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WHO ARE YOU?



Background

¨ Probability/Random Processes

¨ Detection & Estimation

¨ Communications

¨ Information Theory

¨ Advanced Information theory

¨ Machine Learning

4



q Active hypothesis testing
§ So many applications!
§ Information theory in the wild

q Important questions
§ How do you build your tree of actions/observations?
§ What is the right measure of informativeness that allows you to prune the 

tree?

q Martingales, concentration inequalities
§ Very useful tools for a wide-range of applications (need more than the CLT)

q The classics still matter
§ Chernoff, Stein, Wald, Blackwell, Fisher, Bayes, Neyman, Pearson
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BIG PICTURE



Exploration-Exploitation

exploration
environment unknown

collect observations
learn

exploitation
focus on areas of interest



Design of Experiments
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Sir Ronald Fisher
1890-1962

1935



More broadly
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Herman Chernoff
1923-

David Blackwell
1919-2010

Abraham Wald
1902-1950



MOTIVATING EXAMPLE



Boundary Detection
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q SENSOR NETWORKS:  

Actively build boundary
Data aggregation at 

each layer
q Intrinsic complexity of 

boundary is 

Nowak, M & Willett, JSAC 2004, IPSN 2003

<latexit sha1_base64="r+yUfggytvEQOjcvzhqzCC3duFg=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYiLES9gNoh6DXrwZwTwgWcLsZDYZMju7mekNhCXf4cWDIl79GG/+jZPHQRMLGoqqbrq7/FhwjY7zba2tb2xubWd2srt7+weHuaPjuo4SRVmNRiJSTZ9oJrhkNeQoWDNWjIS+YA1/cDf1GyOmNI/kE45j5oWkJ3nAKUEjeYWHYlsPFaZyclHo5PJOyZnBXiXuguRhgWon99XuRjQJmUQqiNYt14nRS4lCTgWbZNuJZjGhA9JjLUMlCZn20tnRE/vcKF07iJQpifZM/T2RklDrceibzpBgXy97U/E/r5VgcOOlXMYJMknni4JE2BjZ0wTsLleMohgbQqji5lab9okiFE1OWROCu/zyKqmXS+5V6fKxnK/cLuLIwCmcQRFcuIYK3EMVakBhCM/wCm/WyHqx3q2PeeuatZg5gT+wPn8Ax/yRdw==</latexit>

O(
�
n)



Recursive Dyadic Partitions
11

complete representation
transmit all measurements



Complete Representation

q This is the full tree
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Recursive Dyadic Partitions
13

pruned representation
transmit averages/some measurements



Recursive Dyadic Partition

q The pruned tree
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averaged measurements
from the two children

averaged measurements
from the four 

grand- children



The question

q What is the optimal grouping?
§ The cost of keeping fine-grained measurements/size of the tree

§ The cost of reducing fidelity – squared error
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<latexit sha1_base64="VP/iXCLkhFY/GHb1Dr6EQsE0AYI="></latexit>

P = partition

|�(P )| = size of partition/complexity



q Used in WW2 to test soldiers for syphilis
§ R. Dorfman, "The Detection of Defective Members of Large Populations," The 

Annals of Mathematical Statistics, 1943
§ Binary search

q Complexity reduction

Connections to Group Testing
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<latexit sha1_base64="iKrS2s/uV0QJuRzwJ8ofG2++hMY=">AAACGXicbVDLSgMxFM34rPU16tJNsBXqpswUUcFN0Y2rUsE+oFNKJk3b0MxkSO4oZehvuPFX3LhQxKWu/BvTdhbaekjgcM65JPf4keAaHOfbWlpeWV1bz2xkN7e2d3btvf26lrGirEalkKrpE80ED1kNOAjWjBQjgS9Ywx9eT/zGPVOay/AORhFrB6Qf8h6nBIzUsZ18JY+BadA4jz3F+wMgSskH7F1Oj5D9QuVkQtNYx845RWcKvEjclORQimrH/vS6ksYBC4EKonXLdSJoJ0QBp4KNs16sWUTokPRZy9CQBEy3k+lmY3xslC7uSWVuCHiq/p5ISKD1KPBNMiAw0PPeRPzPa8XQu2gnPIxiYCGdPdSLBQaJJzXhLleMghgZQqji5q+YDogiFEyZWVOCO7/yIqmXiu5Z8fS2lCtfpXVk0CE6QgXkonNURjeoimqIokf0jF7Rm/VkvVjv1scsumSlMwfoD6yvH60bnZ0=</latexit>

N tests � log(N) tests



Estimation Criterion

q Penalized empirical risk
§ Squared error

§ Complexity of RDP
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<latexit sha1_base64="HFanY3cLXqsFHcs+bd9oz0zqjFQ="></latexit>

|�(P )| � 64 versus |�(P �)| � 28



Metric for Pruning

q Over a dyadic partition compare penalized cost of average 
measurement versus measurements from a finer scale

q Can show

§ Versus minimax lower bound

q Optimally pruned partition of order
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<latexit sha1_base64="dW8rLAfCKY/jli2pi9dXNALD0Dc="></latexit>

MSE � O
�

1�
n

�

<latexit sha1_base64="2BxvhGrXANLOsW/KmRAEtqPR+FU=">AAACBnicbVA9SwNBEN2LXzF+RS1FWEyE2IS7IGoZtLEzgvmAXAh7m71kyd7euTsnhCOVjX/FxkIRW3+Dnf/GTXKFJj4YeLw3w8w8LxJcg21/W5ml5ZXVtex6bmNza3snv7vX0GGsKKvTUISq5RHNBJesDhwEa0WKkcATrOkNryZ+84EpzUN5B6OIdQLSl9znlICRuvnD4g12BfOhlLj6XkEix2OMXcX7AzgpdvMFu2xPgReJk5ICSlHr5r/cXkjjgEmggmjdduwIOglRwKlg45wbaxYROiR91jZUkoDpTjJ9Y4yPjdLDfqhMScBT9fdEQgKtR4FnOgMCAz3vTcT/vHYM/kUn4TKKgUk6W+THAkOIJ5ngHleMghgZQqji5lZMB0QRCia5nAnBmX95kTQqZeesfHpbKVQv0ziy6AAdoRJy0DmqomtUQ3VE0SN6Rq/ozXqyXqx362PWmrHSmX30B9bnD+UqmCE=</latexit>

O (
�
n)



Numerical Results
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estimates

estimates

estimates

<latexit sha1_base64="w4WRcxts/DmbY6NaNFn7RAfnKBk=">AAAB73icbVDLTgJBEJzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdemHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtJ9BGxOoBxwn4ERsoEQrO0ErtcheHgKzcK5bcijsHXSVeRkokQ71X/Or2Y55GoJBLZkzHcxP0J0yj4BKmhW5qIGF8xAbQsVSxCIw/md87pWdW6dMw1rYU0rn6e2LCImPGUWA7I4ZDs+zNxP+8TorhtT8RKkkRFF8sClNJMaaz52lfaOAox5YwroW9lfIh04yjjahgQ/CWX14lzWrFu6xc3FdLtZssjjw5IafknHjkitTIHamTBuFEkmfySt6cR+fFeXc+Fq05J5s5Jn/gfP4AYMCPiw==</latexit>

�

<latexit sha1_base64="w4WRcxts/DmbY6NaNFn7RAfnKBk=">AAAB73icbVDLTgJBEJzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdemHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtJ9BGxOoBxwn4ERsoEQrO0ErtcheHgKzcK5bcijsHXSVeRkokQ71X/Or2Y55GoJBLZkzHcxP0J0yj4BKmhW5qIGF8xAbQsVSxCIw/md87pWdW6dMw1rYU0rn6e2LCImPGUWA7I4ZDs+zNxP+8TorhtT8RKkkRFF8sClNJMaaz52lfaOAox5YwroW9lfIh04yjjahgQ/CWX14lzWrFu6xc3FdLtZssjjw5IafknHjkitTIHamTBuFEkmfySt6cR+fFeXc+Fq05J5s5Jn/gfP4AYMCPiw==</latexit>
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<latexit sha1_base64="w4WRcxts/DmbY6NaNFn7RAfnKBk=">AAAB73icbVDLTgJBEJzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdemHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtJ9BGxOoBxwn4ERsoEQrO0ErtcheHgKzcK5bcijsHXSVeRkokQ71X/Or2Y55GoJBLZkzHcxP0J0yj4BKmhW5qIGF8xAbQsVSxCIw/md87pWdW6dMw1rYU0rn6e2LCImPGUWA7I4ZDs+zNxP+8TorhtT8RKkkRFF8sClNJMaaz52lfaOAox5YwroW9lfIh04yjjahgQ/CWX14lzWrFu6xc3FdLtZssjjw5IafknHjkitTIHamTBuFEkmfySt6cR+fFeXc+Fq05J5s5Jn/gfP4AYMCPiw==</latexit>

�



Adaptive Boundary Estimation

q Actively building up representation, BUT
q All measurements taken once

§ Reverse engineering representation
§ Notion of higher utility/reward

q Notion of one representation being better than another
q Not active in measurement collection
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BASICS OF HYPOTHESIS TESTING



q Binary Hypotheses:

q Model:

22

Hypotheses and Likelihoods

<latexit sha1_base64="AGUYuQsQTDd7fYUnFOq05w9WqrA="></latexit>

X = 0 : /Ĩ H0 ŝƐ ƚƌƵĞ

X = 1 : /Ĩ H1 ŝƐ ƚƌƵĞ

<latexit sha1_base64="szcybAo99b6XQsrljjT+Pid+eIc="></latexit>

P[Y = y | X = 0] = p0(y)

P[Y = y | X = 1] = p1(y)

observation likelihood functions

<latexit sha1_base64="aaKcCZQdeCXJPec6bbAhUo79hOg="></latexit>

Y 2 Y
finite alphabet

<latexit sha1_base64="yuDONFtqbImdJBaW1MhXWKr3OIc="></latexit>

H0 : null hypothesis
H1 : alternate hypothesis



Binary Hypothesis Testing

partition observation space

<latexit sha1_base64="Y1TyRQQq3xkJtsjPNq5kHc4kltE=">AAACG3icbVDLSgNBEJyNrxhfUY9eFoPgKeyKqMdgDnqMYB6QhNA76SRDZmaXmVkhLPkJr+rXeBOvHvwZcTbZg0ksaCiquunuCiLOtPG8bye3tr6xuZXfLuzs7u0fFA+PGjqMFcU6DXmoWgFo5Exi3TDDsRUpBBFwbAbjauo3n1BpFspHM4mwK2Ao2YBRMFZqde5ACOh5vWLJK3szuKvEz0iJZKj1ij+dfkhjgdJQDlq3fS8y3QSUYZTjtNCJNUZAxzDEtqUSBOpuMrt36p5Zpe8OQmVLGnem/p1IQGg9EYHtFGBGetlLxf+8dmwGN92EySg2KOl80SDmrgnd9Hm3zxRSwyeWAFXM3urSESigxka0sCU9TEdI7ScajQAmUyWpAmeBYtOCDcxfjmeVNC7K/lX58uGyVLnNosuTE3JKzolPrkmF3JMaqRNKOHkmL+TVeXPenQ/nc96ac7KZY7IA5+sX0HiiPg==</latexit>

�0

<latexit sha1_base64="NQeCYj1aEeSO+9I+LSrrnLZMxxc=">AAACG3icbVDLSgNBEJyNrxhfUY9eFoPgKeyKqMdgDnqMYB6QhNA76SRDZmaXmVkhLPkJr+rXeBOvHvwZcTbZg0ksaCiquunuCiLOtPG8bye3tr6xuZXfLuzs7u0fFA+PGjqMFcU6DXmoWgFo5Exi3TDDsRUpBBFwbAbjauo3n1BpFspHM4mwK2Ao2YBRMFZqde5ACOj5vWLJK3szuKvEz0iJZKj1ij+dfkhjgdJQDlq3fS8y3QSUYZTjtNCJNUZAxzDEtqUSBOpuMrt36p5Zpe8OQmVLGnem/p1IQGg9EYHtFGBGetlLxf+8dmwGN92EySg2KOl80SDmrgnd9Hm3zxRSwyeWAFXM3urSESigxka0sCU9TEdI7ScajQAmUyWpAmeBYtOCDcxfjmeVNC7K/lX58uGyVLnNosuTE3JKzolPrkmF3JMaqRNKOHkmL+TVeXPenQ/nc96ac7KZY7IA5+sX0iiiPw==</latexit>

