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ence problem. To address the difficulties of 4-D phase space computations and higher
derivatives from the Moyal expansion of the nonlocal pseudo-differential operator for un-
bounded potentials, an operator splitting technique is adopted to decompose the 4-D
Wigner equation into two sub-equations, which can be computed either analytically or

gﬁ;ﬁ%ﬁi interference numerically with high efficiency. The first sub-equation contains only a linear convection
Wigner equation term in (x, t)-space and can be solved with an upwinding characteristic method, while the
Operator splitting second involves the pseudo-differential term and can be approximated by a plane wave
Spectral method expansion in k-space. By exploiting properties of Fourier transformations, the expansion
Characteristic method coefficients for the second sub-equation have explicit forms and the resulting scheme is

Double-slit experiment shown to be unconditionally stable for any high order derivatives in the Moyal expansion,

ensuring the feasibility of 4-D Wigner numerical simulations for quantum double-slit inter-
ferences. Numerical experiments demonstrate the spectral convergence in (x, k)-space and
provide highly accurate information on the number, position, and intensity of the interfer-
ence fringes for different types of slits, quantum particle masses, and initial states (pure
and mixed).

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

As one of the most important interference experiments in physics, the double-slit experiment has played a key role in
optics and quantum mechanics. In his famous Lectures on Physics, Richard Feynman said the quantum double-slit interfer-
ence is ‘impossible, absolutely impossible, to explain in any classical way’, ‘has in it the heart of quantum mechanics’, and ‘contains the
only mystery’ [1]. In classical physics, the first Young’s double-slit experiment appeared in 1801 and demonstrated the wave
property of light [2]. In modern physics, the double-slit experiment provides evidence for the de Broglie relation of matter.
The first quantum interference experiment was performed in 1927 and showed that electrons could display characteristics
of both waves and particles [3]. Afterwards, physicists conducted successfully more double-slit interference experiments
for large particles, including atoms [4,5], dimers [6], small clusters [7], and even large molecules like Cgo [8,9]. However,
the double-slit interference of larger objects has remained experimentally challenging, despite the development of power-
ful interferometric techniques for quantum experiments. Fortunately, with the rapid development of computers, there is a
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Fig. 1. Two typical double-slit potentials. The left one is described by Eq. (1) with a =0.2, b =3 and o = +/2. The right one has a central splitter plate in
the front and can be modeled by a more general form, see Eq. (6) or (15).

possibility to computationally simulate the quantum interference of larger objects and quantitatively produce meaningful
phenomena to help us understand quantum interferences for these objects.

Numerical simulations of quantum double-slit interference have been a long-standing research topic in computational
quantum mechanics and may help us living in the classical reality to understand the mysteries of quantum mechanics [10].
In the past decades, several attempts, including the linearized semiclassical initial value representation method [11,12], the
Feynman path integral method [13], the Bohmian trajectory method [14,15] and the entangled trajectory method [16,17],
have been proposed mainly with two mathematical representations of quantum mechanics. The first three methods men-
tioned above are based on the Schrédinger wavefunction theory. The linearized semiclassical initial value representation
method [11,12] utilizes the semiclassical molecular dynamics to approximate quantum dynamics, therefore cannot fully
capture the quantum interference. The Feynman path integral method [13] uses a kernel to approximate the sum of all pos-
sible trajectories, while the Bohmian trajectory method [14,15] adopted some kind of approximate trajectories. In contrast,
the entangled trajectory method [16,17] is based on the Wigner function in phase space [18] and adopts a representation
composed of a finite ensemble of trajectories. Meanwhile, a type of Gaussian approximation is used to deal with the non-
local pseudo-differential term and, as a result, the negative excursion of the Wigner function, crucial for some quantum
behaviors [19,20], is totally neglected there. The present work uses the Wigner function approach to simulate the quantum
double-slit interference, and treats both negative and positive excursions on the same footing.

In addition, the Wigner function formalism is chosen out of the following motivations. As a phase space formulation
for quantum mechanics, the Wigner function approach bears a close analogy to classical mechanics [21,22] and has been
drawing growing attention recently [23,20,24]. As stated in [5], the Wigner function can be viewed in the form of a quasi-
probability distribution, thereby yielding a more convenient and direct comparison with physical experiments. And, the
Wigner function naturally includes mixed states and provides a unified treatment in dealing with both pure and mixed
states [25]. Based on these advantages as well as recent results on highly accurate Wigner simulations, we will develop a
high order efficient numerical method for the 4-D Wigner equation for quantum double-slit interferences. To this end, we
consider the following double-slit potential (shown in the left plot of Fig. 1)

V(x1,x) = a( — b2)%e X/, (1)

as in [11,12,14,15,17], which consists of a Gaussian barrier along the x;-direction with a width of o and a double-well in
the x{-direction allowing two open aisles at x; = +b through the barrier. Here & denotes the base of the natural logarithm.

For realistic simulations, the complexity of the 4-D computation and the higher derivatives in k produced by the
Moyal expansion of the unbounded potential bring great challenges. In our previous work [26], an advective-spectral-mixed
method for 4-D Wigner equations with localized potential was shown to relax the usual CFL restriction on the time step in
(x, t)-space and have almost no time step limitation in (k, t)-space. Later, a spectral collocation scheme was proposed to deal
with the unbounded potential by the Moyal expansion of the pseudo-differential term in 2-D phase space [27]. However, by
using the same Moyal expansion to treat the unbounded potential in Fig. 1 for the double-slit interference experiment, the
resulting higher derivatives in k create a much stringent time step limitation in (k, t)-space such that a long-time 4-D sim-
ulation is unaffordable. To resolve this problem, an operator splitting technique will be used to decompose the 4-D Wigner
equation into two sub-equations. One is a linear advection equation, which will be solved by a semi-Lagrangian-type char-
acteristic method in (x, t)-space, while a Chebyshev expansion in x-space is used to handle the inflow boundary condition.
The other equation contains the nonlocal pseudo-differential term to be approximated by a plane wave expansion to accu-
rately resolve the oscillations of the Wigner function, and the expansion coefficients can be obtained analytically due to the
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nature of Fourier transformation in the pseudo-differential term. The resulting operator splitting scheme will be shown to
be spectrally accurate in (x, k)-space as well as unconditionally stable.

