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1. Introduction. In this paper, we consider the following two dimensional iso-20

tropic convection–diffusion equation with possibly degenerate diffusion:21

ut +∇ · f(u) = ∇ · (a(u)∇u) = ∆A(u),22

where f(u) = (f1(u), f2(u))
⊤, a(u) ≥ 0 is the non-negative diffusion coefficient and23

A(u) =
∫ u

a(ξ)dξ. We will also consider the anisotropic problem later. The degener-24

acy means that a(u) may be zero, which arises in many applications such as porous25

media flow and heat transfer [19]. Degenerate convection–diffusion equations typi-26

cally exhibit free boundaries and even shocks, which pose significant challenges both27

in analysis and simulation. On the theoretical side, the presence of a free boundary28

often leads to a loss of regularity. Accordingly, we consider the following ultra-weak29

solution, which is in L1(R2 × R+) and satisfies the following equation:30

(1.1)

∫∫
R+×R2

(uϕt + f · ∇ϕ+A∆ϕ) dxdydt = 0, ∀ϕ(x, y, t) ∈ C∞
0 (R2 × R+).31

In the above definition, it is also required that A(u) and components of f(u) lie in32

L1(R2 × R+) and are Lipschitz continuous with u.33
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On the numerical side, unlike the hyperbolic conservation laws, for degenerate34

convection-diffusion equations, even a monotone conservative scheme still may con-35

verge to an incorrect solution. This phenomenon was first observed by Evje and36

Karlsen in 2000 [6]. Then Kadioglu, Nourgaliev and Mousseau reported a similar phe-37

nomenon [9]. More recently, Lipnikov, Manzini, Moulton and Shashkov also reported38

this issue in [11] and identified several schemes which may converge to the wrong so-39

lution. Subsequent studies further investigated this phenomenon in [13, 14, 24]. The40

works mentioned above are limited to second-order accuracy. Most recently, Yu et al.41

[22] observed a similar phenomenon for a specific local discontinuous Galerkin (LDG)42

method. They introduced a new conception of “double conservation” and established43

a Lax-Wendroff type theorem of doubly conservative (DoC) schemes for degenerate44

convection-diffusion equations to overcome this difficulty. The theorem states that45

if a sequence of numerical solutions produced by a consistent DoC scheme converges46

(under suitable bounded-variation assumptions), then its limit is an ultra-weak solu-47

tion (1.1) of the original equation. This new theorem is suited to high-order numerical48

schemes and unstructured triangular meshes. The authors also listed several high-49

order DoC schemes in [22], including DoC-finite difference (DoC-FD) scheme [12],50

DoC-finite volume (DoC-FV) scheme [23] and DoC-discontinuous Galerkin (DoC-DG)51

schemes [2, 4].52

In this paper, we will focus on the DoC-FV scheme. This scheme was first intro-53

duced in [23] and also referred to as the “Zhang–Liu–Shu (ZLS) finite volume scheme”54

or the “non-standard finite volume scheme”. In contrast to conventional finite vol-55

ume methods, the DoC-FV scheme evolves the double cell average (DCA) rather than56

the standard cell average. This distinctive formulation endows the scheme with weak57

monotonicity and allows it to be interpreted as a natural generalization of the DoC-58

FD scheme [12]. Both schemes employ a similar weighted essentially non-oscillatory59

(WENO) reconstruction [18] to achieve high-order accuracy in smooth areas and sup-60

press numerical oscillations near sharp interfaces and discontinuities. Subsequent61

developments of this class of schemes have been reported in, for example, [1, 5, 8, 21].62

However, all existing works are restricted to uniform meshes. The primary difficulty63

in extending the DoC-FV framework to unstructured meshes lies in the definition of64

the DCA on triangular meshes, which has long been regarded as a challenge [17, 23].65

The objective of this work is to overcome this obstacle and to extend the DoC-FV66

scheme to non-uniform meshes in 1D and unstructured triangular meshes in 2D. To67

this end, we develop the DoC-FV framework on such meshes and incorporate a multi-68

resolution WENO (MR-WENO) reconstruction [25, 26] to circumvent the issue of69

negative linear weights observed in [12, 23].70

The main contributions of this work are summarized as follows: (i) We propose71

a new definition of the DCA that is compatible with unstructured triangular meshes,72

and construct a DoC-FV discretization based on this DCA. (ii) We couple the DoC-FV73

discretization on triangular meshes with a new MR-WENO reconstruction which is74

based on DCAs, leading to a high-order essentially non-oscillatory scheme that avoids75

the issue of negative weights in [12, 23]. (iii) We introduce a novel decomposition of the76

hat function and use it to establish the double conservation property of the proposed77

scheme on triangular meshes. Compared with the traditional decomposition in [16],78

the new decomposition yields a simpler and more straightforward implementation.79

(iv) The proposed DoC-FV scheme is further extended to anisotropic diffusion prob-80

lems. Extensive numerical experiments demonstrate the accuracy, oscillation control,81

robustness against convergence to incorrect solutions, and flexibility of the proposed82

method on irregular computational domains.83

This manuscript is for review purposes only.



DOC-FV SCHEME ON TRIANGULAR MESHES 3

The organization of this paper is as follows. In Sec. 2, we present the one-84

dimensional construction, including the new DCA and the scheme on non-uniform85

meshes, together with the corresponding MR-WENO reconstruction and the verifi-86

cation of the double conservation property. In Sec. 3, we extend the scheme to two-87

dimensional unstructured triangular meshes and provide the MR-WENO reconstruc-88

tion strategy, again verifying double conservation. In Sec. 4, we report comprehensive89

numerical results. Concluding remarks are given in Sec. 5.90

2. DoC-FV scheme for convection-diffusion equations: one dimension.91

In this section, we consider the one-dimensional degenerate convection-diffusion equa-92

tion:93

(2.1) ut + f(u)x = A(u)xx, (x, t) ∈ Ω× (0, T ],94

with the initial condition u(x, 0) = u0(x) and the periodic boundary condition for95

easiness. We first present the definition of an ultra-weak solution of (2.1)96

Definition 2.1 ([22]). We will call a function u as an ultra-weak solution of97

(2.1) if: (i) u ∈ L1(R2 × R+). (ii) Both f(u) and A(u) are Lipschitz continuous of98

u and in the function space L1(R × R+). (iii) For any φ ∈ C∞
0 (R2), the following99

equation holds:100

(2.2)

∫
R+

∫
R
(uφt + f(u)φx +A(u)φxx)dxdt+

∫
R
u0φdx = 0.101

Next, we present the construction of the new DoC-FV scheme and verify its double102

conservation, followed by a WENO reconstruction based on DCAs and a comparison103

with the original ZLS scheme.104

2.1. Construction of the new DoC-FV scheme: one dimension. To better105

illustrate our scheme, we start with the linear convection-diffusion equation:106

(2.3) ut + ux = uxx, (x, t) ∈ Ω× (0, T ].107

Decompose Ω into pieces of non-uniform intervals Ω = ∪jIj , where Ij ≜ [xj− 1
2
, xj+ 1

2
].108

Denote h as maxj |Ij |. The piecewise linear hat function ϕj+ 1
2
(x) is defined as follows:109

110

(2.4) ϕj+ 1
2
(x) =


−x+ xj+ 3

2

∆xj+1
, if x ∈ Ij+1,

x− xj− 1
2

∆xj
, if x ∈ Ij ,

∆xj = xj+ 1
2
− xj− 1

2
.111

Multiplying (2.3) by ϕj+ 1
2
, integrating over Ij ∪ Ij+1, and integrating by parts yield:112

(2.5)

d

dt
¯̄uj+ 1

2
(t) =

1∫
Ij∪Ij+1

ϕj+ 1
2
dx

(∫
Ij∪Ij+1

u∂xϕj+ 1
2
dx+

uj+ 3
2
− uj+ 1

2

∆xj+1
−

uj+ 1
2
− uj− 1

2

∆xj

)
,113

where uj+ 1
2
= u(xj+ 1

2
, t) and ¯̄uj+ 1

2
(t) is the DCA defined by114

(2.6) ¯̄uj+ 1
2
(t) =

∫
Ij∪Ij+1

u(x, t)ϕj+ 1
2
(x)dx∫

Ij∪Ij+1
ϕj+ 1

2
dx

=

2

(∫ x
j+1

2
x
j− 1

2

u(x, t)ϕj+ 1
2
(x)dx

)
∆xj +∆xj+1

.
115
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Notice that ∂xϕj+ 1
2
(x) = − 1