�1

<latexit sha1_base64="iaKFE7vDgy1HBeL69G97Va0ymtY="></latexit>

H1 : alternaƟve hypothesis
H0 : null hypothesis

<latexit sha1_base64="T0EQy1BV6nwgEpxyFzvbIODAMQ0="></latexit>

y = observaƟon
pi(y) = pdf of y givenHi

<latexit sha1_base64="0EcrpfgW9zg2DLqbOv/u0kGBvP0="></latexit>

f(y) = decision rule
= {0, 1}

<latexit sha1_base64="Iw3MWpB2B/vSBV1l834osi1fXRA="></latexit>

X̂ = f(Y n, ƌĂŶĚŽŵ)

inference decision rule

<latexit sha1_base64="mV4T1V2TmCtZOWRgfO+QOOBKMwo="></latexit>

Yk ⇠ pX
i.i.d. observations



q Log-likelihood Ratio (LLR):

q Good decision rules
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Good Decision Rules

<latexit sha1_base64="uIyvfbmUyEObx9+xdc9gxTDXPpY="></latexit>

Ln = ůŽŐ
p0(Y n)

p1(Y n)
=

nX

k=1

ůŽŐ
p0(Yk)

p1(Yk)

<latexit sha1_base64="7SkShF29IeQmVDNkXLwoKEH+xNE="></latexit>

X̂ =

(
H0 ŝĨ Ln � ⌧

H1 ŝĨ Ln < ⌧

likelihood ratio test

change the metric
change the threshold

<latexit sha1_base64="JCH7RS1C8S9Ay4rw78K3wcsgWdc="></latexit>�B

<latexit sha1_base64="ovbSBG8o/dfi+4V0pE/SAOow1GI="></latexit>�NP



q DEFINITION:

q Like a ``distance’’ between two distributions
q BUT, not symmetric: 
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Kullback-Leibler Divergence

<latexit sha1_base64="I0aCrabHFsQROBUz9LnzUG3cCV8="></latexit>

D(p||q) =
X

y

p(y) ůŽŐ
p(y)

q(y)

Expectation of LLR is related to KL-Divergence

<latexit sha1_base64="grAFBZM5HkXybOSaSFraX3ddZ/Y=">AAAB/3icbVDLTsJAFJ3iC/FVNXHjZiKYwIa0xKhLoixcYiKPhDZkOkxhwnRaZqYmpLDwV9y40Bi3/oY7/8YBulDwJDc5Oefe3HuPFzEqlWV9G5m19Y3Nrex2bmd3b//APDxqyjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsb3s781iMRkob8QY0j4gaoz6lPMVJa6ponhVoxciajEnQ4GcFaceRMolKha+atsjUHXCV2SvIgRb1rfjm9EMcB4QozJGXHtiLlJkgoihmZ5pxYkgjhIeqTjqYcBUS6yfz+KTzXSg/6odDFFZyrvycSFEg5DjzdGSA1kMveTPzP68TKv3YTyqNYEY4Xi/yYQRXCWRiwRwXBio01QVhQfSvEAyQQVjqynA7BXn55lTQrZfuyfHFfyVdv0jiy4BScgSKwwRWogjtQBw2AwQQ8g1fwZjwZL8a78bFozRjpzDH4A+PzBzvHlFI=</latexit>

D(p�q) �= D(q�p)



Likelihood Ratio Tests

q Equivalent representation with respect to the KL divergence

q The empirical distribution is closest to which hypothesis?
q NOTE:

q Bayes optimal rule versus Neyman-Pearson rule
§ How to select         ?
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<latexit sha1_base64="lonufSpVTrZunO+N3u1GPKcoBjI="></latexit>

L(yn) > �

D (p(yn)�p0(yn))�D (p(yn)�p1(yn)) >
1

n
log �

<latexit sha1_base64="wLpvLS+BZqZ5T3nXn6YiUr7Tn1c=">AAACF3icbVBNS8NAEN3U7/pV9eglWARPJZGiHou9eFSwH9AGmWwn7dLNJuxOhBL6F7yqv8abePXonxE3bQ9+PRh4vDfDzLwwlcKQ5304paXlldW19Y3y5tb2zm5lb79tkkxzbPFEJrobgkEpFLZIkMRuqhHiUGInHDcLv3OP2ohE3dIkxSCGoRKR4ECF1CfI7ipVr+bN4P4l/oJU2QLXd5XP/iDhWYyKuARjer6XUpCDJsElTsv9zGAKfAxD7FmqIEYT5LNbp+6xVQZulGhbityZ+n0ih9iYSRzazhhoZH57hfif18soughyodKMUPH5oiiTLiVu8bg7EBo5yYklwLWwt7p8BBo42Xh+bCkOMyly+4lBikGoQsmbIEWoxbRsA/N/x/OXtE9r/lmtflOvNi4X0a2zQ3bETpjPzlmDXbFr1mKcjdgDe2RPzrPz4rw6b/PWkrOYOWA/4Lx/AUCkoO4=</latexit>�

<latexit sha1_base64="jkYf5fzku10whv04OvnHx+yiv2M="></latexit>

E0[Ln] = nD(p0||p1)
E1[Ln] = �nD(p1||p0)



q Bayesian Risk:

q Bayes rule:

27

Bayes Rule

<latexit sha1_base64="QdyqfhfN4py8qHcbpo2Bxtk5VUE="></latexit>

r(f) =
X

j

⇡j

X

i

CijP[X̂ = i | X = j]

priors costs <latexit sha1_base64="pXb4I5kC61aXWKhyWH9rhVRK4kg="></latexit>

ŝŶĨĞƌ i ŐŝǀĞŶ ƚƌƵƚŚ ŝƐ j

<latexit sha1_base64="Qybt9uhCc8KMtE+ygSfAwAQd6J0="></latexit>

Cij = cost of selecting

i when j is true

<latexit sha1_base64="7SkShF29IeQmVDNkXLwoKEH+xNE="></latexit>

X̂ =

(
H0 ŝĨ Ln � ⌧

H1 ŝĨ Ln < ⌧

likelihood ratio test

<latexit sha1_base64="x2XEE4e2kFLR4t/GTRUI0hFzVs0="></latexit>

⌧ = ůŽŐ
⇡1(C01 � C11)

⇡0(C10 � C00)

= ůŽŐ
⇡1

⇡0
;ƵŶŝĨŽƌŵ ĐŽƐƚƐͿ

= 0 ;ƵŶŝĨŽƌŵ ƉƌŝŽƌƐͿ



Special Cases

q Uniform costs

§ Maximum a posteriori rule

§ Uniform costs and equal priors

§ Maximum likelihood rule
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all likelihood ratio tests

<latexit sha1_base64="EOKZEpSorwMr+SoqQd3a+B96nms="></latexit>

Cij = �(i� j)

� � = log
�0

�1

<latexit sha1_base64="vLY9NhGki5X/qCG6erHV2iPtN40=">AAACIXicbVA9SwNBEN2LX/H8ilraLAYlWoS7IJomINpYKhgVciHMbSbJkr29c3dPCEf+io1/xcZCETvxz7iJKTTxwcDjvRlm5oWJ4Np43qeTm5tfWFzKL7srq2vrG4XNrRsdp4phncUiVnchaBRcYt1wI/AuUQhRKPA27J+P/NsHVJrH8toMEmxG0JW8wxkYK7UK1SDELpcZ3ktQCgaHQzcwkNJ9WrPlBiLulvwDWvPcAGX7V1urUPTK3hh0lvgTUiQTXLYKH0E7ZmmE0jABWjd8LzHNDJThTKBdm2pMgPWhiw1LJUSom9n4wyHds0qbdmJlSxo6Vn9PZBBpPYhC2xmB6elpbyT+5zVS06k2My6T1KBkP4s6qaAmpqO4aJsrZEYMLAGmuL2Vsh4oYMaG6toQ/OmXZ8lNpewfl4+uKsXTs0kcebJDdkmJ+OSEnJILcknqhJFH8kxeyZvz5Lw4787HT2vOmcxskz9wvr4BrVehWg==</latexit>

� = log(1) = 0



Gaussian Example
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<latexit sha1_base64="QdyqfhfN4py8qHcbpo2Bxtk5VUE="></latexit>

r(f) =
X

j

⇡j

X

i

CijP[X̂ = i | X = j]

<latexit sha1_base64="6oOTmUg6Bm6o6mKEgwcJbNvEhog="></latexit>

P
�
X̂ = 1|X = j

�
= P [Y � � �|X = j]

= Q

�
� � � µj

�

�

<latexit sha1_base64="yWWWkxtSt9lT+2cQOvEMSiSrQU0="></latexit>

Hi : Y � N (µi,�
2)

L(y) =

��
µ1 � µ0

�2

��
y � µ0 + µ1

2

��

L(y) >
< �

y >
< � � =

�2

µ1 � µ2
ln � +

µ0 + µ1

2



q Y is a random variable
§ Moment generating function

q Chernoff Bound

q Proof  - via Markov inequality

30

How to bound Performance?

<latexit sha1_base64="s+u40DBfpFQRUkffxmPgLVUxv0A="></latexit>

µ(s) = E[exp(�sY )]

<latexit sha1_base64="TsQwMffgeRp+qEUriZSuP6n7ieA="></latexit>

� s � 0 P [Y � a] � e�saµ(s) � s

� P [Y � a] � min
s

e�saµ(s)

<latexit sha1_base64="sv8wE94ZBtZbGvJQziuTblR0tUE="></latexit>

P [X � a] � E [X]

a
X = esY



Chernoff Bound
31

Gaussian 
example



q Often more easily computable than exact probabilities
q Enable straightforward comparison across detectors
q Provide a measure for how far from asymptotic performance

§ When do asymptotics kick in?

32

Error Decay Rates

<latexit sha1_base64="0EcrpfgW9zg2DLqbOv/u0kGBvP0="></latexit>

f(y) = decision rule
= {0, 1}

<latexit sha1_base64="jNN8FoXpc6kgRkWs0/iaXe59+2g="></latexit>

Error rate(�) = lim
n��

� 1

n
logPe(f)

<latexit sha1_base64="hxTWvXcqHRn5JSVYasgm+uBQj6c="></latexit>

what about fixed n?
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Error Decay Rates

0 5 10 15 20 25 30 35 40
10-4

10-3

10-2

10-1

100

total energy/symbol (dB)

BE
R

Simulation performance in UWA channels

1-hop constructive - MLSD
1-hop constructive - DFE
1-hop hop destructive - MLSD
1-hop destructive - MLSD
2-relay cooperative, MLSD
2-relay cooperative, DFE
4-relay cooperative - MLSD
4-relay cooperative - DFE

underwater acoustic communication

<latexit sha1_base64="U6RdP2uGAYjhQYtj7yeuQERJX10="></latexit>

decay rate 2� 2 log logP
logP

diversity

cost: error propagation at relay

RX

relays

TX



q Error rate:

q Theorem: error rate for the Bayes optimal rule

q Not a function of the priors!
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Error Rate for Bayes Rule

<latexit sha1_base64="UUydjSWWb+GY3EYSJst+W3xpZSk="></latexit>
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Chernoff Information

Bayes risk
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q Performance Measures:

q Formulation: minimize miss probability while ensuring that 
false alarm probability is low
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Neyman-Pearson Formulation
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q Optimal Decision Rule is a LRT:

q How to select parameters:
§ Challenge when mismatched support and/or discrete RVs
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Neyman Pearson Rule

randomization to achieve PF exactly

<latexit sha1_base64="0X6v2dTOad5tAHlZFCWexJ6CWRk="></latexit>

threshold � and randomization � unique solutions to
� = P0[Ln > � ] + �P0[Ln = � ]
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H0 if Ln > �

H0 w.p. � if Ln = �

H1 if Ln < �



q Continuous valued RVs, matching support
q No randomization necessary
q False alarm rate determines threshold
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Gaussian Example
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Receiver Operating Characteristics

q NP best tradeoff between               and 
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q Kullback-Leibler Divergence:

q Chernoff-Stein Lemma: Miss rate of NP rule is
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Chernoff-Stein Lemma

<latexit sha1_base64="I0aCrabHFsQROBUz9LnzUG3cCV8="></latexit>
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Expectation of LLR is related to KL-Divergence
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q Bayes rule

q Neyman Pearson rule
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Bayes Rule versus NP Rule

Chernoff Information
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SEQUENTIAL OBSERVATIONS



q Should you always use all of the data?
§ Stop when confident!

q A Wald, The Annals of Mathematical Statistics, 1945
q Problem set up

§ Samples 
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Sequential Probability Ratio Tests
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� = miss probability
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SPRT solution

same experiment

<latexit sha1_base64="N4fSni366EsTeliXIam6JK3dIjI="></latexit>
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1� �
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keep sampling else
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q Allow myself to take more observations and change 
experiment

§ Different experiments:  different sensors, different groupings

q Now, how to develop algorithms and analyze?
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q Allow myself to take more observations and change 
experiment

§ Different experiments:  different sensors, different groupings

q Now, how to develop algorithms and analyze?
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Now….

experiments

ob
se

rv
at
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ns

hypotheses

wumbo.net

which action is more informative?

