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ABSTRACT OF THE DISSERTATION
On the Capacity of Noncoherent Wireless Networks
by

Joyson Sebastian
Doctor of Philosophy in Electrical Engineering
University of California, Los Angeles, 2018
Professor Suhas N. Diggavi, Chair

Wireless networks are characterized by variation in the network states. In practice the
variations are combated by allocating resources for learning the network states. In networks
with high mobility users, the variations are fast enough so that allocating separate resources
may significantly deplete the resources and quality of communication. In this thesis we
study the optimal schemes for nonchoherent networks, where the network channel states are
unknown and are changing within given time periods. We address the question on how to

optimally allocate the resources for training and communication.

In the first part of the thesis, we consider single flow noncoherent wireless networks, where
there is a single information source and a single destination. A simple nontrivial version of
this is the noncoherent multiple input multiple output (MIMO) network. We consider the
noncoherent MIMO with asymmetric link strengths, which would arise when the antennas
are well separated. Examples of this are in the 5G architecture where the basestations can
cooperate through a backhaul and when there is device-to-device cooperation through a
sidechannel. The study of noncoherent MIMO is also fundamental in understanding the
nature of noncoherent networks in the sense that the cut-sets in noncoherent networks form
a MIMO. We prove that for single input multiple output (SIMO) and multiple input single
input (MISO) networks, it is optimal to use the statistically best antenna. For 2 x 2 MIMO
with symmetric statistics i.e., the direct links have identical statistics and so do the cross

links, we derive the generalized degrees of freedom (gDoF) and prove that training-based
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schemes are not optimal. For larger M x M MIMO we prove that in general, a training
scheme that learns all the channel parameters is not optimal in gDoF measure. We then
proceed to study the noncoherent diamond network (2-relay channel). We prove that in
certain regimes it is optimal to perform a relay selection and operate the network. In other
regimes where we need to operate both the relays, it is not optimal to learn all the channel
states through training. We propose a novel scheme that partially trains the network and
combine it with scaling at the relays and quantize-map-forward operation and prove that

our scheme is gDoF optimal.

In the second part of the thesis, we consider multiple flow noncoherent wireless networks.
We specifically consider the noncoherent 2-user interference channel, where both the trans-
mitters and the receivers do not know the channels strengths, but the statistics are known.
For studying this, we first consider the fast fading interference channel (FF-IC) where the
transmitters do not know the channel, but the receivers do know the channel. We extend
the existing rate-splitting schemes when the channels are known at the receivers, to the fast
fading case by performing rate-splitting based on the statistics of the channel. We prove
that this scheme achieves the capacity approximately for a wide range of fading models.
With this result for the FF-IC, we proceed to the noncoherent IC. We propose a noncoher-
ent scheme with rate-splitting based on the statistics of the channel. We prove that this
schemes achieves higher gDoF than a training-based scheme. The results extend to the case
of noncoherent IC with feedback, where the outputs at the receivers are fed back to the

corresponding transmitter.
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CHAPTER 1

Introduction

1.1 Noncoherent Networks

Significant progress has been made in the past four decades in the understanding of the ca-
pacity of wireless networks. There has been breakthrough with the approximation approach
in [ADT11] to obtain the capacity of single flow networks. However, the focus has been on
a given wireless networks, i.e., the network states was assumed to be known. The inherent
variability in the wireless networks can cause this assumption to not hold in general. One
approach is to learn the network states and then communicate through the learned network.
However there is a tradeoff between the amount of resources to be allocated in learning
network states and that to be allocated for communication, for example as demonstrated in
[IMH99, ZT02], it is not optimal to learn all the channel strengths of a large multiple input
multiple output (MIMO) system. The question we ask in this work is similar, but for net-
works. We assume that the network topologies and channel statistics are known, however the
actual channel strengths are unknown. This is one of the building steps in understanding the
capacity of a general time varying wireless network. We consider a block fading noncoherent
channel model i.e., the channel remains constant for a block of T" symbol periods and are
independently distributed across the blocks with a Rayleigh distribution. The channel statis-
tics for a general network could be asymmetric since the location of the nodes are largely
variable, i.e., there could be significant variation in the strengths. This consideration moves
our work to a generalized degrees of freedom framework (gDoF') in contrast to the degrees
of freedom framework (DoF) adopted in the existing works on noncoherent networks. In

this work, we first consider single flow noncoherent networks including noncoherent MIMO



and noncoherent diamond channels. Then we move on to study multiple flow noncoherent

networks: we study the gDoF of a noncoherent interference channel.

1.1.1 Noncoherent MIMO

The noncoherent MIMO with asymmetric link strengths is the first nontrivial model in
studying the general noncoherent wireless network. In the study of networks, one can think
of the cut-set as a distributed MIMO where the nodes are widely separated, resulting in the

noncoherent MIMO with asymmetric link strengths (see Figure 1.1).

Source l . R Destination

Figure 1.1: Noncoherent MIMO with asymmetric statistics can arise in the analysis of non-

coherent networks.

The noncoherent MIMO can arise in the next generation wireless architecture that en-
visage dense deployment of access points [BLM14] and also in cloud radio access networks
(CRAN) [WZH15]. These give rise to multiple access points connected through a (reli-
able) backhaul and can effectively form a system of widely separated antennas which could
be used for coordinated transmission and reception, e.g. coordinated multipoint COMP
[IDM11]. The widely separated antennas could have disparate average strengths motivat-
ing our model, especially for multiple input single output (MISO) and single input multiple
output (SIMO) channels with asymmetric link strengths. This is illustrated in Figure 1.2.



SIMO MISO

Figure 1.2: Noncoherent SIMO and MISO with asymmetric statistics can arise in COMP

architecture where multiple basestations can cooperate through the backhaul.

The MIMO case arises when the receiver could be widely spread (see Figure 1.3) as would

be the case when users can cooperate using a separate sidechannel [KD17].

MIMO

Figure 1.3: Noncoherent MIMO with asymmetric statistics can arise with COMP architec-

ture and device-to-device cooperation.

We study the noncoherent MIMO with a coherence period of T symbols and with chan-
nel statistics following independent Gaussian distributions. The average link strengths are
assumed to scale with different SNR-exponents in different links. Compared to the MIMO
with i.i.d. links, we obtain new structural results on the optimal signalling distribution. We
prove that for 7' = 1, the gDoF is zero for MIMO channels with arbitrary link strength
distributions, extending the result for MIMO with i.i.d links. We then show that selecting
the statistically best antenna is gDoF-optimal for both MISO and SIMO channels.

We also derive the gDoF for the 2 x 2 MIMO channel with different exponents in the

direct and cross links. We develop novel techniques for analyzing the gDoF of the 2 x 2



MIMO channel. We approximate and discretize the mutual information terms without losing
the gDoF for the outer bound. The outer bound optimization problem reduces to a linear
program after this discretization. The standard linear programming techniques applied to
this scenario yield a distribution with only two mass points as the solution to the optimization
problem. Later we use the structure of the problem to reduce the two mass points into a
single point. Finding this single point turns out to be a piecewise linear optimization problem
which can be solved explicitly. We believe that the outer bounding techniques we develop
for the 2 x 2 MIMO would provide guidelines in studying general noncoherent networks. The
approach we take in studying noncoherent diamond network is inspired by the techniques

for 2 x 2 MIMO.

With our new outer bounds we show that it is always necessary to use both the antennas
of the 2 x 2 MIMO with asymmetric link strengths, to achieve the optimal gDoF, in contrast
to the results for 2 x 2 MIMO with identical link distributions. We show that having weaker
crosslinks, gives gDoF gain compared to the case with identically distributed links. We
observe that it is not optimal to allocate separate training symbols for 2 x 2 MIMO in
general. We extend this observation to larger M x M MIMO with given SNR-exponents
in direct and cross links, by demonstrating a strategy that can achieve larger gDoF than a

training-based scheme.

1.1.2 Noncoherent diamond networks

The noncoherent wireless networks with multiple nodes and asymmetric link strengths has
not been studied in literature (to the best of our knowledge) from a gDoF perspective. The
work in [KK13] considered noncoherent single relay network with identical link strengths
and unit coherence time. It was shown that under certain conditions on the fading statistics,
the relay does not increase the capacity at high-SNR. In [GY14], similar observations were
made for the noncoherent MIMO full-duplex single relay channel with block-fading. They
showed that Grassmanian signaling can achieve the degrees of freedom (DoF) without using

the relay. Also for certain regimes, decode-and-forward with Grassmanian signaling was



shown to approximately achieve the capacity at high-SNR. The nodes being well separated
in a network can give rise to significant difference in the channel strengths. Thus, in our
work we consider a parallel 2-relay wireless network (diamond network) with asymmetric

link strengths and study its gDoF-capacity.

Similar to the coherent diamond network, we demonstrate that it is gDoF-optimal to per-
form a relay selection in certain regimes of the noncoherent diamond network. This in effect
gives a network simplification, similar to [NOF14], where it was shown that by selecting a
subset of the relays in an n-relay network, most of the capacity could be achieved. In some of
the regimes it is not sufficient to perform a relay selection. We analyze these regimes by con-
sidering a modified version of conventional cut-set outer bound. We derive the structure of
the distribution that optimizes this outer bound. We discretize the outer bound optimization
problem without losing gDoF and simplify it further using linear programming arguments.
This helps us reduce the outer bound optimization problem to a bilinear optimization prob-
lem for gDoF optimality. We solve the bilinear optimization problem explicitly, its solution
yields different regimes of operation for the network. The structure of the solution for the
outer bound suggests a nonconcurrent operation of the relays in some regimes. In other

regimes it suggests operating both relays, but reducing the power of one of the relays.

Based on the solution for the outer bound, we develop a novel achievability strategy. It
involves partially training the network and the relays perform a scaling and quantize-map
and forward operation. The scaling at the relays avoid the necessity of knowledge of all
the channel states at the destination. We also demonstrate that a training-based scheme
that trains the whole network is not gDoF-optimal. This further confirms that allocating
separate resources for learning network states is not optimal, extending the observation from

noncoherent MIMO.



1.1.3 Noncoherent interference channels

Moving on from single flow networks to multiple flow networks in the noncoherent setting, one
of the simple scenarios is the two user noncoherent interference channel (IC). The capacity
of the 2-user 1C is well understood when the channel strengths are known at the transmitter
and the receiver [HK81, CMG08, ETWO08, ST11]. The case when channel strengths are not
known at the receiver is not well studied in terms of its capacity. There have been a few
works that study the DoF behaviour. The DoF region for the MIMO FF-IC was studied in
[VV12] and their results showed that when all users have single antenna, the DoF region
is same for the cases of no CSIT, delayed CSIT and instantaneous CSIT. The results from
[TMP13] showed that DoF region for the FF-IC with instantaneous CSIT and no feedback
contains the DoF' region with output feedback and delayed CSIT.

To proceed to the noncoherent IC we first study the fast fading IC (FF-IC) where the
transmitters know the channel statistics and do not have the channel state information,
but we assume that the receivers do know the channel states. For the FF-IC we extend
the rate-splitting schemes [ETWO08, ST11] based on the interference to noise ratio (inr).
We perform rate-splitting based on the average inr and demonstrate that this strategy can
achieve the approximate capacity for common fading models including Rayleigh fading. The

approximate capacity result is obtained for IC with feedback as well as for the IC without

feedback.

We use the results for the FF-IC to study the noncoherent IC. The channel statistics
are assumed to be known at the transmitter and we propose a noncoherent rate-splitting
scheme. The rate-splitting is again performed according to the average inr. We prove that
the noncoherent rate-splitting strategy achieves higher gDoF than a training-based scheme
that uses 2 symbols to train the channels. We also demonstrate that when the average inr is
low, treating interference as noise is better than the training-based scheme and noncoherent
rate-splitting. We further consider the noncoherent IC with feedback and study a rate-

splitting scheme based on average inr. For the feedback case, our rate-splitting scheme



achieves larger gDoF than the case without feedback. Also, we show that the training-based
schemes are not gDoF-optimal for the feedback case. Our scheme for the feedback case is

better than treating interference as noise even when the average inr is small, for T" > 3.

1.2 Future work

One of the future directions of study include n-relay diamond networks. Our achievability
scheme for 2-relay diamond network can be extended to the n-relay case. However, the outer
bounds are still an open problem. The more general open problem is the capacity of general

noncoherent networks.

Another direction of study is to study backscatter communication systems in a noncoher-
ent setting. Backscatter communication systems typically use a Reader and a radio frequency
identification (RFID) tag [Dob12]. Reader transmits a radio frequency (RF) signal; the RFID
tag adapts the level of its antenna impedance to vary the reflection coefficient and transmits
data via reflecting and modulating the incident signal back to Reader [XYV14, BR14]. We
have some preliminary results on backscatter systems with intersymbol-interference. We
demonstrate that instead of using a constant carrier sequence, we can optimize the sequence
to obtain larger rates or smaller bit error probability. This involves training the channel
states. The noncoherent version of the problem will be to consider whether a noncoherent

scheme can be designed to outperform the training-based schemes.

1.3 Outline

This thesis is organized as follows. In Chapter 2 we study the noncoherent MIMO with
asymmetric link strengths and in Chapter 3 we study the noncoherent diamond channel.
In Chapter 4 we study the fast fading interference channels (FF-IC) and in Chapter 5 the
results for the FF-IC are extended to the noncoherent interference channel. In Chapter 6 we

give our conclusions and the directions for future work.



We would like to point out that most of the results in this work have been accepted
or have been submitted for publication. The work on FF-IC [SKD18] has been accepted
in IEEE Transactions on Communications. The works on noncoherent MIMO [SD18¢| and
noncoherent diamond channel [SD18a] have been submitted to IEEE Transactions on In-
formation Theory. The work on backscatter communication [SED18] has been submitted
to IEEE Wireless Communications Letters. The work on noncoherent IC [SD18b] is to be

submitted to IEEE Transactions on Information Theory.



CHAPTER 2

Noncoherent MIMO

2.1 Introduction

The capacity of fading Multiple Input Multiple Output (MIMO) channels when neither the
receiver nor the transmitter knows the fading coefficients was first studied by Marzetta and
Hochwald [MH99]. They considered a block fading channel model where the fading gains are
identically independent distributed (i.i.d.) Rayleigh random variables and remain constant
for T symbol periods. In [ZT02], Zheng and Tse introduced the idea of communication over a
Grassmanian manifold for the noncoherent MIMO channel and derived the capacity behavior
when the links are i.i.d. and the signal-to-noise-ratio (SNR) is high. Their characterization
was tight for the capacity at large SNR, when the coherence time was large compared to
number of antennas. In [YDR13], this tight characterization was extended to the case
when the number of antennas was large compared to the coherence time. In [NYG17],
spatially correlated (temporally flat within a block) noncoherent MIMO broadcast channel
with statistical channel state information (CSI) was considered and an achievable Degrees

of Freedom (DoF) region was derived.

Some works have especially considered the case with coherence time 7" = 1. The non-
coherent single-input-single-output (SISO) channel with 7" = 1 was considered by Taricco
and Elia [TE97]. They obtained the capacity behavior in asymptotically low and high
SNR regimes. The noncoherent SISO with T" = 1 was further studied by Abou-Faycal et
al. [ATSO01] and they showed that for any given SNR, the capacity is achieved by an in-

put distribution with a finite number of mass points. For the noncoherent MIMO with



T =1, Lapidoth and Moser [LMO03] showed that for high SNR, the capacity behaves double
logarithmically with SNR.

Noncoherent MIMO with temporal correlation within each fading block (instead of the
constant block fading [MH99, ZT02]) has been considered in some of the recent works. In
[MRY'13], Morgenshtern et al. studied temporally correlated Rayleigh block-fading Single
Input Multiple Output (SIMO) channel and showed that at high-SNR, the SIMO channel
can have larger DoF than SISO channel, under some mild assumptions on the temporal
correlation. Similar results was derived for noncoherent MIMO with temporally correlated
block fading in [KRD14], where it was shown that the temporally correlated noncoherent

MIMO can have a larger DoF compared to the constant block fading case.

Some works have studied noncoherent networks (with more than two nodes) for the
high-SNR capacity behavior. In [Lap05], the zero DoF result for the noncoherent MIMO
with 7' = 1 from [LMO03] was extended to noncoherent networks with 77 = 1. Koch and
Kramer studied the noncoherent single relay network [KK13] and showed that under certain
conditions on the fading statistics, the relay does not increase the capacity at high SNR.
In [GY14], the noncoherent MIMO full-duplex single relay channel with block-fading was
studied, and it was shown that Grassmanian signaling can achieve the DoF without using
the relay. Also, the results in [GY14] show that for certain regimes, decode-and-forward
with Grassmanian signaling can approximately achieve the capacity at high SNR and the

characterization was determined by the number of antennas at the nodes.

To the best of our knowledge, the existing works considers a DoF framework for study-
ing the noncoherent channels, i.e, the links in the network scale with same SNR exponent.
However, in networks the links could have asymmetry in the channel strengths and a gDoF
framework where the link strengths are scaled with different exponents of SNR could bet-
ter capture the system behavior. We consider noncoherent MIMO with asymmetric link

strengths as a first step in the direction of studying the asymmetric noncoherent networks.
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2.1.1 Contributions and outline

In this chapter, we consider a noncoherent channel model with coherence time of T" symbol
periods and asymmetric link distributions, where the link strengths are scaled with different
exponents of SNR. In essence, we are moving from the DoF-framework in [MH99, ZT02] to

the generalized DoF of noncoherent MIMO channels.

Next generation wireless architecture envisage dense deployment of access points [BLM14].
Another architectural proposal is to use cloud radio access networks (CRAN) [WZH15].
These imply that multiple access points could be connected through a (reliable) backhaul.
The implication of this is that of widely separated antennas, which form a virtual antenna
array. Such widely separated antennas could be used for coordinated transmission and recep-
tion, e.g. coordinated multipoint COMP [IDM11]. These widely separated antennas could
have disparate average strengths motivating this model (especially SIMO and MISO). This
is illustrated in Figure 1.2 on page 3. The MIMO case arises when the receiver could be
widely spread (see Figure 1.3 on page 3) as would be the case when users can cooperate
using a separate sidechannel [KD17]. Another motivation for this model comes from the
study of networks. Here one can think of the cut-set as a distributed MIMO (see Figure
1.1 on page 2) where the nodes are widely separated again resulting in this model. The
asymmetric case is also motivated by a fundamental question about the robustness of the

results in [MH99, ZT02] to changes in the i.i.d. channel model.

For our channel model with arbitrary (fading) link strengths, we show in Theorem 2.1
that the capacity achieving input distribution is of the form L) where L is lower triangular
and () is independent of L and is unitary isotropically distributed. This is in contrast to
the result for the i.i.d. setting, which yields a diagonal matrix instead of L multiplying @)
[MH99]. In Theorem 3.9, we demonstrate that the gDoF of a SIMO channel can be achieved
by retaining only the signal received by the best receive antenna. The gDoF result for the
SIMO channel is used in Theorem 2.5 to show that for 7" = 1, the gDoF is always zero for a
MIMO channel of any size. In Theorem 3.10, we show that the gDoF of the MISO channel

11



can be achieved by only signaling over the statistically best transmit antenna.

In a setting with with N receive antennas, when the exponents in the SNR-scaling are
same for all the links (i.i.d. setting), the number of transmit antennas M, required to attain
the optimal DoF was shown to be min (|7/2], N), in [ZT02]. They showed that increasing
the number of transmit antennas beyond this value reduces the DoF. In this chapter, we
provide evidence that this is not the case when the SNR exponents are different: in Theorem
2.7, we show that for a 2 x 2 MIMO with different exponents in direct and cross links, and
T = 2, both transmit antennas are required to achieve the optimal gDoF. We also show
that having smaller exponents in cross links lead to gDoF gain of (2/T) vgir over the case
with same exponents in all the links, where v4i¢ is the difference in the SNR exponents. In
showing this, several novel techniques were needed. In particular we would like to highlight
the technique used in Lemma 3.1, where in the optimization problem to find the optimal
input distribution for the outer bound, we show that the optimal gDoF can be achieved by
a point mass distribution. To arrive at this, we discretized the input distribution without
a loss in gDoF, and subsequently used linear programming arguments to show that there
exists an optimal distribution with just one mass point. We believe that our techniques for
the 2 x 2 MIMO provide intuitions for studying larger noncoherent networks, especially in

analyzing the cut-sets.

Traditional training-based schemes for MIMO systems allocate a training symbol to train
each transmit antenna independently. Our results for the 2 x 2 MIMO also demonstrate that
a traditional training based scheme is not gDoF optimal. Our scheme has a gDoF gain of
(2/T) yair compared to a training based scheme. In Theorem 2.8, we extend this observation
to larger M x M MIMO with given SNR exponents in direct and cross links, where we

demonstrate a strategy that can achieve larger gDoF than a training based scheme.

Extending our outer bounds to the general MIMO seems a difficult task at the moment;
the LQ transformation process used for deriving the outer bound for 2 x 2 MIMO as done
in (2.43), (2.44), (2.45), (2.46) and the subsequent Lemmas (Lemma 3.3, Lemma 2.5 and

Lemma 2.6) for bounding the terms in those equations do not easily extend to 3 x 3 or higher
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Table 2.1: Important abbreviations

Abbreviation | Meaning
CN Circularly symmetric complex Gaussian
Tran Transpose
DoF Degrees of freedom
gDoF Generalized degrees of freedom
SNR Signal-to-noise ratio
QMF Quantize-map-forward

MIMOs.

Outline: The rest of this chapter is organized as follows: in Section 2.2, we give the notations
and set up the system model; Section 2.3 presents our main results, and Section 3.4 provides
some analysis and proofs. Some details of the proofs are deferred to the Appendixes. In
some cases, discussion of results in Section 2.3 will refer to lemmas and facts detailed in

Section 3.4.

2.2 Notation and system model

2.2.1 Notational conventions

We use the notation CA (u, 02) for circularly symmetric complex Gaussian distribution with
mean g and variance 0. We use the symbol ~ with overloaded meanings: one to indicate
that a random variable has a given distribution and second to indicate that two random
variables have the same distribution. The logarithm to base 2 is denoted by log (). The
notation A indicates the Hermitian conjugate of a matrix A and Tran (A) indicates the
transpose of A. We also list the important abbreviations and notations used, in Table 2.1

and in Table 2.2 respectively. The degrees of freedom (DoF) for a network is defined as
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Table 2.2: Important notations

Notations | Meaning

T~y Random variables x, y have same distribution
T ~p Random variable x has the distribution p
AT Hermitian conjugate of a matrix A

= Order equality

(P) Optimal value of an optimization problem P

limgng %mm
log (SNR)
when the different link strengths in the network scales proportional to SNR, where C' (SNR) is
the capacity for a given value of SNR. When the different link strengths in the network scales
with different SNR exponents, the above formula defines the gDoF. We use the notation =
for order equality, i.e., we say f1 (SNR) = f5 (SNR) if

lim SUONR) g J2 SNR)
SNR— o0 log (SNR) SNR—o0 IOg (SNR) .

The use of symbols <,> are defined analogously. The script P is used to indicate an

optimization problem and (P) is used to denote the optimal value of the objective function.

We use the notation
(P)
log (SNR)

to indicate the scaling of the optimal value of P when it depends on SNR. We do not set

gDOF (7)) = thNR—)oo

aside separate symbols/notation for constants or random variables or scalars or vectors or
matrices, as this is made clear from the context. By default a symbol is a constant scalar,
otherwise we define it as random/vector/matrix when it is introduced. When G and X are
matrices, GX indicates matrix multiplication. When ¢ is scalar and X is vector/matrix,
¢gX indicates g multiplying each element of X. When we have ¢" = ¢g(1),...,¢(n) and
X" =X(),...,X (n) with ¢g(¢) being a scalar and X (i) being a vector, then g"X" is a
short notation for ¢ (1) X (1),...,9(n) X (n). Also, when ¢" = g(1),...,¢(n) with g ()
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being a scalar and ¢”, X" being same as previously defined, then £ is a short notation

gn
1 1
for (%) X1),... (%) X (n).
2.2.2 System Model

We consider a block-fading MIMO channel with M transmit and N receive antennas, and a

coherence time of T' symbol durations. The signal flow (over a blocklength T') is given by:
Y=GX+W (2.1)

where X is the M x T matrix of transmitted symbols with rows X; corresponding to each
transmit antenna; G represents the N x M channel matrix (which is independently gen-
erated every T symbols), and its elements g¢;; are independent with g;; ~ CA (O,pfj) =
CN (0,SNRY7), where the exponents 7;; are (constant) parameters of the MIMO channel.
For convenience, we also use the notation ;_)2 (n) to denote the vector of channel strengths to
n'™ receiver antenna. The columns of G are g; corresponding to channels from each transmit
antenna. The variable Y represents the N x T matrix of received symbols, with rows cor-
responding to each receive antenna; and W is an N x T' noise matrix with elements w;; ~
i.i.d. CNV(0,1). The transmit signals have the average power constraint:

| Mo ,
177 2 2B [lrml’] = 1. (2:2)
m=1 t=1

2.3 Main results

In this section we go through the main results in our chapter. We first look at general results
for the noncoherent MIMO with asymmetric link strengths. We prove a structural result
for the optimizing distribution for the noncoherent MIMO in Theorem 2.1. This result has
some similarities to that for the noncoherent MIMO with i.i.d. links in the sense that part of
the structure is similar. Another general result that we prove is for the noncoherent MIMO
with a channel structure that can be decomposed into smaller disjoint channels. We prove

similar to the coherent case, that the power can be allocated across the disjoint parts and
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coding can be done separately among the disjoint parts to achieve the capacity. This result
is proved in Theorem 2.2. This result can be used to derive the gDoF of noncoherent parallel

channels. This is stated as Corollary 2.3.

Then we look at noncoherent MIMO with specific structures. We consider the nonco-
herent SIMO in Theorem 3.9 and derive its gDoF. We prove that the gDoF is achieved by
using the statistically best antenna. The gDoF result for SIMO can be used to prove that
for any MIMO, the gDoF is zero for T' = 1, by decomposing the MIMO into SIMO parts and
constructing a channel with larger capacity. We obtain this result in Theorem 2.5. Next we
consider the noncoherent MISO and prove a similar result, that the gDoF can be achieved

using the statistically best antenna. This is proved in Theorem 3.10.

The next specific structure we look at is the noncoherent 2 x 2 MIMO with a given SNR
exponent in the direct links and another SNR exponent in the cross links. We handle this in
Theorem 2.7. We observe that training-based schemes are not gDoF optimal for the 2 x 2
MIMO. We extend this observation to larger M x M MIMO in Theorem 2.8.

2.3.1 Results for general noncoherent MIMO

Theorem 2.1. The capacity of the noncoherent MIMO system can be achieved with X of the
form X = LQ with L being a lower triangular matriz and Q) being an isotropically distributed

unitary matriz independent of L.
Proof. The proof is given in Section 2.4.2. [

This theorem is in contrast with the result for the case with G and W having i.i.d.
Gaussian elements, where the structure of an optimal X could be written as X = D() where
D is diagonal [MH99]. In our system model only W has ii.d. elements which ends up

restricting the structure to the form LQ).

Theorem 2.2. Let the channel matriz G of the system be block diagonal as G = diag(Gy, . ..,Gk)
where G; are the diagonal blocks of G, then the capacity C (P, diag(G1,...,Gk)) of the chan-
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nel for a power P can be achieved by splitting power across the blocks: C (P, diag(G1,...,Gk)) =
maxp, .4 P<P (C (Pl, Gl) +-+ C (PK, GK))

Proof idea. This result holds for coherent MIMO and the proof for noncoherent case is
similar. We just need to show C (P, diag (G1,G2)) = maxp,+p,<p (C(P1,Gy) + C (P, G3))
because of induction. Let Xg1, Xg2 be the transmitted symbols in G; and G of the channel.
Similarly Yg1, Yge be the corresponding received symbols. Now [ (X;Y) < I (Xg1;Ye1) +
I (Xgo; Yaz) because (Xao, Yao) — Xa1 — Yo , (Xa1, Yo1) — X2 — Yo are Markov chains

and the desired result easily follows. The detailed steps are given in Appendix A.3. ]

Now we have the following corollary from the above theorem.
711
[ EEE— ]

Y22
——— P

YM M
o —— P

Figure 2.1: Parallel channels with given SNR exponents.

Corollary 2.3. The gDoF of parallel channel system (Figure 2.1) G = diag( gii - - GuM )
with links gi; ~ CN (0, p%) = CN (0, SNRY) is 37, (1 — ) v

Proof. This is obtained by decomposing into individual channels (Theorem 2.2) and using
the SISO results from [ZT02]. For SISO with link g;; distributed according to CN (0, p%) =
CN (0,SNRY), the gDoF is (1 — %) ~i; for any T. ]

2.3.2 SIMO and MISO channels

In this subsection we consider the noncoherent SIMO and MISO channels with asymmetric
link strengths. The gDoF result for SIMO can be easily derived by extending the results for
the case with i.i.d. links. The gDoF result for SIMO can be extended to arbitrary MIMO

case, for T'= 1. For the MISO case, the existing techniques are not sufficient for computing
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Figure 2.2: Noncoherent SIMO with given SNR exponents.

the outer bound. We develop new techniques, manipulating entropy expressions using Linear

Algebra techniques to derive the gDoF of MISO.

Theorem 2.4. For the noncoherent SIMO channel (Figure 2.2) with G = Tran ([ g1 - - g1 D,
where g ~ CN (0, p%) = CN (0,SNR™), the gDoF is (1 — 1) max; yi1, i.e., the gDoF can

be achieved by using only the statistically best receive antenna.

Proof. We only need to prove the outer bound, since achievability follows by using the
statistically best receive antenna. The outer bound can be proved as an extension of results
for SIMO with identical links. Let p? = max; p?;. Now with W being T' x 1 noise vector
with i.i.d. CN (0,1) elements, G’ being a 1 x N channel matrix with i.i.d. CN (0, SNR”)
elements, W being a noise vector with independent (but not identical) Gaussian elements
wy; ~ CN (0, p? — p?) and K being a constant diagonal matrix with elements k; = 24, we

Px

have K (G'X + W + W;) with same distribution as
Y=GX+W.

Hence by data processing inequality I (X;GX +W) < I (X;G'X +W). Now due to the
results for i.i.d. noncoherent MIMO [ZT02], we have I (X;G'X +W) < (T —1)log (p2).

Hence the required result follows. O

The gDoF result for SIMO can now be used to prove that for T' = 1, the gDoF is zero
for any MIMO.
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Figure 2.3: Noncoherent MISO with given SNR exponents.

Theorem 2.5. (gDoF of arbitrary MIMO for T = 1) For any G with T = 1 the gDoF is

ZET0.

Proof. This can be easily shown by examining g;, the channels and X;, the symbols re-
spectively from the i antenna, from G = [m 92 . . gy |, the channel and X =
Tran [ Tran (&) . Tran (&) ] the symbols for the whole MIMO. Now consider N
SIMO channels Y; = ¢;X; + \%, where W; and W have same distribution but are inde-

pendent. Now

I(X;GX +W)

_ Wi _ WN)
<I|(X;0Xi+—,..., 98Xy + —= 2.3
= ( 911 \/N IgNAN \/N ( )

using data processing inequality since vazl 3}% ~ W and Z?;E X; = GX. This creates

a new channel which is decomposable into N SIMO channels and has higher capacity than

the original channel. Hence the required result follows using Theorem 2.2 to decompose the

SIMO channels and since each SIMO channel has zero gDoF from Theorem 3.9. [

Note that the above result is a generalization of the zero DoF result for MIMO from
[LMO03]. In their model the channel statistics is fixed and the power of the i.i.d. noise is
scaled. But our result is more general in the sense that we allow the fading channel strengths

to be scaled with different exponents.
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Theorem 2.6. For the noncoherent MISO channel (Figure 2.3) withG = | ¢;1 . . iy ],
the gDoF is (1 — %) max; Yy, i.€., the gDoF can be achieved by only using the statistically

best transmit antenna.

Proof idea. We only need to prove the outer bound. In this case Y is a column vector and
h (Y)) can be evaluated using Lemma 3.2. Also, we prove that i (Y|X) > E [log <1 +30 0% H&Wﬂ
using Linear Algebra techniques. With these two results, the gDoF result follows. See Section

2.4.3 for details. [

Remark 2.1. If one were to train the antennas and select the best antenna, the gDoF

1M

T ) max; Y1, this is lower than what we can achieve using the statistically

achievable s (
best transmit antenna. In a practical setting for a 2 x 1 MISO system with coherence time
T = 3, SNR = 10 dB, and links with average strengths 0.1 (i.e, -10 dB) and 0.03 (i.e, -15
dB), we believe that using training to select the best antenna within every coherence period,
would be suboptimal. Once training is performed, there is only 1 time slot that can be used to
communicate data. We believe that using the statistically best antenna only, without training

both antennas, would yield a better rate.

2.3.3 2x2 MIMO

In this subsection we describe the results for the 2 x 2 MIMO with SNR exponents ~p in the
direct links and ~¢ in the crosslinks. We describe our outer bound and obtain a signaling
distribution to achieve the outer bound in gDoF'. The signaling distribution uses the structure

of our solution for outer bound optimization problem.
Theorem 2.7. For the 2 x 2 symmetric noncoherent MIMO with

g1 Y912
G = ,

921 9g22

where g1 ~ gaa ~ CN (0,SNR™) | g15 ~ go1 ~ CN (0,SNR™) and vp > vyor (vp > Yor s
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Figure 2.4: 2 x 2 MIMO with SNR exponents 7p in the direct links and 7oy, in the crosslinks

without loss of generality), the gDoF is given in Table 2.3, and can be achieved by

a 00 . .0
X = Q,
ncO0O . .0

where ) ~ CN (0, |b|2) independent of the unitary isotropic Q, |a|> = SNR™_|b|*> = SNR™_|¢[> =

SNR™, and the values of (Ya, Vb, V) are as given in Table 2.3.

Table 2.3: gDoF of 2 x 2 MIMO with v11 = 722 = vp > YoL = Y12 = V21

Regime | Solution (v, v, 7e) | gDoF

T=2 (07 0770L> YD — %WCL
T>3 |(0,0,0) 2((1— 1) — 7701

Proof idea. From Theorem 2.1, we have an optimal distribution of the form

a 00 . .0
X = Q, (2.4)
b ¢ 0 . . 0

where () is unitary isotropically distributed and independent of a,b,c. We first obtain a
2
).

This is using Lemma 3.3, Lemma 2.5 and Lemma 2.6 which help to convert the entropy

capacity outer bound as the maximum of the expected value of a function f (|a|2 b

terms h () into expected values. Then in Lemma 3.1 we prove that the maximization of

2,’

E[f (]a\Q NI \c|2)} can be achieved with a single mass point of (\a!2 .10 c|2) for optimal

gDoF. Then the gDoF outer bound can be expressed as the maximum of a piecewise linear
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optimization problem, which yields the solution as above. The detailed proof of the outer
bound is in Section 2.4.4. The inner bound can be verified by using the distribution stated
in the Theorem to evaluate the mutual information, the calculation is given in Appendix

AA4. [l

Note that the above result shows that we need to use both antennas for achieving the
gDoF for T' = 2, since with only one antenna we can only achieve %’yD from Theorem 3.9.
This is in contrast to the result for 2 x 2 MIMO with i.i.d. links, where the optimal gDoF
could be achieved using a single transmit antenna for 7" = 2; also it was shown that using
both antennas was sub-optimal [ZT02]. For T" > 3 for a 2 x 2 MIMO with all exponents ~p,
the gDoF is 2 (1 — %) vp [ZT02], whereas in our model with direct link exponents vp and
cross link exponents v¢ 1, the gDoF is 2 ((1 — %) YD — %7(; L). Thus having weaker crosslinks
gives a gDoF gain of % (vp — vor). Also as T — oo the gDoF achieved is 27yp, which agrees
with the gDoF result for coherent MIMO [CTK14].

Also it is clear that training-based schemes are suboptimal for the 2 x 2 MIMO. For
T = 2, if one were to train the links, one has to use two time slots, which leaves no time for
communicating. For T > 3, the gDoF achievable after using two time slots to communicate
is 2 (1 — %) ~vp which is less than the gDoF 2 ((1 — %) YD — %’VCL) that we achieve. The

gain in gDoF, that we have, is % (vp —vor)-

2.3.4 Nonoptimality of training

We observed in the previous subsection that training-based schemes cannot achieve the gDoF
for 2 x 2 MIMO. We can extend this observation to larger MIMO. We specifically consider
the M x M MIMO with exponents vp in direct links and 7¢y in crosslinks (yp > 7ver)-
Using the following theorem, we prove that training-based schemes can be suboptimal for

this case.

Theorem 2.8. A gDoF of M ((1 — %) Yp — %VCL) can be achieved for an M x M MIMO

with coherence time T > M and with exponents yp in direct links and ~yor n crosslinks
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RxM

Figure 2.5: M x M MIMO with exponents in direct links yp and in crosslinks v¢,

(vp > vor) (Figure 2.5), by using i.i.d. Gaussian codebooks across antennas and time

periods.

Proof. In this case, the channel matrix G has diagonal elements g;; distributed according
to CN (0,SNR?) and the rest of the elements are distributed according to CA (0, SNR™*).
Using Gaussian codebooks, the rate R > I (GX + W; X) is achievable with X being an
M x T matrix with i.i.d. Gaussian elements. Analyzing this mutual information yields an
achievable gDoF of

M ((1 — %) YD — #VCL) per symbol. The calculations are given in Appendix A.5. O

Note that the gDoF M ((1 — %) YD — %’YCL) cannot be achieved by a conventional
training scheme where all transmitters train independently. This is clear since it requires
M symbols in every coherence period for training and the maximum gDoF achievable using
the rest of symbols is M (1 — 2t) vp [CTK14, (Theorem 2)], assuming the channels are
available perfectly due to training. This is smaller than M ((1 — %) YD — %%‘L)' Thus

using Gaussian codebooks and not using training gives a gDoF gain of w (vp —ver)-

2.4 Analysis

In this section we first state some mathematical preliminaries required for the analysis. Then

in Section 2.4.2, we derive the structure of the capacity achieving distribution for noncoherent
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MIMO. In Section 2.4.3, we prove the gDoF outer bounds for the noncoherent MISO and in
Section 2.4.4 we derive the gDoF outer bounds for the 2 x 2 MIMO system.

2.4.1 Mathematical Preliminaries

Fact 2.1. For exponentially distributed random variable § with mean pe and a > 0,0 > 0,

log (a + bye) — vrlog (e) < E[log (a + b)] < log (a + bue) where vg is the Euler’s constant.

Proof. This follows due to the results given in Section 4.3 (on page 99). n
Fact 2.2. For chi-squared random variable x* (k) and a > 0,b > 0,

log (e) 2

log (a + bk) — + log <1 - %> < E [log (a + bx* (k))] < log (a + bk). (2.5)

Proof. The result is proved in Section 4.3 (on page 99) for the Gamma distribution and the

result for the chi-squared distribution follows as a special case. O]

Fact 2.3. For an exponential random variable § with mean pe and a given constant b > 0

b b o b b
E {—} — —ekel (0, —) < —In (1 + %> <1, (2.6)
b+&]  he fe) ~ He b

where I' (0, ) is the incomplete gamma function.

Proof. We have

b 1
E|l—| = 2.7
Lﬂré} 1+4 (27)
o b —k= ]
Q/ —e M dx (2.8)
0o He I+
i) b b [ _be]
w —e“é/ e " —dx (2.9)
He 1 z
i) b L [ 1
W 2 one / e '=dt (2.10)
e b t
e
w) b & b
W 2 ehep (0, —) (2.11)
He He
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where the step (7) is because £/b is exponentially distributed with mean p¢ /b, the steps (i),
(77i) are by change of variables, and the step (iv) is by the definition of incomplete gamma
function. Also e*T'(0,2) < In (1 + 1) is obtained after observing the connection with the
exponential integral E; (z) as I'(0,z) = F; (z) and using the inequalities from [AS64] for
E; (z). This yields (b/pue) €T (0,b/pe) < (b/pe) In (14 pe/b). Also (b/pe) In (1 + pe/b) <
1 because 0 < zln(1+1/z) <1 for z > 0 O

Fact 2.4. Let H be an isotropically distributed matriz and ® be a unitary matrix distributed
according to any distribution independent of H, then H, ®H, H® all have the same distribu-
tion. Moreover ®H, H® are independent of ®. See [MHI9] for details.

Lemma 2.1. Let [£1,&s,...,&,] be an arbitrary complex random vector and @ be an n X

n isotropically distributed unitary matriz independent of &, then h([&1,&s,...,&] Q) =

B(SI&[) + (0 = 1) E [log (3 |&°)] +log (#2)

Proof idea. This is proved by using the fact that in radial coordinates, the distribution of
£1,&2, ... ,&,) Q will be dependent only on the radius. See Appendix A.1 for more details.
Note that we can use this Lemma also on A (élﬁm) with an isotropically distributed unit

vector g1(") by considering the equality h (Slﬁm) = h([£1,0,..,0] Q), where the isotropically

distributed unit vector g1'*) can be taken as the first row of an isotropically distributed
unitary matrix Q). O
Corollary 2.9. Let [£1,&s,...,&)] be an arbitrary complex random wvector, & be an arbi-

trary complex random variable and ) be an n X n isotropically distributed unitary matrix
log (%)
Proof. This can be proved similar to the previous lemma since the distribution of

h([&1,&,...,8]Q|¢&) will be dependent only on the radius. We can use this corollary also

on h (gla(T)| 5), similar to the previous Lemma. O
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2.4.2 Properties of transmitted signals that achieve capacity

We now establish the properties of capacity achieving distribution for the noncoherent MIMO
with asymmetric statistics. We have our channel model Y = GX + W. Now for any T" x T
unitary matrix ® we have Y®' = GX®' + W®'. Since w;; are i.i.d. CN (0,1), W®T and W

have the same distribution, and hence

p (YOI X)) =p(V|X). (2.12)
Now
C=supl(X;Y) (2.13)
p(X)

subject to the average power constraint (2.2) and we have

I(X;Y):E[log (%)]

— /pr (X)/de (Y]X) log p (Y] X)

[dXp (X) p (ypz)

Lemma 2.2. (Invariance of I (X;Y') to post-rotations of X ): Suppose that X has a prob-

(2.14)

ability density po (X) that generates some mutual information Iy. Then, for any unitary

matriz ®, the “post-rotated” probability density, p1 (X) = po (X@T) also generates .

Proof idea. This is an adaptation of the existing results for MIMO from [MH99, Lemma 1].
The proof proceeds by substituting the post-rotated density p; (X)) into (2.14), changing the
variables of integration and using p (Y ®|X®) = p (Y|X) from (2.12). O

Lemma 2.3. The signal of the form X = LQ with L being a lower triangular matriz and
Q@ being an isotropically distributed unitary matrix independent of L, achieves the capacity

of the noncoherent MIMO.

Proof. Let X be a capacity achieving random variable and Iy be the corresponding mutual
information achieved. Now X can be decomposed as X = L®’ using the LQ decomposition

with L upper diagonal and ®’ unitary, but they could be jointly distributed and & may not
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be isotropically unitary distributed. Let © be an isotropically distributed unitary matrix that
is independent of L and ®’. Now use X; = XO for signaling and let Y be the corresponding

received signal. Then

I(X;Y]|©)=1(X6;Y]|0) (2.15)
= I (2.16)
using Lemma B.1. Now

LX)+ 1(6;Y[Xy) =1(6;Y) +1(X1;Y[0) (2.17)
[(X;Y)+021(6;Y)+1(X1;Y(0) (2.18)

(i)
I(X;Y) > 1(X1;Y[0) (2.19)
= Iy, (2.20)

where (i) was because [ (0;Y]X;) = 0 since © — X; — Y is a Markov chain and (ii) was
because I (X1;Y|©) > 0. Hence without loss of generality the signal of the form LQ = L®'©
with Q = ®'O achieves the capacity. Now (Q = ®'O is also unitary isotropically distributed
and independent of &’ using Fact 2.4 on page 25. O

Next, we focus our attention on computing h (Y| X), which will be necessary in future
derivations. Let Y'(n) be the n'" row of Y. Conditioned on X, the rows of Y are independent

Gaussian. Hence:

h(Y]X) =) h(Y(n)]X). (2.21)

n=1

With p? (n) being the vector of channel strengths to n'receiver antenna, we have:

Kymx =E[Q'Lig" (n) g (n) LQ| LQ] + Ir
= Q'L'E [¢" (n) g (n)] LQ + Ir

= Q'LTdiag (p* (n)) LQ + I7
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where I is a T' x T identity matrix and diag (22 (n)) is the diagonal matrix formed from

p* (n). Hence:

h(Y (n)[X)
= E [log (det (meKy(n)x))] (2.22)
= E [log (det (me (Q'L'diag (p° (n)) LQ + I7)))] (2.23)
OE [log (det (e (L'diag (p* (n)) L + Ir)))] (2.24)

where (i) uses the property of determinants to cancel Q and Qf. Also, for T > M, using the
lower triangular structure of L with Ly« being the first M x M submatrix of L (rest of

the elements of L are zero for T'> M) we have:
h(Y (n)]X)

_F [bg (det ((%Mdiag (0° () Larsns + IM)))} + () log (e) . (2.25)

2.4.3 Outer bound for the M x 1 MISO system

We now prove the gDoF outer bound given in Theorem 3.10 for the M x 1 MISO system.We
assume that 7" > 1, since for T" = 1 we have the desired result using Theorem 2.5 on page
19. Also we assume that T" > M in the following outer bound computations. The case
for T' < M is easily derived following similar steps reaching the same result and is given in

Appendix A.6.

For the capacity achieving distribution, we have the structure X = [ Latxmr Onrs(r—nn Q

(from Theorem 2.1), where

T11 0 0
0 0
Lyrsonr =
0
| Tyl o - . TMM ]

and Oprx(r—n) is an M x (T'— M) matrix with elements of value zero. For the MISO, we

have Y = GX + W with G = | g . . gy | and W is 1 x T with iid. CN(0,1)
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components. We assume p3; > p?. without loss of generality. Now note that W@ has also
same distribution as W and is independent of @) (using the fact that W is isotropically
distributed and Fact 2.4). Hence

h(Y)=h((GX+W)Q)
h ([ (wll + Zf\il xi191i> , <w12 + Zf‘iz xw”) L

e (wlM + ZZIZM 551‘2911') ;o WiM+1) ---, WIT } Q) :

Now using Lemma 3.2 on page 66, we have

wl]—i_zxuglz + Z ‘wlz

i=M-+1

W14 + Z xmglz

M

h(Y)=h Z

M
+(T=1E |log | Y

J=1

5 o) o ()

i=M+1

(2.26)

I/\N

wl] + Z -nglz

+ Z ’U)h

E |log (Zﬂi (Z |$ij|2) +7T — M) + log (FTT)) , (2.27)

where (i) was using Tower property of expectation, Jensen’s inequality and %/ =1 P = |z % P2 =

M ijl |25 p2;. Now using (3.52) we have

h(Y|X)= log (det (LMdelag (PT1s- - Piar) Lorsns + IM))]
+ (T) log (me) (2.28)
r M
=E |log <H (1+ wz)> + (T") log (me) (2.29)
L i=1
where w; are the eigenvalues of L}f\/[x ydiag (plh, ..., p2y) Larsar. The eigenvalues are non-

negative since the matrix is Hermitian. Hence

E |log <H (1+ w2)>

=1

h(Y|X) = + (7) log (me) (2.30)
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>E [log <1 + sz)] + (T') log (me) (2.31)
the last step is true because w; > 0. Now

Zwi = Trace <Lj\4deiag (pfl, . ,p%M) LM><M> (2.32)

— Trace <diag (6%, P2ur) LMxMijxM> (2.33)
M 7
= ot (Z |fvzj!2) - (2.34)
i=1 j=1
Hence

h(Y|X)>E + (T)log (me) . (2.35)

log (1 + i Pl <Z \%\2))

i=1 j=1

Hence

M

2 T
wlj‘i‘zxijgu + Z |w1i|2

i=j i=M+1

(s () r-e)

J=1

log (1 + épi (; |l'z‘j|2>)]

+ log (&;) — Tlog (re) (2.36)

M
I(X;Y)<h|>
j=1

+(T-1)E

—E

< (T —1)log (Z P MT + T) : (2.37)

i=1
where the last step was using maximum entropy results and Jensen’s inequality. Hence

I LIX&Y) () ] (2.38)
1msup——————= - = . .
SNRHOIO)TIOg (SNR) — )™M

2.4.4 Outer bound for the 2 x 2 MIMO system

In this subsection, we prove the gDoF outer bound from Theorem 2.7 for the 2 x 2 MIMO

with exponents vp in the direct links and vy in the crosslinks. We have the structure of
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the optimal distribution as

a 00 . .0
= Q
b ¢ 0 . .0
from Theorem 2.1 and we have
G- gi11 912 ,
921 9g22

and Y = GX + W, where W is 2 x T vector with i.i.d. CA (0,1) components. We assume
T > 2, since for T'= 1 the gDoF is zero due to Theorem 2.5. We have:

a 00 . .0
h(Y)=h|G Q+W (2.39)
b ¢ 0 . .0
(4) a 00 . .0
=h G +W1lQ (2.40)
b ¢ 0 . .0
_p agii +bgiz +wi cgiz +wi2 w1z . Wir 0 (2.41)
| aga1 + bgas + Wa1  CGag + Wa Woz . Worp
ii o . . .0
@ (| %0 (2.42)
1 &2 0 . . 0
iii o . . .0
@ ] S0 o, (2.43)
€1 &2 0 . . 0

where the step (i) used the fact that W and W@ have the same distribution and is indepen-

dent of Q. In step (i¢), &; arise after LQ transformation (using Gram-Schmidt process)

agi1 + bgiz + w1 cgiz Fwi2 w1z . Wir & 0o 00 (I)
aga1 + bgog + Wa1  CGag + Waa Wa3z . Wor 1 &2 0 . . 0
T
|f11|2 = |lagi1 + bg12 + UJ11|2 + |cgia + w12|2 + Z |w1i|2 (2.44)
i—3

2
(aga1 + bgas + war) (agiy + bgra + wi1)" + (cgaz + waz) (cg12 + wi2)* + Z;ig, WoWT;

| 2

|§21‘2 =
lagi1 + bgi2 + w11|2 + |cgi2 + w12|2 + ZZT:;), |w;

(2.45)
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T
|€22|2 = |ago1 + bgaa + 1021|2 + |cgaz + 7~022|2 + Z |wz¢|2
i=3
2
(aga1 + bgaz + wa1) (agin + bgra + wi1)™ + (cgaz + waa) (cg12 + wr2)" + Z;‘F:z)) W Wy

| 2

lagi1 + bgr2 + w11|2 + |cgi2 + w12|2 + Zing w1
(2.46)

where ® is unitary. In step (iii) we absorb ® onto ) using Fact 2.4. The Gram-Schmidt
process for LQ transformation yields ;; as given in (2.44), (2.45) and (2.46).

