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Abstract. A matrix basis formulation is introduced to represent the 3 x 3 frequency domain
dyadic Green’s functions of Maxwell’s equations in 3-dimensional layered media. The formulation can
be used to decompose the Maxwell’s Green’s functions into independent TE and TM components,
each satisfying a scalar Helmholtz equation. Moreover, the interface transmission conditions for the
electromagnetic fields can be reduced to decoupled conditions for the matrix basis coefficients at
interfaces. Numerical results for the electric and magnetic dyadic Green’s functions for a 10-layer
medium show the capability of the proposed formulation.
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1. Introduction. Layered media dyadic Green’s functions (LMDGs) of Max-
well’s equations are commonly used in integral equation methods for studying wave
fields in layered media [5, 11, 1, 3]. These Green’s functions are 3 x 3 tensors which
satisfy Maxwell’s equations or their variants, with certain physical transmission con-
ditions across interfaces between layers. A naive derivation of each dyadic Green’s
function will have 9 unknown entries of the 3 x 3 tensor in each layer whereas the trans-
mission conditions will tangle all the entries together. However, some of the entries
are in fact linearly dependent or even identical. To simplify the derivation and reduce
computational costs, a number of formulations of the Maxwell’s LMDGs have been
proposed, such as formulations using the Sommerfeld potential [12], the transverse
potential [7, 9] as well as the E,-H, formulation [8], the Michalski-Zheng formula-
tions [10], and the pilot vector potential based formulation [4], etc. The Sommerfeld
potential and the transverse potential formulations reduce the number of unknowns
to 5 while the pilot vector potential approach uses merely 2 scalar variables, based on
a TE/TM mode decomposition [4].

The purpose of this paper is to present a theoretically sound general matrix
representation of the 3 x 3 LMDGs of Maxwell’s equations using a linear matrix ba-
sis, providing an alternative formulation, and keeping compatibility with the above-
mentioned known results [12, 7, 9, 4]. Moreover, this same matrix basis can be applied
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LAYERED GREEN’S FUNCTIONS FOR MAXWELL’S EQUATIONS 1711

to study the dyadic Green’s function of the elastic wave equations in layered media,
which will be the subject of a follow-up paper. It will be shown that there are sev-
eral remarkable benefits resulting from using the matrix basis formulation. First, the
coefficients of the matrix basis are all radially symmetric in the horizontal directions,
so that the evaluation of the reflection/transmission coefficients in the layers are sim-
plified. Second, the Maxwell’s Green’s functions can be naturally decomposed into
independent TE and TM components within this formulation, leading to the pilot vec-
tor potential result [4]. Third, the radial symmetry provides convenience in applying
fast solvers, such as the fast multipole method in layered media [13].

The rest of this paper is organized as follows. In section 2, we give an introduc-
tion to the electric and magnetic field LMDGs, followed by a brief discussion of the
general procedure of deriving them in the frequency domain with possible issues to
be addressed. Then, the concept of the matrix basis is introduced. In section 3, we
derive the matrix basis formulation of the LMDGs, with its simplifications for calcu-
lations. In section 4, the electric and magnetic field LMDGs for a 10-layer problem
are numerically calculated using the formulation proposed in this paper and validity
of the computed LMDGs is verified numerically. Conclusion and discussion on future
work are given in section 5.

2. Motivation and matrix basis. In this section, we give a brief discussion
of the challenges in solving the LMDGs of Maxwell’s equations, and introduce the
matrix basis as prerequisites of the rest of this paper.

2.1. The dyadic Green’s functions of Maxwell’s equations in layered
media. The introduction begins with the free-space case.

Let e7™*! be the time dependence of the time-harmonic Maxwell’s equations,
which is omitted in this paper, where w is the angular frequency in time. The source-
free time-harmonic Maxwell’s equations are given by

VXE:iw§7 Vxﬁ:—iwﬁ,

(2.1) B
vV.D=0, V-

s

207

where ﬁ(r), E (r) are the electric displacement flux and the electric field, respectively,
B(r), H(r) are the magnetic flux density and the magnetic field, respectively. The
system of Maxwell’s equations is closed by the constitutive relations, given by

(2.2) D=cE, B=uH,

where € and p are the permittivity and permeability of the medium, respectively.

In addition, certain constraining conditions at infinity must be satisfied. In the
free space, the dyadic Green’s functions obey the Silver—Miiller radiation
conditions [1]

(2.3) FxVXE—ikE|=00r"2), |#xVxH-—ikH|=0@r"?)
as r = |r| = oo, where ¥ is the unit direction along r.

A magnetic vector potential fl’(r) for the magnetic field H satisfying the Lorenz
gauge condition [1] is used to represent E and H as follows,

a v\ - o 1 -
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where I is the 3 x 3 identity matrix, k£ is the wave number defined as

(2.5) k= +v/w?ep.

From Maxwell’s equations (2.1), the constitutive relations (2.2), and the Lorenz gauge
condition, one can show that A satisfies the Helmholtz equation

(2.6) VZA+ KA =

The choice of the vector potential A is not unique. In fact, given any function ¢ €
C?(R?) satisfying the Helmholtz equation V*¢+k*¢ = 0, we can replace Aby A+V¢
in (2.4) to give exactly the same E and H.

Based on the vector potential representation, the dyadic Green’s functions for
Maxwell’s equations are defined using a 3 x 3 potential tensor G 4(r;r’) such that the
electric field dyadic Green’s function Gg(r;r’) and the magnetic field dyadic Green’s
function G (r;r’) are represented by

\AY% 1
1
respectively, where r’ is the coordinates of the source point, and the partial derivatives
are taken on the coordinates of the field point r. According to (2.6) for the vector
potential A, the potential tensor G4 is defined as the solution to the Helmholtz
equation

1
(2.8) V2G4 +k*Ga=——6(r—1')L
1w

For the same reason mentioned above, G 4 is not unique. The solution G 4 = Gf4 to
(2.8) in the free space is given by

1 6ik|r7r/\ 1
(2.9) Gl(r;r') = Wi v ng(r; r')L,
where ¢f(r;r’) is the free-space Green’s function of the Helmholtz equation.

In layered media, the piecewise geometry is considered. In this paper, suppose a
horizontally layered medium has L+ 1 layers indexed by 0, ..., L from top to bottom,
respectively. The interface between layer [ and layer [ + 1 is given by z =d;, 0 <1 <
L — 1. The material parameters are piecewise constants

(210) EZEj, H = Kj, jZO,,L

For the rest of this paper, we include the layer index to the subscript of any layer-
dependent variable or function to represent its value specified in that layer, e.g., the
wave number in layer j is then

(211) k‘j:\/wQEj/J/j, jZO,,L

When there is no confusion, the layer index is sometimes omitted even if the variable
is a piecewise constant function of z in layered media.