<latexit sha1_base64="4vVvk0OPdeDEeyD18zoY7jMb5IQ="></latexit>

un = experiment/observation mode

yn = observation

H = true hypothesis

cost = c ({y1, · · · , yn�1} , {u1, · · · , un�1}|H)



YOU KNOW ``ACTIVE’’ TESTING ALREADY
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Bayes Rule

<latexit sha1_base64="7YHKf+cftMQWh1kMxj2bV2CEODI="></latexit>

P [A|B] =
P [A,B]

P [B]

=
P [B|A]P [A]

P [B]



q Three doors: one car and two goats
q Pick a door!
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Monty Hall Problem

A B C



q Three doors: one car and two goats
q Pick a door!

q You select A

53

Monty Hall Problem

A B C

car is behind door A
door A is chosen



q Your door is still closed
q Do you change doors?
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Now reveal a door

A B C



q The car is equally likely to be behind all three doors
q The player is equally likely to pick one of the doors 

(independent of car’s location_
q After player picks a door, the host must open a different door 

with a goat and let player switch if they wish
q If selected door has car, host is equally likely to pick one of 

the goat doors

q KEY – non-uniform sample space/probabilities
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Key Assumptions
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Decision Tree

MIT 6.042/18.062J  Leighton & Rubinfeld
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Decision Tree

MIT 6.042/18.062J  Leighton & Rubinfeld



Now reveal a door

q Your door is still closed
q Do you change doors?
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A B C

A C
revealed

car is behind door A

door A is chosen
door C is revealed

door A is chosencar is behind door AAstay



Now reveal a door

q Your door is still closed
q Do you change doors?
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A B C

A C
revealed Astay

car is behind door A

door A is chosen
door C is revealed

Bswitch



Now reveal a door

q Your door is still closed
q Do you change doors?
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A B C

A C
revealed Astay

car is behind door B

door A is chosen
door C is revealed



Monty Hall Problem

q This is a sequential decision-making problem
q The decision tree

q Action: switch, since the odds of winning are higher
q labels are arbitrary à optimal strategy:  always switch
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A C
revealed Astay

Bswitch
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q Some elements of our desired framework
§ Sequential decisions/observations

• A tree, but we are not pruning yet

§ Adversarial “game”

q Still one kind of experiment
§ One type of observation is not more informative than another

q Can we quantify informativeness?
§ How do we prune the tree?
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Getting closer



Wireless Body Area Sensing Network
64

Jovanov et al. Journal of NeuroEngineering and Rehabilitation 2005



What is my problem?
65

1

2
3

45

2
1

3
4

observation state, control

this is active hypothesis testing
for a time-varying process



Problem Framework

q Sensor time-series (ECG, accelerometer, etc.) converted to 
features

q Each state indicated by a standard basis vector
q

66
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ei = [0, · · · , 0, 1, 0 · · · 0]

i’th component

Zois & M, TSP’17, ICASSP’14, ISIT’14, Globecom’14, Asilomar’13, GlobalSIP’13

Zois, Levorato &M,  TSP’14, TSP’13



Heterogeneity

q Different sensors are good at discriminating different states
q Chicken and egg problem…
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What is my problem?

q Goal: track temporal evolution of a discrete–time, finite–
state Markov chain

q Design control (sensor allocation problem)
§ Heterogeneous fidelity across sensors
§ Heterogeneous costs across sensors
§ Optimize performance, minimize cost

q Contrast to standard control problems:
§ control influences observations (not state)
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POMDP System
70

state switches sensors 
sensing

approximate 
MMSE state 

estimator

predicted belief 
state updatesensors selection

Decision Process

system 
state

state estimate 
(belief state)

control

measurement 
vector

predicted state estimate 
(predicted belief state)

partially observable Markov decision process (POMDP)



Signal Model

q System state
§ First order Markov process

q Sensor features

§ control is which sensor to listen to and for how long
§ Validated by real world experiments
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control input (can affect size, form, etc)



Non-linear Decision Regions

q Distinct means and covariance matrices for each subject 
| personalized training

Decision regions for 
bivariate Gaussians for 
six activities



Differential Entropy

q Definition

q Properties

73

maximal differential entropy



Bounds on estimation error
74

MSE optimizing estimator

MSE optimizing estimator

these are the variances
differential entropy bounded by that of a Gaussian



State Estimator

q Minimize: Mean-Square Error (MSE)

q MMSE estimator equals conditional belief (probability)

q Designed a Kalman-like estimator (recursive/discrete states)

75

history of observations 
and control inputs

MMSE estimator

…0

1

0.5

with



Optimal Control Policy

q Control inputs sequence to optimize filter performance (MSE 
performance)

q Optimal solution via dynamic programming (DP)

76

Cost function

filtering error covariance matrix

Zois, Levorato, M, ICASSP 2013

current cost

expected future cost

optimal cost to go



Include energy cost

q Partially observable stochastic control problem: determine
control sequence to optimize trade–off between MSE
performance and energy cost

77

Cost function

trade–off 
parameter



Challenges of DP

q Curse of dimensionality
§ Predicted belief state drawn from uncountably infinite set
§ Control space can be exponentially large in N, K

q Non-linear POMDP
q expected future cost requires N–dimensional 

integration,    N = number of measurements

79

DP impractical for large-scale applications



Goal & Approach

q Goal: determine
§ Structural properties of the cost – to – go function
§ Sufficient conditions to characterize optimal control

q Assumptions:
§ discriminate between two states,       and
§ Select 1 out of N available sensors                                       

(scalar measurements)

q Two hypotheses
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pk|k = [p, 1� p]



Cost – to – go function properties

q Current cost

q Lemma: current cost is concave function of

q Theorem: The cost – to – go function                            
is a concave function of

81

Zois, Levorato, M, GlobalSIP 2013



Graphical interpretation

q What does the  Theorem really mean?

82

0 1

cost versus belief  for different 
controls/observation modes



Graphical interpretation

q What does the Theorem really mean?

q Optimal policy has threshold structure

83

0 1

well – known for
linear POMDPs

our system is non-linear



Informativeness

q Definition: Given two conditional pdfs      and      from     to ,                                                             
is less informative than (                  ) if

stochastic transformation

84

Blackwell 
Ordering



Informativeness

q Fact: Consider observation kernels and                 . If                                 
, then         better than 

§ Why? Lower future cost
§ Directly exploits the concavity of the cost-to-go function

q Like a data processing inequality
§ The stochastic transformation 

is processing the kernel

85



q Markov chains

q The inequality

§ processing Y cannot increase the information about X
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Data Processing Inequality

<latexit sha1_base64="a8CMyBjGYJZE0WtZDxEOvm3bdkU="></latexit>

p(x, y, z) = p(x)p(y|x)p(z|y)
p(x, z|y) = p(x|y)p(z|y)
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X � Y � Z � I(X;Y ) � I(X;Z)

� I(Y ;Z) � I(X;Z)



Determining optimal control
88

Case I: same mean,
same variance

Case II: same mean,
different variance

Case III: different
mean, same variance

q Case II: Blackwell ordering of observation kernels
determines optimal control

q Case III: ordering of current cost is achieved by ordering
of function of means



Myopic Solution

q Optimal solution: expensive to determine over finite horizon
§ Classical engineering fix:  don’t look too far into the future

q Basic idea: minimize one – step ahead cost
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Zois, Levorato, M, Asilomar 2013



Myopic Solution

q Current cost is concave with respect to                for 2 activity 
states and 1 measurement

§ Policy has a threshold structure 
also!

q This seems to be true for > 2 activity states and multi-
dimensional measurement vectors (via numerical validation) 
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Trade–off Curves

q Equal allocation: request same number of samples from 
each sensor

q Compared to equal allocation, energy gains as high as 60% 
for the same estimation/detection performance

95

M
SE

 p
er

fo
rm

an
ce

Average Energy Cost Average Energy Cost
D

et
ec

tio
n 

ac
cu

ra
cy



q Active hypothesis testing problem
§ Individual’s state is time-varying across time
§ Allocate # measurements/which sensor (observation mode)

q Notion of informative observation modes 
§ (Blackwell ordering)

q Given belief for each state, we know which sensor to select

q How do we analyze performance?
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Summary

<latexit sha1_base64="fY7Ew7/FnjN4d9g6hjYwleww2bU="></latexit>

pk|k�1 � u�



OPTIMAL DECAY RATE?



q Determining closed form probability of error intractable for 
WBAN case
§ How to analyze so that we can determine design 

strategies/resource choices?

q How well does the approach work as the number of 
observations get large?
§ Still interested in non-asymptotic/finite horizon performance
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Analysis of Interest

<latexit sha1_base64="/IUE5taW8J3zhj0Q2HZp4TolLZk="></latexit>

lim
N��

� 1

N
P[X̂ = j|X �= j]

subject to P[X̂ = j|X = j] � 1� �

probability of error

correct detection



q To find desired results, need to go simpler/abstract
q Fixed true hypothesis (not time-varying)
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observations

Kartik, Nayyar & M, TAC’22, ISIT’20, ISIT’19, Asilomar’18
Kartik & M, TSP’22



q Optimal Decision Rule is a LRT:

q How to select parameters:
§ Challenge when mismatched support and/or discrete RVs
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Recall:  Neyman Pearson Rule

threshold choice determines NP rule

<latexit sha1_base64="0X6v2dTOad5tAHlZFCWexJ6CWRk="></latexit>

threshold � and randomization � unique solutions to
� = P0[Ln > � ] + �P0[Ln = � ]
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X̂ =

�
��

��

H0 if Ln > �

H0 w.p. � if Ln = �

H1 if Ln < �



q Simpler Near-optimal Decision Rule:

q Lemma: miss probability probability for this decision rule
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Near-Optimal Decision Rule

a threshold test like optimal likelihood ratio test

<latexit sha1_base64="f0mwZlM0QZio02CTbPFaVXuUJRo="></latexit>

X̂ =

(
H0 ŝĨ Ln � ⌧

H1 ŝĨ Ln < ⌧

<latexit sha1_base64="WbpmhDhUMv1MtL0mSrq1+gBneCY="></latexit>
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q MGF of LLR:

q Recall Chernoff Information

§ (and recall Chernoff bound)

q The idea: use new measures to drive hypothesis testing
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Moment Generating Function of LLR

<latexit sha1_base64="kzPLc5JOtdzmQjYfhDGZuE2tPMw="></latexit>

L = ůŽŐ
p0(Y )

p1(Y )
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∑
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(p0(y))
λ(p1(y))
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q MGF of LLR:

q Chernoff Information:

q Kullback-Leibler Divergence:
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MGF of LLR – connections
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q MGF of LLR:

q Chernoff Information:

q Kullback-Leibler Divergence:
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MGF of LLR – connections
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Bayes rate

NP rate



q Renyi Entropy
§ generalizes entropy

q Renyi Divergence

q Renyi Divergence and MGF of LLR
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Renyi Entropy & Divergence
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q False-alarm probability bound using Chernoff bound:

q False-alarm decay rate:
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Chernoff Bound and Renyi Divergence

<latexit sha1_base64="lV8FTYP2SxwiXIwSNOxdytRGxTA="></latexit>
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q Null and Alternate Hypotheses:

q Log-likelihood ratio is also Gaussian:

109

Example: Gaussian Likelihoods
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q MGF of negative LLR:
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Example: Gaussian Likelihoods
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q False-alarm decay rate:
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Example: Gaussian Likelihoods
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q Decision-rule:

q Miss probability lemma: large threshold desirable

q False-alarm probability: cannot have very large threshold
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Summary: Gaussian Likelihoods

<latexit sha1_base64="f0mwZlM0QZio02CTbPFaVXuUJRo="></latexit>

X̂ =
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H1 ŝĨ Ln < ⌧
likelihood ratio test
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Sufficient to 
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asymptotically optimal error rate non-asymptotic term