Also using (3.52), (3.50) we get

h(Y|X)
=E {108; (|a|2p%1 + |b|2:0%2 + |C|2 P%z + |a|2 |C|QP%1P%2 + 1)}
+E [log (’@2 Py + [b1% 030 + [ef P35 + lal” |c|? p3,03, + 1)]

+ 2T log (me) (2.47)

For computing h (Y), let 7™, ") be the first two rows of Q. The vectors 1", 7" are

orthogonal since @) is isotropic unitary. We have

&n 0 . . .0

h(Y)=h Q (2.48)
§a1 22 0 . . 0

=h (fnﬁm) +h (521E(T) + 522@(T)‘ fnﬁm) (2.49)

Now consider h (fglﬁm + 522@(T)| fllﬁm) . Since &1 is nonnegative and Sllﬁm is given

(T)

in the conditioning, the direction q;'*’ is known in the conditioning. Hence considering

(T)

En i) + £33 in a new orthonormal basis with the first basis vector chosen as g7 and

the rest of the basis vectors chosen arbitrarily, the projection of £x1qr'") + £2,3") onto the

first basis vector is 5. The projection onto the rest of the T — 1 vectors forms &gz’

where 7"~ is a T'— 1 dimensional isotropically distributed unit vector. Hence
h(éam™ + 522@@)‘ fllﬁ(T)) =h ( [521, fzzquil)] fnjﬁm) (2.50)
=h ( [521, fQﬂgTil)] fn) (2.51)
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and

B(Y) = h (€na®) + b [, 00 ] |€0) (2.52)
@ h (fu% ) +h ( [521,522§§T_1)] ’ |§11|2) (2.53)
<h (fuﬁm) +h <§22§§T_1)‘ |§11|2> +h (521| |511|2) (2.54)

where (7) is because {1 is non-negative. Note that above equation contains 11, £29, 21 which
we would like to convert to the form [€11]%, [€22]?, |€21|° which are available from (2.44), (2.45)
and (2.46). We handle h (& |§11|2) with the following claim.

Claim 2.1. h (&| |§11]2) <h (!521|2‘ |f11|2) + log (m)

Proof. We have

h (&l €] ) 9h (521€Z9| ISP (2.55)
< h(gglei9| n)?) (2.56)
@ (|§21| | 1€11] )+10g (m) (2.57)

where (i) uses an independent 6 ~ Unif [0, 27], (i7) is because conditioning reduces entropy,

(ii1) is using Lemma (3.2) since given |€1|°, €x1€ is isotropically distributed. O
Using the above Claim, we get

h(Y)<h (fnéh ) +h (fézqu Y

‘511’2> +h (‘521’2| \511!2) + log () (2.58)

(i) T
<h <|ag11 + bg12 + w11|2 + |egiz + w12]2 + Z ’wu\2>
i=3

+(T-1)E [log (|a|2p%1 + (|b|2 + |c|2) P2y + 1) + log ( o7 )
h (|521|2‘ |€11|2> +h (|§22|2‘ |511|2) +(T-2)E [108; (|§22| )} +log (m) (2.59)

).

Now we use the following Lemma to simplify h (|agll + bgo + wiq |2 + |cgia + u;12|2 + 2?23 |w1i]2>

where (7) is by applying Lemma 3.2 on h (§1lﬁm) and Corollary 3.8 on h (522§§T71)

from the previous expression.
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Lemma 2.4. For any given distribution on (a,b,c),

T
h <|@911 + bgi2 + wn‘2 + |cgi2 + w12]2 + Z ’wu\2>
i=3

and

E [log (|af® o, + (|b]° + [e]*) pio + 1)]

have the same gDoF. Similarly for any given distribution on (a,b,c),

T
h <|a921 + bgaa + w21|2 + |cgaz + w22|2 + Z |w2i|2>
i=3

and

E [log (laf® p3, + (|b]° + [c]*) p35 + 1)]

have the same gDoF.

Proof. The proof proceeds by constructing a noncoherent channel

T
C1:V = |agi1 + bgiz + w11\2 + |cgi2 + w12]2 + Z ’wli‘z (2.60)
i=3

with inputs a, b, ¢ output V and showing that it does not have any gDoF. The proof uses
outer bounding techniques from [LMO03]. See Appendix A.7 for details. ]

Hence using the previous lemma, we get
h(Y) < TE [log (laf* piy + (Ib]* + [ef*) pT +1)]
|511|2> +h <|f22|2 € |§11|2)

+h (|§21|2 |€11|2

Now we simplify E [log (|£11|2)] from the previous expression.

r T
E [log (|§11|2)] = (log (Iagn +bg12 + w11|2 + |cgi2 + w12|2 + Z ’w1i|2>]

1=3

=E|E

T
log <|a911 + bg12 + w11|2 + |cgia + w12|2 + Z |w1i|2)
i=3

o]
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(4)

= E [log (|a|” o1, + (I + [c]*) o1, +1)] (2.62)

where (i) was using Fact 5.1 on page 135 and that |agi; + bgi2 + w11]2 ,|egra + w12\2 , ’wu\Q

|£u|2) T (|§22|2 el |sn|2)

+(T-2)E [log (|§22|2 |§11|2)} (2.63)

are exponentially distributed given a, b, c. Hence

h(Y)<h (w el

Now we use the following lemmas to further simplify the terms in the above expression for

h(Y).
Lemma 2.5. We have

h (Iézzl2 IStk !511|2> =h (|£22\2 [tk

]511|2,a,b, C) <E {log (GE {|§22|2 \511|2

)]

Proof. The proof uses similar techniques as that for Lemma 3.3. See Appendix A.8 for
details. O

)]

Lemma 2.6. We have

h (|§21|2 €] |§11|2> =h (|§21|2 €]

€ul’,a,b, C) <E {108; (GE [|§21|2 |€11)?

Proof. This can be proved similar to the previous lemma. We omit the proof. O

Hence using (2.44), (2.45) and Lemma 2.6 to bound h (]521|2 1&11)?

|§11]2), we have

T 2

(aga1 + bgaa + wa1) (agr1 + bgra + wn)* + (cgaa + wa2) (cg12 + w12)* + Z Wo W7,

1=3
|5n|2)

|€21|2 |€11|2 -

h <‘£21’2 ’511‘2
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<E [tog ((Jaf oty + B £ + 1) (1a” o3+ Bl o3+ 1)

121l b oty + (e pl +1) (1P pp + 1) + T =2)]  (2.64)

<E _10g ((!a|2p%1 + ]b\2pf2 + 1) (|a\2 P§1 + ’b‘2 sz + 1)
(I p+1) (I i +1) ) | (2.65)

where the last step followed due to AM-GM inequality 2 |¢|” [b|* pyp2y < |b]* p2op2e+|cl* p200%-
Similarly using (2.44) and (2.46) we have

[€oal* [€n1|”
T T
= <|a921 + bgaz + ’LU21|2 + |cgan + wzz‘2 + Z ‘w21|2) (|ag11 + bgi2 + w11|2 + |cgr2 + w12|2 + Z |w1i|2>
=3 . ) =3
— |(ago1 + bgas + wa1) (ag11 + bgia + w11)* + (cgoa + wa2) (cg12 + w12)* + Z WoWy;
i=3

After some algebraic manipulations, it can be seen that

E |:’£22‘2 |€11’2

a,b, c]
= (T —2)* = (T —2) + (T —2) (|af” p3, + |b]” p3o + |c|” p3y + |al? p}; + |B] p2y + || p25 + 2)
2 2 2 2 2 2
+ (lal” 3y + 1) (lel” p3a + 1) + |67 pTy + (lal” 3, + 1) (le|” pla + 1) + |6 p3,-  (2.66)

After retaining only the terms that contribute to gDoF from the above equation, we bound

h (|€zz|2 ||

1511|2> using Lemma 2.6 to get

w)

<E [log <eE [|§22|2 3%k

h <|£22F &)

wnd] )] (267)

<E [tog ((Jaf g, + 1) (Ief” g + 1) + bl (03, + pa)
+ (Jaf i+ 1) (IeP i+ 1) ) | (2.68)

Also
E [log (|&2]” &1 ]%)]
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—E {log (E [\52212 1€11)7 | a, b, c} )} (2.69)

<E [tog ((af* g, + 1) (Ief” gy + 1) + bl (03, + p3)

+ (|a|2p§1 +1) (]c]2 piy + 1) )] . (2.70)

Hence using (2.70), (2.68), (2.65) in (2.63) we get

h(Y)
< E [log ((|al” 3, + 16" plo + 1) (lal” 31 + 16 po + 1) + (Ie]* oy + 1) (Il p32 +1))]
+(I'-1)E [log <(|@’2P%1 + 1) (’CF Py + 1) + [b]? (ﬂ%z + P§2)

+ (Jaf g+ 1) (1Pl + 1) ) | (2.71)
Using the above equation and (2.47), we get

I(X;Y)

< E [log ((Jal® o}, + [b]* piz + 1) (lal” p3, + [B” 93 + 1) + (le]* oy + 1) (|c” P32 + 1))]
+(T = 1)E log ((lal® p1; +1) (Ief* p3y + 1) + [bf* (15 + p3s) + (lal” p3, + 1) (el o2 +1))]
—E [log (Jal” o1, + B” pla + [cf pia + [af el o} 075 + 1)]

—E [log (lal” p3; + [0 p3a + lel” 3 + lal” |e]” 3105, + 1)] - (2.72)
Hence a gDoF equivalent outer bound is given by the optimization problem

P {E[ maximize E[f (laf* o)) (273

la]>+[b]*+[c]*] <T

where

£ (la*, b, 1cl*)

= log ((al” T, + b1 pT5 + 1) (lal” P31 + [0 35 + 1) + (Ief* iy + 1) (Ief* p32 + 1))
+ (T = 1)log ((af* piy + 1) (|ef* piy + 1) + [BI” (T + p35) + (laf* p3y + 1) (|ef* piy + 1))
—log ((1+al® p}1) (1 + lef* piy) + (b pi)

—log ((1+|al* p3;) (1 + |ef* p3s) + 1b]* p3s) - (2.74)
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Lemma 2.7. The gDoF achieved in Py can be achieved by a point mass distribution, i.e.,

gDoF (Py1) = gDoF' (P7), where Py is the following:

mazximize f (|a|2 6, |c|2) with
Pr (2.75)
a)> < T, |b)> < T,|c|> <T.

Proof idea. The proof proceeds in several steps:

Step 1: Show that there exists a discretization (over an infinite set) for any distribution

of (|0L|2 b |c|2) that does not incur a loss in gDoF.

Step 2: Show that the discretization can be limited to a finite set without incurring a

loss in gDokF.

Step 3: View the problem as a linear program with 2 constraints, and show that the

there is an optimal distribution with just 2 mass points.

Step 4: Show that the 2 mass points can be collapsed to a single point using arguments

of symmetry.

The details of the proof are given in Appendix A.2. O

Changing the variables from (|a|2 )7, |c|2) t0 (Va, Vo, Ye) With the substitution |a|* =
SNR™, |b|* = SNR™, |¢[> = SNR™, it is clear that
gDoF (P;) = gDoF (P;) = (Ps),
where P is the following
maximize f,, (Ya, b, V) ~ With

Py (2.76)
Ya Z Ovlyb Z 0770 Z 07

with
Fy (Va, 1, 7e)

=mw(mwk%+%yﬂwwM®+mw&%+%wﬂﬁﬁm®

, max (—’yc + Y12, 0) + max (—% + Y22, 0))
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+ (T — 1) max ( max (—v, + 711, 0) + max (—7. + Y22, 0)
;W + max (12, Y22) , Max (—Ya + Y21, 0) + max (—7. + 12, 0))

—max (—Yq + Y11, =W + Y12, Ve + V12, —Va — Ve + Y11 + Y12, 0)

— max (—Ya + Y21, = + V22, —Ve + Y22, —Va — Ve + Vo1 + Y22, 0) . (2.77)

For symmetric 2 x 2 MIMO, we have 11 = Y92 = Yp, VoL = Y12 = 7Y21- Also it can be assumed
without loss of generality that vp > ycr. By inspection of the optimization problem, it is
clear that we can also restrict v, < vp,% < Vp,v. < 7p without affecting the solution.
With these additional constraints, we can simplify Pg to Py for the symmetric 2 x 2 MIMO
with Py defined as the following:

p

maximize max (—2v, + Yor, —Ya + Y0 — Vo, —2% + VoL, —2% + Yor, —7e)
+ (T — 1) max (=, +vp — Yes =) + Typ — t1 — t2
PQ : tl = max <_7a + YD, —b + YCLy —Ya — Ve + YD -+ ”YCL) (278)

te = max (= + Yp, —Ye + ¥Ds —Va — Ve + V0 + YoL)

0<% <7%,0 <% <v,0 <~ <p.

\

Using standard linear programming arguments, Py has a solution for (v4, Y, Ve, t1, t2) in one

of the corner points of the following region:

( 3

0<% <7; 0<% <9p,0
OS’}/CSPYD;

R : t1 > —Ya +vp; t1 > — W + oL

V

131

v

—Ya — Ve T YD + 7YoL t2 = =% + VD

t22_7a_70+7D+70L; t22_70+7D

\ Vs

This can be seen by considering case by case for Py, depending on which term inside the

max (-)’s could come out in the objective function, and noting that maximize max (f1, f2) is
YasVbyYe,t1,t2

same as max (maximize (f1), maximize ( f2)> for linear fi, f.
Ya Vb5 Yest1,t2 Ya, Yoy Ve t1,t2
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Suppose —27, + Yor = max (=27 + Yer, —Ya + Y0 — Vo, —2% + Yor, —2% + Yor, —Ve)
and —v, +vp — Ve = max (=, + VYo — Ye; — ), then Py has a solution in one of the corner
points of of R. This is true for all possible cases of the values of the two max ()’s. Hence Py

itself has a solution in one of the corner points of R.

We code in Mathematica to find all the corner points of R and find the maximum across
the corner points. Finding all the corner points and the calculations could be written down
in the chapter, but this would be uninteresting. So we have deferred it to the software.
We believe that this does not compromise the analytical rigor of the proof. We obtain the
solution in Table 2.3. Our Mathematica code is available online at http://www.seas.ucla.
edu/~joyson/Documents/Sym_mimo_outerbound.nb. This code uses 7p = 1,7¢ =1 — €

and we can obtain the general solution with a simple scaling.
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CHAPTER 3

Noncoherent Diamond network

3.1 Introduction

The capacity of (fading) wireless networks has been unresolved for over four decades. There
has been recent progress on this topic through an approximation approach (see [ADT11] and
references therein) as well as a scaling approach (see [GK00, OLT07] and references therein).
However, most of the work is on understanding the capacity of a given wireless network,
i.e., where the network as well as its parameters (including channel gains) are known, at
least at the destination. There has been much less attention! to the case where the network
parameters (channel gains) are unknown to everyone, i.e., the noncoherent wireless network
capacity. The study of noncoherent point-to-point multiple-input-multiple-output (MIMO)
wireless channels in [MH99, ZT02] etc. and references therein, revealed that there was
an important tradeoff between communication and channel learning in such scenarios. In
particular, it might be useful not to use all the resources available to communicate, if it
costs too much to learn their parameters; for example, one would not use all the antennas
in noncoherent MIMO channels. The question we ask in this chapter is similar, but in the
context of wireless relay networks, in particular we study when one should use training to
learn the channels and if so which links to learn and how to use them. The central question
examined in this chapter is the generalized degrees of freedom (gDoF') of noncoherent wireless
networks (albeit for specific topologies) when there might be significant (known) statistical

variations in the link strengths.

'Exceptions include [Lap05, ND10, KK13].
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The noncoherent wireless model for MIMO, where neither the receiver nor the transmitter
knows the fading coefficients was studied by Marzetta and Hochwald [MH99|. In their
channel model, the fading gains remain constant within a block of 7" symbol periods and
the fading gains are identically independent distributed (i.i.d.) Rayleigh random variables
across the blocks. The general capacity of a noncoherent MIMO is still unknown, but the
behavior at high signal-to-noise-ratio (SNR) for the noncoherent MIMO with i.i.d. links is
characterized in [ZT02]. There, the idea of communication over a Grassmanian manifold
was used to study the capacity behavior at high SNR. The case with unit coherence time
(T = 1) for the noncoherent single-input-single-output (SISO) channel was considered by
Taricco and Elia [TE97]| and they obtained the capacity behavior in asymptotically low and
high SNR regimes. Abou-Faycal et al. [ATSO01] further studied this case; they showed that
for any given SNR, the capacity is achieved by an input distribution with a finite number
of mass points. Lapidoth and Moser [LMO03] showed that for the noncoherent MIMO with
T = 1, the capacity behaves double logarithmically with the SNR for high SNR and this
result was later extended to noncoherent networks [Lap05]. In contrast, the work of Zheng
and Tse [ZT02] showed that when there is block-fading (i.e., T > 1), then for high SNR,
the capacity can scale logarithmically with the SNR. They showed that when the links are
ii.d. with M transmit antennas and N receive antennas, the number of transmit antennas
M*, required to attain the degrees of freedom (DoF) was min (|7/2],M,N). The DoF
was shown to be M* (1 — M*/T) in that case. The case of the noncoherent MIMO with
asymmetric statistics on the link strengths was studied in Chapter 2. There, we showed
that the (generalized degrees of freedom) gDoF for single-input-multiple-output (SIMO) and
multiple-input-single-output (MISO) channels can be achieved by using only the strongest
link. Also, for the 2 x 2 MIMO with two different SNR-exponents in the direct-links and
cross-links, the gDoF was derived as a function of the SNR-exponents and the coherence
time. Also, they showed that several insights from the identical link statistics scenarios
of [MH99, ZT02] may not carry over to the case with asymmetric statistics; including the

optimality of training and the number of antennas to be used.
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The noncoherent single relay network with identical link strengths and unit coherence
time was studied in [KK13], where it was shown that the relay does not increase the capacity
at high SNR under certain conditions on the fading statistics. Similar observations were made
in [GY14] for the noncoherent MIMO full-duplex single relay channel with block-fading,
where they showed that Grassmanian signaling can achieve the DoF without using the relay.
Also, their results show that for certain regimes, decode-and-forward with Grassmanian
signaling can approximately achieve the capacity at high SNR and the characterization is
determined by the number of antennas at the nodes. However, the assumption in [KK13,
GY14] is that the channel strengths are symmetric in the sense explained below i.e., these
papers studied DoF and not gDoF. In many scenarios, the average strengths of the links
can be asymmetric, i.e., some links could be significantly weaker than others. This can
happen when the relays are well separated, then the channel gains can be very different and
this is not captured by the DoF. These differences matter in the high SNR regime, if the
channel strengths are significantly different with respect to the operating SNR. This way
of accounting for channel strength asymmetry in terms of SNR was introduced in the work
of Zheng and Tse [ZT03] for calculating the diversity multiplexing tradeoff for the coherent
MIMO? and was subsequently used for the coherent interference channel to analyze the gDoF
[ETWO08]. We use a similar framework to model channel asymmetry for our noncoherent
relay problem. Therefore, in this sense, our model is for asymmetric channels (in terms of
SNR scaling) in contrast to the symmetric channels (in terms of SNR scaling) studied in

[KK13, GY14].

The diamond (parallel relay) network was introduced in [SG00]. Though the single-letter
capacity is still unknown, for the coherent network (known channels) it has been character-
ized to within a constant additive bound (and in some scenarios a constant multiplicative
bound) in [ADT11], with improved bounds established in [ND13, SWF14, KOG15]. As men-

tioned earlier, ours is the noncoherent model, which, to the best of our knowledge, has not

2In the diversity multiplexing tradeoff [ZT03], the channel statistics were symmetric and the different
channel scaling was introduced to account for channel strength variation in their realization. However, this
was not the case for the coherent interference channel [ETWO08] where the notion of gDoF was defined.
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been studied for the diamond network. We consider a block-fading channel model where
the fading gains are i.i.d. Rayleigh distributed and remain constant for 7" symbol periods.
Our model considers the diamond network where the link strength could have different fad-
ing distributions. This is naturally motivated when the relay locations are well separated,

causing the links to have different average strengths (and therefore different statistics).

Ry

Figure 3.1: The 2-relay diamond network with given SNR exponents of link strengths.

In this chapter we have the following contributions:

1. We develop an outer bound for the block-fading noncoherent diamond network, which
does not follow directly from the standard cut-set bound. We derive the structure of
the optimal distribution required for this outer bound. We reduce the outer bound to

a simpler form preserving the gDoF using novel techniques.

2. We show that any scheme that allocates separate symbols for channel training for each

link, cannot always meet the new gDoF outer bound.

3. We develop a new relaying strategy which we term as train-scale quantize-map-forward
(TS-QMF) for the noncoherent diamond network, which we show achieves the new

gDoF outer bound, and is therefore gDoF-optimal.

4. We demonstrate the tradeoff between network learning and utilization, by showing
that there are certain regimes where a simple relay selection is gDoF-optimal and that
there are other regimes where we need both the relays. Even in the regimes where

both the relays are used, we do not necessarily learn the channel values, as seen in
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the TS-QMF scheme. In regimes where we need to operate both the relays, we use a

time-sharing random variable to coordinate the relay operation.

We first derive a new outer bound for the noncoherent diamond network® in Theorem 3.1.
The main issue in not using the standard cut-set bound for the block-fading case is that the
transmit symbol block at the relay can depend on the current received symbol block at the
relay, due to the block-nature of the model (see Figure 3.3). Therefore, we need to develop
a slightly modified form of the cut-set bound to account for the block-fading channel. This
is expressed as an optimization problem (akin to the classical cut-set bound which is also
expressed as an optimization). In Theorem 3.3, we develop the structure for the distribution
that solves the optimization problem of the outer bound. We show that this is of the form L(),
where L is lower triangular and () is a unitary isotropically distributed matrix independent
of L. Next, in Theorem 3.2, we outline some regimes of the network parameters in which a
relay selection together with the decode-and-forward strategy is gDoF-optimal. This shows
that in the noncoherent case, we might need to use a smaller part of the network, as learning
and communicating in the entire network might be suboptimal. In a way, this gives a form
of network simplification, similar to that observed for the coherent case [NOF14], where it
was shown that (simplified) subnetworks could achieve most of the network capacity. In
[INOF14], the authors demonstrated that for the coherent n-relay diamond network, we can
always find a subset of k relays that can achieve a fraction k/ (k + 1) of the total capacity

within a constant gap.

Next, we proceed to the more difficult regime in which a simple relay selection is not
optimal. For this regime, in Theorem 3.4, we further develop novel outer bounding techniques
to simplify the results in Theorem 3.1. The outer bounding techniques in this Chapter is
influenced by the methods developed in Chapter 2 for the noncoherent MIMO: there, we
discretized the outer bound (without losing gDoF) and used linear programming techniques

to further reduce the outer bound. We analyze the outer bound from Theorem 3.1, and show

3We also provide a more general version for block-fading noncoherent acyclic networks in Appendix B.2.
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that the optimization problem of the outer bound is solved (in terms of gDoF') by a joint
distribution (of the signals for the source and the relays) which has only two mass points. This
is proved in Theorem 3.4 by discretizing the terms in outer bound (without losing gDoF)
and using linear programming arguments. Subsequently, in Theorem 3.5, we reduce the
optimization problem for choosing the two mass points, to a bilinear optimization problem,
and we solve it explicitly. The bilinear optimization does not arise in the noncoherent MIMO

case Chapter 2. In Chapter 2, there was only a piecewise linear optimization.

The approximate capacity of the coherent diamond channel (and of general unicast net-
works) can be achieved by the quantize-map-forward (QMF) strategy [ADT11, ADT15].
Here the strategy is that the relay quantizes the received signal and maps it (uniformly at
random) to the transmit codebook. The standard QMF strategy requires the knowledge of
the channels at the destination, for this, the links need to be trained. If we use a standard
training method for the noncoherent diamond network, we need at least one symbol in every
block to train the channels from the source to the relays, and we need at least two symbols
in every block to train the channels from the relays to the destination (since there are two
variables to be learned at the destination). In Theorem 3.6, we analyze the gDoF (assuming
perfect network state knowledge at every nodes) using only the remaining symbols after

training and we verify that this cannot achieve our outer bound.

Subsequently, we develop a new relaying strategy, which we call “train-scale QMF” (see
Section 3.3.2) which we show is gDoF-optimal with respect to our outer bound, in Theorem
3.7. In the new scheme, we use a combination of training, scaling and QMF schemes to
achieve this: the source sends training symbols to the relays, the relays scale the data
symbols with the channel estimate obtained from training, then the relays perform QMF
on the scaled symbols. The scaling is performed at the relays, so that the destination need
not have the knowledge of the channels from the source to the relays. Another important
characteristic of our scheme is that the source sends training symbols to the relays, but the
relays do not send training symbols to the destination. If the relays need to send training

symbols to the destination, we need to set aside two symbols in every block, and this is not
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gDoF-optimal due to Theorem 3.6.

In certain regimes, the distribution solving the optimization of the outer bound effectively
induces a nonconcurrent operation of the two relays: while one relay is ON, the other relay
is OFF and vice versa. There are regimes where both the relays are operated simultaneously,
but one of the relays is kept at a lower power. These regimes (described in Theorem 3.5)
are identified jointly by the channel strengths and the coherence time. Also, similar to the
coherent case, Theorem 3.2 identifies regimes in which relay selection is optimal for the
noncoherent case. The regimes for relay selection can be identified by channel strengths

alone, independent of the coherence time.

The rest of this chapter is organized as follows: in Section 5.2 we set up the system model,
Section 3.3 presents our main results and some interpretations along with an outline of the
proof ideas, with reference to lemmas and facts detailed in Section 3.4 which provides the

main analysis and many of the proofs. Most detailed proofs are deferred to the appendixes.

3.2 System model

Yr1 Xr1

XS YD

Yro Xpo

Figure 3.2: Signal flow over the 2-relay diamond network.

We use the same notations as defined in Section 2.2.1 on page 13. We consider a 2-relay
diamond network as illustrated in Figure 3.2, with a coherence time of 7" symbol durations.

The signal flow (over a block-length T') is given by:

Yl ST Wl
S I I I (3.1)

YRQ Gsr2 WRQ
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Xr,
YD = |: grdl  Grd2 i| + WD' (32>
XR,
For succincet notation let
Xs YR,
Xr, YR,
X = XR1 , Xp= R Y = YRQ ) Yr = ) (33)
XRr, YR,
XRr, Yo
Gsr1 0 0 WR1
G=|gw 0 0 |, W= (3.4)
0 Grar Graz | Whp

Then we have the effective flow

Y =GX+W, (3.5)

where Xg is the 1 x T" vector of transmitted symbols from the source, gy; is the channel
from the source to the relay R;, Wg, is the 1 x T" noise vector at the relay R; with i.i.d.
CN (0,1) elements, Yg, is the 1 x T vector of received symbols at the relay R;, Xg, is the
1 x T vector of transmitted symbols from the relay R;, gs; is the channel from the relay R; to
the destination, Wp is the 1 x T" noise vector at the destination with its elements wq; ~ i.i.d.
CN (0,1) and Yp is the 1 x T vector of received symbols at the destination. The channels
Jsris Gra; Temains constant over block-length 7. Every block has independent instances of
GsrisGrai With gei ~ CN (0, p2,) i.id. and gq; ~ CN (0, p%;) i.i.d. For gDoF analysis, we

4
deﬁne VYsriy VYrdi aAS

o o (P3:i) = o (Pfas) (3.6)
"~ log (SNR)” " 7 log (SNR)’ ‘
The transmitted symbols at each relay are dependent only on the previously received symbols
at the relay. The transmit signals have the average power constraint: (1/7)E [HXSHQ} =

(/T E [|Xr, I°] = (/D) E [ X, I”] = 1.

“For our analysis, we assume that vg; = log (p2;) /log (SNR) and ~q; = log (pZy;) /log (SNR) are
constants. However, we could define 4s; = log (pZ;) /log (SNR) , 4ra; = log (p2y;) /log (SNR) which depends
on SNR and consider the limits Vg = limsNR_s00 Ysri, Vedi = LMSNR_s00 Yra; Which can be assumed to be
constants independent of SNR. However, the gDoF analysis will yield the same result for both cases.
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3.3 Main Results

In this section, we derive the gDoF for the noncoherent diamond network. For this purpose, in
Theorem 3.1, we first derive a modified version of the cut-set outer bound for the noncoherent
diamond network. This outer bound is in the form of an optimization problem. A looser
version of this outer bound (that can be easily evaluated) can be used in certain regimes to
obtain the gDoF. For achieving the gDoF in these regimes, we use relay selection and the
decode-and-forward strategy. These regimes and the details of the achievability scheme are

given in Theorem 3.2.

For the regimes that are not handled by Theorem 3.2, we calculate new outer bounds in
Section 3.3.1 by simplifying and solving the outer bound optimization problem from Theorem
3.1. The outer bound is developed through Theorem 3.3, Theorem 3.4 and Theorem 3.5.
Theorem 3.3 derives the structure of the optimizing distribution for the outer bound from
Theorem 3.1. Theorem 3.4 uses this structure to bring the outer bound to a form that can

be explicitly solved. The solution is obtained by Theorem 3.5.

In Theorem 3.6, we show that training-based schemes are not optimal in general for
the regime considered in Section 3.3.1. Subsequently, we develop a new scheme that meets
the outer bound developed in Section 3.3.1. The scheme is described in Section 3.3.2. In

Theorem 3.7, this scheme is shown to meet the outer bound.

Theorem 3.1. For the 2-relay diamond network, the capacity is outer bounded by C, where
TC = sup min { [(Xs;YR),I(Xs; Vi) + 1 (X3 Y| Xr,),
p(X)
1(Xs: i) + 1 (Xni Yol Xi,) o T (Xai Vo) } (3.7)

with X, Xg,Yg defined in (3.3).

Proof idea. This is a modified version of the cut-set outer bound for noncoherent networks.
The conventional cut-set outer bound does not automatically follow for the noncoherent case.

The main reason for this is that we have a block-fading model, which means that there is
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a mismatch between the symbols and the block memoryless nature of the channel. Figure
3.3 illustrates this, where it can be seen that the causal relaying means that the symbols
from the current fading block could potentially be used for relaying, causing the mismatch
between the block memoryless model and the relaying. The detailed proof is in Appendix
B.1. Theorem 3.1 is stated for the 2-relay diamond network, but this can be generalized and
a generalized version of the cut-set outer bound for acyclic noncoherent networks is given in

Appendix B.2. O]

Transmitted symbol depends only
on previous received symbols at the relay.

Transmitted block can depend on
current received block.

Figure 3.3: The transmitted symbols from the relays depend only on the previously received
symbols, including the current fading block. Therefore the transmitted symbol could depend

on the received symbols in the current fading block.

In the next theorem, we explain the regimes in which the gDoF can be achieved by a

simple relay selection and the decode-and-forward strategy:.

Theorem 3.2. For the 2-relay diamond network with parameters in the regimes indicated

in Table 3.1, the gDoF' can be achieved by selecting a single relay as indicated in Table 3.1.

Proof. For achievability, we use the decode-and-forward strategy by selecting a single relay
depending on the regime as indicated in Table 3.1. (The existing noncoherent schemes [ZT02]
can be used in each link). For example when 7,41 > Y51 > Va2, We use decode-and-forward

using only Relay R;. The gDoF achievable from the source to Relay Ry is (1 — 1/7T) 451 and

5 For the figures in the table, the thickness of each arrow is just an illustration consistent with the range
of the gamma parameters in the first column of the table. There could be other consistent illustrations.
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Table 3.1: Regimes where a simple relay selection is gDoF-optimal.

Regime Ilustration® Relay selected gDoF

Rl (1 - %) Vsrl

Yrd1 2 VYsr1 Z VYsr2

Vsr1 > Vrd1 > “Yrd2 Rl (1 - %) Vrd1

gDoF achievable from Relay R, to the destination is (1 — 1/7") a1 [ZT02]. Each link can be
trained using one symbol, the rest of the symbols can be used for data transmission and this
will achieve the gDoF for each link [ZT02]. Thus, in this case, the gDoF achievable from the
source to the destination evaluates to min {(1 — 1/7") g1, (1 = 1/T) vea1} = (1 = 1/T) vgr1-

The other case from the last row of Table 3.1 can be similarly evaluated.

Now, we only need to show the outer bound for these cases. We use the outer bound
TC <min{ sup I (Xs;Yr),sup I (Xg;Yp) ¢ . (3.8)
p(X) p(X)
This is obtained by loosening (3.7). The above equation consists of a SIMO term and a
MISO term. From Chapter 2, the gDoF for SIMO and MISO can be achieved using just the

strongest link. Hence the above equation yields the gDoF outer bound

1 .
7 < (1 — :7) min {max {Ve1, Ver2 } » MmaxX {Yra1, Yrd2 } } - (3.9)

This equation for the gDoF outer bound reduces to the gDoF term in Table 3.1 in the different
regimes as indicated in the table. For example when .41 > Vg1 > Va2, the right-hand-side
(RHS) of (3.9) reduces to (1 — 1/T") vg1- O
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Discussion: The regimes discussed in this theorem arise also in the coherent case and relay
selection is optimal for the coherent case in these regimes. These regimes are dictated by
the v parameters alone, independent of T'. As we look into other regimes, we will see that

the coherence time T will also affect the relay operation and achievability strategies.

The rest of the results are about the nontrivial regimes of the 2-relay diamond network
that cannot be handled with the simple outer bound from (3.9). We develop new outer
bound techniques and achievability schemes for these cases. The outer bound techniques
involve loosening (3.7), discretizing the terms involved in it without losing gDoF and subse-
quently obtaining a solution for the optimization formulation of the outer bound using linear
programming methods. Achievability schemes involve a modification of the QMF strategy
[ADT11, ADT15]: the differences from the standard QMF strategy to our scheme are that
we only partially train the network and we use a scaling at the relays to avoid the necessity
of the knowledge of the entire network parameters at the destination. Also, from (3.9), it is

clear that if T'= 1, the gDoF is zero. Hence we consider T" > 2 for the rest of the chapter.

3.3.1 Nontrivial Regimes of the Diamond Network

In this section, we deal with the diamond network with its parameters lying in the regime
that cannot be handled by the decode-and-forward strategy as in Theorem 3.2. This regime

has

Ysrl > Vsr2, Vsrl > Yrd1, Yrd2 > Yrd1, Vrd2 > Vsr2- (310)

With this, all regimes of the diamond network are covered (we exclude the cases which can

be obtained by relabeling the relays).

Figure 3.4: Regime with vs:1 > Va2, Yort > Yed1 5 Yed2 > Yed1 a0d Yed2 > Yer2 -
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We now proceed with developing a (tight) gDoF outer bound for this regime.

Theorem 3.3. The outer bound (3.7) for the diamond network is optimized by input X
of the form X = LQ with L being a lower triangular matriz and () being an isotropically

distributed unitary matriz independent of L.

Proof. This is an adaptation of the existing results for the noncoherent MIMO channel
[MH99]. The proof is in Appendix B.3. O

Theorem 3.4. The outer bound (3.7) can be further upper bounded as
TC < min {(T' —1)log (p21) , (P1)}, (3.11)
where (Py) is the solution of the optimization problem

maximize min {101; 1/)2}
P, - { Ellol’]<TE[bl* +el*]<T (3.12)

laf*, [0 e[ > 0

with

1 =TE [log (s lal* + pl [b* + ply [e* +T)]

— B [log (pl lal* + plus b + s el + phnpis e lal* + 1)] (3.13)
o = (T —1)log (p3,2) + E [log (2 laf® + 2y [b]” + 1)]

+(T = 1)E [log (p2 || + T —1)]

—E [log (Pzdz |@|2 + poa |b|2 + P2 |C|2 + PP |C|2 |0l|2 + 1)} . (3.14)

Proof. Due to Theorem 3.3, we have

XR2 a 00 . . .0
Xg, |=|bcO0 . ..0]|@ (3.15)
XS d e f 0. .0

as the structure of the optimizing distribution, with a,b, ¢, d, e, f as random with unknown

distributions and () being an isotropic unitary 7' x 3 matrix independent of the other variables.
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Hence we have

TC'= sup min {1 (Xs: V), I (Xs; Vi) + 1 (Xry: Yol Xr,) s
p(a,b,e,de,f)
](XS;YRl)+I(XRQ;YD\XR1),I(XR;YD)} (3.16)

< sup min {I (XS;YR),](XS;YRI) +](XR2;YD|XR1)7I(XR;YD)} (317)
p(a,b,c,de,f)

< min{ sup [ (Xs;YR),
p(

a7b7c7d7e7f)

sup min {I (XR;YD) 7](XS;YR2) +I<XR1;YD|XR2)} } (318)
p(a,b,c,de,f)

(@)
< min { (T —1)log (p2.) ,

( sup )min {I(Xr;Yp),I(Xs;YR,) + I (Xgr,;Yp| Xry)} } (3.19)

p(a,b,c,de,f

(i9)

< min {(T —1)log (p2), sup min {¢y, 1[)2}} (3.20)
p(a,b,c)

(i) .

= min {(T' — 1)log (p2,) . (P1)} . (3.21)

In step (i), we observe that I (Xg; Yg) corresponds to a noncoherent SIMO channel. From
Chapter 2, the gDoF of the noncoherent SIMO is achieved by using the strongest link alone.
Hence

sup 1 (Xs;Yr) < (T — 1) log ()
p(a,b,e,d,e, f)

follows in step (i). The step (ii) is by showing
I(Xp;Yp) < ¢, I(Xs;Yr,) + 1 (Xry; Yp| Xr,) < ¢,

where 9; are independent of d, e, f. The details of step (i7) are in Section 3.4.2. In step (i),
we defined (P1) = sup,, . min {11, ¢z }. The optimization problem P; can be viewed as a
tradeoff between between a MISO cut (Figure 3.8 on page 69) and a parallel cut (Figure 3.9
on page 71). The tradeoff arises because the unknown channel from one of the relays acts
as an interference to the transmission from the other relay, hence the operation of Relay R,

and Relay Ry need to be optimized. O
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In the following lemma, we further reduce P; into a form that can be solved explicitly.

Lemma 3.1. The solution of Py has the same gDoF' as the solution of Pg.

;

mazximize min {p,\ ((T = 1) Y2 log (SNR) — log (SNR™ lea|” + 1))

+ (T - 1) (1 - pA) Vrdl log (SNR> ’ (T - 1) Vsr2 log (SNR)

Py : ¢ + (T — 2) palog (SNR™™ |¢;|* + 1) (3.22)

+ (T — 1) (1 — px) Va1 log (SNR) }

leal* <T,0<pr <1,

1.€.,

gDoF (P1) = gDoF (Py) . (3.23)

Proof sketch. The proof proceeds in several steps in Appendix B.4. We show in (B.61) that
we can discretize the function min {¢, 5} over discrete values of (\a!Z 0%, |ef?) without
losing gDoF. The discretization is over countably infinite points with the distance between
points chosen inversely proportional to the SNR. This is illustrated as the first step in Figure
3.5. We then show that at any SNR the discretization can be limited to a finite number of
points without losing gDoF'. This is illustrated as the second step in Figure 3.5. With a fixed
finite number of points, maximizing min {1,195} can be reduced to a linear program with
the probabilities at the discrete points as the variables. This linear program together with
the total power and probability constraints can be shown to have its optimal solution with
just 3 nonzero probability points. This is illustrated as the third step in Figure 3.5. We
then collapse 3 nonzero probability points to 2 points using the structure of the objective

function. Again we use the structure of the function min {1, 15} to reduce the problem to

an optimization problem over two variables \cl|2 ,px as in Py. The details are in Appendix

B.4. [l
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Discussion: Effectively, Py is derived from P; with a probability distribution

T,0,|c 2 w.p.
(aft bt ety = { 1) pp (3.24)

(0, 7/2,T/2) w.p. (1—py)
as the solution and reducing the optimization problem to the variables py, |c; |2. These points
are not directly obtained, but the problem is reduced in several steps, to reach the final form
containing contribution only from the two points. The existence of the two points in the
outer bound suggests the necessity to use a time-sharing random variable to coordinate the
two relays to achieve the gDoF. The variable a is associated with relay Ry and (b, ¢) is with
relay R;. The mass point (T,O, |01]2) needs both relays, however the point (0,7/2,7/2)
needs only Relay R;. After further solving the optimization problem, if |cl\2 turns out to
be zero, the joint distribution would be using a nonconcurrent operation of the relays: while
one relay is ON |, the other needs to be OFF and vice versa. Though this is in the outer

bound, it suggests the (gDoF) optimal system operation through this interpretation.

Infinite discretization

p(x) /\

Di
2
P i

. Mmm... R

Optimal with 3 points Finite discretization

-— 2

|2}
4

: It :

Figure 3.5: Proof methodology by discretization and linear programming arguments for

Lemma 3.1.
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Theorem 3.5. The optimization problem Py given in (3.22) has the solution as given in

Table 3.2.
Table 3.2: Solution of (Py) for achieving the gDoF.
Regime ey |? D
(T_Q)’YrdQ_(T_l)’Yrdl <0 0 Jor2

Yrd2

Ysr2
Yrd2 —7rd1l

Yrd2 > Vsr2 + Yrdl 0

(T —2)%az — (T — 1) ya1 >0 —
7rd2 S 75[‘2 + ’71‘(11 SNR’YrdQ Ysr2 —Yrd1 1

Proof idea. The detailed proof is in Section 3.4.3. We change variables from |cl|2 to . using
the transformation p?;, |01|2 = SNR™ with 7, < 74q1- This yields a bilinear optimization
problem in terms of . and py. The bilinear optimization problem gives different solutions

depending on the value of coefficients involved, and we tabulate the results. O

Discussion: We have regimes in which |¢;|> = 0. Here the optimizing distribution of the
outer bound effectively suggests a nonconcurrent operation of the two relays. Also, when
pr = 0, |a|® is always zero and hence the Relay Ry is not used. (This follows due to the

structure of the solution (3.15) and the nature of the mass points from (3.24)).

Theorem 3.6. (Nonoptimality of training schemes) For the regime described in (3.10),

training-based schemes cannot always achieve the outer bound (3.21).

Proof. If only a single relay is used, we need to set aside at least one symbol in every block
of length T, to train the channel from the source to the relays and the channel from the

relays to the destination. Then the gDoF achievable is
71,train X T = (T - 1) max {Hlln {781“17 %dl} ,rnin {78r27 7rd2}} . (325)

If both the relays are used, for training the channels from the relays to the destination,
we need to set aside at least two symbols in every block of length T, since there are two

parameters to be learned at the destination. For training the channels from the source to the
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relays, we need to set aside at least one symbol in every block of length T'. After training,
we can have super-symbols from the source to the relays with length at most 7' — 1, and
from the relays to the destination with length at most 7' — 2. Now, using the cut-set outer
bound with this super-symbols, and assuming perfect network state knowledge at all nodes
i.e., using a coherent outer bound, we can upper bound the gDoF 73 1ain achievable using

training-based scheme as

72,train x T Smln{ (T - 1) Vsl (T - 2) Yrd2, (T - 1) Vsr2 + (T - 2) Yrdl,
(T - 1) Vsrl + (T - 2) 7rd2}
(@)

= min (T - 1) Vsrl, (T - 2) Vrd2, (T - 1) Yer2 + (T - 2) ")/rdl} ) (327)

(3.26)

where (2) is because Ysrl > Vsr2; Vsrl = Vrdl; Yed2 > Vedl, Vrd2 > Vsr2 in this regime-

Now, examining the outer bound (3.21), in order to complete the proof, we just need to

give a sample point where
V1, train X Ta 72, train X T' < min {(T - 1) Vsrl, gDOF (Pl)} (328)

with strict inequality. We give a sample point T" = 3,751 = 4, V2 = 1, Yed1 = 2, Yed2 = 3.

Now with this choice

(T - 1) max {mln {75r1> PYrdl} ) min {7sr27 7rd2}} =4 (329)
min {<T - 1) Ysrl, (T - 2) Vrd2, (T - 1) Vsr2 + (T - 2) ’Yrdl} =3 (330)
min {(T — 1) vs1, gDoF (Py)} = 5.33, (3.31)

where gDoF (P;) is evaluated using Lemma 3.1 and Table 3.2. One can construct several

other counterexamples to demonstrate the suboptimality of training. ]

3.3.2 Train-Scale Quantize-Map-Forward (TS-QMF) Scheme for the Noncoher-

ent Diamond Network

In this section, we describe our scheme for achieving the gDoF for the nontrivial regime

(3.10) of the diamond network. The same scheme can be used to achieve the gDoF in the
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other regimes, but decode-and-forward is also gDoF-optimal in those regimes. Our scheme
is a modification of the QMF scheme developed in [ADT11, OD13, ADT15]. The QMF
strategy, introduced in [ADT11] is the following. FEach relay first quantizes the received
signal, then randomly maps it to a Gaussian codeword and transmits it. The destination
then decodes the transmitted message, without requiring the decoding of the quantized
values at the relays. The specific scheme that [ADT11] focused on was based on a scalar
(lattice) quantizer followed by a mapping to a Gaussian random codebook. In [OD10, OD13],
this was generalized to a lattice vector quantizer and [LKG11] generalized it to discrete
memoryless networks. Our scheme is illustrated in Figure 3.6 and Figure 3.7. We discuss
the modifications compared to the QMF scheme, more details on the QMF scheme can be

found in [ADT11, OD13, ADT15]. The modifications compared to the QMF scheme are:

1. The source uses super-symbols of length T" and the first symbol of the supersymbol is

kept for training the channels from the source to the relays.

2. The relays use the first symbol from every received supersymbol to scale (the scaling
is precisely defined in following paragraphs) the rest of the symbols in the received
supersymbol, the scaled version (ignoring the first symbol) is quantized and mapped

into super-symbols of length 7" and transmitted.

3. The relays are assumed to have access to a time-sharing random variable A. We choose
A to be a Bernoulli random variable and the codebooks for the relays are generated
using a distribution that is joint with the distribution of the time-sharing random

variable.

We describe our scheme in more detail in the following paragraphs.

