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Interaction between liquid metal flows and non-
uniform magnetic fields occurs in certain regions of 
fusion power reactors such as the breeding blanket access 
pipes. Here, the resulting high MHD pressure drop leads 
to numerous design challenges. Therefore, in this paper 
we perform numerical simulations to analyze the effect of 
a non-uniform transverse magnetic field on a liquid metal 
flow in a straight electrically conducting pipe. In 
particular, we perform parametric analyses at different 
conductance ratios and magnetic interaction parameters 
to quantify their effect on MHD pressure drop in pipes.  
The results also help in establishing a range for the 
control parameters in which the flow transforms from a 
quasi-fully developed to a fully three-dimensional state. 
 

 
I. INTRODUCTION 

 
Eutectic alloy lead-lithium (PbLi, liquid metal) is 

used in breeding blankets of a fusion power reactor, such 
as DCLL (dual-coolant lead-lithium), HCLL (helium-
cooled lead lithium) and SCLL (self-cooled lead lithium), 
as coolant and breeder. However, PbLi being electrically 
conducting, when exposed to the plasma-confining 
magnetic field, experiences strong magnetohydrodynamic 
(MHD) effects.1, 2 One such MHD effect is the interaction 
between the flowing PbLi and a non-uniform (fringing) 
magnetic field in the inlet and outlet pipes connected to 
the blanket manifold. When the liquid metal interact with 
such spatially varying magnetic field, strong 3D electric 
currents are induced which may result in intolerably high 
MHD pressure drops. It is therefore very important to 
characterize and quantify this interaction for the accurate 
design of any PbLi based breeding blanket. 

Earlier experimental and numerical studies focused 
on understanding this MHD interaction through the use of 
simplified numerical formulations, 3-7 experiments and  
full three dimensional simulations.8-11 However, most of 
them were restricted to either to uniform magnetic fields 
or to just a specific set of control parameters. Therefore, 
in this work we endeavor to perform a parametric study 
by considering a liquid metal flow in a pipe with 
electrically conducting walls under the influence of a 
fringing transverse magnetic field using the wall 
conductance ratio, flow velocity, magnetic field gradient 

and strength as control parameters. In particular, we 
consider the case of a flow entering the magnetic field. 
The numerical method based on the MHD code HIMAG 
is employed for the simulations. Studies performed by 
Refs. 12 and 13 suggest that under certain conditions the 
MHD pressure drop can be estimated through the use of a 
so-called quasi-fully-developed (QFD) flow assumption. 
This assumption is very simple to implement and is 
known to perform well provided the quasi-two-
dimensional (Q2D) assumption is valid.3 However, a 
systematic parametric investigation has never been 
performed to verify the extent of validity of the QFD 
assumption. Therefore, the particular focus of this work is 
on characterization of flow transition to a quasi-two-
dimensional from a fully three-dimensional flow for the 
range of control parameters through the evaluation of the 
axial and transverse pressure gradients. 

 
II. PROBLEM DEFINITION 
 
II.A. Geometry  
 

We consider the flow of an isothermal, viscous, 
incompressible and electrical conducting fluid (liquid 
metal) in a pipe with electrically conducting and non-
magnetic walls, as sketched in Fig. 1.  

 

 
Fig. 1. Schematic illustrating the flow geometry.  
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The pipe is characterized by its inner radius  𝑅𝑅𝑖 , outer 
radius 𝑅𝑅𝑜 and length 𝐿𝑜. For this configuration we study 
the interaction of the flow in the x-direction with a non-
uniform magnetic field 𝐵(𝑥𝑥) imposed in the transverse y-
direction. The entry effects of the flow into the region of 
the magnetic field and its subsequent impact on the MHD 
pressure drop is the object of our investigation. For the 
ease of parameterization, we characterize the fluid flow 
and the magnetic field using the following well-known 
non-dimensional control parameters, starting with the 
Reynolds number 
 
𝑅𝑅𝑅𝑅 = 𝜌𝑢�𝑅𝑖

𝜇
,                                                                       (1) 

 
Hartmann number  
 

𝐻𝐻𝐻𝐻 = 𝐵𝑚𝑎𝑥𝑥𝑅𝑅𝑖�
𝜎𝑓
𝜇

.                                                          (2) 

