
every n ≥ 1,

∥LnwH∥∞ ≤ ∥Ln0 |H|∥∞ ≤ ν+(|H|) + ∥Rn
0 |H|∥∞ ≤ 1− D2,1

∥3w/b0∥a1,1
+ Cϑn∥3w/b0∥.

Since ∥3w/b0∥ ≥ 3, we can chooseD1,2 > 0 sufficiently large that, for n = ⌊D1,2 log ∥3w/b0∥⌋ ≥
1, the last term is strictly less than D2,1/(2∥3w/b0∥a1,1) for every ∥w∥ ≥ b0. Consequently,

∥L⌊D1,2 log ∥3w/b0∥⌋
w H∥∞ < 1− D2,1

2∥3w/b0∥a1,1
.

The same bound holds for all further iterates, since Lw contracts the supremum norm.
Step 3. We now show that (17.25) holds for either H or an iterate Ln0

w H. Step 2
then gives the required supremum-norm bound (17.22). Set Ch := infx,y∈Λ+ h(x)/h(y) > 0,
choose a1,6 > 0 so that Ch3a1,6 ≥ 2, and put a1,7 := a1,2/2.

It suffices to find γ ∈ HCNI
and x ∈ γΛ+ satisfying the ball inclusion in (17.25) such that

either H satisfies (17.25) at x, or

(17.28) |Ln0
w H(x)| < 1− 1

2∥3w/b0∥a1,2
, n0 :=

⌊
a1,7 − a1,6

CNI
log ∥3w/b0∥

⌋
.

Choose a1,2 sufficiently large that, for all ∥w∥ ≥ b0, we have n0 > NNI, n0 ≥ ⌊D1,1 log ∥3w/b0∥⌋,
and

(17.29)
∥w∥+ 1

C0
λn0c1 diamdψ̄

(Λ+)
c1 ≤ 1

8
.

In the former case, Step 2 applies to H. In the latter, it applies to Ln0
w H, since (17.21)

gives ∥Ln0
w H∥w ≤ 1.

Applying Theorem 14.1 to the unit vector w
∥w∥ ∈ a, b = ∥3w/b0∥s4 , and n0, we obtain

γ1, γ2 ∈ Hn0
CNI

as the two inverse branches, and two points x1, x2 ∈ Λ+ satisfying

x2 ∈ Λ+ ∩
(
Bψ̄

(
x1,

εNI

2∥3w/b0∥s4s1

)
∖Bψ̄

(
x1,

δ1εNI

2∥3w/b0∥s4s2

))
.

We also need the ball inclusion in (17.25) at these points. In the proof of Theorem 14.1,
x1 is fixed in the interior of a one-cylinder by (14.16), and x2 → x1 uniformly as b→ ∞ by
(14.22). For s4 sufficiently large, both points lie in a fixed compact subset of that interior.
Increasing β′ then gives the ball condition at both points. For γjxi, i, j ∈ {1, 2}, the
same condition follows directly from (14.2) and β′ > s1s4. These requirements on s4 are
independent of a1,2; we now fix s4.

Suppose that no pair (γ, x) as above satisfies (17.25) for H. We show that (17.28) holds
at x1 or x2. Assume to the contrary that it holds at neither point. Put F := |H|. Omitting
terms for which H(γx1) = 0, write

(Ln0
w H)(x1) =

∑
γ∈Hn0

e−Rn0 (γx1)F (γx1)h(γx1)

h(x1)
ei⟨w,Kn0 (γx1)⟩+iArgH(γx1).

The weights are positive and sum to Ln0
0 F (x1) ≤ 1.
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Set η := ∥3w/b0∥−a1,2 . Since (17.28) fails at x1, |Ln0
w H(x1)| ≥ 1 − η/2 > 1 − η. Thus

Lemma 17.7 applies, and any two terms with weights at least ∥3w/b0∥−a1,7 have angular
distance at most

√
2π
(
∥3w/b0∥−a1,2∥3w/b0∥a1,7

)1/2
=

√
2π

∥3w/b0∥a1,8
, a1,8 := a1,2/4.

By this assumption and the ball inclusions at γjxi, F (γjxi) ≥ 1 − 1
2∥3w/b0∥a1,2 > 1

2 for all
i, j ∈ {1, 2}. We claim that

(17.30)
e−Rn0 (γjxi)h(γjxi)

h(xi)
≥ 2

∥3w/b0∥a1,7
(i, j ∈ {1, 2}).

Indeed, since γj ∈ Hn0
CNI

, we have

e−Rn0 (γjxi)h(γjxi)

h(xi)
≥ Che

−n0CNI ≥ Ch
∥3w/b0∥a1,7−a1,6

.

The choice Ch3a1,6 ≥ 2 proves (17.30). Including the factor F (γjxi), the weights of the
selected terms are at least ∥3w/b0∥−a1,7 . Thus
(17.31)

dS1(⟨w,Kn0(γ1x1)⟩+ArgH(γ1x1), ⟨w,Kn0(γ2x1)⟩+ArgH(γ2x1)) ≤
√
2π

∥3w/b0∥a1,8
.

The same argument at x2 gives
(17.32)

dS1(⟨w,Kn0(γ1x2)⟩+ArgH(γ1x2), ⟨w,Kn0(γ2x2)⟩+ArgH(γ2x2)) ≤
√
2π

∥3w/b0∥a1,8
.

Fix j ∈ {1, 2}. By (17.29) and |H(γjx1)| ≥ 1/2, we have n0 ≥ N0(H) as in (17.19) and
infγjΛ+ |H| ≥ 3/8. Thus Lemma 17.6 gives a branch φγj : γjΛ+ → R satisfying

(17.33)
∣∣φγj (γjx1)− φγj (γjx2)

∣∣ ≤ 8|H|c1dψ̄(γjx1, γjx2)c1 ≤ D2,7

∥3w/b0∥a1,9
,

where we use (15.3) and the estimate |H|c1 ≤ (∥w∥+1)/C0 ≪ ∥3w/b0∥, absorbing the factor
λ−c1 from the integer part in n0 intoD2,7, and where a1,9 := −1−c1(a1,7−a1,6)(log λ)/CNI >
0.

Replacing ArgH by φγj does not change the angular distances in (17.31) and (17.32).
The triangle inequality for dS1 and (17.33) therefore give

(17.34)
dS1(⟨w,Kn0(γ1x1)−Kn0(γ2x1)⟩, ⟨w,Kn0(γ1x2)−Kn0(γ2x2)⟩)

≤ 4π

∥3w/b0∥a1,8
+

2D2,7

∥3w/b0∥a1,9
≤ D2,8

∥3w/b0∥a1,10
.

where a1,10 = min{a1,8, a1,9} = min{a1,2/4, −1− c1(a1,2/2− a1,6)(log λ)/CNI}.
By (17.23), the phase difference has absolute value less than π/2, so its distance to 2πZ

is its absolute value. Thus (17.34) gives

|(⟨w,Kn0(γ1x1)⟩ − ⟨w,Kn0(γ2x1)⟩)− (⟨w,Kn0(γ1x2)⟩ − ⟨w,Kn0(γ2x2)⟩)| ≤
D2,8

∥3w/b0∥a1,10
,

On the other hand, (14.1) gives

|(⟨w,Kn0(γ1x1)⟩ − ⟨w,Kn0(γ2x1)⟩)− (⟨w,Kn0(γ1x2)⟩ − ⟨w,Kn0(γ2x2)⟩)|
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≥ ηNI∥w∥
(

δ1εNI

2∥3w/b0∥s4s2

)s3
.

The lower bound is a fixed positive multiple of ∥3w/b0∥1−s4s2s3 . The constant D2,8 can
be chosen independently of a1,2, whereas a1,10 → ∞ as a1,2 → ∞. Since ∥3w/b0∥ ≥ 3, we
may therefore fix a1,2 sufficiently large that the upper bound is strictly smaller than the
lower bound for every ∥w∥ ≥ b0. Now choose β′ and D1,2 as in Steps 1 and 2. In either case,
Step 2 gives

∥LnwH∥∞ < 1− D2,1

2∥3w/b0∥a1,1
(n ≥ n0 + ⌊D1,2 log ∥3w/b0∥⌋) .

