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Group testing

Idea of pooling together multiple diagnostic samples to make medical testing more efficient

i i i i i i * To find the infected individual, we need:
g g g - g g Outcome

6 individual tests or 4 pooled tests
Test1 H " “ l - A pooled test is positive, if at least one

participating individual is infected

Test 2 “ “ “ “
Test 3 “ I “ I
Test 4 [| H ” “

R. Dorfman, "The Detection of Defective Members of Large Populations,” The Annals of Mathematical Statistics, 1943




Group testing: notation

U = [0 0 1 0 0 0] « Population of NN individuals
« U=(U,U,,...,Uy), infection vector U, = 1 if

i, i, i, i, i, i, Outcome individual i is infected, and 0 otherwise
« Y=(Y},Y,, ..., Yy), the vector of test outcomes

Test 1 1 o 1 0 1 0 1 « Test matrix G where G,; = 1 if individual i is in test ¢
Test 2 0o 1 0 1 1 0 0 _Y:1 _ _ _G:“ G:”V_ Uy |

_YT_ _GTI GTN_ _UN_
Test 3 0o 1 1 0 0 1 1 Y = GU

Matrix multiplication in Boolean algebra

Test4 1 0 0 1 0 1 0 * Infections: combinatorial (k out of N), or probabilistic

U. =

l

Test matrix G Y 1 w.p. p;
0 w.p. 1-p,



Group testing: needs fewer tests and scales better than individual testing

Adaptive Group Testing Non-Adaptive Group Testing



Adaptive G roup Testing Decide what tests to perform next depending

on the current test outcome.
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Adaptive Group Testing
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Decide what tests to perform next depending
on the current test outcome.

h
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Nonadaptive Group Testing

 Goal:

1) Design test matrix G and 2) an inference

® ©6 6 © O © (decoding) algorithm such that the probability
MWW W W W W  Outcome o
of error is minimized.
Test 1
Test 2 Average probability of error:
G Y
P(erron) = — D Pr(H #+ X)
Test 3 error) = v r
) Y
Test 4
B K : set of K infected people

F: estimated set of K infected people



Lower Bound on Number of Tests Needed

Assume K out of N people are infected uniformly at random. If we want zero error probability, then we need to use

N
a number of tests T such that T > log, <K>

Y . N
: 2'values >
Y, K

N N K N
HU) = ), HWU) = ) H(p = —) = Klogy(-) + O(K)
=1 =1
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Adaptive Group Testing: Dorfman’s procedure

nm '
it fhit i

Divide into M subsets
and group test each subset

If positive individually test
each person in the subset

5 0 kN

‘? _ ﬁ ; T(M) =M+ K~

l “- | S For M =+/KN, we have that T(M) = 24/ KN < < N
I
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Adaptive Group Testing: Binary splitting

Satiiiitei
~ N



Adaptive Group Testing: Binary splitting

Algorithm 1.1 (Binary splitting). Given a set A:

1. Initialize the algorithm with set A. Perform a single test containing every
item in A.

2, If the preceding test is negative, A contains no defective items, and we
halt. If the test is positive, continue.

3. If' A consists of a single item, then that item is defective, and we halt.
Otherwise, pick half of the items in A, and call this set B. Perform a
single test of the pool B.

4. If the test is positive, set A := B. If the test is negative, set A := A\ B.
Return to Step 3.

15



Group testing: needs fewer tests and scales better than individual testing

Adaptive Group Testing Non-Adaptive Group Testing

order optimal for order optimal for
k=ONY, ae€]0,1) k= 0OWNN%), ae€]0,04)
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NonAdaptive Group Testing: Decoding

Assume we are given a test design matrix G and the test outcomes: how do we
infer which individuals are positive?

e M. Aldridge, O. Johnson and J. Scarlett Group testing: An Information Theory Perspective, monograph, Now Founrdations and Trends, 2019.
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Satisfying Set

Definition 2.1. Consider the noiseless group testing problem with n items,
using a test design X and producing outcomes y. A set £ < {1,2,....n} is
called a satisfying set if

e every positive test contains at least one item from £;

e no negative test contains any item from L.