Exploration-Exploitation

exploration
environment unknown

collect observations
learn

exploitation
focus on areas of interest



EXPLORATION

EXPLOITATION
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Active Hypothesis Testing



focus on exploitation



q Chernoff, H., 1959. Sequential design of experiments. The Annals of 
Mathematical Statistics

q Nitinawarat, S., Atia, G.K. and Veeravalli, V.V., 2013. Controlled Sensing for 
Multihypothesis Testing. IEEE Transactions on Automatic Control

§ Considers decay rate of maximal error probability with fixed sample size
§ Asymptotic optimality of stopping time formulation

q Naghshvar, M. and Javidi, T., 2013. Active sequential hypothesis 
testing. The Annals of Statistics

§ POMDP formulation - Bounds on value function and asymptotic optimality

q Huang, B., Cohen, K. and Zhao, Q., 2019. Active Anomaly Detection in 
Heterogeneous Processes. IEEE Transactions on Information Theory

§ Group testing-type approach and asymptotic optimality
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Active Hypothesis Testing – Prior Work

We focus on non-asymptotics: 
performance analysis and policy design 



Stopping Time Formulation

q Classical approach
q Perform experiments until confident – inconclusive 

declaration not allowed
q Stochastic time-horizon

q Minimize:
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E[N ] + L⇥ P[X̂ 6= X]

<latexit sha1_base64="vcA72GE/gPuT+JuHAz6jZnH5t0M="></latexit>

expected stopping 
time fixed, usually very large

Bayesian error 
probability

room for improvement in the non-asymptotic regime



q Access to multiple experiments and can select them in a 
data-driven fashion
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Active Hypothesis Testing

Unknown 
Quantity

Memory

Inference
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q Experiment Selection Strategy:

q Inference Strategy: infer after gathering all data – may 
declare inconclusive if necessary
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System Model

Past information In
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q Observations:
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System Model

Observation Likelihood functions
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q Incorrect conclusion: very expensive – must be avoided

Misclassification probability 0 if always declare inconclusive

q Correct inference: need to make correct inference with 
sufficiently large probability
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Neyman-Pearson Formulation (P1)
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�N = Pf,g[[i2X {X̂N = i,X 6= i}]
Misclassification probability:

Probability of making an 
incorrect conclusion
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q Optimization Problem:
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Neyman-Pearson Formulation (P1)
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among all strategies that make correct inference with 
high probability, pick those that misclassify least

symmetric formulation
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Symmetric Cases

min
f2F,g2G

�N

ƐƵbjecƚ ƚo  N (i) � 1� ✏N , 8i 2 X
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q Incorrect conclusion: focus on a particular hypothesis

q Correct inference: need to make correct inference with 
sufficiently large probability
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Neyman-Pearson Formulation (P2)
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Asymmetric Case

H0 H1

H2 H3

asymmetric

P2
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H0 versus {H1, H2, H3}



Composite Test

q Hi is a single hypothesis 
q Hi

c is all other hypotheses
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q Optimization Problem:
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Neyman-Pearson Formulation (P2)
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q Asymmetric Hypothesis Test:
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&ŝǆ ĞǆƉĞƌŝŵĞŶƚ ƐĞůĞĐƟŽŶ ƐƚƌĂƚĞŐǇ g
ĂŶĚ ǀŝĞǁ ĂƐ ƐŝŶŐůĞͲƐŚŽƚ ŚǇƉŽƚŚĞƐŝƐ ƚĞƐƟŶŐ ƉƌŽďůĞŵ
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Neyman-Pearson Formulation (P2)

<latexit sha1_base64="YZhb2qe+sjdrWENa9NrBARHkXsE="></latexit>

(U1, Y1) (U2, Y2) . . . (Un, Yn) . . . (UN , YN )

<latexit sha1_base64="daowLn2QT1XP4Y1qp8i2rvBY6qM="></latexit>

IN+1
<latexit sha1_base64="AcpemIf7xRnRP1XhK8NdfvXTz28="></latexit>

P g
N,i(IN+1)

Pg[IN+1 = IN+1 | X = i]

<latexit sha1_base64="LP+kkZuzLeFL0w4BUwnkaJAlwms="></latexit>

Qg
N,i(IN+1)

Pg[IN+1 = IN+1 | X 6= i]
<latexit sha1_base64="GasJkYyrez4lwSf6FtkHFsJIbh8="></latexit>

test if IN+1 comes from P orQ

asymmetric formulation
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Asymmetric vs Symmetric Cases

H0 H1

H2 H3

asymmetric
H0 versus {H1,H2,H3}

min
f2F,g2G

�N

ƐƵbjecƚ ƚo  N (i) � 1� ✏N , 8i 2 X

<latexit sha1_base64="4DQhox7fr2oPb68ioi6zT4o17YM="></latexit>

�N = Pf,g[[i2X {X̂N = i,X 6= i}]

=
X

i2X
�N (i)(1� ⇢1(i))

<latexit sha1_base64="KU9dh84a4XnyP9UceJB34NH+UD4="></latexit>

symmetric 
formulation

P2

P1



q Confidence Level:

q Expected Confidence Rate: Average Kullback-Leibler
Divergence of the Asymmetric Hypothesis Test
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Useful Information-theoretic Quantities

<latexit sha1_base64="mA0dFg9mlJigTGe/kr3tQcdr9ZI="></latexit>

Ci(⇢)
.
= ůŽŐ

⇢(i)

1� ⇢(i)

<latexit sha1_base64="B7OSFExuODnMrv39wudtvX3xNFE="></latexit>

⇢n(i) = P[X = i | U1:n�1, Y1:n�1]

Posterior belief

<latexit sha1_base64="T+EPT22YxTDBTRuDiYlTjBq51fY="></latexit>

Jg
N (i)

.
=

1

N
Eg
i [Ci(⇢N+1)� Ci(⇢1)] =

1

N
Eg
i


ůŽŐ

P g(IN+1)

Qg(IN+1)

�

<latexit sha1_base64="YHrT1ZpnTLnRAga7BO0gwwa8sY8="></latexit>

i versus not i



q Max-min KL-Divergence
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Useful Information-theoretic Quantities

<latexit sha1_base64="tr+fXSfzuDdHa6ctN0fLeP6ch28="></latexit>

D⇤(i)
.
= ŵĂǆ

↵2�U
ŵŝŶ
j 6=i

X

u

↵(u)D(pui ||puj )

= ŵŝŶ
�2�X̃i

ŵĂǆ
u2U

X

j 6=i

�(j)D(pui ||puj )

<latexit sha1_base64="KVl6Jw3BqeAnhrcZfm8+AbygVl8="></latexit>

ͻ �ŝƐƚƌŝďƵƟŽŶƐ ŽǀĞƌ
ƐĞƚ ŽĨ ĞǆƉĞƌŝŵĞŶƚƐ͗ �U

ͻ DĂǆͲŵŝŶŝŵŝǌĞƌ͗ ↵i⇤

<latexit sha1_base64="ra/ryFrHcMHGtM+XfZMzE1FG2dc="></latexit>

ͻ �ŝƐƚƌŝďƵƟŽŶƐ ŽǀĞƌ ƐĞƚ ŽĨ
ĂůƚĞƌŶĂƚĞ ŚǇƉŽƚŚĞƐĞƐ͗ �X̃i

ͻ DŝŶͲŵĂǆŝŵŝǌĞƌ͗ �i⇤



q Max-min KL-Divergence
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Max-min Divergence

<latexit sha1_base64="KVl6Jw3BqeAnhrcZfm8+AbygVl8="></latexit>

ͻ �ŝƐƚƌŝďƵƟŽŶƐ ŽǀĞƌ
ƐĞƚ ŽĨ ĞǆƉĞƌŝŵĞŶƚƐ͗ �U

ͻ DĂǆͲŵŝŶŝŵŝǌĞƌ͗ ↵i⇤

<latexit sha1_base64="rAFiKE3eSNqPyvm45HVoYtmquh4="></latexit>

D�(i)
.
= max

���U
min
j �=i

�

u

�(u)D(pui ||puj )

<latexit sha1_base64="24pl69dv0u7lDmSQME2VjNhCjaM="></latexit>

�(u) = P [select experiment u]

given a, averaging over all experiments
which two hypotheses yield the smallest 

divergence?
à hardest to distinguish

best probability distribution
for hypothesis i
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Max-min optimization

we want to select the experiment that maximally separates
the distributions for each hypothesis

<latexit sha1_base64="KVl6Jw3BqeAnhrcZfm8+AbygVl8="></latexit>

ͻ �ŝƐƚƌŝďƵƟŽŶƐ ŽǀĞƌ
ƐĞƚ ŽĨ ĞǆƉĞƌŝŵĞŶƚƐ͗ �U

ͻ DĂǆͲŵŝŶŝŵŝǌĞƌ͗ ↵i⇤



q Equivalent optimization
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Min-Max optimization

<latexit sha1_base64="tr+fXSfzuDdHa6ctN0fLeP6ch28="></latexit>

D⇤(i)
.
= ŵĂǆ

↵2�U
ŵŝŶ
j 6=i

X

u

↵(u)D(pui ||puj )

= ŵŝŶ
�2�X̃i

ŵĂǆ
u2U

X

j 6=i

�(j)D(pui ||puj )

<latexit sha1_base64="ra/ryFrHcMHGtM+XfZMzE1FG2dc="></latexit>

ͻ �ŝƐƚƌŝďƵƟŽŶƐ ŽǀĞƌ ƐĞƚ ŽĨ
ĂůƚĞƌŶĂƚĞ ŚǇƉŽƚŚĞƐĞƐ͗ �X̃i

ͻ DŝŶͲŵĂǆŝŵŝǌĞƌ͗ �i⇤
given the best u , which priors

make the two easiest hypothesis 
hard to distinguish

worst prior probability distribution
for the other null hypotheses

prior on hypotheses
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Min-max optimization

the adversary wants to maximize the ``prior’’ of the wrong 
hypothesis closest to the true hypothesis

P[purple] <<< P[blue]

<latexit sha1_base64="ra/ryFrHcMHGtM+XfZMzE1FG2dc="></latexit>

ͻ �ŝƐƚƌŝďƵƟŽŶƐ ŽǀĞƌ ƐĞƚ ŽĨ
ĂůƚĞƌŶĂƚĞ ŚǇƉŽƚŚĞƐĞƐ͗ �X̃i

ͻ DŝŶͲŵĂǆŝŵŝǌĞƌ͗ �i⇤



q Markov chains

q The inequality

§ processing Y cannot increase the information about X
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Data Processing Inequality

<latexit sha1_base64="a8CMyBjGYJZE0WtZDxEOvm3bdkU="></latexit>

p(x, y, z) = p(x)p(y|x)p(z|y)
p(x, z|y) = p(x|y)p(z|y)

<latexit sha1_base64="8RKiYeggUG/DEI0C3Mrz2R3/TYY="></latexit>

X � Y � Z � I(X;Y ) � I(X;Z)

� I(Y ;Z) � I(X;Z)



<latexit sha1_base64="2stQJ8XqEjXG/6poR/SmXvGSo14="></latexit>

X � py|x � Yq Channel

q Two input distributions:

q DPI:
§ Processing the observation makes it more challenging to determine 

whether it came from p or q

q can be deterministic
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DPI for Divergence

<latexit sha1_base64="warGRsXtLTuHITlKtd1NKKVbhLA="></latexit>

if X � pX then Y � pY
if X � qX then Y � qY

<latexit sha1_base64="OUf+Jl20ZdCaO9hZ0sXihF2O8Bk="></latexit>py|x
<latexit sha1_base64="yYCuz0guWFYe+pPgCscU0uuF3jM="></latexit>

Y = 1A(X) for eventA
<latexit sha1_base64="cAJYcn50c8QeHmFu66sR/YaDUsU="></latexit>

Y � Ber with probability P(A) orQ(A)

<latexit sha1_base64="7W3Esayl2d1Pvd5Buhh1MhfypgY="></latexit>

D(px�qx) � D(py�qy)

<latexit sha1_base64="Xi3IjpeCBi+i+lz0ycZVSA/iMag="></latexit>

D(px�qx) � D (Ber(P(A)�Ber(Q(A))



q Weak converse: using DPI for binary hypothesis testing

q Asymptotically optimal strategies: Using Chernoff bound
§ achievability
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Asymmetric Converse (P2) 