Choose D1,3 ≥ D1,1 + 1 with D1,3 ≥ D1,2 + (a1,7 − a1,6)/CNI. Since D2,1 < 1/4, this
bound and (17.21) prove (17.20), with a1 := a1,1, D1 := D1,3, and D2 :=

D2,1

4

(
b0
3

)a1
. □

Proof of Proposition 17.5. Fix any w ∈ a ∖ {0} with ∥w∥ ≥ b0, n ∈ N, and any H ∈
F(Λ+,C) with ∥H∥w = 1. Let a1 > 0, D1 > 1, D2 > 0 be the constants from Lemma 17.8.
Set n0 = ⌊D1 log ∥3w/b0∥⌋ ≥ 1, where the last inequality follows from D1 log 3 ≥ 1 and
∥3w/b0∥ ≥ 3.

Write n = kn0 + l with 0 ≤ l < n0. Using Lemma 17.8, 1 − u ≤ e−u for u ≥ 0, and the
fact that ∥Lw∥∞ ≤ 1, we obtain

∥LnwH∥∞ ≤ ∥Lkn0
w H∥∞ ≤ ∥Lkn0

w H∥w

≤
(
1− D2

∥w∥a1

)k
≤ e−kD2/∥w∥a1 ≤ eD2b

−a1
0 e

− D2n

n0∥w∥a1 ≤ Ce−β1n∥w∥
−(a1+1)

,

where we used n0 ≪ ∥w∥ for ∥w∥ ≥ b0. This proves the proposition with β2 := a1 + 1. □

17.5. Fourier and stable-projection estimates. We now estimate the Fourier trans-
forms of the pullback functions and their stable projections. These estimates justify Fourier
inversion, allow us to apply Proposition 17.5, and control the error introduced by averaging
over the contracting Λ− coordinate after applying T̂ k. To streamline the arguments, we
introduce

S := {F1, ∂
α
a F

♯
2 : α a multi-index}, C∞(F1) := ∥f1∥∞, C∞(∂αa F

♯
2) := ∥f2∥C|α| .

By (17.2), (17.3), and the product rule, ∥H∥∞ ≪ C∞(H) for H ∈ S. Constants in estimates
involving derivatives may depend on their orders. Derivatives of F̂ are taken in ξ; derivatives
of F are taken in its last variable z. For F ∈ {F1, F

♯
2}, write f = f1 or f2, respectively.

17.5.1. Bounds for Fourier transforms. Since F ♯2(x, x−, ·) is smooth and compactly sup-
ported, integration by parts |α| times gives the following identity.

Lemma 17.9. Let α be a multi-index and let (x, x−) ∈ Λ+ × Λ−. Then, for every ξ ∈ a
with ξα ̸= 0,

F̂ ♯2(x, x−, ξ) =
i|α|

ξα
∂̂αa F

♯
2(x, x−, ξ).

Lemma 17.10 (Supremum norm). (1) Let H ∈ S. Then, for all (x, x−) ∈ Λ+ × Λ−,
all ξ ∈ a and every integer k ≥ 0,

|Ĥ(x, x−, ξ)| ≪ C∞(H)(R(x) + 1)r,(17.35) ∣∣(πkĤ(·, ξ)
)
(x)
∣∣≪ C∞(H)(R(T kx) + 1)r.
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(2) For all (x, x−) ∈ Λ+ × Λ−, all ξ ∈ a∖ {0}, m ∈ N and integers k ≥ 0,

(17.36) |F̂ ♯2(x, x−, ξ)| ≪m ∥ξ∥−m∥f2∥Cm(R(x) + 1)r,∣∣(πkF̂ ♯2(·, ξ))(x)∣∣≪m ∥ξ∥−m∥f2∥Cm(R(T kx) + 1)r.

(3) For F ∈ {F1, F
♯
2}, every multi-index α, all (x, x−) ∈ Λ+ × Λ−, ξ ∈ a and k ≥ 0,

|∂αa F̂ (x, x−, ξ)| ≪ ∥f∥∞(R(x) + 1)r+|α|,∣∣(πk∂αa F̂ (·, ξ))(x)∣∣≪ ∥f∥∞(R(T kx) + 1)r+|α|.

Proof. By (17.5), the support of every H(x, x−, ·), H ∈ S, lies in the ball of radius C1(R(x)+
1). Hence

|Ĥ(x, x−, ξ)| ≤
∫
a
|H(x, x−, z)| dz ≪ C∞(H)(R(x) + 1)r.

Integrating this bound against the probability measure in (17.7) proves (1). For (2),
choose j with |ξj | ≥ ∥ξ∥/

√
r and apply Lemma 17.9 with α = mej , followed by (1).

For (3), differentiation under the Fourier integral gives

(17.37) ∂αa F̂ (x, x−, ξ) = i|α|
∫
a
ei⟨ξ,z⟩zαF (x, x−, z) dz.

On the support, |zα| ≪α (R(x) + 1)|α| by (17.5). Apply the argument for (1). □

Lemma 17.11 (L1-norm). For all (x, x−) ∈ Λ+ × Λ−,

(17.38) ∥F̂ ♯2(x, x−, ·)∥L1(a) ≪ ∥f2∥Cr+1(R(x) + 1)r.

Proof. On ∥ξ∥ ≤ 1 we bound the integrand by (17.35), and on ∥ξ∥ ≥ 1 by (17.36) with
m = r + 1, which gives

∥F̂ ♯2(x, x−, ·)∥L1(a) ≪ ∥f2∥Cr+1(R(x) + 1)r

(
1 +

∫
∥ξ∥≥1

∥ξ∥−(r+1) dξ

)
.

The last integral is finite because r + 1 > r = dim a. □

Lemma 17.12 (Hölder norm). Let x ∈ Λ+, let x−, x′− ∈ Λ−, and let ξ ∈ a.
(1) For every H ∈ S,

|Ĥ(x, x−, ξ)− Ĥ(x, x′−, ξ)| ≪ C(H)eβC1C2R(x)(R(x) + 1)rdψ̄(x−, x
′
−)

βη,

where C(F1) := ∥f1∥0,β and C(∂αa F
♯
2) := ∥f2∥|α|,β.

(2) For F ∈ {F1, F
♯
2} and every multi-index α,

|∂αa F̂ (x, x−, ξ)− ∂αa F̂ (x, x
′
−, ξ)| ≪ ∥f∥0,βeβC1C2R(x)(R(x) + 1)|α|+rdψ̄(x−, x

′
−)

βη.

Proof. The cutoff factors in (17.2) and (17.3) do not depend on x−. Thus (17.6) and the
product rule give

|H(x, x−, z)−H(x, x′−, z)| ≪ C(H)eβC2∥z∥dψ̄(x−, x
′
−)

βη.

If this difference is nonzero, (17.5) gives ∥z∥ ≤ C1(R(x) + 1). Integrating over this ball
proves (1). For (2), use (17.37); the extra factor zα contributes at most Oα((R(x)+1)|α|). □

Lemma 17.13 (Stable projection error). Let k ≥ 0 be an integer and (x, x−) ∈ Λ+ × Λ−.
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(1) For every H ∈ S and ξ ∈ a,∣∣Ĥ(T̂ k(x, x−), ξ)− (πkĤ(·, ξ)
)
(x)
∣∣≪ C(H)eβC1C2R(Tkx)τ−k(R(T kx) + 1)r.

(2) For every integer m > r and ξ ∈ a∖O,∣∣F̂ ♯2(T̂ k(x, x−), ξ)− (πkF̂ ♯2(·, ξ))(x)∣∣≪m ∥ξ∥−m∥f2∥m,βeβC1C2R(Tkx)τ−k(R(T kx) + 1)r.