3.3.2.1 Source

The codewords at the source are generated according to a Gaussian distribution p(Xg),

where X is a vector of length (7" — 1). The source encodes the message m € [1 : 2”TR] onto
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1 (T-1)

[ \
Pilot  Data A=0 T - Codeword depends on
’ Data‘ the time-sharing
Sca QMF variable A

1

Pilot Data

Ra

Scale and QMF

Figure 3.6: Summary of the achievability scheme: the source sends one pilot symbol in every
block. The relays scale the data symbols using the pilot and perform QMF operation after
scaling. The codewords sent at the relays depend also on the time sharing random variable

A.
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X& with X§ = Xs(1)... Xs(n) and each Xg (¢) is a vector of length (7" —1). The source

then transmits the sequence
1, Xs(D)],...[1,Xs(@)],...[1, Xs(n)].

Thus in every block of length T, the first symbol is for training and the rest of the symbols

carry the data.

3.3.2.2 Relays

The relays are assumed to have access to a time-sharing random variable A. The codebooks
at the relays are generated according to the joint distribution p (A)p (Xg,|A)p(Xgr,|A),
where p (Xg,|A) are Gaussian distributed. The random variables Xg,, Xr, are vectors of
length T'. Hence the codeword sent at each relay depends also on the time-sharing random

variable.

Since the source sends a known symbol (e.g., 1) for training at the beginning of every block
(of length T'), Relay R; can obtain g7, + w" after n blocks, where g% = g1 (1) ... gs1 (n)
contains the i.i.d. channel realizations across the n blocks and w"™ = w (1) ... w (n) contains
the i.i.d. noise elements with w (i) ~ CN (0,1). The data symbols are received as Yij, =
9o, XE + Wi, where Wy, is a noise vector of length T'— 1 with i.i.d. CN (0,1) elements.

n

, v n wa . .
Relay Ry scales Yy to Yy = gnl = gi—{ng + g7—L1, where g4 is obtained from gy + w as
srl srl srl

gsrl = eil(gsrler) + (gsrl + w) ) (332)

where Z (gg1 + w) is the angle of ggq +w. This scaling is done at the relay using the trained
channel, in order to avoid the necessity of having the knowledge of g1 at the destination.
Our scaling uses a modified version gy instead of gs1 +w; this is because 1/ (gs1 + w) could

take infinite magnitude and this problem is avoided by using 1/ggs1.
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Quantize Map | Ry

g:% gsrl = eié(gsr1+w) + (gsrl + U))

Figure 3.7: Processing at Relay Rj.

. . /7 n W’ﬂ . A, n. Wn
Relay R; quantizes the scaled version YR" = gil—fng‘ + gf - into YR, = —gi’ng + gf'll +QF,
sr Sr Sr sr

with Qr, ~ Wa, independent of all the other variables. The quantized symbols are mapped

Gsrl

into X, and sent. The transmitted codeword Xy, depends also on the time-sharing random
variable. Note that the relays do not train the channels to the destination, as it turns out

to be suboptimal as proved in Theorem 3.6.

. . . . / n WgE . ~ n
Relay Ry does similar processing. It quantizes Y = gz—erg + gfj into Yy = g;—rzxg +
ST ST ST

Ll]ﬂ
2+ Qp, with Qg, ~ V;R; independent of all the other variables. The quantized symbols

Y
Isr2

are mapped into Xg, and sent. Again the transmitted codeword Xy depends also on the

time-sharing random variable.

3.3.2.3 Destination

Using weak typicality decoding [OD10, LKG11, OD13, ADT15], the following rate is achiev-
able:

TR = min{f (XSQYRayD’XR;A> I (Xr, Xs; Yp|A) — 1 <Yé; ?R‘ XS7XR7YD7A) ;

1 (X, X3 Vi, Yo| Xrao A) = 1 (i, Vi,

X87 XR7 fwa YDJ A> )

1 (X, Xiai Vi, Yo| X A) = 1 (Vityi Vi

XSaXR7YR17YD;A> } (333)

with
Y/ R Y
Ya=| Ml ve=]| " (3.34)
YR, Yr,

and using a distribution p (A) p (Xg) p (Xgr, | A) p (Xr,|A) p (YRI

YR, XRlA) p (ffRQ

Vi, XroA).
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We choose the distribution for A as

0 w.p. px
A= (3.35)

1 w.p. 1—ps

with py being a constant to be chosen. We choose Xg as a (I'— 1) x 1 vector with i.i.d.

CN (0,1) elements, i.e.,
Xs = [0 (1) eeer 20 (0) oot (T = 1) (3.36)

with i.i.d. elements z; (i) ~ CN (0,1), and we choose

(
ari0Xro ifA=0
Xp, = (3.37)

\aRllXRll ifA=1

(
ar20Xr20 A =0
Xn, — (3.38)

KGRZIXRﬂ if A=1,

where Xgrio, Xr11, Xroo, Xr21 are all T' x 1 vectors with i.i.d. CN (0,1) components, all of

them independent of each other, and arig, ar11, Groo, Gr21 are constants to be chosen.

We also have

Vi, = Y4, + Qr,, (3.39)
where Y = g:_iXS + Ig:il , Qr, ~ Ig:il and @g, is independent of the other random variables.
Similarly
Vi, = Vi, + Qr,, (3.40)
W, W,

/! __ Gsr2 .. .
where Yy, = gEXS‘I' s Qr, ~ - and g, is independent of the other random variables.

Theorem 3.7. For the diamond network with parameters as described in Section 3.3.1, with
the choice

ario = C1,aRr11 = 1,ar = 1,ar2 =0 (3-41)

and choosing the values of \01]2 ,pa from Table 3.2, the gDoF' can be achieved.
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Proof sketch. The detailed proof is in Section 3.4.4. In the proof we analyze the expression
of the achievable rate from (3.33). Using Theorem 3.13 and due to the relay operation of
train-scale-quantization, we first show that the penalty terms —1I (Yé; ffR‘ Xs, XR,YD,A),
1 (Yél;YRl XS,XR,YRZ,YD,A) and —I <Yl§2;YRQ XS,XR,YRI,YD,A> do not affect the

gDoF when we use Gaussian codebooks with time sharing. Then we show that the terms
I (XS;YRYD’ XR,A> I (XS,XRQ;YRNYD’ XRI,A) achieve (T — 1)~ log (SNR) in gDoF;
hence they achieve part of the outer bound min {(7" — 1) 741 log (SNR), (P1)} from (3.21).
Then we show that the terms I ( XgXs; Yp|A), [ (XS, XR,; lA/RQ, YD‘ XR,, A) can be reduced
to the same form as in (P;) from (3.21). In the inner bound, after using (3.41), we can
optimize over |cl|2 , P to achieve the best rates. We show that this optimization problem is
same as the one that appeared in Theorem 3.1 in the calculation of the outer bound. Hence
choosing the values of |¢; |2 , px from the solution of the outer bound from Table 3.2 and using

it in the inner bound, we achieve the gDoF. O]

Discussion: The specific choices in Theorem 3.7 are designed to exactly match the
terms arising in the inner bound with the terms arising in the outer bound. The
time-sharing random variable A is chosen to have a cardinality of 2, since the outer
bound distribution has 2 mass points (3.24). The scaling is performed at the relays so
that the penalty terms —I (Yé;ffR‘ XS,XR,YD,A), 1 (Yél;YRl XS,XR,YRQ,YD,A) and
—1I (YéQ;YRQ XS,XR,YRI,YD,A) do not affect the gDoF. A QMF scheme with Gaussian

codebooks without the scaling at the relays does not demonstrate this property as we ob-
serve in Remark 3.2 on page 82. We train the channels from the source to the relays using
a single training symbol, but we do not train the channels from the relays to the destina-
tion. The intuition behind this is that using a single training symbol is gDoF-optimal for
a SIMO channel, but using two training symbols is not gDoF-optimal for a MISO channel.
This intuition is made more precise in Theorem 3.6. Observing the values of |01|2 , px from
Table 3.2, and the network operation as defined in this section, we see three regimes of relay
operation. We can interpret these regimes by recalling that the tradeoff in the cut-set outer

bound (tradeoff arises as P; in the outer bound (3.21)) is between a MISO cut (Figure 3.8 on
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page 69) and a parallel cut (Figure 3.9 on page 71). The other cuts are already maximized
by our choice of a Gaussian codebook at the source. The tradeoff arises in using Relay R,
or Relay Ry because the unknown channel from one of the relays acts as an interference to

the transmission from the other relay. The three regimes are described below:

L If (T —2) Y2 — (T'— 1) 3ea1 < 0, then the relays operate nonconcurrently, Relay R4
is ON with probability 1 — (yg2/7ra2) and Relay Ry is ON with probability g2 /7raz-
Note that we already have va2 > Va1, 80 (T — 2) Yra2 — (T'— 1) 7ra1 < 0 implies that
Yrd2, Vrd1 are quite close to each other in their values. In this case, the nonconcurrent
operation ensures maximum gDoF across the MISO cut (see Figure 3.8), by avoiding
interference between the relay symbols at the destination. The parallel cut (see Figure
3.9) can match the gDoF across MISO cut even when R; is not always ON; since the

parallel cut has contribution from ~g..

2. If (T'—2)va2 — (T — 1) a1 > 0 and a2 > Ysr2 + Yea1, then the relays again operate
nonconcurrently, Relay Ry is ON with probability 1 —~g2/ (7ra2 — 7wa1) and Relay Ry is
ON with probability vg2/ (Vrd2 — Yed1). Here via2, 1ra1 are not close to each other, hence
for maximum gDoF across the MISO cut (Figure 3.8), Relay Ry needs to be always
ON. The nonconcurrent operation reduces the gDoF across the MISO cut (Figure 3.8).
However, since Jpa2 > Vsr2 + Va1, the gDoF across the MISO cut (Figure 3.8) can have

a lower value to match the parallel cut (Figure 3.9).

3. f (T'—2)Yra2 — (T'— 1) %1 > 0 and Va2 < Ysr2 + Yra1, then both the relays operate
simultaneously, but Relay R; operates with a reduced power, its transmit power is
scaled by SNR74277%27%dl  Here Ry needs to be always ON to get maximum gDoF
value across the MISO cut (Figure 3.8) compared to the parallel cut (Figure 3.9), since
Yed2 < Yer2 + a1 Also Relay Ry operates at a lower power to reduce interference with
Relay Ry. Reducing the power of Relay Ry reduces the gDoF across the parallel cut
(Figure 3.9), but this does not affect the overall gDoF because Yra2 < Ver2 + Vrdi-

We also note that we can get another set of regimes by relabeling the relays (reversing the
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roles of the relays in Figure 3.4) and this would reverse the roles of Relay R; and and Relay

R5 in the modes of operation.

3.4 Analysis

In this section we provide more detailed analysis for the results stated in the previous section.
In Section 3.4.1, we state the mathematical preliminaries required for the analysis. This
include the results from previous works. In Section 3.4.2, we give the details required for
Theorem 3.4 to loosen the outer bound (3.7) to a different form which can be optimized
explicitly; this optimization is detailed in Section 3.4.3. In Section 3.4.4, we analyze the rate
achievable for the TS-QMF scheme from Theorem 3.7. A subresult required for the analysis
of the TS-QMF scheme is described in Section 3.4.5. The TS-QMF scheme requires the relays
to perform a scaling followed by QMF operation. We analyze a point-to-point SISO channel

in Section 3.4.5, which has similar structure as the effective relay-to-destination channel.

3.4.1 Mathematical Preliminaries

Fact 3.1. For exponentially distributed random variable & and a > 0,b > 0, log (a + bpe) —
vlog (e) < E[log (a + b€)] < log (a + bue), where v is the Euler’s constant.

Proof. The details are in Section 4.3 (on page 99). O

Lemma 3.2. Let [&1,&,...,&,] be an arbitrary complex random vector and @ be an n X n

unitary isotropic distributed random matriz independent of &;, then

B &l Q) = A (D 16F) + (= DE [log (3 I&F*) | +log (/T (n) . (3.42)
Proof. See page 25 for details. O

Remark 3.1. The above lemma can be applied to h([&1,0,...,0] Q) = h(&q), where § is an

n-dimensional isotropically distributed random unit vector (G can be taken as the first row of

Q), to obtain h (£1q) = h (\£1|2) + (n—1)E [log (|£1\2)] +log (7"/T" (n)) .
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Corollary 3.8. Let [£1,&s, ..., &) be an arbitrary complex random vector, & be an arbitrary

complex random wvariable and Q) be an n X n unitary isotropic distributed random matriz
log (7" /T (n)).

Fact 3.2. For an exponentially distributed random variable & with mean pe and a > 0,b > 0,

we have
b b b b
E [—} _ b < ,_> (3.43)
b+&]  pe Ihe
and
b b & b b 2
ZIn (1+ﬂ) > —e“€F<O, —> > " In <1+ﬂ), (3.44)
e b/ e pe) — 2pe b

where I' (0,x) is the incomplete gamma function. Note that 0 < zln(1+1/x) < 1.

Proof. See page 24 for details. n

3.4.1.1 Chi Squared distribution

We will use the properties of chi-squared distribution in our inner bounds for the noncoherent

diamond network. If w; ~ CN (0, 1) i.i.d., then
- 1
> fwil? ~ 53 (2T),
i=1

where x? (k) is chi-squared distributed (which is the sum of squared of k standard normal
(real) random variables). Also, /2x2 (2T)g™ will be a T dimensional random vector with
ii.d. CN (0,1) components, where g7’ is a T dimensional isotropically distributed complex

unit vector. Also, we have the entropy

h (%XQ (2T)> —T+In(T-1))+(1-T)v(T), (3.45)

where 9 () is the digamma function which satisfies

In (T) — :lp < $(T) < In(T) - % (3.46)
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Also, from [Bat08] we have
1
In (T + 5) < (T+1) < (T+e7). (3.47)

Chi-squared distribution is related to Gamma distribution as

x> (k) ~T (g 2) : (3.48)

Fact 3.3. For a chi-squared distributed random variable x* (k) and a > 0,b > 0,

2log (e)

log (a + bk) — + log (1 + %) < E [log (a + bx* (k))] < log (a + bk). (3.49)

Proof. The result is proved in Section 4.3 (on page 99) for the Gamma distribution and the

result for the chi-squared distribution follows as a special case. O

Fact 3.4. For a noncoherent Nx M MIMO channel Y = GX+W with X chosen as X = L@,
Q being a T x T isotropically distributed unitary random matriz, L being an M x T lower
triangular random matriz independent of QQ, G being the N x M random channel matrixz with

independently distributed Gaussian elements and W being the N x T random noise matrix

with i.i.d. CN (0,1) elements, we have:

h(Y]X) =) h(Y(n)]X), (3.50)
where Y (n) is the n™ row of Y and
h(Y (n)|X) =E [log (det (me (L' diag (p* (n)) L+ I7)))] , (3.51)

where p* (n) is the vector of channel strengths to n™ receiver antenna ( i.e., p*(n) contains
the variance of the elements of the n'™ row of G) and Iy is the identity matriz of size T x T.
Also, forT > M, using the lower triangular structure of L with Ly« being the first M x M

submatriz of L, we have:

P(Y (0)]X) = E [log (det ((Lldiag (* () Larar + I ) ) )| + Tlog (ze),  (3.52)

where Iy 1s the identity matriz of size M x M.
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Proof. This follows by standard calculations for Gaussian random variables and using the

properties of determinants and unitary matrices. See page 27 for details. O]

Theorem 3.9. For the non-coherent SIMO channel Y = GX + Z, where X 1is the
1 x T wector of transmitted symbols, G = Tran <[ git - - gm ]>, gin ~ CN(0,p3) =
CN (0,SNRY), and W being an N x T noise matriz with i.5.d. CN (0,1) elements, the
gDoF is (1 — 1/T) max; 1, i.e., the gDoF can be achieved by using only the statistically best

receive antenna.

Proof. See page 18 for details. O

Theorem 3.10. For the non-coherent MISO channel Y = GX+Z, where X is the M xT vec-
tor of transmitted symbols, G = | g;1 . . gy |» g1 ~ CN(0,p3;) = CN (0,SNR™), and
W being an 1 x T noise vector with i.i.d. CN (0,1) elements, the gDoF is (1 — 1/T) max; 7,

i.e., the gDoF' can be achieved by only using the statistically best transmit antenna.

Proof. See page 20 for details. O]

3.4.2 Proof of Theorem 3.4

We just need to show I (Xg;Yp) < 1, I (Xs;Yg,) + 1 (Xg,;Yp| Xgr,) < ¥ to complete the

proof, continuing from the outline of proof given on page 53.

3.4.2.1 An outer bound: [ (Xgr;Yp) <

Figure 3.8: The cut corresponding to I (Xg; Yp).
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Using the structure of solution from (3.15) on page 53, we have

Xg,
YD = |: Grd1  Grd2 :| + WD (353)
L XR2
b ¢ 0 . . .0
= [ grdl  Grd2 } Q@+ Wp (3.54)
a 00 . . .0

with Wp = [wqy, . . ., war|, the elements wq; being i.i.d. CN (0,1). Now,

b ¢ 0 . . .0
h(Yp) =h [ Jrdl  Gra2 ] Q+Wp (3.55)
a 00 . . .0
(i) b ¢ 0 . . .0
(| ] gt a2 | | Q (3.56)
a 00 . . .0
=h ([agraz + bgrda1 + Wd1, CGra1 + Wz, Wa3, - - . , War]| Q) (3.57)
T
(i)h <|agrd2 + bgr(ﬂ + wd1\2 + |cgrd1 + wd2\2 -+ Z \wdi]2) (358)
=3
T
+(T'-1)E |log <|agrd2 + bgrar + wd1|2 + |cgra1 + wd2|2 + Z |wdi|2>]
i=3

T
1 3.99
s () 20
where (i) is because Wp and Wp@Q have same the distribution since Wp has i.i.d. CN (0,1)

elements and () is unitary, (iz) is using Lemma 3.2. Now, using (3.52) we can evaluate

h (YD|XR) to get
h(Yp|Xgr) =E [108" (P?dz |a|2 + Pfd1 |b|2 + p?dl ‘C|2 + p?dlp?dQ |C|2 |a|2 + 1)} + T'log (me) .
(3.60)
Lemma 3.3. For any given distribution on (a,b,c), the terms

T
h <|a97~d2 + bgra1 + wdl|2 + [cgrar + wd2|2 + Z ’wdi’2)

=3

and
E [log (Pidz |a]2 + pzcu WZ + /ﬁdl MQ + T)]

have the same gDoF.
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Proof. The proof is in Appendix A.7. n

The following two corollaries follow similar to the above lemma, we omit the proof.

Corollary 3.11. For any given distribution on (a,b,c), the terms h(agra + bgra1 + War),
h (agra2 + bgra1 +wai| @), b (|agrd2 + bgrar + wdl|2); E [log (Pzdz |a|2 + 02y ’b‘2 + 1)} , all have
the same gDoF.

Corollary 3.12. For any given distribution on (a,b,c), the
terms B (Jegran + wel® + Sy lwal”), h (legur + waal’ + 1y [wal’|a),
E [log (pfdl |c]2 + 7T — 2)}, all have the same gDoF.

Note that

E

T
log <|agrd2 +bgrar + war|* + [egrar + waal* + Z ’wdz’|2>]
i=3

= E [log (pfaz lal” + pfar IDI° + pias lel” + T)] (3.61)

using the Tower property of expectation [WHHO5, pp. 380-383] and Fact 5.1. Hence using

Lemma 3.3 and the above equation, we get
I (Xg;Yp) =TE [log (P?dz |a]2 + p?dl |b‘2 + p?dl ’CE + T)}
— E [log (pis, lal* + pay b1 + plas lel” + plarpias el [l + 1)]

=ihy. (3.62)

3.4.2.2 An outer bound: I (Xs;Yg,)+ I (Xr,;Yp| Xr,) < ¢

Ry

Figure 3.9: The cut corresponding to I (Xs; Yr,) + I (Xr,; Y| Xgr,)-
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We have
I (XS; YRQ) S (T - 1) lOg (p§r2) (363)
due to the DoF results for the noncoherent SISO channel [ZT02]. Now,

I (Xr,; Yp| Xr,)

= h(Yp| Xg,) — h (Yp| Xg,, Xr,) (3.64)
(i) a 0 0
=h [grdQ grdl] Q@+ Wp [a 00 .. O}Q — T'log (me)
b ¢ 0 . . 0
—E [108; (P?dz WQ + Praa |b’2 + P ’CF + Pig1Poas |C’2 ’a‘z + 1)} ; (3.65)

where (i) was using the structure of Xg,, Xg, from (3.15) on page 53 and by evaluating

h (Yp| Xr,, Xr,) using (3.52). Now,

a 00 . .0
h [grdQ grd1] Q+Wplla 00 .. 0|Q
b ¢ 0 . .0
(3) a 00 . .0 1 0
=h [ grd2  Grd1 ] + WD a (366)
b ¢ 0 . .0 0 QT—I
=h <b9rd1 + agra2 + wWai, [ graic 0 . .0 ] Qr—1+Wpr_ a> (3.67)
(id)
< h (bgrdl + agrd2 + wdl’ a) +h ( <|: grd1C O . .0 :| + WD,T71) QTfl Cl) (368)
) 2 - 2
= h(bgra1 + agraz + war|a) + b | |gearc + waz|” + Z lwail”| a
i=3
+ (T = 2)E [log (p2y |c|* + T — 1)] (3.69)
(iv)
=E [log (P?dQ WZ + P |b‘2 + 1)} +(T-1E [log (Piﬂ |C’2 +7T - 1)} (3.70)
(7) is because by conditioning on [ a 00 .. .0 } Q@ the first row of () is known and

hence the entropy is evaluated after projecting onto a new orthonormal basis with first
basis vector chosen as the first row of ). The random matrix ()7_; is unitary isotropically

distributed in 7" — 1 dimensions. Since Wp has i.i.d. elements, after this projection, the
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distribution of Wp remains same. The random vector Wpp_y is T'— 1 dimensional with

i.i.d. CN(0,1) elements. The step (i7) is using the fact that conditioning reduces entropy

and the fact that Wp r_y has the same distribution as Wp r_1Q7—_1. The step (i) is using

Lemma 3.2 on h ( <[ graic 0

and Corollary 3.12. Hence we get

I (Xs, Xgr,; YRy, Yp| XR,)
< (T - 1)log (p,) + E [log (o2 lal® + pZiy [B° +1)]
+(T = 1)E [log (p2 || + T —1)]
—E [log (pfas |af + o2 [01” + plar |el® + pa Pl | al* 4 1)]

- wz-

3.4.3 Solving the Outer Bound Optimization Problem

For the outer bound we have the optimization program:

7)92

)
maximize min {pA (T — 1) Y2 log (SNR) — log (SNR™ |¢; | + 1))

(
+ (T = 1) (1 = py) Year log (SNR), (T — 1) 72 log (SNR)
+ (T — 2) palog (SNRY™ 1 |¢;[* 4 1)
+ (T -

T — 1) (1 — py) Year log (SNR) }

k|c1|2 <T,0<py<1,

with

gDoF (Py) = gDoF (Py)

0 } + WD,T—1> QT_l‘ a) and (iv) is using Corollary 3.11

(3.71)

(3.72)

(3.73)

(3.74)

due to Lemma 3.1 on page 55 and P; is defined in Theorem 3.4 on page 53. Now, with

le1|? < 2T, we have 0 < log (SNR“’rdl ler|® + 1) < a1 log (SNR). So we change variables by
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letting log (SNRM |01|2> — ~.1og (SNR) to get

maximize min { px (7' = 1) a2z — 7e) + (T = 1) (1 = pr) Yrar,
Pro : (T = 1) Yoz + (T = 2) pave + (T — 1) (1 = pa) Year } (3.75)
0<7% <M, 0<pr <1
with
gDoF (P;) = gDoF (Pg) = (Pro) - (3.76)

Note that we removed scaling by log (SNR) in Py, so its solution directly yields the gDoF.
Following (3.24) on page 56, now Py, gives two mass points for (\a!z , \b|2 , ]c|2) for optimal
gDoF

T,0,|c1)?) = (T, 0, SNRY a1 p.
(Iaf 1B ) = (10 Jeal) = ( ) e (3.77)
(0,7/2,7/2) w.p. 1 —p,.

Now Py is a bilinear optimization problem which we solve explicitly.

3.4.3.1 Solving the bilinear problem

We collect the terms in P;o to rewrite it as
maximize min {p,\ (T = 1) (Yra2 = Yed1) = Ye) + (T = 1) Year,

Pro (T = 1) 32 + 23 (T = 2) 7 = (T = 1) 3eat) + (T = 1)}
0<% <Ma,0<pr<1

(3.78)
Note that (T"—2) v, — (T — 1) 1a1 < 0. Hence (T"— 1) Yse2 + 02 (T = 2) e — (T'— 1) a1) +
(T — 1) Yya1 is decreasing in py. If (T'— 1) (Yra2 — Y1) — Ye < 0 both the terms inside min ()
are decreasing with p, and hence the optimal would be achieved at py = 0. However, this
value can be achieved in the regime (7" — 1) (Yra2 — Y1) — Ve = 0 with py = 0 for any value
of ¥.. (See Figure 3.10).

Hence it suffices to consider the regime
(T - 1) (’VrdQ - ’Yrdl) — e >0 (379)
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Yrdz _ . 1 _
Yoar  ET-1 1<0

Figure 3.10: For the objective function from (3.78), the regime (7" — 1) (Yra2 — Yed1) — 7 < 0

is dominated by the line py = 0.

in Pio. In this regime, examining the two terms within the min of Pig, (T —1)7yg2 +
PA((T = 2)7e = (T = 1) year) + (T — 1) yrar is decreasing and p (T — 1) (a2 — Yea1) = Ye) +
(T — 1) yya1 is increasing, as a function of py. Hence the maxmin in terms of p, is achieved
at the intersection point, if that point is within [0,1]. (See Figure 3.11). The intersec-
tion point is determined by (T'—1)ys2 + pA (T —2) v — (T = D) yar) + (T = 1) yr =
Px (T = 1) (a2 — Yea1) — Ye) + (T — 1) Va1, which gives the intersection point to be

/ Ysr2
Py = —". 3.80
A Yrd2 — Ve ( )

Objective function
A

Figure 3.11: Behavior of the bilinear program from (3.78) as a function of p, for any ~, <

(T —-1) (%dz — Ved1)-

Now, we claim that it is sufficient to consider the regime p), < 1 <= Y49/ (Tra2 — Ve) <

1 <= 7. < Va2 — Yarz. Otherwise py, > 1 <= 7. > a2 — VYsr2, and in this regime, the
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maxmin in terms of p, is achieved by py = 1 (see Figure 3.12), and the maxmin value is

given by 1 X (T'—=1) (Va2 — Tea1) — V) + (T = 1) a1 = (T'— 1) a2 — V.- But a greater

Objective function
A

Figure 3.12: Behavior of the bilinear program from (3.78) as a function of py when p) > 1.

value can be achieved by choosing 7. = Va2 — Yer2 (instead of 7. > Yra2 — Jsr2) at py = 1, and
that value is given by (7" — 1) Va2 — (7ra2 — Ysr2). Hence it suffices to consider the regime
with

Ve < Yed2 = Ver2- (3.81)
Now, using the extra constraints (3.79), (3.81) and substituting the optimal p) =
Ysrz/ (Veaz — Ye) In Prg (3.78), we get the equivalent problem

maximize (T — 1) var2 + _ 2

T—-2 — (T —=1)va1) + (T — 1) vpq1-
0<ye<(T—1)(Yrd2—"Yed1)sYrd2 = Ysr2,Yrd1 Yrd2 — Ve (( ) e ( )’}/r 1) ( )’Yr !

(3.82)
Now it can be verified that

d Ver

. ﬁ (T =2)7 = (T = 1) Yan)

= (’Y%—rzvf (T = 2) a2 = (T = 1) Yra1) -
rd2 — "Je

Hence if (T'—2) Y2 — (T'— 1) %a1 < 0, the maximum in (3.82) is achieved at . = 0,
otherwise the maximum is achieved at v, = min{va1, (T — 1) (Yrd2 — Ved1) > Ved2 — Ver2}-

With the following claim, we show that if (T'—2)ya — (T'—1)9%a1 > 0, then
min { Va1, (7 = 1) (Va2 — Yed1) , Yed2 — Ysr2} 1S same as min {Yea1, Yeaz — Yor2 }-
Claim 3.1. If T—-2)ve2e — (T—=1)va > 0, then

min {’Vrdla (T - ]-) (IYrdQ - 77’d1) y Vrd2 — 751“2} = min {’Vrdla Yrd2 — 737"2}
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Proof. To prove this, it suffices to show that (T — 1) (ra2 — Yrd1) > Yea1- We have

(T — 2) Yrd2 — (T — 1) Ved1l > 0
= (T - 1) Yrd2 — (T - 1) Yrd1 > Yrd2

~ (T - 1) (’Yrd2 - /Yrdl) > Yrd2

Now the required result follows, because 742 > a1 in the regime under consideration (see

Figure 3.4). O

Now, we go through the different regimes that give different solutions.

3.4.3.2 (T —2)vaz— (T —1) a1 <0

In this case maximum is achieved at

“Vsr2 o Ysr2

. (3.83)
Yrd2 — ’V: Vrd2

7 =0, p\=

Hence following (3.77), we have the solution (7,0, |cl|2) = (T,0,SNR™™") with probability
Px = Yer2/Veaz and (0,7/2,T/2) with probability (1 — py) = 1 — Y2/ 7wz Effectively we can
choose (T',0,0) (since |¢;|> = SNR™"4! causes the link g,4; to contribute zero gDoF) with
probability py = Yao/Yra2 and (0,7/2,7T/2) with probability (1 — py) = 1 — vg2/7a2. Note
that this regime with (7' — 2) ya2 — (T — 1) 7:q1 < 0 disappears as T' — 0o, since we already
have a2 > Va1 (Yra2 > Jrar from the description in Section 3.3.1). Following (3.77) we
tabulate the optimal distribution for (a, b, c) in Table 3.3.

Table 3.3: Solution with (7" — 2) a2 — (T'— 1) %a1 < 0

(a,b,c) Probability
<\/T 0, 0) pa= 22

Yrd2

(O VTNTR) 1= =1- 22

In this case, we calculate the gDoF by substituting the solution in (3.82) and scaling with
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1/T. The outer bound gDoF for the network is

1 ST
T ((T D) Yz + 22 (= (T = 1) par) + (T — 1)%d1>
fyrd2

]_ T I
= (1 - _) (Vsr2 + Yrdl — T2 dl) .
T Yrd2

3.4.3.3 (T — 2) Yed2 — (T — 1) Yedl > 0

In this case the optimal value is achieved by

VYsr2

7: = min {7rd17 Yrd2 — ’Ysr2}7 p: = (384)

Yrd2 — Ve

Case 1, 7' = Ypa1 = min {Vpa1, Yraz — Ysr2} We have the solution
(T,0,]e1[?) = (T,0,SNR™ ™ 4) = (T,0,1) (3.85)

with probability px = a2/ (Yra2 — 1wa1) and (0,7/2,7/2) with probability (1 —py) =
1 — Ysr2/ (Mea2 — Yea1). For gDoF, we can effectively have (7,,0,7) with probability p) =

Yer2/ (Yra2 — Yea1) and (0,7/2,T/2) with probability (1 —py) = 1 — Ys2/ (Yea2 — Yea1)- The
result is tabulated in Table 3.4.

Table 3.4: Solution for case 1

(a,b,c) Probability
JR— ’YSI'
(ﬁ’ 0, ﬁ) Py = 'Yrd2_’27rd1

(0.VTR2VTR2) | (1=pp) =1 - e

By substituting the solution in (3.82) and scaling with 1/7T, the outer bound gDoF for

the network in this case is

((T — 1) ya2 + Tsr2 (T =2)%a1 — (T = 1) ypa1) + (T — 1) ’Vrdl)
Yrd2 — Vrdl

1 1 Vsr27Vrd1l
1—-= sr2 + Ve —\= )
( T) (’y ? ! dl) (T) Yrd2 — 7Vrdl
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Case 2, 7' = Yra2 — Ysr2 = Min { Va1, Yrd2 — Ysr2} With this value of z* we get the point
(T,O, |Cll2) _ (T’O’SNR’YC_'Yrdl) — (T’O’SNR'YrdQ_’Yer_'Yrdl) (3.86)
with probability px = Ys2/ (Yra2 — 7;) = 1. The result is tabulated in Table 3.5.

Table 3.5: Solution for case 2

(a,b,c) Probability
(\/T’ O’ \/SNR’YI‘de'YSrQ*'Yrdl) p}\ — 1

By substituting the solution in (3.82) and scaling with 1/7", the outer bound gDoF for

the network in this case is

1

(=1t

VYsr2
Yrd2 — (/yrdQ - ’7er)

Lt (12 2) ()
—T’75r2 T Yrd2) -

3.4.4 Achievability Scheme

«T—mwm—wawT—n%mwa—n%m)

Here we discuss the gDoF-optimality of our achievability scheme. We analyze the rate

expression
TR = min {[ (XS; YRYD‘ Xg, A) I (XpXs: Yol A) — 1 (YP’{; YR’ Xe, Xr, YD,A) ,

I (XS,XRI;YRQ,YD‘ XRQ,A> I (YP’H; Vi,

X87 XR7 }A/Rza YD7 A) 3

1 (X, X3 Vi, Yo| X A) = 1 (Vityi Vi,

XS,XR,?Rl,YD,A>} (3.87)

from (3.33) arising out of the QMF decoding.

We first note that there is penalty of the form [ <Yé; SA/R‘ XS,XR,YD,A) in the rate
expression (3.87). The following theorem helps to show that the penalty does not contribute
to a penalty in gDoF, while still having the terms of the form [ (XS; YRYD‘ XR, A) which
roughly behaves as [ <XS; YR) to achieve full gDoF.
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Theorem 3.13. Let Y = gX + W, with X being a vector of length (T — 1) with i.i.d.
CN (0,1) elements and W also being a vector of length (T — 1) with i.i.d. CN (0,1) elements
and g ~ CN (0, p?). We define a scaled version of Y asY' = IX + % with

— t4(gtw) + (g + w) 7 (388)

Na)Y

where Z (g + w') is the angle of g + w' with w' ~ CN (0,1). And Y’ is quantized to Y =
%X + % + Q with Q ~ %. With this setting we claim:

1(V3X) 2 (T = 1)log (?) (3.89)

and

I (Y;Y/

X) <0 (3.90)

and hence 1 <Y;X) -1 (f/;Y’

X) 2 (T=1)log (¢?) -
Proof. The proof is in Section 3.4.5. ]

Also, due to the relay operation described in Section 3.3.2 (see also Figure 3.7 on page
62), the relays-to-destination channel behaves like a MISO channel with independently dis-
tributed symbols from the transmit antennas. In the following theorem, we analyze an

entropy expression arising from such a channel.

Theorem 3.14. For a MISO channel Y = [ g1 12 } X + Wigr with g1y ~ CN (0, p3,),
gia ~ CN (O,p%Q), Wisr being a 1 X T vector with i.i.d. CN (0,1) elements and X chosen as

a1 X4
X = : (3.91)
a2X2

where X1 and Xo are 1 x T wvectors with i.i.d. CN (0,1) elements, we have
WY1 X) € log (14 p4 i) (14 o faal?)) (3.92)

Proof. See Appendix B.5. m
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Now, we analyze the penalty terms from the rate expression of (3.87). We first look at

the term I (Ylg; YR‘ X, Xg, YD,A>.

I (Yé;ffR‘ Xs,XR,YD,A) —h ( XR,YD,A) —h (YR‘ Y}Q,XS,XR,YD,A) (3.93)
2 ( ) _h (YR) Yé,Xs,XR,YD,A> (3.94)

“h ( Xs) = h ([Qu, Qns)) (3.95)

D h (V| Xs) = h(@n) +h (Vo Xs) =0 (@Qrs)  (3.96)

— 1 (Yl_gl; Vi, [ Xs) + 1 (Vity: Vi | Xs) (3.97)

2o (3.98)

where (7) is using the fact that conditioning reduces entropy, (i7) is because of the choice of the
quantizer (3.39),(3.40) with quantization noise independent of the other random variables,
(1ii) is because Qr,, @r, are independent of each other and Yg,, Yr, are independent of each

other given Xg, and (iv) is using (3.89) from Theorem 3.13.

Similarly (YF,h; YRl

Xs,XR,YRQ,YD,A> S 0 and [ <Y1:/{2;)A/R2

XS,XR,Y/RUYD,A> < 0.

Hence for our scheme, the rates

TR < min {1 (XS;YRYD‘ XR,A> 1 (XrXs; Yo|A),

[ <X87 XRl; Y/Rza YD‘ XR27 A) ) [ <XSa XRQ; }A/RUYD) XRN A) } (399)
are achievable.

Remark 3.2. For a standard QMF scheme [ADT11] with Gaussian codebooks without train-
ing and scaling, we can calculate that the penalty terms of the form I <Y}’2; YR’ Xg, Xg, YD, A)
cause a loss in gDoF for the noncoherent diamond network. To understand this with a sim-
ple example, consider Y = gX + W with X being a vector of length T with i.i.d. CN (0,1)
elements and W being a vector of length T with i.i.d. CN (0,1) elements, g ~ CN (0, p*) and
Y is quantized to Y = gX + W +Q with Q ~W. Then in this case, it can be easily verified
that I(?;X) > (T —1)log (p?), but I(Y Y‘ ) = h(Y]X) - h(Y\Y,X) = log (p?)
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(in contrast to (3.90) for our scheme). However, we demonstrate that for our scheme with

training, scaling and using Gaussian codebooks, the penalty terms do not affect gDoF.

Now, we simplify the four terms in (3.99). The first term

I (XS;YRYD( XR,A> > T (XS;YR‘ XR,A> (3.100)
© (XS; f/R> (3.101)
> max {I (XS;YR1> A (XS;Y;Q)} (3.102)
(i)
> (T — 1) max {log (p2) ,1og (pZs) } (3.103)
(T~ 1)log (p2) (3.104)

where (i) is because Xg, A are independently distributed of Xg, Yg, (i) is using (3.89) from

Theorem 3.13 and (i4i) is because the regime of the parameters of the network has y51 > Y.
Now, we consider the second term in (3.99), recalling the choice of Xg,,Xg, from (3.35)-

(3.38) on page 63.
I (XpXs; Yp|A) 21 (Xg; Yp|A) (3.105)

=h (Yp|A) = h (Yp| Xg, A) (3.106)
(i)
>pah (gra1ar10XR10 + Grazar20Xr20 + Wixr)

+ (1 = px) h (gra1ar11XR11 + Gra2ar21 XRr21 + Wikr)
— palog ((1+ p2y lariol®) (1 + piis laraol?))

— (1 —ps)log ((1 + pfdl |aR11|2) (1 + p?dQ ‘QR21|2)) (3.107)
(i)
> paT log (max { plg; anol” , Plao a0l })

+ (1 — pa) Tlog (max { p2y; larn|* . pio larai[*})
— palog ((1+ p2y lariol®) (1 + pZis larao|?))
— (1= px)log (14 piy larii|?) (1 + plys larail?)) (3.108)

where (i) is using Theorem 3.14 to evaluate h (Yp| Xg,A). Also, Wixr is noise vector of

length 7" with i.i.d. CN (0,1) elements. The step (iz) is using the fact that conditioning
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reduces entropy and the fact that Xg;; has i.i.d. CN (0,1) elements (refer to (3.35)-(3.38)
on page 63).

Now, the third term in (3.99)

I (XS7XR1;Y/R27YD’ XR27A>

.y <XS; Vi, YD’ Xn,, A) i (XRI; Vas. YD‘ Xs, Xn,, A) (3.109)
> T (XS;YR2 XR2,A> 4 I (Xry; Yo| Xs, Xy, A) (3.110)
@]<X5;YR2) T (Xr,: Yol Xn,, A) (3.111)
(Z) (T —1)log (p22) + I (Xr,; Yn| Xr,y, A) (3.112)
= (T —1)log (p2s) + h (Yp| Xry, A) — B (Yp| Xr,, Xr,, A) (3.113)

(i)
> (T —1)log (p5)

+ pah (Gra1ar10XR10 + Gra20r20XR20 + Wisr| AR20XR20)
+ (1 —pa) h (grarar11Xr11 + Grazar21 Xr21 + Wixr| ar21 Xro1)
— palog (14 piyy ’aRlo\Q) (14 pipy |GR20’2))

— (1= py)log (1 + ply laria|*) (1 + plis larail?)) (3.114)

where (i) is because Xg,, A are distributed independently of Xg, Yg,, and Xg is distributed
independently of Xg,, Yp, (i7) is using (3.89) from Theorem 3.13 to evaluate I (Xs; }A/R2> and
(#ii) is using Theorem 3.14 to evaluate h (Yp| Xgr,, Xgr,, A). Also Wi is the noise vector of
length 7" with i.i.d. CN (0, 1) elements. Now,

h <9rd1aRloXR1o + Gra20r20XR20 + Wixr aR20XR2O>

%

—~
=

h <grd1aR10$R10 + gra2ar20 || Xr20| + w1, Gra1 Xr1ox(r-1) + Wix(@-1) aRQOXR20> (3.115)

>h (grmamoxmo + Gra2@rao || Xroo|| + w1| ar20, Zr10, ||XR20”>
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+h (aRlogrleRIOX(Tl) + Wixr-1)

aR20; grd1> (3.116)

(i)
> B [log (2 lariol* [2riol” + pias larsol” [ Xnaol* +1)]
+(T = 1)E [log (Jagio|* |grar|” + 1)] (3.117)

(iid)
= 1og (|arwo|* plar + lanso|” iy + 1) + (T — 1) log (lano|* plgs + 1) , (3.118)

where (i) is by projecting g;q1ar10XR10 + gra2a@r20XRr20 + Wixr onto a new orthonormal basis
with first basis vector chosen in the direction of Xgoo and rest of the basis vectors with an
arbitrary choice. The direction of Xgoy is known from arogXroo given in the conditioning
since agso is a known constant. Note that Xrio having i.i.d. CA (0,1) elements, projected
onto any direction independent of Xy gives a CN (0,1) random variable which is xgjo in
step (¢), and Xgjo projected to rest of the 7" — 1 basis vectors gives a vector Xgiox(r—1) of
length T'— 1 with i.i.d. CN (0,1) elements. Also w; is i.i.d. CN (0,1) noise and Wiy (r—1)
is the noise vector of length 7" — 1 with i.i.d. CA (0,1) elements. The step (ii) is using the

property of Gaussians and (ii7) is using Fact 5.1 and Fact 3.3 on page 68. Similarly,
h (grarar11 XRr11 + gra2ar21 Xr21 + Wixr| ara1 Xro1)
> log (|arul” P + larar|” plas + 1) + (T — 1) log (|aru|” Py + 1) - (3.119)
Hence, by substituting (3.119), (3.118) in (3.114), we get
I <XS7 XR1; YRga YD‘ XR27 A)
> (T —1)log (p}:)
+pa (log (Jariol* p2a + laraol* pae + 1) + (T — 1) log (|ario|* pla + 1))
+ (1= pa) (log (Jari |* ply + larar |* pfaz + 1) + (T = 1) log (|aru|* pfyy + 1))

)
— palog ((1+ piyy lariol”) (14 plys laraol))
)

— (1= pa)1og ((1+ pfy laru ") (14 pfaz lanan ) - (3.120)

The fourth term in (3.99) is symmetric with the third term, hence it can be simplified similar
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to the above equation to obtain
I <XS7 XRQ; YRly YD’ XR17A>
> (T —1)log (p)
+pa (log (Jarol* P + laraol* pige + 1) + (T — 1) log (|arao|” pls + 1))
+ (1= pa) (log (Jarns |* Pl + lanan |* plas + 1) + (T = 1) log (|agas|” pfas + 1))
— palog (14 pfy lariol*) (1+ plas larsol”))
— (1= pa)log ((1+ pfa larna|*) (1 + pfaz lanan ) - (3.121)
Since we are dealing with the case from Section 3.3.1, from our choice (looking at (3.121)
and (3.104)) it follows that
1(Xs YRYD’ X, A) T (X, X YRI,YD’ Xy, A) 2 (T = 1) log (p2,) (3.122)

= (T — 1) vs1 log (SNR) (3.123)
for any arig, Gr11, @r20, Ar21. NOow, we choose
aRrio = C1,0r11 = 1,ar20 = 1, ara1 =0 (3.124)
and substitute in (3.120) to get

1 (X, X3 Viegs Yo| Xy A) 2 (T = 1) log (p2,)
+p (log (lea]? play + Pha + 1) + (T = 1) log (lea]” plyy + 1))
+ (1 —py) (log (P2, + 1) + (T — 1) log (py; + 1))
—palog (1 + p2y le]?) (1 + p))
— (1= pa)log ((1+ piar)) (3.125)
& (T — 1) log (p5)
+px (T = 2) log (|1 |* pray + 1))
+ (I =py) (T = 1) log (pigy + 1)) (3.126)

= (T — 1) &2 log (SNR)
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+ pa ((T —2)log (|01|2 SNRdt 4 1))

+ (1= pa) (T = 1) %ear log (SNR) . (3.127)

where (i) was using |c1|” p2y; < p2ye since p2y; < p2y, and |c1]” is power constrained. And

similarly on substituting arig = ¢1,ar11 = 1, ar20 = 1, ar21 = 0 in (3.108), we get

I (XpXs;Yp|A) 2 pa(T — 1) log (pi)
+ (1= p) (T — 1) log (pig1)
—palog ((1+ pkyy la]?)) (3.128)
= PA (T = 1) a2 log (SNR) + (1 — px) (T" = 1) a1 log (SNR)
— palog (14 SNR™ ! |¢;]%)). (3.129)

Now, substituting (3.123), (3.127) and (3.129) into (3.99), we get that the rates
TR < min { (T — 1) Yer1 log (SNR) , (T" — 1) vg2 log (SNR) + (1 — py) (T" — 1) a1 log (SNR)

+px (T = 2)log (Jex [* SNR™ + 1)), (1= py) (T — 1) Yrar log (SNR)

+ pa (T = 1) eaz log (SNR) — py log ((1 + SNR™ |¢;[?)) } (3.130)

are achievable. Thus with

p

maximize min {(T — 1) Va2 log (SNR) + (T — 1) (1 — py) Vea1 log (SNR)
+(T —2)pylog (SNRVrdl |C1|2 + 1) ,
Po i g (T'— 1) (1 — pr) a1 log (SNR) (3.131)

+ pa ((T'= 1) eaz log (SNR) — log (SNR™* |¢|? + 1)) }

lea|” < 27,0 < py < 1,
\

the rates

TR < min {(T — 1) 751 log (SNR) , (Py)} (3.132)
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are achievable. And from Lemma 3.1, the solution of Py has the same gDoF as the solution

of the optimization problem P;, where P; appeared in the outer bound as
TC < min {(T — 1) 741 log (SNR) , (P,)} (3.133)

in (3.21). Hence the outer bound can be achieved, using the optimal values of py, || for

Py from Table 3.2, in the input distribution as described in (3.35)- (3.38) and (3.41).

3.4.5 Study of Train-Scale and Quantizing for a Simple Channel

We consider Y = g X +W with X being a vector of length T'— 1 with i.i.d. CA (0, 1) elements
and W being a vector of length 7' — 1 with i.i.d. CA(0,1) elements, g ~ CA (0,p?). Tt is
scaled to Y’ = (g/§) X + W/, where we choose § = €9 4+ (g + w) ,where Z (g + w') is
the angle of g + w'. Note that |§| =1+ |g + w| and

L+ g+ wf® < g2 < 201+ g +wf’). (3.134)
Now Y’ is quantized to
- 44
v=9x+2 410 (3.135)
g g

with Q ~ W/g. For X, being a vector of length 7T—1 with i.i.d. CA (0, 1), we can equivalently

use
X = ag" V1, (3.136)

where g7~V is a T — 1 dimensional isotropically distributed unitary vector and

o~ \/%f (2(T 1)), (3.137)

where x? (k) is chi-squared distributed. (See Section 3.4.1.1 on page 67 for details on chi-

squared distribution).

Now, through the rest of this section we claim that I (Y;X) -1 (}A/;Y’ X) >
(T —1)log (p*) by first showing I(?;X) > (T —1)log(p?) and then showing
I (Y;Y' X) <0.
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3.4.5.1 Analysis of [ (?;X)

—
V=
=

(
h(
(i

= h( ZagT™ 1>T+—+Q)—h( gt
9 i

aq”—lﬁ) (3.138)

—(T—-1)t _)
ag Tt +Q aq”’—l”) (3.139)
2 T-1
g g T
= (T —2)E |log | |« + log (—)
g) ) ( g > (T —-2)
—h ( Zag TVt + W —+Q a@””*) , (3.140)
g

where (7) is using the fact that conditioning reduces entropy and (i7) is using the result from

Corollary 3.8.