 
Here 𝑢� ,𝐵𝑚𝑎𝑥𝑥 ,𝜌, 𝜇,𝜎𝑓 are mean flow velocity, 

maximum magnetic field, fluid density, dynamic 
viscosity, and fluid electric conductivity, respectively. 
The effect of both Reynolds and Hartmann numbers can 
be expressed through the non-dimensional interaction 
parameter,  
 
𝑁𝑁 =  𝐻𝑎

2

𝑅𝑒
.                                                                        (3)              

 
The final control parameter of interest in this study is 

the wall conductance ratio, given by 
 
𝐶𝐶𝑤𝑤 = 𝜎𝑤(𝑅𝑜2−𝑅𝑖2)

𝜎𝑓(𝑅𝑜2+𝑅𝑖2)
.                                                            (4)                                                            

 
Here,  𝜎𝑤𝑤  is the wall electric conductivity. We should 

mention here that throughout the present work, we assume 
that the magnetic Reynolds number is negligibly small 
(𝑅𝑅𝑅𝑅𝑚 = 𝜇0𝜎𝑓𝑅𝑅𝑖𝑢� << 1). 14 This assumption is justified 
for most liquid metal flows. The consequence of this 
idealization is that the imposed magnetic field does not 
change under the influence of the fluid flow. 

Following such a quasi-static assumption the eddy 
currents induced in the liquid metal can be expressed 
through Ohm’s law as:  

 
𝚥 = −∇𝜑 + �𝑢�⃗  ×  𝐵�⃗ �.                                                     (5) 
 

Here, u�⃗  (here in vector notation) is the fluid velocity 
vector, B��⃗  is the unperturbed magnetic field vector and 𝜑 is 
the electric scalar potential. Combining this with charge 
conservation 𝛻 ∙ 𝚥 = 0, we get the governing Poisson 
equation for the electrical potential: 
 
𝛻2𝜑 = 𝛻 ∙ �𝜎𝑟 𝑢�⃗ × 𝐵�⃗ �.                                                          (6) 

Here, 𝜎𝑟  is the spatially varying electrical 
conductivity normalized using the liquid metal 
conductivity. The Poisson equation is coupled with the 
Navier–Stokes equations (in the non-dimensional form) 
through the Lorentz force density acting a volume source 
in the momentum equation: 
 
𝜕𝑢��⃗
𝜕𝑡

+ (𝑢�⃗ ∙ 𝛻)𝑢�⃗ = −𝛻𝑝 + 1
𝑅𝑒
𝛻2𝑢�⃗ + 𝐻𝑎2

𝑅𝑒
(𝚥 × 𝐵�⃗ ),              (7)   

 
𝛻 ∙ 𝑢�⃗ = 0,                                                                                  (8)    

 
We determine the velocity field  𝑢�⃗ (𝑥⃗𝑥, 𝑡) , pressure 

field𝑝(𝑥⃗𝑥, 𝑡) , electric potential  𝜑(𝑥⃗𝑥, 𝑡) , and the electric 
current density 𝚥(𝑥⃗𝑥, 𝑡),  from Eqs. (6) – (8) using the 
following boundary conditions: 𝑛 ∙ 𝚥  =  0  on all the 
boundaries (implies that 𝜕𝜑/𝜕𝑛 =  0) including the inlet 
and outlet, 𝜕𝑢�⃗ /𝜕𝑛 =  0 and 𝑝 =  0 at the outlet (where n 
is the vector normal) and a no-slip condition at the fluid-
wall interface. The velocity field corresponding to the 

laminar hydrodynamic pipe flow,  𝑢�⃗  =  2𝑢�

⎝

⎛1 −

 𝑟
2

𝑅𝑅𝑖2
�

⎠

⎞ ∙ 𝑅𝑅𝑥𝑥�  is imposed at the inlet of the flow domain. 

Here 𝑟 represents the radial coordinate.  
 
II.B. Magnetic Field Distribution  
 

The fringing magnetic field required for the 
calculation can be assumed to be produced by a magnetic 
system of fixed length such that its front edge is located at 
a streamwise position  𝑥𝑥𝑠𝑠 . The liquid metal flows in an 
electrically conducting pipe from left to right (Fig. 2.) and 
enters this transverse magnetic field.  
 

 
Fig. 2. Non-uniform magnetic field distribution inside the 
electrically conducting pipe.  
 