The dyadic Green’s functions in layered media are generally proposed in the
same manner as in (2.7) and (2.8), but with certain different restrictions. The up-
ward /downward outgoing radiation conditions [2] ensuring |E| — 0 and |H| — 0 as
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z — 00 are necessary, as well as the transmission conditions [1] across each interface
between adjacent layers

(212) [nxGg]=0, [en-Gg]=0", [nxGy]=0, [un-Gy]=0",

where n = e3 = [O 0 I]T, [-] is used to represent the jump of the value at the
interface, i.e., across the interface z = d,

(2.13) [/1 = Jim f— lim f.

2.2. Finding the dyadic Green’s functions in layered media. A common
way to solve the electric field and magnetic field LMDGs is taking the 2-dimensional
(2-D) Fourier transform, solving the reflection/transmission tensor coefficients for each
layer in a linear system in the Fourier frequency domain, and finally taking the inverse
Fourier transform. Consider the interaction between a source r' = (a/,y,2’) and a
target r = (z,¥, z), both off all interfaces. The 2-D Fourier transform for a function
f(z,y) from (x — ',y — y') to (ks, ky) is given by

1 // eikx(w—z’)ﬁky(y—y')f(kmky)dkmdky_
RQ

2.14
Let (k,, ) be the polar coordinates of (ks, k), i.e
(2.15) ky =k,cosa, ky=kysine, k,€[0,00), acl0,2m).

In the frequency domain with coordinates (k,, k,), the Helmholtz equation (2.8) be-
comes an ordinary differential equation definedpiecewisely in each layer. Solving this
ODE leads to the separation of thez variable,

(216) Gy = e**Gl (ky, ky; 2) + e **GY (ke ky; 2/), X = A E, H,
provided z # 2’, where
(2.17) ke = /K2 — k2.

By using Faraday’s law Gy = (1wu) 1V >< G g, each of the interface equations (2.12)
becomes a linear equation of G! p and G in the frequency domain. For example, in
the jump condition brackets of [n x G H]]

[k 0 ik o [t 0 ik
(2.18) n x Gy = iwu 0 —ik, ik, |Gl + < el R G,
0 0 0 0 0 0

and the top-left entry of the interface equation [nx Gy = 0 at z = d; in the frequency
domain becomes

eikz,di 1 11 T(13 ikz,1du T(11) $(13)

_ ( ik GI0Y + ik, G )+7(lkzlG +ik, G )

Wy 1wy

eikz,l+1dl ( T(13 1kz,l+1dl ~ (11 13
= (k.G ik, G ) (k GIOD 4 i GY >)

w1 ( Mol El“ + Bi+1) t i TR TS En

which involves the unknown coefficient functions from layer [ and layer [ + 1. In
addition, the radiation condition in layered media [2] prohibits incoming waves from
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z — F00 in the frequency domain, i.e., é L= é E,0 = 0. It is these linear equations
that build up the linear system for all the GE and Gi unknowns.

Once the unknown coefficients G and Gi from each layer are solved, the inverse
Fourier transform is taken to get the LMDGS in the spatial domain.

For practical applications, a few issues arise from the above procedure. First,
some existing integral equations have been proposed using the potential tensor G4
(e.g., in [10]), but solving G4 is not trivial. On the one hand, by setting up the
linear system to solve G as described above, there’s no explicit connection from the
solution Gg to G 4. Moreover, the solution to a linear system with respect to G4 is
not unique. N N

Second, in each layer, as there are a total of 18 unknown entries of G]TE and G%,
it is desirable to simplify the linear system before being analytically solved.

Third, the 2-D inverse Fourier transform should be transformed into single vari-
able integrals such as Hankel transforms to reduce numerical complexity. In 2-layer
and 3-layer media, it was shown in [6] that entries of LMDGs in the frequency domain
can always be written in the form

(2.19) Zp] - qj (b, ky),

where each p;(k,) is radially symmetric in the k,-k, plane, and each
(2.20) 6 (ks ky) € {1 ko, by, K2, Kaky, K7}

The inverse Fourier transform will then be reduced to Hankel transforms up to sec-
ond order; see Appendix A. It remains to be shown that such a property holds for
arbitrarily many layers.

So far, formulations including the Sommerfeld potential [12] and the transverse
potential [7, 9] require the solution of a linear system of GL and Gj by forcing 4 of
the 9 entries of G 4 to be zero so that the solution becomes unique, hence resolving the
first issue, but these formulations do not take the radial symmetry into consideration,
so the subsequent computation is still tedious as the number of layers grows.

The pilot vector potential based formulation [4] was able to handle the second
and the third issues. The derivation of the LMDGs in the frequency domain is much
simplified so that solution of only two unknown coefficients per layer is required. As a
result, Hankel transforms of up-to-second order will be sufficient for arbitrarily many
layers. However, there is room for improvement beyond the theory of the pilot vector
based formulation as in this work a rigorous proof was not provided, it doesn’t attempt
to solve G 4, and, moreover, the decomposition techniques might not be applicable to
other tensor Green’s functions, e.g., for the elastic wave equation.

In the following sections, we will introduce a matrix basis formulation for the
LMDGs in the frequency domain with a rigorous theoretical framework and all the
above issues are resolved.

2.3. Theories of the matrix basis. The goal of the matrix basis is to represent
the LMDGs in the frequency domain with radially symmetric coeflicients, i.e., they
depend on k, but not the polar angle « of the (k;, k) pair.

PROPOSITION 2.1 (The matrix basis). The matrices J1,...,Jg, when treated as
3 x 3 tensor functions of k; and k,, are linearly independent:
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(2.21)
1 0 0 ik,
J = 1 , Ja= 0 , J3= 0 iky|,
L 0 1 0
[ 1 [ —k2  —kyky O 0 0 0
Ja=[0 0 0f, Js=|-kky —k; 0|, Jeg=| 0 0 o0f,
liky ik, O] 0 0 0 —ik, ik,
[0 0 ik, ] (kg key kfj 0 0 0
J;=10 0 —ikg|, Js= |-k —kyk, 0|, Jo=[-1 0 0
0o 0 0 | | 0 0 0 0 00

Proof. Divide 3 x 3 matrices into 4 blocks with a 2 x 2 block on the top-left corner.
Each J; matrix is only nonzero in one of the 4 blocks. Hence, it suffices to show the
result for each block. To justify that Ji, J5, Jg, and Jg are linearly independent,
by listing their entries as column vectors of a 4 x 4 matrix in the same order, it’s
straightforward to check that

1 —k2 kk, O
0 —kok, K 1

det = k.
0 —kgk, —k2 -1 r
1 fkg —kzky O
The proof for the other blocks is trivial. 0

An important feature of this matrix basis is its closeness in matrix multiplication.
Let K be any field of functions of k, and k, such that

(2.22) k2 =kI+k, €K
Define the vector spaces with coefficients in K:

SR(K) = spanK(Jl, e ,J5),
(2.23) J(K) = spang(Js, . ..,Jg),
DJT(K) = SpanK(Jl, e ,J5,J6, e 7.]-9).

