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Arti_cle histmy:' ] In this paper, we propose a fast multipole method (FMM) for 3-D linearized Poisson-
Available online 26 April 2021 Boltzmann (PB) equation in layered electrolyte-dielectric media. We will extend our

previous work on FMMs for Helmholtz and Laplace equations in layered media [1,2]
to the case of electrolyte and dielectric layered media for applications arising from
Poisson-Boltzmann equation biophysics and collo?dal fluids, such as ion channel trans_port and Helrpholtz double layers.
Layered media Two key mathematical formulas are developed for this purpose: Firstly, a Funk-Hecke
Spherical harmonic expansion formula for purely imaginary wave numbers is derived, which facilitates the derivation of
Equivalent polarization source multipole expansions of the potential far fields of charges in layered electrolyte-dielectric
media. Secondly, a recurrence formula is constructed for run-time computations of the
Sommerfeld-type integrals used in the FMM algorithm. Numerical results show that the
proposed FMM for interactions of charges embedded in layered media under screened PB
potentials has the same accuracy and the O(N) computational complexity as the classic
FMM for charge interactions in the free space.
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1. Introduction

Layered electrolyte-dielectric media frequently occur in biological systems, e.g., ion channels [3], where ionic solvents
and protein membrane create a layered environment around the ion channels. The interaction of charged particles in layered
electrolyte-dielectric media, such as ions moving through ion channels or in Helmholtz double layers of electrolyte fluids, is
governed by the Poisson-Boltzmann (PB) electrostatic potential. In a L-layer media with horizontal interfaces at z=d, and
the [-th layer defined by

Q={r=xy,2,xeR,yeR,dy <z<d¢ 1} (1.1)
where d; = —o0, d_1 = oo, the potential of a charge at r’ is given by the Green’s function of the PB or Poisson equation in
the layered media which we denoted by u (r, ') in this paper. It is the solution of the equation

1
VU (r,r) — A%uw(r,r’) = —8—8(r,r’), reQ, reQy (1.2)
¢

with the following jump conditions (denoted by [-]):
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311[[/ (r)
on
for all 0 < ¢, ¢’ < L, where §(r,r’) is the Dirac delta function, &, and A, are the dielectric constant and the inverse Debye-
Huckel length in the ¢-th layer in the layered medium. In layers where Ay =0, such as in a membrane layer, we have the

Poisson equation. For an 1:1 electrolyte solvent (monovalent:monovalent salts like NaCl),

(e ()] =0, [s ] =0, atz=d, (13)

A~ 0.33,/cs A1 (14)

at room temperature (25 °C), ¢s is the ionic concentration measured in molar units M, and A =10"19 m (cf. [4]).

In a homogeneous ionic solvent, the Green’s function of the linearized Poisson-Boltzmann equation is referred as the
Yukawa potential or screened Coulomb potential (cf. [5,3,4]). The classic fast multipole method (FMM) for the Coulomb po-
tential has been successfully extended to the Yukawa potential (cf. [6,7]) for the reduction of the O(N?) cost for computing
the interactions between N particles (or sources) to O(N), which has found many applications in computational biology,
chemistry, colloidal sciences (cf. [8,9]). Similar to the FMM for the Coulomb potential [10,11], the mathematical foundation
of the Yukawa-FMM is multipole expansions (MEs) based on addition theorems for modified Bessel functions. The MEs pro-
vide a low-rank approximation for far fields of charges in the homogeneous space (also referred as the free space in this
paper). For applications involving layered electrolyte-dielectric media, a layered Green’s function defined via (1.2)-(1.3) is
preferred to describe the interactions, which accounts for the polarization effects due to the presence of material interfaces
(cf. [3,12]). However, the lack of a similar addition theory for the Green’s function of PB equation in layered media place a
major obstacle in developing FMM for the potential in this situation.

However, besides the ME based FMMs, Taylor expansion based fast algorithms [13-15], kernel independent FMM (cf. [16,
17]), cylindrical wave decomposition together with 2-D FMMs for cylindrical waves [12], and matrix low rank representation
based fast algorithms (cf. [18-22]) could also be applied to compute charge interaction potential in layered media. Though a
smooth kernel satisfying some decaying conditions can be compressed using Taylor expansion, a truncated Taylor expansion
with p-th order convergence for a 3-D problem will require O(p3) terms, compared with O(p?) for MEs. Other kernel
independent fast algorithms require the computation of all entries (or those sampled using random row/column sampling
approaches (cf. [21,22])) of the matrix, which is computationally prohibitive as each entry requires the computation of an
oscillatory Sommerfeld-type integral. An O (p2) term ME based fast method, which takes advantage of the special geometry
of the layered media and analytical properties of the Green’s functions of the layered media in deriving the MEs will produce
more efficient algorithms with rigorous error controls. Recently, we have developed a mathematical theory to obtain low-
rank ME approximations for the far fields of source interactions represented by the layered Green’s function of Helmholtz
and Laplace equations (cf. [1,23,2]). The main idea is to use the generating function of the Bessel function (2-D case) or
an extended Funk-Hecke formula (3-D case) to connect Bessel and plane wave functions, which facilitates the derivation
of the required MEs. The reason of using plane wave expressions is that the layered Green’s functions have Sommerfeld-
type integral representations where the plane waves are involved. With the ME for far field approximations, corresponding
FMMs for the layered Green’s functions have been implemented. As the layered Green’s function of the linearized Poisson-
Boltzmann equation has a similar integral form as that of Helmholtz equation, we can extend our previous work on the
FMMs of the Laplace and Helmholtz equations in layered media to PB equations.

A key result in this paper is an extension of the Funk-Hecke formula for purely imaginary wave numbers, which allows
us to derive the MEs, local expansions (LEs) and multipole-to-local (M2L) translation operators for the reaction components
of the PB layered Green’s function. Under a similar framework proposed in our previous work, the potential due to sources
embedded in layered media is decomposed into free space and reaction components, and equivalent polarization charges are
introduced for each reaction component. The FMM in layered media will then consist of the existing Yukawa-FMM for the
free space components, and newly introduced FMMs for the reaction components based on equivalent polarization sources
and the corresponding layered MEs, LEs and M2L translation operators. Moreover, in order to avoid memory consuming pre-
computed 3-D look-up tables (cf. [1]), we will develop a recurrence formula for efficient computation of the Sommerfeld-
type integrals used in the algorithm. The resulting FMMs for the reaction field components are much faster than that for the
free space components, as the introduced equivalent polarization charges are always separated from the associated target
charges by a material interface. As a result, the proposed FMM for sources in layered electrolyte-dielectric media costs
almost the same as the Yukawa-FMM for the problem in free space.

The rest of the paper is organized as follows. In Section 2, to provide the application background for the FMM for
PB potentials in layered electrolyte-dielectric media, we introduce a charge interaction problem arising from computing
the electrostatic potentials in a hybrid model for ion channel transport. Then, we present the formulas for the potential
induced by sources embedded in layered electrolyte-dielectric media. As in our previous work on Helmholtz and Laplace
equation, equivalent polarization charges for each type of the reaction components are introduced to represent the reaction
components. In Section 3, we first make a short review of the key formulas on which the classic FMM-Yukawa algorithm
relies. Then, the MEs, LEs and M2L translation operators for the reaction components are derived based on an extended
Funk-Hecke formula which provides a spherical harmonic expansion for the exponential functions involved in the integral
representation of the layered media Green’s function of the PB equation. The FMMs for reaction components are constructed
for the combined set of the original source charges and the equivalent polarization charges associated to each reaction
component. In Section 4, we give numerical results to show the exponential accuracy and O (N) complexity of the proposed
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Fig. 2.1. Schematic illustration of a hybrid ion channel model: Qp indicates the atomistic region within which channel protein (indicated by curved outlines),
water molecules (clusters of 2 hydrogen and 1 oxygen atoms), and ions (cations and anions indicated by circles with + or —) are given in explicit atomistic
forms in terms of charges and positions while the layered medium outside €2p given an implicit continuum form in terms of dielectric constant &, and
inverse Debye-Hiickle length A,.

FMM for interactions in layered electrolyte-dielectric media. A conclusion is given in Section 5. In addition, two appendices
are included for the reaction densities in the spectrum domain for the Green’s function for a three-layered medium and
addition theorems for the modified Bessel functions, respectively.

2. Background and problem setup
2.1. Electrostatic interactions in a hybrid model for ion channel transport

As an application of the FMM in layered electrolyte-dielectric media, we present an computational electrostatic problem
arising from the ion transport in ion-channel or nanopores. A three-layer medium of materials with different dielectric
constants and inverse Debye-Hiickle lengths, corresponding to ionic solvents above and below and a membrane in the
middle, is shown in Fig. 2.1. In the layer Q,, 0 < ¢ <2, we denote the dielectric constants by ¢, and the inverse Debye-
Hiickle lengths by A,. For the study of ion channels, we consider a simple hybrid model within the layered medium,
which consists of a cylinder Qp of height D within the three-layer medium with axis perpendicular to the interfaces of the
layered media (see Fig. 2.1). The dielectric constant and inverse Debye-Hiickle length inside the ion channel Qp are denoted
by €q, and Aq, =0 (i.e,, Poisson equation is used inside the cylinder), respectively, which can take values different from
the parameters outside the cylinder. The finite height cylinder represents a dividing interface in a hybrid solvation model for
biomolecule simulations (refer to Section 4.5 in [4] and [24-27] for more details). In such a hybrid model, inside the cylinder
an atomistic representation of the physical system is used, i.e., channel proteins, solvent molecules, and ions are described
in terms of charged particles at their atomic centers and their interactions are governed by the Coulombic potential. The
background media outside the cylinder, composed of a membrane and solvents above and below, are modeled as layered
continuum dielectrics described by dielectric constants and Debye-Hiickle screen length. The electrostatic potential in the
layered media is then governed by the Poisson (for the membrane) and Poisson-Boltzmann (for the ionic solvents) equations.