∆xj+1
for x ∈ Ij+1 and 1

∆xj
for x ∈ Ij . Then we can116

design the semi-discrete numerical scheme as follows:117

(2.7)

d

dt
(¯̄uh)j+ 1

2
(t) =

2

∆xj +∆xj+1

(
−
∑
α

wα ((uh)j+1,α − (uh)j,α)

+
(uh)j+ 3

2
− (uh)j+ 1

2

∆xj+1
−

(uh)j+ 1
2
− (uh)j− 1

2

∆xj

)
,

118

where uh is the numerical solution and the upwinding numerical flux (uh)j,α approxi-119

mates the point value u(xj,α, t) at the α-th quadrature point xj,α in Ij , satisfying that120

∆xj

∑
α wα(uh)j,α ≈

∫
Ij
u(x, t)dx. The exact solution u(x, t) satisfies the equation121

(2.5), this ensures the compatibility of our scheme. For clarity, we omit the subscript122

h from uh and ¯̄uh when no confusion arises. Applying a forward Euler temporal dis-123

cretization, we can formally immediately get the scheme approximating the equation124

(2.1) as follows:125

(2.8)
¯̄un+1

j+ 1
2

− ¯̄un
j+ 1

2

∆t
=

2

∆xj +∆xj+1

(
−
∑
α

wα

(
f̂n
j+1,α − f̂n

j,α

)
+

An
j+ 3

2
−An

j+ 1
2

∆xj+1
−

An
j+ 1

2
−An

j− 1
2

∆xj

)
,126

where n is a nonnegative integer number, ¯̄u0
j+ 1

2

= 2
∆xj+∆xj+1

∫ x
j+1

2
x
j− 1

2

u0(x)ϕj+ 1
2
(x)dx,127

∆t is the size of time step and the numerical fluxes f̂n
j,α is taken as the Lax-Friedrichs128

flux:129

(2.9) f̂n
j,α(u, v) =

1

2

(
f(u) + f(v)−max

u
|f ′(u)|(v − u)

)
,130

and An
j+ 1

2

= A(un
h(xj+ 1

2
)) is the numerical approximation of A(u(xj+ 1

2
, tn)), un

h(x) is131

the numerical solution at time tn. The evaluation of these quantities is described in132

Sec. 2.3.133

Remark 2.2. This new scheme in one dimension is very similar to the original134

ZLS scheme, but the difference lies in the definition of the DCA. In the original ZLS135

scheme, the DCA is defined as the moving average:136

(2.10) ¯̄u∗
j ≜

1

(∆x)2

∫ x
j+1

2

x
j− 1

2

∫ x+∆x
2

x−∆x
2

u(ξ)dξdx,137

where ∆x is the length of the uniform mesh. This definition is equivalent to taking138

an inner product with the function ϕj , which is defined at the cell center:139

(2.11) ¯̄u∗
j =

1

∆x

∫ xj+1

xj−1

u(x)ϕj(x)dx, ϕj(x) =


−x+ xj+1

∆x
, if x ∈ [xj , xj+1],

x− xj−1

∆x
, if x ∈ [xj−1, xj),

140

where xj = (xj− 1
2
+ xj+ 1

2
)/2. This construction relies heavily on the assumption of141

uniform meshes (see Fig. 2.1(a)). In contrast, we redefine the DCA at mesh vertices142

in (2.6) (see Fig. 2.1(b)). This modification removes the uniform-mesh restriction and143

allows the scheme to be applied to non-uniform and unstructured triangular meshes.144
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(a) Cell-centered DCA (origi-
nal ZLS scheme)

(b) Vertex-based DCA (new
scheme in this paper)

Fig. 2.1. Illustration of the DCAs in one dimension.

2.2. Double conservation: one dimension. As stated before, the nonlinear145

convective term and the degeneracy of diffusion might generate discontinuities in the146

solution and will bring challenges in simulation. Building upon the recent work of147

[22], a Lax–Wendroff-type theorem can be established provided that the fully discrete148

scheme (2.8) is both DoC and consistent. The relevant definitions and the theorem149

are stated below.150

Definition 2.3 (Double conservation [22]). A numerical scheme is DoC if it can151

be written in the following form:152

(2.12)

ũn+1
j − ũn

j

∆t
+

(
f̃n
j+ 1

2
− f̃n

j− 1
2

)
x̃j+ 1

2
− x̃j− 1

2

=
1

x̃j+ 1
2
− x̃j− 1

2

(
Ãn

j+1 − Ãn
j

x̃j+1 − x̃j
−

Ãn
j − Ãn

j−1

x̃j − x̃j−1

)
, ∀j, n ∈ N153

where ũn
j represents the locally conserved variable, f̃n

j+ 1
2

and Ãn
j are the numerical154

fluxes. All these tilde-quantities are functions depending locally on the numerical155

solution un
h(Bj), where Bj = {x ∈ R : |x − x̃j | ≤ ch}, with c > 0 being a positive156

number independent of the mesh sizes. The tilde grids x̃j and x̃j+ 1
2
are fixed points157

and depend on the specific scheme.158

Before specifying the tilde quantities in our scheme, we recall the general consis-159

tency requirements for DoC schemes.160

Definition 2.4 (Consistency [22]). A DoC scheme (2.12) for degenerate convection-161

diffusion equations (2.1) is consistent if the locally conserved variable ũn
j and numer-162

ical fluxes f̃n
j+ 1

2

and Ãn
j satisfy:163

(i) If un
h(x) is a constant u for all x ∈ Bj, we have

ũn
j = u, f̃n

j+ 1
2
= f(u), Ãn

j = A(u).

(ii) The tilde-functions are all Lipschitz continuous with respect to the numerical164

solution, that is, there exists a positive constant C > 0 such that165

(2.13)
∣∣ũn

j − ṽnj
∣∣+∣∣∣f̃n

j+ 1
2
(un

h)− f̃n
j+ 1

2
(vnh)

∣∣∣+∣∣∣Ãn
j (u

n
h)− Ãn

j (v
n
h)
∣∣∣ ≤ C∥un

h−vnh∥L∞(Bj),166

for any two numerical solutions un
h and vnh of the scheme and any indices j, n.167

(iii) The local conservation could recover global conservation∑
j

|Ij |ũn
j =

∫
R
un
h(x)dx, ∀n ≥ 0.

Now we specify the tilde quantities in our scheme, they are defined as follows:168

(2.14)

ũn
j = ¯̄un

j+ 1
2
, f̃n

j+ 1
2
=
∑
α

wαf̂
n
j+1,α, Ãn

j = An
j+ 1

2
, x̃j+ 1

2
= xj+1, x̃j = xj+ 1

2
, ∀j, n ∈ N,169
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where xj+1 =
(
xj+ 1

2
+ xj+ 3

2

)
/2. It is clear that our scheme (2.8) is DoC and con-170

sistent. Then under the bounded variation assumptions (see [22] for more details), it171

will enjoy the following Lax-Wendroff type theorem.172

Theorem 2.5 (Lax-Wendroff type theorem [22]). Assume that the solution se-173

quence {uh} is generated by a consistent DoC numerical scheme and satisfies the174

above assumptions, then if the sequence {uh} converges boundedly almost everywhere175

to some function u as τ, h → 0, then u is an ultra-weak solution (2.2) of the convection-176

diffusion equation (2.1).177

2.3. DoC MR-WENO reconstruction: one dimension. Achieving high-178

order accuracy requires precise approximations of the numerical fluxes, with particular179

emphasis on the reconstruction of the solution values at the quadrature points un
h(xj,α)180

and at the cell center un
h(xj). This MR-WENO reconstruction presented here follows181

the ideas in [25, 26].182

(1) Linear reconstruction. Given the DCAs {¯̄uj′+ 1
2
}j′∈Sj

, we construct recon-183

struction polynomials qℓ(x), ℓ = 1, 2, 3, on Ωj using nested stencils such that184