The proposed high order splitting method for the 4-D Wigner equation allows us to simulate the double-slit interference
with high accuracy, and obtain detailed information of the interference fringes, such as the number, position, and intensity.
The spatial marginal distribution F(x1, x2), the angular distribution P(6), and the transmission rate T(t) are measured. An
investigation on the effect of numerical resolutions on the interference fringes is performed to show the significance of high
accuracy. Quantum interference experiments of mixed states and a new double-slit setup (a splitter plate added in front of
the double-slit) [28] are also explored numerically in this work.

The rest of this paper is organized as follows. Section 2 gives a brief introduction to the Wigner equation with an
emphasis on different forms of the pseudo-differential term. In Section 3, the operator splitting technique is adopted to
decompose the 4-D Wigner equation into two sub-equations, both of which can be resolved analytically or efficiently by
spectral methods. Section 4 analyzes the conservation property, stability, and convergence of the resulting scheme. Section 5
uses a Gaussian barrier scattering and a harmonic oscillator to benchmark the accuracy, and then simulation of several
typical quantum double-slit interference experiments with detailed discussions is given in Section 6. The paper ends in
Section 7 with some conclusions and remarks.

2. The 4-D Wigner equation

The Wigner function f(x, k, t) in the 2d-D phase space (x, k) € R2? (d is the dimension of physical space) for the position
x and the wavevector k, is defined by the Weyl-Wigner transform of the density matrix o(x,x',t) =>; piVi(x, Y (¥, 1)
with p; being the probability of occupying the i-th state as follows

f@&,k,t) z/dye’“‘yp(H %,x— %,t), (2)
]Rd

where i = +/—1 represents the imaginary unit.
Starting from the quantum Liouville equation, it can be shown that the Wigner function f(x, k, t) satisfies the following
time-dependent Wigner equation

il
D+ T Ve k0 = Oy 1 K0, 3)
1 . n
ovifik 0= /dye—“"y [Vt %) V- %)] Fay.b). 4)
P _ iky
f@y.t)= 2y /dke f& k1), (5)

where h is the reduced Planck constant, m is the mass and f(x, y,t) is just p(x+y/2,x— y/2). Here, ®y is the so-called
nonlocal pseudo-differential operator containing all the quantum interference information and has different but equivalent
expressions [27].

This paper focuses on the class of d = 2, i.e.,, quantum systems under general 2-D potentials. For a general 2-D smooth
potential V (x1, x2), we can always have the following decomposition

Vxi,xa) =Y Vg1(xi)Vga(xz) (6)
q

via the Taylor expansion, which is a linear superposition of a series of products of two 1-D potentials, and each 1-D potential
can be further split into a polynomial (pol) one plus a localized (loc) one [27]. That is, each product component V1 (x1)V2(x2)
(the subscript g in Eq. (6) is neglected for simplicity) can be expressed as

V1i(x1)V2(x2) = V1 1oc(X1) V2 loc (X2)
+ V],loc(xl)vz,pol(xZ) + V],pol(Xl)VZ,loc(XZ) (7)
+ Vl,pol(xl)VZ,pol(XZ)’

giving rise to three types of products of 1-D potentials which will be discussed in details below.

o Type 1: V(x1, X2) = Vi 1oc (1) V2 10c (X2). V1 10c(X1) € L'(R), V3 joc (x2) € L' (R).
The pseudo-differential term can be characterized by a convolution form [26]

@v[f](x,k,t):/dk’f(x,k, HVwx k—K), (8)
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Vi (2. k) = / dye ™ [vx+ %) V- %)] 9)

ih(2m)?2
where V, (&, k) is the so-called Wigner potential or Wigner kernel.

o Type 2: V(x1,%2) = V1 poi(X1) V2 10c (X2), V1 poi(x1) € C?(R), V3 joc(x2) € L1 (R).
Performing the Taylor series for Vi ,o/(x1 & y1/2) at x; yields

+00
y y.
V(x+5)_v(x_5)_§

YAV Ve por(x1)

y2 y2
P [Vatoeti +22) = (<1Wasoetis - 2],

2

and substituting above expansion into (4) leads to

o k _+oo fllv)lqvl,pol(xl)vl dk.v® k K. ki, K 1
vIflx, ,t)—ZT ki 2V a2, ke = ky) f(x1, %2, k1, k5, ), (10)
1=0 )

where we have used properties of the Fourier transformation, and
1 .
@ — —ik Y2 ! Y2
VWJ(XZ, ky) = m /dJ/2fB H2ya [Vz,loc(xz + 7) — (=D V3 joc(x2 — 7)] .

Here we adopt the compact notations: V)’(] = 8’/8x’1 and V,’<1 = <9l/8/<’1 for e N.

o Type 3: V (x1,x2) = V1 po1(X1) V2, po1 (X2), V1, poi(X1) € C?(R), V2 poi(%2) € C?R).
Substituting the Taylor series for both V (x1 + y1/2,x2 +y2/2) and V(x1 — ¥1/2,%2 — y2/2) at (x1,xy) into (4) leads to
a Moyal expansion

+00 s+l 1+l I+l
2 A glitl 1+h
Ov[flx k. t) = — E V() fx k1), (11)
ih I+l =odd 20+ 1! oyt oxs ol ok

which only consists of differential terms.

