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ADAPTIVE MULTIRESOLUTION COLLOCATION METHODS FOR INITIAL
BOUNDARY VALUE PROBLEMS OF NONLINEAR PDEs*

WEI CAI' AND JIANZHONG WANG?

Abstract. We have designed a cubic spline wavelet-like decomposition for the Sobolev space Hg(l ) where [ is
a bounded interval. Based on a special point value vanishing property of the wavelet basis functions, a fast discrete
wavelet transform (DWT) is constructed. This DWT will map discrete samples of a function to its wavelet expansion
coefficients in at most 7N log N operations. Using this transform, we propose a collocation method for the initial
boundary value problem of nonlinear partial differential equations (PDEs). Then, we test the efficiency of the DWT
and apply the collocation method to solve linear and nonlinear PDEs.
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1. Introduction. Wavelet approximations have attracted much attention as a potentially
efficient numerical technique for solving partial differential equations (PDEs) [1]-[6]. Because
of their advantageous properties of localizations in both space and frequency domains [7]-[9],
wavelets seem to be a great candidate for adaptive and multiresolution schemes to obtain so-
lutions which vary dramatically both in space and time and develop singularities. However, to
take advantage of the nice properties of wavelet approximations, we have to find an efficient
way to deal with the nonlinearity and general boundary conditions in the PDEs. After all, most
of the problems of fluid dynamics, which have solutions with quite different scales, are gov-
erned by nonlinear PDEs with complicated boundary conditions. Therefore, it is our objective
here to address these issues when designing wavelet numerical schemes for nonlinear PDEs.

Most of the wavelet approximation schemes for PDEs so far have been based on the
wavelet decomposition of L2(R) with Daubechies’ orthonormal wavelets on the whole real
line R (see [1]-[6]). However, in solving the initial boundary value problem, treatment of the
boundary conditions is an important aspect of any numerical scheme. In [1] an embedded
domain approach is used so that the boundary condition gets absorbed into the PDEs via a
penalty term. In [6], by using the primitive function of Daubechies’ wavelet and its dilations
and translations, the authors construct a Riesz basis for the Sobolev space Ho1 (I) defined on
a bounded interval /. Another common way to achieve wavelet approximation on a bounded
interval is to keep all Daubechies’ wavelets (or compactly supported spline wavelets), whose
supports are totally inside the interval, intact while modifying those wavelets intersecting the
boundary by an orthonormalization (semiorthogonalization) procedure (see [10]-[12]).

However, we believe that a more natural approach for approximating a PDE’s solution
in a Sobolev space Hg(l ) is to construct directly a multiresolution analysis (MRA) (Vy C
Vi C V;---) for HX(I) where V; is generated by some scaling functions through dilations and
translations. Using such an MRA, we can decompose Hg (I) into the form Hg(l )=VW 69]?";0
W;, where @ stands for orthogonal direct sum and W; denotes the orthogonal compliment of V;
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938 WEI CAI AND JIANZHONG WANG

in the space V;.: V;;| = V; ® W;. Then we show that the basis of all the subspaces W; can be
essentially generated from one function (“mother wavelet”) by dilations and translations except
the two boundary functions in each W; which are generated from another function located at
the boundary (“mother boundary wavelet”) by dilations and reflections. Because the inner
product considered here is in space Hg(l ), not in space L2(I), these two mother wavelet
functions will no longer have vanishing moments of the first two orders as usual wavelets
in space L? (see (3.17)). For simplicity, we will still use the term “wavelet” throughout this
paper with the understanding that it is different from the usual wavelet with its nonvanishing
moment. It is worthwhile to point out that despite the fact that these wavelet-like functions
have no vanishing moments, the projection f; of any function f € Hg(l ) on V; still provides
a “blurred” version of function f while the one on space W; keeps its local details. Hence
the magnitude of coefficients in the wavelet expansion of functions in HZ(I) does reflect
the local scales and changes of the function to be approximated. It is these features that are
needed for achieving adaptivities and MRAs in practical computations. Here we would like to
mention Harten’s recent work [13], his approach for designing a scheme for multiresolution
representation of numerical data without directly using the wavelet idea is successfully applied
in reducing the computational costs of numerical fluxes in Godunov schemes for shock-wave
computations.

To design a wavelet collocation method for nonlinear time evolution problems, the key
point is to construct a discrete wavelet transform (DWT) which maps between function values
and the wavelet coefficient space such that the resulting wavelet expansion interpolates the
function values. In this paper, we will use a cubic spline wavelet basis of H02(1 ) [14] for the
construction of a DWT. A special point value vanishing property (see (3.7)) of this wavelet
basis results in O (N log N) operations for the DWT where N is the total number of unknowns.
Therefore, the nonlinear term in the PDE can be easily treated in the physical space and the
derivatives of those nonlinear terms can be computed in the wavelet space. As a result,
collocation methods will provide the flexibility of handling nonlinearity and various boundary
conditions. In [15], a different method based on scale separation was suggested to compute the
wavelet approximation of f(x) given a wavelet expansion with Daubechies’ wavelets for u.

The rest of this paper is divided into the following six sections. In §2, we introduce the
cubic scaling functions ¢ (x), ¢, (x) and their wavelet functions ¥ (x), ¥, (x). An MRA and
its corresponding wavelet decomposition of the Sobolev space HZ(I) are constructed using
¢ (x), ¢p(x) and ¥ (x), ¥, (x). Then, we show how to construct a wavelet approximation for
functions in the Sobolev space H2(I). In §3, we introduce the fast DWT between functions
and their wavelet coefficients. In §4, we discuss the derivative matrix D for approximating
differential operators. In §5, we present the wavelet collocation methods for nonlinear time
evolution PDEs. In §6, we give the central processing unit (CPU) time performance of the
DWTs and the numerical results of the wavelet collocation methods for linear and nonlinear
PDEs. A conclusion is given in §7.

2. Scaling functions ¢(x), ¢,(x) and wavelet functions 1(x), 1,(x). Let I denote a
finite interval, say I = [0, L], L be a positive integer (for the sake of simplicity, we assume
that L > 4), and H*(I) and Hg(l ) denote the following two Sobolev spaces:

(2.1) HX (D) = (f(x),x € | ||fP|, < 00,i =0,1,2},
2.2) H}(I) = {f(x) € H*(I)| f(0) = f'(0) = f(L) = f'(L) = 0}.

It can be easily checked [16] that Hg(l ) is a Hilbert space equipped with inner product

23) (f.8) = /f”(x)g”(x)dx,
1
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FIG. 1. Interior scaling functions ¢ (x) (a) and boundary scaling function ¢ (x).
thus,
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provides a norm for HZ(I).
To generate an MRA for the Sobolev space Hoz(l ), we consider two scaling functions;
specifically, we consider an interior scaling function ¢ (x) and a boundary scaling function

¢p(x) (see Figure 1):

1d 4 i 3
2.5 #(x) = Na(x) = E ( j )(-*D’(x -

11 3 3 3
12x++ ( 1)+_4(x_2) )
where N4(x) is the fourth-order B-spline [17] and for any real number n
n x"  ifx >0,
+Z10 otherwise.

(2.6) ¢p(x) = >x] -

As a pair they satisfy the two-scale relationships given in Lemma 1.
LEMMA 1.

p(x)= Zz~3( ) @x - k),

k=0
2
@7 $5(x) =B_15(2%) + ) Brd(2x — k),
k=0
1 11 1 1
where B_; = Z,ﬂo = -1-6,/31 = §’ﬂ2 =3

‘We summarize some properties of ¢ (x) and ¢, (x) in the following lemma.
LEMMA 2. Let ¢ (x) and ¢, (x) be defined as in (2.5) and (2.6). Then we have

2.3 (1) supp(¢(x)) = [0, 4];
29 (2) supp(#(x)) = [0, 3];
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940 WEI CAI AND JIANZHONG WANG

(2.10) (3) ¢ (x), pp(x) € HZ(I);
1 1 1
2.11) “é) ¢’(1) = —¢’(3) = 5, ¢’(2) =0, ¢,’,(1) = Z’ ¢,’,(2) = _5;
1 2 7 1
(2.12) G dM=¢B)=¢. 6@ =3 sV =1, 6D =¢.