Satisfying Set
?2?21?2 2?22?72,
1 1 1 1 0 0 0 0 1
0 0 0 0 1 1 1 1 1
1 1 I 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 1
0 0 1 0 1 1 0 1 1
0 0 0 0 1 0 0 0 1




COMP (or DND) Algorithm

Algorithm 2.2. The COMP algorithm is defined as follows. We call any item
in a negative test definitely nondefective (DND), and call the remaining items
posstbly defective (PD). Then the COMP algorithm outputs l{:(;()),.u) equalling
the set of possible defectives.

DND PD
123456738

y

Va\N
oo sy sl H = {3,4,5,6,7,8}
0 0 0 0 1 1 1 - 9 Tod 9y / o
1 1 0 0 0 0 0 0 ||0
0 0 1 0 0 0 0 0 |[1
0 0 1 0 1 1 0 1 1
0 0 0 0 1 0 0 0 i
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Definite Defective (DD) Algorithm

Algorithm 2.3. The definite defectives (DD) algorithm 1s defired as follows.

1. We say that any item in a negative test is definitely nondefective (DND),
and that any remaining item is a possible defective (PD).

2. If any PD item is the only PD item in a positive test, we call that item

definitely defzctive (DD).

4. The DD algorithm outputs KfDD, the set of definitely defective items.

DND DD DD PD

12 3456738

A A
1 1 1 1 0 0 0 O 1 %={3 5}
0 0 0 0 1 1 1 1 1 p
1 1 0 0 0 0 0 0 ‘0‘
0 0 1 0 0 0 0 0 1
0 0 1 0 1 1 0 1 1
0 0 0 0 1 0 0 0 ‘1
0 0 0 1 0 1 1 1 |1




SCOMP Algorithm

DND DD DD

12

Algorithm 2.4, The SCOMDI algorithm is defined as follows.

L.

[

[uitialize K as the estimate Kpp produced by the DD algorithm (Algo-
rlt.lnnlz.__)_, and declare any definitely nondefective items (items appearing
in a negative test) to be nondefective. The other possible defectives arc
not vet declared cither way.

. Any positive test is called unexplained if it does not contain any items from

K. Add to K the possible defective not in K that is in the most unexplained
tests, and mark the corresponding tests as no longer imexplained. {Ties
may bhe broken arbitrarily.)

3456738

1 1
0 0
1 1
0 0
0 0
0 0
0 0

1 1 0
0 0 1
0 0 0
1 0 0
1 0 1
0 0 1
0 1 0

R O =~ O G = C

R o O O C = O

y
N\

0 1
1 1 %= {39597}
0 0
o |1
1 1
0 1
LT
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Smallest Satisfying Set = Set Cover Problem

Definition 2.1. Consider the noiseless group testing problem with n items,

using a test design X and producing outcomes y. A set £ < {1,2,....n} is
called a satisfying set if

e every positive test contains at least one item from £;

e no negative test contains any item from L.

34 3

O O O O - .\)
O O O B O . .Q
O = = OO -

O 0O 0 0 C -

=~ = o o = o (Jl
O = O C©C = © m
o O O C = O \]
O = O C = O

e b
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Smallest Satisfying Set = Set Cover Problem

Definition 2.1. Consider the noiseless group testing problem with n items,
using a test design X and producing outcomes y. A set £ < {1,2,....n} is

called a satisfying set if

e every positive test contains at least one item from £;

e no negative test contains any item from L.

?7?234567 8 ,
i1 1 1 1 O O O 0 |1
o o o o 1 1 1 1|1
i 1, 0 O O O o0 o0 |0
o o 1 o0 o0 o0 o0 0 |1
o o 1 o0 1 1 o0 1 |1
o o o o0 1 o0 o 0 |1

W
=

X

DN
L

EIEe
[0
@\

= g/G

PD Test Outcomes



Smallest Satisfying Set = Set Cover Problem

Definition 2.1. Consider the noiseless group testing problem with n items,
using a test design X and producing outcomes y. A set £ < {1,2,....n} is

called a satisfying set if

e every positive test contains at least one item from £;

e no negative test contains any item from L.