(3) For F ∈ {F1, F
♯
2}, every multi-index α and ξ ∈ a,∣∣∂αa F̂ (T̂ k(x, x−), ξ)− (πk∂αa F̂ (·, ξ))(x)∣∣≪ ∥f∥0,βeβC1C2R(Tkx)τ−k(R(T kx) + 1)|α|+r.

Proof. By Lemma 16.1, two points of a stable fiber have images under T̂ k at stable distance
at most λk diamdψ̄

(Λ−). Integrate the bounds of Lemma 17.12 against ν+,x, using (17.7)
and λβηk = τ−k from (17.9). This proves (1) and (3). For (2), choose j with |ξj | ≥ ∥ξ∥/

√
r

and apply Lemma 17.9 with α = mej , followed by (1) and the definition of C(H). □

We record a direct estimate for the branch formula after composing with inverse branches.
For ξ ∈ a, a continuous function F , and a multi-index α, we have

(17.39) ∥Lξ(KαF )∥∞ +
|Lξ(KαF )|c1

1 + ∥ξ∥
≪α

∑
γ∈H

e−Rγ (1 +Rγ)
|α|∥F ◦ γ∥c1

whenever the sum is finite. Here Kα is the coordinate monomial in the fixed basis of
a. To prove this, apply Proposition 12.12, (15.19), and (15.3) to each summand, using
h, h−1 ∈ Fc1(Λ+) and ∥K∥ ≪ R (Lemma 12.6). The resulting series converges in Fc1(Λ+,C).

Using the stable projection of (17.7), define

(17.40)
H1,t(x, ξ) := πkt(F̂1(·, ξ))(x), H2,t(x, ξ) := πkt(F̂

♯
2(·, ξ))(x),

H̃j,t(x, ξ) := ei⟨ξ,Kkt (x)⟩Hj,t(x, ξ) (j = 1, 2).

After cancellation of the k-step phase, the remaining stable average may still grow with
R(x). One further application of Lξ, using (17.39), gives the norm bounds needed both for
the large-frequency contribution and for the normalized expectations in Lemma 17.16.

Lemma 17.14. For every integer k ≥ 0 and ξ ∈ a, set

Hk,ξ := Lk+1
ξ

(
e−i⟨ξ,Kk⟩πk(F̂

♯
2(·,−ξ))

)
.

Then Hk,ξ ∈ Fc1(Λ+,C). Moreover, the following estimates hold with implied constants
independent of k.

(1) For every ξ ∈ a with ∥ξ∥ ≥ b0 and m ∈ N,

∥Hk,ξ∥ξ ≪m ∥ξ∥−m∥f2∥m,β,

(2) For every ξ ∈ O and multi-index α,

∥∂αaHk,ξ∥c1 ≪α ∥f2∥0,β.

For k = kt, the input to Lk+1
ξ is H̃2,t(·,−ξ) by (17.40).
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Proof. For a Borel function H bounded on each stable fiber, (17.7) and (16.5) give

Lk0(πkH)(x) =
∑
γ∈Hk

p(k)γ (x)

∫
Λ−

H(x, γ−1x−) dν+,γx(x−) = π0H(x).

The series converges absolutely because its sum of absolute values is at most supy−∈Λ− |H(x, y−)|.
The factors ei⟨ξ,Kk⟩ and e−i⟨ξ,Kk⟩ cancel in the k-step branch formula, giving

(17.41) Lkξ
(
e−i⟨ξ,Kk⟩πk(F̂

♯
2(·,−ξ))

)
= Lk0πk(F̂

♯
2(·,−ξ)) = π0(F̂

♯
2(·,−ξ)).

Thus both assertions reduce to estimates for Lξ
(
π0(F̂

♯
2(·,−ξ))

)
, independently of k. Fix an

inverse branch γ ∈ H. We estimate
(
π0F̂

♯
2(·,−ξ)

)
◦ γ. For x, y in a common one-cylinder,

Proposition 12.12 gives |R(γx)−R(γy)| ≪ dψ̄(x, y)
c1 . Use this bound for the cutoff factors

in (17.3), and (17.6) with (15.3) for the derivatives of f2. Since c1 ≤ min{c0, βη}, the
product rule and (17.5) give, for H = ∂δaF

♯
2 ,

|Ĥ(γx, x−, ξ)− Ĥ(γy, x−, ξ)| ≪δ C(H)eβC1C2Rγ (1 +Rγ)
rdψ̄(x, y)

c1 .

For the conditional measures, (16.3) applied at γx, γy bounds their contribution by

C∥Ĥ(γy, ·, ξ)∥∞dψ̄(γx, γy)c1 .

Together with Lemma 17.10(1) and (15.3), this gives

(17.42) ∥[π0(Ĥ(·, ξ))] ◦ γ∥c1 ≪δ C(H)eβC1C2Rγ (1 +Rγ)
r.

The same argument and (17.37) give

(17.43) ∥[π0(∂
α
a F̂

♯
2(·,−ξ))] ◦ γ∥c1 ≪α ∥f2∥0,βeβC1C2Rγ (1 +Rγ)

r+|α|.

For (1), choose j with |ξj | ≥ ∥ξ∥/
√
r and apply Lemma 17.9 with δ = mej . By (17.42)

and (17.39),∥∥∥∥Lξ(π0(F̂
♯
2(·,−ξ))

)∥∥∥∥
ξ

≪m ∥ξ∥−m∥f2∥m,β
∑
γ∈H

e−(1−βC1C2)Rγ (1 +Rγ)
r ≪m ∥ξ∥−m∥f2∥m,β.

The last inequality follows from βC1C2 < ε0 in (17.8) and (15.2), absorbing the polynomial
factor into the remaining exponential margin. Together with (17.41), this proves (1).

For (2), differentiating the Fourier transform at −ξ contributes the factor (−1)|α2|. The
product rule gives

∂αa

[
Lξ
(
π0(F̂

♯
2(·,−ξ))

)]
=

∑
α1+α2=α

(
α

α1

)
Lξ
(
(iK)α1(−1)|α2|π0(∂

α2
a F̂ ♯2(·,−ξ))

)
.

Apply (17.39) and (17.43). Since O is bounded,∥∥∥∥∂αa [Lξ(π0(F̂
♯
2(·,−ξ))

)]∥∥∥∥
c1

≪α ∥f2∥0,β
∑
γ∈H

e−(1−βC1C2)Rγ (1 +Rγ)
r+|α| ≪α ∥f2∥0,β,

using (15.2) as above. These summable bounds, also at one higher derivative order, justify
differentiation in Fc1(Λ+,C). Equation (17.41) now proves (2). The estimates in (1) and in
(2) with α = 0 also show that Hk,ξ ∈ Fc1(Λ+,C) for every ξ ∈ a. □
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17.5.2. Reduction to the expanding map. The following lemma quantifies the error intro-
duced by stable projection, both outside O and for derivatives of the normalized expecta-
tions inside O. We write (N) for the Nth derivative with respect to ξ, viewed as a symmetric
N -linear form on a. For ξ ∈ a, put

(17.44) Θn(ξ, x) := e−i⟨ξ,tu+ℓ(t)w⟩ei⟨ξ,Kn(x)⟩.

Lemma 17.15. Let k ≥ 0 be an integer.
(1) For every n ∈ N and t > 1,∫

a∖O

∫
Λ+×Λ−

Θn(ξ, x)F̂1(T̂
n(x, x−), ξ)F̂

♯
2(x, x−,−ξ) dν

⋄(x, x−) dξ

=

∫
a∖O

∫
Λ+

Θn(ξ, T
kx)
(
πkF̂1(·, ξ)

)
(Tnx)

(
πkF̂

♯
2(·,−ξ)

)
(x) dν+(x) dξ

+O
((
∥f1∥0,β∥f2∥Cr+1 + ∥f1∥∞∥f2∥r+1,β

)
τ−k

)
.