For any j, k € Z, we define
(2.13) bik(x) =9 (2'x — k), B, (x) = ¢p(2x),
and let V; be the linear span of {¢; ¢(x),0 <k <2/L — 4, ¢ ; (x), ¢p; (L — x)}, namely,
(2.14) Vj = span{ji(x) | 0 <k <2/L —4; ¢, ;(x), ¢, ; (L — x)}.

THEOREM 1. Let V;, j € Z* be the linear span of (2.14). Then V; forms an MRA for
Hg(l ) equipped with norm (2.4) in the following sense:

OVocwvicWv,c---;

(i) clos gz (Ujez+ V) = Hy (s

(iii) ﬂjez+ Vi = Vo; and

(iv) for each j, {¢; k(x), ¢p,;j(x), ¢p,; (L — x)} is a basis of V.

Proof. The proofs for (iii) and (iv) are straightforward and omitted here. The proof for (i)
follows from (2.7) in Lemma 1. To prove (ii), we recall some familiar results on interpolating
cubic splines for smooth functions [18], [19].

LEMMA 3. Let it be the partition givenby x; = ih,0<i <n,h = L;"l, and s(x) be the
cubic spline interpolating f(x) € C*[a, b] at all points in 7, i.e.,

s@i) = f(x), 0=<i=<n,

and satisfying the following boundary conditions:

(2.15) s'(a) = f'(a), s'(b) = f'(b).
Then
1. s(x) uniquely exists and
(2.16) 1s? = £Olloo < &l f P llaoh*", r=0,12,3,

where €y = 5-;—4,61 = 2—‘4-,62 = %,63 =1;
2. if the average operator R is defined by
s"(xi-1) + 105" (x;) + 5" (xi11)
12

2.17) R(")(x;) = Jorl<i<n-1,

then
(2.18) R(")(x:) — f"(x:) = O(h*).

Proof of (ii) of Theorem 1. Let h = 517, a =0,and b = L. Consider f(x) € C3°(0, L).
Since C§°(0, L) C C*[0, L] N Hg(O, L), by Lemma 3, there is a unique cubic spline corre-
sponding to the partition 7 interpolating f(x). From the fact that £(0) = f(L) = f’(0) =
f'(L) =0, we have s(x) in V; and then

n,~—4

2.19) s(x) = c_16,;(x) + ) cuj(x) + cL_3ty ;(L — x)
k=0
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FIG. 2. Interior wavelet functions y (x) (a) and boundary wavelet function yp(x).

such that
(2.20) s(xi) = f(xi), 0<i=<n;,

where nj = 2/L, x; = ;:7L
Finally, from (2.16) in Lemma 3 with r = 2 we have

s = FlIl=115@ = £z < LIIs® — £ @0 < L2277 || f ¥ || .

Therefore, as j —> o0, |||s — f||| —> 0. This proves that C§°(0, L) C clos,,g(UjeF V).
Thus, Theorem 1(ii) follows from the fact that Cg°(0, L) is dense in Hg ©, L). 0
To construct a wavelet decomposition of Sobolev space HZ(I) under the inner product
(2.3), we consider the following two wavelet functions ¥ (x), ¥ (x) (see Figure 2):

221 Yx) = —;¢(2x) + 17%¢(2x -1 - ?/-¢(2x —-2) eV,
24
222) Vo) = T2y (2x) ~ SH20) € Vi

It can be verified that ¢ (x) and ¥, (x) both belong to V; and
(2.23) Y(n) =vY,(n)=0 foralln e Z.

Property (2.23) will be important in the construction of a fast DWT later. Now we define

(2.24) Yix(x) = ¥(2'x — k), j=0,k=0,...,n;—3,

(2.25) ¥p(6) = ¥(2x), ¥p () = Y2/ (L — %)),

where again n; = 2/ L. For the sake of simplicity, we will adopt the following notation:
2.26) V1) = Y00 Wjm—2 () = ¥ (2).

So, when k = —1 and n; — 2, wavelet functions v; « (x) will denote the two boundary wavelet

functions, which cannot be obtained by translating and dilating ¢ (x).
Finally, for each j > 0, we define

@.27) W; = span{yj (x) | k=—1,...,n; = 2}.
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942 WEI CAI AND JIANZHONG WANG

THEOREM 2. The W;, j > 0, defined in (2.27) is the orthogonal compliment of V; in V; 4,
under the inner product (2.3), i.e.,

(1) Viy1 =V, @ W, for j € Z*, where & stands for V; LW, under the inner product
(2.3) and Vi1 = V; + W;. Therefore,

Q) W; LW;41, j € Z7, and

) H}(U) = Vo ®jez+ W;.

Proof. (1) We only have to prove V; @ W; for j = 0, namely, for0 </ < L — 4,
0<k<L-3,

(2.28) (p(x =D, ¥v(x—k) =0,
(2.29) (p(x =D, ¥u(x)) =0,
(2.30) (p(x), ¥(x — b)) =0,
(2.31) (Pp(x), Yo (x)) = 0.

Integrating by parts twice in (2.28) and using the fact that ¥ (x), ¢ (x) € HZ(I) , we have
@ =D -0y = [ "~ Dy e~ b d
=¢"(x —DY'(x —K)lg — fo : P (x — DY (x — k) dx
= - [o ’ P —Dy'(x — k) dx
= -0 - Dy (x - k5 + fo L¢“"(x — DY —k) dx

L
= [ 6P x - DY (x — k) dx.
0

From equation (2.23) and an easily checked identity,

4
PP = ( ) ) (~1/8G = ),

j=0
where §(x) is the Dirac-delta function. So we have

4

@G —Dvex—R) =) ( ) ) DY = =) =0.

=0

Equations (2.29)-(2.31) can be shown in a similar way. So (1) follows from (2.21) and
(2.22) and the fact thatdim V; = 2/ L—1anddim W; = 2/L,andthendim V;; = 2/*!L—1 =
Q'L -1 +2/'L = dim V; + dim W;; (2) follows from (1); and (3) follows directly from
Theorem 1 (ii). 0

As a consequence of Theorem 2, any function f(x) € Hg (I) can be approximated as
closely as needed by a function f;(x) € V; = Vo @ Wo @ W1 @ - - - & W;_, for a sufficiently
large j, and f;(x) has a unique orthogonal decomposition

(2.32) fix)=fo+g +81+-+g-1,
where fo € Vo, g € W;,0<i<j—1.
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ADAPTIVE MULTIRESOLUTION COLLOCATION METHODS 943

2.1. Approximation for a function in H2(I). Consider the following two splines:
(2.33) m&) = (1-xi,

7 4 1
(2.34) m(x) = 2xy —3x2 + gxi -36- D3+ g - 2)3.
For any function f(x) € H*(I), we have f(x) € C'(I), by the Sobolev embedding
theorem. Therefore, we can define the following interpolating spline I, ; f(x), j > 0:

(2.35) L f(x) = a1n1(2/x) + a2m2(2/x) + a3n2(2/ (L — x)) 4+ a4 (27 (L — x)),

where the coefficients o1, a3, a3, 4 are determined by certain interpolating conditions we
will state below. Since spline I, ; f(x) is expected to approximate the nonhomogeneities
of function f(x) at the boundaries, these interpolating conditions will also be called end
conditions. The following two kinds of end conditions are common in applications.

2.1.1. Derivative end conditions. We can impose the following end-derivative condi-
tions:

(2.36) L;f0) =70, L;f(L)=fL),
(2.37) I, 1) ©0) = f'(0), I, fY (L) = f'(L).
It can be easily verified that if we choose
‘0 3
(2.38) a=f0), @= f;,il) +5f(0
fiy 3

3= -

2j+1 + Ef(L)’ 0y = f(L),

then I, ; f satisfies conditions (2.36), (2.37).