Now, let us assume that inside the cylinder there are M charges with magnitudes qi, 1 <k < M, located at ry, which
are the partial charges of the ions and membrane protein molecules inside the explicit atomistic cylinder. In a Monte Carlo
or molecular dynamics simulation of the hybrid system, the electrostatic potential ¢(r), thus forces on each charge through
the gradient of the potential, is given by the following PB equation

1

M
— > qbr—r). reQ, €=0,1.2 (21)
e(r)

k=1

V2 (r) — 22 (r)p(r) = —

with interface conditions (1.3). The function A(r) is a perturbation of the piecewise constant A, due to the presence of the
cylinder representing the atomistic region, so

W) =25+ A Xap. AM) =1g, (1) — A7, reQy, (2.2)

and the dielectric constant £(r) will take different values in different regions (usually £, assuming a value between &yqc
and 4&,qc with €,4 being the vacuum dielectric constant), see Fig. 2.1. In the middle membrane layer and inside the
cylinder, we have A1 =0, Lo, =0, so the Poisson equation is in fact used both inside the membrane layer and the explicit
cylinder region. The region outside the cylinder is treated implicitly with the homogeneous PB (within the ionic solvent
above and below the membrane) or Poisson equation (within the membrane). The cylindrical boundary is a mathematical
interface defining where the explicit regions end and the implicit region begins. The hybrid model allows the ion channel
to be modeled with atomistic details and accuracy. For biological ion channels of thickness about 3 nm, the height of the
cylinder is taken to be around 400 A and the diameter in the order of 100 A. Considering the fact that the biological ionic
concentration cs is in the range of milli— M (mM), which gives a Debye-Hiickle length of 100 A from (1.4), therefore, for
this size of explicit region, the polarization effect of the solvent above and below the membrane will be strong on charges
inside the cylinder, which is reflected in the definition of the Green’s function in (1.2) through a solvent reaction field
component as defined in (2.8).
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Fig. 2.2. Sketch of the layer structure for general multi-layer media.

The solution to (2.1) can be obtained by solving a Lipmann-Schwinger type integral equation using the Green’s function
ugp (r, ') defined by (1.2)-(1.3), i.e.,

M
1
¢(T)=——8(r) > dilie (T, T’k)‘*‘/A("/)UM'(", rg)dr’, reQq. (2.3)
k=1 o

The volume integral equation is then discretized by a Nystrom collocation method with an appropriate quadrature for-
mula with {r,‘,a),-}f‘i1 as the nodes and weights for the domain €2p. More precisely, the discretization at each point r; € Qp,
is given by

M N
1 .

o)== D Quuer (ri 1) + Y @] AU (r,Tgr), 1<i<N, (24)

Vok=1 j=1

which forms a linear system

(I+AAM)x=Dh, (2.5)
where x = (¢(r1),---,¢(ry))T, matrix A = [uge (ri,rj)Inxn, £ =€ =1 is given by the layered Green’s function, A =
diag(w1 A(r1), .-, oM A(ry)) is a diagonal matrix and the right hand side b = (b, --- ,bn)T, bi = %r,) Z}{V’ﬂ QrlUep (i, 1y).

Once the potential ¢ (r) is obtained inside €2p, then equation (2.3) can be used to find the potential anywhere in the layered
medium. The linear system (2.5) is usually solved by using an iterative method when the system size N becomes very large.
Iterative solvers based on Krylov subspace iterations such as GMRES require the product of the coefficient matrix and a
vector, i.e., AAx = Aq, which will lead to O(N?) cost if done directly. Note that the product Aq is exactly the interactions
of N charges, defined by the g =(Q1,---, Qn)", Q; = w; A(r{)x;, through the PB or Poisson electrostatic potential, i.e., the
corresponding layered Green's function. The speedup of computing the interaction from O (N?) to O(NlogN) requires fast
algorithm, such as the fast multipole method developed in this paper.

2.2. The potential due to sources embedded in layered media

In general, we will consider the computation of the potential due to sources in a multi-layered medium consisting
of L-interfaces located at z=dy, ¢ =0,1,---,L — 1 with material parameters given by {8[,)%}'5:0, see Fig. 2.2. Suppose
Py ={(Qqj,1ej), j=1,2,---,N¢}, £=0,1,---,L are L+ 1 groups of source particles distributed in the multi-layered
medium where the group of particles in the ¢-th layer is denoted by &7,. Then, the potential at ry; due to all other particles
is given by

L N(/

Dy(re) = Z Z Qe jueey (Tei, Tej), (2.6)

=0 j=1

where uyp (r, ') is the layered Green’s function, i.e., the solution of the problem (1.2)-(1.3).

As presented in our previous papers (cf. [1,2]), the potential consists of free space and reaction field components. To
present the decomposed formulation of the potential, let us first recall the spectral representation of the Green’s function
of PB equation in the layered medium described above. Suppose we have a point source at r’ = (x, ¥, Z’) in the ¢'-th layer
(dy <7z <dp_q), then the layered Green’s function of the linearized PB equation satisfies (1.2) at field point r = (x, y, 2)
in the ¢-th layer (dy <z <dy; — 1). By using partial Fourier transform along x- and y-directions, the analytical solution can
be obtained by solving an ordinary differential equation in each layer with respect to z and then applying transmission
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conditions (1.3) at the interfaces z=d,_1, £=1,2,---,L, as well as decaying conditions in the top-most and bottom-most
layers for z — £oo. The detailed derivation is an analogue to that for the layered Green’s function of the Laplace equation
(cf. [2]). In physical domain, the layered Green’s function takes the form

react / e—)‘l|"_"/| /
Upy (1 T)+ ————, =0,
U (r,r')y= 1" r) Ae|r — 1| (2.7)
upptr, ), otherwise,
where
er/(" r)—i—uoe,(r r), £=0
uytr,r’) = u”,(r r)+uu/(r r)+ud, ) +ul ), 0<t<lL, (2.8)
ufy (r, ¥ +ufs (r.r), =1L

is a reaction field induced by the layered media. In general, the reaction components uu,(r r), a,b = 1,2, have
Sommerfeld-type integral representations in the Fourier spectral domain:

00 21

uff(r, vy = — o2 // psu,(r ol (hp)dadr,, a,b=1,2, (2.9)

where Ay, = /A% + A2, {8&‘7 (r,1")}q, =12 are exponential functions defined as

mr 1) 1= e (=) ~hazG—d) =@ ~dy)

/(r r ) = eixa'(P_P/)—}\ez(z—de)—)“[/Z(dz’_1 -2)
’ . ’ 2.10
21 (r r/) = ella'(P*P/)*)\éz(dl—l 72)7)%/2(2/7(1(/)7 ( )

Z@’ (r r ) i)‘a'(l’_l’/)_)\lz(dl—l —2) Ay, (dyr_q —Z/)’

Ao = (Apcosa, rpsina), p=(x,y), p’' = (¥',y’) are the source and target coordinates in xy plane and {O‘N, ()Lp)}[1 b are
reaction densities only dependent on the layer structure and the material parameter k; and ;. It is noted that the reaction
components ”u” or ”z/z' will vanish if the source is in the top-most or bottom-most layer accordingly.

The reaction densities {O‘& (Ap)} b=1 Can be calculated efficiently by using a recursive algorithm, see [2, Appendix B]
for a similar one used for Laplace equation in layered media. For a few layers, we can write down explicit expressions of
the reaction densities. As an example, the expressions for a general three layer medium are given in Appendix A.

With the expression of u,e (r, 1), the potential given by (2.6) is decomposed into free space and reaction field compo-
nents as follows:

L-1
Dy (rei) = O (re) + Y _[D (rei) + D7) (rep)] + Z[cbw (rei) + D7 (re)], (211)
=0 =1
where
N¢ e~ Mlrei—rejl Ne
(b?-ee(rﬂ) — Z Qiji, CD%’, (re) := Z Ql’juzeb' (rei, rej). (2.12)
Pyt 4meelre — 1l P

It is clear that the free space component d>free(rg,') can be computed using the classic Yukawa-FMM (cf. [6,7]). Therefore,
the main task is to develop FMMs to efficiently compute the reaction components {d)w (rei)}, a,b=1,2. As the reaction
components of the Green’s function in layered media have different expressions (2.9) for source and target particles in
different layers, it is necessary to perform calculation individually for interactions between any two groups of particles
among the L + 1 groups {Z}L_.