It can be readily verified that the 2-D double-slit potential in Eq. (1) falls into the second type, and then Eq. (10) becomes

4

OvIflix k=)
=0

Iyl
1V, Voo (X1)
pol(#1

MTV;Q /dk;v'vgf,(xz,kz — k) f(x1, X2, k1, Ky, £). (12)
Obviously, the series now reduces to a finite one which can be readily resolved by standard numerical techniques. Consider-
ing the fact that Eq. (12) or Eq. (10) was obtained in the same spirit of the technique used in deriving the Moyal expansion
(11), we still call it as the ‘Moyal expansion’ for simplicity.

A Gaussian barrier

V(xg.x) =e /2 (13)

belongs to the first type, and a 2-D isotropic harmonic potential

1
V(x1,X) = 5()«% +x3) (14)

the third type. Both of them will be used to benchmark the accuracy of the proposed scheme in Section 5.
The double-slit setup with a central splitter plate in the front, displayed in the right plot of Fig. 1, can be modeled by
the general form (6), and its specific form is

V(x1,%2) = 0.07(:2 — 52)2e7%/2 4 10e~ 4 = (2 +5)*/4, (15)

Before we proceed, two remarks on the linearity of the Wigner equations will be highlighted. Such a fundamental
property has some direct and useful consequences for our study of the double slit interferences.

(C1) The solution of the Wigner equation with a mixed state ), p; fi(x, k, 0) as initial condition has the form f(x, k,t) =
> ipifix k. t), where f;(x,k,t) refers to the solution of the Wigner equation with fj(x, k, 0) as initial data. This fact
implies that if there exists a fj(x, k,0) containing the interference, then f(x,k,t) should carry on such interference,
otherwise there should no inference in f(x, k,t). An example on this point is given in Section 6.5.

(C2) The solution of the Wigner equation with a 2-D potential V(x1,x2) = V1(x1) + Va(x2) has the form f(x,k,t) =
f1(x1, k1, t) f2(x2, ko, t), where fi(x;, ki, t) is nothing but the 2-D Wigner function corresponding to the 1-D potential
Vi(x;) for i =1, 2. This fact can be used to construct a reference solution for 4-D Wigner equations (see Section 5.2).
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3. Numerical scheme

Considering the decay property of the Wigner function when |k| — +o00, a simple nullification outside a sufficiently
large k-domain X1 x K2 = [K1.min, K1, max] X [K2,min, k2,max] is usually adopted [26,27], thus we are in fact solving a k-space
truncated 4-D Wigner equation

9 hk
TG0+ Ve f (e ke ) = g, k. D), (16)
P .lvl
1V, V [(X]) ~ ’
gx k=) %VLI / dky V19 (2. ka — Ky) f (%1, X2, k1, K5, 1), (17)
l=0 : ’CZ
Ay X ;
Vi (x2. ko) = o 3 v g, e e, (18)
fr=—00
di y y
Vl 'f(XZ’ y{z) = Vipc (X2 + % - (_1)lvloc(x2 - % , (19)

where V{,?,C(xz,kz) gives a discretized Wigner kernel for the localized potential Vj,.(x2) based on the Poisson summation
formula [26], P denotes the order of the polynomial potential, and y,, = {2 Ay, with Ay, being the spacing.

A necessary and sufficient condition for the truncated Wigner equation (16) to conserve the mass has been given in [26]
as

Ly, Ay, =2m, (20)

where Ly, = ki max — ki, min represents the length of k;-domain for i =1, 2. The computational domain in x-space is denoted
by X1 x Xy =[x1,1,x1,r] X [X2,1, X2.r], and the inflow boundary condition will be adopted hereafter at x-boundaries [29].
The spectral methods have been used to resolve the oscillation of the Wigner function and the pseudo-differential term
with spectral accuracy [29,26,27]. A straightforward extension of these spectral methods combined with an explicit time
marching scheme for simulating the double-slit interference experiment is not feasible mainly due to the limitation of time
steps. For example, if we use the explicit Euler scheme combined with a plane wave expansion to simulate the double-well
potential Vo (%) = a(x?> —b%)2, then the imaginary part of the amplification factor of the resulting scheme turns out to be

; 1] At At 73
AMAE — — | 7V Vo1 (X) + —= == VoV ,00(%) | 21
h |:Ak X pol( ) AK3 24 X pol( ) ( )
where Ak is the spacing in k-space. The stability condition requires at least || <1 and thus leads to
ho. Ak (Ak)?
At < — min{ , . (22)
a 7T MaXyex {4x(x2 — b2)}’ 773 maxyxex (X}

That is, the time step is limited by both Vf( Vpor(x) and Vlif(x, k,t) contained in the Moyal expansion. For example, the time
step should be less than 6.7191 x 10~7 when the x-domain is set to be X =[—30,30], Ak=0.05,a=0.2,b=3,and h =1.
Such a small time step is tolerable in 2-D Wigner simulations [29,27], but definitely not for 4-D scenarios [26]. Moreover,
the situation becomes worse for the double-slit potential (1) since the fourth derivative shows up (see Remark 1). Namely,
substituting the double-slit potential (1) into (17) leads to
g(x, k., t) =a(x] —b*)*Go(®, k, ) + 2iax; (4§ — b*) Vi, G1 (%, k. )
a(3x? —b?)
2

Vi, Ga(x k. 1),

V2 G (X, k, ) — %v,i Ga(®, k, 1) (23)
a

16

where G(x, k, t) is short for flCz dk, szi (x2,ka —k5) f (%1, x2, kq, K, t). In this work, we will use instead an operator splitting

technique and the resulting numerical scheme for the sub-problem containing the Moyal expansion (23) will be shown to
be unconditionally stable in the L2-norm.