(2) For every n ∈ N, N ∈ Z≥0, and ξ ∈ O,[
κ−nξ

∫
Λ+×Λ−

ei⟨ξ,Kn(x)⟩F̂1(T̂
n(x, x−), ξ)F̂

♯
2(x, x−,−ξ) dν

⋄(x, x−)

](N)

=

[
κ−nξ

∫
Λ+

ei⟨ξ,Kn(T
kx)⟩(πkF̂1(·, ξ)

)
(Tnx)

(
πkF̂

♯
2(·,−ξ)

)
(x) dν+(x)

](N)

+ON

(
∥f1∥0,β∥f2∥0,βτ−knN |κ−nξ |

)
,

where the derivatives are taken with respect to ξ.

Proof. We prove (1); the proof of (2) is similar, and we indicate the changes at the end.
Fix n ∈ N, t > 1, and k ≥ 0, and recall the unimodular factor Θn(ξ, x) of (17.44). By the
T̂ -invariance of ν⋄, the left-hand side equals∫

a∖O

∫
Λ+×Λ−

Θn(ξ, T
kx)F̂1(T̂

n+k(x, x−), ξ)F̂
♯
2(T̂

k(x, x−),−ξ) dν⋄ dξ.

Replacing each of the two factors by its stable projection, we obtain the asserted main
term together with the two errors

E1 :=

∫
a∖O

∫
Λ+×Λ−

Θn(ξ, T
kx)
(
F̂1(T̂

k+n(x, x−), ξ)−
(
πkF̂1(·, ξ)

)
(Tnx)

)
· F̂ ♯2(T̂

k(x, x−),−ξ) dν⋄ dξ,

E2 :=

∫
a∖O

∫
Λ+×Λ−

Θn(ξ, T
kx)
(
πkF̂1(·, ξ)

)
(Tnx)

·
(
F̂ ♯2(T̂

k(x, x−),−ξ)−
(
πkF̂

♯
2(·,−ξ)

)
(x)
)
dν⋄ dξ.

It therefore suffices to show that

|E1| ≪ ∥f1∥0,β∥f2∥Cr+1τ−k, |E2| ≪ ∥f1∥∞∥f2∥r+1,βτ
−k.

Since |Θn| ≡ 1, Lemma 17.13(1), Fubini’s theorem and (17.38) give

|E1| ≪ ∥f1∥0,β∥f2∥Cr+1τ−k
∫
Λ+

eβC1C2R(Tk+nx)(R(T k+nx) + 1)r(R(T kx) + 1)r dν+(x)
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≪ ∥f1∥0,β∥f2∥Cr+1τ−k
(∫

Λ+

e2βC1C2R(x)(R(x) + 1)2rdν+

∫
Λ+

(R(x) + 1)2rdν+

)1/2

≪ ∥f1∥0,β∥f2∥Cr+1τ−k,

where we used Cauchy–Schwarz, T -invariance of ν+, the exponential moment fixed in Sec-
tion 17.2, and 2βC1C2 < ε0 from (17.8). The estimate for E2 follows by the same argument,

applying (17.35) to πkF̂1 and Lemma 17.13(2) to F̂ ♯2−πkF̂
♯
2 with m = r+1, which produces

∥f1∥∞∥f2∥r+1,β in place of ∥f1∥0,β∥f2∥Cr+1 .
For (2), apply the product rule. Derivatives of the Fourier factors and of their projection

errors satisfy Lemma 17.10(3) and Lemma 17.13(3). Derivatives of the cocycle phase insert
powers of Kn ◦ T k, and, for every j ∈ N,

∥Kn ◦ T k∥j ≪j n
j−1

n−1∑
l=0

R(T k+lx)j

by ∥K∥ ≪ R (Lemma 12.6). Hölder’s inequality with exponents 4, 4, 2, T -invariance, and
the exponential moment of R bound each such integral by Oj(nj) after removing the factor
τ−k; here 4βC1C2 < ε0 by (17.8). Finally, Theorem 15.19 gives analyticity and nonvanishing
of κξ on a neighborhood of O, and hence ∥Dj(κ−nξ )∥ ≪j n

j |κξ|−n. The total derivative order
is N , so the product rule contributes at most nN . This proves (2). □

17.6. Convergence of the normalized expectations. Near zero frequency, we separate
the leading eigenvalue from the Fourier-transformed return correlations. We show that the
derivatives of the resulting normalized expectations converge, providing the coefficients for
the correlation expansion. Their zeroth-order limit will identify the leading mixing constant.

For 0 ≤ N ≤ J , n ≥ 1, and ξ ∈ O, set
(17.45)

AN,n(F̂1, F̂
♯
2 ; ξ) :=

[
κ−nξ

∫
Λ+×Λ−

ei⟨ξ,Kn(x)⟩F̂1(T̂
n(x, x−), ξ)F̂

♯
2(x, x−,−ξ) dν

⋄(x, x−)

](N)

.

We omit ξ when ξ = 0 and write

(17.46) AN (F̂1, F̂
♯
2) := lim

n→∞
AN,n(F̂1, F̂

♯
2)

for the limits whose existence is established in Lemma 17.16(1). We suppress the two
function arguments when no confusion can arise.

Lemma 17.16. (1) For each N ∈ {0, . . . , J} the limit (17.46) exists and

(17.47)
∣∣∣∣AN (F̂1, F̂

♯
2)

∣∣∣∣≪ ∥f1∥0,β∥f2∥0,β.

Moreover, for every L̄ ∈ N and n ∈ N,

(17.48)
∣∣∣∣AN (F̂1, F̂

♯
2)−AN,n(F̂1, F̂

♯
2)

∣∣∣∣≪L̄ n
−L̄∥f1∥0,β∥f2∥0,β.

(2) For every ξ ∈ O and n ∈ N,

|AJ,n(F̂1, F̂
♯
2 ; ξ)| ≪ ∥f1∥0,β∥f2∥0,β

(
n−( r−1

2
+L+J)|κ−nξ |+ n2/5

)
.



110 DONGRYUL M. KIM, HEE OH, AND WENYU PAN

(3) We have

A0(F̂1, F̂
♯
2) = c4RMψ(F1) Mψ(F2).

Proof. Fix N ∈ {0, . . . , J} and abbreviate AN,n(ξ) := AN,n(F̂1, F̂
♯
2 ; ξ). For an integer

1 ≤ k ≤ n− 2, set

Gj,k(·, ξ) := ei⟨ξ,Kk(·)⟩πk(F̂j(·, ξ)), j = 1, 2,

where F̂2 := F̂ ♯2 , so that Gj,kt = H̃j,t by (17.40). By Lemma 17.15(2) and the cocycle and
transfer-operator duality identities,

(17.49) AN,n(ξ) = ÃN,n,k(ξ) +O
(
∥f1∥0,β∥f2∥0,βnNτ−k|κ−nξ |

)
,

where

ÃN,n,k(ξ) :=

[
κ−nξ

∫
Λ+

G1,k(x, ξ)Ln−k−1
ξ

(
Lk+1
ξ G2,k(·,−ξ)

)
(x) dν+(x)

](N)

.

For every multi-index α with |α| ≤ N , Lemma 17.10(3), ∥K∥ ≪ R from the proof of
Proposition 12.8, and the product rule give

|∂αaG1,k(x, ξ)| ≪N ∥f1∥∞(1 +Rk(x))
|α|(1 +R(T kx))r+|α|.

Since ∥Rk∥Lp(ν+) ≤ k∥R∥Lp(ν+) for p ≥ 1 by the triangle inequality in Lp(ν+) and T -
invariance, Cauchy–Schwarz and the exponential moment of R give

(17.50) ∥∂αaG1,k(·, ξ)∥L1(ν+) ≪N ∥f1∥∞k|α|.

We pair this bound with Lemma 17.14(2), which gives

∥∂αa (Lk+1
ξ G2,k(·,−ξ))∥c1 ≪N ∥f2∥0,β

uniformly in k. These estimates also justify differentiating the expectation above. By
Theorem 15.19,

(17.51) κ−nξ Ln−k−1
ξ = κ

−(k+1)
ξ Pξ + κ

−(k+1)
ξ (Rξ/κξ)

n−k−1.