?72?234567 8 ,
i 1 1 1 O O O 0 |1
o o o o 1 1 1 1|1
i 1, 0 O O O o0 o0 |0
o o6 1 o0 o0 o0 o 0 |1
o o 1 o0 1 1 o 1 |1
o o o o0 1 o0 o 0 |1

AN
A

>

<5

L
\§

%

Test Outcomes



Smallest Satisfying Set = Set Cover Problem

Definition 2.1. Consider the noiseless group testing problem with n items,
using a test design X and producing outcomes y. A set £ C {1,2,....n} is

called a satisfying set if

e every positive test contains at least one item from Z£;

T ' () f G0 0y

| | | W Outcome
1 1 @ 1 0 0 0 0 Positive
0 0 0 0 @ 1 1 1 Positive
1 1 0 0 0 0 0 0 Negative
0 o @ o 0 0 0 0 Positive
0 0 @ o @ 1 0 0 Positive
0 0 0 0 @ o 0 0 Positive

AN
X0
=

PD Test Outcomes



Integer Programming Decoding

Population of N individuals
U= U,,U,,...,Uy), infection vector U; = 1 if
N individual i is infected, and 0 otherwise
min Z Z; - Y=(Y.Y,,...,Y;), the vector of test outcomes
< i=1

« Test matrix G where G,; = 1 if individual i is in test ¢

N
subject to 2 G.z;> lwhenY, =1
=1 Y, G, - G| |U

N
ZGn-z,-=OwhenYt=O
i=1 - b -k -

Z; € {O,l}

27



Linear Programming Relaxation

Population of N individuals
U= U,,U,,...,Uy), infection vector U; = 1 if
N individual i is infected, and 0 otherwise
min Z Z; - Y=(Y.Y,,...,Y;), the vector of test outcomes
< i=1

« Test matrix G where G,; = 1 if individual i is in test ¢

N
subject to Z G.z;> 1lwhenY, =1
=1 Y, G, - G| |U

N
Y Guz;=0whenY,=0
i=1 - - b -k -

OSZl‘SI

28
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NonAdaptive Group Testing: Encoder Designs

Zero Error Deterministic Matrix Designs

A matrix G is called K-separable if, each subset L of K columns, has a distinct support union (for all possible such subsets)

30



NonAdaptive Group Testing: Encoder Designs

Zero Error Deterministic Matrix Designs

A matrix G is called K-disjunct if, each subset L of K columns, and for any column i that does not belong in L,
the support of column i is not a subset of the support of the set of columns L.

31



NonAdaptive Group Testing: Encoder Designs

Zero Error Deterministic Matrix Designs

A matrix G is called K-separable if, each subset L of K columns, has a distinct support union (for all possible such subsets)

A matrix G is called K-disjunct if, each subset L of K columns, and for any column i that does not belong in L,
the support of column i is not a subset of the support of the set of columns L.

Construction of such matrices that lead to zero error non-adaptive designs need to use min{Q(K?), N} tests

32



NonAdaptive Group Testing: Encoder Designs

Bernoulli Matrix Designs Gy, - Gy
D : T x N matrix
_GTI GTN_
1 w.p. — . _
G, = K where v is a constant to select and K number of infected people
0 w.p. otherwise

U 1%
Every person participates in TE tests and every test contains on average N? people

v
Probability(test is negative)=(1 — E)K ~e " Fore ™V =—wegetr =1n2



NonAdaptive Group Testing: Encoder Designs

Constant Column Weight (CCW) : : T x N matrix
Matrix Designs Gy

Each person is included in a fixed number of L tests (typical choice: L = @(?))