In many situations, however, we do not know the values of derivatives f'(0), f/(L). Then
they have to be approximated by finite differences using only the values of f(x). To preserve
the exact order of accuracy for the cubic spline approximation, we suggest using the following
approximations:

1 V4

(2.39) FO =23 cf@h)+0@),

k=0

1 p

F@) = =23 af(L—kh)+0@®),
k=0
where h > 0 and p > 3. For p = 3, if we take
_u _3 3 1
co = 63 1 =9, = 23 C3_3)

then s = 3 in (2.39), and thus, equation (2.37) is satisfied within an error of O(k?). Corre-
spondingly, the coefficients o, 1 < k < 4, for I, ; f (x) become

P
(2.40) ar=f0), =) cfkh),

k=0
p
a3=Zc;cf(L—kh), oy = f(L),
+ k=0
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944 WEI CAI AND JIANZHONG WANG

where

1 3 Ck
Cé:(m“’*z)’ %= 1Sk=p

Now we have f(x) — I, j f(x) € Hg(l ) and the decomposition (2.32) can be applied.
Finally, for any function f(x) € H?(I), we can find a function fj(x) in the form of

241 fix)=Lf+fo+g+g+ - -+g-1. foeV, geW,0<i<j—-1,

which approximates f(x) as closely as needed provided that j is large enough. Furthermore,
by Lemma 3, the approximation order will be O(2%/) if f;(x) is chosen as the interpolating
spline of f(x).

2.1.2. Not-a-knot conditions. Inmany applications, the solutions vary dramatically near
the boundary, so approximation (2.39) to the end derivatives could result in large errors. In
those cases, we prefer to use the so-called not-a-knot end conditions [20], which amounts to
requiring that the spline I, ; f (x) agrees with function f(x) at one additional point near each
boundary. So we have the following equations for o, 1 < k < 4:

(2.42) L, ; f(0) = f(0), L;f(L) = f(L),
L, f(z1) = f(n), L, f(r2) = f(n).

In our case, by choosing 7| = 51, T, = L — 5, we have

3£(0
(2.43) w=F0O), ar=6f(n)— _£4Q
a3 =6f(n) — 3f (L) oy = f(L).

Although in this case f(x) — I, ; f(x) is no longer in the space H (I), an interpolating
spline f;(x) in the form of (2.41) with I, ; f (x) defined in (2.42) will stlll have an approxi-
mation to f(x) of order O(2~%) [21].

3. DWT. In this section, we will introduce a fast DWT which maps discrete sample
values of a function to its wavelet interpolant expansions. Such expansion with the wavelet
decomposition will enable us to compute an approximation of the first and second derivatives
of the function.

3.1. Interpolant operator Iy in Vj. Consider any function f(x) € H02(I ) and denote
the interior knots for V, by

(3.1) xV=k  k=1,...,L -1
and the values of f(x) on {x{ "}5=] by
(3.2) D= fxY), k=1,...,L-L

The cubic interpolant I f(x) of data { fk('l)} can be expressed as

L4
3.3) Ivof(x) = c_19p(x) + ch¢0,k(x) +cr-3¢p(L — x)
k=0
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ADAPTIVE MULTIRESOLUTION COLLOCATION METHODS 945

and Iy f (x) interpolates data fk(‘l), k=1,...,L— 1, namely,

(3.4) ofGT) =5 k=1,...,L-1

Let B be the transform matrix between f0 = (£, ..., £2)T and the coefficient
Cc= (C_l, ey CL_3)T, i.e.,
(3.5) £ = Be,

where by using item (5) in Lemma 2, we have

71
2 6 \
12 1
6 3 6
12 1
6 3 6
B=—
12 1
6 3 6
12 1
6 3 &6
1 7
\ s 1/

To obtain the coefficients ¢;, —1 < k < L — 3, in (3.3), we have to solve the tridiagonal
system (3.5), which involves (8L) operations.

3.2. Interpolation operator Iy, f in W;. Similarly, we can define the interpolation op-
erator Iy, f(x) in W;, j > 0, for any function f(x) in H3(I). For this purpose, we choose
the following interpolation points in /:

k+ 1.5

(3.6) x)) = TR

—lsksnj—Z,

where n; = DimW,; = 2/L.
It can be checked that for the interpolation points {x,g_l)} for Vp in (3.1) and {x,E’ } for
W;, j = 0,in (3.6), the wavelet functions v; « (x) satisfy a point value vanishing property.

3.2.1. Point value vanishing property of 1, ;(x). Forj > i,-1 <k <n; -2,
wj,k(x,ﬁj)) =1,
BN Y =0, —l<t<m-2,ifi>0 1<L<L-1,ifi=-1

So {¢or(x)}, {wj,k(x)};io form a hierarchical basis for the Sobolev space Hg(l ) [22].
Moreover, the point value vanishing property will be crucial in obtaining a fast DWT.
The interpolation Iy, f (x) of a function f(x) € Hg(l )in W;, j > 0, can be expressed as

a linear combination of ;1 (x), k = —1,...,n; — 2, namely,
nj—2
(3.8) Iy, f) = D Fiavu(x)
k:-l
and
Iy fae) = f&?),  -1<k<nj—-2
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946 WEI CAI AND JIANZHONG WANG

If we denote M; as the n;th-order matrix that relates f = Fimtr-on f jimy—2)" and
O = (FGD), ..., F&,)T, then

3.9) 9 = M;f?,

where

— ;I"‘

/

The solution of the coefficients { f jk» —1 <k < nj — 2} again involves solving a tridiagonal
system (3.9) which costs (8r;) operations.

Now let us assume that the values of a function f(x) € H&(I ) are given on all the
interpolation points {x,gj )} definedin (3.1) and (3.6). We intend to find the wavelet interpolation
PifxyeVooWoo W d---®W;_1forJ—1>0,i.e,

L—-4
Prf@) = for,196() + D Forete(®) + for-an(L — x)

k=0
J— nj—2
+ 3 [Z f,u/f,koo]
j=0 Lk=—-1
J-1
(3.10) = fa@+ Y k),
Jj=0
where
nj—2 .
fam) =Inf@eVo,  fi) =) futux) eW, j=0,
k=-1

and the following interpolating conditions hold:
Prfe™™) = faY),  1<k=<L-1,
(3.11) Prfa) = f&),  jz0-1<ksn -2

Let us denote by f = (F-V,£@, . £U-D)T the values of f(x) on all interpolation
points, i.e.,

£D = (FeTONEL,
1 = (FeDN2, =0,

and by f= (f(—l) f ) . f'u_ )T the wavelet coefficients in the expansion (3.10):
A( 1Y)
{f 1 k}k__l 1)
nj—2

= {Fiuli j=0.

This content downloaded from
129.119.67.75 on Tue, 31 Jan 2023 07:19:41 UTC
All use subject to https://about.jstor.org/terms



ADAPTIVE MULTIRESOLUTION COLLOCATION METHODS 947

The following algorithm provides a recursive way to compute all the wavelet coefficients f.
Note that the wavelet expansion (3.10) can be expanded to include higher-level wavelet spaces
W;,J < j < J', by adding only terms from the higher wavelet spaces, i.e., W;, ..., Wy_;.

3.3. DWT for f —> f. This direction of transform is straightforward by evaluating the
expansion (3.10) at all the collocation points {x,Ej 4, j > —1. The point value vanishing
property (3.7) of the wavelet functions and the compactness of suppy; x(x) can be used to
reduce the number of evaluations.

Number of operations. Let N be the total number of collocation points and N = (L —
1)+ Zf__fol nj = 27 L — 1. In the evaluation of P, f(x,ﬁj)), values of ¥ (x) and ¢ (x) at dyadic
points 5 are needed and they can be computed once for future use.