185

(2.15)
1∫

Ii∪Ii+1
ϕi+ 1

2
dx

∫
Ii∪Ii+1

qℓ(x)ϕi+ 1
2
(x)dx = ¯̄ui+ 1

2
, ∀i ∈ S

(ℓ)
j , ℓ = 1, 2, 3.186

The stencils are S
(1)
j = {j}, S(2)

j = {j− 1, j, j+1}, and S
(3)
j = {j− 2, j− 1, j, j+187

1, j + 2}, with Sj = ∪3
ℓ=1S

(ℓ)
j , for the first-, third-, fifth-order approximation188

separately.189

(2) Equivalent expressions. Following [25], we introduce equivalent representa-190

tions {p1, p2, p3} of {q1, q2, q3} by191

(2.16)

p1(x) = q1(x), p2(x) =
1

γ2,2
q2(x)−

γ1,2
γ2,2

p1(x), p3(x) =
1

γ3,3
q3(x)−

2∑
ℓ=1

γℓ,3
γ3,3

pℓ(x).192

Here γℓ,ℓ2 =
γ̄ℓ,ℓ2∑ℓ2
l=1 γ̄l,ℓ2

, in which γ̄ℓ,ℓ2 = 10ℓ−1 for ℓ = 1, · · · , ℓ2 and ℓ2 = 2, 3.193

(3) Smoothness indicators. For ℓ = 2, 3, the smoothness indicators are defined as194

follows:195

(2.17) βℓ =
1

2

r∑
m=1

∫
Ij∪Ij+1

|Ĩj |2m−1

(
dm

dxm
pℓ(x)

)2

dx, ℓ = 2, 3,196

where Ĩj ≜ [xj , xj+1] and r = 2(ℓ − 1). For β1, we take it as 0 for simplicity,197

which is also followed the same way in (2.17).198

(4) Nonlinear weights. We define τ =
(∑2

ℓ=1 |β3−βℓ|
2

)2
and the nonlinear weights199

are given by200

(2.18) ωℓ =
ω̄ℓ∑3

k=1 ω̄k

, ω̄ℓ = γℓ

(
1 +

τ

ϵ+ βℓ

)
, ℓ = 1, 2, 3.201

Here ϵ is taken as 10−5 in all numerical experiments.202

(5) Final reconstruction. The final reconstruction is

Q(x) =

3∑
ℓ=1

ωℓpℓ(x).
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All quadrature values are evaluated from Q(x).203

Remark 2.6. In the implementation of (2.8), the numerical convective flux is given204

as f̂n
j,α = f(un,−

j,α , un,+
j,α ). The un,−

j,α is taken as the reconstructed point value at point205

xj,α from Sj−1 and un,+
j,α is taken as the reconstructed point value at point xj,α from206

Sj . The diffusive flux An
j+ 1

2

is directly taken as the reconstructed value at point207

xj+ 1
2
from Sj . The numerical integration is performed using a standard three-point208

Gauss–Legendre quadrature, with weights ωα and nodes xj,α selected accordingly,209

ensuring fifth-order accuracy.210

Remark 2.7. Since the concept of double conservation is primarily enforced at the211

level of the spatial discretization, for simplicity we consider the forward Euler scheme212

for time integration in the preceding analysis in (2.8) and (2.12). In numerical com-213

putation, to achieve higher-order accuracy, we employ the third-order strong stability214

preserving Runge-Kutta (SSPRK) time discretization method (see e.g., [7]): for an215

ordinary differential equation ut = L(u), the SSPRK scheme is given as follows:216

(2.19)


u(1) = un +∆tL(un),

u(2) =
3

4
un +

1

4
u(1) +

1

4
∆tL(u(1)),

un+1 =
1

3
un +

2

3
u(2) +

2

3
∆tL(u(2)).

217

3. DoC-FV scheme for convection-diffusion equation: two dimensions.218

In this section, we generalize our new DoC-FV scheme for anisotropic degenerate219

convection-diffusion equation on unstructured meshes. The equation is given as fol-220

lows:221

(3.1) ut +∇ · f(u) =
2∑

i1=1

2∑
i2=1

∂i1∂i2Ai1i2 ,222

with the initial condition u(x, y, 0) = u0(x, y) and the periodic boundary condition223

for easiness, where ∂1 denotes ∂x and ∂2 denotes ∂y. In the following, we will use224

the following symbol to simplify the notations ∇2 : A(u) ≜
∑2

i1=1

∑2
i2=1 ∂i1∂i2Ai1i2 ,225

where ∇2 =

(
∂xx ∂xy

∂xy ∂yy

)
, A(u) =

(
A11(u) A12(u)
A12(u) A22(u)

)
is a symmetric matrix and its226

derivative matrix227

(3.2) a(u) =

(
A′

11(u) A′
12(u)

A′
12(u) A′

22(u)

)
228

is a symmetric semi-positive matrix. The symbol “:” in (3.1) is the Frobenius prod-229

uct which means that B : A =
∑2

i1=1

∑2
i2=1 Bi1i2Ai1i2 with B = (Bi1i2)2×2. The230

degeneracy means that the eigenvalue of a(u) may be zero. For the equation (3.1),231

the definition of the ultra-weak solution is given as follows.232

Definition 3.1 ([22]). We call a function u as an ultra-weak solution of (3.1) if:233

(i) u ∈ L1(R2 × R+). (ii) All components of f and A are Lipschitz continuous with234

respect to u and belong to the function space L1(R2×R+). (iii) For any φ ∈ C∞
0 (R3),235

the following equation holds:236

(3.3)

∫
R+

∫
R2

(uφt + f · ∇φ+A : ∇2φ)dxdydt+

∫
R2

u0φdxdy = 0.237
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(a) Dual control
volume Ω̃j and the
decomposition of
−∇ϕj .

(b) Barycentric
hat function ϕj on
∆jj1j2 .

(c) Intuition geometric in-
terpretation of ν and dual
cells

Fig. 3.1. The illustration of the dual mesh and barycentric hat function ϕj .

3.1. Construction of the new DoC-FV scheme: two dimensions. Let Th238

be a triangulation of Ω with triangles {∆l}l, and let Vl be the vertex set of ∆l. Given239

a vertex vj = (xj , yj), define the triangular set associated with vj as Ωj ≜
⋃

vj∈Vl
∆l,240

and denote Ω̃j as the associated vertex-centered dual control volume (the Donald dual241

mesh, see Fig. 3.1(a)). The set of neighboring vertices of vj is denoted as Nj . For242

any triangle ∆jj1j2 ⊂ Ωj with vertices vj , vj1 and vj2 ordered counterclockwise, we243

define the hat function ϕj on ∆jj1j2 (see Fig. 3.1(b)) as the barycentric coordinate244

associated with vj :245

(3.4) ϕj(x, y)

∣∣∣∣
∆jj1j2

= Det

∣∣∣∣∣∣
x y 1
xj1 yj1 1
xj2 yj2 1

∣∣∣∣∣∣
/

(2 |∆jj1j2 |) .246

247

Using the same approach as in the previous section, we test (3.1) with ϕj , integrate248

over Ωj , and apply elementwise integration by parts to obtain249

(3.5)
d

dt

∫
Ωj

uϕj + f(u) · (−∇ϕj)dx dy = −
∑

∆jj1j2
⊂Ωj

∫
∂∆jj1j2

(∇ϕj)
⊤A(u)nj ds,250

where nj denotes the outward unit normal on ∂∆jj1j2 andA(u)nj denotes the matrix-251

vector product. Comparing with conventional finite volume methods, the convective252

term in (3.5) involves an integral over triangles rather than along its boundaries.253

This raises a practical question of how to incorporate upwinding in the numerical254

implementation. To this end, we note that −∇ϕj is discontinuous across the boundary255

∂∆jj1j2 and, on each ∆jj1j2 , the gradient −∇ϕj is a constant vector admitting the256

decomposition:257

(3.6) −∇ϕj =
−1

2|∆jj1j2 |

(
yj1 − yj2

−(xj1 − xj2)

