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Abstract

To address the computational bottlenecks in efficient, accurate, and robust simulations of the
Richards equation for unsaturated flow in geotechnical media, we propose a third-order explicit-
implicit-null (EIN) time integration method. For spatial discretization, a conservative high-
order finite-difference multi-resolution weighted essentially non-oscillatory (WENO) scheme is
constructed to accurately resolve sharp wetting fronts and suppress spurious oscillations. The
core idea of the EIN framework is to add and subtract a suitably large Laplacian operator at
one side of the Richards equation, followed by an implicit-explicit (IMEX) time-marching strat-
egy that treats the added linear diffusion term implicitly and all other terms explicitly. This
treatment significantly relaxes the time-step restriction and completely avoids costly nonlinear
iterations, substantially improving computational efficiency, especially for large-scale and three-
dimensional (3D) problems. To further ensure physical rationality and numerical robustness, a
bound-preserving sweeping technique is incorporated to maintain solutions within physical bounds,
while preserving conservation and accuracy. The proposed algorithm is easy to implement and
readily integrable into geotechnical applications. The performance and practical applicability are
demonstrated by a series of numerical experiments, ranging from canonical infiltration benchmarks
to challenging 3D application problems in layered and heterogeneous soils, including a realistic

case using field-sampled black soil parameters from Northeast China.
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1. Introduction

Reliable numerical simulation of unsaturated flow in geotechnical media is critical for numer-
ous scientific applications, such as slope stability, landfill design, embankment performance, and
subsurface contamination. Such flow processes, driven by gravitational and capillary effects, are
typically governed by the Richards equation [46], a highly nonlinear and time-dependent par-
tial differential equation (PDE). Numerical methods provide a powerful tool for its solution, yet
considerable challenges persist in achieving satisfactory accuracy, robustness, and computational
efficiency, especially for large-scale and 3D application problems.

A variety of numerical methods have been developed for the Richards equation, including finite
element method (FEM) [1, 10, 42, 50], finite volume method (FVM) [22, 40, 51, 52] and finite dif-
ference method (FDM) [11, 14, 20, 47]. These approaches often face challenges in simultaneously
achieving high-order accuracy, mass conservation, and oscillation-free resolution of sharp wetting
fronts. Notably, hyperbolic behavior may emerge when the convection term becomes dominant
or the diffusion term undergoes degeneration [24]. Some other techniques have also been imple-
mented, such as the Eulerian-Lagrangian approach [24], mixed finite element methods [2, 6, 31],
the local discontinuous Galerkin (LDG) method [36], and meshless techniques [7, 8]. However, the
accuracy achieved in most of these works does not exceed second-order. To accurately capture the
dynamics of wetting fronts, weighted essentially non-oscillatory (WENO) methods [4, 27, 37, 49|
provide exceptional performance, delivering high-order accuracy in smooth regions while effec-
tively suppressing non-physical oscillations near steep gradients and discontinuities. Recently,
Zhu and Shu [68] proposed a new type of multi-resolution WENO (MRWENO) schemes, featuring
unequal-sized stencils and linear weights that can be any positive numbers provided their sum
equals 1. Such flexibility simplifies the procedure in applications of WENO schemes, enabling
ready extension to arbitrary high-order accuracy and higher dimensions.

Beyond steep wetting fronts, solutions to the Richards equation also satisfy a bound-preserving
(BP) property, i.e., the moisture content 6 € [f,, 6] and the unsaturated pressure head ¢ < 0.

Enforcing such physical bounds is essential for numerical stability and robustness. However, high-
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order schemes do not inherently preserve such constraints. To address this issue, various BP
methods have been developed, including scaling limiter [65-67], flux limiter [26, 59, 60], sweeping
technique [38], and convex limiting [19, 33]. Capable of achieving BP properties without compro-
mising conservation or high-order accuracy, these methods have been widely applied to physically
constrained systems. However, to the best of our knowledge, few studies have focused on the BP
techniques for Richards equation. In our recent work [58], a high-order BP finite-difference MR-~
WENO method was proposed for Richards equation that achieves fourth- and sixth-order spatial
accuracy. A parameterized flux limiter was introduced to guarantee physical admissibility of the
numerical solution. Nevertheless, the time discretization adopted in [58] is the explicit strong-
stability-preserving (SSP) Runge-Kutta (RK) time discretization, which is easy to implement and
easily complies with the parameterized flux limiter for bound preserving, but involves small time
step restriction for stability, especially if diffusion is dominant in part of the computational do-
main. This motivates the development of a more efficient time-marching method, which is the
core focus of this work.