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 

𝑥𝑥𝑠𝑠 = 20 
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For such a configuration, the magnetic field 
distribution is given by: 
 
𝐵�⃗

𝐵𝑚𝑎𝑥
= 1

2
�1 + tanh �𝑥𝑥−𝑥𝑥𝑠

𝛽
�� ∙ 𝑅𝑅𝑦�,   0 ≤ 𝑥𝑥

𝐿𝑜
≤ 1.               (9)                                           

 
Here, 𝑅𝑅𝑦� represents the unit vector in the 𝑦-direction, 

𝛽  is the parameter that controls the magnetic field 
gradient. The smaller the value of 𝛽  the stronger the 
gradient. In order to help with the parametric study, we 
represent this gradient through an additional new non-
dimensional parameter called the gradient Hartmann 
number as, 
 

𝐻𝐻𝐻𝐻𝐺𝐺 = �𝜕𝐵
𝜕𝑥𝑥
�
𝑥𝑥𝑠
𝑅𝑅𝑖2�

𝜎𝑓
𝜇

                                                   (10)  

 
Here, �𝜕𝐵

𝜕𝑥𝑥
�
𝑥𝑥𝑠

represents the gradient of the magnetic 

field and the subscript denotes the location, 𝑥𝑥𝑠𝑠  at which 
this gradient is evaluated as shown in Fig. 2.  From a 
theoretical standpoint𝐻𝐻𝐻𝐻𝐺𝐺  can be understood as a quantity 
that represents the effect of electromagnetic forces arising 
from the axial component of electric currents that are 
generated due to the fringing magnetic field. This is 
unlike the normal Hartmann number that embodies the 
effect of cross-sectional currents as a result of a uniform 
magnetic field in fully developed MHD flows. Therefore, 
𝐻𝐻𝐻𝐻𝐺𝐺   together with the normal 𝐻𝐻𝐻𝐻 encompass the three-
dimensional nature of the currents and associated 3D 
pressure drop for MHD flows in fringing magnetic fields. 
As can be seen in Eq. 9, in this study we only consider 
one component of the magnetic field. This is because of 
the negligible contribution of the other two components to 
the overall pressure drop in pipes. This was demonstrated 
in Ref. 13 through full computations involving all 
magnetic field components based on a curl and 
divergence free condition. 
 
III. NUMERICAL METHOD 
 

The numerical solver employed in this work is called 
HIMAG.15 It is a 3D finite volume CFD code developed 
by HyPerComp, Inc., in collaboration with UCLA 
especially for MHD flows at low magnetic Reynolds 
number in fusion applications. HIMAG utilizes an 
algorithm based on MPI parallelization for distributed 
memory computations. The numerical method involved 
the use of a discretization scheme based on a collocated 
grid arrangement where the all the flow variables are 
stored at the cell centers. The convective and diffusive 
terms of the momentum equation (Eq. 7) are discretized 
using a semi-implicit Crank-Nicholson formulation, and a 
four step projection method is used for the hydrodynamic 
solver of HIMAG. The electric potential Poisson equation 

(Eq. 6) is solved to calculate the Lorentz force density 
(𝚥 × 𝐵�⃗ ) required to the close the Navier-Stokes equations.  

For the present geometry of a pipe, we use the in-
built structural grid generator of HIMAG to produce a 
non-uniform mesh in both the fluid and solid wall regions 
where the governing equations are solved. In particular, 
non-uniform mesh in the radial direction is employed with 
5 cells in the Hartmann boundary layer to completely 
resolve the flow gradients. The grid in the azimuthal 
direction is maintained uniform. Axially, the mesh is 
more refined in the fringing magnetic field region where 
the gradient of the magnetic field is strongest. In total, we 
employ a grid with 32, 200 and 160 grid points in radial, 
azimuthal and axial directions, respectively.  Finally, the 
mesh inside the solid wall contains 5 grid points in the 
radial direction.  

In order to ensure the accuracy of the numerical 
computations, we chose that particular grid based on grid 
sensitivity studies. These studies are performed using a 
series of grid sizes at progressively higher resolutions and 
by monitoring the variation of non-dimensional axial 
pressure gradient along the flow direction with each 
subsequent grid. The grid size that corresponds to an 
asymptotic numerical solution is eventually employed for 
the parametric studies (see Fig. 3). 