)
=

1

|∆jj1j2 |
(τ jj1 − τ jj2) ,258

where τ jj1 =

 yj2−yj
6

+
yj2−yj1

6

−
(

xj2
−xj

6
+

xj2
−xj1
6

), τ jj2 =

 yj1−yj
6

+
yj1−yj2

6

−
(

xj1
−xj

6
+

xj1
−xj2
6

). This decom-259

position (3.6) allows the triangle integrals of the convective term in (3.5) to be rein-260

terpreted as a flux contribution across the boundary of the associated dual control261

volume Ω̃j , thereby enabling the introduction of standard upwind mechanisms on the262
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dual mesh interfaces. We will explain the usage of this decomposition later. Moreover,263

the hat function satisfies
∫
Ωj

ϕj dx dy = 1
3 |Ωj | = |Ω̃j |. We then define the DCA by264

(3.7) ¯̄uj ≜
1

|Ω̃j |

∫
Ωj

uϕjdxdy.265

Following (3.5) and (3.6), the scheme can be written as:266

(3.8)

|Ω̃j |

(
¯̄un+1
j − ¯̄un

j

∆t

)
=−

∑
∆jj1j2

⊂Ωj

1

|∆jj1j2 |

∫
∆jj1j2

[
ĝ(un

j , u
n
j1 , τ jj1)

+ ĝ(un
j , u

n
j2 ,−τ jj2)

]
dx dy −

∑
∆jj1j2

⊂Ωj

∫
∂∆jj1j2

(∇ϕj)
⊤ Ânj ds,

267

where Â is a matrix-valued numerical flux and ĝ is a scalar numerical flux. The values268

un
i (i = j, j1, j2) represent the numerical values taken from the side of the vertex vi.269

Here and below, Ânj denotes the matrix-vector product. In implementation, the two270

integrals appearing in (3.8) are approximated by numerical quadrature. In particular,271

for each triangle ∆jj1j2 , we approximate272

(3.9)

1

|∆jj1j2 |

∫
∆jj1j2

[
ĝ(un

j , u
n
j1 , τ jj1) + ĝ(un

j , u
n
j2 ,−τ jj2)

]
dx dy

≈
∑
α

wα

[
ĝ(un

j,α, u
n
j1,α, τ jj1) + ĝ(un

j,α, u
n
j2,α,−τ jj2)

]
,

273

where {wα,xj,α} denotes a quadrature rule on ∆jj1j2 satisfying that
∑

α wα = 1.274

Here un
j,α (resp. un

jm,α, m = 1, 2) is the one-sided limit of un
h at the quadrature point275

xj,α taken from the vj-side (resp. vjm -side). For the diffusive term, we decompose276

the boundary ∂∆jj1j2 into its three edges, ∂∆jj1j2 = ∪3
e=1∂∆

e
jj1j2

, and let ne
j be the277

unit outward normal to the e-th edge ∂∆e
jj1j2

in ∂∆jj1j2 with respect to ∆jj1j2 . The278

boundary integral is then approximated by279

(3.10)∫
∂∆jj1j2

(∇ϕj)
⊤ Ânj ds ≈

3∑
e=1

∣∣∂∆e
jj1j2

∣∣∑
β

wβ

(
(∇ϕj)

⊤ Â(un
j′(x

e
β), u

n
j′′(x

e
β))

∣∣∣∣
∆jj1j2

)
ne
j ,280

where the edge ∂∆e
jj1j2

connects two vertices vj′ and vj′′ , and {wβ ,x
e
β} denotes a281

quadrature rule on segment vj′vj′′ satisfying that
∑

β wβ = 1. The values un
j′(x

e
β)282

and un
j′′(x

e
β) are obtained as the one-sided limits of the numerical solution un

h at the283

quadrature point xe
β , approached from the vj′ -side and the vj′′ -side, respectively.284

The concrete computations of these one-sided limits (i.e., un
j,α in (3.9) and un

j′(x
e
β) in285

(3.10)) are left in Section 3.3. Together with (3.8) -(3.10), the scheme becomes:286

(3.11)

|Ω̃j |

(
¯̄un+1
j − ¯̄un

j

∆tn

)
=−

∑
∆jj1j2

⊂Ωj

∑
α

wα

[
ĝ(un

j,α, u
n
j1,α, τ jj1) + ĝ(un

j,α, u
n
j2,α,−τ jj2)

]

−
∑

∆jj1j2⊂Ωj

3∑
e=1

∣∣∂∆e
jj1j2

∣∣∑
β

wβ

(
(∇ϕj)

⊤ Â(un
j′(x

e
β), u

n
j′′(x

e
β))

∣∣∣∣
∆jj1j2

)
ne
j .

287

The scalar numerical convective flux ĝ(u, v, τ ) is taken as the Lax-Friedrichs flux:288

(3.12) ĝ(u, v, τ ) =
1

2
(f(u) + f(v)) · τ − α

2
(v − u), α = max

u,τ

∣∣f ′(u) · τ ∣∣.289
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The matrix-valued diffusive flux Â is given as290

(3.13) Â(u, v) =
1

2

(
A(u) +A(v)

)
.291

3.2. Double conservation: two dimensions. As in the one dimensional case,292

the nonlinear convective term and the degeneracy of diffusion may generate low-293

regularity solutions which will bring challenges of simulation. To address this issue,294

we employ a Lax-Wendroff type theorem. To this end, we first verify our scheme295

is DoC and consistent. The notion of DoC schemes on triangular meshes was first296

introduced in [22]. For simplicity, that work provides a DoC formulation only for the297

diffusive term, while the convective term is treated by directly adopting the approach298

proposed in [16]. In particular, the conserved quantity considered in [22] corresponds299

to the specific dual-mesh setting introduced in [16]. For completeness, we present300

below the full DoC formulation for the convection–diffusion equation (3.1) under this301

specific setting.302

Definition 3.2 (Double conservation [22]). A scheme is DoC for the degenerate303

convection-diffusion equation (3.1) if:304

(3.14)
ũn+1
j − ũn

j

∆t
+

1

|Ω̃j |

∑
vl∈Nj

2∑
s=1

g
(s)
jl (un

h) = − 1

|Ω̃j |

∑
∆jj1j2

⊂Ωj

∫
∂∆jj1j2

∇ϕ⊤
j Ãjds,305

where ũj is again the locally conserved quantity, the scalar flux g
(s)
jl and vector-valued306

flux Ãj(u
n
h,nj) are generalized numerical fluxes depended on the numerical solution307

locally. More precisely, they depend on un
h(Bj), where Bj = {x = (x, y) ∈ R2 :308

|x−vj | < ch} with c > 1 is independent of the mesh size and h is the maximal length309

of edges in Th. The index s labels line segments on the cell interface between the dual310

cells Ω̃j and Ω̃l. The function ϕj(x, y) is the hat function defined in (3.4).311

Again, we need the scheme to maintain consistency with the governing equation.312

Definition 3.3 (Consistency [22]). A DoC scheme is consistent if the local313

conserved quantity and the generalized numerical fluxes satisfy:314

(i) If un
h(x) is a constant u, for all x ∈ Bj, we have:315

(3.15) ũn
j (u

n
h) = u, g

(s)
jl (un

h) = ν
(s)
jl · f(u), Ãj(u

n
h,nj) = A(u)nj ,316

where ν
(s)
jl = |S(s)

jl |n(s)
jl , and S

(s)
jl is the s-th line segment on the boundary between317

dual cells Ω̃j and Ω̃l. n
(s)
jl is the unit outward normal vector on S

(s)
jl pointing from318

Ω̃j toward Ω̃l. Two unit outward normal vectors are used: n
(s)
jl , associated with the319

dual cell Ω̃j, and nj, associated with the triangle ∆jj1j2 . The vector nj is illustrated320

in Fig. 3.1(b), while a geometric interpretation of ν
(s)
jl and the dual cell is shown in321

Fig. 3.1(c).322

(ii) The quantities g
(s)
jl , Ãj and ũn

j are Lipschitz continuous with respect to the323

numerical solution, that is, there exists a uniform positive constant C > 0, for all j, n324

and s, such that325

(3.16)∣∣ũn
j − ṽnj

∣∣+∣∣∣g(s)jl (un
h)− g

(s)
jl (vnh )

∣∣∣+ ∑
∆jj1j2

⊂Ωj

∥Ãj(u
n
h,nj)−Ãj(v

n
h ,nj)∥∞ ≤ C∥un

h−vnh∥L∞(Bj),326
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for any two numerical solutions un
h and vnh , where ∥ · ∥∞ is the L∞-norm of a vector.327

Furthermore, the generalized fluxes g
(s)
jl (un

h) and Ãj(u
n
h,n) should be unique on dual328

cell interfaces S
(s)
jl and cell interfaces ∂∆jj1j2 respectively, i.e.,329

(3.17)

g
(s)
jl (un

h) + g
(s)
lj (un

h) = 0, Ãj(u
n
h,nj) + Ãj(u

n
h,−nj) = 0, ∀j, vl ∈ Nj , s = 1, 2.330

(iii) The local conservation could recover global conservation which means∑
j

|Ω̃j |ũn
j =

∫
R2

un
h(x)dx, ∀n ≥ 0.