Recalling (3.10) and the point value vanishing property (3.7) of the wavelet basis functions,
we have

PrfaS) = o), 1<k<L-1,

which needs 4(L — 1) (flops). .
ForeachO < j <J — l,tocomputePJf(x,E’)), —1 <k < nj—2,requires 5jn; (flops).
Thus, it takes 4(L — 1) + Zj’;ol 5jn; < 5N log N (flops) to compute the vector f.

3.4. DWT for f —> f. Recalling that f = (D, @, ... £fU-D)T we proceed to the
construction of Py f(x) in the following steps.
Step 1. Define

L-4
f1() =Tvof ™D = f1 1p() + Y F1ade(®) + forr-3¢(L — %),

k=0
so f_1(x) interpolates f(x) at the interpolation points x,E_l), —1 <k <L — 1, namely,
(3.12) FaGT) = D).
Step 2. Define
no=2
(3.13) fox) =Ty (7 — Ao ) = Y Forvou®),

=-1

where (Iyo /)@ = {Iyo f (e -
As a result of the, point value vanishing property (3.7) of the wavelet functions, we have
Youx{ ™) =0,-1<l1<no~2, 1<k<L~1,thus

o™ =0, 1<k<L-1
Sowehave,forl <k <L -1,
S + A = Fa ™) = Teof 67 = £,
(3.14) FaGD) + /0 = Lof ) + €0 — o HD) = D).
Equation (3.14) implies that function f_;(x) + fo(x) actually interpolates f(x) on both

interpolation points {x{~ "}~ for V; and the interpolation points {x\"}F=?2, for Wp.
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948 WEI CAI AND JIANZHONG WANG

Fourier Transformation of bsl(x)

(=]
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FIG. 3. Fourier transformations of ¥ (x).

Step 3. Generally, we define,for1 < j < J —1,

(3.15) fi(x) = Iy, (D — (P HHV)
n;j—2
(3.16) = Y Fiavia®),

=—1

where (P;_1 ) = Pj_1 f(x), —1 <k <nj; —2.

Again, as in Step 2, we can verify that function f_;(x)+ fo(x)+- - -+ fj—1(x) interpolates
function £ (x) on all interpolation points {x{" V)21, ..., (xUV)-17%, Specifically, for j =
Jwehave P, f(x) = f_1(x)+ fo(x)+- - -+ fr-1(x), which satisfies the required interpolation
condition (3.11).

Number of operations. For j = —1, the number of operations to invert (3.9) by using
the Thomas algorithm to obtain { f,(c_l)} is 8(L — 1)(flops). For 0 < j < J — 1, the cost of
computing the coefficients fA,(c’) in f;(x) = Iy, (f 9 = (Pjo1 /)P = 2 iskn—2 fj,kx//j,k(x)
has three parts: (1) evaluating (P;_; /)Y = {P;_; £ (x)} — 5jn;(flops); (2) calculating the
difference fU) — (P;_1 f)Y) — n;(flops); (3) inverting the matrix M; in (3.9) - 8n;(flops).
So the total cost of finding f = 8(L — 1) + Z}iﬁl)(S j + 9)n; < 6N log N where, again,
N=2'L-1.

3.5. Wavelet expansion coefficients {fj +}. First we consider the Fourier transformation
of the wavelet function ¥ (x),

A 7 sin 2\* .
(3.17) V() = §(2—cosa>)( 24) e T,
4
We find that & 0 = %, which means that v (x) has no vanishing moment of the first
order (see Figure 3). Since the wavelet decomposition we consider here is in the space Hoz(l ),
the decaying properties for the wavelet coefficients { f .k} ought to be related to the vanishing

moments of the second derivative of ¥(x) (see Figure 4), not to those of {(x). To clarify
the meaning of the wavelet coefficients { f; «} in the finite wavelet decomposition of function
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Fourier Transformation of D*2 psi(x) /D*2 x

40+

Magnitude
[4]
(=]

10r

-5 0 5
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FiG. 4. Fourier transformations of Y" (x).

f(x)in H02(I), let us consider the dual basis {wjifk (%)} for {; x (%)} in Wj, i.e.,

(3.18) / WD) )W) (x) dx = 8.
1

Since W;, j =0,...,J — 1, and V; are mutually orthogonal, we have

(3.19) Fia= [ @ was
1
We need to express wjff (%) in terms of {y; « (x)}2j=__21, namely,
nj—2

(3.20) Ui =Y B a0,

I1=-1

where the coefficients ,8(’ )* are determined as follows.
Let G; denote the matrix

(3.21) Gj = (B xn;

where ﬂ,ﬁ{) =/ )Y (x)dx, —1 < k,1 < nj — 2. Then, from (3.18) we have

(3.22) B Inyn, = G

To estimate the entries of matrix (ﬂ(’ )*),,j xn;» We recall that
9 = [vieowi s
=2% /2 Yo ()Y, (x) dx
i1

=2% f Yon()o.(x) dx
271
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and that Y (n) = 0,n € Z, v == v@ =1Lyv3 = -4 @) =Lw@E) =
—5 PG =28 x F8(x — . v =22 x F8(x - D, vD(3) = 28 x F5(x -
%), %‘”(%) =28 x %B(x —1),and 10154)(%) = 28 x 38(x — 3). Thus we have the following:

896 9 1
(& & -5 0 )
2 54 o _ L
1 14 14 14
-1l 10 54 10
13 14 14 14
110 54
6 0 14 14 14
G = = x 280+
7
54 10 1
“ uw —u 0
10 34 lo _ 1
4 14 14 13
L 10 54 9
4 14 14 13
L9 896
k 0 -5 1 169 }
6 )
= - X 23(”'2)1",-.
I'j = (¥a1)n;xn; is actually a Hermite matrix satisfying
n/—2
Yae— Y. lyul=2C>0, —1<k=<n-2,
I="T 0%k

where C is a constant independent of j. Hence there exist two positive constants C; and Cs,
which are independent of j, such that

Cll,,j < Fj < 1,4,
where I;; is the n; x n; identity matrix. Now denote
-1
rj = (y]:;)njxnj-

By using Lemmas 8 and 9 in [23], we assert that there are two positive constants K and y
such that

lval < K exp(—y |k —I|).

Since
. 7 . _
B myseny = 5 x 2720917,
we have
(3.23) 18U < K127% exp(—y |k — 1).

To estimate the coefficients f jk in (3.19), we use the following result from Meyer’s book
(8]

LEMMA 4. Let g(x) be compactly supported, be n times continuously differentiable, and
have n + 1 vanishing moments:

o0
/ xPg(x)dx =0 forO<p<n.

o0
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ADAPTIVE MULTIRESOLUTION COLLOCATION METHODS 951

Let 2,0 < o < n, be a real number that is not an integer and f(x) € L2. Then f(x)
is uniformly Lipschitz of order « over a finite interval [a, b] if and only if for any k € Z and
j € Z such that 2=’k € (a, b),

(3.24) ‘ f Fx)g@/x —k) dx| = 0Q2~@*V) a5 j - oo.

Applying this lemma, we can prove the following result.
LEMMA 5. Let 0 < a < land f € HZ(I). If the second derivative of the function f is
Hoélder continuous with exponent o, at xy € 1, i.e.,

If"(x) = f"(x0)| < Clx — x0l°, x €(xo—38,x+68) CI
for some § > 0, then for anyk € Z, j € Z* such that 277k € (xo — 8/2, xo + 8/2),
(3.25) Ifixl = 0@y a5 j — oo.