3.1. Operator splitting
By defining two operators .4 and B as

Af(x,k,t) = —% -Vxf(x, k,t),
Bf(x, k,t):=g(x,k,t),
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the Wigner equation (16) can be expressed as

a

s/ @k D=(A+B)f(x kD), (25)
which can be split into the following two sub-equations in an alternating direction manner

(A) 3f(x, k.t)y=Af(x k,t)= —@ -Vxf(x, Kk, t),
ot m

) (26)
(B) Ef(x, k,t)=Bf(xkt)=gxk,1),
where the sub-equation (A) (resp. sub-equation (B)) only involves an approximation in x-direction (resp. k-direction).
Specifically, an s-stage exponential operator splitting method for the evolution equation (25) reads
N
fl’H-] *, k) = eAt(‘AJ'_B)fn(X, k) = 1_[ eajAtAebjAthn x, k) + O(Ats+1), 27)

j=1
where f"(x,k) := f(x, k,t") is the exact solution at time t" :=nAt. Setting s =2, ay =a; =1/2, by =1 and by =0 leads
to the well-known second-order Strang method [30]. To match with the spectral accuracy in (x, k)-space, we adopt here a
fourth-order splitting scheme [31] defined by s =4 and

G—a— az:agzi
2(2-¥2) 2(2-v2)
b1=b3=¥ b =—£ by =0.

5 2 B
2-2 2-2

The remaining task is to determine the operators @24 and e2t5, i.e., the solvers for the sub-equations, respectively.
3.2. Fourier spectral collocation method in k-space

In view of the nature of Fourier transformation contained in the pseudo-differential term (see Eq. (18)), we use a Fourier
spectral method to solve the sub-equation (B) of (26).
Let ki j; = ki min + jiLk;/N; denote the N; uniform collocation points in £; with j; =0,1,...,N; —1fori=1,2, and
Sn =span{yn, (k1) ¥, (k2), vi=—Ni/2+1,---,Ni/2, i=1,2},
Y, k) = QZUﬂvi(ki_ki,min)/Lki L i=1,2.

Then, the corresponding interpolation operator Zy y reads

N1/2 N2/2
Tenf k= Y D u R OY, (k1) (k2), (28)
V1=—N1/24+1v2=—N3/2+1
1 N1—1Nz—1
Qv (%, 0) = o ,-Zo ,-Zo F@ k1 jy ko iy OW—vy (k1) W0, (k2 ). (29)
1= 2=

Substituting Eqs. (18), (19) and (28) into the pseudo-differential term (17) yields

27i¢y (kg —kb)
i Vx1 Vpol(xl) -T2

g(x,k,t)wz 2’l‘nﬁL kl/dk’ Z V (x2 Ve)e Lk,
=0

fa=—00

Nq/2 N3/2
x Yy D @ & O, (k1) Y, (K))
V1=—N1/241v;=—Ny/2+1
N1/2 Ny /2
= > D o Ry, R, DY, (K1), (k2),

\)1=—N1/2+1 vp=—Ny/2+1

(=D'VL Vpor(x1) (v \! g
o= SO (B
=0 ’ 1
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where we have used the relation (20) and the orthogonal relation of the Fourier basis:

2w+ Ok Ly 1 _ | Lks V+HE =0,
/“e dk—{o, V4 ¢ #0. (30)
K2

Accordingly, the sub-equation (B) in Eq. (26) is approximated by

N1/2 Ny /2

ad
Z Z gavl,w (x, t)wm (kl)WUZ (kZ)

v1=—N1/24+1v3=—N/2+1
N1/2 Ny /2
= > D o Ry, 0y R DY, (K1), (k2).
v1=—N1/24+1v=—N/2+1
The orthogonal relation (30) further implies

a N; N; .
&aw,vz(xat):Cl)j,vz(x)al)],vz(xvt)a \)i:—7+1,...,?, 121729 (31)

the solution of which has the following explicit form

i, 0 =0, . o2

Therefore, staring from the ‘initial’ data f"(x, k) at instant t", we are able to obtain the numerical solution of sub-equation
(B) in (26) at instant t"*1 through first interpolation then evolution:

F'" 1 (x, k) = BT y [ (%, k)
N1 /2 N2/2

= Z Z eV (X)At ?}1 " (X) 1//‘1)1 (k] )lﬁvz (k2)

v1=—N1/2+1v2=—N3/2+1

then that at "2 and afterwards through only evolution:
F'"™2(x, k) = e*BF1 (%, k). (33)

Remark 1. If the explicit Euler time discretization is used to evolve the 4-D Wigner equation (25) with the double-slit
potential (1), then the imaginary part of the resulting amplification factor is a diagonal matrix with element being AZ]”avgz =
—1Atcy, v, (Xo) for a given point xg. Taking a diagonal element with vi = N1/2, v, =N2/2 and X = (1,1, —N2Ay2/4) as an

example, its magnitude reads

aAt 24004, —b*) 33, b 1
|)\1mag | ~ —((X% - b?)2 — 1L 4 LL _ Lk —), (34)
+

h ’ ) 252 283 1684

where we have chosen Ny = 128, Ay, = 0.5, & =2, used the approximation e~ (N28y2)?/(4o®) — =512 1 0 and set § =
Ak /7. The stability condition requires at least I)‘,Im% N2 <1 and thus

) 282 283

, : : ,168%), 35
(X1, —b?)2" =2x1.(4 | —b?)" 3x] | — b2 —x11 } %)

h .
At < —min{
a

provided that x1,; < —|b| to guarantee the first four right-hand-side terms of Eq. (34) are all positive. That is, the time step
is restricted by both V,’“ Vpor(x1) and V,’<] f(x,k,t) caused by the Moyal expansion, leading to a stricter limitation on the

time step which can be unaffordable in actual simulations. For instance, At should be less than 4.7065 x 10~/ for a = 0.2,
b=3,h=1, xq, =—30, and Ak; =0.05.