Now consider h ((g/9) ag "Vt W /g + Q‘ O@(T—l)T)‘ By projecting (g/§) ag@ =1t +

W/g+ @Q onto a new orthonormal basis with the first basis vector taken as gT-Yt, which is

known in conditioning, we get

W
h (gaq”‘l” Tt Q

(i

(iii

(

{ g w ”1le—2 /
= h 70&+T+Q7 ~ +Q —
(g § g 1xT—-2

<h( oH—w—l—q
g g

@(T—m)

g

=

a) (3.141)

) (3.142)

)
')

In (2 + p2)) (3.144)

i)

2
w
—-—t+q

‘)
+ (T = 2)log (ma

)

+ (T —2)log <7T6E

Q

i1 w
:)h(ga-f—T‘f‘q
g g

| 8

2

9

)
< h((g—l)a—l—g—l—q
9 g

+ (T —2)log (ﬂe

2
2 +1
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(v)
< log (’N@E

2
T—-2)1 In (2 14
+ ( )0g(7rep2+1n( +p)) (3.145)
) log | meE ‘ g 1)a +2

g
+ (T —2)log | me 21 2+ %) ), (3.146)

T :

g 21 p

where in step (i) Wi, 1 /3, @ 1_o are independent vectors of length (7' — 2) with i.i.d.
elements distributed according to w/g, w ~ CN (0,1) and ¢ ~ w/g. This step is similar to
that in (3.115). The step (i¢) is using the fact that conditioning reduces entropy, maximum
entropy results and the fact that Wi, ,_5/g, Q) r_, have i.i.d. elements distributed according
to w/g,q, (iii) is because w/g, q are i.i.d., (iv) is by subtracting « in the first term, since
a is known and using Fact 3.2 from page 67 on E [|w/§|2} <E [|w|2/ (1+ |g+w’|2)] =
E[1/(1+]g+ w’|2)}, (v) is using maximum entropy results and (vi) is using the fact that
w/g~q.

Hence
h (g q(T Dt + — W
g g
G-)e
g
+ (T —2) log (7‘(’6

(@) g
< _
- (mE (Friarm 1)

+ (T —2)log (W@p2i [l 2+ p2)> (3.148)

(zz 1 E eil(g+w’) +w' 2
e ’(<> o)

(T—1)+2
+ (T —2)log (We Tl 2+ p2)) (3.149)

q(T 1)T>
2 2] )
w

<log [ meE +2
9
In (2 + p2)> (3.147)

2
2+1
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242w - 2

(i)
< log | ek S(T—1)+ —
L+ g+ w'| L+ |g+w|

) (3.150)

+ (T —2) log (ﬂepzi_ : In (2 + p2)> (3.151)

(iv) 2 [w'? 2
< log | meE | ————— (T — 1) + In (2 +
> g( 1+\g+w’|2< ) ,02+1 ( p)
2
T-—2)1 In (2 + p? 3.152
(T = log (re—2 @2+ 7). (3.152)

where (i) is using § = e*“9+) 4 (g 4+ '), (i) is using E [|0¢\2} =T — 1 with « independent
of everything else (o was chosen in (3.137)), (iii) is using |e™“(@+*) 4 w’|2 <2(1+ \w’|2),
E[jw’] = 1 and [l 4 (g—l—w’)‘2 >

E[1/(1+|g+w')].

1+ |g+w| and (iv) is using Fact 3.2 on

Now, for E [|w’|2 /(14 g+ w’|2)}, we use the following fact.

] : 1
Lemma 3.4. log (E [1+\9+w|2D < log (p2>
Proof. See Appendix B.6. O
Hence using the previous lemma on 3.152, it follows that

w
h <§o@”"”* + =+ Q
g g

o@(T_l)T> < (T —1)log (%) : (3.153)

2 2
g) + (T —2)E |log (‘ga )
g g

log (‘% > + (T —2)E [log (\a]Q)}

Now, substituting (3.153) in (3.140), we get

I (Y/;X) Sh <

=h(|af*) + (T - 1)E

9
-
g

— (T —1)log (%) (3.154)

(T —1)log (%) (3.155)
Q(T —1DE |log (’g 2) — (T —1)log <%) (3.156)
L - DE [og (1g1*)] = (T = DE [log (2 (1 +1lg+ w’|2))} (3.157)
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— (T = 1)log (%) (3.158)

) (T — 1) log (2(2p—jp2)> — (T - 1)log (%) (3.159)

=(T —1)log (p°), (3.160)

where (i) is because o ~ \/ X2 (2(T — 1)) and using properties of chi-squared random
variables (see Section 3.4.1.1 on page 67), (i) is using |§|° < 2 (1+1]g+ w’|2), (44i) is using
Fact 5.1 from page 135 for E [log (1 + |g + w’|2)]. Hence we have

1(V:X) = (T~ 1)log (%)

X)

3.4.5.2 Analysis of [ (Y;Y’

S ~ B 9 !
(Vv x) = (V] X) = n (V] x) (3.161)
=h (goﬂ(Tl)TﬂL — + Q| ag!” 1)T)
g
_h (go@(Tl)T ol agr ot Y o@‘“”) (3.162)
g g g
_h %o@(”” +—+Q o@(T‘”T) —h(Q) (3.163)
W
h(Q) = (E) (3.164)
.- ([ g) (3.165)
g
9 1) xh(i g) (3.166)
g
(4t) 1
> (T -1 lo + h(w 3.167
( >( [ & 2(1+|g+w’|2)> ( )) (3167
(444) 1
= (T —1)log (?) , (3.168)

where (7) is using the fact that W is a vector of length (7" — 1) with i.i.d. elements distributed

as w ~ CN (0,1), (ii) is using the structure of ¢ and (7i7) is using Fact 5.1 from page 135
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for E [log (1 + |g + w’|2)] and h (w) = 0. Hence

I (?; Yy’

X) <h (30@“1” + 1 +Q
g g

aq(TUT) — (T —1)log (%) (3.169)

We had already shown h ((g/g)ag™ 1"+ W/g+ Q| ag™"T) < (T —1)log(1/p?) in
(3.153). Hence we have
I (Y/; Y

X) <0. (3.170)
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CHAPTER 4

Fast Fading Interference Channel

4.1 Introduction

The 2-user Gaussian IC is a simple model that captures the effect of interference in wireless
networks. Significant progress has been made in understanding the capacity of the Gaussian
IC [HK81, CMGO08, ETWO08, ST11]. In practice the links in the channel could be time-
varying rather than static. Characterizing the capacity of FF-IC without CSIT has been an
open problem. In this chapter we make progress in this direction by obtaining the capacity

region of certain classes of FF-IC without instantaneous CSIT within a constant gap.

4.1.1 Related work

Previous works have characterized the capacity region to within a constant gap for the IC
where the channel is known at the transmitter and receiver. The capacity region of the 2-user
IC without feedback was characterized to within 1 bit/s/Hz in [ETWO08]. In [ST11], Suh and
Tse characterized the capacity region of the IC with feedback to within 2 bits per channel
use. These results were based on the Han-Kobayashi scheme [HK81], where the transmitters
use superposition coding splitting their messages into common and private parts, and the
receivers use joint decoding. Other variants of wireless networks based on the IC model
have been studied in literature. The interference relay channel (IRC), which is obtained
by adding a relay to the 2-user interference channel (IC) setup, was introduced in [SE07]
and was further studied in [TY11, MDG12, BPY15, GCS16]. In [WT1la], Wang and Tse

studied the IC with receiver cooperation. The IC with source cooperation was studied in
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[PV11, WT11b).

When the channels are time varying, most of the existing techniques for IC cannot be used
without CSIT. In [Farl3], Farsani showed that if each transmitter of FF-IC has knowledge
of the inr to the non-corresponding receiver!, the capacity region can be achieved within
1 bit/s/Hz. Lalitha et al. [SSE11] derived sum-capacity results for a subclass of FF-IC
with perfect CSIT. The idea of interference alignment [CJ08] has been extended to FF-IC
to obtain the degrees of freedom (DoF) region for certain cases. The degrees of freedom
region for the MIMO interference channel with delayed CSIT was studied in [VV12]. Their
results show that when all users have single antenna, the DoF region is same for the cases of
no CSIT, delayed CSIT and instantaneous CSIT. The results from [TMP13] show that DoF
region for FF-IC with output feedback and delayed CSIT is contained in the DoF region
for the case with instantaneous CSIT and no feedback. Kang and Choi [KC13] considered
interference alignment for the K-user FF-IC with delayed channel state feedback and showed
a result of 2K/ (K +2) DoF. They also showed the same DoF can be achieved using a
scaled output feedback, but without channel state feedback. Therefore, the above works
have characterizations for DoF for several fading scenarios, and also show that for single
antenna systems, feedback is not very effective in terms of DoF. However, as we show in
this chapter, the situation changes when we look for more than DoF, and for approximate
optimality of the entire capacity region. In particular, we allow for arbitrary channel gains,
and do not limit ourselves to SNR-scaling results?. In particular, we show that though the
capacity region is same (within a constant) for the cases of no CSIT, delayed CSIT and
instantaneous CSIT, there is a significant difference with output feedback. When there is
output feedback and delayed CSIT the capacity region is larger than that for the case with

no feedback and instantaneous CSIT in contrast to the DoF result from [TMP13]. This gives

'For Tx1 the non-corresponding receiver is Rx2 and similarly for Tx2 the non-corresponding receiver is
Rx1

2However, we can also use our results to get the generalized DoF studied in [ETWO08] for the FF-IC. This
shows that for generalized DoF, feedback indeed helps, as shown in our results.
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us a finer understanding of the role of CSIT as well as feedback in FF-IC with arbitrary (and

potentially asymmetric) link strengths, and is one of the main contributions of this chapter.

Some simplified fading models have been introduced to characterize the capacity region of
the FF-IC in the absence of CSIT. In [WSD13], Wang et al. considered the bursty IC, where
the presence of interference is governed by a Bernoulli random state. The capacity of one-
sided IC under ergodic layered erasure model, which considers the channel as a time-varying
version of the binary expansion deterministic model [ADT11], was studied in [ASC09, ZG11].
The binary fading IC, where the channel gains, the transmit signals and the received signals
are in the binary field was studied in [VMA14, VMA17] by Vahid et al. In spite of these
efforts, the capacity region of FF-IC without CSIT is still unknown, and this chapter presents
what we believe to be the first approximate characterization of the capacity region of FF-IC
without CSIT, for a class of fading models satisfying the regularity condition, defined as the

finite logarithmic Jensen’s gap.

4.1.2 Contribution and outline

In this chapter we first introduce the notion of logarithmic Jensen’s gap for fading models.
This is defined in Section 4.3 as a number calculated for a fading model depending on
the probability distribution for the channel strengths. It is effectively the supremum of
log (E [link strength]) — E [log (link strength)] over all links and operating regimes of the
system. We show that common fading models including Rayleigh and Nakagami fading
have finite logarithmic Jensen’s gap, but some fading models (like bursty fading [WSD13])
have infinite logarithmic Jensen’s gap. Subsequently, we show the usefulness of logarithmic
Jensen’s gap in obtaining approximate capacity regions of FF-ICs without instantaneous
CSIT. We show that Han-Kobayashi type rate-splitting schemes [HK81, CMGO08, ETWOS,
ST11] based on inr, when extended to rate-splitting schemes based on E [inr] for the FF-ICs,
give the capacity gap as a function of logarithmic Jensen’s gap, yielding the approximate
capacity characterization for fading models that have finite logarithmic Jensen’s gap. Since

our rate-splitting is based on E [inr], it does not need instantaneous CSIT. The constant
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gap capacity result is first obtained for FF-IC without feedback or instantaneous CSIT. We
also show that for the FF-IC without feedback, instantaneous CSIT cannot improve the
capacity region over the case with no instantaneous CSIT, except for a constant gap. We
subsequently study FF-IC with feedback and delayed CSIT to obtain a constant gap capacity
result. In this case, having instantaneous CSIT cannot improve the capacity region over the
case with delayed CSIT. We show that our analysis of FF-IC can easily be extended to fading

interference MAC channel to yield an approximate capacity result.

The usefulness of logarithmic Jensen’s gap is further illustrated by analyzing a scheme
based on point-to-point codes for a class of FF-IC with feedback, where we again obtain
capacity gap as a function of logarithmic Jensen’s gap. Our scheme is based on amplify-
and-forward relaying, similar to the one proposed in [ST11]. It effectively induces a 2-tap
inter-symbol-interference (ISI) channel for one of the users and a point-to-point feedback
channel for the other user. The work in [ST11] had similarly shown that an amplify-and-
forward based feedback scheme can achieve the symmetric rate point, without using rate-
splitting. Our scheme can be considered as an extension to this scheme, which enables us
to approximately achieve the entire capacity region. Our analysis also yields a capacity
bound for a 2-tap fading ISI channel, the tightness of the bound again determined by the

logarithmic Jensen’s gap.

The chapter is organized as follows. In section 5.2 we describe the system setup and the
notations. In section 4.3 we develop the logarithmic Jensen’s gap characterization for fading
models. We illustrate a few applications of logarithmic Jensen’s gap characterization in the
later sections: in section 4.4, by obtaining approximate capacity region of FF-IC without
feedback, in section 4.5, by obtaining approximate capacity region of FF-IC with feedback
and delayed CSIT, and in section 4.6, by developing point-to-point codes for a class of FF-1C
with feedback.

96



4.2 Model and Notation

We consider the two-user FF-IC (Figure 4.1)

Yi(l) = gu () X1 (1) + gar (1) X2(1) + Z1(1) (4.1)

Ya(l) = g1a(D) X1 (1) + gaa (1) Xa(1) + Za(1), (4.2)

where Y;(() is the channel output of receiver i (Rxi) at time [, X;(1) is the input of transmitter
i (Txi) at time I, Z;(1) ~ CN(0,1) is complex AWGN noise process at Rxi, and g¢;;(1) is the
time-variant random channel gain. The channel gain processes {g;;(l)} are constant over
a block of size T'" and independent across blocks and across links (7, 7). Without loss of
generality we assume block size T = 1 for the fading, our results can be easily extended
for arbitrary T case by coding across the blocks. The transmitters are assumed to have
no knowledge of the channel gain realizations, but the receivers do have full knowledge of
their corresponding channels. We assume that |g;;(1)|” is a random variable with a known
distribution. We assume average power constraint (1/N) Zfil IX:(D]* < 1,4 = 1,2 at the
transmitters, and assume Txi has a message W; € {1, 2N Ri}, for a block length of NV,
intended for Rxi for ¢ = 1,2, and Wy, W5 are independent of each other. We denote SNR; :=
E [|gu|2} for i = 1,2, and INR; == E [|gij|2} for ¢ # j. For the instantaneous interference
channel gains we use inr; := | gij|2, i # 7. Note that we allow for arbitrary channel gains,

and do not limit ourselves to SNR-scaling results, but get an approximate characterization

of the FF-IC capacity region.

7, ~CN(0,1)
X1
Tx1 Rx1
g2
ﬁ Zy ~ CN(0,1)
Tx2 Rx2
X, 922

Figure 4.1: The channel model without feedback.

Under the feedback model (Figure 4.2), after each reception, each receiver reliably feeds
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back the received symbol and the channel states to its corresponding transmitter®. For
example, at time [, Tx1 receives (Y7 (I —1),911(l — 1), go1(l — 1)) from Rx1. Thus X;(I) is
allowed to be a function of (W1, {Y; (k), g11(k), go1(k)},;)-

(Y1, 911, 921)

Delay [«

Z, ~CN(0,1)

Tx1

Tx2

Delay [«
(Y2, g22. 912)

Figure 4.2: The channel model with feedback.

We define symmetric FF-IC to be a FF-IC such that g;; ~ goo ~ g4 and g2 ~ go1 ~ g.
(we use the symbol ~ to indicate random variables following same distribution), all of them
being independent. Here g; and g. are dummy random variables according to which the direct

links and cross links are distributed. We denote SNR := E [|gd|2], and INR :=E [|gc|2],

for the symmetric case.

We use the vector notation g = [g11,921], g, = [922, g12] and g = [g11, g21, 922, 912]. For

schemes involving multiple blocks (phases) we use the notation X ,Fj)N

, where k is the user
index, 7 is the block (phase) index and N is the number of symbols per block. The notation
X,gi) (7) indicates the j'® symbol in the i*" block (phase) of k'™ user. We explain this in

Figure 4.3.

The natural logarithm is denoted by In () and the logarithm with base 2 is denoted by
log (). Also we define log™ (-) := max (log(-),0). For obtaining approximate capacity region

of 1Cs, we say that a rate region R achieves a capacity gap of d if for any (R, Ry) € C,

3IC with rate limited feedback is considered in [VSA12] where outputs are quantized and fed back. Our
schemes can also be extended for such cases.
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X,E_L) (j) : Notation for one symbol.

Block i—1 @ Blocki . Block i+ 1

vserk [ L[ LT Qe[ BT T[]
12...]:

B —— ]
Blocklength N

X,El)N : Notation for the N
symbols of the block taken together.

Figure 4.3: The notation for schemes involving multiple blocks (phases).

(R1 — 6, Ry — d) € R, where C is the capacity region of the channel.

4.3 A logarithmic Jensen’s gap characterization for fading models

Definition 4.1. For a given fading model, let ® = {¢ |gi;|> ~ @, for some i,7 € {1, 2}} be
the set of all probability density functions, that the fading model induce on the channel link
strengths | gij|2, across all operating regimes of the system. We define logarithmic Jensen’s

gap cjq of the fading model to be

cja = sup (log (a + E [W])
a€Rt ,Wn~ped

—E [log (a + W)]). (4.3)

In other words it is the smallest value of ¢ such that
log (a + E[W]) —E[log (a+W)] <, (4.4)

for any a > 0, for any ¢ € ®, with W distributed according to ¢.
The following lemma converts requirement in Definition 4.1 to a simpler form.
Lemma 4.1. The requirement log (a +E[W]) — Ellog(a+ W)] < ¢ for any a > 0, is

equivalent to log (E [W]) — E[log (W)] = —E [log (W")] < ¢, where W' = %.

Proof. We first note that letting a = 0 in the requirement log (a + E [W]) —E [log (a + W)] <
¢ shows that log (E [W]) — E[log (W)] = —E [log (W’)] < ¢ is necessary.
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To prove the converse, note that £ (a) = log (a +E [W]) — E[log (a + W)] > 0 due to
Jensen’s inequality. Taking derivative with respect to a and again using Jensen’s inequality
we get

(n2)¢(a) = (a+EW) " —E[a+W)"'] <0. (4.5)

Hence, ¢ (a) achieves the maximum value at @ = 0 in the range [0, 00). Hence we have the
equivalent condition

log (E[W]) = E[log (W)] < ¢, (4.6)

which is equivalent to —E [log (W’)] < c. O

Hence, it follows that for any distribution that has a point mass at 0 (for example, bursty
interference model [WSD13]), we do not have a finite logarithmic Jensen’s gap, since it has
E [log (W')] = —oo. Now we discuss a few distributions that can be easily shown to have a
finite logarithmic Jensen’s gap. Note that any finite ¢, which satisfies Equation (4.4), is an

upper bound to the logarithmic Jensen’s gap c;q.

4.3.1 Gamma distribution

Gamma distribution generalizes some of the commonly used fading models, including
Rayleigh and Nakagami fading. The probability density function for Gamma distribution is
given by

fw)=w""te"7/ (0*T(k)) (4.7)
for w > 0, where k£ > 0 is the shape parameter, and 6 > 0 is the scale parameter.

Proposition 4.2. If the elements of ® are Gamma distributed with shape parameter k, they
satisfy Equation (4.4) with constant ¢ = log (e) /k —log (1 4+ 1/ (2k)).

Proof. Using Lemma 4.1, it is sufficient to prove log (E [W]) — E [log (W)] < log(e) /a —
log (1 +1/(2«)). It is known for the Gamma distribution that E [W] = k6 and E [In (W)] =
¥ (k) +1n (0), where 1 is the digamma function. Therefore,

log (E []) — E [log (W)] = log(e) (In (k) — o (k)) - (4.8)
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We first use the following property of digamma function v (k) =1 (k+ 1) — 1/k, and then
use the inequality In (k 4+ 1/2) < ¢ (k + 1)from [Bat08, Lemma 1.7]. Hence,

log (E[W]) — E [log (W)]

<log(e) (In (k) —In(k +1/2) + 1/k) (4.9)
=log (e) /k —log (1 + 1/ (2k)). (4.10)
[l

Corollary 4.3. If the elements of ® are exponentially distributed (which corresponds to
Rayleigh fading), they satisfy Equation (4.4) with constant ¢ = 0.86.

Proof. In Rayleigh fading model the ]gl-j|2 is exponentially distributed. The exponential
distribution itself is a special case of Gamma distribution with £ = 1. Substituting a = 1 in

(4.10) we get log (E [W]) — E[log (W)] < 0.86. O

Nakagami fading can be obtained as a special case of the Gamma distribution; in this

case the logarithmic Jensen’s gap will depend upon the parameters used in the model.

4.3.2 Weibull distribution

The probability density function for Weibull distribution is given by
J (w) = (k/A) (w/A) e (4.11)
for x > 0 with k&, A > 0.

Proposition 4.4. If the elements of ® are Weibull distributed with parameter k, they satisfy
FEquation (4.4) with ¢ = vlog (e) /k +log (I' (1 + 1/k)), where 7 is Euler’s constant.

Proof. For Weibull distributed W, we have E [W] = AI' (1+ ) and E [In (W)] = In (X) — 2,
where I' (-) denotes the gamma function and + is the Euler’s constant. Hence, it follows that
log (E [W]) — E[log (W)] < vlog(e) /k + log (I'(1 4+ 1/k)) . Using Lemma 4.1 concludes the

proof. O

101



Note that exponential distribution can be specialized from Weibull distribution as well,

by setting k£ = 1. Hence, we get the tighter gap in the following corollary.

Corollary 4.5. If the elements of ® are exponentially distributed, they satisfy Equation (4.4)

with constant ¢ = 0.83.

In the following table we summarize the values we obtain as upper bound on logarithmic

Jensen’s gap, according to Definition 4.1 and Equation (4.4) for different fading models.

Table 4.1: Upper bound of logarithmic Jensen’s gap for different fading models

Fading Model | ¢

Rayleigh 0.83

Gamma k=1 1| 0.86

Gamma k£ =2 | 0.40

Gamma k=3 | 0.26

Weibull £k =1 | 0.83

Weibull £ =2 | 0.24

Weibull £ =3 | 0.11

4.3.3 Other distributions

Here we give a lemma that can be used together with Lemma 4.1 to verify whether a given

fading model has a finite logarithmic Jensen’s gap.

Lemma 4.2. If the cumulative distribution function F (w) of W satisfies F (w) < aw® over

w € [0,€] for somea>0,b>0, and 0 <e <1, then

E [In (W)] > In () + ae’In (€) — (ac®) /b. (4.12)
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Proof. The condition in this lemma ensures that the probability density function f(w) grows
slow enough as w — 0~ so that f(w)In (w) is integrable at 0. Also the behavior for large
values of w is not relevant here, since we are looking for a lower bound on E [In (W)]. The

detailed proof is in Appendix C.3. m

Hence, if the cumulative distribution of the channel gain grows polynomially in a neigh-
borhood of 0, the resulting logarithm becomes integrable, and thus it is possible to find a

finite constant ¢ for the Equation (4.4).

4.4 Approximate Capacity Region of FF-IC without feedback

In this section we make use of the logarithmic Jensen’s gap characterization to obtain the

approximate capacity region of FF-IC with neither feedback nor instantaneous CSIT.

Theorem 4.6. For a non-feedback FF-IC with a finite logarithmic Jensen’s gap cjq , the

rate region Rypp described by (4.13) is achievable with A\, = min (ﬁ, 1) :

R <E [mg (1 + g ]? + Ao \g21|2>} 1 (4.13a)
Ry <E |log (1+ lg2af® + At lg2f?) | — 1 (4.13b)
R+ Ry <E :log (1 + |gaa)? + \912|2>]
+E :log (1 + A1 911 + A2 |921|2>: -2 (4.13¢)
R+ Ry <E :log (1 + lgul? + \921|2>]
+E [log (1+ Apa lgaal” + Apa lg12l”) | =2 (4.13d)
Ri+ Ry <E :108; (1 + M g |® + |921!2):
+E :log (1 + A\p2 \g22]2 + ]g12\2>] -2 (4.13e)
2R1+ Ry <E :log (1 + g + \921|2>]
+E [log (1+ A2 922l + 912 ) |
+E log (14 Apt lgut > + Az g *) | -3 (4.13f)

R +2R, <E [log (1 + |goal* + |g12|2)}
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+E [log (1 + Mt gu1 ] + |921|2)]

+ B [log (1+ A lgaal” + Apa g1zl ) | =3 (4.13g)

and the region Rypp has a capacity gap of at most cj + 1 bits per channel use.

Proof. This region is obtained by a rate-splitting scheme that allocates the private message

power proportional to The analysis of the scheme and outer bounds are similar to that

_1
Elinr]
in [ETWO08]. See subsection 4.4.2 for details. O

Remark 4.1. For the case of Rayleigh fading we obtain a capacity gap of 1.83 bits per

channel use, following Table 4.1.

Corollary 4.7. For FF-IC with finite logarithmic Jensen’s gap c;q, instantaneous CSIT

cannot improve the capacity region of except by a constant.

Proof. Our outer bounds in subsection 4.4.2 for the non-feedback IC are valid even when
there is instantaneous CSIT. These outer bounds are within constant gap of the rate region

Rnrp achieved without instantaneous CSIT. O

Corollary 4.8. Delayed CSIT cannot improve the capacity region of the FF-IC except by a

constant.

Proof. This follows from the previous corollary, since instantaneous CSIT is always better

than delayed CSIT. O]

Remark 4.2. The previous two corollaries are for FF-IC with 2 users and single antennas.
It does not contradict the results for MISO broadcast channel, X-channel, MIMO IC and
multi-user IC where delayed CSIT or instantaneous CSIT can improve capacity region by

more than a constant [MT10, MJS12, KC13, NGJ12, VV12].

Corollary 4.9. Within a constant gap, the capacity region of the FF-1C (with finite logarith-
mic Jensen’s gap c;ji) can be proved to be same as the capacity region of IC (without fading)
with equivalent channel strengths SNR; := E [|g,,|2] fori=1,2, and INR; == E [|gij\2} for
1 7.
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Proof. This is an application of the logarithmic Jensen’s gap result. The proof is given in

Appendix C.4. m

4.4.1 Discussion

It is useful to view Theorem 4.6 in the context of the existing results for the ICs. It is known
that for ICs, one can approximately achieve the capacity region by performing superposition
coding and allocating a power to the private symbols that is inversely proportional to the
strength of the interference caused at the unintended receiver. Consequently, the received
interference power is at the noise level, and the private symbols can be safely treated as
noise, incurring only a constant rate penalty. At first sight, such a strategy seems impossible
for the fading IC, where the transmitters do not have instantaneous channel information.
What Theorem 4.6 reveals (with the details in subsection 4.4.2) is that if the fading model
has finite logarithmic Jensen’s gap, it is sufficient to perform power allocation based on the

inverse of average interference strength to approximately achieve the capacity region.

We compare the symmetric rate point achievable for the non-feedback symmetric FF-IC
in Figure 4.4. The fading model used is Rayleigh fading. The inner bound in numerical
simulation is from Equation (5.5) (which is slightly tighter than (4.13) since some terms in
(5.5) are simplified and bounded with the worst case values to obtain (4.13)) in subsection
4.4.2 according to the choice of distributions given in the same subsection. The outer bound

is plotted by simulating Equation (4.17) in subsection 4.4.2. The SN R is varied after fixing

log(INR)
log(SNR)*

o= The simulation yields a capacity gap of 1.48 bits per channel use for o = 0.5
and a capacity gap of 1.51 bits per channel use for a = 0.25. Our theoretical analysis for
FF-1C gives a capacity gap of c;g + 1 < 1.83 bits per channel use independent of «, using

data from Table 4.1 in Section 4.3.
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15 T T

sym

—&— a=.25, Outer bound
—¥%— @=.25, Inner bound
—-8-— a=.5, Outer bound
—-3%-—a=.5, Inner bound

0 L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20

Log(SNR)

log(INR)

Toe(SNE) for non-feedback

Figure 4.4: Comparison of outer and inner bounds with given a =
symmetric FF-IC at the symmetric rate point. For high SNR, the capacity gap is approxi-
mately 1.48 bits per channel use for a« = 0.5 and 1.51 bits per channel use for a = 0.25 from
the numerics. Our theoretical analysis yields gap as 1.83 bits per channel use independent

of a.
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4.4.2 Proof of Theorem 4.6

From [CMGOS8] we obtain that a Han-Kobayashi scheme for IC can achieve the following
rate region for all p (u1) p (u2) p (z1|ur) p (2]uz). Note that we use (V;, g;) instead of (V;) in
the actual result from [CMGOS8] to account for the fading.
Ry < I (X1;Y1,01|Us) (4.14a)
Ry < I (Xa;Y2,g2|Ur) (4.14b)
R+ Ry < I (X2,U1; Y2, g2)
+1(X1;Y1, 91|01, Us) (4.14c)
Ri+ Ry <1 (X1,U;Y1,01)
+ 1 (Xa; Ya, go|Ur, Us) (4.14d)
R+ Ry <1 (X1,U; Y1, 01|Uh)
+ 1 (X2, Un;Ya, g2|Us) (4.14e)
2R1 + Ry < I(X1,Up;Y1,01) + 1 (X1;Y1, 91|01, Us)
—l—I(Xg,Ul;YQ,@H]g) (4.14f)
Ri+ 2Ry < I (X3, U1;Ya,92) + 1 (X2;Ya, g2|U1, Us)
+ 1 (X1,U; Y1, 01|UL) - (4.14g)

Now similar to that in [ETWO08], choose mutually independent Gaussian input distributions

Uk, Xpi to generate Xj,.
Uk ~ CN (0, )\ck) s ka ~ CN (0, /\pk) s ke {1, 2} (4.15)
X, =U1 4 X1, Xo=Us+ Xpo, (4.16)

where Ay, + Apr = 1 and Ay = min (1/INRy,1). Here we introduced the rate-splitting
using the average inr. On evaluating the region described by (5.5) with this choice of input

distribution, we get the region described by (4.13); the calculations are deferred to Appendix
C.1.

Claim 4.1. An outer bound for the non-feedback case is given by (4.17):

R <E [1og (1 + |911]2>} (4.17a)
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R, <E [1og (1 + |92212)} (4.17b)
Ri+Ry <E [log (1 + |g22l* + \912|2>]

[ -1
+ E |log <1 +lgu|? (1 + \912!2) (4.17c)

N———

Ri+ Ry <E [1og (1 + gl + \921|2)]

[ 9 9\ L
+E |log <1+|922| (1+|921|>

2
log [ 1+ [g21]* + Lu
1+ [g12]

] U
+E |log <1 + lg12f” + |922!> (4.17¢)

N———

(4.17d)

Ri+Ry<E

1+ |gn|?

2Ry + By < E [log (14 gul* + loa|*)|

_ N
+E |log 1+\912|2+|g272’2
i L+ [g21]” /] |

[ -1
+E |log (1 + lgu (1 + |912|2) ﬂ (4.17f)

Ry +2Ry <E [log (1 + |ggz]2 + \g12|2)]

2
1
log [ 1+ |g21]” + L’z
1+ [g12]

+E [log (1 + g2l (1 + |g21|2>_1>} : (4.17g)

+E

Proof. The outer bounds (4.17a) and (4.17b) are easily derived by removing the interference

from the other user by providing it as side-information.

The outer bound in Equation (4.17¢) follows from [ETWO08, Theorem 1]. Those in Equa-
tion (4.17f) and Equation (4.17g) follow from [ETWO0S8, Theorem 4]. We just need to modify
the theorems from [ETWO0S] for the fading case by treating <YZ~, gi> as output, and using the
i.i.d property of the channels. We illustrate the procedure for Equation (4.17g) in Appendix
C.2. Equation (4.17e) and Equation (4.17f) can be derived similarly.

The derivation of outer bounds (4.17¢) and (4.17d) uses similar techniques as for Equation
(4.17g). We derive Equation (4.17d) in Appendix C.2. Equation (4.17c) follows due to

symmetry. O
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Claim 4.2. The gap between the inner bound (4.13) and the outer bound (4.17) for the

non-feedback case is at most cjg + 1 bits per channel use.

Proof. The proof for the capacity gap uses the logarithmic Jensen’s gap property of the
fading model. Denote the gap between the first outer bound (4.17a) and first inner bound
(4.13a) by 01, for the second pair denote the gap by d,, and so on. By inspection ¢; < 1 and
09 < 1. Now

1
53 =F [log (1 + lgu1|? (1 + |912’2) >]

—E [log (1+)\p1 |gll|2+)\p2 |921|2>} +2 (4.18)
QEP%(1+WHFQ+INRQ*H

—-E [log (1 + Ap1 |911|2)} +2+cya (4.19)

(b)
<2+ ce. (4.20)

The step (a) follows from Jensen’s inequality and logarithmic Jensen’s gap property of | 912]2.

1

The step (b) follows because \,; = min (m, 1) > ﬁﬁl. Similarly, we can bound the

other ¢’s and gather the inequalities as:
01,00 < 1; 03,04 <2+ ¢y (4.21)

55 < 2+ QCJG; 567 57 < 3+ 2CJG. (422)

For 5,06, and 07 we have to use the logarithmic Jensen’s gap property twice and hence

2¢jc appears. We note that d; is associated with bounding Ry, do with Ry, (03,04, d5) with

Ry + Ry, d¢ with 2R; + R, and d; with Ry + 2R,. Hence, it follows that the capacity gap is
53 54 (55 56 57

at most max ((51, 02, 5, 5 5, 5 g) < ¢y + 1 bits per channel use. n

4.4.3 Fast Fading Interference MAC channel

We now consider the interference MAC channel [PDT09] with fading links (Figure 4.5),

where we can obtain an approximate capacity result similar to the FF-IC. This setup has

109



Z, ~CN(0,1)

Figure 4.5: Fast Fading Interference MAC channel

similar network structure as FF-IC. However Rx1 needs to decode the messages from both

the two transmitters, while Rx2 needs to decode only the message from Tx2.

Theorem 4.10. A rate splitting scheme based on average INR can achieve the approximate
capacity region of fast fading interference MAC' channel with a finite logarithmic Jensen’s

gap cjq, within 1 + %CJG bits per channel use.

Proof. The proof is by extending the techniques used in [PDT09] and using similar calcula-
tions as for the FF-IC. Details are in Appendix C.5. O]

4.5 Approximate Capacity Region of FF-IC with feedback

In this section we make use of the logarithmic Jensen’s gap characterization to obtain the ap-
proximate capacity region of FF-IC with output and channel state feedback, but transmitters
having no prior knowledge of channel states. Under the feedback model, after each reception,
each receiver reliably feeds back the received symbol and the channel states to its correspond-
ing transmitter. For example, at time [, Tx1 receives (Y7 (I —1),911(l — 1), g21(l — 1)) from
Rx1. Thus X;(l) is allowed to be a function of (Wi, {Y; (k),g11(k), g21(k)},_,). The model

is described in section 5.2 and is illustrated with Figure 4.2 in the same section.

Theorem 4.11. For a feedback FF-IC with a finite logarithmic Jensen’s gap cjq , the rate
region Rpp described by (4.23) is achievable for 0 < |p|*> < 1, 0 < 0 < 21 with Ay, =

min (ﬁ, 1- \p\Q):

R <E [log (|g11|2 + |g21|?
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+2|pf2 Re (ewgng;l) + 1)} 1 (4.23a)
Ry <E |log (1+ (1= o) [g:2]”)]
+E {log (1 + M1 g1 |® + A2 !921\2>] -2 (4.23b)

Ry < E |log <\922|2 + |g12]?

+21p Re (¢ g5yg10) +1)| — 1 (4.23¢)
Ry <E [log (14 (1= I ) lg=i )|
+E [log (1 + Ap2 \922|2 + A\p1 |912|2)] -2 (4.23d)

Ry + Ry <E [log (1922 + g1o
2 10 %
+2|p|” Re (e 922912) + 1)}
+ E [log (1 =+ /\pl |g11]2 + /\pg |g21]2)} -2 (4.236)
Ri+Ry<E [log <|911!2 + [g21|?
+2 |,0\2 Re (ewgllg§1> + 1)}

+E [1og (1 + M2 lg22]? + Apt |912|2)} 9 (4.23f)

and the region Rrp has a capacity gap of at most cjo + 2 bits per channel use.

Proof. The proof is in subsection 4.5.1. m

Remark 4.3. For the case of Rayleigh fading we obtain a capacity gap of 2.83 bits per

channel use, following Table 4.1.

Corollary 4.12. Instantaneous CSIT cannot improve the capacity region of the FF-IC' (with
finite logarithmic Jensen’s gap c;i) with feedback and delayed CSIT except for a constant.

Proof. Our outer bounds in subsection 4.5.1 for feedback case are valid even when there is
instantaneous CSIT. These outer bounds are within constant gap of the rate region Rpp

achieved using only feedback and delayed CSIT. m

Corollary 4.13. If the phases of the links g;; are uniformly distributed in [0, 27|, then within
a constant gap, the capacity region of the feedback FF-IC (with finite logarithmic Jensen’s
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gap cjg) with feedback and delayed CSIT can be proved to be same as the capacity region
of a feedback IC (without fading) with equivalent channel strengths SNR; = E [|gn\2} for
1=1,2, and INR; .= E [|gijﬂ fori # 7.

Proof. This is again an application of the logarithmic Jensen’s gap result. The proof is given

in Appendix C.6. [

4.5.1 Proof of Theorem 4.11

Note that since the receivers know their respective incoming channel states, we can view
the effective channel output at Rxi as the pair (Yi, gi>. Then the block Markov scheme of
[ST11, Lemma 1] implies that the rate pairs (R, Ry) satisfying

Ry <I(U,Us, X1;Y1,91) (4.24a)
Ry < I(Uy;Ya, 92|U, X5)
+1(X1;Y1,011U1,Us,U) (4.24Db)
Ry < I(U,Uy, X2;Y2,92) (4.24c)
Ry < I(Uy; Y1, 91|U, X1)
+ 1 (X9;Y2,92|U1,Us, U) (4.24d)
Ri+ Ry < I(X1;Y1,01|U1,Us,U)
+1(U,U1, X2;Y2,92) (4.24¢)
Ry + Ry < I (Xo;Ya,g2|U1,Us, U)

—|—I(U, UQ,Xl;Yl,ﬂ) (424f)

for all p (u) p (ui|u) p (us|u) p (x1|u1, u) p (xe|us, u) are achievable. We choose the input dis-
tribution according to

U~ CN (0, 1p”) Uk ~ CN' (0, Ax) (4.25)
X ~ CN (0, \pr,)

X1 =U+ U1+ Xp1, Xo=U+Us+ Xy (4.26)
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(U, Uy, X, being mutually independent) with 0 < |p|2 <L0<O0<2m, Asp + A =1 — |p\2
and = min (1/INRy, 1 — |p|).

With this choice of A\,; we perform the rate-splitting according to the average inr in

place of rate-splitting based on the constant inr. Note that we have introduced an extra

rotation # for the first transmitter, which will become helpful in proving the capacity gap

by allowing us to choose a point in inner bound for every point in outer bound (see proof

of claim 4.3). On evaluating the terms in (5.14) for this choice of input distribution, we get

the inner bound described by (4.23); the calculations are deferred to Appendix C.7.

An outer bound for the feedback case is given by (4.27) with 0 < |p| < 1 (p being a

complex number):

R <E {bg (!911\2 + \921|2 + 2Re (pg11951) + 1)}

R <E flog (14 (1 [o?) !glz\z)] 2
ol (e )|

Ry <E [log (|922\2 + |g12” + 2Re (pg3a912) + 1)}

Ry <E flog (14 (1 - [o?) Igzllz)] 2
ol L)

Ry + Ry <E [log (1922l + [g1a]” + 2Re (pgiagn) + 1)

(
e L)
(

Ri+ Ry < E 10g lg11]% + |g21]” + 2Re (pgr1931) + 1)}

. {mg (1 +- El(lp ?)992)] |

(4.27a)

(4.27b)

(4.27¢)

(4.27d)

(4.27¢)

(4.27f)

The outer bounds can be easily derived following the proof techniques from [ST11, The-

orem 3] using E [X;X;]| = p, treating <Yi,g_]i> as output, and using the i.i.d property of the

channels. The calculations are deferred to Appendix C.8.
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Claim 4.3. The gap between the inner bound (4.23) and the outer bound (4.27) for the

feedback case is at most c;q + 2 bits per channel use.

Proof. Denote the gap between the first outer bound (4.27a) and inner bound (4.23a) by
01, for the second pair denote the gap by d2, and so on. For comparing the gap between
regions we choose the inner bound point with same |p| as in any given outer bound point.
The rotation # for the first transmitter also becomes important in proving a constant gap
capacity result. We choose 6 in the inner bound to match arg (p) in the outer bound. With

this choice we get

51 =FE [log <\gnl2 + lga1l” +2[p| Re (‘fwgllg;l) + 1)]

-E [10g (!911\2 +ga1l” + 2|p|* Re (€i99119§1> + 1)} +1 (4.28)
1 2Re(eiegllg§‘1)
E |1 1+ \911\2+|g21|2 T ‘P‘ < |911|2+\921\2 41 (4 29)
= og , ) .
14—+ |pf 2Re(eg1195,)
lg11]%+|g1]? P lg11]%+|g21]?
2R, 60 * —10 % + 0 * 40 % i0 * .
We have 6(62 gngzé) _ I JnganTe g§1g21| < 1, hence we call &—LI2FC 9193 _ gipy o, and
lg111”"+lg21] lg11]”"+lg21] lg11]"+lg21]
let |gu1|” + |g21)* = r2. Therefore,
1+ 1/r?+ |p|sin
6 =E {log ( / |p|2 : SO) + 1. (4.30)
14+ 1/r2 4 |p|"singp

. 14+1/r2+]p| sin @ . e s 14+1/r2+|p|sinp
If sing < 0, then T/ o sing < 1. Otherwise, if sing > 0, then T o sing 1+

lpl=lp|* ) sin . . .
% < 2 since 0 < (|p| — |p|2) sing < 1 and 1+ 1/r%+ |p|*sing > 1. Hence, we
always get

5 < 2. (4.31)

Now we consider the gap d2 between the second inequality (4.27b) of the outer bound
and the second inequality (4.23b) of the inner bound.

) E{lo (1+ (1= 16) lgnl? )]
T (P e

—E [log <1 + Mgt lg11|* + Apo \921\2>] +2 (4.32)
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Y g og (1+ (1= 1p?) INRy + (1= [p*) 911

—log (1 n (1 - |p|2> INRl) + e

_E [log (1 + Mt g% + Ao \921|2)] ) (4.33)
{ ( (1 - |P|2> lg11)? )
<E|log |1+ (4.34)
1+ (1 - \p|2) INR,
-E [log (1 + Ap1 \g11|2)} +2+cya
(§b) 2+ cja, (4.35)

where (a) follows by using logarithmic Jensen’s gap property on | 912|2 and Jensen’s inequality.

The step (b) follows because

(1= 10P) |
_ = (4.36)
1+<1—|p| )INRl o HINR:
< min (1/INR1, 1- \pF) = A1 (4.37)

Similarly, by inspection of the other bounding inequalities we can gather the inequalities on
the §’s as:

01,03 < 2; 02,04 < cjg+2; 05,06 < cj+ 3. (4.38)
We note that (07, 09) is associated with bounding Ry, (d3,d4) with Ra, (J5,6) with Ry + Rs.

Hence it follows that the capacity gap is at most max (61, g, 03, 04, %5, %ﬁ) < cjg + 2 bits per

channel use. O

4.6 Approximate capacity of feedback FF-IC using point-to-point

codes

As the third illustration for the usefulness of logarithmic Jensen’s gap, we propose a strategy
that does not make use of rate-splitting, superposition coding or joint decoding for the
feedback case, which achieves the entire capacity region for 2-user symmetric FF-ICs to

within a constant gap. This constant gap is dictated by the logarithmic Jensen’s gap for the
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fading model. Our scheme only uses point-to-point codes, and a feedback scheme based on

amplify-and-forward relaying, similar to the one proposed in [ST11].

The main idea behind the scheme is to have one of the transmitters initially send a
very densely modulated block of data, and then refine this information using feedback and
amplify-and-forward relaying for the following blocks, in a fashion similar to the Schalkwijk-
Kailath scheme [SK66], while treating the interference as noise. Such refinement effectively
induces a 2-tap point-to-point inter-symbol-interference (ISI) channel at the unintended re-
ceiver, and a point-to-point feedback channel for the intended receiver. As a result, both

receivers can decode their intended information using only point-to-point codes.

Consider the symmetric FF-IC, where the channel statistics are symmetric and inde-
pendent, i.e., g11(l) ~ ga2(l) ~ ga and gi2(l) ~ ga1(l) ~ g. and all the random variables
independent of each other. We consider n transmission phases, each phase having a block
length of N. For Tx1, generate 2"t codewords (Xfl)N, e ,an)N> i.i.d according to
CN (0,1) and encode its message W, € {1, e ,Z”NRl} onto (Xl(l)N, e ,an)N> . For Tx2,
generate 2"VF2 codewords Xél)N = X}’ i.i.d according to CN (0,1) and encode its message
Wy € {1,...,2""VR21 onto XY = XN Note that for Tx2 the message is encoded into N
length sequence to be transmitted at first phase, whereas for Tx1 the message is encoded
into n/N length sequence to be transmitted through n phases.

Tx1 sends Xl(i)N in phase 7. Tx2 sends Xél)N = XJ¥ in phase 1. At the beginning of

phase ¢ > 1, Tx2 receives
i—1)N i—1)N - (i—1)N i—1)N - (i—1)N i—1)N
)2( W= 952 : Xé ) +9§2 ) X{ "y Zé Y (4.39)

from feedback. It can remove gél;l)NXZ(i*l)N from YQ(FDN to obtain g%ﬁl)NXl(Fl)N+Z2(ifl)N.

Tx2 then transmits the resulting interference-plus-noise after power scaling as Xéi)N, i

€.
i—1)N + (i—1)N i—1)N
2 VI+INR
Thus, in phase ¢ > 1, Rx2 receives
YN = g@N XN 4 N X (N ZGN (4.43)
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2)|2 + lg21(2)1* (1g912(1)*+1) 1 91 (1)g21(2)g12(1)
Ky, (1) = {1 + g1 (D + g2 (1)|2] Ky, (2) = 911 (2) (D) (;YgiN(If) N IHINE , ,
T TINE g1 (DI + [ga1 (1) +1
(4.40)
| (l)\Z—i— lg21 ()I* (lg12(1—1)[>+1) 11 911 (=DgnDg12(1=1)
K=" I VIFINE (4.41)
Y 971 (1=1)g21(1)g12(1—1) 0 f K 1—1 :
VI+INR » Ul=2 v ( )
B g(i)N g§i2—1)NX1(i—1)N n Zéz‘—n]v
22 1+ INR
4 N x (O | ZON (4.44)

and feeds it back to Tx2 for phase 7 + 1. The transmission scheme is summarized in Table

4.2. Note that for phase i = 1 Tx1 receives

HN (

1)N
Yl( = 911)

(HN

X1(1)N n 9211 (1)N

XN 4 7t (4.45)

and for phase ¢ > 1 Tx1 observes a block ISI channel since it receives

i—1)N i—1)N i—1)N
yON _ JON y@ON | ON gy XTI 4z
1 11 1 2 1 ¥ INR
+ Z0ON (4.46)
v o (9507 g5 M i
_ G X 7 4 P2 P12 ) x i—
s 1+ INR ) !
+ 70N (4.47)

()N

where ZW = zON 4 N ZG=UN (1 L INR)™1/2,

Table 4.2: Transmitted symbols in n-phase scheme for symmetric FF-1C with feedback

User | Phase 1 Phase 2 . Phase n
1N 2)N N
1| xM x? . x™
1)N 1N 1)N n—1)N n—1)N n—1)N
2 | xv | 40y Rl G G
2 V1+INR ’ ) V1+INR

At the end of n blocks, Rx1 collects Y,V = (Yl(l)N,...,Yl(")N) and decodes W;
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such that (X" (W;),Y:") is jointly typical (where X;" = (Xl(l)N, . ,an)N>) treat-
ing X2(1)N = XJ as noise. At Rx2, channel outputs over n phases can be combined
with an appropriate scaling so that the interference-plus-noise at phases {1,...,n — 1}

are successively canceled, i.e., an effective point-to-point channel can be generated through

N _ v ()N n—1 n —géé)N (H)N <. .
Vil =Y + 300 | e Ao | Yo (see the analysis in the subsection 4.6.1 for

details). Note that this can be viewed as a block version of the Schalkwijk-Kailath scheme
[SK66]. Given the effective channel EN/QN , the receiver can simply use point-to-point typicality

decoding to recover Wj, treating the interference in phase n as noise.