2.3. Representation of the reaction components using equivalent polarization sources

According to the expressions in (2.9)-(2.10), we can see that the exponential decaying factors in (2.10) are actually
determined by four groups of shifted z-coordinates {z — d;,z — dy}, {z —de,dp—1 — 2}, {de—1 — 2,27 —dy} and {d;_1 —
z,dy_1—27'}. Based on this observation, our previous work on the Helmholtz equation [23,1] has shown that the exponential
convergence of the ME and LE for the reaction components u;}é’,(r, r’) in fact depends on the distance between the target
and a polarization source defined for the source at 1. Fig. 2.3 illustrates the location of the polarization charge r/ for each
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Fig. 2.3. Locations of equivalent polarization sources associated to reaction component u ;‘(,".
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of the four types of reaction fields u%%, a, b =1, 2. Specifically, the equivalent polarization sources associated to reaction

o
components uz‘}’, (r,r), a,b=1,2 are set to be at coordinates (see Fig. 2.3)

ri=E Yy de— (@ —dp), 1=,y de—dp_1 —2)),
rhy =,y de1+ (@ —dp)), rhy =K,y ,de—1+ (dp_1 —2)),

and the reaction potentials are defined as

1 00271)\
o, "/w)3=Q//i‘%/("v"llb)"z];()‘p)d“d)‘p’
00
1 ooZn)\
a2 (r, rhy) ::87_[—2[/ié‘&/(r,r’Zb)GfK[?(kp)dotdkp,
00

where
£ Ty = eiha(0=P}y) gtz @—d0)~2y, e =2}y,
Ep(r1hy) = piha (P=Pyy) p—hez(de1—2)—hyr;(Zyy —de 1)

and p, = (X, ¥,,)» Z,, denote the xy- and z-coordinate of 1’ ,, respectively, i.e.,

6

(213)

(2.14)

(2.15)
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2y =di—(Z —dp), Zj=de—dp_1—72),
Zy=di 1+ (@ —dp), zy=di1+dp_1—2).

We can see that the reaction potentials (2.14) represented using the equivalent polarization sources has similar form as
the Sommerfeld-type integral representation (2.9). Recalling the expressions (2.10), one can verify that

M(r rYy=&%(r, rw) ze’(" =& (r, r%) b=1,2. (2.16)

Therefore, the reaction components of layered Green’s function can be re-expressed using equivalent polarization coordinates
as

upb )y =1y, b r)=ulhrry), b=1,2. (217)
Substituting into the expression of <I>w, (r¢;) in (2.12), we obtain

Ny
() =Y Qujlifp(ru, v, a,b=1,2 (218)
j=1

where

1‘,3/ = Xpj, Yoj.de — (zgj —dpr)), rg’ =Xej, Yej,de — (dy—1 — z¢j)),

(2.19)
Tg/ =xpj, Yoj,de—1+ (zej —dp)), Tg/ =Xpj, Yoj,de—1+ dy—1 —2pj))

are equivalent polarization coordinates of r,; for the computation of reaction components in the ¢-th layer, see Fig. 2.4 for
an illustration of {r}z,]j}yil and {r /1 }N[/

By using the expression (218) the computation of the reaction components can be performed between targets and
associated equivalent polarization sources. The definition given by (2.19) shows that the target particles {rﬁ}fz1 and the
corresponding equivalent polarization sources are always located on different sides of an interface z=d,_1 or z=dy, see
Fig. 2.4. We want to emphasize that the introduced equivalent polarization sources are separated from the targets even in
the computation of the reaction components for sources and targets in the same layer, see the numerical examples given in
Section 3.2. This property implies significant advantage of introducing equivalent polarization sources and using expression
(2.18) in the FMMs for the reaction components d’w (r¢i), a,b=1,2. More details about this advantage will be discussed
in Remark 3.3. The numerical results presented in Section 4 also valldate that the FMMs for reaction components have high
efficiency as a consequence of the separation of the targets and equivalent polarization sources by an interface.

3. FMM for charge interactions under PB potentials in 3-D layered media

In this section, we first briefly review the MEs and LEs for the free space Green’s function of the linearized PB equation
and the corresponding shifting/translation operators. They are the key formulas used in the Yukawa-FMM, which we will
adopt for the computation of the free space components given in (2.12). Then, a new technique will be established to derive
MEs, LEs and M2L translations for the general reaction components given by (2.18). With these expansions and translations,
the FMM for the PB potentials (2.6) or their equivalent formulations (2.11) is proposed.
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Fig. 3.1. Spherical coordinates used in multipole and local expansions.

3.1. Multipole and local expansions and translation operators for free-space components

Let us review the multipole and local expansions used in the Yukawa-FMM for Yukawa potential (cf. [6,7]). Consider the
free space Green’s function of the linearized PB equation with a source and a target at r’ and r, respectively. By using the
addition Theorem B.1, we obtain the ME with respect to a source center r:

T e Mr-r| o n
koGr =’ = 5 = D> Munkn(hrs) Y (65, 5), (31)
n=0m=—n

and the LE with respect to a target center rt:

kor =) =" 3" Lunin(ro) Yy 6, @0, (32)

n=0m=-n
where {Y]'(0, )} are the spherical harmonic functions, {i;(z)} and {k,(z)} are the modified spherical Bessel functions of
the first and second kind, respectively,
My = 47Tin()»T§)Y,T (65, (/75/), Loym = 4nkn(kr;)Y;m (9/7 w{), (3.3)

rS is the source center close to r/, and r' is the target center close to r, (rs, 6s, @s), (it 0, @) are the spherical coordinates
of r—rsand r—rt, (r}, 6], @l), (1, 6/, ¢{) are the spherical coordinates of ¥’ —r$ and r’ — rt (see Fig. 3.1).

Applying the addition Theorem B.3 to k; (Ars)Y)"' (65, ¢5) in (3.1), the translation from the ME (3.1) to the LE (3.2) is given
by

[ee) v
Lm=Y_ > Spu'(rk—rHMy. (3.4)

v=0u=—v

Similarly, we can shift the centers of MEs and LEs via the following translations,

o0 v o0 v
Mnm = Z Z 'g;n#(rg - Fz)Mw}., inm = Z Z g{fr;n(i'é - ré)Lvu, (3.5)
v=0 u=—v n=0 u=—v
where
Mum = 4 inOFD YR 05, @), Lum = 4wka GFD YRG!, @) (3.6)

are the coefficients of the ME and LE with respect to shifted centers s and ¥, respectively.

Two important features in (3.1)-(3.2) are (i) the source and target coordinates are separated; (ii) they both have expo-
nential convergence. These are the key features for the compression in the Yukawa-FMM (cf. [6,7]). Besides adopting the
addition theorem, a new approach to handle Green’s functions in layered media as well has been proposed for Helmholtz
and Laplace equations (cf. [1,23,2]), which will be extended to PB equation below.

8
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3.2. Multipole and local expansions and translation operators for a general reaction component

Before starting the derivation of the expansions for the general reaction components, we extend some expansion formulas
which have been established for the development of the FMM for Helmholtz equation in layered media (cf. [1]).
We begin with an analytic extension of the well-known Funk-Hecke formula (cf. [28,29,1]).

Proposition 3.1.Given r = (x,y,z) € R3, k> 0, o € [0,27) and denoted by (r,9, @) the sphericql coordinates of r, k =
(Vk? — kZ cosar, \/k? — k2 sina, k) is a vector of complex entries. Choosing branch (3.8) for /k2 — k2 in e™®* and an(’%), we have

ik-r g m npm kz —ima — v AM (g i DM kz imo
T =5 S APy (I)e =3 5 Ay (?)e (3.7)

n=0m=—n n=0m=-—n

holds for all k, € C, where

AN(r) =47 o (k)Y (O, ).

This extension enlarges the range of the classic Funk-Hecke formula from k, € (—k, k) to the whole complex plane by
choosing the branch

. 61406
Vk2 — k% =—i rlrzel% (3.8)

in the square root function /k2 — k2. Here (r;,6;), i =1, 2 are the moduli and principal values of the arguments of complex
numbers k; + k and k, —k, i.e.,
02

ky +k=r1e?, —mw <6 <m, k,—k=rye —T <by <.

There, it is enough to consider the case when k > 0 is a positive real number. Note that the linearized PB equation can
be obtained from Helmholtz equation via modification k — i\. Therefore, it suffices to prove an alternative version of the
Funk-Hecke formula for purely imaginary k =iA.

By using the branch defined in (3.8) for the square root function, we have the extension (cf. [1]) of the well-known
Legendre addition theorem [30, p. 395].

Lemma 3.1. Let w = (v/1 — w2 cosar, v/1 — w2 sina, w) be a vector with complex components, 6, ¢ be the azimuthal angle and
polar angles of a unit vector . Define

B(W) =wcosh ++v1—w2siné cos(a — ¢), (3.9)
then
_ Ar . Dm Dm im(a—¢)
Ph(B(W)) = ——— P (cosO) P (w)e (3.10)
2n+1
m=-—n
forallw e C.

The following Lemma states the same conclusion of Lemma 4 in [1]. Here, we make it more general by an analytic
extension to C.

Lemma 3.2. For any complex number a, there holds

e” =) 2n+Din(@Py(2). VzeC, (3.11)

n=0

where ip(a) = %I,H] ,2(a) is the modified spherical Bessel function of the first kind, P, (z) is the Legendre polynomial extended to
the complex plane.

Proof. Recall the series (cf. [31, 10.60.8])

edcost — Z(Zn + 1)in(a)Py(cosh), (3.12)
n=0
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we can see that (3.11) holds for all z € [—1, 1]. Next, we consider its analytic extension to C. Apparently, e%* is an entire
function of z. Meanwhile, the spherical Bessel function i, (a) has the following upper bound (cf. [32, 9.1.62])

F(i) a\" o 1 /7a\"
: TR (I 2 et |Na| I et |Na|
lin(@|=1i""jn(i@)| < o+ D %)(2) el < n!(Z) el (3.13)

where Ra is the real part of a. The extension of the Legendre polynomial P,(z) to C is a polynomial of degree n with n
distinct roots {zj}z!:1 in the interval [—1, 1]. Therefore,

n
IPr@)|=lan| [ [Iz—2jl 2"zl + D", VzeC, (314)

j=1
here the estimate a, = 2,(12(2,))'2 < 2" for the coefficient of the leading term of P,(z) is used. In total, the upper bounds for

lin(a)| and |Py(z)| give an estimate

Y @+ Din@Pa(2)| <) (2n+1) Nal = (2a(|z] + 1) + 1)e?(Z+Delal, (3.15)

n=0 n=0

a'(lz|+ 1" |
—e
n!