Then,
(2.24) M(K) = R(K) @ I(K)

is a direct sum. Moreover, R(K) and M(K) are rings with matrix addition and matrix
multiplication. This is because

I=J,+J ¢ ER(K) C W(K),
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and that the product table of the matrices Jq,...,Jg

(2.25)
ar ... JQT]T. (3, - o]
[J, O Js 0 Js 0 J: Js Jo ]
0 J, 0 Jy 0 Js 0 0 0
0 Js 0 Js 0 Js—k2J9 O 0 0
Jy 0 —k2Jy 0 —k2y 0 0 0 Js
=|Js 0 —kJs 0 —kJ;s 0 0 0 Js—k2Jg |,
Js 0 0 0 0 0 K23y —k2J4 -Jy
0 J; 0 Jg 0 kI +J5 0 0 0
Js 0 K2J; 0 —k2g 0 0 0 k231 = J5
| Jo O J: 0 —Jg 0 ~Js J5 -Ju |

ensures the matrix multiplication is closed in both M (K) and 2R(K).

If ky, ky € K, then Jy,...,Jg € K3*3, and 9M(K) = K3*3 due to linear indepen-
dence.

The distinct properties of the groups J1, ..., J5 and Jg, . . ., Jg in the product table
(2.25) remind us of the products among the real numbers and the pure imaginary
numbers, which explain the above adopted notations R and J. The product rules
similar to that of complex numbers are summarized below.

PROPOSITION 2.2 (The product rules).

If A € R(K), B € R(K), then A - B € R(K).
If A € R(K), B € I(K), then A -B € J3(K).
If A €I(K), B € R(K), then A -B € J(K).
If A €3(K), B €I(K), then A-B € R(K).

The proof is trivial. R R

To study the linear systems of the coefficient matrices G; and Gﬁ(, we further
consider block matrices whose blocks are 3 x 3 tensors that are represented using the
matrix basis Jq,...,J9. We begin with the notations of the block matrices. For any
p,q € N and any field K containing k;g, define the linear spaces of block matrices as

9
(2.26) Mpug(K) =4 > K;@J; : K; e KP¥1<5<9
j=1
5
(2.27) Rprg(K) =4 > K; @ K; eKP*1<j <55,
j=1
9
(2.28) TpxgK) =Y K;@J; : K; e KP¥96<5 <953,
j=6

where ® is the Kronecker product. Any Z?Zl K;®J; € M,«q(K) is a 3p x 3¢ matrix
consisting of 3 x 3 blocks in MM(K). By applying the direct sum decomposition (2.24)
to each 3 x 3 block, we get the direct sum decomposition of the block matrices

(2.29) fmeq(K) = SE{qu(K) ® ijq(K)'
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Moreover, the product rules for block matrices are easily generalized as follows.

PROPOSITION 2.3 (The product rules for block matrices). Let p,q,r € N.
If A € Rpur(K), B € R,y (K), then A - B € R,y (K).

If A eRypur(K), B €T, y(K), then A-B € T,y (K).

If A €7, (K), B€R,«,(K), then A-B € J,x,(K).

If A €7, (K), BETJ,(K), then A-B € R,y (K).

Proof. We will only take the second proposition as an example. Suppose

9
(2.30) A= ZA ®J;, B=) Bi@lJ, A;eK’, B K™
=6

The matrix product is given by

9
(2.31) A-B=) ) (AB)®J,),
j=11=6
where each A;B; € KP*? and each J;J; € J(K) by the product table (2.25). There-
fore, A - B is a 3p x 3¢ block matrix with every block in J(K). d

It will be shown in the next section that there exists a solution of (A-}T4 and éfq
such that in each layer they can be represented as a linear combination of Jq,...,J5
with radlally symmetrlc coefficients. This will be fulfilled with the setup of a hnear
system of G' 4 and G, % whose coefficients have the same property, while the following

“solution filtering” theorem ensures the existence of such a solution.

THEOREM 2.4 (solution filtering). Let p,q,r € N. Let K be a field of functions of
ke and k, that contains k2. Suppose Ac Rpxr(K) and B € R, (K) are coefficients
of a solvable linear system i.e., A - X = B for some 3r x 3q matriz X. Then,
there exists a “filtered” wversion of block matriz solution X, € R, «q(K) such that
A-X, =B.

Proof. See Appendix B for the proof. 0

3. The matrix basis formulation of LMDGs. In this section we will derive
the matrix basis formulation of the LMDGs Gg and Gy in the frequency domain of
the 2-D Fourier transform (2.14). Then, the formulation will be applied to simplify
the computation of the LMDGs.

Let F be a sufficiently large field of functions of k, and k, that are radially
symmetric, whose precise definition will be described in Appendix C. In general, all
radially symmetric functions of k, and k, that we will see in this section belong to F.
It will be shown in this section that GE € R(F) and Gy € J(F) in each layer, and
that there exists a choice of the potential tensor G 4 that is from SR(F), by forming a
linear system of G 4 and applying Theorem 2.4.

3.1. The reaction field decomposition. Suppose r = (z,y, z) locates in layer
t, and v’ = (2,9, 2') locates in layer j. The default layer index is set to be the index
t of the target layer when not specified. R

We begin with the separation of the z variable from the tensor Gx, X = A, E, H,
in the frequency domain of the 2-D Fourier transform as introduced in (2.14), which
will lead to a reaction field decomposition. Recall that the right-hand side of the
Helmholtz equation (2.8) is zero if v’ and r are from different layers, i.e., j # t. Define

(3.1) (A}&(kx,k;y,z; Z') = (A}X(k;x,k;y,z;z’) - 5j,t(A}g<(k;I,k;y,z; 2'),

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Where ;¢ is the Kronecker delta function, G x is the Fourier transform of G given
n (2.9), and by (2.7). The complementary part G is called the reaction field, and
satisﬁes a homogeneous Helmholtz equation

(3.2) V3G +k2Gy =0, Qe 8..GY + (k2 — k3G =0,
where
(3.3) V= ik, ik, 9]0

if applied to a function of z. Define
(34) kz = k% — k%?

where the square root takes a nonnegative imaginary part. The general solutions to
(3.2), when treated as an ODE of z, is given by

(35) éfX = eikzzé;?(km,ky;z/) + e—ikzzéri(k k Z Z eT 1k2zGr*
*e{1.4}

where (A}r)? and (A}r)f are piecewisely constant with respect to z, and
(3.6) T=+1, tr=-1, xe{nl}.