Remark 2. It should be pointed out that, the Crank-Nicolson scheme for Eq. (31)

1+ 5 Atcu1 ™ (x)

aptl ) =—2—12"
1— %Arcw2 (x)

Vl V2

1)1 Uz( ) (36)

is also unconditionally stable in the L%-norm, whereas the explicit Euler time discretization is always not.



Z. Chen et al. / Journal of Computational Physics 396 (2019) 54-71 61

3.3. Advective method in (x, t)-space

We adopt the advective approach [26] to march the sub-equation (A) in Eq. (26) exactly along the characteristic lines as
follows

(%, k) = A f(x, k) = f"(x — VAL k), v= % (37)

A piecewise cubic spline interpolation with a kind of not-a-knot boundary was used to compute f"(x — vAt, k,t) on the
shifted points (x — vAt, k) in [26], but failed to handle the inflow boundary condition correctly. To resolve this issue,
we turn to a Chebyshev expansion of f"(x, k) with respect to x, which can handle both the inflow boundary condition and
evaluation of function values on the shifted points with higher accuracy [29]. A brief description of the Chebyshev expansion
is given below.

The x-domain X; x &> is divided into Q1 x Q2 non-overlapping elements as

Q1 Q2
Xl X XZ = U U Xl,q1 x Xz,qza Xi,qi = [gi,qi—]agi,q,-]a
q1=1q=2
(Xi,R — Xi,L) )
8i.0=Xil, 8,Q =Xi,R, 8iq = #in gi=0,1,...,Q;, i=1,2.
1
The Gauss-Lobatto collocation points are chosen in each x-element X1 4, X X24, (1 =1,2,...,Q1, 2 =1,2,...,Q2) as
follows
—g Ciai 4 it i =0,1,...,M; —1 38
Xq,-,m,-—gt,qﬁl"‘T( _COSM,'—l)’ m;=0,1,...,Mj — 1, (38)

where Gjq; = &iq; — 8i.qi—1 and M; are the number of collocation points in AXj g for i =1, 2. Furthermore, for x; € Xj g,
n; € [—1,1], 6; € [0, ], we use the transform

Gi,Qi
5 (1 —mn4), ni=cos(6;)

Xi = 8igi-1+
to define

Gp; (i) = Ty (i) = cos(uify), i=1,2.
Here, we let

Sm =span{¢y, (X)Pu, (X2), ni=0,1,--- M;, i=1,2},

and define the interpolation operator

M;—1My—1

Temf@R R0 =" " By s (R, Oy (X1 Py (%) (39)

11=0 y12=0

In consequence, staring from the ‘initial’ data f"(x, k) at instant t", we are able to obtain the numerical solution of sub-
equation (A) in (26) at instant t"*! through first interpolation then evolution:

F (%, k) = AT m fh (%, k) = Ly m [ (X — VAL, k),
then that at "2 and afterwards through only evolution:
F'2(x, k) = e2AF™  (x, k) = F" 1 (x — v AL, k). (40)

Hereafter, we adopt the same mesh in both directions for convenience, say, Ny = N, := N in Eq. (33) and M1 =My =M
in Eq. (39).

4. Numerical analysis

In this section, we would like to study the conservation property, stability, and convergence of the operator splitting
method combined the spectral approximation for the 4-D Wigner equation (16), which has been fully described by Egs. (27),
(33) and (40). To this end, it suffices to consider the first order splitting scheme

F™ (x, k) = e 2 BeAMAF (&, k), (41)

where F"(x,k) € Sy x Sy represents the numerical solution of the 4-D Wigner equation (16) at t".
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Proposition 1. The operator splitting methods given in (41) conserve the mass, i.e.,

// F'1(x, k)dxdk = // F™(x, k)dxdk

X xIC XX

provided that the total inflow and outflow are in balance. Here X = X1 x X, and K = K1 x K, denote the computational domains
in x- and k-space, respectively.

Proof. On one hand, according to the same argument used in [26], it can be readily verified that the translation operator
e2tA defined in Eq. (37) keeps the mass if the total outflow cancels the total inflow. On the other hand, combining the
orthogonality of the Fourier basis (see Eq. (30)) and the fact that cp o(x) =0, we can easily obtain that the operator eAtB
conserves the mass as well. O

Proposition 2. The spectral scheme (33) for the sub-equation (B) in Eq. (26) is unconditionally stable in the L2-norm.

Proof. It can be easily verified that L2-norm of the amplification factor ev1.v2 ®A¢

purely imaginary. That is,

is always equal to 1 because ¢y, (X) is

I & Bl = 1P F & )|l = | F"(*, K)[[2. O (42)

Meanwhile, as for the spectral approximation (40) to the sub-equation (B) in Eq. (26), we have |[F"1(x, k)| <
[|F"(x, k)|, as €A is just a translation operator, if the total inflow is not greater than the total outflow. Combining
this fact and Proposition 2 together directly leads to the numerical stability.

Proposition 3. The operator splitting method (41) is unconditionally stable in the L>-norm if the total inflow is not greater than the
total outflow, namely,

IF™ (X, K12 < 1" (x, K) 12 (43)

holds regardless of the mesh size (N, M) and the time step At.

Finally, we are able to show the spectral accuracy of the operator splitting scheme (41) with the aid of interpolate
estimations [32].