 
IV. RESULTS AND DISCUSSION 
 

In this section we present the results from the 
parametric studies performed with the non-uniform 
magnetic field. For the ease of discussion we divided the 
study into sub-sections based on the parameter being 
considered. In particular, we analyze the effect of gradient 
Hartmann number, interaction parameter and the 

Fig. 3. Non-dimensionalized axial pressure gradient along 
the 𝑥𝑥 -direction at  𝑁𝑁 = 45,  𝐶𝐶𝑤𝑤 = 0.15 . The numerical 
results are plotted for increasing grid sizes in radial, 
azimuthal and axial directions, respectively as a part of 
grid sensitivity study.  
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conductance ratio on the transition from a QFD state to a 
three dimensional flow. 

 
IV.A. Effect of Magnetic Field Gradient 
  
We start our discussion by analyzing the effect of 
magnetic field gradient on the generation of strong 3D 
flow characteristics. These 3D effects are highly localized 
and are caused by the axial component of the induced 
electric current (𝒋𝒙 ) in the region of fringing magnetic 
field. As can be seen in Fig. 5c, 𝒋𝒙 is in opposite 
directions in the upper and lower half of 𝒙𝒛 flow cross-
section.  

 Consequently, the Lorentz force density component 
is normal to the applied magnetic field and points to the 
center of the flow domain. This action of the Lorentz 
force moves the fluid away from the walls parallel to the 
magnetic field and pushes it to the core of the pipe. This 

results in the lowest fluid pressure locally adjacent to 
those walls. Upon entering the region of the uniform 
magnetic field, however, the Lorentz forces acts as 
expected along the streamwise direction thereby 
deforming the initially laminar hydrodynamic flow into 
the well-known M-shaped velocity profile with side wall 
high velocity jets as seen in Figs.5a and 5b.  

We will now quantify the action of the fringing field 
by comparing the axial pressure gradients at two different 
cross-sectional locations. It is well known that when the 
flow is fully or even QFD there would be a uniform 
pressure distribution in the pipe cross-section. Any 
deviation from such a uniformity indicates the generation 
of an axial eddy current density component leading to a 
transverse Lorentz force. The onset of this 3D effect of 
the fringing magnetic field can be quantified by 
evaluating the difference in the axial pressure gradients  
 

Fig. 5. The figure illustrates, (a), (b) the streamwise velocity profile in the regions without and with a magnetic field, 
respectively, and (c) the induced electric current distributions in the central plane normal to the magnetic field. These axial 
eddy currents 𝑗𝑗𝑥𝑥 are generated due to the fringing magnetic field. Data is from the simulation that is performed at 𝐻𝐻𝐻𝐻𝐺𝐺 =
583.34, 𝑅𝑅𝑅𝑅 =  2000, 𝐻𝐻𝐻𝐻 =  1500 and 𝐶𝐶𝑤𝑤 = 0.03, 
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between walls perpendicular (𝒅𝒑/𝒅𝒙)𝑯 and parallel 
(𝒅𝒑/𝒅𝒙)𝑺 to the magnetic field. We perform this analysis 
for three different gradient Hartmann numbers (𝑯𝒂𝑮). As 
shown in Fig. 6, flows at all the three 𝑯𝒂𝑮 demonstrate a 
fully developed state in the uniform magnetic field 
regions towards the inlet (𝑩��⃗ =  𝟎 ) and outlet (𝑩��⃗  =
 𝑩𝒎𝒂𝒙 ∙  𝒆𝒚�) of the pipe. 

In the fringing region, however, all these regimes 
deviate from the fully/quasi-fully developed state. The 
strongest of this deviation can observed at 𝑯𝒂𝑮 = 𝟏𝟕𝟓𝟎 
as illustrated by the two peaks in the transverse pressure 
gradient difference in Fig. 6. This is purely due to the 
sharp magnetic field gradient in the fringing region. 

 
IV.B. Effect of Interaction Parameter 
 

From the above analysis it is apparent that all the 3D 
effects are confined to a much localized region inside the 
pipe. Therefore, in terms of blanket manifold design it 
would be highly useful to analyze if the MHD pressure 
drop can still be approximated using the simple analytical 
expression for QFD flows. Therefore, in the following 
sections we endeavor to understand and quantify the 
effect of 3D flow behavior on the MHD pressure gradient 
in the pipe for different interaction parameters and 
conductance ratios. 