The 7* notations are also used in the rest of this paper.
In total, we have

(3.7) Gx = Gl +**Gl + e **GY, X =AE H,

which is called the reaction field decomposition of G X, as this decomposition separates
the free-space part and the reaction field part, and distinguishes the wave components
by propagatmg upwards or downwards in the vertical direction. In addition, we call
terms e ik= ZG and e’ Viks ZG ™ the reaction components of GX

We can also write G ina blmﬂar form

~ 1 . ’ 1 AU / 1 N ,
3.8 Gf _ ik, jlz—=z |I _ {z>2'} ik, ;j(z—2 )I {e<2'} ik, (= 72)1
( ) A 2wk‘z,j6 20Jk‘z,j ¢ + Zwkm €

when 2’ # z, hence getting a unified expression
(3.9) G, = eikzz(:ﬁ4 + e‘”“zz(j‘rf4

as was used in (2.16), where

/

. !
—ik. jz ik, ;jz

e

3.10 Gl =6, c
(3.10) Ga =05l 2wk ;

1+GY, GY= 6]t{z<z}2k 1+ GY

assuming z #d;, 0<i < L—1, and z # 2'. TSimilAar expressiPns for éE and Gy can
be derived following (2.7). We call terms e” lkzzG} and e” lkzzGﬁ( the propagation
components of Gx.

Remark 3.1. In our previous work on the Helmholtz equation in layered media
[13, 15, 16], the 2’ variable was also separated out, so that each reaction component
was further decomposed according to the “propagating direction” of z’.
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3.2. The constraining conditions under a matrix basis. Next, we will
reformat the interface equations and the radiation conditions of the LMDGs in the
frequency domain as a linear system of G 4 _using the matrix basis Jy, ..., Jg.

In the frequency domain, the LMDGs G g and G g are given by

- Vs A 1o 4

respectively. Moreover, we may use vectors
(3.12) VE = [ik, ik, Hik]”

to take the place of v provided there is a separation of the z variable. Thus, G g and
G can be represented using the propagation components of G4 as follows:

& VHEDTY sear | -\ A
Ggp =iw (I + (kQ)> elkzng + iw <I + % e—lkzsziL‘

, ko ke g Gks g\ kg
(3.13) = iw <J1+ e+ k2J5+ st kQJ k2 Gy

. k'2 1 ik, ik, —ik.znl
+ 1w <J1+k2J2—|—k2J ﬁ']?)_ﬁi]ll e k= GA’
1~ PN ~ G~
Gu = 9+ x =@, 4+ 2§ x e h-2GY
(3.14) / e o
. (J6 + I7 — ik Jg) eF2 G, + p (J6 + J7 +ik.Jg) e =G,

It’s clear that in the above representation, coefficients of the matrix basis are all radi-
ally symmetric, hence are in I, as assumed 1n the beginning of this section. Moreover,
Gy is a linear combination of GA and G with coefficients in 2R(F), and Gy is a
linear combination of GIZ and Gﬁ‘ with coefﬁments in J(F).

The n- and nx operators in interface conditions (2.12), given n = es, are con-
verted to their equivalent matrix forms in the frequency domain, respectively, as

(3.15) [3:Gg] =0, [6J,Gg]=0, [JoGy]=0, [uJ:Gpy]=0.

Here, we compare the first equatlons of (2.12) and (3.15) as an example to show the

equivalence. Let v = [vl Vo ] be any column of GE The first equation of
(2.12) is equivalent to the continuity equations of n X v.=e3 x v = [-vz v O]T,

while in the first equation of (3.15), J;v = [’Ul Vo O] T. Both of them are equivalent
to the continuity equations of v; and vs.
Specifically, in the brackets of (3.15),

- 1 ik 1 ik 0\ _ikea
J,Gp =iw <J1+ —Js 12J3) k=2 G+ iw (J1+ —Js Jg) kG,

k2 k250 k2
~ k‘ lk - . k lk —ik.z N
eJoGE = iwe (ngQ—‘erJ > lkzzGL—i—lws (kg.]Q—kQJ ) ik Gj,

G 1 ket 1 L
JgGH = _; (J3 _ lszl) elkzzGL . ; (JB + lszl) e*lkzzGi’

NJ7€;H (/f?)Jl + J5) eikzzé;& + (kﬁng + J5) e—ikzzéi‘.
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The particular choice of Jg and J7 in (3.15) allows us to just use Ji,...,J5 in the
above expressions. When imposed on any interface z = d;, each of the equations in
(3.15) is a linear equation of G% ; and G7 ;,, with coefficients in R(F). Here, we take
the last one as an example. Due to (3. 10) from the reaction field decomposition, in
the continuity equation of uJ7GH, the quantity on the z — d side is

(3.16) (K231 4+ 35) e®= 2G| + (K231 + J5) e H=2GY,

. /
—ik. ;2

— (23, +35) (G +6.1 C (3,4 3y) | ek

. /
ik. jz

AT € —i z
+(l€§J1 +J5) <G’i7l+5j’l1{dl<zl}2wk (Jl +J2)> e ik ,
E2Y)

which is seen to be written using elements of R(F) as coefficients. The same result
applies to the z — d; side in layer I + 1. So the jump equation itself at z = d; will
also only involves elements of R(F) as coefficients.