We now verify that our new scheme (3.8) is DoC. We first specify the locally331

conserved quantity ũn
j and the generalized numerical fluxes g

(s)
jl (un

h) and Ãj(u
n
h,nj),332

in Definition 3.2, as follows:333

(3.18)

ũn
j = ¯̄un

j , g
(1)
jj1

=
∑
α

wαĝ(u
n
j,α, u

n
j1,α, τ jj1), g

(2)
jj2

=
∑
α

wαĝ(u
n
j,α, u

n
j2,α,−τ jj2), Ãj = Ânj ,334

where the numerical fluxes ĝ is given in (3.12), and Â is given in (3.13). Then we335

have the following theorem.336

Theorem 3.4. The numerical scheme (3.8) with (3.9)-(3.13) is DoC and consis-337

tent.338

Proof. The double conservation follows from the choice of the locally conserved339

quantity ũn
j and the single-valued property of the generalized numerical fluxes specified340

in (3.18).341

It therefore remains to verify the consistency conditions in Definition 3.3. Con-342

ditions (ii) and (iii) are immediate from the construction of the numerical fluxes343

and the conserved quantity. We thus focus on the exactness on constants stated in344

equation (3.15). Assume that un
h is a constant u, the consistency of ¯̄un

j and Âjnj345

on constants are immediate. Then it suffices to verify the convective flux identity346

g
(s)
jl (un

h) = ν
(s)
jl · f(u). We consider g

(1)
jj1

as an example. Notice that347

(3.19) g
(1)
jj1

(un
h) = f(u) · τ jj1 ,348

where the relation
∑

α wα = 1 is used. Therefore, to conclude (3.15) for g
(1)
jj1

, it suffices349

to show that τ jj1 = ν
(1)
jj1

, where ν
(1)
jj1

is illustrated in Fig. 3.1(c).350

Now we aim to prove (3.19). Let O1 be the barycenter of the triangle ∆jj1j2 and351

let Mjj1 be the midpoint of the edge vjvj1 . Notice that the segment O1Mjj1 is the352

interface segment S
(1)
jj1

between the dual cells Ω̃j and Ω̃j1 . Denoting vm = (xm, ym), we353

have O1 =
(

xj+xj1
+xj2

3 ,
yj+yj1+yj2

3

)
and Mjj1 =

(
xj+xj1

2 ,
yj+yj1

2

)
. Then the vector354

−−−−−→
O1Mjj1 is also given as:

−−−−−→
O1Mjj1 = −

(
xj2−xj

6 +
xj2−xj1

6 ,
yj2−yj

6 +
yj2−yj1

6

)⊤
. By355

definition, ν
(1)
jj1

is the outward normal vector of Ω̃j along O1M1 with length |O1M1|.356

It is also clear that τ jj1 is orthogonal to
−−−−−→
O1Mjj1 and its orientation is fixed by357

requiring that it points from Ω̃j to Ω̃j1 by definition (3.6). Since it also have the same358

length of ν
(1)
jj1

, we obtain τ jj1 = ν
(1)
jj1

. The remaining cases g
(2)
jj2

and, more generally,359

g
(s)
jl follow by the same argument. Then the proof is finished.360
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Fig. 3.2. The illustration of the content of S
(i)
j with i = 1, 2, 3.

The above theorem relies on the decomposition (3.6) and the equivalence (3.19). Com-361

pared with the decomposition in [16], where the constant vector −∇ϕj is expressed362

as a combination of spatially varying vectors depending on x and y, the present de-363

composition (3.6) splits the same constant vector into two constant vectors, which364

significantly simplifies the implementation. Once we prove the new scheme (3.8) is365

DoC and consistent, then it enjoys the following Lax-Wendroff type theorem.366

Theorem 3.5 (Lax-Wendroff type theorem [22]). If a sequence of solutions {uh}367

generated by the consistent DoC scheme, with uniformly bounded total variation and368

support, converges in L1 to a function u as τ, h → 0, then u is an ultra-weak solution369

to (3.1).370

3.3. DoC MR-WENO reconstruction: two dimensions. We now describe371

the new DoC MR-WENO reconstruction based on the DCAs defined in (3.7). This372

section also follows [25, 26] with appropriate modifications.373

(1) Linear reconstruction. Given a vertex vj and the DCAs {¯̄uj′}j′∈Sj
, where Sj374

denotes the reconstruction stencil of vj , we construct a hierarchy of reconstruction375

polynomials on the associated vertex-centered dual control volume Ωj .376

Specifically, we build polynomials of increasing degree using nested stencils: (i) a377

constant q1 reconstructed from the DCA on Ωj , denote S
(1)
j = {j} and take q1 =378

¯̄un
j ; (ii) a quadratic polynomial q2 reconstructed from the dual cells associated379

with vj and its neighboring vertices, denote the index collection of Ωl used in this380

procedure as S
(2)
j ; (iii) a quartic polynomial q3 reconstructed from an enlarged381

stencil consisting of vj , its neighbors, and the neighbors of those neighbors, denote382

the index collection of Ωl used in this procedure as S
(3)
j . Then the Sj is taken as383

∪3
i=1S

(i)
j . The illustration of the above procedure is shown in Fig 3.2.384

In the above three procedures, if the stencil does not provide a sufficient number385

of degrees of freedom, it is enlarged by adding one additional layer of neighboring386

vertices. Conversely, if the number of available degrees of freedom exceeds that387

required by the reconstruction, a constrained least-squares procedure is employed,388

subject to the constraint that the DCA over Ωj is exactly preserved, namely, for389

i = 2, 3,390

(3.20)

min
qi

∑
l∈S

(i)
j

(
1∫

Ωl
ϕldxdy

∫
Ωl

qi(x, y)ϕl(x, y)dxdy − ¯̄ul

)2

s.t.
1∫

Ωj
ϕjdxdy

∫
Ωj

qi(x, y)ϕj(x, y)dxdy = ¯̄uj .

391

(2) Equivalent expressions. The equivalent polynomials {pℓ}3ℓ=1 are defined as in392
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the one-dimensional case (2.16) in Sec. 2.3.393

(3) Smoothness indicators. The smoothness indicators are computed as follows:394

(3.21)

βℓ =
1

|Nj |

r∑
|l|=1

∫
Ωj

|Ω̃j ||l|−1

(
∂|l|

∂xl1∂yl2
pℓ(x, y)

)2

dxdy, ℓ = 2, 3, |l| = l1 + l2,395

where r = 2(ℓ− 1), l1 and l2 are nonnegative integers, and |Nj | is the number of396

neighbors of the vertex vj . Dividing by |Nj | is introduced to make the resulting397

weights more comparable to those defined on triangular meshes. Again, we take398

β1 as 0.399

(4) Nonlinear weights. Once we get the {βℓ}3ℓ=1, the nonlinear weights {ωℓ}3ℓ=1400

are defined in the same manner as in (2.18) in Sec. 2.3.401

(5) Final reconstruction. The final reconstructed approximation of u(x, y) is given
by

Q(x, y) =

3∑
ℓ=1

ωℓpℓ(x, y).