Given the strong nonlinearity and stiffness of the Richards equation, a proper treatment of
the temporal derivative is crucial for efficiently computing reliable numerical solutions. Explicit
time schemes [21, 43, 58, 61] avoid nonlinear iterations, yet suffer from the stability constraint
At = O(h?) imposed by the Courant—Friedrichs-Lewy (CFL) condition due to the diffusion term,
where At is the time step and h is the mesh size. Such an extremely small time step leads to low
computational efficiency for large-scale simulations or fine grid discretizations. Therefore, most
current studies employ implicit schemes owing to the large time steps afforded by unconditional
stability, such as the backward Euler method [2, 6, 29, 44], Crank-Nicolson scheme [12; 45], and
implicit RK scheme [48]. TImplicit schemes require solving nonlinear algebraic systems at each
time step (typically via Newton or Picard iterations), not only incurring high costs but also
posing significant implementation challenges for spatially high-order schemes. More critically,
the iterative procedure may fail to converge due to the nonlinearity of soil constitutive laws

[13, 30, 35]. The drawbacks of fully explicit and fully implicit methods underscore the importance
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of exploring time integration methods that combine the strengths of both strategies. The explicit-
implicit (IMEX) method [32] is a typical example, which treats the diffusion terms implicitly and
convection terms explicitly, thus avoiding severe parabolic restrictions on the maximum admissible
time step. However, for the Richards equation, it still involves solving large nonlinear algebraic
equations. Accordingly, considerable efforts have been devoted to developing non-iterative semi-
implicit methods for the Richards equation [30, 31, 34, 45], which convert implicit nonlinear
problems into linear systems via linearization techniques. Paniconi et al. [45] demonstrated
that non-iterative schemes appear as a promising alternative to iterative methods. Non-iterative
implicit time-stepping schemes with adaptive truncation error control were developed by Kavetski
et al. [30] for solving the pressure-head form of Richards equation. Keita et al. [31] proposed
a linear semi-implicit second-order time-stepping method with a mixed finite element method,
linearizing nonlinear terms via extrapolation formulas and Taylor approximations. It is evident
that avoiding nonlinear iterations while allowing larger time steps constitutes a viable strategy for
efficient temporal discretization, though further improvements in accuracy and stability remain
desirable.

To improve existing works in achieving high-order accuracy, computational efficiency, and ro-
bustness, we consider a high-order explicit-implicit-null (EIN) time-marching scheme in this paper.
This method was first proposed and applied by Douglas and Dupont [15] for nonlinear diffusion
equations, and later formally named the EIN method by Duchemin and Eggers [16]. Recently,
Tan et al. [53] developed a third-order EIN time-marching scheme for high-order dissipative and
dispersive equations, coupled with spatial discretizations based on the FDM and LDG schemes.
With the Fourier method, they performed a stability analysis for the simplified linear equations
and offered guidance on coefficient selection. The basic idea of EIN method is to add and subtract
a sufficiently large linear highest derivative term on one side of the considered equation (effectively
adding zero), and then apply the IMEX time-marching method to the equivalent equation. That
is, treat the added linear stiffness terms implicitly and all other terms explicitly. By appropriately

choosing the coefficient of the added term, the scheme can be stable under a relaxed time step
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restriction.