Proof. Since ¥ and ¥, defined by (2.21) and (2.22), are two times continuously differ-
entiable and their second derivatives have two vanishing moments, by Lemma 4,

Il = 1Al s Y 1B vl

2-Jle(xo—38,x0+3)

+ Y B )

2-71€&(xo—8,x0+8)

< < + Y )K12‘3j exp(—y |k — 1])2% / Iy @ x -l dx
2-ile(xo—8,%0+8)  2-71E(xo—8,%0+8) R
, 1 A\ &
< [ > Kiexp(—ylk—1 |)] 02~y + Ky exp (—56)/2’) ;eXP(—ys)

2-J1e(xo—8,x0+38)
=0@Q @), O

Lemma 5 implies that the wavelet coefficients f jk» J = 0, reflect the singularity of the
function to be approximated. In practice, when we solve PDEs using collocation methods,
we often use the values of the functions, not their derivatives. Therefore, to use the wavelet
coefficients to adjust the choice of wavelet basis functions, we have to establish a relation
between the magnitudes of the wavelet coefficients f ik»J = 0,and f(x). Let us first state
the following result on the inverse of the tridiagonal matrix from [24].

LEMMA 6. Let A be an n x n tridiagonal matrix with elements ay, as, ..., a, on the
subdiagonal, by, b, ..., b, on the diagonal, and c3, c3, .. ., ¢, on the superdiagonal, where
a;, ¢; # 0. Define the two sequences {u,,}, {vn} as follows:

1
(3.26) uo =0, w=1 u,= _‘c—'(am—lum—Z + bm—1Um-1), m>2,
m
(3-27) Upt1 = 0, vp=1, vu=-— (bm+1vm+l + Cm+2vm+2), m<n-—1,
Am+1

where ay and c,., are arbitrary nonzero constants. Then A~! = (q;, ;) is given by

_uiv- j E&’. . .

(3.28) anwo k=2 &5 i<,
. o =

7] Wy 1_[] & l > .

arvo 1 1k=2 ap° J:
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952 WEI CAI AND JIANZHONG WANG

COROLLARY. Let M; be the interpolation matrix in (3.9). Then we have the following
estimates on MJ‘1 = (04,5):
K
i1’

(3.29) lovi,j| <

where K = 1.1726 and o = 7 + /192 = 13.928.

We delay the proof of (3.29) to the Appendix.

THEOREM 3. Let f(x) € H&(O, L), M = max; | f(x)|, and Iy, f (x) be its interpolation
in W; defined in (3.8). Iffore > 0,—-1<ky <k, <nj -2,

IfFx) <€ for ki <k <k,
defining
(3.30) L, f(x) = > Fiavax),

—1<k=<nj—2,kélk;+I,ky—1]

where | = I(€) = min(%, —llg-gi-), then we have

(3.31) Ly, £ (x) — Iy, £ (x)] < C(M)e,

where C(M) = f—fl-(a + M), K =1.1726, and a = 7 + /192 = 13.928.
Proof. From (3.9), we have

f.(]) _ M;lf(j)’

) A A ; ; ;
where £ = (fj 1., fn -7, £9 = (FGID, ..., f@&,)T. Thus

nj .
fik= Zak,if(xfi)z), —-1<k<n;j-2
i=1
So we have
A I | )
(3.32) Firl < K Y =l f L.
i=1

For any given € > 0, we take £ = min('—'zi, —log éa). For k € [k1 + £, ky — £], using
(3.32) we have

. 1 . 1 ,
| Fral = K[ PP =GRS _,.,|f<x§i>2)|]

i %
k=il<t okl k=il>¢ ol
1
<
Ke o T MK 2 o=l

) e] e [(é)“ .y )e]

A

N

X

[}
| E—

=
~~
Ql'—‘ |I
N—"

+

+

1 — (Lye+t I\ 1 - (Lym2e
=2k oy (—) 1-Gr
1-() o 1-())
o
< 2Ke +2MKe
a—1 o —
= Cle,

where C' = %_K—l(a + M).
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ADAPTIVE MULTIRESOLUTION COLLOCATION METHODS 953

Finally, we have

L, fG) = Iw fl =] Y Fiatie)
kelki+£,ka—1£]
< Y fdl®IsCe Y [Wml.
kelky+€,ky—£] kelky+£,k2—£]

Note that in the last summation, only three terms will be nonzero for any fixed x, so we
have

T, £ (x) — Iw, f(x)] <3C'e = Ck,

where C = E?TKI (o + M). This concludes the proof of Theorem 3. O

Remark. As a consequence of Theorem 3, the coefficients f .k of the wavelet in-
terpolation operator Iy, f(x) can be ignored if the magnitudes of function f(x) at points
x,ﬁ’ ) € [x,ﬁ{le, x,g)_e] are less than some given error tolerance €. This procedure will only
result in an error of O(¢). Fore = 10719 ¢ = 9 and for ¢ = 1078, ¢ = 7. In the wavelet
interpolation expansion (3.10), I, is used to interpolate the difference between a lower-level
interpolation P;_; f (x) and f (x), i.e., Pj_1 f (x) — f (x). Thus, the function P;_; f (x) — f(x)
will be the function occurring in Theorem 3 (recall that in Theorem 3 that function is still de-
noted by f(x) for the sake of simpler notation). Hence, the coefficients f .k in the wavelet
expansion will be less than the error tolerance € in a larger region of the solution domain as
J becomes larger. Then many terms of ¥; x (x) can be discarded in the wavelet expansion of
f(x). This fact will be used later to achieve adaptivity for the solution of PDEs. The idea
of decomposing numerical approximations into different scales has been previously used suc-
cessfully in the shock-wave computations with uniform high-order spectral methods, where
essential nonoscillatory (ENO) finite difference methods and spectral methods are combined
to resolve the shocks and the high-frequency components in the solution, respectively [25].

We conclude this section with the following result which shows how to use wavelet
coefficients to estimate the data interpolated by I, .

THEOREM 4. Let Ly, f (x) and f(x) be defined as in Theorem 3. Fore > 0, —1 < k; <
ky<nj —2,if

|fixl <€ forki <k <k,
then
(333) Ifa <36 forki+3<k<k -3
Proof. The proof follows from the definition of I, f (x). o

4. Derivative matrices. The operation of differentiation of functions, given by its wavelet
expansion of (3.10), can be represented by a finite dimension matrix D. Such a matrix has been
investigated in [26] for wavelet approximation of periodic functions based on Daubechies’
compactly supported wavelets. The properties of matrix D, especially of its eigenvalues,
greatly affect the efficiency and stability of the numerical methods for the solution of time-
dependent PDEs.

Because of the multiresolution structure of spaces V;, V; C V;,1and Vo@Wo®- - -@W; =
V+1- We can assume that J + 1 = 0 and the wavelet interpolation uy(x) for function u(x)
can be written as a linear combination of I, ou(x) and basis in Vj, namely,

L—4

4.1) uo(x) =Ty ou(x) + _1¢,0(x) + Y _ itk (x) + li3¢p0(L — x).
k=0
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954 WEI CAI AND JIANZHONG WANG

Here we only consider the case where I, ou (x) is defined in (2.35) with end-derivative condition
(2.36)-(2.39). The case of not-a-knot conditions can be treated similarly.

4.1. Second derivative matrix. Consider the second derivative matrix which approxi-
mates the second differential operator

4.2) Lu = uy,
with the boundary conditions
4.3) u(0) = u(L) =0.

As ug(x) is a cubic spline interpolant of function u(x) based on the knots x; = i,i =
0, ..., L withthe end derivatives given by (2.39), from the first and second derivative continuity
condition of uo(x) we have

h hi ,  wi—uiy

4.4 rm Shyn o T , 1<i<L,
4.4 up = it Ui+ W i <
h; h; Ui — U1

45 AP N RN el R P
( ) ul-—l 3 ut—-l 6 ul + hi ==
and

h; hit1 6 Wipl — W U — U]
4.6 —"————u{, + 2u'-' + l—u'-' = [ - )
“6) hi+hiy1 ' P it hi TN B+ i hiy1 h;

where 1 <i <L —1,u; =u'(x;),u] =u"(x;),and h; = x; — x;_1 = L.