Theorem 4.14. For a symmetric FF-1C with a finite logarithmic Jensen’s gap c; , the rate

pair
(R1, Ry) = (1og (1+SNR+INR) —3cse—2,
E [log* [lga” / (1 + INR)|])

15 achievable by the scheme. The scheme together with switching the roles of users and
time-sharing, achieves the capacity region of symmetric feedback 1C within 3cja + 2 bits per

channel use.

Proof. The proof follows from the analysis in the following subsection. O

4.6.1 Analysis of Point-to-Point Codes for Symmetric FF-ICs

We now provide the analysis for the scheme, going through the decoding at the two receivers

and then looking at the capacity gap for the achievable region.

4.6.1.1 Decoding at Rx1

At the end of n blocks Rx1 collects Y,V = (YI(I)N, o Yl(n)N> and decodes W, such that
(XlN (Wh) ,YlN) is jointly typical, where X, = <X1(1)N, . .X{n)N>. The joint typicality

is considered according the product distribution p» (Xy,Y7), where

p(X1,Y1) =p ((X{“, . X{”)) : (Yf”, . Yl(”))> (4.48)
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is a joint Gaussian distribution, dictated by the following equations that arise from our

n-phase scheme:

v =gV x (Y + ol x50 + 2. (4.49)
And for i =2,3,... n:
(1) 3 (i=1) |, (i-1)
i D@, @) (%2 X1 T +Z i
Y =gV X1 + g% ( = 11+INR2 ) + 2" (4.50)

with Xl(i),Xz(l),Zl(i), Zéi_l) being i.i.d CN (0,1). Essentially Xél),Zfi) are both Gaussian
noise for Rx1.

Using standard techniques it follows that for the m-phase scheme, as N — oo
user 1 can achieve the rate IE [log <|KY1(TL)| ‘Kyl‘xl(n)rl)}, where |Ky,(n)| denotes
the determinant of covariance matrix for the n-phase scheme, as defined in (4.40),
and (4.41), where 0,_5 is (I —2) length zero vector, { indicates Hermitian conju-
gate, g1 (i) ~ gq iid and g12(i),g01 (i) ~ g. iid. Letting n — oo, Rxl can
achieve the rate R; = T}LHQO%E [log (\Kyl(n)| }KY1|X1(n)}_1>]. We need to evaluate
T}LHJO%E [log (\Kyl (n)] [ Ky, x, (n)}_1>] The following lemma gives a lower bound on
B [log (| Ky, (n)])]-

Lemma 4.3.
(1/m)E log (|, (m)])] = (1/m)log (| Ky, (n)]) = 3esa

where Ky, (n) is obtained from Ky, (n) by replacing gi5 (1) ’s,ga1 () ’s with VINR and gy, (i)’s
with vV SNR.

Proof. The proof involves expanding the matrix determinant and repeated application of the

logarithmic Jensen’s gap property. The details are given in Appendix C.9. O]

Subsequently, we use the following lemma in bounding lim %log (‘Kyl (n) D
n—oo
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Lemma 4.4. If Ay = [la]], 4y = JAs = | b* |a|] b |, ete. with la)® >

4(b)?, then
liminf (1/n)log (|A,|) > log (|a|) — 1.
n—oo

Proof. The proof is given in Appendix C.10.

[]

For the n-phase scheme, the ’KYl(n)‘ matrix has the form A,,, as defined in Lemma 4.4

after identifying |a| = 1+ INR+ SNR and b = (x/SNR - INR) / (VI+INR). Note that
with this choice |a|® > 4b|* holds due to AM-GM (Arithmetic Mean > Geometric Mean)

inequality. Hence, we have

1 ~
liminf - log (‘Kyl (n)D >log(1+INR+SNR) — 1

n—oo n

using Lemma 4.4. Also, Ky, x, (n) is a diagonal matrix of the form

K (n) = diag lg21 (n)[? 1 g1 (n — 1)]? 1
Yi1lXa 1+INR 7 1+INR
lg21 (2)]?

ALEERSA N | DZ+1].
’1+INR+’|921()|+>

Hence, using Jensen’s inequality

lim suplE [log (’KY1|X1 (n) ‘)]

n—oo N
1 INR n-t
<l | 4 1+IN
= Og<<1+INR+ ) (1+ R>>

= log (INR (1+INR) ™+ 1)

<1.
Hence, by combining Lemma 4.3, Equation (4.51) and Equation (4.56), we get
Ry <log(1+INR+ SNR) —3cjg —2

is achievable.
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4.6.1.2 Decoding at Rx2

For user 2 we can use a block variant of Schalkwijk-Kailath scheme [SK66] to achieve
Ry, = E [log" (|gd\2 /(1+INR))]. The key idea is that the interference-plus-noise sent
in subsequent slots can indeed refine the symbols of the previous slot. The chain of refine-
ment over n phases compensate for the fact that the information symbols are sent only in

the first phase. We have

v = gV XN 4 gV X (O 2N (4.58)

and

)N

i—1)N - (i—1)N i—1)N
yON _ @ON g x4z 4N X
2 T 922 1+ INR J12. 21

+ 28 (4.59)

for 2 > 1. Now let
n ()N

>N _ y(n)N — 922 ()N
w=y, *Z(H 1+INR>Y -

j=it1

We have

n-l( n (N .
7N = yN ST A (4.60)
i=1 \j=i+1 \/m

g (A

s VI+INR
+ g1y N x (N 4 Z (N (4.61)

+ (—gég)N (1+INR)™ 2)

n—2)N n—2)N n—2)N
s Y
22 VI+INR

+g£721—1)NX§n—1)N + Zénl)N)

- (o 1+ IRy )
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n—3)N n—3)N n—3)N
% g(n*Q)N 9§2 : Xf s Zé )
22 VI+INR

_i_gErZLfQ)NXEan)N + ZénQ)N)

+ ..
+ [ TT (=o&™ + 1N R)Y2)
j=2
x (957 X3+ o)V XN 4 2DV (4.62)
— Y (11 08" | N N
- J22 A TNV D 2 12 1
AL VITINR
+ ZmN, (4.63)

due to cross-cancellation. Now Rx2 decodes for its message from Y;V. Hence, Rx2 can

1
Ry <liminf-E |:log (1 + (
n—oo n !
J

achieve the rate

=

(mxﬁzu+fNR>ﬂ)

I|
N

2
% %1)‘2 : (4.64)
1+ g2 (n)]
where goo (1), ..., 922 (n) ~ g4 being i.i.d and gy5 (n) ~ g.. Hence, it follows that
Ry <E [1og+ (|gdy2 (1+ INR)_lﬂ (4.65)

is achievable.

4.6.1.3 Capacity gap

We can obtain the following outer bounds from Theorem 4.11 for the special case of sym-

metric fading statistics.

Ri,Ry <E [log (]gd\2 + \96]2 + 1)} (4.66)

-1
Ru+ o < & log (14 aaf (14 1) )]
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+E [1og (lga” + 1gcl* + 219l gl +1)] (4.67)

where Equation (4.66) is obtained from Equation (4.27b) and Equation (4.27d) by setting
p = 0 (note that p = 0 yields the loosest version of outer bounds in Equation (4.27b) and
Equation (4.27d)). Similarly, Equation (4.67) is a looser version of outer bound Equation
(4.27e) independent of p. The outer bounds reduce to a pentagonal region with two non-
trivial corner points (see Figure 4.6). Our n-phase scheme can achieve the two corner points
within 2 4 3¢ bits per channel use for each user. The proof is using logarithmic Jensen’s

gap property and is deferred to Appendix C.11.

A

Achievable, by n phase schemes
Ry

1Ar bits/s/H:
4. S/S, Vi
VO 1 z

Outer bound

Ry

Figure 4.6: Tlustration of bounds for capacity region for symmetric FF-IC. The corner
points of the outer bound can be approximately achieved by our n-phase schemes. The gap

is approximately 4.5 bits per channel use for the Rayleigh fading case.

4.6.2 An auxiliary result: Approximate capacity of 2-tap fast Fading ISI chan-

nel
Consider the 2-tap fast fading ISI channel described by

Y()=ga()X D) +9. ()X (U -1)+Z(1), (4.68)

123



where g4 ~ CN (0,SNR) and g4 ~ CN (0,INR) are independent fading known only to
the receiver and Z ~ CN (0,1). Also we assume a power constraint of E [|X |2] < 1on
the transmit symbols. Our analysis for R can be easily modified to obtain a closed form
approximate expression for this channel. This gives rise to the following corollary on the

capacity of fading ISI channels.
Corollary 4.15. The capacity Cr_js; of the 2-tap fast fading ISI channel is bounded by

Cp_rs1 <log(1+SNR+INR)+1

OF—IS] Z log(l + SNR+INR) —1- SCJG,
where the channel fading strengths is assumed to have a logarithmic Jensen’s gap of ¢jq.

Proof. The proof is given in Appendix C.12. n
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CHAPTER 5

Noncoherent Interference Channel

5.1 Introduction

There has been considerable amount of study on noncoherent wireless channels [MH99,
ATS01, ZT02, KK13]. However, most of the progress has been on unicast networks, except
the recent work [NYG17] on noncoherent broadcast channel. In this chapter, we consider the
noncoherent interference channel with symmetric statistics and demonstrate an achievable

gDoF region.

5.1.1 Related work

The noncoherent wireless model for multiple input multiple output (MIMO) channel, was
studied by Marzetta and Hochwald [MH99]. In their model, where neither the receiver nor
the transmitter knows the fading coefficients and the fading gains remain constant within
a block of length T symbol periods. Across the blocks, the fading gains are identically
independent distributed (i.i.d.) according to Rayleigh distribution. The capacity behavior
at high signal-to-noise ratio (SNR) was studied for the noncoherent MIMO in [ZT02]. Some
works have specifically studied the case with 7" = 1 [TE97, ATS01, LM03]. In [ATSO01],
it was demonstrated that for T" = 1, the capacity is achieved by a distribution with finite
number of mass points, but the number of mass points grew with SNR. The capacity for the

T =1 case was shown to behave double logarithimically in [LMO3].

There have been other works that studied noncoherent relay channels. The noncoherent

single relay network was studied in [KK13], they considered identical link strengths and unit
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coherence time. They showed that under certain conditions on the fading statistics, the
relay does not increase the capacity at high-SNR. In [GY14], similar observations were made
for the noncoherent MIMO full-duplex single relay channel with block-fading. They showed
that Grassmanian signaling can achieve the degrees of freedom (DoF) without using the
relay. Also for certain regimes, decode-and-forward with Grassmanian signaling was shown

to approximately achieve the capacity at high-SNR.

The above works considered a DoF framework for the noncoherent model, in the sense
that for high-SNR, the link strengths are not significantly different, i.e., the links scale
with the same SNR-exponent. The generalized degrees of freedom (gDoF) framework for
noncoherent MIMO was considered in Chapter A and it was shown that several insights
from the DoF framework may not carry on to the gDoF framework. It was shown that
a conventional training scheme is not gDoF optimal and that all antennas may have to
be used for achieving the gDoF, even when the coherence time is low, in contrast to the
results for the MIMO with i.i.d. links. In Chapter B, the gDoF of the 2-relay diamond
network was studied. The training-based schemes were proven to be sub-optimal and a new
scheme was proposed, which partially trains the network, performs a scaling and quantize-
map-forward operation [OD10, OD13, ADT11] at the relays. These above works focused on
unicast networks. Recently an achievability scheme for noncoherent broadcast channel was
considered in [NYG17]. They derived an achievable DoF region for noncoherent broadcast

channel using statistical channel state information.

In this chapter, we study noncoherent interference channel (IC) with symmetric statistics.
This, we believe, is the first work on noncoherent channels in multicast networks. The
(coherent) IC is well understood in terms of its capacity [HK81, CMGO08, ETWO08, ST11]
when the channels are known at the receivers and transmitters. The capacity region of the
2-user IC without feedback was characterized in [ETWO08], to within 1 bit/s/Hz. In [ST11],
a similar result was derived for the IC with feedback, obtaining the capacity region within 2
bits/s/Hz. When the channels are time varying, most of the existing techniques for IC cannot

be used without channel state information at transmitter (CSIT). The idea of interference
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alignment from [CJ08], has been extended to fast fading interference channels (FF-IC) for

certain cases, to obtain the DoF region.

The degrees of freedom region for the MIMO FF-IC was studied in [VV12] and their
results showed that when all users have single antenna, the DoF region is same for the cases
of no CSIT, delayed CSIT and instantaneous CSIT. The results from [TMP13] showed that
the DoF region for the FF-IC with instantaneous CSIT and no feedback contains the DoF
region with output feedback and delayed CSIT. This result changes when one considers more
than DoF, for example as in Chapter C, where the approximate capacity region (within a
constant additive gap) for FF-IC (with no instantancous CSIT) was derived. There, we
used a rate-splitting scheme based on average interference-to-noise ratio (INR), extending
the existing rate-splitting schemes for IC [ETWO08, ST11], and proved that this was approxi-
mately optimal for FF-IC. This approximate capacity region was derived for FF-IC without
feedback and also for the case with feedback; the feedback improves the capacity region for

FF-IC, similar to the case for the static IC [ST11].

5.1.2 Contributions

In this chapter we extend the results from Chapter C for FF-IC (where the receivers know the
channel, but not the transmitters) to the case when both transmitters and receivers do not
know the channel, i.e., the noncoherent IC. We consider the IC with symmetric statistics.
We use a noncoherent version of the Han-Kobayashi scheme [HK81], where the transmitters
use superposition coding, splitting their messages into common and private parts, and the
receivers use joint decoding. We use Gaussian codebooks and use rate-splitting based on
average interference-to-noise ratio (INR). We evaluate the achievable gDoF region with this
scheme and compare it to a training based scheme. For a 2-user IC, a training based scheme
uses at least 2 symbols in every coherence period 7', to train the channels. We consider the
gDoF of the IC with the rest of the T'—2 symbols available for communication. We show that
our noncoherent scheme outperforms the training-based scheme in gDoF. We also consider

the scheme which treats interference as noise (TIN) and observe that TIN has higher gDoF
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than the noncoherent scheme and the training-based schemes when the INR is low compared

to the INR. But in the other regimes, the noncoherent scheme achieves the best gDoF'.

We also consider the noncoherent FF-IC with channel state and output feedback. Again
we propose a noncoherent scheme that uses Gaussian codebooks and rate-splitting based
on average interference-to-noise ratio (INR) similar to Chapter C. We evaluate the gDoF
region and compare it with a training based scheme and prove that the noncoherent scheme
outperforms the training-based scheme. The noncoherent scheme with feedback increases
the gDoF compared to the noncoherent scheme without feedback. Also we observe that with
feedback, the performance of our noncoherent scheme is better than TIN schemes for T > 3,

even when the INR is low compared to the SNR.

The chapter is organized as follows. In Section 5.2, we discuss our system model. In
Section 5.3, we discuss our results on the FF-IC without feedback and in Section 5.4, we
discuss the FF-IC with feedback. Some of the proofs for the analysis is deferred to the

appendixes.

5.2 System model

We use the same notations as defined in Section 2.2.1 on page 13. We consider the 2-user

noncoherent Gaussian fading IC (Figure 5.1) with coherence time 7. We have
Yi=guXi+gaXo+ Wi (5.1)

Yo = 12X + g2 Xo + Wo (5.2)

where the X;,Y;, W; are 1 x T" vectors and the links g;; are fading. The realizations of
gi; for any fixed (i,7) are i.i.d. across time, and the realizations for different (i,j) are
independent. We consider the case with symmetric fading statistics gi; ~ gao ~ CN (0, SNR)
and g1 ~ go1 ~ CN (0,INR). Neither the receivers nor the transmitters have knowledge of
any of the realizations of g;;, but the channel statistics are known to both the receivers and

the transmitters.
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Z, ~CN(0,1)

Tx1 Rx1

Tx2

Rx2

Figure 5.1: The channel model without feedback.

Under the feedback model (Figure 5.2), after each reception, each receiver reliably feeds
back the received symbol and the channel states to its corresponding transmitter!. We
consider the delayed feedback of symbols in blocks of T, however the results that we derive

still hold even if the feedback is performed during every symbol period.

(Y1, 911, 921)

Delay ’—

7, ~CN(0,1)

Tx1

Rx1

Tx2 Rx2

Delay
LY ] (Y2, 922, g12)

Figure 5.2: The channel model with feedback.

The interference level « is defined as, v = log (INR) /log (SNR). Let C (SNR, INR) denote
the capacity region. Let D be a scaled version of C (SNR,INR) given by D (SNR,INR) =
{(R1/1og (SNR), Ry/log (SNR)) : (Ry, R2) € C(SNR,INR)}. Following [ETWO08], we define

the generalized degrees of freedom region as

D(a)=_lim D(SNR,INR).
SNR,INR—00
afixed

C with rate limited feedback is considered in [VSA12] where outputs are quantized and fed back. Our
schemes can also be extended for such cases.
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We also assume T' > 2, since if T = 1 the gDoF region of the IC is null following the result

for noncoherent MIMO from Chapter 2.

5.3 Noncoherent IC without feedback

Theorem 5.1. Using a noncoherent rate splitting scheme the gDoF regions given in Table

5.1 are achievable.

Table 5.1: Achievable gDoF regions for different regimes of «.

a<1/2 1/2<a<1 a>1
di+dy<(2-2)—a(l—4%
neopyoy | OTESETDmelmD gy
d1+d2§2(1—%)04
dp<(1-7) =7 dy < (1— 2)
3 a
: 2di +dy < (2- %) — § . ,
d1+d2§2(1_f>_20‘ d1+d2§(1—7)04—:7
di+2dy < (2-3) -2

Proof. The proof follows by analyzing a Han-Kobayashi scheme similar to that in Chapter

4 with rate-splitting based on average interference to noise ratio. The details are in Section

5.3.2.

5.3.1 Discussion

O

We now compare our achievable gDoF with that of a training-based scheme. The approxi-

mate capacity region of coherent fast fading IC is given in Chapter 4. The gDokF for the case

which uses 2 symbols for training can be easily obtained from the gDoF region for coherent

case with a multiplication factor of (1 —2/T). Hence, the gDoF regime for a scheme that

uses 2 symbols for training is given by

2
dy,dy < (1 — f)

dy+dy < (1 _ %) (max (1, a) + max (1 — @, 0))
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2
di+dy <2 (1 - T) max (1 — a, a) (5.3¢)
2
2dy + dy, dy 4 2dy < <1 — ?> (max (1, ) + max (1 — o, ) + max (1 — a,0)).  (5.3d)

In Figures 5.3, 5.4, 5.5, the gDoF achievable with our noncoherent scheme is compared
with gDoF' achievable using the training-based scheme. It can be observed that our non-
coherent scheme outperforms the training-based scheme. We also consider the strategy of
treating interference-as-noise (TIN) with Gaussian codebooks. Using standard analysis and

using Gaussian codebooks, it can be easily shown that the gDoF"

e (1-2) -

can be achieved by treating interference as noise. Now, we give the achievable symmetric
gDoF for the three strategies that we discussed, with coherence time T' = 5, in Figure 5.6.
It can be calculated from our gDoF regions that treating interference as noise outperforms
other strategies when o < (1 —1/7T)/(2—3/T). Note that for the coherent case, rate-
splitting based on INR is only as good as TIN for low INR (o < 1/2). For noncoherent case,
rate-splitting scheme have lower performance than TIN for low INR, because the uncertainty
in the interfering channel together with the uncertainty in the interfering message to be
decoded, reduces the amount of the direct message that can be decoded. This reduction
is more significant in the noncoherent case (compared to the coherent case) because the

uncertainty in the channels does not appear in the coherent case.

Difficulty with Outer Bounds: One trivial outer bound is the coherent outer bound
i.e., assuming that the receivers have perfect channel state information. We could also try
to derive noncoherent outer bounds following existing techniques. For example, following
[ETWO08, Theorem 1] and using a genie-aided technique with S; = ¢12X; + Z5, and Sy =

go1 X2 + Z1, we could derive an outer bound
T (R + Rs) < h(Y1|S1,A) + h(Y3]S9, A) — h (S1]1X1,A) — h (53] Xs, A) (5.4)

with input distributions p (A) p (X1|A) p(X2| A) with a time-sharing random variable A.

However, this bound is not better than the coherent outer bound. To understand this, we
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dy A

Sl=

a=0

Figure 5.3: gDoF for o < 1/2,T > 2.
and the dotted line is is

dy

di+dy<2(1-%)a

doy

dy A

dy A

0<a<

dy +2dy =2 — (3£2)

d|+d2§2(1—%)u

"X 2dy +dy =2 (

3+a
T

)

T-—1
2T-1

dy

N\ +d2<2(1- %) -2

2dy +dy =2 — (252)

dy

dy

Figure 5.4: gDoF for 1/2 < a <1, T > 3. For T

schemes.

dy

outer bound gDoF for a scheme that uses 2 symbols for training.
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dp

The solid line is achievable for a noncoherent scheme

an outer bound gDoF for a scheme that uses 2 symbols for training.

dy +2dy =2 — (3£2)

2dy +dy =2 — (%)

dy

2T-3
575 <a< 1

2 no gDoF is achievable using known

The solid line is achievable for a noncoherent scheme and the dotted line is an



dy g dy A dy A

di+dy=1-2

l<a<¥=p a> =8

Figure 5.5: gDoF for 1 < o, T > 3. For T' = 2 no gDoF is achievable using known schemes.
The solid line is achievable for a noncoherent scheme and the dotted line is is an outer bound

gDoF for a scheme that uses 2 symbols for training.

T T

Non coherent scheme
oop | Training based scheme
TIN

Symmetric gDoF

Figure 5.6: Symmetric achievable gDoF for coherence time 7" = 5. Training based scheme

uses 2 symbols for training. Treating interference as noise dominates others when a <

(1-1/T)/(2-3/T).
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try evaluating (5.4) with X7, X5 taken as independent vectors with i.i.d. CA (0, 1) elements.

In this case, it can be shown that

h(Y1]S1) > log (1 + INR + SNR) + (T — 1) log (1 + ?ll\\II_IS)

h(S1]X1) = log (1 + INR).

' SNR
h (Y1]S1) — h (S1|X1) > T'log (1 + m)

This means that for a < 1/2 for gDoF, the bound (5.4) is looser than the bound R; + Ry <

2log (1 + ?NNS) which is same as the coherent outer bound for av < 1/2.

5.3.2 Proof of Theorem 5.1

From [CMGO8], we obtain that a Han-Kobayashi scheme [HKS81] for IC can achieve the
following rate region for all p (Uy) p (Us) p (X1|Ur) p (X2|Us):

TR, < I(Xy;11|Us) (5.5a)

TRy < I (X; Ya|U7) (5.5b)

T (By+ Ro) < I (Xo,Up:Y3) + I (X0: Va|UL, T) (5.5¢)

T (Ry+ R) < I(X1,Un; Vi) + I (Xo: V| Uy, Us) (5.5d)

T (Ry + Ry) < I (X1, Us; Yi|U2) + I (Xo, Uy; Ya|Us) (5.5¢)

T (2R + Rp) < I(Xy1,U; Y1) + 1 (X0;Ya|U, Us) + I (Xo, Uy Ya|Us) (5.51)
T (Ry +2Ry) < I (Xo, Uy YVa) + I (Xo: YalUs, Us) + T (X3, U: YA|UR) . (5.58)

Now similar to that in [ETW08, SKD18, SKD17], we choose Uy, as a vector of length 7" with
iid. CN (0, \.) elements and X, as a vector of length 7" with i.i.d. CN (0, \,) elements for
ke{l,2} and X; = Uy + X1, X =Us+ Xy, where \c+ A, =1 and A, = min (1/INR, 1).
For gDoF characterization, we can assume INR > 1. If INR < 1, it is equivalent to the
case with INR = 1 for gDoF, since both of these cases obtain @ = 0. Hence, we can have

Ap = 1/INR. Here we used the rate splitting using the average interference to noise ratio.
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Fact 5.1. For an exponentially distributed random wvariable & and a > 0, b > 0,

log (a + bug) — ylog () < E[log (a + b§)] < log (a + bue).
Proof. This follows due to the results given in Section 4.3 (on page 99). m

We now simplify the region (5.5) for low interference (o < 1) regime. We consider the

terms in (5.5), one by one.

Claim 5.1. The term I (Xy;Y1|Us) is lower bounded in gDoF by (T — 1)log (1 + SNR) —
log (1 + INR).

Proof. See Appendix D.1. n

Claim 5.2. The term I(Xy,Up;Ys) is  lower bounded in  gDoF by
(T'—1)log (1 +SNR + INR) — log (1 + INR).

Proof. We have

[ (X5, UpYs) = h(Ya) — h(Ya| Xa, Uy) (5.6)

h(Y3) > Tlog (1 4+ SNR + INR) (5.7)
Also from (D.3) for h(Y1| X1, Us) in Appendix D.1 and using symmetry we can get,
h(Ya| Xy, Uy) < log (1 + SNR + INR) + log (1 + INR) (5.8)
Hence I (X, Uy;Ys) < (T —1)log (1 + SNR 4 INR) — log (1 + INR) . O
Claim 5.3. The term I (X1;Y1|Uy,Us) is lower bounded in gDoF by
(T — 2)log (1 + SNR/INR) + log (1 + SNR/INR + INR) — log (INR)..
Proof. See Appendix D.2. m

Claim 5.4. The term [(X;,UyY1|Uy) is  lower bounded in  gDoF by
(T —1)log (1 + SNR/INR + INR) — log (INR).
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Proof. We have

I (Xy1, Uy Y1|Ur) = h(V1|Ur) — b (Y1 X4, Us, Un)
> h(Y1|Ur) — h (V1| X4, Us)

S B (Yi|UL) — log (1+ SNR + INR) — log (1 + INR)
Where the last step is using (D.3) for h (Y;| X1, Us) in Appendix D.1. Now

h(Y1|U1) = h (911X1 + g1 X2 + Z1| U1)
= Z h (gllez + 921 X9 + le| {g11X31; + 921X + Zl]}j 19 )
(i)
> h (911X11 + g21Xo1 + Zn’ Ul,thle) +

+ Z h (911 X1 + 921 X0 + Z1i| Usi, 921, 911)

=2

> log (1 + SNR + INR)

(T = 1)log (1+?'N\I—§+INR> (5.9)

where (i) is due to the fact that conditioning reduces entropy and Markovity
(911 X1i + 921 X9 + Z1;) — (Urs, 921, 11) — <{911X1] + g21.Xo; + le}j 19 ) Hence
- SNR

We collect the results from the previous four claims in Table 5.2.

Table 5.2: gDoF inner bounds for the terms in achievability region

Term Inner bound in gDoF
(X1, Uy Y1|UY) (T — 1) log (1 + 34§ + INR) — log (INR)
I(X1;Y31|UL Us) | (T —2)log (14 308) +log (1 + 338 + INR) — log (INR)
I (Xy, Uy Ys) (T — 1)log (1 + SNR + INR) — log (1 + INR)
I (X1;Y1|Us) (T'—1)log (1 +SNR) —log (1 + INR)
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Substituting the inner bounds into the achievability region (5.5), we get the following

achievability region in gDoF"

TRy < (T —1)log (14 SNR) — log (1 + INR) (5.10a)

TR, < (T —1)log (1 4 SNR) — log (1 + INR) (5.10b)

T (Ry + Ry) < (T —1)log (1 + SNR + INR) — log (1 + INR)

SNR SNR
+ (T — 2)log (1 + m) + log (1 +INR T |NR> —log (INR)  (5.10¢)

T (R, + Ry) < (T —1)log (1 + ?'N\'—Ff + INR) —log (INR)
SNR

+ (T —1)log (1+m+|NR> — log (INR) (5.10d)

T (2R, + Ry) < (T — 1)log (1 + SNR + INR) — log (1 + INR)

+ (T — 2)log (1 + SN—R> + log (1 + SNR + INR> — log (INR)

INR INR
SNR
+ (T —1)log 1+W+INR — log (INR) (5.10e)

T (R, 4 2Ry) < (T — 1)log (1 + SNR + INR) — log (1 + INR)

+ (T = 2)log (1 + ?'l\\ll—::) +log (1 L oNR INR) — log (INR)

INR
SNR
+(T'—1)log 1+W+INR — log (INR) . (5.10f)
Hence we get the following gDoF region:
1 o
< —_ )= .
dy < <1 T> T (5.11a)
1 o}
< S .
dy < <1 T> T (5.11b)
1 o 2 1 @
<(1-=2)-2 21— — - - = .
dy +dy < (1 T> T + <1 T) (1—a)+ T max (1 — a, «) T (5.11c)
1 2a
dy + dy §2(1—T) max(l—oz,oz)—? (5.11d)
1 o 2 2a
<(1-=)-2 —2)a- _ _ = ,
2d; +dy < (1 T) T + (1 T) (1 —a)+max (1l —a,a«) T (5.11e)
dir2d< (1-2) -2 (1-2) 1 —a) 4 max(1—a,a) — 22 (5.11)
1 2 < T T - a ax a, o T :
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It can be verified that this gDoF region can be simplified for different regimes of o < 1 as

given in Table 5.1. Now we consider the regime o > 1 and and evaluate the gDoF region.

5.3.2.1 High Interference Case (a > 1)
Claim 5.5. The term I (X1;Y1|Us) is lower bounded in gDoF by (T — 2)log (1 + SNR).

Proof. See Appendix D.3. m

Claim  5.6. The term I (X, Uy;Y2) s lower bounded in  gDoF by
(T'—1)log (1 + SNR + INR) — log (1 + SNR).

Proof. We have

](X27U1;)/2> = h(}/2> - h(}/é|X2vU1)v

h(Yz) > Tlog (14 SNR + INR)

(@)
h(Ys| X5, Up) > log (1 + SNR + INR) + log (1 4+ SNR),

where (7) is using (D.45) from Appendix D.3 in the proof of Claim 5.5. Hence I (X5, Uy;Y5) <
(T —1)log (1 + SNR + INR) — log (1 4+ SNR) follows. O

Claim 5.7. The term I (Xy,Us;Y1|Uy) s lower bounded in  gDoF by
(T —1)log (1 + 3[R + INR) —log (SNR).

Proof. We have
I (X1, Uy 1|Uy) =h (V1|Uy) — b (Y1] X4, Uy)

(i)
>h (Y1|U;) — log (1 4+ SNR + INR) — log (SNR)
@ SNR
h(Y1|Uy) > log (1 +SNR + INR) + (T — 1) log (1 + R INR) :

where (i) was using (D.45) for h (Y1]| X1, Us) and (ii) was from (5.9). Hence the desired result
follows. N
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We collect the results from the previous three claims and a trivial bound for

I (Xy;Y1|Up,Us) in Table 5.3.

Table 5.3: gDoF inner bounds for the terms in achievability region

Term Lower bound in gDoF

[(X1, U Y1|Uy) | (T —1)log (1 + 3NB + INR) — log (SNR)

](Xl;Y1|U1,U2) 0
I(XQ,Ul;YZ) (T—1)10g(1+SNR—|—INR)—log(1+SNR)
(X3 Yi|Uh) (T —2)log (1 + SNR)

Substituting the inner bounds into the achievability region (5.5), we get the following

achievability region in gDoF:

TRy, TR, < (T —2)log (1+ SNR) (5.12a)
T (Ry + Ry) < (T —1)log (1 + SNR + INR) — log (1 + SNR) (5.12b)
T (Ry+ Ry) < (T —1)log (1 + ?'I\\Il—ls + INR) — log (SNR)
+ (T —1)log (1 + ?'N\'—FT + INR) — log (SNR) (5.12¢)
T (2R, + Ry), T (Ry + 2Ry) < (T — 1)log (1 4+ SNR + INR) — log (1 4 SNR)
+ (T — 1) log (1+?'N\I—RR+INR) —1log (SNR).  (5.12d)

It can be verified that the above region can be reduced to the gDoF region in third column

of Table 5.1 for o > 1.

5.4 Noncoherent scheme for feedback case

Theorem 5.2. For a noncoherent I1C with feedback, the gDoF region given in Table 5.4 is

achievable:
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Table 5.4: Achievable gDoF regions for noncoherent IC with feedback.

a<1/2 1/2<a<1 a>1

dy,dy < (1— %) — 2 dy,dy < (1—32)
L2013 -a(4d) | drhs@d) a(-d)

Proof. This is obtained using the block Markov scheme of [ST11, Lemma 1] for the nonco-
herent case. We again use a rate-splitting based on average interference to noise ratio in this

case. The proof is given in Section 5.4.2. O

5.4.1 Discussion

We now compare our achievable gDoF with that of a training-based scheme. The approx-
imate capacity region of coherent fast fading IC with feedback is given in Chapter 4. The
gDoF for the case which uses 2 symbols for training can be easily obtained from the gDoF
region for the coherent case with a multiplication factor of (1 —2/7"). Hence, the gDoF

regime for a scheme that uses 2 symbols for training is given by:
2
dy,dy < (1 — T) max (1, a) (5.13a)

dy+dy < (1 - %) (max (1, @) + max (1 — a,0)). (5.13D)
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Figure 5.7: Symmetric achievable gDoF for coherence time T' = 3: feedback and non feedback

cases

o
o

Symmetric gDoF
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03 FB Non coherent scheme
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0 L L L
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Figure 5.8: Symmetric achievable gDoF for coherence time 7" = 5: feedback and non feedback

cases

We give the achievable symmetric gDoF for the noncoherent rate-splitting scheme, train-
ing based scheme and treating interference as noise (TIN) scheme, with coherence time
T = 3, in Figure 5.7 and with coherence time T = 5, in Figure 5.8. It can be calculated from

Table 5.4 and (5.13) that treating interference as noise (TIN) outperforms our noncoherent
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strategy with feedback, when 7" = 2 and o < 1. Our strategy in the presence of feedback
is as good as TIN for or outperforms TIN when 7" > 3. The noncoherent rate-splitting
scheme attempts to decode part of the interfering message at the transmitter, and use it in
subsequent transmissions. The amount of rate that can be decoded increases with T, when
T = 2 the advantage gained by decoding at the transmitter is low. For low INR, the uncer-
tainty in the interfering channel together with the uncertainty of the interfering message to
be decoded at the receiver reduces the amount of direct message that can be decoded in the
rate splitting scheme. The advantage gained by decoding at the transmitter outweighs this

loss when 1" > 3.

5.4.2 Proof of Theorem 5.2

Using the block Markov scheme of [ST11, Lemma 1], we obtain the achievability of the rate

pairs (R, Ry) satisfying

TR, < I(U,Us, X1;Y7) (5.14a)
TR, < I(Uy;Ya|U, Xo) + I (X1; Y4|Uy, Us, U) (5.14b)
TRy < I(U,Uy, Xo;Ya) (5.14c)
TRy < I (U V1|U, X1) + I (X Ya|Uy, Us, U) (5.14d)
T (Ry+ Ry) < I (Xy;Vi|UL, U, U) + 1 (U, Uy, X3: V) (5.14e)
T (Ri + Ry) < I (Xo;Ya|Uy, Us,U) + I (U, Us, X1: Y1) (5.14f)

for all p (U) p (U1|U) p (Us]U) p (X1|U1,U) p (X2|Usz, U). We choose U = 0, Uy, as a vector of
length T with i.i.d. CN (0, \.) elements, X, as a vector of length 7" with i.i.d. CN (0, \,)
elements for k € {1,2}, X = Uy + X1, Xo = Uy + X0 where Ac + ), = 1 and ), =
min (1/INR, 1) similar to [ST11, SKD18]. The region (5.14) following [ST11, Lemma 1] is
still valid with U = 0. For gDoF characterization, we can assume INR > 1. Hence we have

Ay = 1/INR. Now we analyze the terms in (5.14) for obtaining an achievable gDoF region.

Claim 5.8. The term [I(U, Uy, X1;Y1) is lower bounded in  gDoF by
(T — 1) log (1 + SNR + INR) — log (1 + min (SNR, INR)).
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Proof. We have

h(Y1) > TE [log (|gu1|* + |g21) + 1)]
= Tlog (1 +SNR +INR), (5.15)

h(Y1|U, Uz, X1) = h (911 X1 + g Xo + Z1| U, Us, X1)
(;)log(l—I—SNR+|NR)+10g(1+|NR), (5.16)
h(Yi|U,Us, X)) ? log (1 + SNR + INR) + log (1 + SNR) , (5.17)
where () is using U = 0 and (D.3) on page 225 in the proof of Claim 5.1. The step (i) is
using U = 0 and (D.45) on page 230 in the proof of Claim 5.5. Hence using the above two

equations, we get
h(Y1|U,Us, X1) < log (1 4+ SNR + INR) + log (1 + min (SNR, INR)) . (5.18)

Hence the desired result follows.

[
Claim 5.9. The term I (Us; Y1|U, X1) is lower bounded in gDoF by (T — 1)log (1 + INR) —
log (1 + min (SNR,INR)).
Proof. We have
h(Y1| U, X1) = h (guX1 + g1 Xo + Z1| U, X1) (5.19)

= Z h <911X1i + 921X + Zli’ {911 X4 + 921Xy + Z1j}§;11 U, Xl) (5.20)

(4)
> h (guXi1 + gnXoy + Zn| Xo1, U, X1) +

T
Z h (911X1i + 921 X9 + Zli} U, X1, go1, 911) (5.21)
i=2

(i4)

> log (1 +SNR+INR) + (T"—1)log (1 + INR) , (5.22)

where (i) is due to the fact that conditioning reduces entropy and Markovity

(g X1+ 90 Xoi + Z1;)  — (U, X1,921,911) — ({911X1j + g21.Xo; + le};;ll U, X1>
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and ('ZZ) is using Gaussianity for terms h (g11X11 + 921X21 + le‘ le, U, X1> and
h (911X1i + g21X2; + Zu| U, X17921,911)- Also

h(Yi|U, Uy, X;) < log (1 4+ SNR 4 INR) + log (1 + min (SNR, INR))

from the proof of previous claim. Hence the desired result follows. O

Claim 5.10. The term I (Xy;Y1|Uy,Us,U) is  lower bounded in gDoF by
log (1 + 38 4+ min (SNR,INR)) + (7' — 2) log (1 + 388) —log (1 + min (SNR, INR)).

Proof. The proof is given in Appendix D.4. ]

We collect the inner bounds for terms in the achievability region in Table 5.5.

Table 5.5: gDoF inner bounds for the terms in achievability region

Term Lower bound in gDoF

[(U,Us, X1;Y1) | (T —1)log(1+SNR+INR) — log (1 + min (SNR, INR))

I (Us; Y1|U, X1) (T — 1) log (1 + INR) — log (1 + min (SNR, INR))

log (1 + MR 4 min (SNR, INR)) + (7 — 2) log (1 + SNR)
—log (1 4+ min (SNR, INR))

I(Xl;Y1’U1,U27U)

Using the above results in (5.14) we have the gDoF region:

TRy, TRy < (T —1)log (1 + SNR + INR) — log (1 + min (SNR, INR)) (5.23a)
TRy, TRy < (T —1)log (1 + INR) — 2log (1 + min (SNR, INR))
SNR SNR
+ log (1 +oNg T min (SNR, INR)) + (T — 2)log <1 + m) (5.23b)
T (R + Ry) < (T —1)log (1 + SNR + INR) — 2log (1 4+ min (SNR, INR))
SNR SNR
+ log (1 + INR + min (SNR, INR)) + (T —2)log (1 + m) . (5.23¢)

It can be verified that the above region can be reduced to the gDoF region in Table 5.4.
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CHAPTER 6

Conclusions and Future work

6.1 Noncoherent MIMO

In Chapter 2, we considered the noncoherent MIMO channel with link strengths scaled
with different exponents of SNR. Under this model, we derived a structure for the capacity
achieving input distribution. We showed that for T = 1, the gDoF is zero for MIMO of
any size. Also for the SIMO and the MISO channels, we proved that selecting the best
antenna can achieve the gDoF. We derived the gDoF for 2 x 2 symmetric MIMO with two
different exponents in the direct and cross links and showed that both the antennas are always
needed to achieve the gDoF. Also training-based schemes were shown to be suboptimal for
the 2 x 2 symmetric MIMO. We extended this observation to M x M symmetric MIMO
with two different exponents in the direct and cross links; we demonstrated a strategy that
could achieve larger gDoF than training-based schemes. A possible direction for future work
would be to try to derive the gDoF of M x M symmetric MIMO. Then to look into the
case of arbitrary size MIMO with different exponents. The outer bounds for larger MIMO
seems to be a challenge at the moment, our outer bounds for 2 x 2 MIMO illustrates some
of the difficulties: we used a Gram Schmidt process for LQ decomposition of matrices and
developed new lemmas to bound the terms in the mutual information expression. The same

methods do not seem to be directly applicable to larger MIMO.
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6.2 Noncoherent Diamond Network

In Chapter 3, we characterized the gDoF of the diamond network with 2 relays, when the
links are scaling differently with SNR. For some regimes, a simple decode-and-forward scheme
was sufficient to achieve the gDoF and a conventional form of the cut-set outer bound could
be used. There were other regimes, where relay selection or training-based schemes would
not achieve the conventional cut-set bound gDoF'. For these cases, we derived a new outer
bound beginning with a modification of the conventional cut-set outer bound. In order to
analyze this optimization problem in the outer bound, we then loosened the terms in this
outer bound and discretized the terms without losing gDoF. Then we proved that the optimal
distribution for the outer bound can have just two mass points without losing gDoF. This
distribution could be explicitly obtained. To obtain the inner bound, we used the structure
of the solution of the outer bound. The inner bound used a time-sharing random variable
with two mass points. This design mimics the gDoF-optimal distribution for the outer bound
which had two mass points. In our scheme, the channels from the source to the relays were
trained using a single symbol in every block of length 7. The relays scale the received
data symbols using the channel estimate, and then perform a quantize-map-forward (QMF)
operation on the scaled symbols: this we called train-scale QMF (TS-QMF) scheme. We do
not use training from the relays to the destination, as seen in the TS-QMF scheme, which
is shown to be gDoF-optimal. We show that if training is to be done on all links of the

channel, then the gDoF cannot always be achieved.

One of the future directions of study include noncoherent n-relay diamond networks. Our
achievability scheme for the noncoherent 2-relay diamond network can be extended to the
n-relay case. However, the outer bounds are still an open problem. The more general open

problem is the capacity of general noncoherent networks.
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Figure 6.1: n-relay diamond network.

Source Destination

Figure 6.2: A general wireless network with single source and destination.

6.3 Fast Fading ICs

In Chapter 4, we introduced the notion of logarithmic Jensen’s gap and demonstrated that
it can be used to obtain approximate capacity region for FF-ICs. We proved that the rate-
splitting schemes for ICs [ETW08, CMGO08, ST11], when extended to the fast fading case
give capacity gap as a function of the logarithmic Jensen’s gap. Our analysis of logarithmic
Jensen’s gap for fading models like Rayleigh fading show that rate-splitting is approximately

optimal for such cases. We then developed a scheme for symmetric FF-ICs, which can be
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implemented using point-to-point codes and can approximately achieve the capacity region.
An important direction to study will be to see if similar schemes with point-to-point codes can
be extended to general FF-ICs. Also our schemes are not approximately optimal for bursty
IC [WSD13] since it does not have finite logarithmic Jensen’s gap, it would be interesting
to study if the schemes can be extended to bursty IC and then to any arbitrary fading
distribution. Extension to FF-ICs with more than 2 users seems difficult, since there are no
approximate (within constant additive gap) capacity results known even for 3-user IC with

fixed channels.

6.4 Noncoherent IC

In Chapter 5, we studied the noncoherent IC with symmetric channel statistics. We proposed
an achievability scheme based on noncoherent rate-splitting using the channel statistics. We
derived the achievable gDoF using this scheme. We demonstrated that our scheme achieves
higher gDoF than a scheme which trains the links of the IC. We also studied a noncoher-
ent rate-splitting scheme for IC with feedback and proved that our scheme achieves higher
gDoF than a training-based scheme. For low INR and when there is no feedback, treating
interference as noise is better than noncoherent rate-splitting. A simple outer bound is the
coherent outer bound (assuming channel state information at receiver). The noncoherent
outer bounds that we derived using existing techniques were not better than the coherent
outer bound. Hence a possible direction for further studies is to explore new techniques to

derive better outer bounds than the coherent outer bound.

6.5 Backscatter communication systems

Another direction of study is to study backscatter communication systems in a noncoherent
setting. Backscatter communication systems typically use a Reader and a radio frequency

identification (RFID) tag [Dob12]. Reader transmits a radio frequency (RF) signal; the RFID
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tag adapts the level of its antenna impedance to vary the reflection coefficient and transmits
data via reflecting and modulating the incident signal back to Reader [XYV14, BR14]. We
have some preliminary results on backscatter systems with intersymbol-interference. We

g

\\ Ge2
) )
Emitter [\/

Reader

1
1
1
1
1
1
1
1 )
' Tag
1
1
1
1
L}

Figure 6.3: Backscatter system with 2-tap ISI and collaboration between Emitter and Reader

demonstrate that instead of using a constant carrier sequence, we can optimize the sequence
to obtain larger rates or smaller bit error probability. We optimize the sequence based on the
effective channel G in the system. The original optimization problem is numerically hard,
hence we have two approximate problems based on det (GTG + 1 ) and det (GTG). Figure
6.4 illustrates our results for optimizing mutual information rates. Figure 6.5 illustrates our
results with a given channel code and using our optimization technique to reduce the bit
error rate. Figure 6.6 is similar, but includes estimation errors in obtaining the channel G,
which arises due to the noise involved during training. The details of our scheme are given
in Appendix E.1. The current results involve training the channel states. The noncoherent
version of the problem will be to consider whether a noncoherent scheme can be designed to

outperform the training-based schemes.
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APPENDIX A

Proofs for Chapter 2

A.1 Proof of Lemma 3.2

Here we derive the formula for calculating h ([£1, e, - .., &) @) with [&1,&, ..., &,] being an
arbitrary complex random vector and () being an n x n isotropically distributed unitary
matrix independent of &;. We do this by noting that in radial coordinates, the distribution

of [£1,&, ..., &) Q will be dependent only on the radius. Let

V = [517527' .- agn]Q
Now for any fixed unitary @', V and V@' have the same distribution due to the property of
isotropic distribution. Hence for any vy, vy € C™ if ||v1]| = ||ve|| then
po (V1) = py (v2) (A1)

since there exists a unitary matrix QQ” such that v;Q” = v,. One such Q" can be obtained
using Houscholder transformation. Now the probability distribution can be viewed in R??

and we use 2n dimensional vector U. Let

T= Z |§i‘2 : (A.2)

Let (7", 9) be the radial coordinates, (t,@) be similar coordinates but with ¢ = 2. Let

Dut (t, 5) = Du (u (t, 5)) be obtained from p,, (u) by expressing u in (t, 5) coordinates. Simi-
larly pu., (7", 5) = Du (u (7", 5))

The 2n — 1 dimensional surface area (embedded in 2n dimensional Euclidean) is

<13?:) ) r?»=1 Hence

27" 7\ ,.2n—1
(—F (n)) Dur (7", 9) r dr
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is the probability that |U| € [r,r + dr|. Hence <%) Dut (t, 9) t"~1dt is the probability that
T = ||U|]* € [t,t + dt]. Hence

(m) Pug (£,0) " = pr (1) (A.3)

Pus (t,0) = pr(t) m (A.4)
()

Now

/pu ) log (pu (u)) du (A.5)
o[t

Du log (pu ( (r, 5))) (I?ZT:)) r2tdr (A.6)
2 / p (1 (1.8)) 105 0. (1 (1.9)))

( |
/ pr(t)log | pr(?) m) dt (A.8)
/ pr (£) log (pr (1)) dt + log (&%) +(n—1) / pr(B)log () dt (A.9)

™

— h(T) + (n— 1) E[log (T)] + log (Tz)) (A10)

—h (Z |§¢|2> +(n—1E [log (Z €| )} +log ( W(;)) , (A.11)

where (7) is by change of variables to (r 0) and integrating over § and noting that p, ( (7’, 5))

is independent of 8, (ii) is by change of variables to (¢,6), (iii) is using (A.4).