For the upward/downward outgoing radiation conditions [2], it suffices to describe
them in the frequency domain as decay conditions of Gg and Gy as z — 400, so
that waves never come from z = 4o0o. Such conditions are sufficient to uniquely
determine the dyadic Green’s functions. In the top layer, by (3.13), the downwards
propagation components of Gg and Gy must be zero, as their asymptotic behaviors
are determined by the e~1#=.0% factor, so

) k2 1 ik, o ik, 0 ~
(317) 1w <J1 + k‘2J2 =+ ]{,‘QJ - kg J3 - k‘g J4 G:LA,O = 07
]_ ~
(3.18) m (J6 +J7 +ik. 0d9) G,iax,o =0,

where Gﬁ‘ 0= G o when z > 2/. We claim that we can safely discard (3.18) and
only keep (3.17). In fact, any solution to (3.17) will be a solution to (3.18) as well.
This can be shown with the following observation that

k2 1 ik, ik,
w<J1+k2J2+ Sl S CHV P2 )

kg k2 k2
: k=0 —k,
1w
] 0 | [kakso kykeo K2+ | ko | [“haky K2+K2o kyk.o
ks 0

has rank 2, and that the solution space of (3.17) exactly consists of

~

(3.19) Gly=V5 T

for an arbitrary 3-dimensional (3-D) vector v, where @J = [iky ik, —ik. O}T as
introduced in (3.12). It’s then straightforward to verify these solutions satisfy (3.18).
It is worth mentioning that the coefficient matrix of (3.17) is an element of R(F).
Similarly, as z = —oco we get another equation in the bottom layer,
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, k2 ik, 1 ik, 1
(3.20) 1w <J1+k2J2+l€2J5+ k2 J3+ k2 J4 GEL—O

where CA-}RL = (A};T)L when z < 2.

Finally, all the constraining conditions, including the interface conditions (3.15)
and the radiation conditions (3.17) and (3.20), together consist a linear system of
the unknown tensors Grjt in the reaction field for 0 < ¢t < L and * € {1,|} with
coefficients as 3 x 3 blocks in R(F). They are in general sufficient to restrict all the

4 ¢ terms. By Theorem 2.4, there exists a solution to this linear system with each
unit of the block in R(IF), i.e., each é;‘ﬂ éfj € R(F) piecewisely in each layer. Thus,
for this solution of G 4 we have

(3.21) G € R(F).
It follows from (3.13) and the product rules Proposition 2.2 that
(3.22) Gp € R(F), Gy €I(F).

3.3. Computing LMDGs using the matrix basis formulation. Once the
existence of a solution G4 € R(F) is guaranteed, we can apply this formulation to
simplify the derivation of the LMDGs by revisiting the constraining equations (3.15),
(3.17), and (3.20) discussed above.

As shown in the previous section, we can assume that Gr* € REF),x € {1, }}
with the following basis expansion

(3.23) Zal I, o+ € {11}

Following (3.7), we define
(3.24)  ay(k,, 2 2') = 8;0af (kp, 2; 2" ) +eP=2a) (ky; 2 ) 4o R=2a) Ky 2'), 1< 1<5,

where a! are the matrix basis coefficients of the free-space potential tensor (3.8) and

d ~ 1 . !
f _ f _ ik jlz—z"|
(3.25) Y ald = G = o @),

Then, we have obtained the matrix basis expression for

5
GA = Zal.]l
=1

using a reaction field decomposition (3.24) in each a;. It is straightforward that each
coefficient a; satisfies a Helmholtz equation

(3.26) O..a1 + k*a; =0

piecewisely in each layer, provided z # 2.
The potential tensor G4 is still not uniquely determined even with the matrix
basis representation. For instance, for any functions fi, fo € C?(R3?) satisfying the
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Helmholtz equation V2f; + k*f; = 0, j = 1,2, by adding the frequency domain
equivalents of V(0 f2), V(9y f2), and V f1 to the first, second, and third column of
G 4, respectively, we get a potential tensor

(3.27) G'a=Gu+0.11do+ [1J3+ 0. foda+ foJs,

which can be used as an alternative choice for G 4. To eliminate these two degrees
of freedom, we define functions by, b and b3 that are independent of the difference
between G4 and G’ 4 mentioned above, by the following linear transforms of a;:

bl(kpv Z3 Z/) = ai,

1
(328) b2(kpv zZ5 Z/) = ; (Clg - 8za3) N

1
bs(kp, z;2') = ; (3za1 + k§a4 - kg@za5) .
Each b; remains a piecewise solution to the Helmholtz equation
(3.29) by + K20y =0, 242,

By substituting into representations of G and Gy (see (3.11)) using the matrix
basis coefficients, i.e.

~ VT & PO P
GE:lw I+7 lz:;alg]l, GH:;VX;alJb

we get representations of G g and G g using by, bs, and bs,
iw

~ k2
Gg = ﬁ (/{iZlel + ,u]{igngz + ,uazbg.]3 + pbsJy + (lff,bl + ki%azbg) J5) ,

(3.30) ) )
Gy =— (leG + pbed7 + <262b1 - :“2[)3) I8 — 82b1J9> ’
w ks ko

which shows that by, ba, and b3 are sufficient to represent the desired LMDGs.

To produce a more efficient method evaluating the functions b; in layered media,
l =1,2,3, we consider their reaction component decompositions. Corresponding to
(3.24), we can expand each b; as
(

3.31) by = 8546 (kp, 23 2") + %200 (ks 2) + e TR0t (ke 2),
where
1 1
bi=af, b= M (ag — azag) , bk = M (8Za§ + kiai — ki@zag) ,
(3.32)

1 1
. . 2 2%
b =al*, by == (ay" — trik.a), by = m (t*ik.ay" + kpay" — k‘pT*lkzag*) ,

x € {1, 4}, 77 = 1, 7+ = —1. Specifically, since G!; = ¢'/(iw)I was chosen as the
free-space component, it’s clear that

(3.33) o == Lg b =af=di=0,
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. /!
where g' = ielf=12=2'1/(2k, ;). Therefore

1 11 11
(3.34) b= E/g\f, b, = E#—j/g\f, bt = E;jazgf = —0_1bh.
The last equality holds provided g is indeed a function of z — 2’.

Next, we would like to revisit the constraining equations. One can easily verify
the interface equations (2.12), which are reinterpreted in the frequency domain as
in (3.15), are equivalent to much simplified forms after comparing the matrix basis
coefficients. For example, using

Ji-Gp =iw (hJ1 + w271 9.02T5 + (K, 2by + w27k, 20.b3)T5) |
the continuity equations
[iwb] =0, [iw e '9.bo] =0, [iwk, by +iw e~ k,?0.b5] =0,

are revealed. After removing constant factors from these equations, a complete list of
the interface conditions are given below,

Hl’l X GEH =0« HJl . CA}E}] =0<& Hbl]] = 0, |:|:iazb2:|:| =0, |:|:iazb3]:| = O;

(as) ™ Gp] =0 [J>-cGp] =0 & [b] =0, [bs] = 0;