All the point values xj,α,x
e
β required in numerical integrals in (3.8)-(3.10) will be402

taken as Q(xj,α) or Q(xe
β).403

Remark 3.6. For the implementation of (3.8)-(3.10), the un
j,α in (3.9) is taken404

as the value Q(xj,α) reconstructed from Sj and un
j′(x

e
β) is taken as the value Q(xe

β)405

reconstructed from Sj′ .406

Remark 3.7. Similarly with the one dimensional case, the preceding analysis in407

(3.8) and (3.14) is mainly based on the forward Euler scheme for simplicity. In prac-408

tice, we replace the forward Euler time scheme in (3.8) with the SSPRK method (2.19)409

for the time discretization.410

4. Numerical experiments. In this section, we assess the performance of the411

proposed DoC-FV scheme in both one and two dimensions, especially on unstruc-412

tured meshes. Most test problems are adopted from the published benchmarks that413

are widely used in the literature [3, 12, 21, 22]. These problems include the ac-414

curacy tests, porous medium type equations and strongly degenerate convection-415

diffusion equations. We also test the performance of our scheme on irregular do-416

mains and anisotropic problems. The time step is chosen according to a CFL-417

type condition. For one-dimensional problems, we take ∆t =
CFLminj(∆xj)

2

αc maxj ∆xj+αd
, where418

αc = maxu |f ′(u)| and αd = maxu A
′(u) in (2.1). For two-dimensional problems, we419

set ∆t =
CFLminj |Ω̃j |

αc

√
maxj |Ω̃j |+αd

, where αc = maxu(|f ′
1(u)|+ |f ′

2(u)|) and αd is the maximum420

eigenvalue of the derivative matrix a(u) defined in (3.2). Through all experiments,421

we use CFL = 0.4 following [12, 23].422

4.1. 1D numerical results. We present the results of one dimensional prob-423

lems, including the accuracy test, porous medium equations (PMEs), Buckley-Leverett424

equation and strongly degenerate convection-diffusion equations on non-uniform meshes.425

To construct a non-uniform mesh {x̂j+ 1
2
}Ni=0, we remain the vertexes x̂ 1

2
= xL and426

x̂N+ 1
2
= xR, and perturb the uniform cell interfaces according to427

(4.1) x̂i+ 1
2
= xi+ 1

2
+ θi+ 1

2
∆x, θi+ 1

2
= 0.1 sin

(
2πξi+ 1

2

)
, i = 1, · · · , N − 1,428
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where xi+ 1
2
are the interfaces of the underlying uniform grid with spacing ∆x, and429

ξi+ 1
2
= i

N , i = 1, · · · , N − 1. It is clear that ξi+ 1
2
∈ (0, 1) and θi+ 1

2
∈ (0, 0.1). In the430

following, “non-uniform mesh” refers to the meshes generated by (4.1).431

4.1.1. Accuracy test: linear convection-diffusion equation. In this test,432

we solve the following convection-diffusion equation433

(4.2) ut + ux = ϵduxx,434

on domain Ω = [0, 2π] with periodic boundary condition. The initial condition is taken435

as u0(x) = sin(x). The equation (4.2) has an exact solution u(x, t) = e−ϵdt sin(x− t).436

The ϵd is taken as 10−3. We compute the solution up to T = 1 on non-uniform437

meshes. The results are shown in Table 4.1 and demonstrate that our scheme has438

optimal order of accuracy on non-uniform meshes.

N L1 Error Order L2 Error Order L∞ Error Order

40 1.02e-01 – 7.48e-02 – 1.87e-01 –

80 2.31e-03 5.23 1.27e-03 5.63 1.35e-03 6.81

160 7.22e-05 4.87 3.95e-05 4.88 4.25e-05 4.87

320 2.23e-06 4.95 1.21e-06 4.96 1.28e-06 4.98
Table 4.1

Accuracy table on non-uniform meshes in Sec. 4.1.1.

439

4.1.2. Accuracy test: nonlinear convection-diffusion equation. In this440

test, we solve the following nonlinear convection-diffusion equation to test the accuracy441

of our scheme for nonlinear problem:442

(4.3) ut + f(u)x = A(u)xx + s(x, t),443

where f(u) = u2/2, A(u) = ϵd(u+ 1)2 and source term s(x, t) aligned with the exact444

solution u(x, t) = exp(−ϵdt) sin(x− t) with ϵd = 10−3. The initial condition is taken445

as u0(x) = u(x, 0) and the boundary condition is periodic. We compute the solution446

up to T = 1 on non-uniform meshes. The numerical results on non-uniform meshes447

are shown in Table. 4.2 and illustrate the optimal order of accuracy of our scheme.

N L1 Error Order L2 Error Order L∞ Error Order

40 4.25e-02 – 2.18e-02 – 2.86e-02 –

80 1.50e-03 4.62 8.05e-04 4.56 1.12e-03 4.48

160 4.63e-05 4.89 2.51e-05 4.88 3.55e-05 4.85

320 1.42e-06 4.96 7.59e-07 4.98 1.07e-06 4.99
Table 4.2

Accuracy table on non-uniform meshes in Sec. 4.1.2.

448

4.1.3. Porous medium type equations. In this test, we consider the following449

porous medium type equations:450

(4.4) ut = (a(u)ux)x,451

with different diffusion coefficient a(u) and different initial and boundary conditions.452

We first consider the Barenblatt solutions (see e.g., [23]) which has the exact solution453
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Bm,1(x, t) = t−κ
[(

1− κ(m−1)
2m

|x|
2

)]1/(m−1)

with u+ = max(u, 0) and κ = 1
m+1 . For454

Barenblatt solutions, a(u) is taken as mum−1 with a positive integer m, the boundary455

condition is set to periodic boundary condition and the initial condition is set to456

u0(x) = Bm,1(x, 1). We compute the solution up to T = 2 with m = 2, 3, 5, 8,457

separately. The degeneracy for such problem occurs when u = 0. The numerical458

results are shown in Fig. 4.1 and agree well with the exact solutions. Next we test
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Numerical

(d) m=8

Fig. 4.1. Numerical solution of 1D Barenblatt solutions on 80 non-uniform cells with m =
2, 3, 5, 8 in Sec. 4.1.3.

459

a named Marshak equation, introduced in [11, 13, 14], which serves as a benchmark460

demonstrating that certain numerical schemes may converge to an incorrect solution.461

This problem is set as a(u) = u3 and has an exact solution [15]:462

(4.5) u(x, t) =

{
(3c(ct− x))1/3, if x < ct,

0, otherwise,
463

where c is taken as 0.4. The computational domain Ω is set as [0, 1] and the initial464

condition is taken as u0(x) = u(x, 0). We set the left boundary as a time-dependent465

Dirichlet condition uL(t) = u(0, t) and a constant condition uR = 0 on the right side466

of Ω. The numerical solution at T = 2 is presented in Fig. 4.2(a) and shows that our467

scheme aligns well with the exact solution.
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Numerical

(a) Marshak equation in
Sec. 4.1.3 at T = 2

x

u
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1
Ref

Numerical

(b) Strongly degenerate
problems in Sec. 4.1.4 at
T = 1

Fig. 4.2. Numerical solutions of the Marshak equation in Sec. 4.1.3 and the strongly degenerate
convection-diffusion equation in Sec. 4.1.4 on 80 non-uniform cells.

468

4.1.4. Strongly degenerate convection-diffusion equation. In this test, we
solve a strongly degenerate convection-diffusion equation which is firstly introduced
in [6] to illustrate a numerical scheme may converge to an incorrect solution. The
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equation is given as in (2.1) with the convective flux f(u) = u2/4. The diffusion term
A(u) together with the initial data u0(x) in (2.1) are specified by

A(u) =


0, if u ≤ 0.5,

5

4
(2u− 1)2, if u ∈ (0.5, 0.6)

u− 11

20
, if u ≥ 0.6,

, u0(x) =


1, if x ∈ [−1,−0.4),

− 2.5x if x ∈ [−0.4, 0),

0, else.

The boundary condition is set as Dirichlet condition: u(−1, t) = 1 and u(1, t) = 0.469

Here the term “strongly degenerate” refers to the fact that the set {u : A′(u) = 0}470

has positive Lebesgue measure [20]. In this test, as there is no exact solution, the471

reference solution is obtained by applying a provably convergent scheme [6] on a mesh472

with N = 1000 uniform cells:473

(4.6) un+1
j = un

j +
∆t

∆x

(
f̂j+ 1

2
− f̂j− 1

2

)
+

∆t

(∆x)2
(
An

j+1 − 2An
j +An

j−1

)
,474

where un
j is the numerical solution approximating the point value u(xj , tn), f̂j+ 1

2
is475

the Lax-Friedrichs flux defined in (2.9) and An
j = A(un

j ). The numerical solutions476

are presented in Fig. 4.2(b) and show that our scheme matches the reference solution477

well.478

4.2. 2D numerical results. We present several two-dimensional tests, includ-479

ing accuracy tests, porous medium–type equations, anisotropic problems, problems480

on irregular domains, the Buckley–Leverett equation and the strongly degenerate con-481

vection–diffusion equation. The numerical results are all computed on unstructured482

triangular meshes, see e.g., Fig. 4.3.