Equations for the second derivatives at x;, 1 < i < L — 1, are provided by (4.6) while the
equations for the second derivatives at two end points can be obtained from (4.5) (i = 1) and
4.4 (G =1L):

hy hy up—uo .
4.7 i e/ — . A ,
( ) 3 0 + 6 Uy hl uo
h h ) Uy —Up—
“8) St = = S
where 119, i1; are the approximations of the first derivative of u(x) at xo, x, in (2.39), respec-
tively.
Using the notation

u = u0),u(),...,u(L))" € R“,
v = @'0),u"(D),...,u"(L))" e RFF,
from (4.6), (4.7), and (4.8) we have the following:

4.9) Tin" = Tu+ 7y,
where
noo
(5 % o \
hy 2 hy
hi+hy hi+ha
T, = 2 A
1= hi+hiy hi+hiy1 ’
hp_1 2 hy
hp_1+hy hy_1+hy
by [y
6 3
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1 1

hy By
6  __6 (1,1 6
PCEmy e il w0 B s
T, = .. . ) ,
6 —_6 (__1_ + 1y 6
hi—1(hp_1+hL) hp-1+hy “hp hy, hy(hp—1+hr)
1 _ 1
h]_ h]_
W o
0
y= =| : |u=Tuy,
0 0
ur /3
and
L1 T L+1 2 1 T L+1
a=;l-(co,...,cp,0,...,0) € R*™*, ,3=Z(O,...,O,cp,...,co) € R*,

withcg, ..., c;, defined in (2.39).
As a result of the uniqueness of the spline uo(x), T} is invertible, so we have

(4.10) v =T (T2 + Nu = Dou.

By eliminating the first and last rows and columns, we then obtain the second derivative matrix
for the differential operator (4.2).

4.2. First derivative matrix. Here we consider the first derivative matrix which approx-
imates the first differential operator

4.11) Lu = u,

with the boundary condition

4.12) u(L) =0.
Using the notation

u =@ 0),u1),...,u L) e R,

and using (4.4) and (4.5), we have

4.13) v = H;u” + Hyu,
where
A h
(-5 % \
B h
s 3 0
B A
¢t 3 0
e Lok o
\ by )
6 3
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and
1 1
(“h W )
1 1
“w om0
11
R om0
. = S
“w w0
1 1
o o 0
11
\ “hL }I)
Finally, by using (4.10) we obtain
4.14) u = (H,D; + Hy)u = Dju,

and, after eliminating the last row and column of D;, we also have the first derivative matrix
for the differential operator (4.11).

In Figure 15, we plot the eigenvalues of D; for L = 8, J =0, 1, 2, 3, which correspond
to N = 8, 16, 32, 64. The eigenvalues come in conjugate pairs with two pure real eigenvalues.
The real parts of all the eigenvalues are negative. The largest eigenvalue increases in the order
of O(N) in magnitude. In Figure 16, we plot the eigenvalues of D, for L =8,J =0, 1, 2, 3,
which correspond to N = 8, 16, 32, 64. They are all real and positive and the largest one
increases in the order of O (N?).

5. Adaptive wavelet collocation methods for PDEs. In this section we consider a col-
location method based on the DWT described in §3 for time-dependent PDEs. Letu = u(x, t)
be the solution of the following initial boundary value problem:
u+ fx() =uxx +gw), x€l[0,L],=0,

u(0,1) = go(®),

u(L, ) = g1(0),

u(x,0) = f(x).
Here only Dirichlet boundary conditions are considered, however, the methods can also be
modified to treat Von Neumann-type or Robin-type boundary conditions.

We use the idea of the method of lines where only the spatial derivative is discretized by
the wavelet approximation. The numerical solution u;(x, ¢) will be represented by a unique
decompositionin Vo & Wo & - -- & W;_1, J — 1 > 0, namely,

L4
uy(x,t) =X ju(x,t) + d_1,1(t)Pp(x) + Zﬁ—l,k(t)¢k(x) +i_1,0-3)pp(L — x)

k=0
J—1[nj=2
+y [ > ﬁ,-,k(t)z/fj,k(x)}

j=0 | k=—1

(CR)Y)

J—-1
(52) = u_1(x) + Y u;(x),
j=0

whereI, ju(x, t) givenin (2.35) consists of the nonhomogeneity of u(x, ¢) on both boundaries,
and the coefficients iz « () are all functions of . Using the DWT, we can also identify the nu-
merical solution u; (x, ¢) by its point values on all collocation (previously named interpolation)
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ADAPTIVE MULTIRESOLUTION COLLOCATION METHODS 957

points, i.e., {x,ﬁj )} in (3.1) and (3.6). We put all these values in vector u = u(z), i.e.,
u=u() = (u('l), u®, . . uV"D)T,

where u®) = (u(x’, N}, 1 <k <L —1,forj=—1; -1 <k <n; —2,for j > 0.
To solve for the unknown solution vector u(z), we collocate the PDE (5.1) on all collocation
points and obtain the following semidiscretized wavelet collocation method.

5.1. Semidiscretized wavelet collocation method.
ugr+ fi(uy) = R@yr) + 8@l 0, -1<j=J-1,
uy(0,1) = go(?),
uJ(L’ t) = gl(t)’
usx?,0) = fx),

(5.3)

where 1 <k <L —1,for j =—1; -1 <k <n; —2,for j > 0. The average operator R on
the second derivative is used to take advantage of the superconvergence of the cubic spline at
the knot points (see (2.17)). However, R should only be used at a local uniform mesh [19].
Equation (5.3) involves a total of (2/ — 1)L + 2 unknowns in u; two of them will be
determined by the boundary conditions and the rest are the solutions of the ordinary differential
equation (ODE) system subject to their initial conditions. To implement the time marching
scheme for the ODE’s system (e.g., Runge-Kutta-type time integrator), we have to compute
the derivative term in (5.3) f, (us (x,gj ) Nanduy,, (x,ﬁj ) ) in an efficient way. Let us only discuss
the first derivative which involves the computation of the nonlinear function f(u,(x, t)). For
this purpose we first find a similar wavelet decomposition as (5.2) for f(u;). For a general
nonlinear function f (1), this can be done in a straightforward manner by using the DWT in §3.

5.2. Computation of f,(x?) = f,(u;(x)).
Step 1. Givenu = @D, u©@, ..., uV D)7, compute f) = {f(u,(c’))}, j > —1,and
define

f=ED O, fU-D)T,

Step 2. Compute the wavelet interpolation expansion using DWT for f:

L—4
F166,0 =Ty f + Fa @) + Y Fx®¢x) + fo11-30)p(L — x)
k=0

J—1[nj-2
(54) +y [Z fj,k(twf,-,k(x)} :

=0 [ k=—1
Step 3. Differentiate (5.4) and evaluate it at all collocation points {x,ﬁj )}, j=-1
[l = Qs Y &) + Foa @807

L—4 )
+ 2 Fora® ) = Fori-s 0L — x)
k=0

J ni—2 .
+ 3 [Z fi,l(tw,-’,,(x,i”)] :

i=0 [ I=-1
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958 WEI CAI AND JIANZHONG WANG

5.2.1. Cost of computing the derivatives. For each single collocation point, it takes
7+ 5(J + 1) = 5J + 12(flops) to compute f) (xk )). Therefore, the total cost of computing
all derivatives is (5J + 12)N < 5N log N. Again, ¥'(x) and ¢'(x) at the dyadic points
0 < k < 2/ L, can be precomputed for future use.

Assuming that the Euler forward difference scheme is used to discretize the time derivative
in (5.3), we obtain a fully discretized wavelet collocation method.

21’

5.3. Fully discretized wavelet collocation method.

u/" = w4+ At f ) + R, + (U] | MNUR -l<j=<J-1,
u(0) = go("),
uj(L) = g1("),
Gy = f&x),
wherel <k <L—1,forj =—1; -1 <k <n;—2,for j > 0;¢" = nAt is the time station;
and At is the time step.