[nxGu]=0x [Jo- Gyl =0« [by] =0, [bs] =0, [Bazblﬂ =0;
[in-Gp) =0« [J7- uGpy] =0 < [b1] = 0.
The vertical outgoing radiation equations (3.17) and (3.20) are reduced to
(3.36) g =0, by =0

in the top and the bottom layer, respectively, i.e., waves coming from z = +oo are
prohibited in the reaction field. Clearly, in these equations by, b, and b3 are not
coupled anymore. For each b;, the above has a total of 2L + 2 linear equations of bf
and b’lrL from L+ 1 layers. From the knowledge of the (scalar) acoustic wave equation
in layered media, we know these linear systems are solvable:

e iwb is exactly the reflection/transmission coefficient in the frequency domain
of the LMDG of the Helmholtz equation, with piecewise constant material
parameters 1/e. Thus, we can solve by in the frequency domain like solving
the known scalar layered Helmholtz problem [15].

e Similarly, iwp;bs is exactly the one with piecewise constant parameters 1/p.

e The linear system regarding by" has exactly the same coefficients as b5" for
the unknowns. Since b5* are uniquely determined by a physical problem, the
solution of b5* must also exist. Moreover,

(3.37) — 0_1by = —0_10;,,by — %70 b — e =70 bk,
which satisfies every equation that bz should satisfy, so by uniqueness,

(3.38) bg* = —82/ 5*, i.e., b3 = —(‘3zlb2.
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By (3.38) we can also represent the LMDGs éE and éH using only b; and bo
functions:

(3.39)
L w (o, 2 P 9 L
Gp = o k20131 + puk2bado + p10.boJs — 40 sbaJs + I?gbl — kiz .0 1b3 | J5 ),
~ 1 1 u
Gy =-— <b1J6 + pbaJ7 + (28251 + 28Z/b2> Js — 32b1J9> ’
H kp kﬂ

Remark 3.2. Functions b; and by correspond to the TE mode component and the
TM mode component in the pilot vector based formulation [4], respectively.

Remark 3.3. In some situations such as the half-space problem with the imped-
ance boundary condition on the infinite planar boundary, the interface conditions are
not exactly in the form of (2.12), but the result of the matrix basis formulation still
holds with a similar derivation.

Remark 3.4 (modes of the system). A mode of the layered medium is an eigen-
state without stimulation from any given source, corresponding to a nontrivial solution
of G satisfying the above constraining equations for certain (real or complex) values
of k,, with each éfq replaced by 0. Such a value of k, corresponds to a pole in the
frequency domain [16]. In such scenarios we can still derive the simplified formulation
but using all three functions by, by, and b3.

3.4. The Sommerfeld and the transverse potentials. We take a quick re-
view on the Sommerfeld potential [12] and the transverse potential [7, 9] formulations,
which can be the choices of G4 practically used in an integral equation, and show
how to interpret them with the matrix basis formulation. R

Both formulations restrict certain 5 entries of the 3 x 3 tensor G 4 to be nonzero,
which uniquely determine the tensor potential. Here, we claim that the potential
tensors in these formulations are indeed in PR(FF), and can be derived using by and by
functions. Due to the uniqueness of b; and bs, it suffices to explicitly construct them.

The Sommerfeld potential takes the form

X
(3.40) G5 = X ,

X X X

where each x marks a nonzero entry. We claim 64?4 =a1J1 +aJa+a4Jy. By (3.28),

1 1
(3.41) by =ai, by=—ay, by=—0,by=—(0.a1+ k3as),
M i % ’
SO
0.1by + 0,0
(342) a; = b17 ay = Iub2’ ay = _M

2
ks
Meanwhile, the transverse potential takes the form

X X
(3.43) GY =[x x ,
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and we claim 6‘:2 = a1J1 + aJ2 + asJs5. By (3.28),

1 1
(344) b1 =4aq, b2 = —Aag, b3 =-0 /b2 = 7(82041 - k25‘za5).
p z ju P

Since ay, b; satisfy the Helmholtz equation (3.26) and (3.29), respectively, we have

/Laza /b2
(345) ay = bl, ag = ,ubg, as = b1 - Tk’;
p'vz

Remark 3.5. In the transverse potential (A}f4, although the coefficient as has
a ki factor in the denominator, there’s no singularity in the integrand of GY% at
k, = 0 since they can be canceled out with the entries of J5 (by uslng the (k,, a)
polar coordinates). The same happens to the Sommerfeld potential G , but it’s not
explicitly shown in the expression of a4J4. Numerically, we should take some care if
small values of k, — 0 are required.

4. Numerical results of the Maxwell’s dyadic Green’s functions in a
10-layer medium. The matrix basis formulation (3.39) using coefficient functions
bi(ky, z;2") and ba(k,, 2; 2') in the frequency domain can be used to accurately calcu-
late the LMDGs of Maxwell’s equations. Consider a 10-layer problem for the numeri-
cal validation. The geometry of the layered medium is defined by horizontal interface
planes z = d;, 0 <1 < 8, in descending order, as

{d}}%_,={0.0, —1.0, —3.0, —7.0, —-80, —10.0, —11.0, —13.0, —14.0},
(4.1)

separating the space into layers with index 0,1,...,9 from top to bottom. Suppose
layers 0-9 have constant relative permittivity

{e)}_o ={1.27, 3.25, 341, 57, 152, 3.691, 1.2, 3.5, 2.1, 3.3},
(4.2)
respectively, and constant relative permeability

{m}y_o = {1.05, 0.95, 1.05, 3.95, 10.05, 6.22, 9.97, 3.2, 10.0, 1.0},

(4.3)
respectively. The time frequency w = 1.0. A dipole source is placed in the fourth
layer at r’ = (0.0,0.0, —4.23), orientated along the direction &' = (1/2,1/2,1/v/2).

In the evaluation of the LMDGs, the free-space Green’s functions can be computed
using their closed analytical forms. Meanwhile, for the reaction field, a recursive
scheme to compute each reaction field component of b; and by can be found in the
appendix of [14] with minor modifications. The 9, and d_s operators are converted
to +ik,; and +ik, ; factors, respectively, for dlfferent field propagation directions.

To compute the inverse Fourier transforms of G r and G H, we convert them into
Hankel transforms; see Appendix A. Each Hankel transform is computed on a trun-
cated contour in the fourth quadrant to avoid singularities in the integrand, as the
tail of the integrand decays exponentially. To be specific, the contour of integration
consists of two lines connecting 0, —3i, and 720. The line from 0 to —3i is equally
divided into 2 segments, and the line from —3i to 720 is evenly divided into 98 seg-
ments. On each segment, we use the Gauss—Legendre quadrature with 24 quadrature
points to compute the numerical integrals of the Hankel transforms.