We start our analysis with the interaction parameter 
(Eq. 3). Interaction parameter is one of most important 
non-dimensional parameters associated with fusion MHD 
flows as it encompasses the effect of both Hartmann and 
Reynolds numbers. Therefore, in this work, we performed 
simulations at a Reynolds number pertaining to a purely 
“laminar” state (Re = 2000) and varied the Hartmann 
number so as to analyze the effect of the interaction 
parameter on flow transition from QFD to a 3D state. This 

procedure further helps in avoiding flows where a 
turbulent flow state could theoretically be present for 
some distance into the entrance of the pipe before the 
magnetic field. 

For the analysis, we compare the axial pressure 
gradient at the middle of the pipe from the numerical 
simulations with those obtained theoretically (Eq. 10) 
using the QFD flow assumption of Ref. 12. 

 
𝑑𝑝
𝑑𝑥𝑥

= 𝐶𝑤
1+𝐶𝑤

𝜎𝑓 𝑢�  𝐵2(𝑥𝑥).                                                  (11) 
 

As can observed from Fig. 7, at the highest 
interaction parameter of 𝑁𝑁 =  24500 both the theoretical 
and numerical simulations produce identical results in the 
uniform magnetic field region. There is, however, a slight 
difference in the fringing region owing to the 3D effects 
that are generated at the gradient Hartmann number of 
583.34.                                   

 At smaller interaction parameters there is a 
disagreement between numerical and theoretical pressure 
gradient even in the uniform magnetic field region. This 
could due to the fact that the analytical expression Eq. 10 
by neglecting the flow inertia. In spite of this seemingly 
strong disagreement between both the results, it is still 
interesting to note that the MHD pressure can be 
estimated using the QFD assumption for fusion relevant 
flows at high N. This reiterates the fact that at high N, the 
contribution of inertia effects to the overall pressure 
losses is indeed negligible.  
 
IV.C. Effect of Conductance Ratio 
 

The final parameter of interest in our study is the 
conductance ratio  𝑪𝒘 . To understand its effect on the 

Fig. 6. Difference in non-dimensionalized axial pressure 
gradient in the boundary layers both perpendicular and 
parallel to the magnetic field. The results are illustrated 
for different gradient Hartmann numbers 𝐻𝐻𝐻𝐻𝐺𝐺 at 𝑁𝑁 = 45 
and 𝐶𝐶𝑤𝑤 = 0.03. 
 

Fig. 7. Non-dimensionalized axial pressure gradient 
along the 𝑥𝑥 -direction. The results are illustrated for 
different interaction parameters 𝑁𝑁  at 𝐻𝐻𝐻𝐻𝐺𝐺 = 583.34 
and 𝐶𝐶𝑤𝑤 = 0.03 . The numerical results (lines) are 
compared with those obtained the Miyazaki formula 
(symbols).12 
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pressure distribution in the pipe, we perform simulations 
for three different value of 𝑪𝒘.  

The axial pressure gradient from the results of these 
simulations is again compared with those obtained from 
Eq. 10 at the middle of the duct.  It is well known that 
with increase in conductance ratio, the overall pressure 
losses in the pipe also increase. This behavior can be 
clearly observed in the results illustrated in Fig. 8.  

The interesting aspect, however, is the fact that the 
agreement between QFD flow assumption and numerical 
results in the fringing region gets better with 
increasing  𝑪𝒘 . This could be due to the velocity 
redistribution which leads to a reduction in the flow 
velocity at the center of the pipe as the flow enters the 
region of the varying magnetic field. The higher core 
velocity at lower conductance ratios further produce 
stronger inertia effects which are neglected in Eq. 10. 

 
V. CONCLUSIONS AND FUTURE WORK 
 

We performed parametric studies for a liquid metal 
flow entering a transverse non-uniform magnetic field. 
The computations illustrated clear trends in the variation 
of pressure gradient with respect to various control 
parameters. In particular, the following observations were 
made: 
• For the assumed magnetic field distribution, the 

gradient of the fringing magnetic field has a strong 
influence on the transition to three-dimensionality 

• The simple analytical equation for the MHD pressure 
drop based on the quasi-fully-developed MHD flow 
assumption10 agrees well with the numerical 
simulations for the following conditions: 
a. At high interaction parameters in both the fringing 

and fully developed region 
b. At higher conductance ratio in the fringing 

magnetic field region 

Our investigations could be extended to involve 
cases with a larger range of control parameters. This 
would be interesting as the results from that study could 
provide an exact scaling behavior of MHD pressure drop 
thereby paving the way for any future work on liquid 
metal breeding blanket design. 
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