(a) Square domain

X

Y

­1 ­0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

Neumann

Neumann
Neumann

Dirichlet

(b) Square-trapezoidal do-
main

X

Y

­0.5 0 0.5 1 1.5
0

0.5

1

1.5

2

Neumann

Neumann
Neumann

Dirichlet

(c) Square domain with a
three-quarter disk

Fig. 4.3. The unstructured triangular meshes used in Sec. 4.2.

483

4.2.1. Accuracy test: linear convection-diffusion equation. We consider484

the linear convection-diffusion equation:485

(4.7) ut + ux + uy = ϵd(uxx + uyy),486

with the exact solution u(x, y, t) = exp(−ϵdt) sin(x+ y− 2t), where ϵd is taken as 0.1.487

The initial condition is set as u0(x, y) = u(x, y, 0) and the boundary condition is peri-488

odic. The computational domain Ω is taken as [0, 2π]× [0, 2π] and is decomposed into489

N pieces of triangles with maximum edge length hmax. The final time is taken as 0.1490

and the numerical results are shown in Table 4.3. The numerical result demonstrates491

that our scheme has optimal order of accuracy on unstructured triangular meshes.492
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N hmax L1 Error Order L2 Error Order L∞ Error Order
551 4.48e-01 2.71e-02 – 2.98e-02 – 5.92e-02 –
2222 2.23e-01 2.01e-03 3.74 2.55e-03 3.54 7.90e-03 2.90
8616 1.16e-01 7.37e-05 5.02 9.69e-05 4.96 3.53e-04 4.72
19288 7.82e-02 1.01e-05 5.09 1.32e-05 5.11 4.86e-05 5.07

Table 4.3
Accuracy table for the 2D linear convection-diffusion equation (4.7) in Sec. 4.2.1.

4.2.2. Accuracy test: nonlinear convection-diffusion equation. In this493

test, we assess the accuracy of the proposed scheme for the following nonlinear494

convection–diffusion equation:495

(4.8) ut +

(
u2

2

)
x

+

(
u2

2

)
y

= ϵd
(
(u2)xx + (u2)yy

)
+ s2(x, y, t),496

where ϵd = 0.1. The source term s2(x, y, t) is chosen such that the exact solution is497

u(x, y, t) = exp(−ϵdt) sin(x + y − 2t). The initial condition is chosen as u0(x, y) =498

u(x, y, 0) and the boundary condition is periodic. The final time is taken as 0.1. All499

computational settings are the same as in Sec. 4.2.1. Table 4.4 reports the errors and500

the corresponding convergence rates, demonstrating the optimal order of accuracy.

N hmax L1 Error Order L2 Error Order L∞ Error Order

551 4.48e-01 2.27e-02 – 2.54e-02 – 6.020e-02 –

2222 2.23e-01 1.85e-03 3.61 2.30e-03 3.46 7.23e-03 3.05

8616 1.16e-01 6.75e-05 5.03 8.62e-05 4.98 3.11e-04 4.78

19288 7.82e-02 9.38e-06 5.05 1.19e-05 5.07 4.05e-05 5.22
Table 4.4

Accuracy table for the 2D nonlinear convection-diffusion equation (4.8) in Sec. 4.2.2.

501

4.2.3. Accuracy test: anisotropic diffusion equation. In this test, we con-502

sider the following anisotropic diffusion equation:503

(4.9) ut = ∇2 :

(
2u 1.5u
1.5u 3u

)
,504

with the initial condition u(x, y, 0) = cos(y) cos(2x−y) and the periodic boundary con-505

dition. This problem admits the exact solution u(x, y, t) = exp(−8t) cos(y) cos(2x−y).506

The final time is taken as 0.1 and the computational domain is the same as in the507

previous test. The numerical results are shown in Table 4.5 and demonstrates the508

optimal order of accuracy of our scheme for anisotropic problems.

N hmax L1 Error Order L2 Error Order L∞ Error Order

551 4.48e-01 3.17e-03 2.96 4.42e-03 2.73 2.49e-02 1.39

2222 2.23e-01 1.12e-04 4.80 1.57e-04 4.80 1.12e-03 4.46

8616 1.16e-01 2.72e-06 5.65 3.70e-06 5.69 3.01e-05 5.49

19288 7.8e-02 2.50e-07 6.10 3.52e-07 6.02 3.84e-06 5.27
Table 4.5

Accuracy table for the 2D anisotropic diffusion equation (4.9) in Sec. 4.2.3.

509
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4.2.4. PMEs: Barenblatt solution. The PME is given as:510

(4.10) ut = (um)xx + (um)yy,511

with different positive integersm and different initial conditions. Except for Sec. 4.2.6,512

the boundary conditions are all set as periodic boundary condition. Firstly, we test513

the Barenblatt solution, with the exact solution [3]:514

(4.11) Bm,2(x, y, t) = (t+ 1)−κ

(
CB − κ(m− 1)

4m

(
|x|2 + |y|2

)
(t+ 1)κ

)1/(m−1)

+

, CB = 0.1,515

where κ = 1
m . We take u0(x, y) = Bm,2(x, y, 0) and evolve the solution up to T =516

4 on the computational domain Ω = [−2, 2] × [−2, 2], which is discretized by an517

unstructured triangular mesh consisting of 9362 elements with maximum edge length518

hmax ≈ 0.098. We report the numerical results at T = 1, 2 and 4. The results for519

m = 2 are shown in Fig. 4.4, while those for m = 5 are presented in Fig. 4.5. The520

numerical results indicate that the proposed scheme maintains relatively low errors521

on a coarse mesh.

(a) Numerical solution
at T = 1

(b) L∞ error at T = 1
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(h) L∞ error at T = 4
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(i) Comparison along
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Fig. 4.4. Numerical solution of 2D Barenblatt solution on an unstructured triangular mesh
with m = 2 in Sec. 4.2.4.

522
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(a) Numerical solution
at T = 1

(b) L∞ error at T = 1
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(e) L∞ error at T = 2
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(g) Numerical solution
at T = 4

(h) L∞ error at T = 4

Y

U

­2 ­1.5 ­1 ­0.5 0 0.5 1 1.5 2

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45
Exact

Numerical

(i) Comparison along
x = 0 at T = 4

Fig. 4.5. Numerical solution of 2D Barenblatt solution on an unstructured triangular mesh
with m = 5 in Sec. 4.2.4.

4.2.5. PMEs: merging problem and discontinuous initial condition. In523

this test, we consider m = 2 in (4.10) with two different initial conditions. The first524

test is a merging problem, which illustrates the interaction and eventual merging525

of two compactly supported functions. The boundary condition is periodic and the526

initial condition is prescribed as:527

(4.12) u0(x, y) =


exp

(
−1

6− (x− 2)2 − (y + 2)2

)
, (x− 2)2 + (y + 2)2 < 6,

exp

(
−1

6− (x+ 2)2 − (y − 2)2

)
, (x+ 2)2 + (y − 2)2 < 6,

0, otherwise.

528

For the merging test, we take the computational domain Ω = [−10, 10] × [−10, 10].529

The numerical solutions at T = 0.5, 1, and 4 are shown in Fig. 4.6 and align well with530

the reference results reported in [8, 12, 21].531

The second test uses discontinuous initial data:532

(4.13) u0(x, y) =

{
1, if |x| ≤ 1 and |y| ≤ 1,

0, otherwise.
533
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(a) Contour at T = 0.5 (b) Contour at T = 1 (c) Contour at T = 4

(d) Surface at T = 0.5 (e) Surface at T = 1 (f) Surface at T = 4

Fig. 4.6. Numerical solutions at T = 0.5, 1, 4 for merging problems in Sec. 4.2.5 on 9370
unstructured triangles.