A.2 Proof of Lemma 3.1

Here we consider the optimization problem P; from (2.73) on page 37 and show that its ob-
jective function E [ f (|a|2 NIk |c|2)} can be optimized for gDoF by a point mass distribution.

We have the form for f (|a|2 NI |c|2) as

f (lal*, 1o, 1)

= log ((|a| P11 + |b| P12 ) (|a|2 P§1 + |b|2 sz + 1) + (|C|2 Pf2 + 1) (‘C|2 1032 + 1))
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+(T — D log ((la]* p3y + 1) (Jef* o3, + 1) + 0] (pTs + p32) + (la” p3, + 1) (ef* p1, + 1))
—log ((1 + |a|2,0%1) (1 + |C|2/)%2) + |b’2/3%2)

— log ((1 + |a|2 P§1) (1 + |C|2P§2) + |b|2p§2) : (A.12)

Now

5 (l® 4 1ef)
P (|a|2p%1 + |b|2p%2 + 1) + (|a|2p%1 + |b|2/7%2 + 1) P31
(lal” o1+ 161° o5 + 1) (laf* o3, + [0 935 + 1) + (Iel” o5 + 1) (lel” 35 + 1)
P (’C|2 pas + 1) + (|C|2P%2 + 1) P51
(]a|2p%1 + 1) (|C’2 p3s + 1) + |b|2 (pla + P3o) + (|a|2 P31+ 1) (|C|2P%2 + 1)
(p1) (1+ el pha)
(1 + |a|2 P%1) (1 + ‘0‘2@2) + ‘b|2P%2

(P%l) (1 + |C|2/7§2)

+(T-1)

— : (A.13)
(1 + |@|2 P%l) (1 + |C|2P§2) + |b|2/’§2
Hence
9,
Wf (|a|2 ) |b|2 ’ |C|2) < pi+ o+ (T —1) (P%l + P%l) + (9%1) + (Pgl) (A.14)
<2(T+ 1)rrl13xpfj. (A.15)
Similarly
9 2 1212 |2 2
0
it ol 0P 1) | < 20+ 1) (A7
holds. Let p2 = max;;pj. Now with A = 1/(2(T+1)p?), if
| a0 4ef?) = (1 7 1) || < v/3A, then
(0P P 1) = £ (1P WP 1)) (A.18)
< H[z (T+1)p2,2(T+1)p2,2(T +1) p2] '\/ﬁA (A.19)
< 3. (A.20)
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Hence by considering a discrete version of the problem as

maximize E [f (|al?, 8], |c[*)]
P, : { Ellal* bl +el*]<T (A.21)

Support (la|*, [b]*,[c]*) = {0,A,24, ..., 00}’
the optimum value achieved is within 3 of the optimum value of P;. Hence for outer bound
on gDoF, it is sufficient to solve Ps.
We will now show that it is sufficient to restrict Support (|a|2 b7, |c|2) =
{0,A,2A, ..., |p*] A}’ for outer bound on gDoF.
Let the optimum value of P, be achieved by a probability distribution {p}} at the points
{5A A, 15,A) } with 15 € Z. Let

St = {i:max (I;;A, 157, 15,A) < piA}, (A.23)
Sy = {i: max (I;A, I5;A, I5;,A) > pi A} (A.24)
and let max (I7,A, 15,A15,A) = 13,A for labeling. The optimum value (Ps) is given by

1€51 i€S
We will now show that > ._q pif (I1;A,15,A,13,A) does not contribute to gDoF; the points
in S5 have large power and hence they have low probability due to power constraints; this
ends up limiting the contribution to gDoF. We prove this precisely in the following steps.
Using the structure of f (|a\2 NIk \c|2) and A =1/ (2(T + 1) p?), we can bound

|f5A A I A)| <log (203, + 1) (2 + 1) + (L + 1) (G + 1))

+ (T - 1) log ((17\4@ + 1) (% + 1) + 203, + (% + 1) (l}km + 1))

+2log ((1+ Liy) (L + Gogs) + L) (A.26)
< (T +2)log((2l3,; +1) (203, +1)3) (A.27)
=2(T+2)log (203, +1) + (T'+2)log (3) . (A.28)
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Hence

€S2
< P2 (T +2) log (203 + 1) + (T + 2) log (3)
1€ES2
I
2(T +2) (sz> log (22’652p’ LS 1) + (T +2)log (3)
i€S2 Z]’ESQ p]
2(T +2) (Zpl>log<2A L —|—1>+(T—i—2)log(3)
i€S2 23632 p]
2(T +2) <Zpl> log (2— + ij)
i€So JES2
2(T+2) (sz>log (ij) + (T + 2)log (3)
i€ES2 JES2

@ 2(T+2) (Zﬁ) log <2%+ 1> +2(T+2) log (e) (T +2)log (3)

(&
1€S2

(2)2(T+2)< : >log (2Z+1) +2(1+2) B (49108 3)

pEA A e
; o7 (T + 1
Yo (T +2) (%) log (AT (T +1) p? + 1)

2(T+2)#+(T+2)log(3)

(vi)
< r1(T) independent of SNR,

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)

(A.35)

(A.36)

where (i) is due to Jensen’s inequality, (i) is due to the power constraint » ;¢ pil3,;A <

T'= Ezesg Pilai < x> £, (iii) is due to the fact 0 < (Zie& p;‘) < 1and —zlog(z) <

log(e

for

z € [0,1], (iv)is due to the fact Y, o p;l3;A < T (power constraint) and piA < I3,A in S,

and hence Y. ¢ pjpisA < T and hence )7, o py < 4A, (v) is using A = m and (vi) is

due to the fact Xlog () is bounded for z € [1,+00) and assuming p? > 1. Hence it follows

that
= 3Tl A A 1 A) 47 (T).

€S
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Hence it follows that
maximize E |[f (|a|2 |6 |c\2)]
Py o § Ellal bl +ef?]<T (A.37)
Support (|a|2 , |b\2 , |C|2) =95

achieves the same gDoF as P,, because any non-zero probability outside Sy in P, can be as-
signed to (0,0, 0) in P3 by changing the value of objective function by a constant independent
of SNR. Hence

gDoF (Py) = gDoF (Py) = gDoF (P3) . (A.38)

Now Pj is a linear program with finite number of variables and constraints (with a finite
optimum value because of Jensen’s inequality). The variables are {p;} and the maximum

number of non trivial active constraints on {p;} is 2, derived from
E [la]* + |b]* + |c|’] = T, (A.39)

d pi=1 (A.40)

Trivial constraints are p; > 0. Hence by the theory of linear optimization, there exists an

optimal {p:} with at most 2 non zero values. Hence it follows that
(

maximize Z?leiﬁ (‘az’|2 il |Ci|2)

S (ol + b + |el”) < T
P . ) (A.41)

sz = 17

\ ’afi|2 ) |b2’2 ) |Ci|2 Z O

has (P4) > (Ps3). Note that we have allowed (\ai]2 bl ’Ci’2)j:1 to be real positive variables

to be optimized. But it is also clear that (P,) < (P;). Hence
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Now consider )

maximize Z?:l pzfl (\ai|2 5 ’bl‘2 > |Ci|2)

2 2 2
pilai|” <Topi |bi|” < Topileil” < T,

sz - 17
L ’ai|2 ) |b1’2 ) ‘Ci|2 > 0.

It can be easily shown that gDoF (P,) = gDoF (Ps), we omit the proof.

Claim A.1. Adding the constraints |a;)* < T, |b;|> < T,|c;|* < T preserves gDoF (Ps).

Proof. We have

£ (laf*, b, 1cl?)

= log ((lal* piy + [6" pTy + 1) (lal® gy + [b* By + 1) + (Iel” plo + 1) (lef* 3, + 1))
+ (T = 1)1og ((lal* o7y + 1) (Iel® p3 + 1) + B]* (T2 + p32) + (lal” p3, + 1) (Ief* iy + 1))
—log ((1+ laf* piy) (1 + €] pia) + [0 ps)

—log (1 +al*p3,) (1 + lel” p32) + Bl p2s) - (A.44)

Suppose |a;|> > T and consider

t1 = pilog ((Jail” Py + |bi|* p3o + 1) (lail* p31 + [:]” 3 + 1) + (leil* o1y + 1) (leil” 3, + 1)) -

We will show that setting ]ai\Q = T would change the value of ¢; only by a constant indepen-
dent of SNR. The other terms have a similar structure and can be handled in a similar way:.
If (eil” oy + 1) (lesl* p32 + 1) > (lal” o3y + [0l plo + 1) (sl p3; + [bi]” p3o + 1) the claim is
trivially true that we can replace ]ai|2 > T with |ai]2 = T while changing the value of t; by

only a constant. Otherwise

ty = p;log ((|al| Pn + [bs | P12 ) (|ai|2 Pa1 + |bs | PQ2 1)) (A.45)
= pilog (|ai‘2 P+ |bi|2 Pra + 1) + i log (‘ai’2p21 + |bi | Paz + 1) (A.46)
th ts

Now consider ¢1; = p;log (Ja;|* p3y + |bi]? p3y + 1). If |aif* p2, < |bi|” p25 + 1 we can replace
la;|> > T with |a;|* = T.
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If |ai|” p3, > |bil* p3y + 1 then ty = p; log (|ai|2 p?, + 1) where the approximation is tight
within a constant (constant less than 1). Now if we replace |a;|> > T with |a;|* = T the

difference arising is bounded independent of SNR:

(@) T

pitos Jaf 7, +1) < o (Lt 1) (A7)
= p; log (Tpf1 + pi) — p;log (p;) (A.48)
< pilog (Tpi, + 1) — pilog (p:), (A.49)

where (i) is because p; |a;|> < T due to the power constraint. Also |a;|* > T, hence it follows

that
pilog (Jasl” 3y + 1) — pilog (T3, + 1)| < |pilog (pi)] (A.50)
< logle). (A.51)
€

Following the same logic for other terms, it can be shown that adding the constraints \ai|2 <

T, |b:i|> < T, |e;]* < T preserves gDoF (Ps). -

With the additional constraints |a;|*> < T, |b;|* < T, |¢;|* < T the existing constraints

pilail®> < T, pilbsl? < T, pilesl

gDoF (Pg) for Ps defined as

< T become redundant. Hence we have gDoF (P5) =

/

maximize E?:l pif (\%’2 ) ‘bi|2 ) ’Q‘F)

PG : ’ai‘2 S T7 ‘61’2 S Ta |Ci|2 S T> (A52)

>opi=1

\

It is clear from the structure of Ps that the solution has (|a1|2,|b1|2,|01|2) =

(|a2|2 |ba]? |02|2) hence it suffices to solve P; defined as

maximizef (|a|?, |b]*, |¢|?
jal* ST, " < T, [e]* <T,

that is it suffices to consider one point mass distribution.
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A.3 Proof of Theorem 2.2: Decomposing into disjoint parts of
MIMO graph

Here we prove that for a MIMO whose graph can be decomposed into disjoint
parts, the capacity can be achieved by allocating power to the disjoint parts sep-
arately. Let the channel matrix G of the system be block diagonal as G =
diag (G, ...,Gk), where G; are the diagonal blocks corresponding to the disjoint parts
of the graph, then the capacity C (P, diag(G1,...,Gk)) of the channel for a power P
can be achieved by splitting power across the blocks, i.e., C' (P, diag(Gy,...,Gk)) =
maxp, 4..4pe<p (C (P1,G1) + -+ C (Pk,Gk)). We just need to show that for

G = dlag (Gb G2)

the capacity of the channel can be achieved by a power splitting across the two blocks of

channels G1,G5 i.e

C (P, diag (G1,Gs)) = max (C (P, Gy) + C (Py, Gs)) (A.54)

P1+P<P

and the general result for multiple disjoint parts in MIMO graph will follow due to induction.

B(Y) S R (Yar) + h (V) (A.55)
h(Y]X) = h(Ye1Yar| Xc1Xe2) (A.56)
=h (YG1| XGlXGQ) +h (YGQ\ YGlXGqXGQ) (A.57)

D h(Yor| Xea) + h (Yool Xea) (A.58)

where (i) is because conditioning reduces entropy and (ii) is because Xg2 — X1 — Y51 and

(Xe1,Yo1) — Xg2 — Yo are Markov chains.

Hence

I(X;Y) < I(Xei;Yer) + I (Xao; Yoo) (A.59)
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subject to E [||X(;1||2 + ||XGQ||2:| < P. The RHS can be achieved by treating the two blocks

of channels G, G5 separately with a power allocation, hence

O (P, diag (G1,Gs)) = max (C (P, G1) +C (P, Gs)) . (A.60)

Pi+P,<P

A.4 Inner bound for 2 x 2 symmetric MIMO

Here we prove the achievability result from Theorem 2.7 for the 2 x 2 MIMO with ex-

ponents yp in the direct links and oy in the crosslinks. We use the input distribution

a 00 . .0 ) o .
X = Q@ with constant a,c and n ~ CN (0, |b] ) with

n c 0 . .0

la|* = SNR™, [b|* = SNR™, |¢|> = SNR™,~, < 0,7, < 0,7, < 0.

With this choice, we proceed to lower bound 7 (X;Y).

I(X;Y)=h(Y)—-h(Y]X) (A.61)
h(Y)=h(GX+W) (A.62)
> h(GX) (A.63)
—h gin Y12 a 00 . .0 0 (A.64)
g21 922 n c 0 . .0
Now
g1 912 a 00 . .0
g21 G220 n c 0 . .0
_ | agi1 +ng12 cgiz2 0 . . 0 (A65)
| aga1 + 7922 €G22 0. .0
_ \/|a911 +ngial” + |egia|? 0 0. .0
T | (ag21+ng22)(agiitngiz) HlePgz29ts  (agartngas)cgia—cgaa(agii+ngiz) 0 .0 , (A.66)
i Vlagi1+ng12*+lcgra|? V/lagi1+ng12|*+egral?
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where the last step performed an LQ transformation and ® is unitary. Hence due to the
property of isotropic unitary matrices and steps similar to (2.48) to (2.51) in Section 2.4.4,

we get:
h(GX)

=h (\/|ag11 + 77912|2 + |Cg12|2ﬁ(T))

(agar + ng22) (agin +ngi2)" + ’CE 922972 (aga1 + Mga2) cgrz — cgo2 (agr1 + 77912)G(T—1) ¢
) 2 11
\/’agn + 77912’2 + ‘0912’2 \/|a911 + 77912’2 + ‘0912’2
_(T-1)

=h (\/‘0911 + 77912|2 + |0912|2ﬁ(T)) —TE [IOg <|a911 + 77912|2 + |0912|2)}
* 2 *
+h < [(agm +nga2) (agi1 +ng12)" + |c|” 922075, ((aga1 + 1g22) cg12 — cgas (ag11 + 1nG12)) G5 } fn) ;

+h

(A.67)

where @ is ¢ dimensional unitary isotropically distributed vector and &, =

\/|a911 + 7]912|2 + |0912|2- Now

(0%

=h <<<a921 +1g22) cg1a — g2 (agii + ng12)) Ty

fn)

((ag21 + nga2) cg12 — cga2 (agi1 + 77912))qu_1)7€11>

+h ((a921 + ng22) (ag11 + ngi2)* + ’C|2 922972

(A.68)

—

i) ) 771
>(T-2)E [log (|(a921 + ng22) g2 — cg22 (agi1 + ngi2)| )} + log TT—1)

T (T
511)

((ag21 + ng22) cg12 — cg22 (agi1 + ngi2)) ﬂéT_l), fn)

+h ((0921 + ng22) cg12 — cg22 (agi1 + 77912)|2

+h ((0921 +1g22) (agin +ngi2)* + |ef 92207

(A.69)

@) (T—Q)E[log (|(a + ) cg12 — cg22 (agi1 + )|2)} + log B
g21 T 1922) €g12 — €G22 (ag11 T 1912 T (T —1)

+ h ((ag21 + ng22) cg12 — cg22 (agi1 + ngi2)| &11) — log ()
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+h ((agm +1g22) (agi1 +ng12)" + || 92297 | ((agz1 + ngas) cgra — cgaz (agn1 + 1g12)) @11)

(A.70)
(@) (T -2)E [log (|a0912921 - a0911922’2>} + log i +2E {log (|a911 +ng1af” + ‘0912’2”
T(T-1)

L (aga1 + nga2) (agry + ng12)* + |c|® ga2gly (agar + ngas) cgr2 — cgaa (agn1 + 1g12) €
\/\agu +ng12]® + |cgia|® \/!agn + ng12> + |cgial?

(A.71)

@) (T-2)E [log (|a0912921 - a6911922|2>} + log <F(7T;_21)> +2E [log (|a911 +ng1a|” + 10912|2>}

* 2 *
age1 + Ng22) (agi1 +ng12)” + |c|” 9229 age1 + Mg22) cg12 — cg22 (agi1 + ngi2
h({( w02) (o + 19"+ e iy (o0 + 19m) 2 —com (g £ >] agn+nm9m>
agil + Ngi2 Cg12 agil + Ngi2 Cg12
lagi1 +ng12|” + |egiz] lagi1 +ngi2|” + |egiz]

(A.72)
T2
() 2 4 2 2
= (I'-2)E [108; (|a0912921 — acgi1g22| )} + log <F (T 1)> +2E [log (|a911 + nguz2|” + [eguz| )}

th ([ aga1 +ngs2 €922 } agi + 7791%912) ; (A.73)

where (i) is using Lemma 3.2 in the first term and conditioning reduces entropy in the
second term, (ii) is using Lemma 3.2 on h ((aga; + 1nga2) cg12 — cgaz (ag11 + ng12)| &11) (note
that with 6 ~ Unif[0, 27| independent, ((ags1 + ng22) cg12 — cg22 (agi1 + ng12)) eie‘ &1 and
i

(ag21 + ng22) cg1a — cg2a (ag11 + ngi2)| €11 have the same distribution; e is the unitary

distribution in one dimension; hence Lemma 3.2 can be applied), (ii7) is simply using

£ = \/ lagis + ng12]2 + \6912]2 and rearranging terms, (iv) is because conditioning reduces
entropy and (v) is by a unitary transformation in the last term. Hence by substituting (A.73)

in (A.67) we have

h(GX)

> h (\/|ag11 + 77912|2 + |0912|25(T)) - (T - 2) E [108“ (|CL911 + 77912|2 + |Cg12|2)}
772 )
+ log (W) +(T'-2)E [log (’@0912921 — acgiigo| )}

th < [ ago1 + 1922 €G22 ] agi + ngiz; 912> (A.74)
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—

7 7TT72
) h (|a911 + 77912|2 =+ |Cg12|2) +E [log (|ag11 + 7]912’2 + ‘6912|2)} + log <m)

T
+ log (F (T)) +(T-2)E [10g (|a0912921 — an11g22|2)]

+h ( [ aga1 +1MNg22 €G22 ] agu + 77912;912) ; (A.75)

where (7) is using Lemma 3.2 on h (\/]agn +ngil® + |Cgl2’2E(T)>' Also

h ( [ ago1 + 1Mg22  CGo2 } agii + Ngio, 912> = h(cga2) + h(aga1 + Ng22| agi1 + Ng12, G12, G22) -

(A.76)
Using 7 ~ CA (0, b]°)
h (agzl + Ng22| agu + NY12, G12, 922)
=h (a921 + 1922, agin + 1nG12| G2, 922) —h (agn + 1912| 912, g22> (A.77)
B 1og [ re |af* SNR? + [b]* | goo|” B 92297
1b1* 932912 jal* SNR™ + [b]* |g1o*

— E [log (|a|2 SNRY + |b[* |912|2)} (A.78)
g log (Ja* SNR™¥72t 4 |af? |b|* SNR™F71 4 |a? |b|* SNRYH722)

— log (|a|* SNR™ + [b|* SNR™2) — 25 log (e) (A.79)

where () is using Fact 5.1 from page 135 on |gos|” and |g12|>. Now substituting (A.79) and
(A.76) in (A.75) we get

T2
h(GX) > h(|agn + nga|” + |cglg|2) + E [log (|agi: + nga|” + |cglg|2)} + log <m>

7.‘.T
*loe (F (T)) + (7' = 2) E [log (Jacgizgn — a0911922|2>} + h (cga2) — 27 log (e)
+log (Ja|" SNR™ 21 4 |a)? |p]? SNR™> 72! - |a|? [ SNRH722)

— log (|a|* SNR™ + |b|* SNR™2) | (A.80)
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Now we use our choice n ~ CA (0, ]b|2) la|* = SNR™ |b]> = SNR™, |¢|* = SNR™, v, < 0,7, <
0,7 < 0. We have

h (|a911 + g2l + |C§]12|2)
i)

—~

> max (h (|agu + 7]912|2) Jh (|cglg|2)) (A.81)
Z max (h (|agu + 7]912|2 912) ,h (|Cglz‘2)> <A82)
(i)

= max (E [log (SNR™* + SNR™ |g12[*)] , log (SNR™712)) (A.83)
= max (log (SNR™*711 4+ SNR™*712) log (SNR™712)) | (A.84)

where (i) was using conditioning reduces entropy, (i) was using property of exponential

distributions and (iii) was using Fact 5.1. Hence

Sdggmh(wgn-%nmzf+-kgmf)/k%(SNR)2lnaXOm—+7u,%r+vm,%f+7m)-

Now

E [log (|a911 + 77912|2 + |0912|2)}
> max (IE [log (]agll + 77912]2)} JE [log (\0912]2)}) (A.85)

(4)
= max (log (SNR’Y“H“ + SNR’Y”HIQ) , log (SNR%ﬂlg)) , (A.86)

where (i) was using Fact 5.1. Also
E [log (|a/6912g21 _ a0911922|2)j| - ].Og (SNR'YQ+70+712+721 + SNR'Ya""YCJF'YllJF'YQZ) (A87)

using Fact 5.1 repeatedly. Similarly evaluating other terms in A.80, we get

lim h(GX)/log (SNR)

SNR—o0

> 2max (Ve + 711, M + Y12, Ve + 712)
+ (T — 2) (74 + Yo + max (712 + Y21, Y11 + Y22)) + +7e + Y22
+ max (27, + 711 4+ Y21, Ya + 6 + Y12 + Y21 Ve + W + Y11+ 722)

— max (Yo + Y11, % + Y12) - (A.88)
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Also using (3.50), (3.52) we have

h(Y]X)
=E [log (la|* p3; + |nl* pla + |ef” iy + |al? |e” phrpls + 1))
+E [log (Ja|” o3, + [n|° 35 + |e|” po + |al” |ef p31p3, +1)]

+ 2T log (me) . (A.89)
Now since 1 ~ CN (0, \b[Q) and |a]> = SNR™ |b|* = SNR™, |¢[* = SNR™ and Fact 5.1, we get

h(Y]X)
= log (|al” p3, + |6 pa + [c|” iy + lal* [e] i1 975 + 1)

+1log ([al® o3, + [b1* p3, + |l P30 + lal* Icl® P31, + 1) (A.90)
= max (Va + Y11, Y + 125 Ve + V12:Ya + Ve + 711 + 712, 0)

+ max (7a + Vo1, Vo + Vo2, Ve + Vo2, Ya + Ve + Vo1 + Yoo, O) , (A.gl)
and hence

lim h(Y|X)/log (SNR)

SNR—o0

= max (Vo + Y11,V + M2, Ve + V125 Yo + Ve + Y11 + 712, 0)

+ max (fya + Y215 Vb + Y225 Ve + Y225 Ya + Ye + Y21 -+ Y22, O) . <A92)

Using (A-88)7(A-92) with v, = 0,7 = 0,7 = 0711 = 722 = Yp > Yor = Y12 = Y21 We get

SNIFieIEooh (GX) /log (SNR) > 2Tvp, (A.93)
and
uim A (Y]X) /log (SNR) = 2 (7yp +701) - (A.94)
Hence we have
lim (1/7)1(X;Y)/log(SNR)>2((1—=1/T)~vp — (1/T)vcr) (A.95)

SNR—oc0
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achievable. Also with v, = 0,7 = —yoL, % = 0711 = Y22 = b > 7YoL = 712 = Y21 In
(A.88),(A.92) we get

SNlFi{IBooh (GX) /1log (SNR) > 2vp + (T'— 1) (2vp — vcr) (A.96)
and
lim A (Y]X) /log (SNR) = 2vp (A.97)
SNR— o0
Hence for T = 2
im (1/2)1(X:Y) /log (SNR) > (15 — (1/2) 7c) (A.98)

is achievable. Hence the outer bounds for all regimes of T' from Table 2.3 are achievable.

A.5 Gaussian codebooks for asymmetric MIMO

Here we prove Theorem 2.8 for an M x M MIMO (Figure 2.5) with coherence time
T > M and with exponents yp in direct links and ~y¢y in crosslinks (vp > ~or). We
consider i.i.d. Gaussian codebooks across antennas and time periods and prove that a
gDoF of M ((1 — %) Yp — %’YCL) is achievable. Using Gaussian codebooks, the rate
R >1(GX + W, X) is achievable, where

Xll XlT
X=1 : P el (A.99)
X 0 Xur

with all of the elements of the M x T' matrix X being i.i.d. CN (0,1) and W being an M x T

matrix with i.i.d. CN (0,1) noise elements. The channel matrix

gun G12 - Gim
G- 921 G22 - . (A.101)
| 91 - - GuM
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has ¢;; ~ CN (0,SNR?) and rest of the elements distributed according to CN (0, SNR”¢F).

We will show that the mutual information satisfies

T(GX +W;X)>M((T —1)yp — (M —1)v01) log (SNR) . (A.102)
We have
1(GX+W;X):h(GX+W)—h(GX+W)X) (A.103)
>n(6x+w|G)
—h(GX+W‘X>. (A.104)
Now
n(Gx+wla)
2 h(ax|e) (A.105)
D% (GX|G) (A.106)
W TR [log (|det (weG) )] (A.107)
P Moyp log (SNR) (A.108)

where (i) is using conditioning reduces entropy after conditioning on W, (ii) is using the
structure of X from A.99and the fact that elements X;; arei.i.d. Gaussian, (4i¢) is again using
the fact that X;; are i.i.d. Gaussian and (iv) is by repeated application of Fact 5.1, Tower
property of expectation on Gaussian distributed g¢;; and the structure of the determinant

involved. Now we will show that
h <GX + W’ X) < M (7plog (SNR) + (M — 1) ez log (SNR)) (A.100)
and will complete the proof.

h <GX+W‘X>

(QZh([gﬂ g - gar | X+ Wi X) (A-110)
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@Mh([gn g . glM]X—i-Wl‘X), (A.111)

where (i) is using conditioning reduces entropy and W is 1 x T with i.i.d. CA (0, 1) elements,
(i1) is by symmetry of the channels (g;; ~ CA (0, SNR”) and rest of the elements distributed
according to CA (0,SNR?%)) and i.i.d. nature of X;;. Now we will show that

h ([ g1 G12 - Gim ] X+ W1‘ X) < yplog (SNR) + (M — 1) ycr log (SNR)  (A.112)

and will complete the proof. Let us denote W; = Wy Wis . WiT ], g1 =

[gll gi12 - g1m } We have

h (X + Wi| X)

< h (g X1+ wi| X)
M — —_—
+ Zh (ﬂXi +w1¢}X,$X1 +w11)

=2

T
+ 2 h<&7i+wu}X{@7k+wm},ﬁl). (A.113)

i=M+1

< vplog (SNR) (A.114)

Now the first term in (A.113)

M
h(ﬂx—i-wnp() =h (Zglejl + wn

j=1

using maximum entropy results and since vp > 7v¢r. Now consider the second term in
(A.113), h (&E—l—wu‘ X,&x—l—wn) .Ing = [ g1 G2 - Qi }, only gi1 has SNR ex-

ponent vp and it can be removed due to the conditioning as follows:

h(_lyi"i_wli‘xaﬂyl"i_wll)

0

(1) X1 X9 — X1i X0
<h|a + Xpwy; — Xywn | X | — Eflog (| X11])] (A.115)

L XllXMi - XliXMl
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—E — E[log (| X11])] (A.116)

M
log <7T6 (P%L > XXy — XuXal + [ Xul” + |X1z‘|2)>

=2

(i)
= 7o log (SNR) (A.117)

where (i) is by multiplying @Yz + wy; with X7; and subtracting Xy; (ﬂE—F wn) from it
and using conditioning reduces entropy, and (i7) is by repeated application of Fact 5.1 and

Tower property of expectation on Gaussian distributed X;;.

Now consider the last term in (A.113)

X, {1 Xk + wlk}kle) :

This term would not have any gDoF since all the SNR exponents from g, =
[ g Gi12 - Gim } can be canceled due to availability of M linear equations in the condi-

tioning. Let
XMXM: ) 1= | w1 ... Wmpm

In the conditioning g1 Xy + w1 and Xprup are available.  Let Adj(Xasxa) be the
adjoint of Xy« and det (Xprxp) be the determinant of Xjps.p.  Hence the term
gidet (Xarxar) X, + wiAdj (Xarx a) X; is available in the conditioning. The M linear equa-
tions in the conditioning can cancel off the gDoF contribution from g1 = | g1 g1 . g1 ]
only if det (Xprxas) is non-zero. Since X is Gaussian i.i.d., this is true almost surely. We

handle this more precisely in the following steps:

h (@Yz + wy;

X Ag Xy + wlk}fﬂ) (A.118)

%

<h (ﬂfﬁwu

—~
=

s (&det (Xarsar) X + det (Xarear) wi

7

— E[log (Jdet (Xarxar)))] (A.120)
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S h (wudet (XMXM) — ﬂAdJ (XMXM) X@

)

— E [log (det (Xarxar))] (A.121)
(i)
© Jog (E [|det (Xarar)|® + || Adj (XMxM)Z-HQD + log (me) (A.123)
(vi)
<0, (A.124)

where (i) is using the availability of gidet (Xarxar) X, + wiAdj (Xarxm) X, in conditioning
and using the fact conditioning reduces entropy, (i7) is by multiplying with det (Xpsxar)
and compensating with —E [log (|det (Xasxar)|)] since det (Xpsxar) is known from the values
in conditioning, (7i7) is by subtracting the term available from conditioning and using the
fact conditioning reduces entropy, (iv) is because E [log (|det (Xasxar)|)] is finite by repeated
application of Fact 5.1 and Tower property of expectation on Gaussian distributed X;;, (v)

is because wyg ~ CN (0,1) i.i.d. and (vi) is because X;; ~ CN (0,1) i.i.d.

Now by substituting (A.124), (A.117) and (A.114) in (A.113) we get the desired result.

A.6 Outer bound for MISO with T"< M

Here we prove the gDoF outer bound given in Theorem 3.10 for the M x 1 MISO system
with 1 < T < M. The steps follow similar to the case with 7" > M, given in (2.4.3). We

have the structure of input distribution as X = L@ with

[ T11 0 0 |
0 O
) .o 0
L= . (A.125)
. . . XTT
| VAl . . TMmMT ]
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For the channel we have, G = | ¢;; . . ¢ ]7 g1i ~ CN(0,p3,), pl, = SNR™" | YV =
GX + W, where W is 1 x T with i.i.d. CN (0,1) components. We assume p?, > p?; without
loss of generality. Now note that W@ has the same distribution as W and is independent of
@ (using the fact that W is isotropically distributed). Hence

=(GL+W)Q (A.126)
- [ (wll + Zf\il ﬂﬁz‘lgli) <w12 + ZZJZQ 1'1‘2911') . <w1T + Zi‘iT miggh) } Q.
(A.127)

Now using Lemma 3.2 on 66, we get

T M
h (Y) =h Z wlj + Z ZCZ'jgu
j=1 i=j

2

T T
T
0 [ al i
<h Z wyj + Zﬂh‘jgu
=1 i=j
T T
+ (T —1)E |log (22: (1 + Z ENk pij>> + log (F (T)) (A.129)
(id) T M ?
<h Z Wy +Z$z‘j91¢
j=1 i=j
M min(z,T) 71_T
2 2
+(T - 1)E |log ;Pu ; 2 | +T | | +1log (r (T)) . (A.130)

where (i) was using Tower property of expectation and Jensen’s inequality and (7i) was using

25:1 Zi:j |$zy| pli = Zz 1 me w0 | ij| pli- Now using (3.52), we have

h(Y|X) =E [log (det (LTdiag (PTis--- i) L+ I7)) ]

+ (T) log (me) (A.131)
—E |log (H (1 +w,~)) + (T) log (me) (A.132)
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where w; are the eigenvalues of Lidiag (p%,,...,p?,,) L. Hence

h(Y|X)=E |log <H (1+ w,)) + (7)) log (me) (A.133)
> E [log (14 3 w)] + (7) log (ze). (A.134)

The last step is true because w; > 0. Now

sz Trace Lleag (Pna o ,pr) L)

= Trace (diag (pfl, e ,pr) LLT)

M min(z,T)
i=1 j=1
Hence
M min(¢,T)
h(YIX)>E [log [ 1+) o4 [ D oyl + (T) log (re) . (A.136)
i=1 j=1
Hence

wlj + Z xl]gll

=]

+ Z \wh

i=M+1

I(X:Y)<h i

+(T —2)E |log (Z it (Z |a:ij|2> + T)
i=1 j=1
T
1 - Tl Al
+ log (F(T)) og (me) (A.137)
. M
< (T —1)log (Z P MT + T) : (A.138)
i=1
where the last step was using maximum entropy result and Jensen’s inequality. Hence
I(X:;Y)
limsup————- < (T —1 ) A.139
SNR%oIo)log (SNR) ( )m ( )

A.7 Proof of Lemma 3.3

Here we prove that h <|ag11 + bg1a + w11 > + |egra + wio|* + ZZT:3 |wh~|2> and
E [log (|a|* pi, + (b1 + |¢*) Ty +1)]
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have the same gDoF. For this, consider the point to point channel

T
Cy 1V = lagin + bgra + w11\2 + |cgia + 1012’2 + Z ’wu‘z (A.140)
i=3

with inputs a, b, ¢ and power constraint 7T'. Its capacity is given by

T
Ol = max ] {h ((\agn +b912+w11\2+ ’C912+W12’2+Z’w“|2>>
<T

p(a.b,c)iE[|al*+[b*+[c]? i=3
a,b, c) }

(A.141)

T
—h <|a911 + bgi2 + w11|2 + |cgia + w12|2 + Z |w1i|2

1=3

From [LMO03, (32)] we have
L(U;V) < Eflog (V)] = h (VIU) +log (T ()
+a(1+log(E[V]) —Ellog (V)]) — alog («) (A.142)

for any a > 0 for channels whose output V takes values in R*. We will use this result to
bound I (U; V) for any input distribution p(a, b, c); E Ua\2 + |b]* + \c\z] < T for the channel
C, with U = (a, b, ¢) as input. Now

h(VIU)

T
=h <|a911 +bg12 + w11|2 + |cg12 + w12|2 + Z ‘w11|2
i=3

a,b, c) (A.143)

(i) T

<E |log (eE |lagiy + bgia + wn|* + |cgia + wia|* + Z lwis|?| a, b, c])] (A.144)
=3

(i4)

= E [log (e ((p} laf” + p2a B> + 1) + (ply |c]* + 1) + (T - 2)))] (A.145)

= E [log (o}, |al® + pa [ + pla |e]* + T)] +log (e) , (A.146)

where (i) was using the definition of conditional entropy and the fact that exponential
distribution has the maximum entropy among positive random variable with a given mean,

(17) is using the fact that given (a, b, ¢), agi1 + bgia + w11, cgr12 + w2 are sums of independent

o]

Gaussians. Note

E(log (V)] =E |E

T
log <|ag11 + bgi2 + w11|2 + |cgia + w12|2 + Z |w1i|2
i=3
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< E [log (p% lal® + p% b + o2 |ef* +T)] (A.147)

a,b, c>

> B [log (o1 al® + piy [b]* + pla e + T)] — 3ylog (e) (A.148)

using Jensen’s inequality. Also

Ellog(V)] =E |E

T
log <\ag11 + bg12 + wn‘2 + |cgia + 11)12’2 + Z ’w1i|2
i=3

by using using Fact 5.1 on page 135 for exponentially distributed |ag,q2 + bgra1 —|—wd1|2,
|Cgra1 + was|” (for given a,b,c) and Fact 3.3 for chi-squared distributed 3" [wa /.

Claim A.2. E[log (V)] —h(V|U) <log(3+T)+ %log (e) independent of SNR

Proof. 1t suffices to show that for any constant (a’,V/,c), E [log (V) ’ U= (a’,b’,c’)} -

h (V‘ U= (a’,b’,c’)) <log (34 T) + %log (e) independent of a',¥, ¢ and SNR

E [log (V) ‘ U= (dV, c')] —h (v‘ U= (d,V, c’))

=K

T
log <‘a/911 +b'g12 + w11|2 + |dg12 + w12]2 + Z |w1i|2>]
i=3

T
—h (!a’gn +V g1+ wi |+ [dgin +wia + ) yqu) (A.149)

=3
(4)
< log (E

—h (|a/911 + Vg1 +wnl” + g2 + w12|2> (A.150)

T
|a'g11 + V' g1 + w11|2 + ’C/gm + 7~012|2 + Z |w1i|2] )
i=3

(id) 2 2 2
= log (P%l la'|” + P%z 0" + P%2 "+ T)
—h <|a',0117711 + b p1amia + w11|2 + | prama + w12|2> ; (A.151)
where (i) is using Jensen’s inequality and conditioning reduces entropy to remove ", [wg|’
in the negative term; (i7) is using the fact that a’g; + V/g12 + w1, dg12 + w2 are sums of

independent Gaussians. We introduced n;; ~ CN (0, 1) so that g;; = pi;n;;-
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Consider the case when 1 < max(|a'pnl, |Vpi2],|dpia]). Assume 1 < |bpyol

max (|a'pui| , [V p1a] , |¢'p12])

E [log (V) ‘ U= (d,V, c’)] —h (v‘ U=(d,V, c’))

2 2 2 2
Skg(ﬁdd\+ﬁﬂU|+ﬁAdI+T)—bg@éwW)

—h ( > . (A.152)

Now now using the result from Appendix A.9 to lower bound entropy of sum of norm-squared

/

b/

2
W12

V' p12

,011

W 7711 + e+ —| +

=N+ 77—

b P12

of Gaussian vectors, we have

2

a’ P11 d W12

A e
( V1 7711 The bPu * p'" " V' p12 )
a'pr1 w c wys |

> h —
> Vi M1+ M2 + Vo + 2 + Vo ’ M1

7
> ) log (e) . (A.153)

Hence we get

2 [z [0 w.t.01] - (V] = )

7
< log (4 10/]* + g3 |01 + g | + ) —log (3 I0F°) + 5 log (e) (A.154)
(4) 7
<log(3+7T)+ 5 log (e), (A.155)

where in step (i) we used 1 < |bp1a| < max (|a’p11|, [V p12|, | p12])-

Similarly for other cases 1 < |d'p1;| = max(|d'pii|, |V pia],|dp12]) and 1 <

U= (a’,b’,c’)} -

|dp1a] = max(|d'pil,|Vp12l,|dp12]), we can show that E[log(V)

h (V‘ U= (a’,b’,c’)) is upper bounded by log (3 + T') + I log (e).
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Now if 1 > max (|a’p11|, |0/ p12|, | p12])

E [log (V) ’ U= (d,V, c’)] —h (v‘ U=(d,V, c’))

2 2 2
< log (py|'* + g3 IV + pla ¢ +7)

—h (Wﬂnﬁn + ' pramia + 7~011|2 + |C//)12?712 + w12|2> (A.156)

(2)
<log(3+7T)—nh <|CL/P117711 + b pramia + w11|2 + |C/p127]12 + w12|2

M1, M2, wm) (A.157)

=log(3+T)—h <|a/0117]11 + ' prama + w11|2

(id) 7
<log(3+T)+ 5 log (e), (A.159)

mi, 7]12) (A.158)

where in step (i) we used the fact 1 > max(|d'pi1|,|b'p12|,|c'p12]) and conditioning
reduces entropy, in step (ii) we used the result from Appendix A.9 to lower bound

h(|a' prima + b pramiz + w11|2’ M1, M) - L
Using (A.146), (A.147), (A.148) and using the Claim A.2 we get

E [log (V)] = E [log (6, lal” + piy [b]* + iy [c|” + T)]

T
=h <|ag11 + bg12 + w11|2 + |cgra + w12|2 + Z |w1i|2
=3

a,b, c) —h (v‘ U) (A.160)

and the above approximation is tight within a constant independent of SNR. Hence it follows

that

T
Cl = max } {h <|agn —+ b912 + UJ11|2 + |0912 + w12|2 + Z ]w1i|2>
<T

plab,c)iE[|al*+[b*+|c? i=3

—E [log (pi lal” + oy [1° + pla el + T) ]} (A.161)

and the above inequality is tight within a constant independent of SNR. Now we shall prove

that
limsup C; (SNR) — log (log (SNR)) < oo (A.162)

SNR—oc0
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and hence it will prove our claim that h (|ag11 + bgi2 + w11|2 + |cgi2 + UJ12|2 + Zfzg \wli]2>

and

E [log (p?, lal® 4+ 3y |0)* + P | + T)] have the same gDoF.

Now looking at (A.142) again, if the term log (E[V]) — E[log (V)] does not approach

infinity with the SNR then the result follows directly by choosing any fixed o > 0. When
log (E[V]) — E[log (V)] does tend to infinity with SNR, we choose

o = (14 log (E[V]) — E [log (V)]) ™"

(A.163)

with a* | 0 with the SNR and we have log (T (a*)) = log (Z) + 0 (1) and o*log (a*) = 0 (1)

where o (1) tends to zero as a* tends to zero, following [LMO03, (337)]. Hence we have

*

Cy <7 (T)+1+]log (ai) +o(1)

L 14 1og (E[V]) - E[log (V)]

T
lag11 + bgi2 + wn‘2 + |cgr2 + w12|2 + Z ’w1i|2
i=3

=1+ log (E

—E

=3

(@)
=1+ log (E [pi, lal” + pl, B> + piy | + 1)

—E

=3

(47) 5 5
< 1+log (0T + pi,T +T)

—E

i=3
(4i4)

< 1+ 1log (o}, + pla + 1) +log (T) — E [E [log (lagi + bgrz + wii|* + 0)]a,b]]

(iv)

)

T

lOg <|CL911 + bgl2 + 1U11|2 + ‘0912 + UJ12|2 -+ Z |U}12|2>]
T

lOg (]agn + bng + U)11’2 -+ ‘Cglg + w12\2 -+ Z |’w11|2>]

T
lOg (!agn + b912 + U)H’Q + ‘Cglg + w12‘2 -+ Z |w12|2>]

(A.164)

(A.165)

(A.166)

(A.167)

(A.168)

(A.169)

(A.170)

< 1+41log (o}, + pla + 1) +log (T') — E [log (o1, lal” + pf, [b]* +1)] +~log (e) (A.171)

(v)
< 1+log(,0?1+P%2+1)+10g(T)—0+710g(e),
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where () is using tower property of expectation and that given (a, b, ¢), agi1+bgi12+wi1, cgi1a+
w2 are sums of independent Gaussians, (ii) is using power constraints on a, b, ¢, (iii) is
because [cgia + wia|” + 314 [wyl” > 0, (4v) is using Fact 5.1 on page 135 and (v) is because

log (b2, |a” + p2,|b|* + 1) > 0. Hence
Cy <7 (T)+1+log (1+1log (p2) + ply + p2y + 1) +1log (T) +vlog () +0(1) (A.173)

and the proof is complete.

A.8 Proof of Lemma 2.5

Here we prove that <|§22|2 ‘ |§11|2) ~h (|§22|2 ‘ €nl?,a,b, c> with [€11]%, [€xa[? defined in

2.44),2.46. For this proof, we just need to show that I { |£9 2.a.bc
(2.44), proof, we j ;a, b,

\511|2> has zero gDoF.

Now
I (|£22|2 ; @, b,C |£11‘2) S I (’522|2 , @, b7 c, |€11|2) .

We will show that / (\522]2 ;a, b, c, \511]2) has no gDoF. From [LMO03, (32)] we have

I(U; V) <Eflog (V)] = h (V] U) +log (T' ()
+a(l1+log(E[V]) —Ellog(V)]) — alog («) (A.174)
for any o > 0 for channels whose output V takes values in RT. We will use this re-
sult to bound I (|§22|2;a,b, ¢, ]§11|2) with U = (a,b,c, |£11|2) V= |&5]? for any distribu-
tion of a,b,c with the power constraint E [|a|2 + b + ]cﬂ < T. The result from [LMO3]
can be applied assuming the channel induced by p (\522!2 ’ a, b, c, \511]2> satisfies the Borel

measurability conditions in [LMO03, (Theorem 5.1)], i.e for any given Borel set B C R*,
fs(v)=p <B) v = (a, b, c, ]611\2)> is a Borel measurable function.

Recall that from (2.44) and (2.46), we have

T
|§11|2 = |CL911 + bgi2 + w11]2 + |0912 + w12|2 + Z |w1i|2 )
i=3

T
|§22|2 = |aga1 + bgao + UJ21|2 + |cgaz + w22|2 + Z |w2i|2
i=3
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2
(aga1 + bgaa + way) (agiy + bgra + wi1)" + (cgaz + was) (cg1a + wia)™ + ZZT:3 Wo W7,

lagi1 + bgr2 + w11|2 + |cgiz + w12|2 + Z?zg |w1i|2

We first consider log (E [V]) —E [log (V)] = E [log (|§22|2)] —h <|§22|2

a,b,c, |§11|2> and show
that it is bounded independent of SNR. Note that we can manipulate |£5|* as

[k
T
= <|a921 + bgao + w21|2 + |cgaa + 11122|2 + Z |w2i|2)
=3
T 2
— [(aga1 + bgas + wa1) uy + (Cgao + waz) uj + Z WU (A.175)
=3
= ||[aga1 + bgaz + wa1, cgaz + Wap, Was, . . ., Wor]
_ - 2
(0
(5
— [aga1 + bgag + war, cGaz + Waa, Was, . . ., Wor] ) [ug, ..., up]|| (A.176)
where ||| indicates 2-norm for a vector and (u;) forms a unit norm complex vector
[(1911 + bg12 + w11, cg12 + Wiz, Wiz, - . . 7w1T]
[ul, PN 7UT]

= , (A.177)
lagi1 + bgr2 + w11\2 + |cgi2 + w12]2 + 23;3 |wu’2

2

1522‘2 =

T
aga1 + bgag 4+ way — ((aggl + bgao + war) uj + (cgog + waz) ul + Z wgiuf> Uy
i=3

T
+ |Ccgag + was — <<a921 + bgao + war) uj + (cgog + waz) uy + Z u&m}‘) Us
i=3

2

T
+ |wa3 — ((Clgzl + bgaz + wa1) uy + (Cgag + waz) uy + Z wzﬂf) us

1=3
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+ ...