We use this identity on Fc1(Λ+,C).
Proof of (1). Fix L̄ ∈ N and take kn := ⌈(L̄ + N) log n/ log τ⌉. For sufficiently large n,

1 ≤ kn+1 ≤ n/2. Use the same kn for n and an integer n′ ∈ [n, 2n]. The projection term in
(17.51) is independent of n, so its contributions to ÃN,n,kn(0) and ÃN,n′,kn(0) cancel. Since
κ0 = 1, (15.29) and the product rule give∥∥∥∥∂αa (κ−(kn+1)

ξ (Rξ/κξ)
n−kn−1

)∣∣∣
ξ=0

∥∥∥∥
c1→c1

≪N k|α|n ϑn−kn−1

for some ϑ ∈ (0, 1). Combining this with (17.50) and Lemma 17.14(2), we obtain

|ÃN,n,kn(0)− ÃN,n′,kn(0)| ≪ ∥f1∥∞∥f2∥0,βkNn ϑn/2.
Equation (17.49) and the choice of kn therefore give

sup
n≤n′≤2n

|AN,n(0)−AN,n′(0)| ≪L̄ n
−L̄∥f1∥0,β∥f2∥0,β.

Summing this estimate over successive dyadic intervals proves the Cauchy property and
(17.48) for large n. For each fixed n, (17.45), Lemma 17.10(3), and the exponential moment
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of R bound AN,n(0) by On(∥f1∥∞∥f2∥∞). This covers the remaining finitely many n and
gives (17.47).

Proof of (2). Take N = J and k :=
⌈
(r−1)/2+L+2J

log τ log n
⌉
. For sufficiently large n,

k+1 ≤ n/2 and nJτ−k ≤ n−((r−1)/2+L+J). Thus (17.49) gives the first term of the asserted
bound. By (17.51), analyticity of κξ and Pξ, and (15.29),

∥∂αa (κ−nξ Ln−k−1
ξ )∥c1→c1 ≪J k

|α||κξ|−(k+1)(1 + ϑn−k−1) (|α| ≤ J).

Using (17.50) and Lemma 17.14(2), we obtain

|ÃJ,n,k(ξ)| ≪ ∥f1∥∞∥f2∥0,βkJ |κξ|−(k+1) ≪ ∥f1∥0,β∥f2∥0,βn2/5.

Indeed, (17.9) and (17.11) give |κξ|−(k+1) ≪ n(1−ε1)/10 uniformly on O, and kJ ≪
(log n)J ≪ n1/10. The moment bounds used in (1), together with the nonvanishing of
κξ on a neighborhood of O, cover the remaining finitely many n.

Proof of (3). Take N = 0, ξ = 0, and k = ⌈log n⌉ in (17.49) and (17.51). The projection
error and the spectral remainder tend to zero by the estimates in (1). By (15.15), the
remaining term is

ν+(πkF̂1(·, 0)) ν+(Lk+1
0 πkF̂

♯
2(·, 0)) = ν⋄(F̂1(·, 0)) ν⋄(F̂ ♯2(·, 0)),

where we used (17.7), T̂ -invariance of ν⋄, and (15.33). Consequently, Fubini’s theorem and

(16.8) give A0(F̂1, F̂
♯
2) = c4RM̃ψ(F1)M̃ψ(F

♯
2). Absolute integrability follows from (17.5) and

the exponential moment of R. Finally, M̃ψ(F1) = Mψ(F1). Integrating (17.4) over Λa and
translating (s, v) by (−R(x),−K◦(x)) in its second term gives M̃ψ(F

♯
2) = Mψ(F2). This proves

(3). □

17.7. Uniform estimates for Gaussian sums. Fourier inversion of the local spectral
expansion produces sums of Gaussian derivatives indexed by the number of returns. The
following estimates identify the leading transverse Gaussian and bound the remaining terms
uniformly in the transverse displacement. They will be used in the final step of the proof of
Theorem 17.1(2).

Lemma 17.17. There is a > 0, depending only on cR, r, S, with the following properties.
For every fixed ε ∈ (0, 1), uniformly for t ≥ 2 and w ∈ kerψ,
(17.52)∑

n>t1−ε

n−r/2G
(
t− c2Rn√

n
,

√
t w√
n

)
= cr−2

R t−(r−1)/2

∫
R
ds+Oε

(
t−r/2e−amin{∥w∥2,∥w∥}).

Moreover, for integers p, k ≥ 0 with p ≥ 2k,

(17.53)
∑
n≥1

nk−(r+p)/2

∥∥∥∥G(p)

(
t− c2Rn√

n
,

√
t w√
n

)∥∥∥∥≪p,k t
−(r−1+p−2k)/2e−amin{∥w∥2,∥w∥}.

Proof. For some a1 > 0 depending only on S, Gaussian decay gives ∥G(p)(z)∥ ≪p e
−a1∥z∥2 for

every p ≥ 0. Put W := ∥w∥ and Pn := ((t− c2Rn)/
√
n,

√
t w/

√
n). On t/(2c2R) ≤ n ≤ 2t/c2R,

∥Pn∥2 ≫ (n− t/c2R)
2/t+W 2.
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The Gaussian sum over this range isO(
√
t), proving (17.53) there. For n < t/(2c2R), ∥Pn∥2 ≫

t +W 2; for n > 2t/c2R, ∥Pn∥2 ≫ n +
√
tW by the arithmetic–geometric mean inequality.

Both tails satisfy the same bound.
For (17.52), restrict to Ut := {n : |n− t/c2R| ≤ t5/8}. Splitting the Gaussian exponent in

the preceding estimates shows that the omitted sum is O(e−ct
1/4
e−amin{∥w∥2,∥w∥}). For large

t, this also permits the cutoff n > t1−ε. For n ∈ Ut, put yn :=
t−c2Rn√

t
, Qn := (cRyn, cRw) and

µn :=
√

t
c2Rn

. Then Pn = µnQn and |µn − 1| ≪ |yn|/
√
t. The mean value theorem and the

Gaussian bounds for G and its first derivative give∣∣∣n−r/2G(Pn)− (t/c2R)
−r/2G(Qn)

∣∣∣≪ t−(r+1)/2|yn|(1 + |yn|+W )e−c(y
2
n+W

2).

Summing over the grid of spacing c2R/
√
t gives an error O(t−r/2e−c

′W 2
). For an integrable

absolutely continuous function g with integrable derivative,∣∣∣∣∣∣b
∑

y∈α+bZ
g(y)−

∫
R
g(y) dy

∣∣∣∣∣∣ ≤ b

∫
R
|g′(y)| dy.

Apply this with g(y) = G(cRy, cRw) and b = c2R/
√
t; the omitted grid points are exponentially

small. It follows that ∑
n∈Ut

G(Qn) =
√
t

c2R

∫
R
G(cRy, cRw) dy +O(e−cW

2
).

Multiply by t−r/2crR to obtain (17.52). The bound (17.53) covers the remaining bounded
range of t, after enlarging the implied constant. □

17.8. Proof of the local mixing theorem. We now combine the preceding estimates to
prove Theorem 17.1. We follow the proof of [23, Theorem 2.2], using [23, Lemmas A.1,
A.3 and A.4] for the Taylor expansions and Gaussian sums. Starting from the return de-
composition (17.14), we discard small return counts, control frequencies outside O using
stable projection and transfer-operator decay, and expand the contribution from O using
the normalized expectations. Fourier inversion and summation of the resulting Gaussian
terms then give the two assertions of the theorem. We retain the upper cutoff n < t+ until
Step IV, including after restricting the Fourier integral.

Step I (Reduction to return sums and Fourier transform).

Split (17.14) as
Cℓt (f1, f2; w) = Rℓt,1(f1, f2; w) + Cℓt,1(f1, f2; w),

where Rℓt,1 and Cℓt,1 are the sums over 0 ≤ n ≤ t1−ε1 and t1−ε1 < n < t+, respectively.