Therefore, we have proved that the series on the right-hand side of (3.11) converges uniformly in any compact set D C C
and hence converges to an entire function of z. By the analytic extension theory, we complete the proof. O

From Lemma 3.1 and 3.2, we have the following expansion formulas:

Proposition 3.2. Given r = (x, y,z) € R3, A > 0, a € [0, 2r) and denote the spherical coordinates of ¥ by (r, 0, ¢), and let A =
(ixpcosa,irpsina, — /A2 4-22) be a vector of complex entries. By choosing the branch (3.8) for A, = /A2 4 22 in e* and 'ﬁnm(%),
we have

M — i Xn: Bnm(r)’ﬁm (E)eima — i Xn: Bm(r)’ﬁm (k)e—ima (3.16)
n )\, n n )\,
n=0m=-n n=0m=-n

forall », € C, where

B (r) = 4w (—1)"ip )Y (O, ).

Proof. Let

3 A
B=414+ A—zcose +17 sin® cos(a — ¢),

then, —Arg = A -r. Setting a = Ar, z= g in (3.11), we have
o0
M =" 21+ 1)in(=Ar) Pa(B). (317)
n=0
Then, the spherical harmonic expansion (3.16) follows by applying Lemma 3.1 together with the property i,(—z) =
(=1)"in(2). O

Now, we are ready to derive key mathematical formulas for the development of the FMM for a general reaction compo-
nent @;‘g’, (r¢i). We will use expression (2.18) with equivalent polarization coordinates. Therefore, MEs, LEs and corresponding
translation operators for ﬂ;‘ef’, (r, r/ub) are required. Recall that the source/target separation in the expansions is a key fea-
ture for the compression. Further, the coordinates of the equivalent polarization source and target are only involved in the
exponential kernels sz, in the integral representation (2.14). Therefore, the following source/target separation

5&, (r.rp) = 52;3/ (r, "gb)ei)“"'(’og O —p} ) —he (@0 24 ) .
Ep(r.rh) =E,,(r, rfb)ei)‘“'(p?b —ph) e, (@20 =2 (3.18)
and
EL (. 1h0) = £, (1t 1 yelha (P=PO k(=20

‘ (3.19)
Eqp (1, Thy) = £y (1, Ty Je e PP A0

10
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can be obtained for b= 1,2 by inserting the polarization source centers r2® = (x3°, ya°,z3%) and the target center rt =
(L, yL, 28), respectively. Here we also use notations p2® = (x2%, ya®) and p! = (xL, yL). Moreover, Proposition 3.2 gives
spherical harmonic expansions:

o0 n
eika-(p}b_p;h)—kl/z(zgf’_z’lb)ZZ Z 4n(_1)nin(kwslb)yg1(n__Qslb’n_i_gaslb)’ﬁ'rp(%)eima’
n=0m=-—n )W
) o " - Ao
ella-(pgbfplzh)Jr)»(/z(zgh72’%):Z Z 47.[(_1)nin(k[/r526)ylr1n(9§2b’7.[+(p326)’1321(ﬁ>elma,
A
n=0m=-n
eilw(/’*ﬂﬁ)*kzz(lflﬁ) :i Zn: 47 (= 1) i (et Y™ (6 wt)ﬁm(&)e*im‘l
n ’ n A ’
n=0m=-—n
. [e9) n Ag
e“»a'(ﬂ‘ﬂé)'“h@z(z—zc) — A7 (=D Ot Y™ (T — 6 , 'ﬁm(_z)e—imo(’
;m;n (=D inCrero) Yy Gr = 6 @0 P (5

where (rg®,68%, ¢a®) are the spherical coordinates of r,, — r2°. Since

Yo' (mr —6,9) = (=D"YO, ), Vi@, 7 +9)= DTV, ),

the above spherical harmonic expansions together with source/target separation (3.18) and (3.19) implies

[o.¢] n
. T Team Mz i
g i) =L@ riHy 3 4mn<xefr3”>ys1(9;b,go}“)P,T(k—;)e'm“,

mome . (3.20)
Eprrh) =@ )Y 3 4n<—1)“+min<xwr3")w(9£“,co;b)ﬁﬂ(%’)eim“,
e/
n=0m=-n
and
o n )\.[ .
g, rﬁ[,)zg&/(rﬁ,r’w)z Z 4n(_1)nin(xgrt)Y,T(9f,<pf)PT(A_j)e—nma’
=0m=-—n
noo n ) (3.21)
_ _ . = 02\ i
Erp(rT) = £ (rhrh) 7 37 47 (—)inGuero Y7 6 o) P (55 ) e,
n=0m=-n ¢
for b =1, 2. Then, a substitution of (3.20) into (2.14) gives the ME
o0 n
Bt =Y > MasFabr.ri®),  Muh=4min(erf®)YR O, 8°) (3.22)
n=0m=-n
at equivalent polarization source centers rg‘h, and the LE
oo n
Qo r) =Y > Labin(er) Y7 O 1) (3.23)
n=0m=-n
at target center rL. Here, ]?nan'; (r, r?") are represented by Sommerfeld-type integrals
o0 21
Flo 1oy 1 //A—”ﬁ r, r'®o 1t )ﬁm(}ﬂ)eim“dadk
mman e 82 Ay G TC TRUERELITn A G P
00
2 (3.24)
- (_1)n+m )‘,0 B —~ )LK’z .
For r?ty =~ 2P e (r, 1ol Pm(—)elm“dadk ,
nm( c ) 8772 Ntz M( c ) Zl( P) n Ao P
00

and the LE coefficients are given by

11
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1 A P
L _C )// "5&,(r§,r§b)aw(xp)1>m<;;)e—""“dadxp,

(3.25)
—l)m o0 21 N
Lﬁ,?1=(2 / ”55,(rc,r2b)aw(xp)1)m( “) —m oy di,.
4 Ae
0 0
According to the definition of £, (r, r’) and £ v . (r, 1) in (2.16), the centers r“" and r! must satisfy
b <dy, 22°>dyq, (3.26)
and
ZL > d, in FMM for @i}5(r,1h,);  z5 <de—1 in FMM for G20 (r, 1)), (3.27)

respectively, to ensure the exponential decay in 5 v (T, r”’) oo (T r?") and &), (r r/]b), Ew (rﬁ, r’%) as A, — oo and hence
the convergence of the corresponding Sommerfeld -type integrals in (3.24) and (3.25). These restrictions can be met in
practice, since we are considering targets in the ¢-th layer and the equivalent polarization coordinates are always located
above the interface z=dy_1 or below the interface z =d,.

Next, we discuss the center shifting and translation for ME (3.22) and LE (3.23). A desirable feature of the expansions
of reaction components discussed above is that the formula (3.22) for the ME coefficients and the formula (3.23) for the LE
have exactly the same form as the formulas of ME coefficients and LE for free space Green’s function. Therefore, we can see
that center shifting for MEs and LEs are the same as free space case given in (3.5).

It suffices to derive the translation from ME (3.22) to LE (3.23). Recall the definition of exponential functions in (2.15),
Efy(r,rl®) and €, (r, r2) have the following splitting

Efp (1) = £ (rt, riP)era P PO p=hiz(2=20)
U,(r, TC )_ l/(rC’ : )el)“d (p— pc) hez(2— Zc)

Applying spherical harmonic expansion (3.16) again, we obtain

e} n

iAg-(p—pL)+Apz(z—2L . R )\(Zz —i
elta (P—pc)+rez(z—2¢) — 477 Z Z (—1)mln(r[)Y,T(0t, @t)P,T(A—Z>€ lmOl,
n=0m=-—n
¢ t L Ae
iAg-(p—pL)—2 _ _ . S z\ —i
pita-(P—PH)—hez(z zc)_4nz Z (—1)”1n(rt)Y,’1“(9t,(pt)P,T(A—K>e imet.
n=0m=-n
Substituting into (3.22), the ME is translated to the LE (3.23) via
16 106 2b 2b
an Z Z Tnm U/LMV,U.’ an Z Z Tnm vuMu;u (3.28)
v=0|u|=0 v=0|u|=0

and the M2L translation operators are given in integral forms as follows

o0 21
_=D" 1)" A
Tagon = " €+(rc, ri®a /S (0p) Qui Oop)e P "™ dad). .

(3.29)

T2b ( 1)m+v+M // ,05 (r )O_ b()L )Q U-()L )el(u 111)01(10“1)L
nm,yp = ¢ C e \rp ) enm Ao P

where

Qnr#()\p) _ Pm(AZZ)Pﬂ()‘Z’z)'
Aot
Again, the convergence of the Sommerfeld-type integrals in (3.29) is ensured by the conditions in (3.26)-(3.27).

To end this subsection, we give some numerical examples to show the convergence behavior of the MEs in (3.22).
Consider the MEs of @}l(r,r};) and u33(r,r},) in a three-layer medium with & = 1.0, &1 = 8.6, &2 = 20.5, 1o = 1.2,
A =05, Ay =2.1, dg =0, d; = —1.2. In the following examples, we fix ' = (0.625,0.5, —0.1) in the middle layer and
use definition (2.13) which gives r}; = (0.625,0.5, —2.3), 1}, = (0.625,0.5,0.1). The centers for MEs are set to be rp =

12
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0
10 T T T T T T T
—o—|r; — rlf[ ~ 2.3023 10° —o|r1 - v ~ 0.3172]1
—7—|ry — r}!| ~ 1.8030 g —7—|ra — r??| ~ 0.8066
2 |r3 —rl'| ~ 1.3048 |r3 — r??| ~ 1.3048
10~ [yl ptl 3 2 [ ﬂ_u‘ ptl 9
~-o(fl) 102F 3 ~-o( k)
[y p+1 v tjp—r2?] p+1
~a-o( ) 4-o(t)

10°® 108 ]
10710 ool e ]
0 2 4 6 8 10 12 25 30
P p
(a) ﬂH("’:""n) (b) ﬂ%%(r,’r’m)

Fig. 3.2. Exponential convergence of the MEs for reaction components.