Proposition 4. Let f(x, k, t) be the exact solution of Eq. (16), F"(x, k) the numerical solution at t" = nAt obtained by the operator
splitting method (41), and T > 0 a given final time. If f (X, k, t) is periodic in k-space and the total inflow is not greater than the total
outflow, we have

I1f(*, 1, ") — F'(x,I)|[2 < CeTAt 4+ CyM ™™ + G N, V" €0, T], (44)

where my, my, denote the regularity indexes of the initial data f(x, k,t = 0) in x and k, respectively, and C;, Cy, Cj are some positive
constants independent of the mesh size (N, M) and the time step At.

Proof. Let w1 (x, k) = e2tBeAtA f(x, k,t") and f(x, k, t"+1) = @2 B+A) f(x k, t"). Then it can be easily shown that
1f @k, ") — W @ k)12 < CeAL,
and
W™ (k) — F (%, K| = |2 BeAA f(x. k. (1) — eABeAAE (x k)l
<IIf @kt — F'(x,K)|]2,

where we have applied Eqs. (42) and (43). Thus, using the triangle inequality and by induction, we have

IIf (%, K, t") — F"(x,k)||2 < G TAt + || f (%, k, t°) — FO(x, k)| |2
< CiTAt + CyM ™™ 4 C N~ ™k,

where FO(x, k) =TxmIinf (% k, t%) and the interpolate estimators for Txm, Lk, N [32] are adopted. O
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Fig. 2. Harmonic oscillator: The convergence rate with respect to N (left) and M (middle) and the time step At (right). The spectral convergence in both
k-space and x-space is evident, and the fourth-order accuracy against the time step is also shown.

5. Accuracy test

In this section, we would like to check the convergence rate of the proposed operator splitting method. A 2-D harmonic
oscillator and a Gaussian barrier scattering are used as benchmarks for polynomial potentials and localized potentials,
respectively. The L2-error &,(t) and L®-error &qo(t):

e2(t) = ( // (f™mx, k, t) — f(x, k, t))2dxdk)'/?, (45)
XxIC

foot)= max {|f™M(x, k,t)— (& Kk, t)]}, (46)
xk)eXxK

are used to study the convergence rate in terms of the number of collocation points and the time step, and the variation of
total mass &mass(t)

Emass () = // (fMmx, k,t) — ™™ (x, k, 0))dxdk (47)

X XK

will monitor the numerical conservation of mass, where f™mM and f'f denote the numerical solution and reference solution,
respectively. The atomic units h =m =e =1 are used if not specified otherwise.

5.1. Harmonic oscillator

The 2-D isotropic harmonic potential (14) is used to benchmark the convergence rate of the proposed method for poly-
nomial potentials because the Wigner function under such a potential has analytical solutions [33,34], which can be used
as references to validate numerical results. In fact, the eigenfunctions of the 2-D harmonic oscillator are given by

1 2 2
Unyny (X1, X2) = @ 251PD Hy (x1) Hp, (%2), (48)

where Hp(x) stands for the Hermite polynomial. We choose the following initial data
T er 2 2 2 2 2 49
fO(X’k):zﬂ—z‘B 1T7Me 272 ((1 = 2x] — 2k1)(1 = 2x5 — 2k5) + 1), (49)

which represents a mixed state with a probability of 50% in state ¥o(x1,X2) and another 50% in state r11(x1,X2). Then,
we should have a stationary Wigner function, i.e., f(x,k,t) = fo(x, k) at any instant t. Other parameters are chosen as:
—X1,L =X1,R = —X2,L = X2,R = 30, =K1 min =Kk1,max = —k2,min =Kk2,max =27, and Q1 = Q2 =10.

The numerical results are given in Fig. 2, where the left (resp. middle) plot shows clearly the spectral convergence with
respect to N (resp. M) while fixing M = 31 (resp. N = 100) and At = 0.02. Meanwhile, the right plot further displays the
fourth-order convergence rate with respect to At on a fixed mesh (N, M) = (64, 31). Moreover, the variation of total mass
Emass (AL) is 7.8909 x 10~'3 even on a rough mesh (N, M) = (32, 11) after one time step. That is, the proposed operator
splitting method indeed conserves the mass as predicted by Proposition 1.
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Fig. 3. Gaussian barrier scattering: The convergence rate with respect to N (left) and M (middle) and the time step At (right). The spectral convergence in
both k-space and x-space is evident, and the fourth-order accuracy against the time step is also shown.

5.2. Gaussian barrier scattering

We choose the 2-D Gaussian potential (13), which blocks the incident wave only in x;-space, and a simple product of
two Gaussian wave packets [26] to be the initial data:

02 .02
—()(12—);1)—2(712(k1 —k?)z—(xzz—xzz)—erzz(kz—kg)z
{op lop
foa. x2. ki ko) = e 2 ; (50)

where x? is the center of the wave, k? is the initial wavenumber and o; is the minimum position spread for i =1, 2. Thus,
the Gaussian wave packet (13) is a free advection in x;-space, but will be reflected back in x,-space. Moreover, according
to (C1) in Section 2, the reference 4-D solution for the potential (13) can be constructed from two 2-D Wigner functions,
and the latter can be obtained with high accuracy by the spectral element method proposed in [29]. In the numerical
simulations, we set the parameters to be —x;; = X1 r = —X2,1 = X2,r = 20, —Kk1,min = k1, max = —k2,min = k2,max = 57/3,
XN=10,x=-10,kK=-1,k9=1,01=02=+2,and Q; = Q, =8.

To study the convergence rate with respect to N (resp. M), we fix M =31 (resp. N =256) and At = 0.01. The left and
middle plots of Fig. 3 also show clearly the spectral convergence with respect to N and M by the proposed method. The
right plot of Fig. 3 further displays the fourth-order convergence rate with respect to At on a fixed mesh (N, M) = (160, 25).
The variation of total mass emass(At) is 5.5600 x 10~'3 on a rough mesh (N, M) = (32, 11) after one time step.