Figure 4.1 shows the real parts and the imaginary parts of the components of the
electric field on the plane z = 0.2 for —5.0 < y < 5.0 and —14.5 < z < 0.5. Figure 4.2
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Fic. 4.1. Electric fields in a 10-layer medium described in section 4. Fields are computed along
z = 0.2 for =5.0 < y < 5.0 and —14.5 < z < 0.5. The contouring level is clamped to the range
(—0.05,0.05) for a clearer illustration of wave pattern and avoiding the peak values near the source,
which is located in the fourth layer at v’ = (0.0,0.0, —4.23) with an orientation along the direction

&' =(1/2,1/2,1/V2).

shows the magnetic field in the same domain. In these figures, the computed electric

field and magnetic field values are clamped to the range (—0.05,0.05) for clearer

illustration since the reaction field is overall smaller compared to the free-space part.
The validity of the results for the dyadic Green’s functions will be confirmed by

numerically verifying the interface conditions and Maxwell’s equations; meanwhile the

upward /downward outgoing radiation conditions [2] at infinity are imposed explicitly

in (3.17) and (3.20) as also indicated by the fields shown in Figures 4.1 and 4.2.
First, across the interface planes, the continuity conditions are given as

(44)  [E:] =0, [BEy]=0, [eE:]=0, [H:]=0, [H]=0, [pH.]=0

from (2.12). We compute the values of E,, E,, ¢E,, H,, H,, and pH, from each
side of the interface plane z = d; at certain (x,y) pairs within the square [—5.0,5.0] x
[—5.0,5.0] which form a 101 x 101 uniform grid, then pick the maximum relative error
of the value jumps for each term, respectively. Namely, define

(4.5) elE,x = max |Ex($payqa di +0) - Ex(xpquadl -0)|/ |Ez(xp7yq’dl +0)[,
0<p,q<100

elE,y = Ogg,lfgxloo |Ey(Tp, Yg, di + 0) — Ey(zp, Yg, di — 0)| / | Ey(2p, yg, di + 0)],
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F1c. 4.2. Magnetic fields in the 10-layer medium as described in Figure 4.1.

€p,, = _Max le1 B (p, Ygs di + 0) — €111 Ex (2, Yg, di — 0)| / €1 £ (2p, yg, di + 0)]
0<p,q<100

elH,z = max |Hx(5¢payq’dl +0) — Hx(xpayq’ di—0)|/ |Hx($1’7yq’dl +0)[,
0<p,q<100

elH,y - OSE}(%OO |Hy(2p, Yq, di +0) — Hy(xp,Yq, di — 0)| / | Hy(2p, yg, di + 0)],
1

eH,z = max |/Lle(mpayq’dl + O) - Ml-ﬁ-lHZ(mpqua dl - 0)| / |/1’lHZ(xp7yqadl + 0)' )
0<p,q<100

where | = 0,1,...,9, 2, = —=5.0+ 0.1p, and y, = —5.0 + 0.1¢, p,q¢ = 0,1,...,100.
Indeed, elE’m = ele and elH,z = eﬁq,y in this test problem because of symmetry.
Table 4.1 shows the relative errors eﬁg,z, elE’z, eﬂqﬂc, and eiq’z defined above, which
are bounded by 3.4e-09. When only counting the interfaces from nonsource layers,
the absolute errors are bounded by 5.6e-12. Figures 4.1 and 4.2 also indicate the
continuity of computed E,, E,, H,, and H, across interface planes, as well as the
expected discontinuity of F, and H,.

Within the layers, we use a finite difference scheme to approximate the differential
operators in (2.1) and check the residuals of the discretized homogeneous Maxwell’s
equations by the reaction field components in the computed dyadic Green’s function.
As the free-space components satisfy analytically Maxwell’s equation with the singular
dipole source in the source layer, there is no need to include it in computing the
residual. Specifically, we define the residuals for the reaction fields as follows,

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/05/23 to 129.119.67.75 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1728 WENZHONG ZHANG, BO WANG, AND WEI CAI

TABLE 4.1
Mazimum relative error of the continuity of Fyx, Ey, eE,, Hy, Hy, and nH, across interface
planes z = d;, 0 < 1 < 8, for 10201 (z,y) coordinate pairs in the range of [—5.0,5.0] X [—5.0,5.0].
The dipole source locates in the fourth layer (no. 3).

l l l l

l eE,z 6E,z eH,z eH,z

0 3.77e-12 2.20e-12 4.58e-13 2.71le-13
1 5.53e-12 3.33e-12 3.28e-12 1.45e-12
2 1.52e-10 1.85e-10 3.30e-09 6.18e-10
3 5.12e-11 3.10e-11 1.19e-10 1.77e-11
4 1.82e-12 6.53e-13 1.60e-12 3.80e-12
5 1.99e-13 6.26e-13 1.44e-12 3.24e-13
6 5.24e-13 2.76e-13 3.21e-12 1.89e-13
7 1.27e-13 3.25e-14 2.48e-12 4.94e-14
8 3.00e-14 3.02e-14 6.80e-14 4.15e-14

TABLE 4.2

Mazimum absolute error of the residuals (4.6) of the fourth order central difference scheme with
mesh size h = 0.01 on the grids in the interior of layers.

layer  max(|Ris|, [Riy|, |[R1z])  max(|Rozl, [Ray|, [Raz]) | Rs| | Ral

0 7.51e-12 8.00e-12 4.83e-12  4.20e-12
1 3.24e-11 3.96e-11 3.50e-11  2.45e-11
2 4.35-09 6.99e-09 1.02¢-08  2.31e-09
3 1.05¢-08 1.03¢-08 2.86e-08  2.43¢-08
4 7.55¢-09 2.96e-09 5.02e-00  8.69e-09
5 8.49e-09 7.26e-09 1.22¢-08  9.99e-09
6 2.00e-09 6.35e-10 8.46e-10  1.69e-09
7 8.62e-10 9.67e-10 1.05¢-09  6.96e-10
8 4.49-09 2.15-09 3.37e-09  4.10e-09
9 3.13¢-11 3.4le-11 4.63e-11  1.31e-11

ﬁl =V X E"— iw,ulfl'r7 ﬁz =V X H* +iw5§r, Rs =Vy - SE_"F,
(4.6) Ry =V, - puH",

where E' = Gy, - &/, Hr = GY; - &', V), is the fourth order central difference scheme
with mesh size h = 0.01 for all z, y, and z directions. The residuals are computed
in the same domain mentioned above, i.e., x = 0.2, —5.0 < y < 5.0, and —14.5 <
z < 0.5, excluding margins near the interface planes. We can see from Table 4.2 that
the residuals have a typical error scale of the fourth order central finite difference
scheme.

Finally, by the uniqueness of the dyadic Green’s functions satisfying Maxwell’s
equations, the interface equations, and the radiation conditions, we can confirm that
our algorithm has produced the correct LMDGs.