<latexit sha1_base64="zqA5NuixMgFw7KMBpZsGZxLCRVU="></latexit>

� 1

N
ůŽŐ�N (i)  Jg

N (i) +⇥(1/N)  D⇤(i) +⇥(1/N)

� 1

N
log �⇤

N (i) > D⇤(i)�⇥(1/
p
N)

<latexit sha1_base64="sNzAwGi8QhaQGeXaoMJAANehjCU="></latexit>



Chernoff’s Strategy

q For asymmetric formulation, i specified
q Randomly select experiment, open-loop from distribution

q For symmetric formulation, 
§ select most likely i based on data
§ For most likely I, use             above

q Other works use a similar approach
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↵⇤
i := arg max

↵2�U
min
j 6=i

X

u

↵uD(pui ||puj )
<latexit sha1_base64="xkqYnuOyHa6sJM9AOOk6xtRksbU="></latexit><latexit sha1_base64="osTyuVZKX1XCrHxcJNepbM+vbXc="></latexit><latexit sha1_base64="osTyuVZKX1XCrHxcJNepbM+vbXc="></latexit><latexit sha1_base64="2nmCcAtkNw3sN8dmfI4YVcyfQq0="></latexit>

Set of all 
distributions on 

experiments

Kullback-Leibler
divergence
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Asymmetric Achievable Strategy (P2)

<latexit sha1_base64="BPzmXAIWBQvBpclskJbqj17jub4="></latexit>

f(⇢N+1) =(
i ŝĨ Ci(⇢N+1)� Ci(⇢1) � ✓

? ŽƚŚĞƌǁŝƐĞ.

dŚƌĞƐŚŽůĚ ďĂƐĞĚ ŝŶĨĞƌĞŶĐĞ ƐƚƌĂƚĞŐǇ

<latexit sha1_base64="OA+tNBhSEXAyeaTJaX+pShGy1LA="></latexit>

ZĂŶĚŽŵůǇ ƐĞůĞĐƚ ĞǆƉĞƌŝŵĞŶƚ ǁŝƚŚ
ĚŝƐƚƌŝďƵƟŽŶ ↵i⇤

�ǆƉĞƌŝŵĞŶƚ ƐĞůĞĐƟŽŶ ƐƚƌĂƚĞŐǇ
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Asymmetric Achievable Strategy (P2)

<latexit sha1_base64="BPzmXAIWBQvBpclskJbqj17jub4="></latexit>

f(⇢N+1) =(
i ŝĨ Ci(⇢N+1)� Ci(⇢1) � ✓

? ŽƚŚĞƌǁŝƐĞ.

dŚƌĞƐŚŽůĚ ďĂƐĞĚ ŝŶĨĞƌĞŶĐĞ ƐƚƌĂƚĞŐǇ

<latexit sha1_base64="OA+tNBhSEXAyeaTJaX+pShGy1LA="></latexit>

ZĂŶĚŽŵůǇ ƐĞůĞĐƚ ĞǆƉĞƌŝŵĞŶƚ ǁŝƚŚ
ĚŝƐƚƌŝďƵƟŽŶ ↵i⇤

�ǆƉĞƌŝŵĞŶƚ ƐĞůĞĐƟŽŶ ƐƚƌĂƚĞŐǇ

time, number of samples

recall SPRT:
stop if confident enough



q Note that achievable strategy is
§ Data driven in inference (hypothesis selection)
• Confidence function is a function of the data

§ Randomized in experiment selection
§ Devised to prove asymptotic results of best possible 

strategy

145

Achievable Strategy



q Converse: use total probability theorem and the converse for 
(P2) 
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Symmetric Converse (P1)

<latexit sha1_base64="u1BFlD+Cgj43RbrbHIs6l3eiOUA="></latexit>

� 1

N
ůŽŐ �N = � 1

N
ůŽŐ

 
X

i

P[X 6= i]�N (i)

!

 ŵŝŶ
i

D⇤(i) +⇥(1/N)



q Achievability: a variant of the previous strategy
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Symmetric Achievability (P1)

<latexit sha1_base64="BPzmXAIWBQvBpclskJbqj17jub4="></latexit>

f(⇢N+1) =(
i ŝĨ Ci(⇢N+1)� Ci(⇢1) � ✓

? ŽƚŚĞƌǁŝƐĞ.

dŚƌĞƐŚŽůĚ ďĂƐĞĚ ŝŶĨĞƌĞŶĐĞ ƐƚƌĂƚĞŐǇ
<latexit sha1_base64="3QIHuJDCGBVzC6MEvN7CLCpG7ro="></latexit>

�ƵƌƌĞŶƚ ŵŽƐƚͲůŝŬĞůǇ ŚǇƉŽƚŚĞƐŝƐ͗ î

ZĂŶĚŽŵůǇ ƐĞůĞĐƚ ĞǆƉĞƌŝŵĞŶƚ ǁŝƚŚ
ĚŝƐƚƌŝďƵƟŽŶ ↵î⇤

�ǆƉĞƌŝŵĞŶƚ ƐĞůĞĐƟŽŶ ƐƚƌĂƚĞŐǇ



q Theorem: Chernoff-Stein Exponent for Asymmetric case (P2):

q Theorem: Chernoff-Stein Exponent for Symmetric case (P1):
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Optimal Error Rates

<latexit sha1_base64="ZOd6/FvMXmTPryFRGMQ/i5wqqgQ="></latexit>

ůŝŵ
N!1

� 1

N
ůŽŐ�⇤

N (i) = D⇤(i)

<latexit sha1_base64="tTpBfg+s/yO0oDRbEbd/Fix/kAM="></latexit>

ůŝŵ
N!1

� 1

N
ůŽŐ �⇤

N = ŵŝŶ
i2X

D⇤(i)



q MGF of LLR: now depends on the experiment

q MGF based metric for experiment selection:
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Active Experiment Selection Strategy

<latexit sha1_base64="J/bs3sgNgkvXO6R16GassFEM5Xk="></latexit>

µi
j(u, s)

.
= Ei ĞǆƉ

 
�s ůŽŐ

pui (Y )

puj (Y )

!

<latexit sha1_base64="GPivXjUbkxGJ+J/QkvXifyNu7jA="></latexit>

^ĞůĞĐƚ ƚŚĞ ĞǆƉĞƌŝŵĞŶƚ u 2 U ƚŚĂƚ ŵŝŶŝŵŝǌĞƐMi(u, ⇢n, sN )

<latexit sha1_base64="vwGPRK5g6RwG6r4meEdQpO1d58M="></latexit>

Mi(u, ⇢, s)
.
=

P
j 6=i(⇢(j))

sµi
j(u, s)P

j 6=i(⇢(j))
s

<latexit sha1_base64="tCw8ss1kz8+741ohCc+3Edty0bk="></latexit>

sN
.
=

q
2 ůŽŐ M

✏N
NB2



q Theorem: the experiment selection strategy  is 
asymptotically optimal and achieves significantly better 
performance in the non-asymptotic regime

§ chosen ``just right’’ so the right sums converge

150

Performance Guarantees

<latexit sha1_base64="pv0nIoi0b5yjVsG521KRbpU+vqA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS+epIL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm6reeqNIskg9mHFNf4IFkISPYWOmxrNEV0r27cq9YcivuDGiZeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aezgyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE176KZNxYqgk80VhwpGJ0PR71GeKEsPHlmCimL0VkSFWmBibUcGG4C2+vEya1Yp3Xjm7r5Zq11kceTiCYzgFDy6gBrdQhwYQEPAMr/DmKOfFeXc+5q05J5s5hD9wPn8A8LaPMw==</latexit>s = sN



q For the general case (we will specialize to anomaly detection)
q Determine a Chernoff bound for active experiment selection
q Key:  bounded LLRs

q Can determine bound and optimized threshold
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Some Finite Horizon results

<latexit sha1_base64="dfDe/b8u6Yh58ouZ7sFKbMXX60M="></latexit>����log
pu0 (Y )

pu1 (Y )

���� < B

bounded variables are sub-Gaussian
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Numerical Results



q For binary hypothesis testing,  select the experiment with 
largest KL-Divergence

§ Exploitation does not need to be active
§ NOT always true for M-ary testing (multiple alternatives)

q For M-ary case, we care about the event

Pairwise LLR for each alternate must exceed the threshold
q Similar achievability bounds can be derived in this case –

these achievability bounds lead to our MGF based scheme
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Some Takeaways

<latexit sha1_base64="7s3zI118BzU8l5rF7KfjNqeCR3Y="></latexit>

min
j2alt. hyp

Lj
n � ⌧



Neural Networks as Policy Optimizers

q Consider the following framework
§ DNNs as policy optimizers
§ Simulate underlying model, generate data, evaluate performance
§ With simulated data,  train DNN via gradient descent

158

Underlying Model Policy as Neural 
Network

train based on performance

simulate using policy

Q: How to properly design NNs for experiment selection and 
classification?

not new
used in DQN
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Third Wave of NN

support vector machine

single layer perceptron

NOW: COMPUTATIONAL HORSEPOWER & NEW ANALYSIS TOOLS



Architecture Challenge

q Theoretically, neural networks are universal approximators
q Challenge is finding the right architecture

160

Convolutional Neural 
Network and Recurrent 

Neural Network for caption 
generation

Recurrent Neural Network

Deep Q Network 
for 

reinforcement 
learning

Source: Deep learning, Nature

Source: Human-level control 
through deep reinforcement 

learning, Nature
Source: Deep learning, Nature



Design Goals

q Deep reinforcement learning is an adaptation of Q-learning
§ examined Recurrent Neural Networks and Q-Networks
§ Q-Networks learn efficient query selection policies

161

use insights from information and control theory 
to design architecture and features

Kartik,  Sabir, M & Natarajan, Allerton’18



§ Sequentially provide  query-
observation pairs

§ After N time steps, guess  hypothesis
§ If correct, 0 loss and 1 otherwise
§ BUT

• Fails to learn policy
• Backpropagation has numerical 

stability issues

162

Recurrent Neural Network

Learns to classify



q Cannot simply assign Q-value 
updates

q Optimize loss using gradient descent

q Issues
§ Belief space infinite – e exploration
§ Numerical stability issues/normalization
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Solution: Deep Q-Network

Represent Q values as a neural network vs a matrix

Fit Q-value update to network with MSE 
loss using gradient descent

Simulate belief 
update

Agent
MSE = ||DQN(⇢)�Q0(⇢)||2

⇢n
<latexit sha1_base64="zBriFTBsIqEyYfmuS99X+e63Xf4="></latexit>

⇢n+1
<latexit sha1_base64="cdZ5a6YTA00YOHN89XXPe0bnoSA="></latexit>

Rn
<latexit sha1_base64="e6007l6t2W5OnN3LTbPBG7Ifw7I="></latexit>

Un
<latexit sha1_base64="Zb/UK+Q3BCNc0890WDg8xr0eY2Q="></latexit>

Fully connected
hidden layers

Belief vector
Q-values

⇢(1)
<latexit sha1_base64="oasJsRQ4adaN+OLoYj5CN0EEACY="></latexit>

⇢(2)
<latexit sha1_base64="0MjVmiopdwS+B+HVKps9q+1j1es="></latexit>

⇢(3)
<latexit sha1_base64="JkQ2XW6Ia0rZDGY+ezVCeK01DCI="></latexit>

Q(u1)
<latexit sha1_base64="CfoW3WAsfzHevGnYVqGoi3aH92Q="></latexit>

Q(u2)
<latexit sha1_base64="mzyfz+CsGbQyZvM2cRcA8gN5aAg="></latexit>



Numerical Comparison

q Extrinsic  Jensen-Shannon Divergence (EJS):

§ Greedy: select experiment that maximizes EJS
§ Naghshvar & Javidi, Extrinsic Jensen-Shannon divergence with application in 

active hypothesis testing, ISIT, 2012

q Open loop verification (OPE):
§ Explore using EJS
§ If                  (confidence) select experiment with distribution

- Recall Chernoff approach
§ Naghshvar and Javidi, Active Sequential Hypothesis Testing, The Annals of 

Statistics, 2013
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<latexit sha1_base64="qjP/f2o07oGx9WWmvDTcahofgOI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwVbwVHaLWE9S9OKxgv2Adi3ZNNuGZpMlySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys9FDqqqHsMXSF3HK11CsU3bI7A1omXkaKkKHeK3x1+5IkERWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LBY6o9tPZ1RN0apU+CqWyJQyaqb8nUhxpPY4C2xlhM9SL3lT8z+skJrz0UybixFBB5ovChCMj0TQC1GeKEsPHlmCimL0VkSFWmBgbVN6G4C2+vEyalbJ3UT6/qxRr11kcOTiGEzgDD6pQg1uoQwMIKHiGV3hznpwX5935mLeuONnMEfyB8/kD6tGQ1Q==</latexit>