T 2
+ |war — ((agm + bgao + war) uj + (cgaa + wae) Uy + Z wgiuf) ur (A.178)
i=3
" T T 2
= Z N21K1i + T2k + Z WK (j+2)i| (A.179)
i=1 j=1

where in step (i) 7;; are independent CN (0,1) after the substitution g;; = pinij, (Kij)
are functions of a,0, c, p;;, u; obtained after collecting the coefficients of 7;;, ws;; Note that

max; ; <|I€ZJ|) Z 1. Now

E [log (|&2]*)] — R (|522\2 a,b,c, |§11|2)
T T 2
=E |log Z M21K1i + Ne2kz2i + Z W25k (j+2)i
1=1 j=1
T T 2
—h Z M21R14 + T22K2; + Z W25 K(j42)i a, b, C, |€11’2 (A180)
=1 j=1
T T 2
<E |log Z N21K1i + Toakoi + Z WK (j42)i
i=1 j=1
T T 2
—h Z N21K1; + Thoke; + Z W K(j+2)i {Hij}i,jST , (A181)
=1 j=1

where the last step uses the fact that conditioning reduces entropy and Markovity

2
(C% b, c, |§11|2) — ({Kn’j}i,ng>_(ZiT=1 ‘7721/’611' + Noakai + Zjll WojK(j42)i ) Note that

21, 22, Wo; are independent of ;;. Now it suffices to show that for any given set of constant

K;; the difference

T T 2 T T 2
E |log Z To1Ky; + Taaka; + Z w2j“/(j+2)z‘ —h Z M1k + Tazka; + Z w2j’f/(j+2)i
i=1 Jj=1 i=1 j=1
is uniformly bounded independent of x};. ~We will show this by assuming |x,]|
max; ; (|r};]). This is without loss of generality since 75, wy; are all iid. CA (0,1). Now
T 2 T T 2
E |log Z M1k + Tak; + Z ijHI(jJrQ)i —h Z M1k + Taaky; + Z w2j"f/(j+2)i
i=1 Jj=1 i=1 j=1
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)

T /
—h L 22 ”2 A182
(; 7721“11 " 7722%11 " Z ( )
() T K/ ! ]-1—2)1
< log ZE 7721:4-7722&—114-2
i=1
T ! , T
=R Dot e D (A.183)
i1 11 11 1
) T o2 o2 T (‘ ”
Y log 13 + 24 + j+2)i
; K11 K11 _— K11
. 5 d Kij+2) i
—h — A.184
Z K11 K11 ~ & K11 ( )
=1 ]:1
2
@) d J+2)z
< log(T(T+2)—h > - (A.185)
i=1 &t
(iv) T / / H, 2
2)i
S 1Og (T (T + 2)) —h Z 7]21_ + 7722/{_ + Z Iji+ ) T22, Waj (A186)
i1 K11 11 11
(v) 7
<log (T (T +2)) + 5 log (e) , (A.187)

where (i) is using Jensen’s inequality, (i7) is using the fact that 7y, = +7722 o —1—2] | Waj (; .
11

i

is Complex Gaussian, (7i7) is because < 1 since |k};| = max;; (‘KJUD (note that

En
max; ; (|&';;|) > 1 for a valid set of x';;, due to the way r;; is defined), (iv) is because

conditioning reduces entropy and (v) is by invoking the result from Appendix A.9.

Now if the term log (E [V]) —E [log (V)] does not approach infinity with the SNR then the
desired result follows directly by choosing any fixed o > 0. When log (E [V]) — E [log (V)]
does tend to infinity with SNR, following [LMO03, (336)] we choose

= (1+1log (E[V]) —E[log (V)]) " (A.188)

with a* | 0 with the SNR and we have log (T (a*)) = log (Z) + 0 (1) and o*log (a*) = 0 (1)
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where o (1) tends to zero as a* tends to zero, following [LM03, (337)]. Hence we have

I(|&2);a,b,¢,|6n]?) < <log (T (T +2)) + glog (e)) +1+log ( 1*> +0(1), (A.189)

«

1
P 1+ log (E [|f22’2]) - E [log (‘522’2)] . (A.190)
Now
T
[6a2]* < |agar + bz + wan|” + |egan + waal* + ) |way*. (A.191)
=3
Hence
(i)
E [|€2*] < E (o3 lal* + o3, (b + |c*) + T)] , (A.192)
(i)
log (E [|€22["]) < log (03, + p3o + 1) +log (T), (A.193)

where (i) is using the fact that given (a,b,c), aga; + bgas + wa1,cg2a + woy are sums of

independent Gaussians and (i7) is using the power constraint on a, b, c. Hence we have
1
s < 1+ log (p3, + p3, + 1) +log (T) — E [log (\§QQ|2)] . (A.194)

Now we lower bound E [log (|§22|2)}. Note that

T
|£22‘2 = |a921 + bg22 + w21|2 + ’6922 + ’LU22|2 + Z ‘w21'|2 (A195)
i=3
2
(agor + bgao + wa1) (agi1 + bgrz + wi1)" + (cgaz + waa) (cgra + wi2)” + 23;3 Wo W7,

lagi + bgia + wn‘2 + |egia + 71)12’2 + 23;3 \w11-|2

(A.196)

is the magnitude squared of the projection of the Complex vector

{(agm + bgas + wa1) , (cgaa + Waz) , Was, . . . >w2T:|

onto the subspace orthogonal to the Complex vector

[(agn + b1z + wi1) , (cg12 + wia) , was, . . . »wlT] .
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Note that [(cgia + wi2)", — (agi1 + bgia +wi1)",0,. .., 0] is orthogonal to

[(agn + bg12 + w11) , (cg1a + wia) , wrs, . - . 7w1T:| .

Hence
_ o2
cg12 + W12
— (ag11 + bgi2 + w1y)
[ aga1 + bgag + war, cgoa + Waa, Waz, ..., Wor ] 0
0
|&oa” > 2 — -
lagi1 + bgi2 + wi1|” + |cgia + w2
(A.197)
:|(a921 + bgao + wa1) (cgr2 + wi2) — (€Gaz + Wwa2) (agi1 + bgi2 + w11)|2 (A.198)
lagi1 + bgr2 + w11|2 + |cgia + w12|2
and hence
E [log (|&22/?)] (A.199)
>E |log |(aga1 + bgaz + wa1) (cgr2 + wi2) — (€922 + waa) (agi1 + bgia + w11)|2
B lagi1 + bgi2 + wn‘z + |cg12 + w12|2
=K [108; (|(CL921 + bgao + Wa1) ur — (Cga + Wa2) U2|2)} ; (A.200)
where (ug,us) is a unit norm complex vector independent of g;, wo;. Hence
E [log (|¢2/%)]
(@)
> E [log (|au1|2 P 4 |buy — cusl? 2y + Jug|” + \uz|2)} — vlog (e) (A.201)
(@)
> E [log (\au1|2 P + [buy — cus|? p2, + 1)] = ~log (e) (A.202)
> —ylog (¢), (A.203)

where () is using the facts that given (a, b, ¢, uy, uz), (aga1 + bgag + wa1) uy — (cgag + waz) us
is Complex Gaussian distributed with variance |au|* p3, 4 [buy — cus|” p3y + [us|* + Jus|” and
applying Fact 5.1 on page 135 together with Tower property of expectation. The step (i) is

because (ug,us) is a unit norm vector.
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Substituting (A.203) in (A.194) we get
% <log (p3, + p3o + 1) + 1+ log (T) + vlog (e) (A.204)
=log (p3; + p3o + 1) + 12 (T) (A.205)
and hence by substituting the above in (A.189), we get
1 (]522\2 ;a,b, e, ]511\2) < (log (T(T+2)+ g log (e)) +1
+log (log (p3, + po + 1) + 12 (T)) + 0 (1), (A.206)

where ry (T') = 1+ log (T') + vlog (e) is a function of 7" alone. Hence [ (|£22\2 ;a, b, c, |§11|2)

has zero gDoF. Now since

I (|§22|2;(l, b,C

mm)ihQéﬁ

Also h <|€22|2 |€11|2,a,b, c) < E {log (eE {|§22|2

tropy result for positive random variables with given mean.

|§11|2> < I(|&2);a,b,c, €0

it follows that h (|522|2

‘511|2 , a, b7 C> .

a,b, c])} using the maximum en-

A.9 A lower bound on entropy of squared 2-norm of a (Gaussian

vector
For complex l;, k;, [ for finite number of i’s with |k;] < 1 and n ~ CN (0, 1) we will show that

h (\?7 +1)* + Z ki + ziﬁ) > —; log (€) . (A.207)

We have

h <|77+ II* + Z |kim + lz’|2>

—h <|l|2 + 2Re ((z + Zl;*ki> n) + |l (1 +> |k:,~|2>) (A.208)
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2

[ Lk}
S an 1+Zyk| LV (A.209)
1+ k|
Now it suffices to show that h (|nk’ + '] ) —(7/2) log (e) for |k'| > 1. Now,
(I V1) = b (o' + 2l 1] 7] cos 6+ 117) (A-210)

where 6 is uniformly distributed in [0, 27| and is independent of || since 7 is circularly

symmetric Gaussian.
B (I +0P) = b (k' + 2]

=h ((\nk’| + V'] cos 9)2‘ 9) (A.212)

2 9) (A.211)

Consider S = ||n||K'| + |I'| cos@'| for a constant #'. Tt suffices to show that h (S?%) >
—(7/2)log (e) to complete the proof. Now 1’ = |n||k’| is Rayleigh distributed with prob-
ability density function p, (z) = (z/|k |2) exp (—z?/ (2 |k |2)) and it easily follows that
py () < (1/]K'|)exp(—1/2) < exp(—1/2) since |k'| > 1. Hence the probability density
function of S has p, (z) < 2exp (—1/2). Hence

h(S5) = —E[log (ps (5))] (A.213)

~log (26*%) (A.214)
Using [LMO03, (316)] for rates in bits, we have

h(S%) =h(S)+E[log(9)]+1 (A.215)

()
oz ( )] (A217)

Now it suffices to show that & {log (‘m\ || + || cos 6’ )] is lower bounded by —4 log (e) to complete
the proof. For a random variable X we define h~ (X) = fp(x)>1p (x)log (p(x)) dz. We have

> —log <2€_%> +E In| |K'| 4+ || cos&'| | | +1 (A.216)

1
= §log (e) +E In| |K'| + |I'| cos &

Wl = [ o @)los g () o (A.218)

n
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—0 (A.219)

since p,y (z) < (1/|K'|) exp (—1/2) < exp (—1/2). Using [LMOS (257)] to bound the expected

logarithm (EE [log (| X])] > — -2 7z log (e) — Zh™ (X) with A~ = Jpy>1 P (x)log (p (x)) dz
for any 0 < a < 1), we have
1 1, _
E [log (| X|)] > — slog(e) —=h™ (X), 0<a <1, (A.220)
(1—a) a
/ !/ / (Z) 1 — / / /
E {log | |In| || + |I'| cos @ > —Wlog(e)—Qh (In| |E'| + |I'| cos @) (A.221)
T2
= —2h" (Il [K']) — 4log (e) (A.222)
@0~ 4log (e), (A.223)

where (i) is using [LMO03, (257)] with o = 3 and (i) is using (A.219). Now using (A.223) in
(A.217) the proof is complete.
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APPENDIX B

Proofs for Chapter 3

B.1 Proof of the modified cut set outer bound for the 2-relay

diamond network

Consider the cut in Figure B.1. We consider 1 x T" vectors Xg,Yr,,Xr,,Yp as explained in

Section 5.2.

Ry

Figure B.1: The cut to be analyzed.

Considering message M € [1, Q”TR} drawn uniformly, we have

nTR < H (M) (B.1)

=1 (Y3, Yg,; M)+ H (M|YS, Yyg,) . (B.2)

Now, H (W|Y§,YI{‘2) — ne, due to Fano’s inequality since M can be decoded from

(Yg‘, Yég) . Hence

nTR —ne, < h (YR, Ye,) — h (YD, YE | M), (B.3)

h (Y5, Y,) = (Ye,) +h (Y51 Ye,) (B.4)
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<Z (Yror) +h (Yor| Yi)) (B.5)

7 (n (Yaae) + o (You Vi, X)) (B.6)

(423)

<Y (h (Yigk) + 1 (Yor| Xeow)) (B.7)

where (7) is using the fact that conditioning reduces entropy, (i) is because X, is a function
of Y}% which is within Y ; this step is different from the coherent case, where the transmitted
symbols at the relays are dependent only on previously received symbols. Here we are dealing
with vector symbols of size T" for the noncoherent case, hence X, is a function of YP’fz, the
transmitted block can depend on the current received block (see Figure 3.3 on page 50 ).

The last step (i7i) is using the fact that conditioning reduces entropy. Now,

h (YEYR, | M) = (b (Yor, Yaorl M Y5 Vi) (B.8)
= (b (Yarl MYE V) + b (You! M, Y1 YE)) (B.9)
Z (7 (Yrak| Xsw, ML Y™ Y h)
+ 1 (Yor| Xrow Xrows M, YL V) (B.10)
DS (0 (Ygel X))+ (Yor X Xror)) (B.11)

where () is using the fact that conditioning reduces entropy and (i) is due to the Markov
chains Yrye — Xsr — (M, Y1, YY) and Yo, — (Xgyks Xrow) — (M, Y71, Y. Note that
Yo — (Xryw Xrok) — (M, Y71, Y4 is a Markov chain because given (Xg,x, Xg,x), the only

randomness in

Xle‘
Ypr = [ Ord1k  Grd2k ] + Wpg
XRok

is through (grq1k, graok, Wpk) which is independent of (M , Yg_l, Y}’g). Similarly the Markovity
Yroke — Xsk — (M, Yg_l, Yflf;l) can be verified. Hence we get

nlT'R — ney, S Z (h (YR2k> + h (YDk| Xng) —h (YR2k| XSk) —h (YDk| Xle, Xng)) (B12)
= Z (Xsk; Yror) + 1 (XRryk; Y| XRot)) - (B.13)

Due to symmetry, it follows for the second cut (Figure B.2) that

nTR —ne, <Y (I (Xsk; Yaok) + 1 (Xnok: Yor| Xni) - (B.14)
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Ry

Figure B.3: The SIMO cut.

Figure B.4: The MISO cut.

For MISO and SIMO cuts it easily follows that

TLTR—TLGn S ZI(XSk;Yle,YRQk) s <B15)

nTR — ney, S Z 1 (Xle, XRQk; YD) . (B16)

Using equations (B.13), (B.14), (B.15) and (B.16) and a time-sharing argument as used for
the usual cut-set outer bounds [CT12, (Theorem 15.10.1)], we get the outer bound

TC'=  sup  min {1 (Xe: Vi), I (Xs: Ya) + 1 (X, Yol Xn,),
p(X57XR17XR2)

I(XsiYa,) + 1 (Xngs Yol Xy ) T (X Vo) . (BT)
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B.2 A generalization of the cut set outer bound for acyclic non-

coherent networks

Consider an acyclic noncoherent wireless network with coherence time 7' and independent
fading in the links and additive white Gaussian noise. We consider the transmitted vector
symbols X; (transmitted from node i) and received vector symbols Y; (received at node 17)
of length T'. The fading is constant within each vector symbol but independent across the

different vector symbols.

Source l B R Destination

A cut in an acyclic network

Figure B.5: A source-destination cut described by €2 in a general acyclic network. The set
) has the nodes in the source side of the cut, the set €2¢ has the nodes in the destination

side of the cut.

Let L = |Q°], let (1),(2),...,(L) be the nodes in the set €2, the labeling of nodes is
done with a partial ordering; any transmit symbols goes ONLY from a node with smaller
numbering to larger numbering. Such a labeling exists since the network is acyclic. Let Xj,(;
denote all the transmit signals incoming to the node (7) and let Xqe denote all the transmit

signals in the destination side of the cut. We claim the following:
TR <Y (b (Yol Yo Yooy (Ko () Xae) ) = b (Yo X)) (B.18)
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and
TR < Z (h (Y| Yays - Yo, Xy, o X)) = h (Y| Xin)) (B.19)

for some joint distribution on X's and corresponding Y;'s induced by the noncoherent chan-

nel. The proof is as follows.

Due to Fano’s inequality, we have
nTR —ne, < T (Y, Y5, ., Y1y M)

=h (Y)Y, YD) = b (Y0), Y5, - Y| M)

B (Y0 Yy, Yin) = 2R (YY) Vi) (B.20)
gzgh(m)k\if(ﬁl),.--,ﬁ?ﬂ)) (B-21)
o) Z zk: h (Y(i)k} Y, Y0, (Xin(i) N st)k) (B.22)
<33 n (Yooul Yoo+ Y (X (V) Xa) ). (B.23)

i

where (i) is because conditioning reduces entropy, (i) is since (Xin() () Xa) , 1s a func-
tion of Y{f), e ,Y(?_l) because of the nature of labeling (instead we could have also used

X1k - - - » X(i—1)k in the conditioning, which is also a function of Y{f), e ,Y(?_l))

Remark B.1. Note that IF we expanded
n n n k—1 k—1
POV ) = S (e Vi V)
k

as in the usual cut-set outer bound, then X(kl), . ,X(’“L) is NOT a function on(’f)*l, e ,Y(’Bl.

Due to the block structure, X(kl)7 e ,X(’“L) is a function of Y(’f), e ,Y(]Z). This is similar to

that we explain in the derivation for the diamond network in (B.6) on page 188.

Now,

BYE Yy Y| M) = Db (Y MY, Vi) (B.24)
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7 k

®

> 35 (Vo] X MY, Vil YY) (B.26)
ik

o DD b (Y| Xunr) » (B.27)
i k

where (i) is because conditioning reduces entropy and (ii) is because of the Markov Chain
Yoy e — Xingiye — (M , Y(’ll) . 1/(7;_1), (’f)_1>. The Markovity holds because given Xy, k., Y(i)x 18
dependent only on the additive Gaussian noise and the fading in the incoming links which are
independent of (M , Y{ll), e ,Y(?fl), (’Z?)_1>. Using a time-sharing argument as in the usual

cut-set outer bound we get

TR <Y (h (Yol Yoy Yoons (Ko [V Xor) ) = 2 (Yio| Xino) ) (B.28)

for some joint distribution on X/s and corresponding Y;s induced by the noncoherent chan-
nel. Similarly, if we had used X1y, . .., X(i—1)x in (B.22) instead of (Xin(i) N XQc)k, we would

have obtained
TR (h (Yol Yo, Yien, Xy Xion) = (Yo X)) (B.29)
Remark B.2. The outer bound of the form

TR < sup min{r (p(X),Q)} (B.30)

p(x) @
with min taken over all cuts and the sup taken over all probability distributions can be 0b-
tained, with rate expressionr (p (X), Q) of the form taken from the RHS of (B.28) or (B.29).

Note that this would require different labeling of nodes depending on the cut, since to derive

(B.28) and (B.29), the nodes are labeled depending on the cut.
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B.3 Proof of Theorem 3.3: structure of the optimizing distribu-

tion

The cut-set outer bound from (3.7), can be rewritten as
TC =sup Ly (p(X)), (B.31)
p(X)

where

Low (p (X)) = min {I (Xs;Yr), I (Xs:Yr,) + I (Xn,: Yo| Xr,) .

I(Xsi Ya,) + 1 (Xt Yol X)) T (X Yo) b (B.32)

Lemma B.1. (Invariance of Iy (p (X)) to post-rotations of X ). Suppose that X has a
probability distribution po (X) that generates some I, (p (X)). Then, for any unitary matrix
O, the “post-rotated” probability distribution, p; (X) = po (XCDT) also generates I, (p (X)).

Proof. This is an adaptation of the existing results for MIMO from [MH99, Lemma 1] to the
network case. We prove this by taking each term of I, (p (X)) from (B.31). We give the
sample proof showing I ( Xigr,; Yip| Xir,) = I (Xor,; Yoo| Xor,), where (Xigr,, Xir,, Xis) in-
dicate a post-rotated version of (Xor,, Xor,, Xos) with a given unitary ®'. Other terms follow
the same arguments for proof. Let g.q = [ Grdi Grao } and Xor = Transpose ([Xor,, Xor,|),

then Yip = @XOR(IDT + Wp. Hence we have

I (Xir,; Yin| Xir,) = b (geaXor®' + Wp | Xor, @) — A (guaXor®' + Wp| Xor®')  (B.33)
D b (guaXor + Wp®@| Xon,®1) — £ (geaXor + Wp®| Xor®')  (B.34)
D 1 (graXor + Wo| Xor,®') — h (graXor + Wp| Xor@') (B.35)
(graXor + Wo| Xor,) — b (gaXor + Wo| Xor) (B.36)
= I (Xor,; Yon| Xor,) » (B.37)

where (i) is because unitary transformation preserves entropy, (i7) is because Wp, Wp® have
same distribution since Wp has i.i.d. CN (0, 1) elements and @ is unitary and (i) is because

® is a given unitary matrix and can be removed from conditioning. O
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Now, we show that he signal of the form X = L@ with L being a lower triangular random
matrix and ) being an isotropically distributed unitary matrix independent of L, achieves
the outer bound in (B.31). This is also an adaptation of the existing results, we follow the
techniques from [MH99, Theorem 2|. Let X, be a random variable which is optimal for
the outer bound and I be the corresponding mutual information achieved. Now X, can be
decomposed as Xg = L®" using LQ decomposition with L upper diagonal and &’ unitary,
but they could be jointly distributed and ®" may not be isotropically unitary distributed.
Let © be an isotropically distributed unitary matrix that is statistically independent of L
and ®'. Now, use X; = X0 for signaling and let Y; be the corresponding received signal.

Now,

I (Xig,,0;Yip| Xir,) = I (Xigr,, O; Yip| Xir,) (B.38)
I (Xigr,:Yip| Xir,) + 1 (©;Yip| Xir,Xir,) = 1 (©;Yip| Xir,) + I (Xir,; Yin| Xigr,. ©)
(B.39)

[ (Xiry; Yio| Xiry) + 0 2 1(0; Vip| Xir,) + I (Xir,: Vin| Xir,, ©)

(B.40)

I (Xir,; Yin| Xir,) (? I (Xigr,; Yip| Xir,, ©) (B.41)
= I (Xor,0; Yip| Xor,0, O) (B.42)

“D I (Xony: Yoo Xors) (B.43)

where (7) is because Yip — (Xiry, Xir,) — © forms a Markov chain, (i7) is due to the nonneg-
ativity of mutual information and (#i¢) is using Lemma B.1. Similarly it can be shown that
each term of I, (p (X)) from (B.31) increases by choosing X; = X(© for signaling instead
of Xy. Hence without loss of generality, the signal of the form LQ = L®'O with Q = ¢'O
is optimal for the outer bound. Now, @) = ®’© is also an isotropically distributed unitary

matrix and independent of ®' by the property of isotropically distributed matrices.
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B.4 Proof of Discretization Lemma (Lemma 3.1)

We have

1 =TE [log (pz lal* + gy b + play Ief* +T)]
— & [log (pfaz laf® + plar |6 + pfar Iel” + prarpias |l [al® +1)] (B.44)
=E [f1 (Jal*, 1BI", |c*)] (B.45)
g = (T — 1) log (p2,) + E [log (2 lal” + plar 16" + 1)]
+ (T = 1)E [log (p2 |c|> + T —1)]
— & [log (pfaz laf® + pla 16 + pfar Icl® + prarpias |l [al® +1)] (B.46)

- (T - 1) 10g (p§r2) +E [fQ (|a|2 ) |b|2 ) |C|2)} ) (B47)

where we also included the straight-forward definition of fi (), f2 (-) in the previous equa-

tions.
Note that
' 0 fs p?dQ
2| = 2 2
dlal P3d2|a| +p?d1 b]” +1
2
Prao (1 + Pl el ) (B.48)
Pra lal” + Pr b” + Pra e[ + P21 Poda e [al” + 1
2 2 2
prd2 (1 + prd2 ‘C‘ )
prd2 ‘CZ’ + prdl ’b‘ + prdl ’C‘ + prdlprd2 ’C’ |a’| + 1

2

Pr
=2+ ——— (B.50)

1 + prd2 ’a‘ + 1+p3d2|c|2
<2029, (B.51)
‘ Ofs Pfcu
2| = 2 D) 2
a |b| prd2 |a’| + prdl |b| + 1
p2d1 (B 52)
+ 2 2 - 2 2, 2 .
Praz lal” + iy 1D + piay lel”™ + PrarPiga el lal” + 1

§203d1 (B'53)
S2p§d2v (B54)
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0 T —1)p? 2
‘a IfTQ N 2( el le;dl R p;dl P o (B.55)
c Pra1 € 14 p2y le]” + HZ?W
< 200 (B.56)
< 20740 (B.57)
Hence for || (|af?, o2, [ef?) — (1a/[2, W[, /)], < V3/ps.
2 1712 2 V3
fQ (|a’|2 ) ’b|2 3 |C|2) - f2 (|CL/| ) ’b/| ) |C/| ) < H(2p1%d27 2p§d27 2101%d2) ‘ ’2 <p2_> <B58)
rd2
=6 (B.59)
and in a similar manner as above, it can be shown that
fi (lal o7 JeP) = £ (1P W2 1) < 6. (B.60)
Hence by considering a discrete version of the problem as
maximize min {1, s}
P, : d E[lol’]<TE[Ib +|e*]<T (B.61)
3
Support ([al*, b |ef*) = {0, 7. 2. o0}

the optimum value achieved is within 6 of the optimum value of P; (refer to Theorem 3.4 on
page 53 for definition of P;). Hence for an outer bound on degrees of freedom it is sufficient
to solve Ps.

gDoF (P;) = gDoF (P,) (B.62)

Claim B.1. The new optimization problem

) maximjze . min{y, e}
P, E[ja?|<T.E[[b|*+]e]*]<T " , (B.63)
2 2 2\ 1 2 Praz _
Support (|al”, [0, |c]) = {Oa@ P } =51
achieves the same degrees of freedom as Po.
Proof. Here we show that it is sufficient to restrict

Support (af, (b, |e”)  ={0,1/p213,2/p2ags- - - Lptaa) /%), for a tight outer bound
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on gDoF. The main idea behind this claim is that outside this support, the points have
very high power and hence due to the power constraints only very low probability can be
assigned to those points. The probabilities assigned is low enough, so that the terms of the

form E [log (pZ, la|* + P2y, B + P2, \0\2)] do not contribute much from those points.

Let the optimum value of P, be achieved by a probability distribution {p}} at the points

{(llz/prd2’l2z/prd27l32/prd2)}W1th l* € Z. Let
) ) = Frd :
P?d2 P?d2 P?dz ?

AP S
Sy = { max{ 1 ,i,i} > 2 } (B.65)
pfd? PfdQ Pfdz -

and let max {13;/p}42. 5/ Pran: 13i/ Praz} = Uisi/ Piaz for labeling. Now,

%:(T—lnog(pzﬂnzpifz(; ,+,%)+zpif2(; L h ) (B.66)

Prd2 Praz Prd2 Prd2 Praz Prd2

1€S] 1€S2
and

13 l*Z l3;
Zpl f2 ( 1 2 3 )
ZESQ prd2 prd2 prd2

Uh Uhi
< Zp (log <2prd2 + 1) + (T —1)log (prd? T - 1)) (B.67)
i€So prdQ prd2
<TY pilog (2l +T), (B.68)
1€S2

where (i) is because max {I3;/p%0, 5:/ 0240, 13:/ P24n} = Uipi/p24e for @ € Sy and using the
structure of the function f; (+). Hence

* G, 05 15
Zpif2(21’22’23)

Pra2 Praz Prd2

i€So
<TY pilog (2, +T) (B.69)
1€S2
ZGSQ pz PMz
< szz log +T (B.70)
1€S9 Z]ESQ pj

< TZpZ log ( S prdZ + T) (B.71)

i€Ss JES2 pj
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=T p;log <4Tpfdz +T) pj) ~TY pilog (Z pj) (B.72)

1€S2 JESs 1€So JES2
(i) 1
T3 prlog (T2, + T) + T2 (B.73)
1€ES2 €
12 1oy (4T + T) + 7B (B.74)
Praz e
oT 1
=T (log (T) + log (4 + 1)) + T Oge(e) (B.75)
rd2
() 92T 1 1
< T x (log (T) + (4p2y +1) —2 (e)) L los(©) (B.76)
Praz e e
v | |
< 2T? x (log (T) +5—2% (6)) L los(©) (B.77)
e e

where (i) is due to Jensen’s inequality, (i7) is due to the power constraint
>ics, Pi (i) Poag) < 2T = 37 o piliy < 2Tk, (i) is due to the fact 0 < Y7, ¢ pf <1
and —zlog () > log(e) /e for x € [0,1], (iv) is due to the fact >, ¢ P} (l3i/ph2) < 2T
(power constraint) and pZ, < (I3;/pig)in Sz and hence Y7, o pipZy, < 2T and Y, o pf <
2T/ p49, (v) is due to the fact (1/z)log(z) < log(e) /e for z € [1,400), (vi) is assuming

P2 > 1 (otherwise Relay Ry does not contribute to gDoF and can be removed from the
network), (vii) is by defining ro (T') = 2T x (log (T') + 5log (€) /e) + T log (e) /e.

Hence it follows that
b b B

@:uummm@»+zpm(2 -—)+m@> (B.79)

’2 ) 2
icS; prd2 prd2 prd2

and similarly it can be shown

MzZﬁﬁCE@i@)+Mﬂ (B.50)

2 0 2 0 9
ics Prd2 Praz Praz

for some 7 (T') independent of SNR. Hence it follows that

,naximize ~ min {t1,72}
Ella|® |<TE||b|"+]|c|*|<T
P, + { Bl ] <TE[b +e] PRt (B.81)
Support (|al*, [b*, |¢]*) = {0, A A %} =S
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achieves the same degrees of freedom as P, because any nonzero probability outside S} in Ps

can be assigned to (0,0, 0) in Ps, changing the value of objective function only by a constant

independent of SNR. m
Hence
gDoF (Py) = gDoF (Ps) = gDoF (Ps) . (B.82)
Now, for

maximize  min {¢, s}
E[al®+[b*+|c[*] <2T

P4 . 3 (B83)
o) = {0, A L]
Support (|a| 107, =30 s s ,
we have
gDoF (Ps) < gDoF (Py) . (B.84)
In fact it can be easily shown that
gDoF (Ps3) = gDoF (Py) (B.85)

by considering a new optimization problem with E [|a|2 + |b]* + |c|2] < T and using the fact
that a constant scaling in a,b, ¢ can be absorbed into SNR and using the behavior of log ()

under constant scaling. The detailed proof is omitted. We then will have

gDoF (P1) = gDoF (Py) = gDoF (P3) = gDoF (P;). (B.86)

Now Py is a linear program with finite number of variables and constraints (with a finite
optimum value because of Jensen’s inequality). The variables are {p;} and the maximum

number of nontrivial active constraints on {p;} is 3, derived from

Y1 =1y (B.87)
E [la]* + [b]* + |e’] = 2T (B.88)

> pi=1 (B.89)
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Trivial constraints are p; > 0. Hence using the theory of linear programming there exists

an optimal {p}} with at most 3 nonzero values. Hence it follows that

)
.. ) 3 2 2 2
maximize min ¢ > pifi (Jail”, 10l el
Z§:1Pi(lai|2+\bi\+|0i|2)§2T { ! ( )
P (7 = Dlog () + EL e (ol i) |
lai” 163l lei|* > 0
.

(B.90)
has (Ps) > (P4). Note that we have allowed <|ai|2,\bi\2,|ci\2)j:1 to be real positive variables
to be optimized, instead of the discrete values. But it is also clear that (P5) < (P;). Now,
since gDoF (P;) = gDoF (P,) it follows that

gDoF (P;) = gDoF (Py) = gDoF (P3) = gDoF (P,) = gDoF (Ps) . (B.91)
Now, we consider solving P5. We have

fu(laf* b 1)

=T'log (P?dQ |ai|2 + pfdl |bi’2 + p?dl |Ci|2 + T) (B-92)
— log (P?dz ’@i‘2 + p?dl ‘bi|2 + p?dl ‘Ci|2 + p?dlpde ‘Ci‘2 ‘ai’2 + 1) (B.93)
fo (Jail* bl [es]?) (B.94)

= log (Pfdz ’ai|2 + P ‘bi|2 + 1) +(T'—1)log (p?dl ‘Cz“Q +T — 1)

— log (Pde |ai|2 + Pfcu |b,~|2 + chu |c,~|2 + p?dlpfdQ |Ci|2 |0Li|2 + 1) . (B.95)

If p2,lal® > max (p2, [b;]°, p2y |cil®), then it can be easily seen that setting [bj|* = 0

decreases f; and fy by at most a constant independent of SNR and then we get

fi (laaf? 3 Jeil”) =T1og (o lail” +7)
— log (P?dz |@z‘|2 + 1012'd1 |Ci|2 + p3d1p§d2 |Ci|2 |a,~|2 + 1) (B.96)

=(T —1)log (pfd2 \aiIQ + 1) —log (pfdl \Ci\z + 1) (B.97)
fo (lasf” B3P leil”) = 1og (o laal” + 1) + (T = 1)1og (s leil* + T = 1)
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— log (Pfdz |ai|2 + P ’Ci|2 + Pig1Poas i |ai)? + 1) (B.98)
= (T = 2)log (ph le:l* + 1) . (B.99)

If pa |a|2 < max (pfdl |bi|27 Pra1 |Ci|2)7 then setting |b{£|2 = |di|2 = (|bi|2 + |Ci|2) /2= |di|2
, |a,~|2 = 0 decreases f; and fy; by at most a constant independent of SNR and in this case
fi (lalf? = 0, 16" = Ja* | = i)

= T'log (Piﬂ |di|2 + 1)

—log (ph ldil” + 1) (B.100)
= (T'—1)log (pZy |di]* + 1) (B.101)
fo (Jail” = 0. 6if° = 1P = Idif?) (B.102)

= log (o |dil* + 1) + (T — 1) log (pfyy il + T — 1)
—log (pfs |dil” +1) (B.103)

= (T —1)log (2, |di]* +1) . (B.104)

Hence for the following optimization problem Pg with mass points (\a¢|2 ,0, |ci]2) with prob-
ability p1; and mass points (O, \di]2 , \diF) with probability po;,

( 3

maximize min { Zp“ (T — 1) log (pky, lay|? + 1) —log (p2y e + 1))
=1
+ ZP% —1)log (prdl |d22| + ))
3
Ps - (T'—1)log (pgrQ) + Zpli ((T —2)log (p?dl ‘Cli|2 + 1))

i=1
+ szz —1)log (Prdl ’d2z| + )) }

Zle D1 (|6L1z‘|2 + |1l ) + Zizl 2pa; |doi|” < 2T

aul® lel?  duf* = 0

(B.105)
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we have
gDoF (Py) = gDoF (Py) = gDoF (P3) = gDoF (P,) = gDoF (P5) = gDoF (Ps).  (B.106)

Now, we claim that multiple mass points of the form (\a1i|2 ,0, |cu|2) with probability py;
can be replaced by a single point (|al]2 ,0, ]cl|2).

Claim B.2. There exists ci such that 3", piilog (02 |eil” +1) = 3, puslog (p2y enl + 1)

with ), p1i |01|2 <> ipu |01i|2-

Proof. We have by Jensen’s inequality

> D1y |Cl'|2
> " puilog (ﬂfﬂﬁ +1) =3 puilog (o2 leul® +1). (B.107)
i JEa i

Hence there exists ¢; with
o iy leyl
< ‘7—

la]” < (B.108)
> D1

such that

> piilog (Pl ler* +1) = puilog (phay lenl* + 1) - (B.109)

Also, due to |¢;]* < <ij1j |01j|2) / (ij1j>, we have ijlj ley)? < ijlj |clj|2, hence

the power constraint is not violated. O

3 . . .. . .
Hence we reduce {cy;};_, to a single point ¢;. Similar procedure can be carried out with

ay; and ds; and we get

(

maximize min {pl ((T — 1) log (p2yy ar|* + 1) —log (P2 |ea|* + 1))
+ (T = 1) palog (i dof” +1) (T = 1) log (p3,5)
+(T = 2) pilog (pZy e |* + 1)

737 .
+ (T - 1)172 log (P?dl ‘d2‘2 + 1) }

(B.110)

P1 (|CL1|2 + |01|2) + 2}92 |d2|2 S 2T

L ’(I1|2 ’ ’01‘2 ) |d2’2 > 07
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gDoF (Py) = gDoF (Py) = - - - = gDoF (Ps) = gDoF (P5). (B.111)

P7 has (|a1]2 .0, ]cl|2) with probability p; and (0, \ds|” | \dQ\Q) with probability ps. Since a
constant power scaling does not affect gDoF for the problem, with Pg defined as

¢

maximize min {pl (T — 1) log (pZ, a1 | + 1) —log (p%4; ey | + 1))

+(T — 1) polog (p2y |dof” + 1), (T —1)log (p2,)

+(T = 2)prlog (o2 lerf* + 1)

Py : (B.112)
+ (T = 1) palog (p2y |dof” + 1) }
prlal* < T,pile* <Tpaldi]” < T/2
\ jar]*, [es?, 1da]* > 0,
we can show that
gDoF (Py) = gDoF (P;) = - - - = gDoF (P7) = gDoF (Ps). (B.113)
Now, with p; |a1|2 <T,
p1 (T —1)log (Pfom ‘a1’2 + 1) <p1 (T —1)log <P§d2p£1 + 1)
= p1 (T — 1) log (02T + p1) — p1 (T — 1) log (p1)
2 o (T = 1)log (02T +1) + (T — 1) 1°g6<€>, (B.114)

where (i) is using —p; log (p1) < log (e) /e. Hence it suffices to use |a;|* < T for the optimal
value without losing gDoF. Choosing a larger value does not improve gDoF due to (B.114).
Similarly keeping |e,|> < T, |dy|> < T/2 is sufficient to achieve the gDoF. Note that for Pg
the objective function is increasing in |a;|?, |da|*. Hence by choosing |a;|* = T, |ds|* = T/2,
we get a gDoF-optimal solution. Hence by choosing |ai|* = T, |do|* = T'/2 and including

the extra constraint |cl|2 < T (which makes the constraint p; |cl|2 < T inactive), and also
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P2 = SNR™ ) p2 . = SNR” we obtain an equivalent optimization problem:

;

maximize min {pl ((T — 1) a2 log (SNR) — log (SNR%““ ]01\2 + 1))

+ (T — 1) poyra1 log (SNR) , (T — 1) g2 log (SNR)

Py : + (T —2) py log (SNR”rdl ]cl\Q + 1) (B.115)

+ (T — 1) payra1 log (SNR) }

Jcl|2 <T,p1+p2 =1, |01|2 > 0.

We relabel p; = py, po = 1 — p) and complete the proof.

B.5 Proof of Theorem 3.14

Following the notation from the statement of Theorem 3.14 on page 80, we can equivalently

use

ar 00 . . 0|
[ }

t [%00..0}@2

(B.116)

where ()1, ()2 are independent T' x T' isotropically distributed unitary matrices and aq, as

are chosen independently as

1
oy~ ary/ 5)(2 (27), (B.117)
L,
a1 ~ az|[ 5 (27), (B.118)
where x? (k) is chi-squared distributed. This choice will induce [ a 00 . . 0|Q =

a;q; to be T dimensional random vectors with i.i.d. a;,CN (0,1) components, where ¢; are
T dimensional unitary isotropic distributed row vectors (see Section 3.4.1.1 on page 67 for

details on chi-squared distribution).

With this choice we have

E [YY] X1, X,] 9 OTK1Q1 + Qb K»Qs + Irr (B.119)
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h(Y|X)=E [log (det <QIK1Q1 + Q£K2Q2 + foT))] (B.120)

) [log (det <K1 + QLKQs + [TxT>>] , (B.121)
where in step (i) we have
Plea> 00 . .0 Plas> 00 . .0
0 0 . 0 0
Kl = ’ K2 =
i 0 . .. 0] i 0 . .. 0]

and in step (i) @)y is absorbed using properties of determinants and unitary matrices. Now,

A =det <K1 + Q;K2Q2 + [T><T> (B.122)
@pi |a1]2 det (Cofactor (Q;KQQQ + Iryr, 1, 1))

+ det (Q§K2Q2 + ITxT) (B.123)
=p?, |041]2 det (Cofactor (Q;KQQQ + Iryr, 1, 1))

+falazf” +1, (B.124)

where (7) is due of the structure of K; and the property of determinants. Now, with ¢y being

the first row of () (g2 will be an isotropically distributed unit vector), we get

QL K2Qs = ¢ (pis | ? %) - (B.125)

Hence

Cofactor (QEKzQz + Irxr, 1, 1) =1} (p% || M) + ey (r-1), (B.126)

where 7, is the row vector formed with the last T'— 1 components of ¢;. And hence

det (COf&CtOI‘ (Q;KQQQ + ]T><T7 1, 1)) = det (7’]; (p%Q |O€2|2 7]2) + ](T—1)><(T—1)> (B127)

= ply ol mam + 1, (B.128)
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where the last step followed due to matrix theory results on determinants of matrices of the

form (identity+column-row). Hence

A = piyloal* + o3y loal® + oy len | o3, ool momd + 1 (B.129)

PYIX) = E [log (03 [or]* + g3 sl + % o[ 3, oo mon + 1) | (B.130)
(2 E [log (p} 24 2 2, 2 2 2 2

= ) (Pu a|” + py [ao|” + piy fea|” poy o] + 1)} (B.131)

= E [log ((1+ %, loa[*) (14 3, a2f*))] (B.132)

hog (14 22 [an) (Lt 2 o)) (B.133)

where (i) followed since 7,7} < 1 because 7, was a subvector of a unit vector, () is because

a; ~ i/ % X2 (2T') and using Fact 3.3 for chi-squared distributed random variables. Hence

h(Y]X) <log (14 phy laal”) (1+ p3; [asf*)) - (B.134)

B.6 Proof of Lemma 3.4

In this appendix, we prove that log (E [|w|2 /(14 g+ w|2)]) <log (1/p*). We have

wP | @ jwl?
L — (B.135)
1+ g+ w L+ |w|” +|g]” + 2 |w| |g| cos (0)
.. 2
YE 2n Jw| _ (B.136)
V142 (jul? +1g?) + (lwf - |g)
9 2
il : (B.137)

<E .
V1+ (fwl® = [g?)

where (i) is using the property of independent circularly symmetric Gaussians w, g to in-
troduce 6 uniformly distributed in [0, 27| independent of |w|, |g| and (i) is using the Tower
property of expectation and by integrating over € (integration can be easily verified in Math-

ematica).
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Hence

L |wP

211 + |g + w)?

jwl”

<E ;

2 2
|1+ (fl? — Jgf?)
wf
|g|2 . |U)|2 {\g\2>|w|2+l}

(B.138)

<E

| 2
w|? — |g? 1{|w|2>|g|2+1}]

2

+E [|w| 11{||w|2_‘g|2|§1}] (B.139)
o1 (0.) o
= —]]. 2 2

(p2+1)2 - |w|2 — |g|2 {lwl*>|g)*+1}
—e VPPt pt = B 4 0p? 2 4]
(p* +1)?

@p?e’p% In (1+ p?)
- (PP

+E

—~

+ (B.140)
2
wf |
‘w|2 _ |g|2 {\w\2>|g|2+1}
_e—p%p4+p4_%+2p2_§+1
(p* + 1) ’

(B.141)

where (i) is obtained by evaluating & [%ﬂ{mﬁﬂwﬁﬂ}] and E [Juw] 17,2 |,z2/<1y] (Integration

can be easily verified in Mathematica). Also, I' (0, x) is the incomplete gamma function, (i)

is using the inequality I' (0,2) = E; (z) < e ®In(1+ 1/z), where B (z) = [~ e dt is the

x t

exponential integral.

Now,

wf _
|w|2_ |g|2 {lwP>lgPP+1} | =

T3
VN

> 1 _s
/ d e e PZdr) ds (B.142)

r=s+1 7 — S P
(/ e "dr +/ i e’"dr) ds
r=s+1 r=s+1 17 — S
(B.143)

e st —I—/ ie_’"JrSdr> ds  (B.144)

=s+1 7 —S§

=0

= / —e 7 (e "+ se "By (1)) ds (B.145)
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. 1 p2E1 (1)
Lt (PP DY

(B.146)

where (i) is using change of variables and the formula for Exponential integral F; (z) =

[2°e=dt. Also, Ey (1) ~ 0.219384.

Hence it follows that

wf | _pPe (i) 1 pPE(Q)
L+ lg+wf| = (pPP+1)? L+p? (P2 +1)
e B L9 24
A i (B.147)
(r*+1)
and hence
log [ E vl <1 (1> (B.148)
og <log|— ). )
1+ |g+wl? p?
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APPENDIX C

Proofs for Chapter 4

C.1 Proof of achievability for non-feedback case

We evaluate the term in the first inner bound inequality (5.5a). The other terms can be

similarly evaluated.

—

a

N2

[(X1:Y1,01|U2) D I (X05Y4| Uz, 1) (C.1)
=h(Y1|Uz, g1)

B (V| X1, Uz g1) (C.2)

h(Y1|Us, 91) = b (911 X1 + gn Xa + Z1| Ua, g1) (C.3)

=h(guX1+ 921 Xp2 + Z1| g1) , (C.4)

variance (gqu + 921 Xp2 + Z| ﬂ) = |g11|2 + Ap2 ‘gz1|2 + 1,

(Vi Uz, g1) = E [1og (lgn ] + Apa g1 +1))]

+ log (27e) , (C.5)

h (Y1]1X1,Us, g1)
=h (911 X1+ gnXo + Z1| X1,Us, 91) (C.6)
=h (921 Xp2 + Z1] 91) (C.7)

=E [log (1 + A\p2 |ggl\2)} + log (2me)

YE [log (1 + 1gon]? /INRQH + log (27e) (C.8)
(g log (2) + log (27e) (C.9)
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oo (Xl; E,£|U2) > E [lOg (|g11]2 + )\pg |921|2 + 1)}

_17

where (a) uses independence, (b) is because \,; < 57, and (c) follows from Jensen’s in-

equality.

C.2 Proof of outer bounds for non-feedback case

Note that we have the notation g = [g11, g1, 922, 912, S1 = g12.X1 + Z2, and Sy = go1 Xo + 7).
Our outer bounding steps are valid while allowing Xi; to be a function of (Wl, i), thus
letting transmitters have instantaneous and future CSIT. On choosing a uniform distribution
of messages we get
n(Ry + 2Ry — €)
< T (WY, ST, g") +1 (Wa Yy, g")
+ I (Wo; Yy, S5, X1, g") (C.10)
= (WY, 87 g") + 1 (Wa; V'l g")
+ 1 (W3 Yy, S5 XT,9") (C.11)
=1 (Wy; ST g") + 1 (Wi Y| ST,g") + 1 (W Y5 g")
+ 1 (Wo; 83| XT',g") + 1 (We: Y3'| XT', 53, 9")
=h(S71g") = h (ST Wi, g") +h (Y]] ST, ¢")
—h (Y| W, 87, 9") + h (Y5 g") — h (Y5'| W2, g")
+h (S5 X1, g") — b (S2]XT, W2, g")
+h (Y3 X1, S8, 9") — h (Yy'| X7, Wa, S5, g") (C.12)
=h(Stlg") = h(Zy) +h (YIS, g") = h (S2]g")
+h(Y5g") —h(ST19") + R (S2]g")
—h(Z7)+h (Y3 | XT,5%,9") — h(Z3) (C.13)

=h (Y| ST,g") +h (Y3l g") + b (Y3'| X7, S5, g")
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— h(2}) - 20 (25)

(a)
<Y [0 (VailS1i g”) = 0 (Z1)] + Y [h (Yailg™) — 7 (Zai)]

+3 [n (YQ,-|XM, S2ir ") — h(Z2i)]
—Epn [Z (h (Y11 S1i g") — h(le'))]
+Ep [ (h (Valg”) ~ b (Z)]
+Egn [Z (h (YailX1i, S2i, ") — h (Z%))]
2 vk [10g (1+ lg21> + g1/ (1 + lgal?) )]
+nE [log (1+ |g12” + 922 |

+nE [log (1+ g2/ (1 + 19 l") )]

(C.14)

(C.15)

(C.16)

(C.17)

where (a) is due to the fact that conditioning reduces entropy and (b) follows from Equations

[ETWO08, (50)] , [ETWO0S, (51)] and [ETWO0S, (52)]. Note that in the calculation of step (b)

we allow the symbols Xy;, Xy; to depend on g", but since ¢g" is available in conditioning the

calculation proceeds similar to that in [ETWO0S].

7’L(R1 + Ry — en)

IN

I(WiYg") +1 (W Yy, S5, X7, g")

I
~

(
(Wi Y g") + I (Wa; Y3, S5| X7, ")
(

I (WY g") + 1 (Wo; S5 XT, g")
I(W27Y2’X1752’ g")
( )—h(Y1"|W1,£)
+h(SQ\X1, ) h(SS|X?,W2,£)
+h (Y3 XT,95,9") = h (Y5'| X1, W2, S5, ")
=h(Y"g") —h(Sz]g") +h(S2]g")
—h(Z7) +h (Y3 X7, 85,9") — h(Z3)
:h(Y1"|g")+h(Y2"|X{L,S§,£)—h(Zf)—h(Zg)
< > [ (ailg") = b (Zn)]
+Z (1 (Yai| X14, S2i, g") — h (Za;)]
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(C.18)
(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

(C.24)

(C.25)



B [ (0 (Yidlg") — h (Z0)
+Egn |3 (b (Yail Xuis S2irg”) = h (220)) | o
2k o (1+ loa[? + lon )

+nE [mg (1 +ganl?/ (1 + ygm\?))] , (C.27)

where (a) is due to the fact that conditioning reduces entropy and (b) again follows from

Equations [ETWO08, (51)] and [ETWO08, (52)].