(0.6, 0.6, —2.4), r?2 = (0.6, 0.6,0.2), which implies |r}; — r!!| = |r}, — r?*| ~ 0.1436. For both components, we test three
targets given by

r1 =(0.5,0.625,—-0.1), ry=(0.5,0.625,—-0.6), r3=(0.50.625,—1.1).

The relative errors against truncation number p are depicted in Fig. 3.2. We also plot the convergence rates similar with
_gpab

that of the ME for free space Green’s function, i.e., O[(%

—Tc

p+1
i ) ] as reference convergence rates. The results clearly
ab

ab p+1
show that ME of reaction components u (r r};) and “1 2(r, r},) have an exponential convergence rate O [(%) }
ab” '¢C

similar as that of free space Green’s function. Therefore, the ME (3.22) can be used to develop FMM for efficient computation
of the reaction components as in the Yukawa-FMM for the free space Green’s function.

Remark 3.1. Although the derivation of ME (3.22) is based on the spherical harmonic expansion (3.16), the final expansion
does take advantage of the specific symmetry of the layered media. In fact, the expansion basis functions (3.24) can be seen
as a superposition of cylindrical Bessel functions, which have symmetry in the xy-plane. This fact is clear in the simplified
expressions in (3.38). This symmetry is surely related to the special geometry of the layered media, i.e., cylindrical symmetry
in the xy-plane.

Remark 3.2. The technique presented above can also be applied to the Green's function of the PB equation in free space.
A remarkable fact is that it will give the classic theoretical results (3.1)-(3.4) which was derived from well-known addition
theorem.

Actually, the Green’s function of the linearized PB equation in free space has a Sommerfeld-type integral representation

27

o0

o =20 = / / s petiotcosatysina € gy (3.30)

2 Alr] 4 Az p :
00

where A, = /A% + A%. In the spectral domain, the source-target separation can be achieved straightforwardly as

1 oo 27 oA r—1) g A —1%)
ko(x|r—r’|):a/f)\p x dodhp,
00002” (3.31)
1 l(r r —l(r r)
ko(x|r—r/|)=5//xp Z dadh,,
0 0

for z > z/, where A = (i, cosa, ir, sina, —1;). Without loss of generality, here we only consider the case z >z for an

illustration. Applying the spherical harmonic expansion (3.16) to exponential functions e=*®'~T0) and e=* 10 in (3.31)
gives

13
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o0 21

) / co n M eh(r—r?) (2 i gy g

o(Ar —1 |)=Z Z Ty ApTPn (T)e adhp, (3.32)
n=0m=-n 00

and

[o¢] n

kolr =)= " 3" Lumin(kro) Y, 6, ¢r), (3.33)
n=0m=-n

for z> 7/, where My, is defined in (3.3) and

2

o0
. 1" ek(rgfr’))\ A )
) //APA—P,T<TZ>6_”““dadAp. (3.34)
Z
00

4

For the convergence of the Sommerfeld-type integrals in the above expansions, we only consider centers with properties
Z8 <z and zL > 7. Recalling the identity

o0 21
1
m _ ima
kn(A[F])YT (9,@)_4A//x ) doda, (3.35)
00

for z > 0, we see that (3.32) and (3.33) are exactly the multipole and local expansions (3.1)-(3.2) for the case of z > Z,
respectively.

3.3. The FMM algorithm and efficient calculation of the Sommerfeld-type integrals

The framework of the traditional FMM together with ME (3.22), LE (3.23), M2L translation (3.28)-(3.29), and ME and LE
center shifting (3.5) constitute the FMM for the computation of reaction components (Du' (r¢i), a,b=1,2. In the FMM for
each reaction component, a large box is defined to include all equivalent polarization charge coordinates and corresponding
target particles, where the adaptive tree structure will be built by a bisection procedure, see Fig. 2.4 (right). Note that
the validity of the ME (3.22), LE (3.23), and M2L translation (3.28) used in the algorithm imposes restrictions (3.27) on
the centers, accordingly. This can be ensured by setting the largest box for the specific reaction component to be equally
divided by the interface between equivalent polarization coordinates and targets, see Fig. 2.4. Thus, the largest box for the
FMM implementation will be different for different reaction components. With this setting, all source and target boxes of
level higher than zeroth level in the adaptive tree structure will have centers below or above the interfaces, accordingly.
The fast multipole algorithm for the computation of the reaction component ¢?eb/ (r¢j) is summarized in Algorithm 1. All the
interactions given by (2.11) will be obtained by first calculating all components and then summing them up. Framework of
the algorithm is presented in Algorithm 2.

The double integrals involved in the ME, LE and M2L translations can be simplified by using the following identity

2
1 ) )
]n(z) — W / elzc050+m9d6.. (3.36)
0
With the definitions
t(2,7) = e*)nez(lfdz)*)»yz(dwl’)’ 2,2, 7) = e*)téz(dl—l*2)*)\@/1(2/*'3’[,—1)’ (3.37)

the ME functions in (3.24) can be simplified as
1b

img;

47

i 1o 2 @20
/)»p]m()»pps )Ai o
lz

0

e
Flo,rlt) =

~ (gt
PR ( “)dxp,
(3.38)
(— 1)n+meim<p52"

]—'Zb r,r
( ) 4

(2, 22%) e (A
[ om0 LI 280 B (52
0

and the expression (3.25) for LE coefficients can be simplified as

14
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Algorithm 1 FMM for general reaction component ®%5(rg),i=1,2,---, Ny

Determine z-coordinates of equivalent polarization sources for all source particles.

Generate an adaptive hierarchical tree structure with polarization sources {Qgj, 1, ; b }J "1 and targets {rg,
Upward pass:
for|=H — 0 do
for all boxes j on source tree level | do
if j is a leaf node then
form the free-space ME using Eq. (3.22).
else
form the free-space ME by merging children’s expansions using the free-space center shift translation operator (3.5).
end if
end for
end for
Downward pass:
for|=1— H do
for all boxes j on target tree level | do
shift the LE of j's parent to j itself using the free-space shifting (3.5).
collect interaction list contribution using the source box to target box translation operator in Eq. (3.28) while T,f;Tf‘m are computed using (3.41),
(3.46) and forward recursion (3.48) for Snc;nbu
end for
end for
Evaluate LEs:
for each leaf node (childless box) do
evaluate the LE at each particle location.
end for
Local Direct Interactions:
fori=1— N do
compute Eq. (2.18) of target particle i in the neighboring boxes using DE quadrature for [(‘)‘0’J p,z,7).

end for
r @2 A
_i 1b Y ,Z Y]
Lrln?,l —(—1)e~im¥; /)\,oj ()‘,OIOt )%”’ e]e[?()‘p)l um( Z)dkp,
0 z
i . 2,,)
P , Z ,Z
125 =(—1)me~imei* f hp - m(AppE")“T”" g;:(kp)rmpm( =)dxp,
4
0

for b =1, 2, where (,o;‘[’,gosc“’) and (,ot“b,got“b) are polar coordinates of r — r?b and rt — r/ab projected onto xy plane.
Moreover, the M2L translation (3.29) can be simplified as

16
1 /(Z Z. )
Too o =(=D)" D) (@3 / o JummOup o2 >”—Qnr‘;<xp)o&‘7up>dxp,
(3.39)
2 /( ’ )
126, =(-1)* D2, (92 / Ap Ju-mChp2 )%Qn#a,})aﬁ?umdxp,
where (pg ,¢>§b) is the polar coordinates of r. — rub projected in xy plane, respectively, and
Dinj () =il DIL) () = (1)K el
Next, defining integrals
i (2.2)00 (hp) .
(z,2)o 1P
I, vu(p’z’zl):/'\f’fu m(pp )MTW) i Qun (p)dip,
z
0 (3.40)
i (2,2)0280p)
0.2 = [ Ry Jumtipp ”KTM i QU (1 p)dA .
0 z
we have
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Algorithm 2 3-D FMM for (2.11).

for (=0— L do
use classic FMM-Yukawa algorithm to compute d>{ree(rg,-), i=1,2,---,Ng.
end for
for (=0—L—1do
for ! =0—L—1 do
use Algorithm 1 to compute ®}},(r;), i=1,2,---, Ng.
end for
for ¢’ =1— 1L do
use Algorithm 1 to compute ®[2 (r¢;), i=1,2,---, N.
end for
end for
for (=1— L do
for ! =0—>L—-1 do
use Algorithm 1 to compute ®2},(ry;), i=1,2,---, N.
end for
for ¢/ =1— 1L do
use Algorithm 1 to compute ®%2 (ry;), i=1,2,---, N.

end for
end for
16 imo2®
elmys (_1)1‘1-&-111elm<pS
Famr,rd®) = 2.2%), Fin.ri® = 15 2.2°),

\/‘E 00 nm(p Zc ) T 00 nm(/o
— i 2b
LYo = (—1)"ame M 10 (0l 2 Zhy),  L28 = (—1)"ame M 128 (020, 2 2,

=(— 1)v+m+p.e1(;4 m)p2b 1217 u(pst , t Zb).