Claim 1. We have

Cℓt = Cℓt,1 +O
(
∥f1∥∞∥f2∥∞t−((r−1)/2+L+1)

)
.

Proof of Claim 1. Set

Λbad,t := {x ∈ Λ+ : R⌊t1−ε1⌋+1(x) > t− inf R

10
}.
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Fix an integer 0 ≤ n ≤ t1−ε1 . If the integrand of the summand of Rℓt,1 indexed by n is
nonzero at (x, x−, s, v) ∈ Λa, then Rn+1(x) > s + t ≥ t. Hence x ∈ Λbad,t. Summing over
these indices and using (17.5), we obtain

(17.54) |Rℓt,1| ≪ t∥f1∥∞∥f2∥∞
∫
Λ+

(R+ 1)r1Λbad,t
dν+.

By Lemma 17.3, applied with N = ⌊t1−ε1⌋+1 and its parameter t replaced by t−(inf R)/10,
we have ν+(Λbad,t) ≪ te−ct

ε1 for some c > 0. The exponential moment of R implies∫
Λ+

(R+ 1)2r dν+ <∞. Hence Cauchy–Schwarz gives

(17.55)
∫
Λ+

(R+ 1)r1Λbad,t
dν+ ≪ t1/2e−ct

ε1/2.

Substituting this into (17.54) proves the claim. □

Next, set

Cℓt,2(f1, f2; w) :=
∑

t1−ε1<n<t+

∫
Λ̃a

(F1 ◦ ζn)(x, x−, s+ t, v + ℓ(t)w) · F ♯2(x, x−, s, v) dM̃ψ.

Claim 2. We have

Cℓt,1 = Cℓt,2 +O
(
∥f1∥∞∥f2∥∞t−((r−1)/2+L+1)

)
.

Proof of Claim 2. Use (17.4). In the term containing F ♯2◦ζ, translate (s, v) by (−R(x),−K◦(x))

and use T̂ -invariance of ν⋄. Since F ♯2 vanishes for s ≤ − inf R/10, this gives∫
Λa

(F1 ◦ ζn)(x, x−, s+ t, v + ℓ(t)w)(F ♯2 ◦ ζ)(x, x−, s, v) dMψ

=

∫
{− inf R/10≤s<0}

(F1 ◦ ζn−1)(x, x−, s+ t, v + ℓ(t)w)F ♯2(x, x−, s, v) dM̃ψ.

Using F2 = F ♯2 + F ♯2 ◦ ζ on Λa, we sum the preceding identity and reindex the contribution
from F ♯2 ◦ζ. The upper boundary term vanishes by the support cutoff. Thus Cℓt,1 = Cℓt,2+E,
where, with N1 := ⌊t1−ε1⌋,

E :=

∫
{− inf R/10≤s<0}

(F1 ◦ ζN1)(x, x−, s+ t, v + ℓ(t)w)F ♯2(x, x−, s, v) dM̃ψ.

Where the integrand defining E is nonzero, RN1+1(x) > t + s ≥ t − inf R/10. Thus (17.5)
and (17.55) give the claimed bound. □

For fixed n and (x, x−) ∈ Λ+ × Λ−, put

g(z) :=

∫
a
F1(T̂

n(x, x−), z + z′)F ♯2(x, x−, z
′) dz′.

Since F1(T̂
n(x, x−), ·) is bounded and compactly supported and F ♯2(x, x−, ·) ∈ C∞

c (a), we

have g ∈ C∞
c (a). Since ĝ(ξ) = F̂1(T̂

n(x, x−), ξ)F̂
♯
2(x, x−,−ξ), Fourier inversion gives

g(tu+ ℓ(t)w−Kn(x)) =
1

(2π)r

∫
a
e−i⟨ξ,tu+ℓ(t)w−Kn(x)⟩F̂1(T̂

n(x, x−), ξ)F̂
♯
2(x, x−,−ξ) dξ.
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Here and below dξ is the dual measure fixed above. Define Cℓt,3 by summing the integral on
the right without the factor (2π)−r over t1−ε1 < n < t+ and integrating against dν⋄(x, x−)
on Λ+ × Λ−. By Lemma 17.10(1),(2), the integrals are absolutely convergent. Since dM̃ψ =

c−2
R dν⋄ dz,

(2π)rc2RC
ℓ
t,2 = Cℓt,3.

Step II (Reduction to integration over a compact domain).

Recall O from Section 17.2 and the oscillatory factor Θn from (17.44). We isolate the
contribution from frequencies near zero, which will produce the Gaussian term and its higher-
order corrections:

Cℓt,4 :=
∑

t1−ε1<n<t+

∫
O

∫
Λ+×Λ−

Θn(ξ, x)F̂1(T̂
n(x, x−), ξ)F̂

♯
2(x, x−,−ξ) dν

⋄ dξ,

and set
Rℓt,2 := Cℓt,3 − Cℓt,4.

Thus Rℓt,2 is the contribution from frequencies outside O.

Claim 3. There exists m ∈ N such that

Cℓt,3 = Cℓt,4 +O
(
∥f1∥0,β∥f2∥m,βt−((r−1)/2+L+1)

)
.

Claim 3 will be a consequence of Claim 4.
Let Rℓt,3 denote the expression obtained from Rℓt,2 by composing with T̂ kt and replacing

both factors by their stable projections. By Lemma 17.15(1), this replacement introduces
an error of O(∥f1∥0,β∥f2∥r+1,βτ

−kt) for each n in the summation range. Summing over O(t)
summands and using (17.10) gives

(17.56) Rℓt,2 = Rℓt,3 +O
(
∥f1∥0,β∥f2∥r+1,βt

−((r−1)/2+L+1)
)
.

The transfer-operator decay obtained from quantitative non-integrability, combined with
the Fourier decay of F ♯2 , gives the following estimate:

Claim 4. For sufficiently large m ∈ N,

|Rℓt,3| ≪ ∥f1∥∞∥f2∥m,βt−((r−1)/2+L+1).

Proof of Claim 4. The cocycle identity Kn◦T kt = Kn−Kkt+Kkt ◦Tn and transfer-operator
duality give
(17.57)

Rℓt,3 =
∑

t1−ε1<n<t+

∫
a∖O

e−i⟨ξ,tu+ℓ(t)w⟩ ·
∫
Λ+

H̃1,t(x, ξ)Ln−kt−1
ξ

(
L kt+1
ξ H̃2,t(·,−ξ)

)
(x) dν+(x) dξ.

Let m > r be an integer, to be chosen below. Set D1 := ∥f1∥∞∥f2∥m,β , and let β1, β2 > 0

be as in Proposition 17.5. For ξ ∈ a ∖O, put Bt,ξ := Lkt+1
ξ H̃2,t(·,−ξ). Since kt = O(log t)

and n > t1−ε1 , we have n − kt − 1 ≥ n/2 throughout the summation range for sufficiently
large t. By Proposition 17.5 and Lemma 17.14(1),

∥Ln−kt−1
ξ Bt,ξ∥∞ ≪ e−β1n/(2∥ξ∥

β2 )∥Bt,ξ∥ξ ≪ e−β1n/(2∥ξ∥
β2 )∥ξ∥−m∥f2∥m,β.

Moreover, (17.35), T -invariance of ν+, and the exponential moment of R give∫
Λ+

|H̃1,t(x, ξ)| dν+(x) ≪ ∥f1∥∞
∫
Λ+

(R ◦ T kt + 1)r dν+ ≪ ∥f1∥∞.
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Applying these bounds to (17.57), we obtain

|Rℓt,3| ≪ D1

∑
t1−ε1<n<t+

∫
a∖O

e−β1n/(2∥ξ∥
β2 )∥ξ∥−m dξ.

There are O(t) summands, and a ∖ O ⊂ {ξ : ∥ξ∥ ≥ b0}. Using n > t1−ε1 and polar
coordinates therefore gives

|Rℓt,3| ≪ D1t

∫ ∞

b0

e−ct
1−ε1s−β2sr−1−m ds.