34



NonAdaptive Group Testing: Encoder Designs

Mimic Adaptive Test Designs
In this example: K=3 out of N people infected

Every level splits the groups in previous levels in half

N
At each level m we have 2" groups of size 2—m each

* Defective
* Non-Defective

e E. Price and J. Scarlett, A Fast Binary Splitting Approach to Non-Adaptive Group Testing, arXiv:2006.10268v1, 2020.
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NonAdaptive Group Testing: Encoder Designs

Mimic Adaptive Test Designs
In this example: K=3 out of N people infected

Every level splits the groups in previous levels in half

N
At each level m we have 2™ groups of size > each

Create a matrix where, for each level m, we have CK tests
(C: constant to be decided).

Forj = 1,...,2" place all the members of the group G]’" in
* Defective

exactly one of the CK tests uniformly at random
¢ Non-Defective

e E. Price and J. Scarlett, A Fast Binary Splitting Approach to Non-Adaptive Group Testing, arXiv:2006.10268v1, 2020.
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NonAdaptive Group Testing: Encoder Designs

Mimic Adaptive Test Designs
In this example: K=3 out of N people infected

Every level splits the groups
in previous levels in half

Level 0
Level 1
Level 2
Level 3
Level 4

. Defective * Defective
* Non-Defective
E Non-Defective

e E. Price and J. Scarlett, A Fast Binary Splitting Approach to Non-Adaptive Group Testing, arXiv:2006.10268v1, 2020.
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NonAdaptive Group Testing: Non-identical priors

What if people have a different a-priori probability to be infected?

l

[ — 1 w.p. D - Assumption:
0 w.p. l—pl- Independent but non-identical infections

Lower bound:

N N
Let HU) = Z HU)) = Z H(p;,) then if error probability P,then T > (1 — P,)H(U)
i=1 i=1

e T.Li, C. L. Chan, W. Huang, T. Kaced, and S. Jaggi. Group testing with prior statistics. In IEEE International Symposium on Information Theory
(ISIT), pages 2346-2350,2014. doi: 10.1109/ISIT.2014.6875253.



Proof. The input vector X, noiseless result vector B and estimated input vector Y form a Markov
chain X — B — Y. Moreover,

H(X)=HX|Y)+I1(X;Y). (2)
Define an crror random variable £ such that

1, ifY #X
0, ifY =X

By Fano’s inequality, we can bound the conditional entropy as

H(X[Y) =H (E,X[Y)
—H (E|Y)+Pr[E=0]H(X|Y,E=0)+Pr[E=1H(X|Y,E=1)

Also we have I (X;B) < H(B) < log, |B| = T by the data-processing inequality. Hence we
obtain that
T>(1-P,) H(X).

e T.Li, C. L. Chan, W. Huang, T. Kaced, and S. Jaggi. Group testing with prior statistics. In IEEE International Symposium on Information Theor
(ISIT), pages 2346-2350,2014. doi: 10.1109/ISIT.2014.6875253. []



NonAdaptive Group Testing: CCA algorithm

The i-th row of the matrix G is obtained by sampling the probability vector p = (P, D, -- -, Py)

1 — N
N P and y = Zpl- < N for g times with replacement, where g is a constant we
—H i=1

i

where p; =
optimize.

Analysis: algorithm can be viewed as “collecting all the non-defective items in negative tests”
(coupon collector)

Testing procedure requires O(u In(/N)) tests with high probability

e C.L. Chan, S. Jaggi, V. Saligrama, and S. Agnihotri, “Non-adaptive group testing: Explicit bounds and novel algorithms,” in Information

Theory Proceedings (ISIT), 2012 IEEE International Symposium on. IEEE, 2012, pp. 1837-1841. 40



NonAdaptive Group Testing: CCA applied in blocks (achieves bound)

o u o 1 ) | | ] B
N X =X Aa Ay Xy Ag oo X Xogq vo0 Xooa X Xy Il
. e\ P sw U102 L ) . ' } ! Ziro \ -1
0<p; < 5% | 5 ) ap |32 Yo =] 0 ." I'. Uy = Zeco Matsix
a? \ - ’I ' L eV J - U " “

fwell-balancad ~-houndad ) : |,)- , Identity T
l 0l 1 Uy —— Matrlees 5. 1
AN No AN, - N N .. : .