(3.41)

Tlh

. vu_( 1)n i(n— m)(pst I]b u(pst , l’ gb), sz

nm,vp

The FMM demands efficient computation of the Sommerfeld-type integrals I,‘;‘n‘; vy defined in (3.40). These integrals
are convergent when the target and source particles are not exactly on the interfaces of a layered medium. High order
quadrature rules could be used for direct numerical computation at runtime. However, this becomes prohibitively expensive
due to a large number of integrals needed in the FMM. In fact, O(p*) integrals are required for each source box to target
box translation, where p is the truncation index of the ME in the algorithm. Moreover, the involved integrand decays more
slowly as the order of the involved associated Legendre function increases.

The Sommerfeld-type integrals Inm i involves Q% (Ap), the product of two associated Legendre functions. This term

can be simplified by expressing its polynomial part into Legendre polynomials. Define

A 2n+1 (n —m)! ao = (—1)n_j(2j)!cnm (3.42)
"N 4ar m+m)!” T 20— j)!2j—n—m)! :
and
(— 1)’ (j —1)! n+m
S — - = —
bnm_; si(j—r—s)! ~ a max(( 2 —I’S—H)' G4

The derivation in [1] gives

~ (A Ayt A Ao \J
PrT( a)PM( (z) Z Cnvm )le\+lu|+25( Z)( L ) (3.44)
'y Ay ® Aoz Az

for all n,v =0,1,---, and —n <m <n, —v < u < v, where i = (n + |m|)(mod 2), j = (v + |u])(mod 2), r = |_(n +
im/2|, r'=|(w+|u)/2], and

o ~ min(s,n—r) Tmtl‘«b;\mlbf)l_/il(|m| + || + 2s)! . [17 v >0,
nvmp — B [m|+2t (i), ) I |+2(s—t) ’ I A D %
P (ire) (irg) -n7" wv<o.
Defining integrals
nmu(pazaz) 1 )\"0’
«/(n ¥ m).(n —m)! Aez Mz Az
(3.45)
SZb f )\ .]m()‘pp) ez’(Z’ Z/) N’ (}\,0) Ay ]d
nmlj(loazsz) )\'p’
SO +m)'ln —m)! Az Mz Apz
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for i, j=0, 1, we have

n—r+v—r’

b b
Lm0 220 =" 37 CoomuSintut2541,-m,5 (P2 22, (3.46)
s=0

where

Coomp =V (Im[ —m+ (g + 0 + 25 + D (M| +m + (] — (b + 25 + DGy

Another important technical aspect in the implementation of the FMM involves scaling. Since Mﬁn‘; ~(|r — r?h hm, L,?,f; ~
(Jra® —rL])™™, a naive use of the expansions (3.22) and (3.23) in the implementation of FMM is likely to encounter underflow
and overflow issues. To avoid this, one need to scale various expansions, replacing M,ﬁ‘,ﬁ by M3t /s™ and L“b by L“" - Sn

where S is the scaling factor. To compensate for this scaling, we replace F28(r,re?) with F20(r,re?). sn, T;‘n[; . With

T;‘n‘; ' . §"1 Usually, the scaling factor S is chosen to be the size of the box in which the computation occurs. Therefore,
the following scaled Sommerfeld-type integrals

ShSIb (p,z,7) =S"

k’})lm(kpp) Zf(2.2) O—N/()Lp)( )(Ag, )jdxp
)"KZ '

nm,ij m+min—m! e Aoz
(3.47)
[ A ImhpP) 2502, 2) 028 (hp) [ Ag i [ g
S"Spp (0.2, 2y =s" | £ £ LA ( ) ( ) dxp,
JO+mln —m)! Aoz Aoz’ \hpz
for all n > m > 0 are computed in the implementation. Recalling the recurrence formula
2m
Imt1@) =—Jn(@) = Jm-12)
and defining a, = /n(n + 1), we have
[ OpSI Jms1 (hpp) 255, (2,2) G282 () Ao\
580,22 = [ BB R T (L) ()
’ JoFm+EDIh—m—=1 Ay Az’ Nz
x® n—1 P
_2mS (ApS) ]m()»pp)Z (2, Z)Gu, ()»p)( ) ()\.[/ )]dA
An+mP J Jao+m=—DIh—-m-=1! Ay Az/ Ny P
_an—m ()\ps) Jm—1 ()";Olo) e@r(z 4 ) U@K’ ()Lp)( )l( }\,e/ )]d}\
(n+m J Ja+m-—DIih—m+D! A Mez/ Nhez P
which directly gives the following forward recurrence formula
2m S 1 wab Gn—m
S”San i = o pS” Sy° 1mij — o S”Snm 15 nzm=1 (3.48)
We adopt the forward recurrence when
2m S
Z <1, (3.49)
an+m P

or equivalently

m2S2 1
n>2 = lom s (3.50)

Otherwise, the backward recursion

1 cab _ Onym P b ap—m P b
ST S i = m Esn am-1.ij T om ESH am—1.ij (3.51)

will be adopted instead.

Let us first consider the computation of the integrals involved in the M2L translation matrices Tr?n‘; e

tion source box in the interaction list of a given target box, one will see that ,of;" is either O or larger than the box size S.
If p&® =0, we directly have

For any polariza-

17



B. Wang, W. Zhang and W. Cai Journal of Computational Physics 439 (2021) 110379
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Fig. 3.3. Boxes in the source (shadowed) and target tree for the computation of ¢f§,(rﬁ).

S"Set (0,2,7)=0, Yn>m>0 (3.52)

nm,ij

for any z and Z’ so the integrals are convergent. In all other cases, we have pf;" > S and the forward recurrence formula
(3.48) is always used as we have
ab
2m <L<'0i, n>m+1, m>1.
Jo+m+1)m+m) /3 S

If the distribution of particles in the problem is not uniform, adaptive tree structure is usually used in the implementation
of the FMM for a better performance. In these adaptive versions, computation of LE coefficients and potential directly using
(3.25) and ME (3. 22) will be performed if some conditions are satisfied (cf. [33]). In the computation of ]—'n“n'; (r, r“b) S™ and
L“lb s, /osclb and pf b could be arbitrarily small. Therefore, the backward recurrence formula (3.51) is required. Nevertheless,
these direct computations are rarely used even in the FMM with an adaptive tree structure.

Given a truncation number p, the initial values {Sn0 ij (p,z,7 )}2”+3 and {S;‘{’u (p,z,z )}2’J+3 for the forward recursion

2p+3

(3.48) or the initial values {S(2p+3)m ij (p.z,2")};,_, for the backward recursion (3.51) are computed by using the DE quadra-

ture (cf. [34,35]) rule along the positive real axis for p <z+7Z.As in [2], the contour are changed to the positive imaginary
axis when p > z+ 7.

Remark 3.3. In the computation of a general reaction component @;‘e",(rg,-), i=1,2,---, Ny the targets and equivalent
polarization sources will locate at different sides of the material interface z=d,_q (if a=1) or z=d, (if a = 2). Therefore,
most, if not all, target boxes on the leaves of the target tree are far away from all source boxes on the leaves of the source
tree. Usually, no direct interactions between sources and targets are calculated once the size of the smallest box is smaller
than the minimum distance between sources and the corresponding interface. That means the time consuming computation
of integrals [ “b(p z) for direct interaction is rarely performed in the FMM for reaction components. By the same reason,
the interaction list of most target boxes in the target tree are empty. Therefore, the number of M2L translations in the FMM
for reaction components are much less than that in the normal FMM for free space problems. To make it clear, we give
an illustration in Fig. 3.3 using a 2-D tree structure for reaction component d>%l?, (r¢i). The number of sources boxes in the
interaction list of all target boxes in the fourth level of the target tree are counted (see the numbers in the 3rd subplot in
Fig. 3.3). The discussions above explain the fact that the FMMs for reaction components are much more efficient than FMM
for free space components when the number of sources and targets is large enough.

4. Numerical results

In this section, we present numerical results to demonstrate the performance of the proposed FMM for linearized
Poisson-Boltzmann equation in layered media. This algorithm is implemented based on an open-source adaptive FMM pack-
age DASHMM [33] on a workstation with two Xeon E5-2699 v4 2.2 GHz processors (each has 22 cores) and 500 GB RAM
using the GNU GCC compiler version 6.3.

We test the problem in a three-layer medium with interfaces placed at zp = 0, z; = —1.2. Particles are set to be uni-
formly distributed in irregular regions which are obtained by shifting the domain determined by r =0.5 —a+ §(35 cos* 6 —
30c0s26 + 3) with a =0.1,0.15,0.05 to new centers (0,0, 0.6), (0,0, —0.6) and (0, 0, —1.8), respectively (see Fig. 4.1(a)
for the cross section of the regions). All particles are generated by keeping the uniform distributed particles in a larger
cube within the corresponding irregular regions. In the layered medium, the dielectric constants {8[}%:0 and the inverse
Debye-Huckel lengths {)\(}%:0 are set to be

=10, &1=86, & =205 Xr=12, A1 =05, Ii=2.1.