6. Double-slit interference experiment

We now turn to the double-slit interference under the 2-D potential (1) in which a and 2b determine the width of the
two slits and the distance between them, respectively. In optics, the parameters a and b affect the position and intensity
of the interference fringe [35]. Four sets of parameters are selected to study the fringe in quantum interference, denoted
respectively by

(D1):a=0.2,b=3; (D2):a=0.1,b=4;

(D3):a=0.07,b=5; (D4):a=0.05,b=6.
The initial Wigner function is still chosen to be the Gaussian wave packet (50) with parameters kY =0, kY = 7, X0 =0,
xg = —10, 01 =4 and o, = 2. We further set & = +/2 in the double-slit potential (1) and —X1,L =X1,R = —X2,L =X2.r = 30,

—k1, min = K1,max = —k2,min = k2,max = 27, and Q = 10.
The spatial marginal distribution

Fsm(x1,x2,t) = // f(x1,x2, k1, ko, t)dkdko (51)
/C]X’Cz

is used to display the 4-D numerical solutions, and with such spatial marginal distribution, we can calculate the transmission
rate T(t) as

X2,R
T(t)=/dX1 / Fsm(X1, x2, £)dxa, (52)
0

X
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Fig. 5. Double-slit interference: The transmission rate T(t) (left) and the angular distributions P(6) (right) at the instant t = 10 on four groups of grids:
(N, M, At) = (100, 11,0.2), (128,15, 0.1), (160, 21, 0.05) and (180, 25, 0.025).

measuring the probability to find the wave behind the double slits. The quantity also of interest is the angular distribution
of the transmitted wave [17],

+00

P(O,t):/Fsm(r,O,t)rdr, (53)
0

where Fgy(r, 0,t) gives the spatial marginal distribution (51) under the polar coordinates and 6 = arctan (x1/x2).
6.1. Effect of numerical resolution

In order to test the accuracy of the proposed method for the double-slit potential (1) (i.e., Type 2 in Section 2), a
numerical experiment for (D1) is conducted in simulating the double-slit interference for a Gaussian wave packet (50). The
numerical solution on the finest mesh (N, M, At) = (128,31,0.02) is chosen to be the reference one and Fig. 4 clearly
shows the spectral convergence with respect to N and M.

To show the effect of different numerical resolutions on the interference, we still use (D1) as an example to analyze the
numerical results on four different sets of grids: (N, M, At) = (32,11,0.2), (64, 15,0.1), (100, 21, 0.05) and (128, 25, 0.025).
The time taken with 28 CPUs (Intel® Xeon® @ 2.40 GHz) to the instant t = 10 on these four sets of grids is about 0.0547
hours, 0.7869 hours, 3.6906 hours and 42.0875 hours, respectively. Fig. 5 depicts the transmission rate T(t) until the
instant t = 10 and the angular distributions P(#) at the final time. It is evident that the numerical result converges as the
resolution increases. For example, the relative errors on the value of T(10) are about 42.39%, 3.72% and 0.17% for the first
three groups of grids, respectively. More importantly, high resolution plays a key role in capturing both the number and the
intensity of the interference fringes. As shown in the right plot of Fig. 5, the number of peaks (each peak corresponds to
an interference fringe) with the intensity (height) greater than 0.1 are in order 9, 5, 3, 3 as the grid refines. That is, low
resolution computation may produce numerically artificial fringes (which eventually disappears in the converged solution),
the positions of which depend on the mesh, for instance, six artificial fringes located at 6 = £0.7025, +0.5446, £0.2447 for
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the mesh (32,11,0.2) and two at 6§ = £0.5762 for (64, 15,0.1), whereas the real fringes always stay at the same places
regardless of the mesh. However, the intensity of the real fringes may be affected by numerical resolution. Let us take the
brightest one (located at & = 0) as an example. Its intensity is in order 2.0490, 1.1776, 1.0937 and 1.0936 as the resolution
increases. In summary, high resolution computation is crucial in accurately capturing correct physical properties of the
quantum interference phenomena.

6.2. Effect of double-slit setup

We choose hereafter the mesh to be: N =128, M =25 and At = 0.025. The left plots of Fig. 6 display the curves of
transmission rate for the Gaussian wave packet starting from the left and passing through the double-slit potential to the
right. These rates at instant t = 10 are respectively 0.4036, 0.3303, 0.2491 and 0.1776 for the (D1)-(D4) experiments, and
are almost inversely proportional to the distance 2b (see the left plot of Fig. 7). In contrast to the exponential decay of the
Gaussian wave packet along the x1-direction, such inverse proportion shows much slower decay and reflects the quantum
nature that the interference helps quantum objects travel through the double slits. The middle plots of Fig. 6 show clearly
the interference fringes and more details about them can be observed via the angular distributions depicted in the right
plots of Fig. 6. It is readily seen there that the number of interference fringes with the intensity greater than 0.1 are 3,
5, 5, 7 for (D1)-(D4), respectively, and the angular distributions of these fringes are all symmetrical with the brightest
one located at 6 = 0. The intensity (position) of the fringes are: 0.5614 (£0.3078), 1.0937 (0) for (D1), 0.1767 (£0.4815),
0.5750 (£0.2289), 0.8256 (0) for (D2), 0.2306 (+0.3868), 0.4419 (£0.1973), 0.5434 (0) for (D3), and 0.1019 (£0.4973),
0.1973 (£0.3236), 0.2902 (40.1658), 0.3318 (0) for (D4). The right plot of Fig. 7 further presents the curves of position
difference between the interference fringes against 1/2b. We can easily observe there that, the average position difference is
approximately proportional to 1/2b, which is consistent with what happens in classical optics [35], however, both maximum
and minimal one show a slight deviation. Moreover, the maximum intensity difference between two adjacent fringes: 0.5523
for (D1), 0.3983 for (D2), 0.2113 for (D3) and 0.0954 for (D4), decreases as the ratio 1/2b does.