. 17,
| 1 0 y B 0
lt'\":'v| 2 r 1 1 L “ "l" re ]
o No . / . : :
Yes Formed by 1 0 0 Beos 1
Sat W . Group Tesit the items CCA 0 1 0 "-(.' bBra 0
Set X, =10 Testing individually ( 0 1 B, 0

Y= ¥: Y5 i b5 ooV Yiy ooe Yooz Vo VS A*

g 0o 0 0 1 ««-1 1 - 1 0 1] O

e C.L. Chan, S. Jaggi, V. Saligrama, and S. Agnihotri, “Non-adaptive group testing: Explicit bounds and novel algorithms,” in Information
Theory Proceedings (ISIT), 2012 IEEE International Symposium on. IEEE, 2012, pp. 1837-1841. A1



Nonadaptive Group Testing as an Optimization Problem

U

© o 1 0 0 0

LS80 8 1

Outcome

Test 1

Test 2

Test 3

Test 4

1 0 1 0 1 0

Test matrix G

Population of N individuals

U= (U,,U,,...,Uy), infection vector U; = 1 if
individual i is infected, and 0 otherwise
Y=(Y,Y,,...,Y}), the vector of test outcomes

Test matrix G where G,; = 1 if individual i is in test ¢

Y, Gy Gin| | U
_YT_ _GTI GTN_ _UN_
Y =GU

Matrix multiplication in Boolean algebra



Optimal test matrix problem

1

1 w.p. ,
U-={ p- P

0 w.p. 1-—p

‘H’ ‘H’ ‘H’ ‘H’ ‘H’ ‘i’ Outcome
Test 1
Test 2
G Y
Test 3

Test 4

Assumption:

Independent but non-identical infections

Goal:
Design test matrix G s.t. under the DND
decoder, the expected number of

misclassifications (false positives) is minimized

43



Optimal test matrix: optimization formulation

Expected number of false positives under DND decoder:

N
Err(G) = 1 —np.)E . arg min
rr( ) ; ( pz) tgét yt,l G e {O,I}TXN

¥;; = liftestis positive given that individual i is healthy

6, = {j:G,; = 1}: setof individuals who participate in test 7

« Prior works: Study how many tests T needed to recover U w.h.p., decoders

*  We optimize the test matrix under the constraint of available tests

Err(G)

44



Detour: combinatorial optimization perspective

arg min Err(G) argmin f(x)
G € {0,1}7N x € {0,1}"
110
111
100 !
010 i~ __ ' \

‘ Optimal point
I ~0.10

/101

45



Detour: combinatorial optimization relaxation

argmin f(x)

x € (0.1} ————>
110
Hi Optimal
100 I 25 point
[ J.20
J.15
|
10
0s
000

001

argmin g(q)

q €[0,1]"

46



Detour: combinatorial optimization relaxation

argmin f(x) argmin g(q)
x € {0.1})"  —— g € [0.1]"

Desirable properties of g

1. g(q) > f*forall g € [O,l]n : g is at least as large as the minimum
value of f

2. g(x) = f(x)forall x € {0,1}": gis equal to f on the vertices of the
hypercube

3. Given a minimizer ¢* of g, if one can find x’ € {0,1}" such that

f(x") = g(q*): this implies x’is a minimizer of f

a7



Detour: combinatorial optimization relaxation

argmin f(x) argmin g(q)
x € {0.1)"  ——— g € [0.1]"

What g has these desirable properties? One choice is to construct g as follows:

, n
. Givengqg € [O,l] ,say q = (q;, 9, ---»q,)
. Sample Z =(Z,, Z,, ..., Z,) such that Z,-~Ber(qi) : we say that Z~q

. g(ﬂ) = [EZ~q (Z)