Let 5[(1’“) be the approximated values of & (r;) calculated by the proposed FMM. Define ¢2 and maximum errors as

D1 @e(rei) — o (ren)|? ~
= ‘ ’ . D (rei) — Po(re)|
Iy = , Errpey := max . (41)
Ng , 1<i<N; [P (rei)l
> D ()]
i=1
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—¥—time for all i’}}‘,

——time for {ff, O, @3}
time for all @{TCC

—7—ideal linear

10° 108
0 0.2 0.4 0.6 0.8 1 p N
(a) distribution of particles (b) convergence rates vs. p (c) CPU time vs. N
Fig. 4.1. Performance of FMM for a three layers media problem.
Table 4.1
Comparison of CPU time with multiple cores (p =5).
Cores N Time for all {<1>£ree}f:0 Time for all {®g0}
618256 40.36 17.06
1 1128556 86.72 62.47
1862568 269.05 74.93
2861288 29242 81.47
618256 7.653 3.613
6 1128556 16.29 12.50
1862568 50.72 15.52
2861288 54.85 17.27
618256 2.042 1.639
36 1128556 4.308 4.459
1862568 14.94 6.104
2861288 15.21 7.673

For an accuracy test, we first consider N =912 + 640 + 1296 particles in the irregular domains in three layers see Fig. 4.1
(a). Convergence rates against p are depicted in Fig. 4.1(b). Next, we test the FMM for up to 3 millions particles, and
the CPU time for the computation of all three free space components {®; ree(rg,-)}%:o, three selected reaction components
{®35. @1}, @33} and all sixteen reaction components ®¢5(ry;) with truncation p =5 are compared in Fig. 4.1(c). It shows
that all of them have an O(N) complexity while the CPU time for the computation of reaction components has a much
smaller linear scaling constant due to the fact that most of the equivalent polarization sources are well-separated from the
targets. CPU time with multiple cores is given in Table 4.1 and it shows that, due to the small amount of CPU time in
computing the reaction components, the speedup of the parallel computing is mainly decided by the computation of the
free space components. Here, we only use parallel implementation within the computation of each component. Note the
computation of each component is independent of others, so it is straightforward to implement a version of the code, which
computes all components in parallel.

5. Conclusion

In this paper, we have presented a fast multipole method for charge interactions under the Poisson-Boltzmann potential
in a 3-D layered electrolyte-dielectric media. The electrostatic potential of interest has been decomposed into a free space
and four types of reaction field components. By extending the Funk-Hecke formula to pure imaginary wave numbers, we are
able to develop the ME of O(p2) terms for the far field of the reaction components, which are associated with polarization
sources at specific locations for each type of the reaction field components. M2L translation operators are also developed
for the reaction components. As a result, the traditional FMM framework can be applied to both the free space and re-
action components once the polarization sources are used together with the original targets. Due to the separation of the
polarization sources and the corresponding target positions by a material interface, the computational cost for the reaction
component is only a fraction of that of the FMM for the free space component. Hence, computing the potential in layered
media basically costs the same as that for the electrostatic interactions in the free space.

For the future work, we will carry out error estimate of the FMM for the linearized Poisson-Boltzmann potential in 3-D
layered media, which will require an error analysis for the MEs and M2L operators for the reaction components. The com-
bination of the FMM with integral method for efficient simulation of ion channel transport in hybrid models as discussed
in Section 2 will be naturally our next research work.
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Appendix A. Reaction densities for a three layers medium

For a three layers medium with material parameters {eg, )»({}%:0, the expressions for the reaction densities are given as
follows.

e Source in the top layer:

(80h0z — E1412) (E1h1z + €2222) + (80hoz + E1A12) (E1A17 — E2)07)e2d 1Pz

11
Ogg (Ap) = s
00 (*0) 280k (hp)
1 _&orz(AMA1z — E2h0; )Mz 21 _ &oriz(81h1z + €2)27)
o109 (Ap) = s Oip(hp) = )
gok (Ap) g0k (Ap)
”n 28081 h17h0,e01712
030 Ap) =—F
gok (Ap)
e Source in the middle layer:
11 _51)\02(51)\12 - 52)\22)3611)‘lz 12 . E1hoz(E121z + €2A27)
0g1 (Ap) = s 0p1 (Ap) = ;
&1k (Ap) &1k (hp)
E1Mz — E2A22)(E1A oA
o1 G) =( 141z — E2027)(E1h12 + &0 Oz)’
2e1k (Ap)
o1200,) = (8112 — €2X27)(E1A17 — Eghoz)ed1 ™z
1Ap 281k (Ap) ’
o2 (0,) = (8112 — €2X27) (E1A12 + Eghoz)ed1 ™1z
e 261k (hp) ’
1A E\ E1M1z — EQA
01212()%) :( 111z + €2427) (€141 — &0 Oz)’
2e1k(Ap)
21 _ &122z(80roz + €1112) 2 &1 pz(81h12 — gohoz)ed iz
031 (Ap) = s 031 (hp) =
g1k (hp) &1k (Ap)
e Source in the bottom layer:
12 2e1M17E2h0,671112
oY) ()Lp) e —
&2k (Ap)
2 _&2hz(E1hz — gohoz)ed1*1z 12 _ &221z(E0roz + E1M12)
013 (Ap) = s 013 (Ap) ;
&2k (Xp) &2 (Ap)
62(,) = (80207 + €1112) (€207 — E1A12) + (1117 — E0h0z) (E1h17 + E2haz)e2d1H1z
22500 262k (hp) ’

where
1
K(dp) = 5[(80?»0z + &102) (€122 + E2227) + (Eokoz — E1h12) (81017 — E2A27)e21412],
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Appendix B. Addition theorems

The following presents the addition theorems, which have been used for the derivation of the ME, LE and corresponding
shifting and translation operators of the free space Green’s function (cf. [6,7]). Here, we adopt the definition

2n+1 (n —m)!
47 (n+m)!

Y™6,9) = (—1)" P™(cos6)el™ := PM(cos§)e™?, (B1)

for the spherical harmonics where PJ(x) (resp. ﬁ,’?(x)) is the associated (resp. normalized) Legendre function of degree n
and order m. The so-defined spherical harmonics constitute a complete orthogonal basis of L(S%) (where S? is the unit
spherical surface) and

(YY) = Sy, Yo "0, 9) = (—1)"YR (O, ).

It is worthy to point out that the spherical harmonics with different scaling constant defined as

= (n—1mp! _im i . 47
Y"o,9)= [——2P 9)em? — imtiml | _ymg B.2
n 0, 0) nm (cosO)e i T w0, 9), (B.2)

have been frequently adopted in published FMM papers (e.g., [11,6,7]).
By the relations

kn(2) = —%i”hﬁ”(izx in(2) =i " (i2), (B.3)

and the addition theorems of spherical Bessel functions (cf. [28,29]), we have the following modified addition theorems (cf.
[36]).

Theorem B.1. Let ry =11 + b. Then

ko(ara) =47 Y Y (= 1)"kn (WD) Y] (t, B)in (A1) Y} (01, 1) (B4)

n=0m=-—n

forry <b, and

ko(ara) =41 Y Y~ (=1)"in 0DV (@, Bkn (A1)} (01, 1) (B5)

n=0m=-—n

forry > b.

Theorem B.2. Let ry =r1 + b. Then

o0 vV
inOr) YR @2, 92) =Y > Sp (0)in )Y (01, 1), (B.6)
v=0u=—-v
where
Syt (b) =47 Y " (=1)" i by Yg T (@, BG(, m; v, — 145 ), (B.7)
q=0

with G(n, m; v, —u; q) being the Gaunt coefficient.

Theorem B.3. Let ry =r1 + b. Then

knOr2) Y} (62, 92) =D D Spl' )ivArn)YL (61, 90), (B.8)
v=0u=—v

forry <b, and

[o¢] %
ki) Gr2) YO 2) = Y (=1 (b)ky) r) Y (61, 1), (B.9)
v=0u=—v
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omp . .
forry > b, where Sy, (b) is given by (B.7) and

S (b) =27 (=)™ "k (b)Y " (@, BYG (0, m; v, — 11 ), (B.10)
q=0

and G(n,m; v, —u; q) is a Gaunt coefficient.