C.3 Proof of Lemma 4.2

We have F' (w) < aw® for w € [0, €], where a > 0,b > 0,1 > ¢ > 0. Now using integration by

parts we get

Bl (W) > [ ) () aw (%)
= [ Fema+ 7)) (C.29)
= F@ @l - [ Fe) o [ @meda ©30)
> [awIn ()] - /O E awb%dwjtln(e) (C.31)
> ae’In () — “Teb +1n (e). (C.32)

Note that In (w) is negative in the range [0, 1), thus we get the desired inequalities in the

last two steps.

C.4 Proof of Corollary 4.9

The rate region of non-feedback case in given in Equation (4.13) can be reduced to the rate
region for a channel without fading. Let R'y z5 be the approximately optimal Han-Kobayashi

rate region of IC [ETWOS8] with equivalent channel strengths SNR; .= E [| gii|2] fori=1,2,
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and INR; .= E [|gijﬂ for i # j. Then for a constant ¢’ we have
~re 2 Ryrp 2 Riypp — . (C.33)

This can be verified by proceeding through each inner bound equation. For example, con-
sider the first inner bound Equation (4.13a) R; < E [log (1 + \g11|2 + A2 ]g21\2)] — 1. The
corresponding equation in Ry pp is Ry <log (1 4+ SNR; + A2l NR;) — 1. Now

(a)

IOg (1 + SNRl + )\pglNRl) -1 Z E [10g (]_ + |911|2 + )\pg |ggl|2)} -1 (034)
®)
Z (10g (1 + SNR1 + )\pglNRl) — 1) - 20JG7 (035)

where (a) is due to Jensen’s inequality and (b) is using logarithmic Jensen’s gap result twice.
Due to (C.34), (C.35) it follows that the first inner bound equation for fading case is in
constant gap with that of static case. Similarly, by proceeding through each inner bound

equation, it follows that Ry p5 2 Ryrp 2 Riypp — ¢ for a constant ¢'.

C.5 Proof of Theorem 4.10 (Fast fading interference multiple ac-

cess channel)

We have the following achievable rate region for from fast fading interference multiple access
channel, by using the scheme from [PDT09] by considering (Yl, @), (YQ, 2) as the outputs

at the receivers.

Ry < I (X1;Y1, 31| X2) (C.36)
Ry < I (Xy; Y2,Q|U1) (C.37)
Ry <1 (X Yl,@]Xl) (C.38)
Ri+ Ry <1 (X1 X2;Y1,01) (C.39)
Ri+ Ry < I(X5,U1;Ya,g2) + 1 (X1;Y1, 1|U1, X5) (C.40)
Ry +2Ry < I (Xo,U1;Ya,g2) + I (X1, Xo; Y3, 01|U1) (C.41)
with mutually independent Gaussian input distributions Uy, X1, Xo
Ui ~CN (0,M1), Xp1 ~CN (0, M), (C.42)
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Xi=Ui+ X1, Xo~CN(0,1), (C.43)

where A\;; + Ap1 = 1 and A,; = min (ﬁ, 1). Evaluating the achievable region we obtain

< E [log (1+ |gu[*)] (C.44)

< E [log (1 + |gaz|* + Apt g12])] — (C.45)

<E [log (1 + |g21]*)] (C.46)

Ry + Ry <E[log (1 + [gu]* + |g=]*)] (C.47)
Ry + Ry <E [log (1+ |goa|” + |g12]")] + E [log (1 + M\t |gu1|*)] — (C.48)
Ry + 2Ry < E [log (1 + [gas|* + [g12]*)] +E [log (1 + Apa [gui]* + [g2a]?)] — (C.49)

The calculations are similar to that of FF-IC (subsection 4.4.2 on page 107 ). Now we claim

the following outer bounds.

Ry < E [log (1+ |gu|")] (C.50)

Ry <E [log (1 + |g22]")] (C.51)

Ry < E[log (1 + |g21]*)] (C.52)

Ry + Ry <E[log (1+ |gul* + [g21]*)] (C.53)
i 2

Ry + Rs §]E[log (1+|922|2+ |g12|2)] + E |log 1+L|2 (054)
i 1+ [g12|

R 2 2 |911|2 2

12

With the above outer bounds it can be shown that the capacity region can be achieved
within 1+ %c Jc bits per channel use. The computations are similar to that of FF-IC (claim

4.2 on page 4.2).

The outer bound (C.50) can be derived by giving side information W5 at Rx1 and requir-
ing W to be decoded, outer bound (C.51) can be derived by giving side information W; at
Rx2 and requiring W5 to be decoded, outer bound (C.52) can be derived by giving side in-
formation W; at Rx1 and requiring W5 to be decoded, outer bound (C.53) can be derived by

giving side information requiring W7y, W5 to be decoded at Rx1 with no side information. We
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derive (C.54) below. Note that we have the notation g = [g11, ga1, 922, 912], S1 = 912X1 + 22,
and SQ = g21X2 + Zl.

n(Ry + Ry — €,) (C.56)
< IT(Wy Yy, g") + 1 (WYY, ST, X7 ") (C.57)
=1 (Wy Y| g") + 1 (WY, ST X5, g") (C.58)
=1 (Wy; Y3 | g") + 1 (Wy; ST X5, g") + 1 (Wi Y| X5, ST, g") (C.59)
=h (Y g") —h (Y| Wa,g") + h (ST X3, g") — h (ST X5, Wi, g")

+h (Y XY, ST, g") — h (YY" X5, W, ST, g") (C.60)

=h(Y2'|g") —h(STlg") +h(STlg") —h(Z5) +h (Y7 X3, 87, ¢") —h(Z])  (C.61)

= (Y71 g") + B (Y7 X357, 0") — h(Z5) — h (Z)) (C.62)

S B (g — ()] + 3 [h (Vi X, Suing”) — B (1) (C.63)

=Eg [Z (h (Yailg") = h (ZQZ'))] +Egn [Z (h (Yiil Xai, S1i, g) — I (ZM))} (C.64)

< 0 [log (1 + |gual” + 1g2al?)] + nE |log (1 + L’:)] , (C.65)
14 [g1]

where (a) is because (X7, g") is independent of Wy, (b) is due to the fact that conditioning
reduces entropy and (c) follows from Equations [ETWO08, (51)] and [ETWO08, (52)]. Now we
derive (C.55) below using the fact that W5 has to be decoded at both receivers:

n(R1 —+ 2R2 — En)

< T (Wi Y, SE,g") + 1 (Wo Y, g") + 1 (Was YT, 55, 9") (C.66)
=T (Wi Y, St g") + 1 (Wa; Y3l g") + 1 (Wa; Y7, S5 g") (C.67)
=1 (Wi; St g") + 1T (Wi Y| SE,g™) + 1 (Wa; Y5 g")

+ 1 (Wa; S3) g") + 1 (Wa; Y| S8, g) (C.68)
~

=h(S'lg") = h(STIW,g") +h (Y| ST,g") — h (Y| Wi, ST, g")

+h (Y3 g") — h (Y3 |Wa,g") + b (S5 g") — h (S35 Wa,g") (C.69)
=h(Sr1g") —h(Z3) +h (Y[ ST,9") —h(S51g") +h(Ya'g") —h(STlg")
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Th(S5lg") —h(Z) (C.70)
=h (Y87, g") + h (YS'g") — h(Z]) — h(Z3) (C.71)
S [h (YuilSiig”) = h(Z0)] + D [k (Yailg”) — b (Za)] (C.72)
Eye |3 (h (YVilS1i0") = R (Z)| + Bge [ S (0 (Yailg™) = 2 (Z))] (C.73)

2
log <1 + [ gan|” + ﬂ)

A
INs

(®)
< nk + nE [log (1 + lg12]” + |g22|2)} , (C.74)

1+ |gio|”

where (a) is due to the fact that conditioning reduces entropy and (b) follows from Equations
[ETWO08, (50)] , [ETWO08, (51)] and [ETWO0S, (52)]. Note that in the calculation of step (b)
we allow the symbols Xy;, Xy; to depend on g", but since ¢g" is available in conditioning the

calculation proceeds similar to that in [ETWO0S].

C.6 Proof of Corollary 4.13

Let Ry g be the approximately optimal Han-Kobayashi rate region of feedback IC [ST11]
with equivalent channel strengths SNR; := E [|g“|2} fori=1,2,and INR; :=E [|gij|2] for
1 # 7. Then for a constant ¢’ we have

This can be verified by proceeding through each inner bound equa-
tion. For example, consider the first inner bound Equation (4.23a) R; <
E [log (lg11]* + [go1]” + 2 |p|* Re (g11935,) + 1)] — 1. The corresponding equation in Riypp is
Ry <log (1+SNRy +INRy+2|p|"/SNR; - INR; + 1) — 1. Now

E [log (|gu1|* + |g21]* + 2 |p|* Re (g1195;) + 1)]
(a)
<log(1+SNR: + INR,) (C.76)

< log (1 Y SNRy + INRy +2|p]>\/SNR, - INRs + 1) , (C.77)
where (a) is due to Jensen’s inequality and independence of g1, g21. Also

E [log (|gu1|* + |g21]° + 2|p|° Re (g11951) + 1)]
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(a)
= E [log (|911|2 + |ga1|* + 2|11 |g21] | p| cos (8) + 1)]

(b)
> E [log (Igu|2 + lga|? + 1] -1

()
Z IOg(SNR1+INR2+1)—1—20JG

@
> log (SNR1 + INRy +2|p|> /SNR, - INR, + 1) ~ 2 26,

(C.78)
(C.79)
(C.80)

(C.81)

where (a) is because phases of ¢11, g2 are independently uniformly distributed in [0, 27] yield-

ing Re (g1193,) = |g11| |g21| cos (6) with an independent 6 ~ Unif [0, 27|, (b) is using the fact
that for p > ¢ 5- fo% log (p + g cos (6)) df = log <p+— V§2_112> > log (p) — 1, (c) is using loga-
rithmic Jensen’s gap result twice and (d) is because SNR; +INRy > 2 |p|> /SNR; - INR,.

It follows from Equations (C.77) and (C.81), that the first inner bound for fading case is

within constant gap with the first inner bound of the static case.

Now consider the second inner bound Equation (4.23b)
Ry <E[log (1+ (1- |p|2) |912’2)} +E [log (1 4+ A g1 ]+ Ape |921|2)} -2
and the corresponding equation
Ry <log (1+ (1 —1[p*) INRy) +1log (1 + At SNR; + AppI NRy) — 3c 6 — 2
from R%z. We have

E [log (1 + (1 - |/)|2) |912|2)] +E [log (1 + A 1911|2 + Ap2 |g21]2)}

<log (1+ (1= |p|) INRy) +log (1 + Ay SNR; + \pINRy)
due to Jensen’s inequality. And

E [log (1 + (1 - |P|2) |912|2)] +E [10g (1 + Ap1 ‘911|2 + Ap2 |921\2)]

> log (1+ (1= [p|°) INRy) +log (1 + A SNRy + ApeI NRy) — 3c6

(C.82)

(C.83)

(C.84)

(C.85)

using logarithmic Jensen’s gap result thrice. It follows from Equations (C.84) and (C.85),

that the second inner bound for fading case is within constant gap with the second inner
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bound of the static case. Similarly, by proceeding through each inner bound equation, it
follows that

rp 2 Rrp 2 Rpp — "

for a constant ¢”.

C.7 Proof of achievability for feedback case

We evaluate the term in the first inner bound inequality (5.14a) . The other terms can be

similarly evaluated.

(@)

I (U Uy, X1;Y1, 1) = I(U, Uz, X15Y1| 1) (C.86)

= h (Yilg) — b (Yilgs, U, Uz, X,) (C.87)

variance (Yﬂ&) = variance (g11 X1 + 921 X2 + Z1| 911, g21) (C.88)
= [gul? + |ga1|* + 951921 E [ X7 X5] + 91195, E [X1.X5] + 1 (C.89)

= lgu|* + [ga1]* + 2 |p|* Re (g11951) + 1, (C.90)

h (Yl|@, U, Uy, Xl) =h (911X1 + gnXo + Z1] g1, U, U27X1) (C.91)
=h (gngpg + Zl| ﬂ) (C92)
=E [log (1 + Ape |921|2)} + log (2me) (C.93)
CE log (14— ? log (2 C.94
< E jlog +WRQIQQI| + log (2me) (C.94)
(¢)
< log (2) + log (2me) (C.95)
=1+ log (2me) (C.96)
S (U, Uz, X15 Y1, g1) 2 E [log (Jgul” + g1 [* + 2] Re (gugsy) + 1)] =1, (C.97)

1

where (a) uses independence, () is because A, < 737,

and (c) follows from Jensen’s in-

equality.
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C.8 Proof of outer bounds for feedback case

Following the methods in [ST11], we let E [X;X;] = p. We have the notation g1 = [g11, go1]
92 = (922, 912), 9 = [911, 921, G2, G12], S1 = g12X1 + Zo, and Sy = g1 Xo + Z1. We let
E[X,X;] = p = |p|e?. All of our outer bounding steps are valid while allowing X;; to be
a function of <W1, \ ﬂ), thus letting transmitters have full CSIT along with feedback.

On choosing a uniform distribution of messages we get

n(B: - e) € 1(Wis vy gp) (C.08)
< > (h (Yulgu) — 1 (Z1)) (C.99)

- Z( o [h (Viilgui = i) — h(Zu)}) (C.100)

9 R, [Z (h (Viilgu = 1) — h (Zli))] (C.101)

< Ry < E[log (lgul* + lga1|* + (0" 911921 + pgngsy) +1)] (C.102)

where (a) follows from Fano’s inequality, (b) follows from the fact that conditioning reduces
entropy, and (c) follows from the fact that §i; are i.i.d. Now we bound R, in a second way

as done in [ST11]:

n(Ry—e,) <1 <W17 | 791> (C.103)
<1 (Wl,Y{‘,gl, ,92,W2> (C.104)
=1 (Wy; g% Wa) + 1 (Wi Y, Y5 g™, W) (C.105)
=041 (WY, Y3 |g", Wa) (C.106)
= h (Y, Y3 |g" Wa) — h (Y1, Ya g™, Wi, W) (C.107)
= [h (Yo, Yailg™ W, Vi Y5 )] = D [ (Z4) + b (Zay)] (C.108)
= [ (Yaulg™, W, YL Y5 4+ Y (b (Yaslg™ W, Vi1, Y3)]
— Y [ (Zui) + b (Za)] (C.109)
N [ (Yalg" Wa iYL X)) 4 3 [ (Vailg” W, Vi Y, Sui, X))
— Y [ (Zu) + b (Zay)] (C.110)
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(%) Z [h (3/21"&7 Xoi) = h(Zai)] + Z h (Yu@, Sti, Xai) — h (Zui)] (C.111)
© Eg [Z (h (Yas| X2i,9: = g) — b (Zzz))}
+1Eg [Z (7 (YailSui, Xai, g0 = §) —h(Zu))], (C.112)

10g<1+ (= 1ol lon | )] ,(C.113)

1+ (1 - |P|2) |g12|?

where (a) follows from the fact that X} is a function of (Wa,Y; ', g") and Sy; is a function

(d) 2 2
SRy < Elog (1+ (1= o) lgral”)] +E

of (Y3, X3, ¢"), (b) follows from the fact that conditioning reduces entropy, (c) follows from
the fact that g; are i.i.d., and (d) follows from [ST11, (43)]. The other outer bounds can be
derived similarly following [ST11] and making suitable changes to account for fading as we

illustrated in the previous two derivations.

C.9 Fading matrix

The calculations are given in Equations (C.114),(C.115).

E log (| Ky, (n)])]

~ E [log ((rgn O + lgar () <'9” et 1) n 1) Ky (= D)

2 2 2
>E[log((1+INR+ SNR) |Ky,(n —1)]
INR-INR n—1)
. - %R( kg (- 2)|>] ~ 3ee. (C.115)

The first step (C.114), is by expanding the determinant. We use the logarithmic Jensen’s
gap property thrice in the second step (C.115). This is justified because the coefficients
of {|gn ()|, g1z (n — D)|?, |ga1 (n)]Q} from Equation (C.114) are non-negative (due to the
fact that all the matrices involved are covariance matrices), and the coefficients themselves

are independent of {|g1 ()|, g1z (n — 1)|?, |ga1 (n)\2} (Note that |Ky,(n — 1)| depend on
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|g12 (n — 2)|* but not on |g1z (n — 1)|°). This procedure can be carried out n times and it

follows that:

lim L [log (|Ky, (n)])] > lim ~ log (| & )]) ~ 3ess, (C.116)

n—oon, n—oon,

where Ky, (n) is obtained from Ky, (n) by replacing gi2 (i)’s, go1 (i)’s with vINR and
g1 (1)’'s with VSNR.

C.10 Matrix determinant: asymptotic behavior

The following recursion easily follows:
|An| = la| [An—1] = [B]* [Ap—s)| (C.117)

with |A;| = |a|,|4s| = |a]> = |b]*. Also |Ay| can be consistently defined to be 1. The
characteristic equation for this recursive relation is given by: A2 — |a| A + [b]> = 0 and the
characteristic roots are given by:

ol 4P ol =/l 4P -

1 2 s N2 — 9

Now the solution of the recursive system is given by |A,| = c; A} + oAy with the boundary
conditions 1 = ¢; + ¢,  |a] = ;A1 + c2A2. Tt can be easily seen that ¢; > 0, Ay > Ay > 0

since |a|® > 4|b|* by assumption of Lemma 4.4. Now

1 1
lim —log (|A,]) = lim - log (c1 A} + c2A3) (C.119)

n—oon

@ 1og (A1) (C.120)

= log <|ay +1/]a)* —4 |b|2) —1. (C.121)

The step (a) follows because A\; > Ay > 0 and ¢; > 0.
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C.11 Approximate capacity using n phase schemes

We have the following outer bounds from Theorem 4.11.

Ry, Ry <E [log (|gal* + [ge|” + 1)] (C.122)

|9d|2
log [ 1+ —2—
( 1+ [ge|”

The above outer bound region is a polytope with the following two non-trivial corner points:

R+ Ry <E +E [log (lgal” + |gc]” + 21gal lge| +1)] . (C.123)

Ry = E [log (|gal* + |ge|” + 1)]

Ry = E|log (1+ 145 )] +E [log (1+ 2l )|

Ri = E[log (14205 )] + B log (1+ e )|
Ry, = E [log (|gal” + gc|* + 1)]

We can achieve these rate points within 2 + 3c;4 bits per channel use for each user using

the n-phase schemes since

= (1 - log™ | 1% 124
(R1, Ry) <0g(1+SNR+INR) 2 — 3¢y, E |log 4 INR (C.124)
2
_ + |gd| 5
are achievable and since using Jensen’s inequality
E [log (|gal* + |g:]> +1)] <log (1+ SNR + INR). (C.126)

The only important point left to verify is in the following claim.

Claim C.1. E [log (1 + %)} +E [log (1 + %)} —E [logJr [Jf}i—]'\;” <2+c¢yea

Proof. We have % < 1 due to AM-GM inequality. Hence,

90l o

2

E {log <1 1 2loallo| 2)} <1 (C.127)
1+ |gal” + |ge]
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Also
E

< E + cja (ClZS)

|9al® |al’
log | 1+ log [ 1+ —24__
g( 1+ g & 1+INR

2
using logarithmic Jensen’s gap property. Hence, it only remains to show log (1 + lf;l]'v R> —

log™ [lffﬁR] < 1 to complete the proof.

If log™ [ﬁ‘—z‘vz%] = 0 then 1J|rg;‘]|5R < 1 and Hence, log (1 + 1J|rgf]|5R> <log(2) = 1.

If log™ [ﬂ] > 0 then <% ~ 1 and Hence, again

1+INR 1+INR
|9al” |9a]” L+ INR

log {1+ —94_) _jogr | M} o (14 2 o C.129

Og( TrviNe) % TNk U T TR (C-129)

]

C.12 Analysis for the 2-tap fading ISI channel

We have for the outer bound

n(R—e) <I(Y" gq,9W) (C.130)
=1 (Y";W|gy,g:) (C.131)
=h(Y"|g7,9:) —h(Z") (C.132)
<> (Y| i ges) — h (Z7) (C.133)
< P [log (1 + P |gal” + Pt 1gel” + 2 |9al |9e| PZ-PH)] (C.134)
<> (E[log (1+ P lgal* + Pt lgc*)] + 1) (C.135)

where (a) is using P; as the power for i*! symbol and using Cauchy Schwarz inequality to

bound |E [X;X; ]| < /P, P,_1. Now using Jensen’s inequality it follows that

R—¢, <E[log (1+ |ga)* + |g.[*)] +1 (C.136)

<log(14+SNR+INR)+1. (C.137)

For the inner bound similar to the scheme in subsection (4.6), using Gaussian codebooks

and n phases we obtain that
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R = lim lI[‘I?

n—oon

[ Ky (n)]

is achievable, where X (n) is n-length Gaussian vector with i.i.d CN (0,1) elements and
Y (n) is generated from X (n) by the ISI channel (from Equation (4.68)). Here |Ky|x(n)’ =
|Kz(n)| = 1 because Z is AWGN. Hence,

1
R = lim —E [log (| Ky (n)|)] (C.139)
n—oomn,
is achievable. Hence, it follows that

R>1log(1+SNR+INR)—1—3csq (C.140)

is achievable due to Lemma 4.3 and Lemma 4.4.
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APPENDIX D

Proofs for Chapter 5

D.1 Proof of Claim 5.1

I(Xl;Y1|U2) (Y1|U2)—h(Y1|U2,X1)

=h
=h (911X1 + g1 X2 + Z1| UQ) —h (911X1 + g1 X2 + Z1| U27X1) (D.1)

T
h(guXi + g1 Xo + Z31|Us) = Z h (guXu + 921 X9 + Zul {g11X41; + g21.Xo; + Z1j};;11 ) Uz)
i=1
(@)
>h (911X11 + g1 X21 + Zn’ X11, Xot, Uz)

T
+ Z h (guXui + 921 Xoi + Z1i| Uai, 921, 911)
i—2
(i)
S log (1 + SNR + INR) + (T — 1) log (1 + SNR) (D.2)

where (i) is due to the fact that conditioning reduces entropy and Markovity

(g X1 + 90Xoi + Z1;)  —  (Uziygo1,911) — ({gllej + g21.Xo; + le}i_l U2> and

j=17
(’LZ) is llSiIlg Gaussianity for terms h (anH + 921X21 + ZH‘ Xll; Xgl, UQ) and
h (gllei + gnggi + ZM| UQZ', go1, 911)- Now we will show that

h (g1 X1 + g1 Xs + Z1| Us, X1) < log (1 4+ SNR + INR) + log (1 + INR) (D.3)

and this will complete our proof for I (Xy;Y;|Us) > (T — 1)log (1 + SNR) — log (1 4 INR) .
For (D.3), we have

h (g1 X1 + g1 X2 + Z1|Us, X4)
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< h (guXu + gn1Xo1 + Z11| Uz, X11)

+ h (911 X12 + 921 X220 + Z12| g1 X1 + g1 Xo1 + Z11, Us, X1) (D.4)
+ ET: h (g1 X1 + g Xoi + le" g1 X1t + 921 X1 + Z11, g Xaz + 921 X20 + Z1a, Us, X1)
=3
<log(1+SNR+INR) +h (911X 12 + 921 X0 + Z12| g1 X11 + 921 X1 + Z11, Ua, X1)
+ i h (g1 X1 + g0 Xo; + Zh" X1 + g0 Xor + Zu, guXio + 90 Xoo + Z12, Uz, X))
=3
(D.5)

Considering the second term in the above expression,

h(guXiz + g1 Xos + Z12| guXu1 + g1 Xo1 + Z11, Uz, X1)

= h (guX11X12 + 921 X11 X0 + X11Z12| 911 X11 + 921 Xo1 + Z11, Us, Xi) — E [log (| X11])]
%) h (g X11X12 + g X11 X0 + X11 215 — X1 (911 X1 + 9201 Xo1 + Z11)) — E [log (| X11])]

= h (gn X1 X2 + X11Z12 — X2 (921 X21 + Z11)) — E [log (| X11])]

=h (921 (X11X22 - X21X12) + X11Z12 — XlQle) -E [log (|X11|)] (D-6)

- 1
< log (E [|921 (X11 X2 — X1 X19) + X11 7219 — X12211|2]) - §E [108; (|X11|2)]

(i0)
= log (1+INR), (D.7)

where (7) is by subtracting Xi5 (911 X11 + ¢21Xo1 + Z11) which is available from conditioning
and then using the fact that conditioning reduces entropy, (77) is by using property of Gaus-
sians for i.i.d. go1, X11, Xoo, Xo1, X192, Z19, Z11 and Fact 5.1 for E [log (|X11|2)} since |X11|2 is

exponentially distributed with mean 1. Now for ¢ > 3 we will show that
h (91X + g Xo; + Zu‘ gu X + g0 X1 + Zi, gu X2 + 921 X220 + Z12, Us, X)) <0. (D)

Using (D.8) and (D.7) in (D.5) yields us (D.3) and will complete the proof. For (D.8), we

have

h (91X + 921 X0 + Z1s| gu X1 + g21.X21 + Z11, g Xiz + g21X22 + Z12, Uz, X1)
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<h (921 (X1 X9 — Xo1 X15) + X112 — X1i211| |921 (X11 X2 — X201 X12) + X112 — X12Z14, UZle)

— Elog (| X11])] - (D.9)
Now we have

921 (X11X2i - X21X1i) + X11Z1i - XliZH

= go1 (X11U2i — Un X1;) + (921 (X121 Xopi — Xopn X1i) + X11 21 — X15Z11)
in the entropy expression. And in the conditioning the term

go1 (X11Usp — U X12) + (921 (X11X2p2 — Xopi1 Xi2) + X11Z12 — X12211)
and U,, X, are available. Hence by elimination we can get

£ = (X11Uz — UnXi2) (921 (X1 Xop — XQpIXli) + X112 — X1iZu)

— (X11Uz — Ua1 X13) (921 (X111 Xop2 — Xop1 Xi2) + X101 212 — X12211) (D.10)
in the entropy expression. Let £ be expanded into a sum of product form
L
£=> ¢ (D.11)
i=1
= X11U2921 X11 Xopi + (—X11U22921 Xop1 X13) + - - - (D.12)

where &; is in a simple product form. Now due to generalized mean inequality, we have

L |2 L
Zfi <L (Z |fz"2> - (D.13)
i=1 i=1
Hence
L2
E[l¢f] =B ||>_& (D.14)
i=1

<L (éE [|giﬂ> . (D.15)

Now for example consider the term [E [|X11U22921X11X2m~|2] in the last equation

E [|X11Uz29m X11 Xopil"] = E [|X11|*] E [|Un2*] E [|g2a|*] E [| Xopil”] (D.16)
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1 1

<2 (D.18)

Each of E [|§Z|2} will be bounded by a constant since go; always appears coupled with Xy,,.
Hence the power scaling E [|921|2} = INR gets canceled with the scaling E [|X2pi|2] = 1/INR.
Hence, by analyzing each of E [|§l|2} together with maximum entropy results it can be shown
that E [|§Z|2] < 0 and hence, h (£) < 0. Thus (D.8) is proved and it completes our proof for

the main result.

D.2 Proof of Claim 5.3

We have
I (X1;Y1‘U17 Uz) = h(Y1|U1, Uz) —h <Y1|Xh Ur, U2)> (D~19)
h(Y1|Uy, Us) =h (gu X1 + gnXo + Z1| U, Us) (D.20)
= Z h (anu + 921 X9 + | {911X41j + g21.X5; + le};-;ll U, U2> (D.21)

(@)
>h (g1 Xi1 + ga1Xo1 + Zu| Xi1, Xo1, Uy, Us)

+ b (911 X12 + 921 X220 + 212‘ g X1 + g1 Xo1 + Z1, Uy, Up) (D.22)
T

+ Z h (911X1¢ + g1 X2 + Zu| Uti, Usi, go1, 911) (D.23)
=3

)
> log (1+SNR+ INR) + 1 (g11.X12 + g21 X0 + Z1o| g1 X11 + 921 Xo1 + Z11, Uy, Up)

+ (' - 2)log (1 + ‘?'l\l\l—g) : (D.24)

where (i) is due to the fact that conditioning reduces entropy and Markovity

(g1 X1 + 90 Xoi + Z1;))  — (U1, Usiy g1, 911)  — <{911X1j + g1 Xo; + le}é;ll Uy, U2>

and (Zl) is using Gaussianity for terms h (911X11 + 921X21 + Z11| X117 X21) and
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h (anu + g1 X2 + Zu| Uti, Usi, g1, 911)- Now,

h (911 X124 g2 Xos + 212‘ g1 X1t + gnXo1 + Z1, Uy, Us) (D.25)
> h (g11X12 + 921 X220 + Z12| gu X1 + 921 X1 + Z11, X1, Xo, Up, Up) (D.26)
= h (g1 X2 + 921 X2 + Z12, g1 X11 + g Xo1 + Z11| X1, Xo, Uy, Us) (D.27)

— h (g Xi1 + 921 Xo1 + Zu| X1, X2, Uy, Us) (D.28)
(i)E o SNR | X19/* + INR [ Xoo|* + 1T SNRX 15 X], + INRXy, X,
(SNRXBXL + |NRX22X;1) SNR [ X11[? + INR | X | + 1

—1log (14 INR + SNR) (D.29)
>E [log (SNR JINR <]X11\2 | Xon)® + [X12]? | Xa1]® — 2Re (XHXLX(}QXQl)))}

—log (1 + INR 4 SNR) (D.30)
=E [log (SNR - INR | X11 X35 — X12X21[°)] — log (1 + INR + SNR) (D.31)
= log <1 f'l\'NRR'lLNSF{NR) +E [log (SNR - INR | X1 X2 — X12X01]?)] (D.32)
() .
= log (1 +S 'I\INRR 4I—N§NR> (D-33)
(Z) log (INR) , (D.34)

where (7) is using property of Gaussians, (ii) is using Fact 5.1 and Tower property of Ex-

pectation for E [log (|X11X22 — X12X21|2)], (7i7) is because INR < SNR. Also

h (911X12 + g21 X2 + 212’ guXn + ga1Xo1 + Z11, U, U2)
i)

—~

> h (guXi2 + gnXoo + Zio| guXu1 + 921 Xo1 + Z11, U, Uz, 911, 921) (D.35)
(i9)

= h (g1 X12 + gn Xoo + le‘ Uy, Us, g1, 921) (D.36)
(iid)

= h (g1 Xp2 + 921X + Z12| 911, 921) (D.37)
:E[log (27T6 <1—|—m’911‘ + INR|921’ ))} (D.38)
(iv)

~ SNR

> 1 14+ — .

> og( + INR) (D.39)
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where (i) is using the fact that conditioning reduces entropy, (ii) is due to the Markov chain
(911 X12 + 921 X2 + Z12) — (Ur2, Usa, 921, 911) — (911 X11 + g21.Xo1 + Z11, Uy, Uy), (i74) is because
the private message parts X,12, X,20 are independent of the common message parts Uy, Us,
(iv) is using Fact 5.1. Now combining (D.34), (D.39), we get
- SNR
h (g11X12 + 921 X5 + Zio| gu X1 + gn X1 + Z11, Uy, Us) > log | 1+ R T INR | . (D.40)
Hence substituting the above in D.24, we get
: SNR
h (Y1|Up,Us) > log (1 +SNR + INR) + log ( 1 + NR + INR

SNR
T—2)1 1+ —1. D.41
(7 - 2o (14 32 ) (D.41)
Also from (D.3) for h(Yi| X1, Us) in Appendix D.1 on page 225, we have

h (V[ X0, Uy, Us) < (V3| Xy, Un) (D.42)

< log (1 +SNR + INR) + log (1 + INR) . (D.43)

Hence using the above two equations we get,

- NR NR
I (X1;Y1|U,Us) > (T — 2) log (1 + ?N_R> + log (1 + ?N—R + INR) —log (INR). (D.44)

D.3 Proof of Claim 5.5

](Xl;Y1‘U2) = h(Y1|U2) - h(Y1|U2,X1)7
=h

(g1 X1+ g21.Xo + Z1| Us) — h (g1 X1 + g0 Xs + Z1| Uz, X1)
We have
h (g1 X1 + g1 Xs + Z1|Uy) > log (1 4+ SNR + INR) + (T — 1)log (1 + SNR)
following (D.2) in Appendix D.1 on page 225. Now we will show that
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and this will complete the proof for
I(X1;Y1|Uy) > (T — 1) log (1 + SNR) —log (1 + SNR) = (T — 2)log (1 + SNR)..
We have

h (g1 X1 + g21.Xo + Z1|Us, X4)
i

—

<h (911X11 + go1Xo1 + Z11| Uai, Xn) +h (911X12 + 921 X2 + Z12| g1 X11 + g1 Xo1 + Z11, Us, X1)
+ Z h (91X + 921 X0 + Z1s| g X1 + g21.Xo1 + Z11, g Xaz + 921 X22 + Z12, Uz, X1)

= log (1 +SNR+ INR) + 1 (g11.X12 + g21 X2 + Z1a| g11.X11 + 921 Xo1 + Z11, Us, X1)
T

+ Z h (g11X1 + 921 Xa: + Zu| gu X1 + 91Xo1 + Z11, g1 X1z + 901 Xos + Z12, Us, X1)
i=3

(D.46)

where (i) was using the fact that conditioning reduces entropy.

h (911X12 + g21 X922 + le‘ g11X11 + g1 Xo1 + 211, Ua, Xl)

=h (911U21X12 + g21U21 X9 + U21212‘ g1 X11 + ga1Xo1 + 211, Us, X1) — E [log (|Ua1])]

(gi) h (g11U21 X12 + go1U21 Xog 4+ U1 Z19 — Uss (911 X11 + 921 Xo1 + Z11)) — E [log (|Ua1|)]
= h(g11 (UnX12 — X11Uss) + g1 (Uni Xpao — Usa Xpo1 ) + Ui Z1g — Una Z13)

— E [log (|Ua1])] (D.47)
<1og (E [|g11 (U1 X12 — X11Uz2) + g1 (Uni Xpoo — Una X)) + Uni Z12 — Usa Zui|])

- %E [log (U1 [)]

(id)
= log (1 4+ SNR), (D.48)

where (i) is by subtracting X2 (11 X11 + g21X21 + Z11) which is available from conditioning
and then using the fact that conditioning reduces entropy, (iz) is by using properties of i.i.d.
Gaussians to evaluate the second moments and Fact 5.1 for E [log (]U21|2)} since ]U21|2 is

exponentially distributed with mean 1 — 1/INR. Now for ¢ > 3 we claim that

h (911X1i + g21Xo; + Zli| gu1X11 + 921 Xo1 + Z11, g1 X2 + 921 Xo2 + Z12, Us, Xl) <0.
(D.49)
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This follows with the same steps as for the low interference case as in (D.8) on page 226.

Using (D.49) and (D.48) in (D.46) yields (D.45) and completes the proof.

D.4 Proof of Claim 5.10
We have

h(Y1| Uy, Uy, U) =h (911X1 + gnXo + Z1‘ Ui, U2>U)

:Z h (911X1¢ + go1Xo; + Zli| {911 X4 + g21 X5 + le};;ﬁ U, Uy, U)
(¥
>h (g1 X1 + g1 X1 + Zu1| Xor, X1, Ur, Uz, U)

+h (911X12 + g21 X2 + 212‘ gu X1 + g1 Xo1 + Z11, Uy, Us, U)
T

+ Z h (g1 X1 + 921X + Z15| U, Uz, U, ga1, g11)
i=3
(i)
S log (1 + SNR + INR)

+ b (911 X12 + 921 X220 + le‘ g1 X1t + g1 X1 + Z11, Uy, Up, U)
+ (T = 2) E [log (14 Az [ge2|” + Mt |912%) ]

(444)
= log (14 SNR + INR)

+ h (g1 X2 + 921X22 + Zi2| g1 X1 + 921 Xo1 + Z11, Uy, Us, U)

+ (T - 2)log (1 + ?'N\'—§> , (D.50)

where (i) is due to the fact that conditioning reduces entropy and Markovity
(911 X1 + 921 X9 + Z1i) — (Ur, Us, U, go1, g11) — ({gllej + g21.Xo; + le};;ll U, Us, U) and
(17) is using Gaussianity for terms h (gHXH + 921 X1 + ZH! Xo1, X1, Uy, Us, U) and
h (gHXh- + go1 Xo; + Zh-| Ui, Us, U, 921,g11). The step (i) is using Fact 5.1. Now

h (911X12 + g21 X2 + 212‘ g11X11 + g1 Xo1 + 211, U, U, U)

> h (911X12 + g21 X9z + le| g1 X1 + ga1Xo1 + 211, Uy, Ua, U, Xi, X2)
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(@) SNR - INR
= log
1+ SNR + INR

= log (1 + min (SNR, INR)),
where (i) is using similar calculations as (D.33) on page 229. Also

h (911X12 + go1X22 + Z12| g1 X11 + g1 Xo1 + Z11, Uy, Us, U)

> h (g1 X2 + 901 Xoo + Zia| g11.X11 + 921 Xo1 + Z11, Uy, Us, U, g1, 921 )
=E [log (1 + Ap2 ’922\2 + Apt \912’2)}

=log (1 + A\,2SNR + \,1INR)

> log (1 + \2SNR)
: SNR
Using (D.51), (D.52) we get

h (guXiz + g1 Xos + Zi2| g1 X11 + g21.Xo1 + Z11, Ur, Uz, U)

- NR
> log (1 + ?N_R + min (SNR, INR)> :

Using the above equation in (D.50), we get
h(Y1| Uy, Uy, U) >log (1 + SNR + INR)
INR

SNR
+ (T —2)log (1+m) )

+log (1 LR min (SNR, INR))

Also

h(Y1|U, Uy, Uy, X1) < h (V1] U, Us, X1)

< log (1 4+ SNR + INR) + log (1 + min (SNR, INR))
from (5.18) on page 143. Using the above two equations, we get

I(Xl;Y1|U1,U27U)
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~ SNR SNR
> — 1 — -
> log (1—1— INR +m1n(SNR,INR)> + (T — 2)log (1—|— INR)

— log (1 + min (SNR, INR)) .
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APPENDIX E

Details of Schemes for Backscatter Systems

E.1 Backscatter system with ISI taps

We consider the backscatter communication system in which Emitter and Reader can col-
laborate (Figure 6.3). We focus on the 2-tap ISI channel, but all the concepts extend to
arbitrary number of ISI taps. Let {g1, g2} be the taps from Emitter to Tag and {g,1, g2}
be the taps from Tag to Reader. Emitter is assumed to have an average power constraint of
P. Tag is assumed to use ON-OFF keying for data transmission. For simplicity of design,
we assume that Emitter sends a periodic sequence {si, ..., sy} and Tag sends cyclic-suffixed
symbols of the form {z;,...,x;n5,x;} with j being the block index. For every block, the
first symbol received at Reader is ignored to remove ISI. We have for each block j and

i € [2: N] that

Yji = 9r1Zji (91Si + GraSi—1)

+ groji—1 (Ge1Si—1 + groSi—2) + wyi (E.1)

with z;; € {0,1} drawn equiprobably. The choice of z;; € {0,1} corresponds to ON-OFF
keying, this is commonly used in backscatter communications, since Tag can choose to not
reflect the carrier, or to reflect the carrier, by adjusting its impedence, thus creating the
ON and OFF states. Adjusting the impedence in more levels can lead z;; to take discrete
values from a larger set. The noise w;; is circularly symmetric complex Gaussian distributed
and independent across i,j. We use the notation CN (p, 0?) for circularly symmetric com-
plex Gaussian distribution with mean p and variance o?. We assume the power constraint

% Ef\il ]si]2 < P on the carrier sequence. Note that we can scale g2, gt2, P to assume with-
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out loss of generality, that g1 = gy = 1 and w;; ~ CN (0,1). For a given power P, the
problem is to design the sequence {si,...,sy} to maximize the mutual information rate
achievable. Alternately for a fixed rate, we can optimize the sequence {sy,...,sy} to use
minimal power. We also investigate the use of channel codes and the performance in terms

of bit-error rate.

Now we derive the form of the effective channel between Tag and Reader for our pro-
posed model and formulate the optimization problem for maximizing the mutual information
between Tag and Reader. We also deal with the issue of channel training to obtain the nec-
essary parameters for optimization and formulate approximate optimization techniques. We
assume N = 5 for simplicity of analysis, but it can be easily extended to arbitrary N case.
Emitter sends the sequence si, sg, S3, S4, S5, S1, S2, S3, S4, S5, S1, S2, S3, S4, S5, - . . and thus Tag

receives a periodic version of

Uy g1 0 0 0 gp 51
U g2 gan 0 0 0 $2
us | =1 0 g2 ga O O s3 |- (E.2)
Uy 0 0 g2 gu O S4
Us 0 0 0 g2 gu S5

Tag sends blocks of cyclic-suffixed symbols of the form x;1, 9, 2,3, 24, ;1 and every first

symbol received at Reader is ignored to remove the ISI from the previous block. Hence

ula:jl
gr2  9r1 0 0 0
0 0 0 et
g2 gr1
Yj= o uzzjs | +Wj
0 0 gr2  gr1 0
U4T j4
0 0 0 gr2  gr1
U551
graU1  GriU2 0 0 0
. 0 gr2U2  gr1us 0 0
0 0 gr2U3  gr1U4 0
0 0 O gr2U4  gr1Us
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.13]4
CL’jl
grau1  griuz 0 0 xj1
0 grouz gruz 0O Tj2
= + W
0 0 grous griug 753
grius 0 0 groua Tj4
= GX]' + Wj, (ES)
where
9485 + 9381 9281 + 9182 0 0
G 0 g4s1+ g3s2 9252 + 9153 0
0 0 9452 + 9353 G253 + G154
9284 + 9155 0 0 9453 + 9384
Tj1
=
xX;=| "
T3
T4

with g1 = ¢:19t1, 92 = Gr1Gs2, 93 = Gr2ge1 and gs = gragro. Here X; hasii.d. elements equiprob-
ably drawn from {0,1} i.e., ON-OFF keying is used. The noise W; has i.i.d. CN (0,1)

elements. Now the optimization problem is

1
maximize Z[ (X3;Y). (E.4)

5
Silj=1

The {X;}’s are taken from the corners of 4-dimensional hypercube {0,1}*, we have

h(GX +W)

/Z od 4 XP (‘ (Y —GX)T (Y - GX,;)) X

11
log | D 55— exp (— v - Gax;) (v - GXj)) dy
J
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_ 2/21471_14exp (- (v —ex) (v - 6x) %

log (Z %% exp (— v - Gex;) (v - GX]-))> dy

J

= ZL’ (E.5)

i

as a sum of integrals I; and h (Y| X)=h(W)=4xlog(re).

E.1.1 Approximate optimization techniques

We now deal with approximation techniques for the optimization problem, since we do not
have a closed form expression for the integrals in (E.5). We first obtain an approximation
for h (GX + W) = —>".I; from (E.5). In order to evaluate I;, we use Taylor expansion on
log (Z] (1/2%) (1/7*) exp (— Y —Gx;) (v — GXﬂ))around X; (up to order 2) and perform
the integral I;. Thus we need 2* different Taylor expansions. With this approximation for
h(GX + W), we can optimize it over si|?:1. As a proxy we propose the following simpler

optimization problems:

maximize log (det (G'G + I)) (E.6)
51‘\?:1
or
maximize log (det (G'G)). (E.7)

8ili—1

After solving the simper optimization problems, we can substitute the approximate solutions
into the actual function to be optimized (we evaluate the performance numerically in the
next section). Note that det (G'G) = det (G1) det (G). We have

det (G)

= (9485 + g351) (9451 + g352) (9aS2 + g353) (9453 + g384)

— (9251 + g152) (9252 + 9153) (9253 + g154) (G254 + g155) -

We now try to evaluate the gradient of GTG for simulations (we do not

have a simple closed form expression for det (GTG—i—I)). Looking at the term
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(g4S5 + 9351) (9451 + ggsz) (g482 + 9383) (9483 + 9384), we define

t = (9481 + 9382) (9482 + g353) (9483 + g334)

ty = (9485 + g351) 52 (gas2 + g353) (gaS3 + g354)

etc and looking at the term (g485 + g351) (9251 + 9352) (9482 + 9353) (9253 + g354), we define

t1 = (9252 + g153) (G253 + g154) (9254 + g155)

ty = (9251 + G152) (G253 + g154) (9254 + 9155)

Then we have

gst1 + gatz — gots
gsta + gats — git1 — gota
Vsdet (G) = | gsts + gad — gita — gots

g3ty — gits — gota

| gati — gits
= Gvy.
Hence we have
Vie(s) (det (&)1 det (G)) = GLdet (G) + det (G)! Gy
— 2 x Real (G’Tvdet (G))
Vin(s) (det (@)1 det (G)) = —1iGLdet (G) + 1i x det (G)! Gy

— 2 % Real (—uGTvdet (G)) .

E.1.2 Observations on non-optimality of constant carrier

We provide two examples when a constant carrier sequence can be shown to be not optimal.

We have

det (G)
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Table E.1: Training scheme

Time slot 1 2 3 4
Emitter signal VP VP 0 0
Tag state ON OFF ON OFF
Reflected signal gnV'P 0 gV P 0
Signal received at reader gﬂgﬂ\/ﬁ + wy gr29t1\/ﬁ + wo grlth\/ﬁ + ws grzth\/ﬁ + wy

= (9455 + 9351) (9251 + g352) (9152 + g353) (9453 + g354)

— (9251 + g152) (9252 + g153) (9253 + g154) (G254 + g155)

1. Suppose gr1 = gr2, since g1 = GriGe1, 92 = Gr1Gs2, 93 = Gr20t1, 4 = Gr2gr2- This implies
that g4 = g2, g3 = g1. Then

det (G) = (91 + g3) (s1+ s2) (52 + 53) (53 + 54) (51 — 54) -

Then it is clear that setting s; = —sy4, 85 = 0 is better than setting s, = s4 = s5 for

maximizing det (G).

2. Suppose gy = —gt2. Then g4 = —g3 and go = —g;. Then it is clear that setting all s;’s

to be zero yields G to be a zero matrix.

E.1.3 Simulation with the channel training

We need {¢:19t1, 2941, Gr19t2, Gr2gr2}  for  the optimization problem. This is
obtained by training as follows: let Emitter send a sequence +P,vP,0,0
and Tag follow the sequence {ON,OFF,ON,OFF}, then Reader receives

{grlgtl\/ﬁ‘Fw17gr2gt1\/ﬁ+w27grlgt2\/ﬁ+ ws, gr2gt2\/ﬁ+ w4}. The training scheme is

illustrated in Table E.1. The training can be repeated K times to refine the coefficients to
{grlgtl\/ﬁ =+ %wh Gr2g0 VP + %w% G190V P + %w& Gr2G02V P + %UM}-

With this training scheme, only the approximate coefficients are known to the collabo-

rating Emitter and Reader. Hence the carrier sequence is designed using the approximate
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coefficients substituted to the optimization problems. Also the decoder uses the approximate

channel coefficients to decode the data.

E.1.4 Simulation details

We obtain the results averaging over {gi1, g2} = {1, %CN (0, 1)} and {g11, 02} =
{1,3CN(0,1)} and block length N = 5. We obtain the results for optimizing the mu-
tual information in Figure 6.4. Note that the maximum rate achievable is 1 since we use
ON-OFF keying. Compared to using a constant carrier, we have a gain of 3.51 dB at rate
0.8 using the actual optimization problem (E.4), and we have a gain of 3.36 dB at rate 0.8,
when we use det (GTG +1 ) to approximate mutual information. Also we have a gain of 3.47
dB at rate 0.8, when we use det (GTG) to approximate mutual information. This suggests
that using det (GTG) for optimization can give most of the gain and since it is numerically

simpler, we use it in the subsequent bit error rate (BER) simulations.

For the figures 6.5 and 6.6, we send 10,000 packets per channel over 100 randomly gener-
ated channels. Each packet is of size 57 bits and is encoded using a (57,63) Hamming code.
In Figure 6.5 we use ON-OFF keying for modulation and a zero-forcing (ZF) channel matrix
equalizer. The channel is assumed to be known perfectly at the receiver and the transmitter.

At BER of 1073, we observe a gain of about 5 dB.

In Figure 6.6 we use the same setup as above, except that the channel is assumed to be
obtained by training once, with additive CA (0, 1) noise as described in Section E.1.3. At
BER of 1073, we still observe a gain of about 5 dB, thus the robustness of our optimization

technique is demonstrated.
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