48



Example

argmin f(x) argmin g(q)
x € {0.1}" ————> g €[0.17"
110
i Optimal
100 25 point

et ———h

000 e

001

g((q1 @ 43)) = 1005 f(111) + q105(1 — g3) F(110) + ¢ (1 — ¢3) g5/ (101) + ¢, (1 — ) (1 — g5) £(100)
+ (1 = )3 f(011) + (1 — g5 (1 — g3) £(010) + (1 — g)(1 — ¢,) g3 /(001) + (1 — g)(1 — g,) (1 — g3) £(000)

49



Detour: combinatorial optimization relaxation

Theorem: Sufficient to solve P2 to obtain a solution of P1.

argmin f(x) argmin g(q) .
where g(q) = E,., [(Z)

q €[0,1]"

x € {0,1}"

Proof. Satisfies the desirable properties

1. g(q) > f*forall g € [O,l]n . g is at least as large as the minimum value of f

Expectation of a r.v. is at least as large as its minimum over the support
2. g(x)= f(x)forall x € {0,1}": gis equal to f on the vertices of the hypercube
At a vertex x, Z = x with probability 1. Thus, g(x) = f(x)

3. Given a minimizer ¢* of g, sample any Z~q* = Z is a minimizer of f

50



Relaxed optimization problem

argmin g(q) Projected gradient descent heuristic

« Start with an initialization for g

q €[0,1]"

Optimal * Perform gradient descent until convergence

point * In case you go out of the hypercube, project back

onto the hypercube and continue
« Finally sample Z from resulting g and estimate that

to be a minimizer of f

Cons:
- g(q) and/or its gradient may not be easy to compute

* No guarantee of converging to the global minimum

51



Optimal test matrix: relaxed optimization formulation

arg min Err(G) argmin Ez.o Err(Z)

G € {0,1}T*N 0 c [O’l]mv

Err(G) = Z 1=p)E ] 7. argmin  Ez. Z 1-p)Ey [] »

o,
t 165 Q c [O,IJTXN NS

Err(G) = Z 1 —p [EH(I—G” H (I-G,U))

J#l

A

Not clear if this is easy to compute
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Optimal test matrix: lower bound

argmin  Ez.o Err(Z)

TxN

Q € [0,1]

N
argmin  Ez.g Z (1-p)Ey H Vi
i=1

0c [O,l]TXN ' i€,

Mean-field
approximation

A/ & H Ey Vi

I :i€d,

We show that such an approximation is a lower bound
using Fortuin—Kasteleyn—Ginibre (FKG) inequality

Empirically seen to be a very good approximation
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Optimal test matrix: approximate formulation

arg min 2(0) arg min g1 5(0)

Q c [O’l]TXN _ Q c [O,I]TXN

. g; 5(0) and its gradient can be computed in O(N?) —> GD can be used

* Initialization method:
- use state-of-the-art test designs to initialize O
- refine existing designs

* Alternative:

- use gradient descent with stochastic reinitialization
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Numerical results

Prior test designs

-- CCW
- CCA
v GD — Oinit
—— GD — CCWinit
—— GD — CCAinit

—— GD — sampling

/1()(] 200 300 400 500 600
Number of tests used (77)

GD based
algorithms

Setup
* Priors sampled from an exponential
distribution with mean 0.05, N = 1000

* Metric: average FP rate over 10 instances

Results
 Significant benefits when the number of
tests is limited

* Bonus: similar results with DD decoder
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Prior test designs

-o- CCW

0.4 = CCA

v GD — Oinit
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—— GD — sampling

/1()(] 200 300 400 500 600
Number of tests used (77)

GD based
algorithms

Setup
* Priors sampled from an exponential
distribution with mean 0.05, N = 1000

* Metric: average FP rate over 10 instances

Results
 Significant benefits when the number of
tests is limited

* Bonus: similar results with DD decoder
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Outline

Group Testing Basics

Encoder (Test) Designs Decoder (Inference) Designs

Part 1

Community Aware Group Testing

Part 2

Dynamic Group Testing
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