5.5)

5.4. Adaptive choice of collocation points. In equations (5.2) and (5.4), u;(x) and
f(uy(x)) are expressed using the full set of collocation points {x,Ej )}. As discussed in the
remark after Theorem 3, most of the wavelet expansion coefficients #; for large j can be
ignored within a given tolerance €. So we can dynamically adjust the number and locations
of the collocation points used in the wavelet expansions, reducing significantly the cost of the
scheme while providing enough resolution in the regions where the solution varies significantly.
We can achieve this adaptivity in the following two ways.

54.1. Deletmg collocation points. Let ¢ > 0 be a prescribed tolerance and j > 0,
£ = £(e) = min(%, — loge

loga

Step 1. First we locate the range for the index &,
(5.6) Ky, 1), oo by ), m=m(j,e),
such that
(5.7 ldjkl <€, kK<k<l,i=1..,m

Step 2. Following Theorems 3 and 4, we can ignore i in (5.2) fork; < k < ;,i =
L...,m ki =k + €+ 3,l; =l — £ — 3, namely, we redefine u;(x) as

uj(x) = D ),

—1<k=<n;-2,kéK;

where K; = ;i <plki, L]
Step 3. The new collocation points and unknowns will be

T u, ey, k=1,...,L—1,ifj=-Lke{=1,...,n; = 2\K;, if j > 0.

5.4.2. Increasing level of wavelet space. Let ¢ > 0again be some prescribed tolerance,
and if

(5.8 max [i7 | > €,

where subscript » indicates the solution at time ¢ = ", then we can increase the number
of wavelet spaces W; in the expansion for the numerical solution u;(x) in (5.2), say, up to
Wy, J' > J.
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CPU for DWT and Derivatives, O - DWT, + - Derivative, Solid line - Linear fit

T T

+
2.5-

1.5¢

0.51
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FiG. 5. CPU timing for performing DWT transforms (o) (including both directions) and computation of the
derivatives (+). The solid line shows a linear fitting of the data. Horizontal axis—number of unknowns; vertical
axis—CPU time in seconds.

Step 1. Att = " if condition (5.8) is satisfied, let /' > J and define a new solution
vector

), = O (T | CAnt T ORI (CAnit) L

whereforJ < j <J —1, ul) = {P,u(x,ﬁj))};c"':—_zl.

Step 2. Use i}, on the right-hand side of scheme (5.5) to advance the solution to time
step #"*! and obtain solution u%'. Then, %/ (x) = Pru’' € Vo @ Wo @ - - @ Wy—y will
be the new numerical solution which yields a better approximation of the exact solution of
5.1).

6. Numerical results.

6.1. CPU performance of DWT. The theoretical estimates of operations for performing
the DWT in both directions and the computation of derivatives at all collocation points are
O(N log N), where N is the total number of terms in the wavelet expansion (3.10).

We take the function in (6.1) and define its wavelet interpolation expansion (3.10) for
L =10,J =2,3,..., 10; the total number of terms (or collocation points) N = 2/L — 1
is between 79 and 10,240. In Figure 5, we plot the CPU time for the performance of DWT
back and forth in both directions (“0” in the figure) and the computations of derivatives on
all collocation points (“+” in the figure). Also drawn in the figure is a straight line which
indicates an almost linear growth of the CPU timing up to 12,000 points.

6.2. Adaptive approximation of wavelet interpolation expansion. We consider a func-
tion with high gradients

[ hi(x +1,0.3) if —1<x<-07,
0 if —07<x=<-05-34,
hi(x 4+ 0.5, 8) if —05-8<x<-05+3,
©Dh  f®=19 if —0.5+8<x<0,
sin(Swx)hy(x — 0.25,0.25) if0<x <05,
ha(5592) if0.5<x <1,
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960 WEI CAI AND JIANZHONG WANG

FiG. 6. Wavelet approximation of functions (6.1) with L = 40, J = 6. TopA—exact solution (solid line) and
approximation (“0”); bottom—absolute error in logarithm scale. Total number of f; ; is 5123.

where § = 0.01, & (x, a) is a hat function, and %, (x) is a step-like function and these functions
are defined as

62) h. @) — [sin(ZGFN)16  if |x| < a,
otherwise,
and
0 ifx <O,
(6.3) ho(x) =1 55 o PA-13dt f0<x<1,
1 otherwise.

First, we construct the full wavelet interpolation expansion (3.10), i.e., P; f (x), for J =
7, L = 40; the total number of wavelet functions (or the collocation points N) is N + 4 =
(2'L —1)+4 =2’ L +3 = 5123 (including four boundary functions in I, ; f (x)). At the top
of Figure 6, we plot f(x) (solid line) and P; f(x) at non-interpolation points; at the bottom
we have the absolute error in logarithmic scale. In Figure 7, we plot the components f, € Vg
and g;(x) € W;,0<j <6,inP;f(x) =1L s f(x) + fo+ 8o+ --- + gs-1. We can see that
only the higher frequency part is retained in higher wavelet spaces W; (notice that the scale
varies for different pictures).

Then, we use the procedure at the end of §5 to filter out the coefficients .k which are less
than ¢ in magnitude. In Figure 8, we take ¢ = 10~ and the number of wavelet functions f ik
reduces to 289 with the accuracy of the approximation (bottom curves) within order of €. In
Figure 9, we plot the solution at the remaining interpolation points and the expected clustering
of the interpolation points is seen at locations where the function changes more dramatically.
In Figure 10, we plot the magnitude of the wavelet coefficients f k> J = —1, one level above
another. The high density of the wavelet coefficients reflects the existence of high gradients
of the approximated function. In Figure 11, we take ¢ = 10™* and the number of wavelet
functions f .k reduces to 206 with the accuracy of the approximation (bottom curves) within
order of .
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FiG. 7. Components of Pef(x) = fo + go + -+ + ge¢. From top to bottom—(a) fo; (b) — (f) go(x) — ga(x).
Notice that the y-scales are different.

6.3. Linear hyperbolic PDEs. We consider the problem of the linear hyperbolic PDE
ur +uy =0, 0<x<l1,
(6.4) u(0,7) =0,
u(x,0) = f(x) or ha(35).

In Figure 12, we present the solution of (6.4) at # = 0.1 with initial condition u(x, 0) =
h2(35),8 = 0.004, and the numerical parameter L = 20,J = 8,¢ = 10~*. Third-order
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af ,

FiG. 8. Same as Figure 6 but with deletion of wavelet coefficient f & whose magnitude is less than ¢ = 103,
Total number of f .k left is 289.
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Fi1G. 9. Close up of top part of Figure 8, numerical solutions (“+”) at remaining collocation points against
exact solutions (“0”).
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FiG. 10. Magnitude of the wavelet coefficients in the approximation used in Figures 8 and 9. The coefficients
are plotted so the coefficients in W;..1 are above those in W;.
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F1G. 12. Adaptive wavelet collocation solution of linear PDE (6.4) with initial condition (6.3) (§ = 0.004) at
t = 0.1 with L = 20, J = 8, and error tolerance € = 10~*. The number of collocation points N = 240. (a) plus
sign—numerical solutions, solid line—exact solution; (b) wavelet coefficients at all levels; (c) errors at collocation

points in logarithm scale.

Runge-Kutta methods are used for all numerical results presented here. We update the mesh
every five time steps. Figure 12(a) is the numerical solution (plus) at 240 collocation points
at time ¢ = 0.1 against the exact solution (solid line). Figure 12(b) shows the distribution
of wavelet coefficients for each level of wavelet spaces. The number of collocation points
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T=0.1,delta=0.02,J=6,L=15,eps=1 e(-4),nadpt=5,mbd=8, #=385

T=0.1, delta=0.02 J=6,L=15,eps=1e(-4},nadpt=5mbd=8, #=385
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FiG. 13. Adaptive wavelet collocation solution of linear PDE (6.4) with initial condition (6.1) (§ = 0.02) at
t =0.1,02,03with L = 15, J = 8, anderror tolerance e = 10~*. The number of collocation points N = 385, 394,
and 392 at timet = 0.1, 0.2, and 0.3, respectively. (a)-(c) plus sign—numerical solutions, solid line—exact solution;
(d)-(f) wavelet coefficients at all levels.

fluctuates around 240 and only the wavelet coefficients of those wavelet basis functions close
to the large gradients remained in the numerical solution. Figure 12(c) shows the errors of the
numerical solution in logarithmic scale at all remaining collocation points.