The computational domain is Ω = [−2, 2]× [−2, 2]. This example is designed to test534

the robustness of the proposed DoC-FV scheme. We observe that, under the same535

settings, the DoC-LDG scheme proposed in [22] will blow-up for this test, while the536

present DoC-FV scheme performs well. For this second test, we utilize the following537

monotone finite difference method on a 1000× 1000 uniform Cartesian mesh which is538

proved the semi-discrete convergence in [10]:539

(4.14)
un+1
ij − un

ij

∆t
=

(
An

i+1,j − 2An
ij +An

i−1,j

)
(∆x)2

+

(
An

i,j+1 − 2An
ij +An

i,j−1

)
(∆y)2

,540

where un
ij is an approximation of the exact u(xi, yj , t

n) and An
ij ≜ (un

ij)
2. The nu-541

merical and reference solutions are shown in Fig. 4.7 and the results show that our542

scheme align well with the reference solution.543

(a) Numerical solution (b) Reference solution
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Ref

Numerical

(c) Comparison along
x = 0

Fig. 4.7. Numerical solutions of PME (4.10) with m = 2 and discontinuous initial condition
at T = 0.1 in Sec. 4.2.5.

4.2.6. PMEs: irregular domains. In this test, we consider the PME (4.10) on544

two nonstandard domains defined as the union of a square with (i) a trapezoid with545

m = 2 and (ii) a three-quarter disk with m = 4; see Fig. 4.3 for an illustration. The546
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boundary condition is set as the Dirichlet condition uB = 1 at the bottom y = 0 and547

homogeneous Neumann condition mum−1∇u · n∂Ω = 0 at other boundaries, where548

n∂Ω is the outer normal vector of ∂Ω. The boundary condition is also illustrated549

in Fig. 4.3(b) and Fig. 4.3(c). The initial condition is u0(x, y) = 1 for y < 1 and550

u0(x, y) = 0 otherwise. The numerical solutions computed on meshes in Fig. 4.3 and551

on refined meshes (used here as a reference) are shown in Fig. 4.8 and Fig. 4.9 for552

comparison. The numerical solutions on coarse meshes match the reference solutions553

well. We observe that, in the square-three-quarter-disk case (Fig. 4.9), the propagat-554

ing front is not perfectly smooth; a similar behavior is also observed for the first-order555

scheme. This feature is likely caused by geometric discretization errors, since the cir-556

cular arc is approximated by piecewise linear boundary segments on the unstructured557

triangular mesh. The artifact will gradually diminish under mesh refinement, and in558

contrast, no such artifact is observed in the square-trapezoid case (Fig. 4.8), where559

the boundary is polygonal and can therefore be fitted exactly by the mesh.560

(a) Coarse mesh at T =
0.5

(b) Refined mesh at
T = 0.5
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(c) Comparison along
x = 0.5 at T = 0.5

(d) Coarse mesh at T =
1.0

(e) Refined mesh at
T = 1.0
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(f) Comparison along
x = 0.5 at T = 1.0

Fig. 4.8. The numerical results of the PME with m = 2 on a square-trapezoid domain at
T = 0.5 and T = 1.0 in Sec. 4.2.6 on both a coarse mesh (3196 triangles) and a refined mesh (12118
triangles).

4.2.7. PMEs: anisotropic diffusion. In this test, we consider an anisotropic561

porous medium type equation as follows:562

(4.15) ut =

2∑
i1=1

2∑
i2=1

∂i1∂i2A(u),563

with periodic boundary condition, where A(u) = u3/2, ∂1 represents ∂x and ∂2 rep-564

resents ∂y. The initial condition is taken as the discontinuous function (4.13) and565

the domain is set as Ω = [−2, 2] × [−2, 2]. The diffusion matrix of this equation is566

A′(u)

(
1 1
1 1

)
which makes this equation degenerate everywhere as the diffusion ma-567

trix always has a zero eigenvalue 0, and even two zero eigenvalues when A′(u) = 0.568
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(a) Coarse mesh at T =
0.4

(b) Refined mesh at
T = 0.4
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(c) Comparison along
x = 0.5 at T = 0.4

(d) Coarse mesh at T =
0.

(e) Refined mesh at
T = 0.8
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(f) Comparison along
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Fig. 4.9. The numerical results of the PME with m = 4 on a square-three-quarter-disk domain
at T = 0.4 and T = 0.8 in Sec. 4.2.6 on both a coarse mesh (2058 triangles) and a refined mesh
(5680 triangles).

The everywhere-degeneracy makes this problem more challenging. The reference so-569

lution is computed using the following monotone finite difference scheme:570

(4.16) un+1
ij = un

ij +
∆t

(∆x)2
(
An

i+1,j+1 − 2An
ij +An

i−1,j−1

)
,571

on 1000× 1000 uniform rectangular meshes with mesh size ∆x = ∆y = 1/250, where572

un
ij is the point value and An

ij = A(un
ij). The numerical solution and its comparison573

with the reference solutions are presented in Fig. 4.10, showing good agreement.574

(a) Numerical solution (b) Reference solution
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(c) Comparison along
the diagonal x = y,
plotted versus z =√

x2 + y2

Fig. 4.10. Numerical solution of anisotropic porous medium type equation (4.15) on 9362
triangles with discontinuous initial condition at T = 0.1 in Sec. 4.2.7.

4.2.8. Buckley-Leverett equation. Here, we consider the Buckley-Leverett575

equation which is used to simulate the two-phase flow in porous media:576

(4.17) ut + f1(u)x + f2(u)y =
1

100
(uxx + uyy),577
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where the non-convex convective fluxes are given as f1(u) =
u2

u2+(1−u)2 and f2(u) =578

(1 − 5(1 − u)2)f1(u) in (4.17). The boundary condition is periodic and the initial579

condition is u0(x, y) = 1 for x2+ y2 < 1
2 and 0 otherwise. The computational domain580

is set as Ω = [−1.5, 1.5] × [−1.5, 1.5] and is decomposed into 38070 unstructured581

triangles. The numerical solution at T = 0.5 is shown in Fig. 4.11 and agrees well582

with the solution in, e.g., [8, 21].

(a) Contour (b) Surface

Fig. 4.11. Numerical solution of Buckley Leverett equation (4.17) in Sec. 4.2.8.

583

4.2.9. Strongly degenerate convection-diffusion equation. In this test,584

we consider the following strongly degenerate convection-diffusion equation in two585

dimensions:586

(4.18) ut + f1(u)x + f2(u)y = ϵd(ν(u)ux)x + ϵd(ν(u)uy)y,587

where f1(u) = f2(u) = u2, ϵd = 0.1. The diffusion coefficient ν(u) and the initial588

condition are defined as:589

(4.19) ν(u) =

{
0, |u| ≤ 0.25,

1, |u| > 0.25,
u0(x, y) =


1, (x+ 0.5)2 + (y + 0.5)2 < 0.16,

− 1, (x− 0.5)2 + (y − 0.5)2 < 0.16,

0, otherwise.

590

The boundary condition is set as periodic condition. The computational domain is set591

as Ω = [−1.5, 1.5]× [−1.5, 1.5] and is decomposed into 38070 unstructured triangles.592

The numerical solution at T = 0.5 is shown in Fig. 4.12 and matches well the solutions593

in, e.g., [8, 12, 21].

(a) Contour (b) Surface

Fig. 4.12. Numerical solution of strongly degenerate convection-diffusion equation (4.18) in
Sec. 4.2.9.

594
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5. Concluding remarks. In this work, we extend the notion of “double con-595

servation” to unstructured triangular meshes, thereby removing a key obstacle to596

applying the DoC-FV scheme on general meshes. Building on this framework, we de-597

velop a DoC-FV scheme on non-uniform meshes in one dimension and on unstructured598

triangular meshes in two dimensions. To get the doubly conservative property, we in-599

troduce a new decomposition of ∇ϕj , the gradient of the piecewise linear hat function,600

which preserves the required local conservation for the convective flux. Then we prove601

that our new DoC-FV scheme satisfies the Lax-Wendroff type theorem. Extensive nu-602

merical experiments verify the high-order accuracy, non-oscillation near shocks, and603

robustness of the proposed method on both regular and irregular geometries.604

As the future work, we plan to extend the DoC-FV scheme to more complex605

systems, including the compressible Navier-Stokes equations.606
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