5. Conclusion and future work. In this paper, a matrix basis formulation
is proposed for the dyadic Green’s functions of Maxwell’s equations in layered me-
dia. The formulation is then used to simplify the representation and derivation of
the Green’s functions. In particular, the interface conditions for the electromagnetic
waves are reduced to decoupled conditions for the matrix basis coefficients. As the
coefficients of the matrix basis for the electric field or magnetic field Green’s function
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satisfy scalar Helmholtz equations, our previously developed fast multipole method
(FMM) for the Helmholtz equation in 3-D layered media [13] will be extended with-
out much technical difficulty to Maxwell’s equations in 3-D layered media in a future
work.

Another direction of research is to apply the proposed matrix basis to investigate
the dyadic Green’s function of the elastic waves, analyze the S-waves and the P-waves,
simplify the transmission conditions at material interfaces, and furthermore extend
the FMM to elastic wave scattering in layered media.

Appendix A. Converting inverse Fourier transform to Hankel trans-
forms.

We pick g;(kz, ky) = k2 from (2.19) as an example to show the conversion from
inverse Fourier transforms to Hankel transforms. Using the identity

2 al N
/0 elkep cos(a=o) gim(a—9) g — 27Ti|m‘J‘m‘(k‘pp), mE 7,

where (p, ¢) are the polar coordinate pair of (z —2/,y — 1), we have

1 . )
472 // 61kz(mfz/)+1ky(y7y/)pj (kp)k?cdkxdky
m R

2
1 iy (z—2)+iky (y—y' o (1 1 a1 i
:m//we (et )12 (5 o+ e+ e ) didhy

1

47 0

o0 1 R o0
kijo(ka)Pj(kp)dkp Ry COS(2¢)/O ng2(ka)pj(kp)dkpy

which consists of one Hankel transform of zeroth order and one with second order.
Appendix B. Proof of the solution filtering theorem.

We begin with a lemma regarding the result of fields. The proof of the block
matrix case then follows.

LEMMA B.1. Let p,q,r € N. Let K be a field. Suppose A € KP*" B € KP*4
are coefficients of a solvable linear system, i.e., A - X = B for some r x ¢ matriz X.
Then, there exists a filtered solution X, € K™ such that A - X, = B.

Proof. By applying elementary row and column operations under K, we can
transform A into its reduced row echelon form, then into a 0-1 matrix with I, in the
top left corner while all other entries are zero, where a < min(p,r) is the rank of A.
Hence there exist full-rank matrices S € KP*P and T € K"*" such that

I, 04 (r—a)

(B.1) A=S. -T.

Op—ayxa O(p—a)x(r—a)

It immediately follows that S™'B € KP*? is a matrix whose bottom (p — a) rows are
all zero. Next, defining

(B2) X* — T—l . [Ia OaX(P—a)} ’ (S_lB) c KTXq,
0(r—a)xq
we then have .
(B.3) AX, =S [[Ia Oax (p-a)] - (S B)]
0(p—a)xq
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and )
(B.4) ST1AX, = [Ia OaX(P*ﬂ)} ) (Si B)
O(p—a)xq

We can see that ST'AX, has its top a rows identical to those of S™!B, and its bottom
(p — a) rows are zero entries (namely, exactly as S™!B as noted above). Therefore,
S~1AX, and S™!'B are identical, so AX, = B. 0

Proof of Theorem 2.4. Let K = K(kz, ky) be the field extension of K such that
k, and k, are included. Clearly A € K3P%3" and B € K3*3¢. By Lemma B.1, there
exists X1 € K37%34¢ guch that A - X; =B.

Notice that K373¢ = 9)t, . q(K) by writing the direct sum decomposition

(B.5) X1 =X ®X's,
where X, € %qu(K)7 X'y € TJTXq(IK), we have
(B.6) B_A X,+A- X

By Proposition 2.3, the above is the direct sum decomposition of B c Rpxq(K) C
M,y q(K), so A - Xy = B.
Then, let

5

5
7:ZAJ Jjs XQ*ZXQ@)JJ’ B = ZB ®J5,
=1

j=1

where each A; € KP*", X2 KTX‘J and B; EKPX‘J WhentreatlngX j=1,...,5

as the solutlon to the hnear equation A - X2 B, the equation is equ1valent to
5 5 5
(B.7) YD (AXH@II) =) B;@l;,
u=1lv=1 j=1

where, using the product table (2.25), among the 25 products only 13 of them will be
nonzero to give

5 5
3N (AX) @ (3udy) = (A1XT) @ J1 + (AoX3 — k2ALX3) @ T,
u=1v=1
+ (AsX3 + (A1 — E2A5)X3) @ I3 4 (A4XT + ApX] — B ALXE) © 4
+ (AsXF + AsX] + (A1 — k2A5)XE) © .

By comparing the coefﬁments of Ji,...,J5 on each block, (B.7) is in fact equivalent
to the linear system AX?2 = B, where a stacked form of X2 given below is used:
A; O 0 0 0
0 A, KA, O 0 X3 B,
A=|0 A; A -Fk2A; 0 0 , X2=|: |, B=|:
A4 0 0 AQ 7k§A4 Xg B5
As 0 0 As Ay — kA5
(B.8)
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Since A € K777 and ii: € K5*4, by Lemma B.1, there exists X* € K5*4 such that
AX* = B. By writing X* in the stacked form
Xy
(B.9) X*=1 11,
X3
where each X7 € K"*4 we can see the desired matrix is given by

5
(B.10) X, =) X5®J; € Rug(K). 0

j=1
Appendix C. The field of functions for describing the LMDGs.

Here, we introduce the field of functions F used in section 3. Let k;, 1 < i < I,
be all the distinct wave numbers from the layers, and let B be the union of all the
branch cuts of |/k? — k?, in the complex plane of k,. The branch cuts are chosen with

the only restriction that they never intersect with each other. Then, let F consist of
the functions defined on C\ B in the form

p(Siaeijaeiz7e. /)
(Cl) F= f(kp): (23 :p,qeP[C\B],q(si,eij,eiz,e, /) 5_'50 s
q (Siveijveizyeizl) iz

where

. i SRZ—k2d i K2 —k2 i 2 k2
(C.2) si=iy/k2—k2, ey =V Rl o =eVRRz ¢ = Vhke

iz

are all analytic functions of k, on C \ B. Here, in (C.1), indices ranging within
1<i<1I,0<j<L-1,are considered, and P[C\ B] is the collection of polynomials
with coefficients in C\ B.

F is understood as a field of functions mapping C\ B to CU {o0}.
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