Figures 13(a)-13(f) show the results of (6.4) with f(x) in (6.1) as initial condition (§ =
0.02) and the numerical parameters L = 15, J = 7, ¢ = 10~*. Figures 13(a)-13(c) show the
solutions at time ¢ = 0.1, 0.2, 0.3, when the number of collocation points is 385, 394, 392,
respectively. Figures 13(d)-13(f) show the wavelet coefficients of the numerical solution at
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F1G. 13. (cont.). (g)-(i) errors of numerical solutions in logarithm scale at t = 0.1, 0.2, 0.3, respectively.
those times, i.e., t = 0.1, 0.2, and 0.3, respectively. Figures 13(g) and 13(i) show the errors
of the numerical solutions in logarithmic scale at ¢ = 0.1, 0.2, 0.3, respectively.

6.4. Inviscid Burger equation. Finally, we consider the problem of the nonlinear hy-
perbolic PDE

wt () =0, -1<x<2,
6.5) u(0,t) = given,
u(x,0) = f(x),
where
66) £y = { —sin(rx) if —1 '5 x <1,
0 otherwise.

The solution of Burger’s equation develops a shock at time ¢ = % ~ 3.18. In this case, we
take L = 15, J = 8, ¢ = 10~*. With every five iterations we change the number and locations
of the collocation points according to the criteria proposed at the end of §5. The number of
collocation points is 292, 295, 303 at times ¢ = 0.3, 0.318, 0.319, respectively, Figures 14(a)-
14(c) show the numerical solutions at those three times, respectively, while Figure 14(d) shows
the solution a little while after a shock has developed at location x = 0. Further integration of
the solution after this time will produce oscillations in the numerical solution as the numerical
method has no mechanism to capture a real shock. Again, Figures 14(d)-14(f) show the wavelet
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FIG. 14. Adaptive wavelet collocation solution of inviscid Burger’s equation (6.5) with initial condition (6.6)
att = 0.3,0.318,0.319 with L = 15, J = 8, and error tolerance ¢ = 10~*. The number of collocation points
N = 292,295, and 303 at time t = 0.3,0.318, and 0.319, respectively. (a)-(c) plus sign—numerical solutions;
(d)-(f) wavelet coefficients at all levels.

coefficients used in the numerical solution at time ¢ = 0.30, 0.318, and 0.319, respectively.
The numerical scheme automatically puts more collocation points near the high gradient (x =
0) and the derivative discontinuity (x = 1). Again, the third-order Runge-Kutta methods are
used for the time integration, whose stability is to be determined by the eigenvalue distribution
of the first and second derivative matrices D; and D, shown in Figures 15 and 16, respectively.

7. Conclusion. In this paper, we have constructed a fast DWT which enables us to con-
struct collocation methods for nonlinear PDEs. The adaptivity of wavelet approximation
is conveniently implemented through the examination of the wavelet coefficients. The pre-
liminary tests of the solution of PDEs indicate that such an approach will be important in
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Fic. 15. Eigenvalues for the first derivative matrix Dy for L = 8, j = 0, 1, 2, 3 whose sizes are 8, 16, 32, and
64, respectively.
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FIG. 16. Eigenvalues for the second derivative matrix D, for L = 8, j = 0, 1, 2, 3 whose sizes are 8, 16, 32,
and 64, respectively.

large-scale computations where the solution develops extremely high gradients in isolated
regions and uniform mesh is not practical. A final note on the use of higher-order spline for
the construction of MRA for Sobolev spaces: the method used in this paper can be utilized
to yield higher-order approximation to smooth functions. Considering the compactness of
the support of the wavelet functions and the required smoothness in solving second-order
differential equations, we have limited our discussion to the case of cubic splines in this paper.

Appendix.

Proof of (3.29). The proof is a straightforward application of Lemma 6. For M; in (3.9),
we have (a2, a3,...,a,) = (=35, — 5+ — 5 — ) Guba....b) = (1,1,...,1),
and (c3,¢3,...,Cy) = (——ﬁ, —ﬁ, ---’—ﬁ, —%), where n = n; = 2/ L. Therefore, the
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sequence {u,,} in (3.26) satisfies the following relations:

2534
(A.1) uo =0, uyp =1, uy = 14, Uz = BER

andfor4d <m <n,
(A2) Um = Cm(—Um—2 + 14upm_1),
where ¢, = }—2, if m = n; ¢,, = 1, otherwise.
Recursive relation (A.2) is a finite difference of order 2 whose general solution is of the
following form:
(A3) Um = Cp(c10™ 3 + 0277,
where o = 7+ 4/192/2, B = 7 — /192 /2 are the two distinct roots of the quadratic equation
x2—14x+1= 0,

and constants ¢; and c; are chosen so equation (A.3) is valid for m = 2, 3.
Therefore,

Ug = 0, Uy = 19
(A4) U = Cm(10™ 3 + 2 f™3),  2<m=<n,

where 1 = 225 (52 — 146) > 0, s = 25 (1o — 52 > 0.
Similarly, we can show that

(A.5) Unt1 =0, vp =1,
(A.6) Um = Cnomr1 (10" 4 pppr2m) forl<m <n-—1,
and

1
vo = —— (810" + 8,87,
ai

where §; = (3e-bi 5 o 5, = W-Dbis _ o,
Finally, following (3.28) in Lemma 5, we have the following estimates on the inverse of
M;.
Denoteej, 1 < j <n,as

1 ifj=1,
13 . .
N 14 lfj=2,
711 if3<j<n-—1,
% if j =n.

Case l.i<jandl<j<n-1,i=1:

(10" 277 + pp r20)
(810[”_4 + 62}3n_4)

(A7) Qj,j = —€iCp_j41
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14 0" 277 (uy + paz"279)
13 am4(8; — 862279

< Boao@itmw/z) 1

T 13 (61 =8y ai!

1
= kg

o, j| <

wherez:fs 1and K; = 1.1666.
Case 2. i <jandl<j<n-1,2<i<n:

(A.8)

Case 3.
(A9)

Case 4.
(A.10)

Case 5.
(A.11)

Case 6.
(A.12)

Case 1.
(A.13)

Case 8.

(A.14)

®jj = —€iCpn—j+1Ci

Oi,j = —€jCjCn—i+1

- (a2 4 B (o + pp B2

(S1am=4 + §,87%)

i<jandj=n,i=1:

1
G B 1 5

®j ==

i<jandj=n,2<i<n:

0 (m10f 73 + pua Bi73)
T (Grant + 887

oj ==

i>jandj=1,1<i<n-1:

Mlan—Z—i + /Lzﬁn_z_i
(B1a"% + 5,84

®jj = —€jCp_i+1

i>jandj=1,i=n:

1
—¢ (81(1”‘4 + 62ﬂn—4) :

%j =

i>jand2<j<n-1,1<i<n-1

o (e 4 ) (e + )

(slan—4 + 82ﬂn—4)

i>jand2<j<n-1,i=n:

o, 10/ + 3BT
J (8104 + szﬂn—4) :

&j ==

For Cases 2-8, we can similarly obtain

TR 2<ix<sg,

i, j| <

where K, = 1.1726, K5 = 1.1607, K4, = 1.1666, K5 = 1.1666, K¢
1.1722, and Kg = 1.1666.
Finally, if we choose K = 1.1726, then

(A.15)

1<i,j<n.

Joi, j| < pupar

This concludes the proof. 0
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