With the substitution s = t(1−ε1)/β2y, the integral on the right becomes

t−(1−ε1)(m−r)/β2
∫ ∞

b0t−(1−ε1)/β2
e−cy

−β2
yr−1−m dy.

The last integral is bounded uniformly in t: the exponential ensures integrability near zero,
while m > r ensures integrability at infinity. Hence |Rℓt,3| ≪ D1t

1−(1−ε1)(m−r)/β2 .. Choosing

m to be any number larger than max
{
r + 1,

⌈
r + β2

1−ε1

(
r−1
2 + L+ 2

)⌉}
gives the required

bound. □

Combining (17.56) and Claim 4 proves Claim 3.

Step III (Expansion of the normalized expectations).

Recall the normalized derivatives AN,n and their limits AN from (17.45) and (17.46). We
suppress their two function arguments in this step. Set D2 := ∥f1∥0,β∥f2∥0,β where β is
fixed in (17.8). Taylor’s formula at ξ = 0 gives, for every n ≥ 1 and ξ ∈ O,

A0,n(ξ) = κ−nξ

∫
Λ+×Λ−

ei⟨ξ,Kn(x)⟩F̂1(T̂
n(x, x−), ξ)F̂

♯
2(x, x−,−ξ) dν

⋄(x, x−)

=

J−1∑
N=0

AN,n(0) ∗ ξ⊗N

N !
+O

(
sup

0≤s≤1
|AJ,n(sξ)| ∥ξ∥J

)
.

By Lemma 17.16(1),(2) and (17.12), this equals

(17.58)
J−1∑
N=0

AN ∗ ξ⊗N

N !
+O

(
D2

(
n−((r−1)/2+L+J)|κξ|−n + n−L̄ + n2/5∥ξ∥J

))
,

where L̄ ≥ (r−1)/2+L+5/2 is a fixed integer. Multiplying (17.58) by κnξ and substituting
the expansion (17.13), we obtain, using (17.11) and (17.47),∫

Λ+×Λ−

ei⟨ξ,Kn(x)⟩F̂1(T̂
n(x, x−), ξ)F̂

♯
2(x, x−,−ξ) dν

⋄(x, x−)

= einc
2
Rξ1 Ĝ(

√
n ξ)

J−1∑
N=0

2L+4∑
k=0

2L+4+2k∑
j=3k

nk

N !
(AN ⊗Aj,k) ∗ ξ⊗(N+j) + En(ξ).

where, by the substitution ξ 7→ ξ/
√
n and J = 2L+ 5,∫

O
|En(ξ)| dξ ≪ D2

(
n−((r−1)/2+L+J) + n−((r−1)/2+L+5/2)

)
.
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Summing and using (17.8), we obtain

Cℓt,4 = Cℓt,5 +O
(
D2t

−((r−1)/2+L+1)
)
,

where

Cℓt,5 :=
J−1∑
N=0

1

N !

2L+4∑
k=0

2L+4+2k∑
j=3k

∑
t1−ε1<n<t+

IN,k,jn

and

IN,k,jn := nk
∫
O
e−i⟨ξ,(t−nc

2
R)u+ℓ(t)w⟩Ĝ(

√
n ξ)(AN ⊗Aj,k) ∗ ξ⊗(N+j) dξ.

Step IV (Fourier inversion).

After the change of variables η =
√
n ξ, Gaussian decay and (17.47) allow us to extend

the integration domain from
√
nO to a, with error O(D2e

−cn). Fourier inversion then gives

IN,k,jn = (2π)riN+jnk−(r+N+j)/2G(N+j)

(
t− nc2R√

n
,
ℓ(t)w√
n

)
∗ (AN ⊗Aj,k) +O(D2e

−cn).

For n ≥ t+, we have c2Rn ≥ 2t, and hence |t−nc2R|√
n

≥ c2R
2

√
n. The Gaussian and its

derivatives therefore decay exponentially in n on this range. Thus the terms with n ≥ t+
contribute O(D2e

−ct), and we may extend the sum to all n > t1−ε1 . Consequently,

Cℓt,5 = Cℓt,6 +O
(
D2t

−((r−1)/2+L+1)
)
,

where

(17.59)
Cℓt,6 := (2π)r

J−1∑
N=0

2L+4∑
k=0

2L+4+2k∑
j=3k

iN+j

N !

∑
n>t1−ε1

nk−(r+N+j)/2

· G(N+j)

(
t− nc2R√

n
,
ℓ(t)w√
n

)
∗ (AN ⊗Aj,k).

Combining Steps I–IV, for some integer m ≥ r + 1 we have

(17.60)

∣∣∣∣∣t(r−1)/2Cℓt −
t(r−1)/2

(2π)rc2R
Cℓt,6

∣∣∣∣∣≪ ∥f1∥0,β∥f2∥m,βt−(L+1),

uniformly in w ∈ kerψ.

Step V (Summing over n).

Case 1: ℓ(t) = 0. For an integer p ≥ 0, write G(p) := DpG for the p-th total derivative,
with G(0) = G. For σ ∈ R, define

hp,σ(z1, z2) := zσ2D
pG
(
cRz1√
z2

u

)
, (z1, z2) ∈ R× (0,∞).

Set

V :=

{
(N, k, j, q) ∈ Z4

≥0 :
N ≤ J − 1, k ≤ 2L+ 4,

3k ≤ j ≤ 2L+ 4 + 2k, N + j − 2k + q ≤ 2L

}
.
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Apply [23, Lemma A.3] with Q = 2L + 1 to each Gaussian sum. The lower cutoff can be
changed to any fixed positive multiple of t below t/c2R at an exponentially small cost. By
[23, Lemma A.4], the terms with N + j + q odd vanish. Thus
(17.61)

Cℓt,6 = (2π)r
∑

(N,k,j,q)∈V

iN+j

N !q!

(
√
t/cR)

−((r−1)+N+j−2k+q)

cq+1
R

·
(∫

R
∂q2hN+j,k−(N+j+r)/2(s, 1)(−s)q ds

)
∗ (AN ⊗Aj,k) +O

(
D2t

−((r−1)/2+L+1)
)
.

The remaining omitted terms have N + j− 2k+ q ≥ 2L+2 and are absorbed into the error.
After dividing by (2π)rc2R and multiplying by t(r−1)/2, define, for 0 ≤ m ≤ L,

cm(f1, f2) :=
∑

(N,k,j,q)∈V
N+j−2k+q=2m

iN+jcr−4+N+j−2k
R

N ! q!

·
(∫

R
∂q2hN+j,k−(N+j+r)/2(s, 1)(−s)q ds

)
∗ (AN ⊗Aj,k).

With these definitions, (17.61) becomes

t(r−1)/2

(2π)rc2R
Cℓt,6 =

L∑
m=0

cm(f1, f2)t
−m +O

(
D2t

−(L+1)
)
.

Combining this with (17.60) gives the correlation expansion in Theorem 17.1(1). Uniqueness
of the coefficients of an asymptotic expansion makes these definitions compatible as K and
L vary. They therefore define bilinear forms on C∞

c (Γρ\G)M × C∞
c (Γρ\G)M .

Since each defining sum is finite, (17.47) gives

|cm(f1, f2)| ≪K,L ∥f1∥0,β∥f2∥0,β (0 ≤ m ≤ L)

for f1, f2 ∈ C∞
K . This implies the coefficient bounds in Theorem 17.1(1).

By Lemma 17.16(3), A0 = c4RMψ(F1)Mψ(F2). The term N = k = j = q = 0 in (17.61) is
therefore

(2π)rcr+2
R t−(r−1)/2

(∫
R
G(cRs, 0) ds

)
Mψ(F1)Mψ(F2).

Since Mψ(Fi) = mψ(fi) by Theorem 16.7, division by (2π)rc2R proves the stated leading
coefficient and completes part (1).

Case 2: ℓ(t) =
√
t. For this, carry out Steps I–IV with L = ⌈(r − 1)/2 + 1⌉ and put

Pt(w) :=
t(r−1)/2

(2π)rc2R
Cℓt,6(f1, f2; w).