�i > 0.7
<latexit sha1_base64="abA9SirPjDL94+22KRbGkJBKAB8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBlvBVUiKWFdSdOOygn1AE8JkOmmHTjJhZiKU0JUbf8WNC0Xc+g3u/BsnbRbaemCYwzn3cu89QcKoVLb9bZRWVtfWN8qbla3tnd09c/+gI3kqMGljzrjoBUgSRmPSVlQx0ksEQVHASDcY3+R+94EISXl8ryYJ8SI0jGlIMVJa8s3jmhtwNpCTSH+Zi1gyQlOfwitoW42ab1Zty54BLhOnIFVQoOWbX+6A4zQiscIMSdl37ER5GRKKYkamFTeVJEF4jIakr2mMIiK9bHbGFJ5qZQBDLvSLFZypvzsyFMl8UV0ZITWSi14u/uf1UxVeehmNk1SRGM8HhSmDisM8EziggmDFJpogLKjeFeIREggrnVxFh+AsnrxMOnXLubDO7+rV5nURRxkcgRNwBhzQAE1wC1qgDTB4BM/gFbwZT8aL8W58zEtLRtFzCP7A+PwBlLGX5A==</latexit>

�i > 0.7



Numerical Comparison

q Our adaptive best-response heuristic (KLZ):
§ Explore using EJS
§ If                   , select action from support (i) that maximizes

q Compare to our final general strategy

q Compare these three strategies to DQN 
§ EJS work states conditions under which EJS is asymptotically optimal
§ Example selected to violate those conditions
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<latexit sha1_base64="NTEWOKePvik2aRJS+0wJDcIGnmw="></latexit>

Ji(�, u) =
�

j �=i
�j

1��i
D

�
pui �puj

�
<latexit sha1_base64="qjP/f2o07oGx9WWmvDTcahofgOI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwVbwVHaLWE9S9OKxgv2Adi3ZNNuGZpMlySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys9FDqqqHsMXSF3HK11CsU3bI7A1omXkaKkKHeK3x1+5IkERWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LBY6o9tPZ1RN0apU+CqWyJQyaqb8nUhxpPY4C2xlhM9SL3lT8z+skJrz0UybixFBB5ovChCMj0TQC1GeKEsPHlmCimL0VkSFWmBgbVN6G4C2+vEyalbJ3UT6/qxRr11kcOTiGEzgDD6pQg1uoQwMIKHiGV3hznpwX5935mLeuONnMEfyB8/kD6tGQ1Q==</latexit>

�i > 0.7
<latexit sha1_base64="PnUCUmDRxPoGJdPpKjmYqcqQ0JY=">AAACBXicbVDLSsNAFJ3UV62vqEtdDLZCBSlJEXVZdCOuKtgHNCFMJpN26CQTZiZCCd248VfcuFDErf/gzr9x0nahrQeGOZxzL/fe4yeMSmVZ30ZhaXllda24XtrY3NreMXf32pKnApMW5oyLro8kYTQmLUUVI91EEBT5jHT84XXudx6IkJTH92qUEDdC/ZiGFCOlJc88rNx6tAodn7NAjiL9ZY4Y8PEpTE8qnlm2atYEcJHYM1IGMzQ988sJOE4jEivMkJQ920qUmyGhKGZkXHJSSRKEh6hPeprGKCLSzSZXjOGxVgIYcqFfrOBE/d2RoUjmK+rKCKmBnPdy8T+vl6rw0s1onKSKxHg6KEwZVBzmkcCACoIVG2mCsKB6V4gHSCCsdHAlHYI9f/Iiaddr9nnt7K5eblzN4iiCA3AEqsAGF6ABbkATtAAGj+AZvII348l4Md6Nj2lpwZj17IM/MD5/ANfpl4Y=</latexit>

Ji(�, u)
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Additional Queries

u1 u2

u3 u4

KL-divergence is asymmetric

<latexit sha1_base64="uKQp/Wdg7pkewIXa27dW3x9WKmg=">AAACEHicbVC7SgNBFJ2NrxhfUUubwUS0MewGMTZC0MYygnlAEsPs5CYZMju7zNwVw7KfYOOv2FgoYmtp59+4eRQaPXDhcM69M/ceN5DCoG1/WamFxaXllfRqZm19Y3Mru71TM36oOVS5L33dcJkBKRRUUaCERqCBea6Euju8HPv1O9BG+OoGRwG0PdZXoic4w0TqZA9bCPc4eSfS0I2jfAsCI6Sv6Dl17NvouBTn40ymk83ZBXsC+pc4M5IjM1Q62c9W1+ehBwq5ZMY0HTvAdsQ0Ci4hzrRCAwHjQ9aHZkIV88C0o8kiMT1IlC7t+TophXSi/pyImGfMyHOTTo/hwMx7Y/E/rxli76wdCRWECIpPP+qFkqJPx+nQrtDAUY4SwrgWya6UD5hmHJMMxyE48yf/JbViwTktnFwXc+WLWRxpskf2yRFxSImUyRWpkCrh5IE8kRfyaj1az9ab9T5tTVmzmV3yC9bHNxlem+0=</latexit>

� = 10�7
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q Optimal strategy computationally expensive
§ Infinite state space

q New measure from theoretical analysis:  structural properties

q KLZ close to optimal rate
q OPE asymptotically optimal,

but very slow convergence
q EJS not optimal
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Deep Q Network for Active Classification

DQN learns  the best policy



(TIGHT) FINITE HORIZON?
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Testing for Anomalies

Sensor for each 
component

Anomalous Component

Controller activates sensor
and gets data

Multicomponent system with potential anomalies
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Testing for Anomalies

Sensor for each 
component

Controller activates sensor
and gets data

Goal: Test whether there is anomaly or not
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Anomaly Detection – a problem with 
symmetries

multicomponent system 
with at most one anomaly

sensor for each 
component

X 2 {0, 1, . . . ,M}
<latexit sha1_base64="AjsBHcVFIWHsxpsnqVk12COqx7c=">AAACLHicbVBNS8NAEN3Ur1q/qh48eFksgodSEhX0WOjFi1DB1kJTymY71aWbTdidCCXk13hVf40XEa/+DHHT5uDXg4HHezPMzAtiKQy67qtTWlhcWl4pr1bW1jc2t6rbO10TJZpDh0cy0r2AGZBCQQcFSujFGlgYSLgJJq3cv7kHbUSkrnEawyBkt0qMBWdopWF1r0d9oaifunWv7o8iNPVLP6tUhtWa23BnoH+JV5AaKdAeVj/tNE9CUMglM6bvuTEOUqZRcAlZxU8MxIxP2C30LVUsBDNIZw9k9NAqIzqOtC2FdKZ+n0hZaMw0DGxnyPDO/PZy8T+vn+D4fJAKFScIis8XjRNJMaJ5GnQkNHCUU0sY18LeSvkd04yjzezHlvwwEwO3nxjAkAmVK2mLSRFokeWBeb/j+Uu6xw3vpHF8dVprnhfRlck+OSBHxCNnpEkuSJt0CCcZeSCP5Ml5dl6cN+d93lpyipld8gPOxxeKpKb/</latexit>

controller activates sensors 
at different components

at each time slot

<latexit sha1_base64="iJfRz/huFrc/Jo3wgAA+8eDYdyM="></latexit>

EƵŵďĞƌ ŽĨ ĐŽŵƉŽŶĞŶƚƐ͗ M(= 7)

dƌƵĞ ƐǇƐƚĞŵ ƐƚĂƚĞ͗ X(= 3)

X =

(
0 ŝĨ ŶŽ ĂŶŽŵĂůǇ

j ŝĨ ĐŽŵƉŽŶĞŶƚ j ĂŶŽŵĂůŽƵƐ
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System Model

pu0 (y) if X 6= u
<latexit sha1_base64="DUrP4BrkuSlJ34YbD1MYRYj5m1A="></latexit>

pu1 (y) if X = u
<latexit sha1_base64="G2aLvlw+PuqUoVnlb/pxdmAorfI=">AAACKnicbVDLTgIxFO3gC/E1aly5aQQT3JAZXMjGhISNS0zkkQCSTrkDDZ3OpO2YkAkf41b9GnfErd9h7AALAU/S5OSce3NPjxdxprTjzKzM1vbO7l52P3dweHR8Yp+eNVUYSwoNGvJQtj2igDMBDc00h3YkgQQeh5Y3rqV+6wWkYqF40pMIegEZCuYzSrSR+vZFIeq7z3FxclPAzMeFNr7HcaFv552SMwfeJO6S5NES9b790x2ENA5AaMqJUh3XiXQvIVIzymGa68YKIkLHZAgdQwUJQPWSefwpvjbKAPuhNE9oPFf/biQkUGoSeGYyIHqk1r1U/M/rxNqv9BImoliDoItDfsyxDnHaBR4wCVTziSGESmayYjoiklBtGlu5kgZTEVDzEwU6IEykSlIjnHmSTXOmMHe9nk3SLJfc21L5sZyvVpbVZdElukJF5KI7VEUPqI4aiKIEvaI39G59WJ/WzPpajGas5c45WoH1/Qvz6aWY</latexit>

Component u
Observation y

<latexit sha1_base64="ToST9uuK6Pcl52fYMFy3aOsW+Uk="></latexit>

Conditional Density
Anomalous Not Anomalous

Symmetric if density does not depend on u
<latexit sha1_base64="Qnt87QT8P8uO8gF4Sixs97tN610="></latexit>
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System Model

Component u
Observation y

<latexit sha1_base64="ToST9uuK6Pcl52fYMFy3aOsW+Uk="></latexit>

conditional density

Symmetric if density does not depend on u
<latexit sha1_base64="Qnt87QT8P8uO8gF4Sixs97tN610="></latexit>
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Recall: Symmetric Case

min
f2F,g2G

�N

ƐƵbjecƚ ƚo  N (i) � 1� ✏N , 8i 2 X

<latexit sha1_base64="4DQhox7fr2oPb68ioi6zT4o17YM="></latexit>

�N = Pf,g[[i2X {X̂N = i,X 6= i}]

=
X

i2X
�N (i)(1� ⇢1(i))

<latexit sha1_base64="KU9dh84a4XnyP9UceJB34NH+UD4="></latexit>

symmetric 
formulation

misclassification probability

correct inference probability

these all look the same!



q Experiment Selection Strategy:

q Inference Strategy: decide safe or not safe

177

Same framework as before

Past information In
<latexit sha1_base64="Kikr6rPSgPqpdiRDSogDX5qkJ/8="></latexit>

Un ⇠ gn(In)
<latexit sha1_base64="4REyoL1di4b9gWFfydwOaYP7Ud4="></latexit>

Observation Yn independent of past given Un andX
<latexit sha1_base64="hhsFCu2BloXz5oaE8N+6KV1vWZs="></latexit>

inference

X̂N ⇠ f(IN+1)
<latexit sha1_base64="jbgxAYlIcMfGLPGxdUz5oxMdDlU="></latexit>

also randomized

safe: X = 0

not safe: X 6= 0
<latexit sha1_base64="IkDkxY9Gaek18TeLukValF9PU54="></latexit>

binary valued
inference



Contributions

q Pose fixed-horizon active Neyman-Pearson anomaly 
detector
§ asymptotically optimal error rates
§ For a symmetric system, even stronger non-asymptotic 

converse bounds

q Design deterministic  experiment selection strategies
§ Achieve asymptotic bounds 
§ Up to an additive logarithmic term (strong sense) in non-

asymptotic regime à 2nd order optimal

q Open loop strategies (asymptotically optimal) not strong in 
finite case
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q Incorrect safe declaration very expensive – can tolerate a few false alarms
q GOAL: Find detection/inference & experiment selection strategies to  

solve (P)
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Neyman-Pearson Formulation

 N
.
= Pf,g[X̂N = 0 | X = 0]

<latexit sha1_base64="OkQ8Km08DHIZMO+fnCxvEBMluv0="></latexit>

�N
.
= Pf,g[X̂N = 0 | X 6= 0]