6.3. Effect of larger mass

This section will study the double-slit interference with larger mass whereas the mass m is 1 in the above experiments.
We still use (D1) as an example but the mass is changed to 2 and 5, respectively. The Gaussian wave packet moves more
slowly with larger mass, and thus it takes a longer time for it to show the interference. The left plots of Fig. 8 display
the transmission rate T(t) until t =20 for m =2 as well as until t =50 for m =5, the middle ones the spatial marginal
distribution Fgp (X1, x2) and the right ones the angular distribution P(6) at the final time instant. It can be readily observed
there that the interference still happens and there are three fringes in both situations. Their intensity (position) are about
0.5469 (+0.3078), 0.9456 (0) for m =2, and 0.4488 (40.2921), 0.6878 (0) for m = 5. In short, the proposed fourth-order
4-D Wigner solver can handle heavier quantum objects as well as longer time quantum dynamics.

6.4. Effect of splitter plate

Recently, a central splitter plate was added in the front of the double-slit and one would ask if the quantum interference
is affected by the splitter plate [28]. Within our framework, such double-slit setup with a central splitter plate can be
modeled by the general form (6), as shown in Eq. (15), where a splitter plate is added in the front of the double-slit (D3).

To see the effect of the splitter plate, we use the same parameter setup for (D3) above, and the numerical results are
displayed in Fig. 9. We can easily observe that the interference still happens in the presence of the splitter plate. Comparing
with the results of (D3), the splitter plate strengths the interference by increasing the intensity of the three peaks on the
left from 0.2306, 0.4419, 0.5434 to 0.2492, 0.5165, 0.6561, respectively, but without changing their position. This can be
readily confirmed in the right plot of Fig. 9 for the angular distribution.

6.5. Comments on the interference of mixed state

Finally, we will apply our numerical methods to simulate the interference of mixed state and as we expected, the
quantum interference of mixed state is determined by that of the pure states contained in the mixed state at the initial
time. This will demonstrate the superiority of the Wigner formalism, i.e., handling the mixed and pure states on the same
footing. To this end, the initial mixed stated we choose is

1 1
f@x k)= 5f1 (x, k) + EfZ(x’ k), (54)
1= ? 2 02 =32 2 012
1 - 2020 —k)2— 22 202 (ky—k2)
fix k)= —e R T (55)

(x1-29)? (xp—29,)%
- 2t S 20 G,

fz(& k) = ?‘B 2% %2 ) (56)
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Fig. 6. Double-slit interference: Numerical results for experiments (D1) (first row), (D2) (second row), (D3) (third row) and (D4) (fourth row). The trans-
mission rate T(t) (left) until the instant t = 10, the spatial marginal distribution Fgy,(x1,x2) (middle) and the angular distribution P(6) (right) at final time
t =10 are shown. The red blocks sketch the underlying double-slit potentials by taking into account the position +b, the width of slits determined by a
and b, as well as the width in x;-direction determined by « (see Eq. (1)). (For interpretation of the colors in the figures, the reader is referred to the web
version of this article.)
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and two different parameter setups are:

(P1) X?] = —Xgl =3, X12 =x22 = —10, k?] :kg1 =0,k =kp=m,01=3,0,=3;
(PZ) X?l = —Xgl =05, X12 =% = —10, k(l)l Zkgl =0, kz] =k22 =m,01=2,03=3.

The double-slit potential is still set to be (D3). For the parameter setup (P1), the interference for the mixed state appears,
and it is expected that the corresponding pure states also have obvious interference fringes after passing through the
double-slit, see Fig. 10. However, the interference for a mixed state may not appear and this is exactly what is happening
for the parameter setup (P2), see the right plot of Fig. 11. With such parameter setup, the corresponding pure states
prefer to travel across the double-slit rather than to show interference, see the left and middle plots of Fig. 11. In fact, as
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Fig. 10. Simulation of mixed state with parameter setup (P1): The spatial marginal distributions Fgp(x1,X2) at t =0 (the first row) and t = 10 (the second
row). The initial data for the left, middle and right plots are given in Eqgs. (55), (56) and (54), respectively.

we expected from the statement (C2), the maximum difference: maxyea {|FmXD — (p{PureD | p(Pure2)y Hi reaches the
machine accuracy of 1016 for both parameter sets (P1) and (P2), where the initial data for the spatial marginal distribution

F{mixed) i¢ oiven in Eq. (54), while that for F£D (resp. F"*?)Y in Eq. (55) (resp. Eq. (56)).
7. Conclusion

In this paper, we have developed an accurate and efficient numerical method based on an operator splitting for a 4-D
Wigner equation and the method is shown to give accurate interference fringes in quantum double-slit experiments. The
4-D Wigner equation was split into two sub-equations which can be handled by a characteristic method for space-time
variables and a plane wave method for momentum-time variables. The splitting approach allows us to handle the strict
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Fig. 11. Simulation of mixed state with parameter setup (P2): The spatial marginal distributions Fgy,(x1,X2) at t =0 (the first row) and t = 10 (the second
row). The initial data for the left, middle and right plots are given in Eqgs. (55), (56) and (54), respectively.

time step restriction from the higher derivatives in the Moyal expansion for the pseudo-differential operator in the Wigner
equations. The overall scheme can be accurate to any desired order and conserves mass. Our detailed numerical simulation
of the quantum double-slit shows the importance of the proposed high order method in order to produce the correct
physical picture of the interference fringes.
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