Since N + j − 2k ≥ 1 unless N = k = j = 0, (17.53) bounds every nonleading term
by O

(
D2t

−1/2e−a1 min{∥w∥2,∥w∥}). Applying Lemma 17.17 to the leading term and using
Lemma 17.16(3), we obtain

(17.62) Pt(w) = cwmψ(f1)mψ(f2) +O
(
D2t

−1/2e−a1 min{∥w∥2,∥w∥}),
where a1 > 0 is uniform. In particular, |Pt(w)| ≪ D2e

−a1 min{∥w∥2,∥w∥}. Choose a2 :=
min{a0, a1}. By Lemma 17.4, the triangle inequality gives

|t(r−1)/2Cℓt − Pt(w)| ≪ D2t
(r−1)/2+1e−a2 min{∥w∥2,∥w∥}.
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Take the geometric mean of this bound and (17.60). Since L ≥ (r − 1)/2 + 1, we obtain

|t(r−1)/2Cℓt − Pt(w)| ≪ ∥f1∥0,β∥f2∥m,βt((r−1)/2−L)/2e−(a2/2)min{∥w∥2,∥w∥}

≪ ∥f1∥m,β∥f2∥m,βt−1/2e−(a2/2)min{∥w∥2,∥w∥}.

Combining this with (17.62) proves (17.1) with a = a2/2. This completes the proof of
Theorem 17.1. □

18. Haar local mixing and orbital counting

We deduce Haar local mixing and orbital counting from BMS local mixing, using the
arguments of Edwards–Lee–Oh [25]. We first specify the measure normalizations.

18.1. Measure normalizations. We use the Hopf coordinates and Lebesgue measure fixed
in Section 3.6. Throughout this part, mBMS

ψ denotes the BMS measure induced by (3.9),
before the normalization (3.10).

Let mo be the K-invariant probability measure on F , which is (G, ϱ)-conformal, where
ϱ =

∑
α∈Φ+ dim(gα)α. Define Haar and Burger–Roblin measures in Hopf coordinates by

dm̃Haar(g) = eϱ(βg+ (e,g))+ϱ(βg− (e,g)) dmo(g
+) dmo(g

−) dLeba,

dm̃BR
ψ (g) = eϱ(βg+ (e,g))+ψ(βg− (e,g)) dmo(g

+) dνψ(g
−) dLeba,

dm̃BR∗
ψ (g) = eψ(βg+ (e,g))+ϱ(βg− (e,g)) dνψ(g

+) dmo(g
−) dLeba .

We lift these measures from G/M to G using Haar probability measure on M , and denote
their descents to Γρ\G by the corresponding untilded symbols. For ψ = ψu, write mBR

u :=

mBR
ψu

and mBR∗
u := mBR∗

ψu
. Uniqueness of tangent forms gives ψi(u) = ψu ◦ i. Thus the Haar

local mixing limit involves mBR
i(u) and mBR∗

u in the notation of the introduction.
After rescaling the BMS measure to mBMS

ψ , write the coefficient in Theorem 17.1(2) as
cψe

−Qψ(w)/2, where cψ > 0 and w ∈ kerψ.

18.2. Local mixing.

Proof of Theorem 4.1. Fix u ∈ intLρ. By [14, Theorem 10.1], ψu is positive on Lρ ∖ {0},
so Theorem 17.1 applies with ψ = ψu. Since u = ψρ(u)uψu by Theorem 15.11, replacing t
by ψρ(u)t and w by w/

√
ψρ(u) gives Theorem 1.1, with Qu = ψρ(u)

−1Qψu . Approximation
by smooth functions, with errost controlled by fixed smooth cutoffs, extends the limit to
continuous compactly supported functions. Theorem 1.3 follows from [25, Proposition 6.8].
The convergence is locally uniform in w: on compact sets of transverse parameters, all simple
roots of tu+

√
t w tend to infinity uniformly, so the error terms in that proof are uniform.

For the transverse bound, the upper comparisons in [25, Propositions 5.3, 6.1, and 6.8]
bound the Haar correlation by BMS correlations of fixed compactly supported functions at
the same A-parameter. These comparisons hold whenever tu +

√
t w ∈ a+. Dominating

the functions by smooth functions and applying Theorem 17.1(2) gives the asserted decay.
For functions supported in a fixed compact set, domination by their supremum norms times
a fixed smooth majorant gives the stated dependence on ∥f1∥∞∥f2∥∞. Finally, the time
rescaling and the measure normalizations above give κucu = ψρ(u)

−(r−1)/2cψu . □
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Remark 18.1. The uniformity in w in Theorem 1.1(2) controls correlations along other rays:
for every v ∈ intLρ ∖R>0u, there exists b = b(u, v) > 0 such that, for all f1, f2 ∈ C∞

c (Xρ),∫
Xρ

f1(xatv)f2(x) dm
BMS
u (x) = Ou,v,f1,f2

(
t−r/2e−b

√
t
)

(t→ +∞).

Proof of Corollary 1.4. The BMS local mixing asymptotic implies u-balancedness in the
sense of [10]. The conclusion follows from [10, Theorem 1.4]. □

18.3. Equidistribution of expanding horospheres. Our local mixing theorem also gives
equidistribution of translates of maximal horospheres. Let Ň be the maximal horospherical
subgroup satisfying atuna−tu → e as t→ ∞ for n ∈ Ň and u ∈ int a+. For x = [g] ∈ Γρ\G,
the measure µPS

xŇ,u
on Ň is defined by dµPS

xŇ,u
(n) = eψu(βgnP (e,gn)) dνψu(gnP ). We normalize

Haar measure dn on Ň compatibly with the measures in Theorem 1.3, as in [25, Section 4].
Applying [25, Proposition 6.1] to Theorem 1.1 gives the following.

Corollary 18.2. For every u ∈ intLρ, x ∈ Γρ\G, f ∈ Cc(Γρ\G)M , and ϕ ∈ Cc(Ň), we
have

lim
t→∞

t
r−1
2 et(ϱ−ψu)(u)

∫
Ň
f(xnatu)ϕ(n) dn = κucum

BR
i(u)(f)µ

PS
xŇ,u

(ϕ),

where κu and cu are as in Theorem 1.3.

Approximation by smooth functions, using fixed smooth majorants, extends the limit to
continuous compactly supported functions.

18.4. Orbital counting in Riemannian balls. Let ⟨·, ·⟩ and ∥·∥ denote the inner product
and norm on a induced by the Killing form. By [63, 13, 14], there is a unique unit vector
uρ ∈ intLρ such that

δρ = max
∥v∥=1

ψρ(v) = ψρ(uρ).

Since i preserves the norm and ψρ, uniqueness gives i(uρ) = uρ. Differentiability of ψρ
[13, 14] gives ψuρ(v) = δρ⟨v, uρ⟩. In particular, Ruρ ⊥ kerψuρ . For Q ⊂ K, write Q[P ] :=
{qP : q ∈ Q}.

Corollary 18.3 (Bisector counting in Riemannian balls). There exists cρ > 0 such that, for
all Borel sets Q1, Q2 ⊂ K satisfying νuρ(∂(Q1[P ])) = νuρ(∂(Q

−1
2 w0[P ])) = 0,

lim
T→∞

e−δρT#
{
γ ∈ Γρ ∩Q1MA+Q2 : ∥µ(γ)∥ < T

}
= cρ νuρ(Q1[P ])νuρ(Q

−1
2 w0[P ]).

Proof. Apply the counting argument of [25, Corollary 9.21 and the proof of Theorem 1.8]
with H = K, b = a, and the Killing-form norm, using Theorem 1.3 in direction uρ. Since
i(uρ) = uρ, both angular measures are νuρ . □

Taking Q1 = Q2 = K in Corollary 18.3 gives the orbital asymptotic at o = K as stated
in Corollary 1.2. Conjugating Γρ gives the result at every o ∈ G/K, since δρ is invariant
under conjugation.
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