<latexit sha1_base64="G/vJ73o2RZNLGN4orz5zyKOoAsk="></latexit>

correct  detection probability

incorrect detection  probability

inf
f2F,g2G

�N

subject to  N � 1� ✏N
<latexit sha1_base64="P8f/ZWMCf7rcmNpx+DRtXjMkpeM="></latexit>

Problem (P)

Infimum value: �⇤
N

<latexit sha1_base64="XvmYo9DM0hTDLYtfIYKwYGJQyo8="></latexit>

minimize error subject to correct detection constraint
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Log-likelihood Ratios

pu0 (y) if X 6= u
<latexit sha1_base64="DUrP4BrkuSlJ34YbD1MYRYj5m1A="></latexit>

pu1 (y) if X = u
<latexit sha1_base64="G2aLvlw+PuqUoVnlb/pxdmAorfI=">AAACKnicbVDLTgIxFO3gC/E1aly5aQQT3JAZXMjGhISNS0zkkQCSTrkDDZ3OpO2YkAkf41b9GnfErd9h7AALAU/S5OSce3NPjxdxprTjzKzM1vbO7l52P3dweHR8Yp+eNVUYSwoNGvJQtj2igDMBDc00h3YkgQQeh5Y3rqV+6wWkYqF40pMIegEZCuYzSrSR+vZFIeq7z3FxclPAzMeFNr7HcaFv552SMwfeJO6S5NES9b790x2ENA5AaMqJUh3XiXQvIVIzymGa68YKIkLHZAgdQwUJQPWSefwpvjbKAPuhNE9oPFf/biQkUGoSeGYyIHqk1r1U/M/rxNqv9BImoliDoItDfsyxDnHaBR4wCVTziSGESmayYjoiklBtGlu5kgZTEVDzEwU6IEykSlIjnHmSTXOmMHe9nk3SLJfc21L5sZyvVpbVZdElukJF5KI7VEUPqI4aiKIEvaI39G59WJ/WzPpajGas5c45WoH1/Qvz6aWY</latexit>

Component u
Observation y

<latexit sha1_base64="ToST9uuK6Pcl52fYMFy3aOsW+Uk="></latexit>

Conditional Density

log-likelihood ratios

Anomalous Not Anomalous

X = 0 vsX = j
<latexit sha1_base64="IgAcvbTVoibrpzPVhI42z3CWy0s=">AAACLnicbVDLSgNBEJz1GeMr6km8DAbBU9hVwVyEQC4eI5gHJCHMTjpxdHZ2mekNhiX4NV7VrxE8iFe/QpxNcjCJBQ1FVTfdXX4khUHX/XCWlldW19YzG9nNre2d3dzefs2EseZQ5aEMdcNnBqRQUEWBEhqRBhb4Eur+Qzn16wPQRoTqFocRtAPWV6InOEMrdXKHDXpFXdpCeMSEDgwd0VS5z2Y7ubxbcMegi8SbkjyZotLJ/bS6IY8DUMglM6bpuRG2E6ZRcAmjbCs2EDH+wPrQtFSxAEw7Gb8woidW6dJeqG0ppGP170TCAmOGgW87A4Z3Zt5Lxf+8Zoy9YjsRKooRFJ8s6sWSYkjTPGhXaOAoh5YwroW9lfI7phlHm9rMlvQwEwG3nxjAgAmVKkmZSeFrMUoD8+bjWSS1s4J3Xji7uciXitPoMuSIHJNT4pFLUiLXpEKqhJMn8kxeyKvz5rw7n87XpHXJmc4ckBk437/j3acW</latexit>

Kullback-Leibler Divergences

<latexit sha1_base64="IqrzGJek88IE+xbiZLcpLBcryCo="></latexit>

Lj(u, y)
.
=

�
log pu

0 (y)
pu
1 (y)

if u = j

0 otherwise.

<latexit sha1_base64="gAgGtK6SniYKlChtuEDC3WDuxIU="></latexit>

Du
j = E[Lj(u, Y )]

Y � pu0



C(In+1, ⇢1) = � log

2

4
X

j2U
exp

⇣
log ⇢̃1(j)� Zn(j)

⌘
3

5

⇡ min
j2U

{Zn(j)}
<latexit sha1_base64="IEMu6tt90kHPfS+QKSELCGaRzNE="></latexit>

q Accumulate log-likelihood ratios for each component

q Confidence level: is a log-likelihood ratio
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Accumulated LLR and Confidence Level

prior belief
⇢̃1(j) = ⇢1(j)/(1� ⇢1(0))

<latexit sha1_base64="2USM8gXu/ELvAwBqu/5tHOwOuAQ="></latexit>

<latexit sha1_base64="8sTLImK91pXl5xL1HtpTCQYWtTw="></latexit>

Zn(j)
.
=

n�

k=1

Lj(Uk, Yk)
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Accumulated LLR Evolution
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q Kullback-Leibler Divergence:

q Random walk
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Interpreting the plot

<latexit sha1_base64="I0aCrabHFsQROBUz9LnzUG3cCV8="></latexit>

D(p||q) =
X

y

p(y) ůŽŐ
p(y)

q(y)

Expectation of LLR is related to KL-Divergence

<latexit sha1_base64="jkYf5fzku10whv04OvnHx+yiv2M="></latexit>

E0[Ln] = nD(p0||p1)
E1[Ln] = �nD(p1||p0)

<latexit sha1_base64="4kXFyDonyH1cHRf2GGRLbnJUuNY="></latexit>

Ln � nD(p0�p1) under H0

Ln � �nD(p1�p0) under H1



q Define

q Lemma:  for anomaly detection/symmetric case

184

Recall Max-min KL-Divergence

D⇤ .
= max

↵2�U
min
j2U

X

u2U
↵(u)Du

j

= min
�2�U

max
u2U

X

j2U
�(j)Du

j

<latexit sha1_base64="rP3REd+iFiO+DvBuRt5iopUYzVU="></latexit>

argmax: ↵⇤
<latexit sha1_base64="ajqn6VofGv4zhgrKBmBAehEWVDw="></latexit>

argmin: �⇤
<latexit sha1_base64="fblKqpOTPxB6KmCTPD3ON5x971U="></latexit>

↵⇤(u) = �⇤(u) = Du
u/D

⇤
<latexit sha1_base64="gxBvjjn5mqJmQeQumg8fJPT/iO0="></latexit>

D⇤ =

 
X

u2U

1

Du
u

!�1

<latexit sha1_base64="AwDyvO3kAkZPEADUnJpzj8L7oiQ="></latexit>

recall                      when anomaly

distributions

uniform when symmetric



q Weak converse: Based on Data Processing Inequality

q Previous converse for the general case:

185

Asymptotic Results

� 1

N
log�⇤

N  D
⇤

1� ✏N
+

O(1)

N(1� ✏N )
<latexit sha1_base64="MaY3PsSnRxBudjkrwzdaTN/zz+M="></latexit>

error probability

inf
f2F,g2G

�N

subject to  N � 1� ✏N
<latexit sha1_base64="P8f/ZWMCf7rcmNpx+DRtXjMkpeM="></latexit>

<latexit sha1_base64="u1BFlD+Cgj43RbrbHIs6l3eiOUA="></latexit>

� 1

N
ůŽŐ �N = � 1

N
ůŽŐ

 
X

i

P[X 6= i]�N (i)

!

 ŵŝŶ
i

D⇤(i) +⇥(1/N)



q Asymptotic achievability:
§ Experiment selection strategy: randomly select component from 

distribution        (Open loop sufficient!)
§ Inference strategy: decide safe only if confidence sufficiently large

q Strategy essentially the same, but can decompose 
confidence function better due to symmetry of distributions
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Asymptotic Results

↵⇤
<latexit sha1_base64="SBmzIH7QyF+WVisEb/zx6aM/1Gw="></latexit>

C(In+1, ⇢1) = � log

2

4
X

j2U
exp

⇣
log ⇢̃1(j)� Zn(j)

⌘
3

5

⇡ min
j2U

{Zn(j)}
<latexit sha1_base64="IEMu6tt90kHPfS+QKSELCGaRzNE="></latexit>



q Optimal error rate: under some minor assumptions
187

Asymptotic Results

lim
N!1

� 1

N
log�⇤

N = D⇤
<latexit sha1_base64="wt/Ss1xAK764++CTnOk7SdMIwv0="></latexit>

Generalization of
Chernoff-Stein Lemma

D⇤ =

 
X

u2U

1

Du
u

!�1

<latexit sha1_base64="AwDyvO3kAkZPEADUnJpzj8L7oiQ="></latexit>

<latexit sha1_base64="IqrzGJek88IE+xbiZLcpLBcryCo="></latexit>

Lj(u, y)
.
=

�
log pu

0 (y)
pu
1 (y)

if u = j

0 otherwise.

<latexit sha1_base64="gAgGtK6SniYKlChtuEDC3WDuxIU="></latexit>

Du
j = E[Lj(u, Y )]

Y � pu0



NON-ASYMPTOTIC RESULTS



Martingales

q Definition

§ need not be specified, only items 2. and 3.

189

<latexit sha1_base64="YDkzg/EqM/hFebzdQKRLUJw0PKI="></latexit>

{Mn}�n=0 is a Martingale wrt {Xn}�n=0 if � n � 0

1. Mn = f(X0, · · ·Xn)

2. E [|Mn|] < �

3. E [Mn+1|Mn, · · ·M0] = Mn almost surely

<latexit sha1_base64="H7eNoHjRW1ldC2Ll7uUucl11ZNU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLaCq5IUUTdC0Y3LCvYBTQyT6aQdOpmEmYkQQsCNv+LGhSJu/Ql3/o3TNgttPXDhcM693HuPHzMqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/87gMRkkb8TqUxcUM05DSgGCkteeZBzclgz+NO7mX80srvM4fyQKV5DXpm1apbU8BFYhekCgq0PPPLGUQ4CQlXmCEp+7YVKzdDQlHMSF5xEklihMdoSPqachQS6WbTH3J4rJUBDCKhiys4VX9PZCiUMg193RkiNZLz3kT8z+snKrhwM8rjRBGOZ4uChEEVwUkgcEAFwYqlmiAsqL4V4hESCCsdW0WHYM+/vEg6jbp9Vj+9bVSbV0UcZXAIjsAJsME5aIIb0AJtgMEjeAav4M14Ml6Md+Nj1loyipl98AfG5w8DpJch</latexit>

{Xn}�n=0



Why Martingales?

q Prove bounds/convergence
§ Estimation and control

q Can generalize LLN and CLT
§ Sums of random variables

q Martingale difference sequences
§ Exploited in prediction/control

q Foster-Lyapunov drift
§ Explore the stability of Markov processes

q Martingale theory allows for a lack of Markovity and 
linearity

190



!

!