References

[1] B. Wang, W.Z. Zhang, W. Cai, Fast multipole method for 3-D Helmholtz equation in layered media, SIAM J. Sci. Comput. 41 (6) (2020) A3954-A3981.
[2] B. Wang, W.Z. Zhang, W. Cai, Fast multipole method for 3-D Laplace equation in layered media, Comput. Phys. Commun. 259 (2021) 107645.
[3] HM. Lin, HZ. Tang, W. Cai, Accuracy and efficiency in computing electrostatic potential for an ion channel model in layered dielectric/electrolyte
media, J. Comput. Phys. 259 (2014) 488-512.
[4] W. Cai, Computational Methods for Electromagnetic Phenomena: Electrostatics in Solvation, Scattering, and Electron Transport, Cambridge University
Press, New York, NY, 2013.
[5] A.H. Juffer, E.EF. Botta, B.A.M.V. Keulen, A.V.D. Ploeg, H.J.C. Berendsen, The electric potential of a macromolecule in a solvent: a fundamental approach,
J. Comput. Phys. 97 (1) (1991) 144-171.
[6] L. Greengard, J.F. Huang, A new version of the fast multipole method for screened Coulomb interactions in three dimensions, J. Comput. Phys. 180 (2)
(2002) 642-658.
[7] J.F. Huang, ]. Jia, B. Zhang, FMM-Yukawa: an adaptive fast multipole method for screened Coulomb interactions, Comput. Phys. Commun. 180 (11)
(2009) 2331-2338.
[8] B.Z. Ly, Y.C. Zhou, MJ. Holst, J.A. McCammon, Recent progress in numerical methods for the Poisson-Boltzmann equation in biophysical applications,
Commun. Comput. Phys. 3 (5) (2008) 973-1009.
[9] W.M. Brown, P. Wang, S.J. Plimpton, A.N. Tharrington, Implementing molecular dynamics on hybrid high performance computers-short range forces,
Comput. Phys. Commun. 182 (4) (2011) 898-911.
[10] L. Greengard, V. Rokhlin, A fast algorithm for particle simulations, J. Comput. Phys. 73 (2) (1987) 325-348.
[11] L. Greengard, V. Rokhlin, A new version of the fast multipole method for the Laplace equation in three dimensions, Acta Numer. 6 (1997) 229-269.
[12] M.H. Cho, W. Cai, A parallel fast algorithm for computing the Helmholtz integral operator in 3-D layered media, J. Comput. Phys. 231 (17) (2012)
5910-5925.
[13] PJ. Li, H. Johnston, R. Krasny, A Cartesian treecode for screened Coulomb interactions, J. Comput. Phys. 228 (10) (2009) 3858-3868.
[14] ]. Tausch, The fast multipole method for arbitrary Green’s functions, Contemp. Math. 329 (2003) 307-314.
[15] B. Wang, D. Chen, B. Zhang, W.Z. Zhang, M.H. Cho, W. Cai, Taylor expansion based fast multipole method for 3-d Helmholtz equations in layered media,
J. Comput. Phys. 401 (2020) 109008.
[16] LX. Ying, G. Biros, D. Zorin, A kernel-independent adaptive fast multipole algorithm in two and three dimensions, J. Comput. Phys. 196 (2) (2004)
591-626.
[17] L. Wang, R. Krasny, S. Tlupova, A kernel-independent treecode based on barycentric Lagrange interpolation, arXiv:1902.02250.
[18] O. Bruno, L. Kunyansky, A sparse matrix arithmetic based on 7-matrices. Part I: introduction to #-matrices, computing, Computing 62 (2) (1999)
89-108.
[19] W. Hackbusch, S. Borm, Data-sparse approximation by adaptive #?-matrices, Computing 69 (1) (2002) 1-35.
[20] S. Chandrasekaran, M. Gu, T. Pals, A fast ULV decomposition solver for hierarchically semiseparable representations, SIAM ]. Matrix Anal. Appl. 28 (3)
(2006) 603-622.
[21] J.L. Xia, S. Chandrasekaran, M. Gu, X.S. Li, Fast algorithms for hierarchically semiseparable matrices, Numer. Linear Algebra Appl. 17 (6) (2010) 953-976.
[22] D. Chen, W. Cai, An O(NlogN) hierarchical random compression method for kernel matrices by sampling partial matrix entries, J. Comput. Phys. 397
(2019) 108828.
[23] W.Z. Zhang, B. Wang, W. Cai, Exponential convergence for multipole expansion and translation to local expansions for sources in layered media: 2-D
acoustic wave, SIAM ]. Numer. Anal. 58 (3) (2020) 1440-1468.
[24] B. Roux, T. Simonson, Implicit solvent models, Biophys. Chem. 78 (1-2) (1999 Apr) 1-20.
[25] M.S. Lee, ER. Salsbury, M.A. Olson, An efficient hybrid explicit/implicit solvent method for biomolecular simulations, J. Comput. Chem. 25 (2004)
1967-1978.
[26] K. Baker, D. Chen, W. Cai, Investigating the selectivity of KcsA channel by an image charge solvation method (ICSM) in molecular dynamics simulations,
Commun. Comput. Phys. 19 (4) (2016 Apr) 927-943.
[27] J. Zavadlav, ]J. Sabli¢, R. Podgornik, M. Praprotnik, Open-boundary molecular dynamics of a DNA molecule in a hybrid explicit/implicit salt solution,
Biophys. J. 114 (10) (2018) 2352-2362.
[28] G. Watson, A Treatise of the Theory of Bessel Functions, second edition, Cambridge University Press, Cambridge, UK, 1966.
[29] P.A. Martin, Multiple Scattering: Interaction of Time-Harmonic Waves with N Obstacles, vol. 107, Cambridge University Press, 2006.
[30] E.T. Whittaker, G.N. Watson, A Course of Modern Analysis, 4th edition, Cambridge University Press, 1927.
[31] EWJ. Olver, NIST Handbook of Mathematical Functions, Cambridge University Press, 2010.
[32] M. Abramowitz, I. Stegun, Handbook of Mathematical Functions, Dover, New York, 1964.
[33] J. DeBuhr, B. Zhang, A. Tsueda, V. Tilstra-Smith, T. Sterling, DASHMM: dynamic adaptive system for hierarchical multipole methods, Commun. Comput.
Phys. 20 (4) (2016) 1106-1126.
[34] KA. Michalski, J.R. Mosig, Efficient computation of Sommerfeld integral tails-methods and algorithms, ]. Electromagn. Waves Appl. 30 (3) (2016)
281-317.
[35] H. Takahasi, M. Mori, Double exponential formulas for numerical integration, Publ. RIMS, Kyoto Univ. 9 (3) (1974) 721-741.
[36] H.J.H. Clercx, P.PJ.M. Schram, An alternative expression for the addition theorems of spherical wave solutions of the Helmholtz equation, ]. Math. Phys.
34 (11) (1993) 5292-5302.

22


http://refhub.elsevier.com/S0021-9991(21)00274-6/bibD8C2B0C20FE72D55D0CB0D3C1A3F774Bs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib92A2E27F11B98C4284368C9F790A243Fs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib394E2F9E66FBCDD3AF9C13E023733C2Es1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib394E2F9E66FBCDD3AF9C13E023733C2Es1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib7659F1807CD52245F243EA26F7356EC0s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib7659F1807CD52245F243EA26F7356EC0s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib206B93EEAB43EEC52692199864B58F87s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib206B93EEAB43EEC52692199864B58F87s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib0935ECEDFBE863CA6998B97A449A1A94s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib0935ECEDFBE863CA6998B97A449A1A94s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib4665366C3756374E6B66458D059B2B2Bs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib4665366C3756374E6B66458D059B2B2Bs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibB61134CD17F13B33E55DFE9D50059459s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibB61134CD17F13B33E55DFE9D50059459s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib817A74539E00B4851E2D2897CCF96F93s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib817A74539E00B4851E2D2897CCF96F93s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib340F0D5E641E8F842BA4A7F8927EF154s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib4611A7CBBCC77097EC1C1B75BF48474Ds1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib267D81C4E8E32D8A8EB556F2C5F9925As1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib267D81C4E8E32D8A8EB556F2C5F9925As1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib3E8219CCDEF6D6BE61EEEF7B7495D2C5s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib7EC5FCB6D88245D8329ED86DE80E5D5Bs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibB2B1D6C39CB7388FB335AF9705933385s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibB2B1D6C39CB7388FB335AF9705933385s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibE0DF064F78ADBDB3116300286F9AE45Es1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibE0DF064F78ADBDB3116300286F9AE45Es1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib2E758A87B1550DA50CC0C08884FAB4A0s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib516158CA9370B5CA9FEEAEE4544B7E66s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib516158CA9370B5CA9FEEAEE4544B7E66s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibF024EDB2EFAD5DF13177FEBAB85DA72Bs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibF7A2356A3C2FCCA6A82C76D3B5730106s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibF7A2356A3C2FCCA6A82C76D3B5730106s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibE5BF4B0C5592DE9BC9855424116131DBs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib369D5633FD93C8289AF04D8DBAD7FA42s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib369D5633FD93C8289AF04D8DBAD7FA42s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib8A9ABFF6DBFCA9782071D815B1C9F441s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib8A9ABFF6DBFCA9782071D815B1C9F441s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibB289607B23272F730A68905C02B777F8s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibDA1108E3579B2E1534F05791B675B494s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibDA1108E3579B2E1534F05791B675B494s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib661776E1C2C8D04DCA4A9722241571D5s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib661776E1C2C8D04DCA4A9722241571D5s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib46EA059F8D4D5CB660B2445304054685s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib46EA059F8D4D5CB660B2445304054685s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib4190908D675ABC6C2E3931C01C92A6CAs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib285CFC3607774B5CA4D41B00374B8E6As1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib9439341761B1A6F62B7EB964B6CCB612s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibD0B4B22179DA796E720DB0947952F028s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bib146DC1B5F3FD3BBBD8EDC71DEA438747s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibD5D9093377795198A1BF4E62F3DB07DBs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibD5D9093377795198A1BF4E62F3DB07DBs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibF2DC52C2377A0B3DCF4B0960890255E0s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibF2DC52C2377A0B3DCF4B0960890255E0s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibCBEC1D1266C347D34AD1FAEFDC8F85BEs1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibE9E2192AFD91EADCCBF2D79DD964F989s1
http://refhub.elsevier.com/S0021-9991(21)00274-6/bibE9E2192AFD91EADCCBF2D79DD964F989s1

	Fast multipole method for 3-D Poisson-Boltzmann equation in layered electrolyte-dielectric media
	1 Introduction
	2 Background and problem setup
	2.1 Electrostatic interactions in a hybrid model for ion channel transport
	2.2 The potential due to sources embedded in layered media
	2.3 Representation of the reaction components using equivalent polarization sources

	3 FMM for charge interactions under PB potentials in 3-D layered media
	3.1 Multipole and local expansions and translation operators for free-space components
	3.2 Multipole and local expansions and translation operators for a general reaction component
	3.3 The FMM algorithm and efficient calculation of the Sommerfeld-type integrals

	4 Numerical results
	5 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgement
	Appendix A Reaction densities for a three layers medium
	Appendix B Addition theorems
	References