Example
191

<latexit sha1_base64="Zrm1XcGnVTqh2tyOJpIB3iaXkck="></latexit>

{Xn} iid with Mn =
�n

k=0 Xk such that

E [X0] = 0

E [|Xk|] < �
<latexit sha1_base64="6OKaB5t5TiaJwBmTQd+Eb3G5drI="></latexit>

1. Mn = f(X0, · · ·Xn)

2.
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Martingale property
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Concentration Inequalities

q Azuma-Hoeffding inequality (1963/1967)

§ If increments bounded, probability of a large deviation is small
§ Samples concentrate about a point as n gets large
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Proof Ingredients

q Proof of AH
§ Chernoff bound/Markov inequality
§ Convexity/Jensen’s inequality
§ Martingale property
§ Minimize over Chernoff variable

q AH versus us…
§ General Martingales, bounded increments
§ We will exploit conditional independence, but possibly 

unbounded increments
§ BIG PICTURE, very similar
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Key Decomposition Lemma
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P
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sub-martingale in general

symmetric case: i.i.d. sum and strategy independent
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Key Decomposition Lemma
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q Theorem
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Non-asymptotic Bounds - Symmetric
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INVN : quantile function of Z̄N +D(�⇤||⇢̃1)
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⌘ > 0: may depend onN
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Strong converse: follows from decomposition and
strong converse in Polyanskiy, Poor and Verdu, IT Transactions 2010

Strong achievability: based on decomposition, an adaptive experiment 
selection strategy and a Chernoff bound



q Consider the empirical mean of i.i.d. variables

q Then
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Berry-Esseen Theorem
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q Corollary: straightforward application of the Berry-Esseen
theorem (approximate everything as Gaussian from CLT)
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Berry-Esseen Approximation
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V : variance of LLR

T : centered absolute third moment of LLR

Q: tail distribution of standard normal
<latexit sha1_base64="xBk0nU3FuNwDm/fb5vyavmhfUoM="></latexit>



q Open-loop randomized: asymptotically optimal

q Adaptive deterministic: also asymptotically optimal

q Example setting: two-component and binary observations
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Two Experiment Selection Strategies

randomly select component from distribution ↵⇤
<latexit sha1_base64="wHOETcCC5zqIarE+a4vGWCOIUyE="></latexit>

at each time n, select the component j
that minimizes Zn�1(j)� log ⇢̃1(j)
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Individual Sampling Results
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Exploration Phase

q Exploration important for symmetric case
§ Search for anomaly based using 

grouped observations
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Classical approaches suggest lawnmower-
type exhaustive search

Chernoff, 1959; Nitinawarat, Atia, 
Veeravalli 2013

Binary-search type approaches 
more efficient

Naghshvar, Javidi 2012, 2013;
Chiu, Javidi 2020
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T
.
= miŶ{n0 : CX(⇢n) � 0 8n � n0}
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after exploration time, our 
most likely hypothesis is 

always the true hypothesis

exploration strategy should 
ensure exploration time is 

small – we derive high 
probability upper bounds 

on this

Exploration times

Exploration time:



Exploration Time
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After exploration time our 
most likely hypothesis is 

always the true hypothesis

compute exploration time 
only in hindsight

Exploration strategy should 
ensure exploration time is 

small – we derive high 
probability upper bounds 

on this
Exploration time for ORS
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SARS-CoV-2 Testing

q A few realities have emerged
§ Insufficient number of tests
§ Tests have different efficacies
§ Timing of test administration matters

- Both for serological (antibody) and PCR (RNA) tests

q The future should enable
§ Heterogeneous tests
§ Regular testing

q How can active methods help?

209



Recall Group Testing

q Used in WW2 to test soldiers for syphilis
§ R. Dorfman, "The Detection of Defective Members of Large Populations," The 

Annals of Mathematical Statistics, 1943
§ Binary search

q N tests à log(N) tests
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Mapping to Active Testing

q A variety of formulations
§ Form all possible groups, each distinct group is an experiment

- Computationally expensive

§ Pre-select grouping strategies
- E.g.  Binary search
- Time-varying groups

212
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Fully-adaptive Tests

• Perform a cheap test first on 
each individual – we consider 
tests with 80% and 90% 
accuracy

• Use the prior for group 
testing subsequently

• Can reduce number of group 
tests by 20%

• Performing cheap tests first 
better when the cost of 
cheap test is about 10-15 
times smaller

fully adaptive tests can take a lot of time – need to parallelize
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Group Sampling Results
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Group Sampling Results
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ONE LAST APPLICATION



Source Localization

q classical signal processing problem
q Applications:

q Drawbacks of existing works:
§ Parametric methods – model mismatch issues
§ Model parameters hard to estimate
§ Model-free approaches coarse localization
§ ML-based approaches require lots of training data
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Localization Challenge

q Source location                  (unknown)

q If                        ,         hypothesis testing problem
§ Trade-off known distributions for signal structure

q Random samples at locations
q Only knowledge about target signal is that it is unimodal 
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What is a good model?

q Real sidescan sonar data
q Any other structural properties to exploit?
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Intensity =



Review Singular Value Decomposition

=

unitary



Low Rank!

q Real sidescan sonar data
q Approximate target as rank one matrix in image space
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Intensity =



Low rank approximation

q Largest singular value 

q Best rank one approximation

q are also unimodal,  if       unimodal   [Chen & M TSP’19]<latexit sha1_base64="KamxaSZBaQ8REfvE67MpksQ5UcY=">AAACBXicbVDLSsNAFL2pr1pfUZe6GGwFF1KSIuqy6MZlBfuANoTJdNIOnTyYmRRK6MaNv+LGhSJu/Qd3/o2TNoJWDwyce869zL3HizmTyrI+jcLS8srqWnG9tLG5tb1j7u61ZJQIQpsk4pHoeFhSzkLaVExx2okFxYHHadsbXWd+e0yFZFF4pyYxdQI8CJnPCFZacs3DSi/Aauj5aTJ17VP0XY11VXHNslW1ZkB/iZ2TMuRouOZHrx+RJKChIhxL2bWtWDkpFooRTqelXiJpjMkID2hX0xAHVDrp7IopOtZKH/mR0C9UaKb+nEhxIOUk8HRntqRc9DLxP6+bKP/SSVkYJ4qGZP6Rn3CkIpRFgvpMUKL4RBNMBNO7IjLEAhOlgyvpEOzFk/+SVq1qn1fPbmvl+lUeRxEO4AhOwIYLqMMNNKAJBO7hEZ7hxXgwnoxX423eWjDymX34BeP9C4ejl/U=</latexit>u1,v1
<latexit sha1_base64="VlgAgW4Ibm7qP8x9dVXl3mkPOzg=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3iHosevFYwdZCdynZNNuGZpMlyQpl6d/w4kERr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU1TJVhHaI5FL1QqwpZ4J2DDOc9hJFcRxy+hhObnP/8YkqzaR4MNOEBjEeCRYxgo2V/LofYzMOo6w3qw+qNbfhzoFWiVeQGhRoD6pf/lCSNKbCEI617ntuYoIMK8MIp7OKn2qaYDLBI9q3VOCY6iCbZ56hM6sMUSSVfcKgufp7I8Ox1tM4tJN5RL3s5eJ/Xj810XWQMZGkhgqyOBSlHBmJ8gLQkClKDJ9agoliNisiY6wwMbamii3BW/7yKuk2G95l4+K+WWvdFHWU4QRO4Rw8uIIW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8weLrpFf</latexit>

X



Review of Matrix Completion
226

If       low-rank, we can recover
missing data

known for black cells
unknown for white cells (missing data)

NP-hard convex relaxation

aka nuclear norm
E Candes & B Recht, Found of Computational Math 3/2009
D Gross IEEE Trans on Information Theory 3/2011



Our Prior Work

q Multisource localization from random samples
§ Exploit unimodality of each source signal

q Can be solved via projected gradient methods
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Chen  & M, DSP’17,Asilomar’17, ICASP’18,ICASSP’19, TSP’19
Zhang, Chen, Xie, Shapiro &M, SPL’21



Multiple Sources
230

Performance saturation of kernel 
method baseline

K = 3 sources

K = 2

do not need to complete matrix first



CAN WE MAKE THIS ACTIVE?



Signal Model

q Source at location                 (unknown)

q unimodal
§ For a single source                  is rank 1 [Chen & M TSP’19]

q Definition:  Matrix   is unimodal with mode at               if
§

q No assumptions except unimodality (non-parametric) ⟹
convergence + optimal error bounds HARD!
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H(s∗)

M1,j ≤ M2,j · · · ≤ Mi∗,j ≥ Mi∗+1,j ≥ · · · ≥ Mn,j

Mi,1 ≤ Mi,2 · · · ≤ Mi,j∗ ≥ Mi,j∗+1 ≥ · · · ≥ Mi,n

∀j

∀i

H(s∗)

s
∗
∈ R2
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(i�, j�)

Narayanamurthy & M, ISIT’22, Asilomar’22



Algorithm - Exploration

q Initial Exploration: Latin Squares

q choose each row, column exactly once, with equal probability
- widely used in experiment design, cryptography, board games

q Randomized initialization insufficient
q complete rank-1 matrix to get initial row, col estimate

§ Recall from matrix completion, SVD,                    are also 
unimodal  if       unimodal 
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Adaptive Sampling - Exploitation

q Given initialization/exploration, how we do we exploit?
§ Uncertainty-Based approach: query max entropy location

q Theorem: (Uncertainty Quantification for MC, Chen et al. ‘21)

§ Consider a rank r matrix 
§ given entries sampled uniformly at random
§ let      denote output of ANY matrix completion algorithm
§ With probability at least 
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Y
SVD
= UΣyV

!

O(nr5polylog(n))

Ŷ

1− n
−3

Ŷi,j ∼ N (Yi,j , C
√

r/n(‖U (i)‖2 + ‖V (j)‖2)



Decomposing the problem

q Consider our single source
§ The two singular vectors are individually unimodal

§ We can look in “each” direction independently
§ Recall unimodality definition:
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which component is maximum?



Decomposing the problem

q Consider our single source
§ The two singular vectors are individually unimodal

§ We can look in “each” direction independently
§ Recall unimodality definition:
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Stochastic Multi Armed Bandits I

q For each   , agent chooses one of     
arms and plays it

q The         arm produces reward 
with mean      (unknown)

q Agent’s objective: maximize cumulative rewards
§ or, find 

q Several variants studied based on differing 
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Stochastic Multi Armed Bandits II

q Example: Stochastic Bernoulli Bandit -- are Bernoulli
§ Let  and 
§ If        were known, optimal policy is to play fixed action

§ If unknown, need to do something better

q Regret:
§ Q: how does       scale with    ?
§ A: a “good learner” attains sub-linear regret, i.e.,

q For Bernoulli bandits (our example), 
§ [Lattimore and Szepesvari] Bandit Algorithms, ‘20
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Algorithms: ETC

q Explore-then-Commit (ETC): 
§ Play each arm a fixed number of times,        (Exploration)
§ After           rounds, always play “best” arm   (Exploitation)

- Recall that we have       arms
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Algorithms: UCB

q Upper Confidence Bound (UCB): optimism in the face of uncertainty
§ UCB of arm   , in round    is 

§ confidence parameter – controls exploration vs exploitation tradeoff
§ number of times arm    has been played till round 

- If arm has been tried many times, second term will be small (less uncertainty)

§ empirical reward of arm    at  round      (averaging)
§ In each round, pick the arm with largest UCB

§ large a lot of initial exploration (limited optimism)
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UCB intuition I

q Consider 2-arm bandit problem with 

q Initially, variance
“confidence” 

q although       
arm 2 picked next since 

q hope is that as time progresses,
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UCB intuition II
245

q as time progresses, LLN/CLT says

q CLT also provides “Gaussian like”

tails and thus (informally)

q UCB picks the “correct” arm and guarantees sub-linear regret 
q Actual regret bounds depend on 

§ choice of 
§ sub-optimality gaps, i.e., 
§ …
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MAB: Algorithms II

q Gaussian rewards, 10 arm problem

§ Naïve UCB, Asymptotic UCB, Minimax 
UCB vary only in choice of 

§ Black line is 
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What is our main result?

q With our Latin Squares exploration, followed by UCB-based 
active sampling, we have

q Theorem: With probability at least

§ Terms for each direction independently – 2 MABs

§ Can exploit prior results on MAB with sub-Gaussian random 
variables (bounds on regret)
- sub-Gaussianity and concentration inequalities again 
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Main Result

q Define
- with (SVD) 
- (max value)
- and (sub-optimality gaps)
- and (≈ correction terms)
- and (coordinates)  
- (regret)

q Theorem: With probability at least
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Discussion of Result

q are “sub-optimality” gaps
- as in multi-armed bandit literature, regret  
- can potentially be improved to  (better stopping time analysis)

q are ”correction” factors
- typical results in MAB consider equal, known variance 
- our problem – potentially distinct variance estimates

q factor standard in MAB regret bounds
- best known results (for equal variance case) scale as
- Q: can we adapt to our problem? (likely need “better” variance estimates) 
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Special Cases

q For Gaussian Energy

q For Laplacian Energy
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Variance Parameter

§ Laplacian energy 
function, vary

§ As    increases, 
proposed method  
better                                                        

§ Greedy, proposed 
methods uniformly 
better than passive!
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Measurement Noise

§ Gaussian energy function
§ add noise, 
§ Proposed method more 

noise tolerant
§ outperforms passive and 

greedy approaches as 
expected
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Summary + Future Work
257

¨ Proposed method for active non-parametric peak location
¨ Showed experimental improvement for several energy 

functions
¨ Provide preliminary theoretical guarantees

¨ Improve error bounds
¨ Consider multiple sources
¨ Apply to zeroth-order optimization problems



q Active hypothesis testing
§ So many applications!
§ Information theory in the wild

q Important questions
§ How do you build your tree of actions/observations?
§ What is the right measure of informativeness that allows you to prune the 

tree?

q Martingales, concentration inequalities
§ Very useful tools for a wide-range of applications (need more than the CLT)

q The classics still matter
§ Chernoff, Stein, Wald, Blackwell, Fisher, Bayes, Neyman, Pearson
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