In this paper, we construct a third-order bound-preserving EIN-MRWENO scheme for the
Richards equation in mass-conservative form (mixed or #-based form). The time discretization
adopts the EIN methodology, adding and subtracting a linear diffusion term on one side of the
Richards equation. Since the linear added term is treated implicitly, only a linear system needs to
be solved, and the time step can be relaxed to At = O(h). Compared to other non-iterative semi-
implicit methods, the EIN method offers a more intuitive theory and simpler implementation. For
spatial discretization, we follow the design of [58], adopting a conservative MRWENO scheme in
the finite difference framework. Specifically, a third-order MRWENO scheme is employed for the
convection term, with the Roe speed being used to ensure correct upwind biasing and stability. For
the nonlinear diffusion term, a fourth-order MRWENO scheme is used to tackle the degeneration
issue, whereas the added linear term is discretized with a fourth-order central difference scheme. To
enforce the physical bounds of numerical solutions, we adopt a simple BP sweeping technique that
acts as a postprocessing step without compromising global conservation or accuracy. Over all grid
points in a predefined order, a forward sweep and then a backward sweep are performed, where
any value exceeding the bound is corrected together with its neighbor using the given positive
weights and bound values. The discretization framework combining EIN and finite difference
schemes offers simplicity in both algorithmic design and coding, along with efficiency benefits for
3D simulations, thereby facilitating direct integration into large-scale programmes. Numerical
experiments, including benchmarks and 3D application infiltration cases, demonstrate the high-
order accuracy, enhanced efficiency, BP performance, and broad applicability of the proposed
method.

The outline of the paper unfolds as follows. After the introductory section, the governing
equations and the hydraulic models are presented in Section 2. In Section 3, we describe the
details of time and space discretizations, then elaborate on the procedure of the BP sweeping

technique. Numerical tests are shown in Section 4. The last concluding section finalizes the

paper.
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2. Governing equations

2.1. Richards equation

The Richards equation, derived by combining the continuity equation with Darcy’s law, de-

scribes the movement of unsteady unsaturated infiltration flow:

0 OK (V)
5~ V- (K@)Ve) + =2 =0, (2.1)

where 6 is moisture content, ¢ is pressure head, K is hydraulic conductivity, z is the vertical
coordinate taken positive downward and ¢ is time. Eq. (2.1) is known as the mixed-form Richards
equation. The Darcy flux is given by q = —K(¢))VH, where H is the total head defined as

H = — z. With the chain rule of differentiation, the #-based form is written as:

00 0K ()
5 V- (D(0)VE) + 9 0, (2.2)
and the -based form is:
0 0K
)2 v (K + B g 2.3)

where C(v)) = 00/0% is the specific fluid content function, and D(0) = K(0)0v /00 = K(6)/C(0)
is the fluid diffusivity function.

The mixed-form and #-based equations offer advantages for constructing conservative numerical
schemes, as they satisfy mass conservation intrinsically. Furthermore, the mixed form exhibits
greater applicability to realistic complex media. We therefore focus on the numerical methods for

the mixed-form equation (2.1) in the subsequent discussion.

2.2. Hydraulic models

For the solution of Richards equation, constitutive relations of hydraulic properties are required

to characterize hydraulic conductivity K and moisture content # as functions of pressure head 1.



127

128

129

130

131

132

134

135

136

137

138

139

140

141

142

143

144

145

Several widely used hydraulic models are adopted in this work, one of which is the Van Genuchten-

Mualem model [57]:
00,
C0,—0,

K=K (1-(1- @;/m)m>2,

Oc = (1+ (alp))") ™™,

(2.4)

where 6, and 6, are the residual and saturated moisture contents respectively, 6, is the effective
saturation (0 < 6, < 1), K is the saturated hydraulic conductivity, [ is the pore connectivity
index, usually taken as 0.5, o, n and m are empirical parameters and m =1 — 1/n.

Another one is the Brooks-Corey model [9], which expresses the normalized moisture content

0. as a power function of h:

Y
0, = (%) . K =K.,0", (2.5)

where 1, is the air-entry head value (¢ < 1, < 0), A > 0 is the pore size distribution index, with
typical values ranging between 0.1 and 10, and 7 is a model parameter.

Moreover, Gardner’s exponential model [18], commonly employed for numerical validation,
reads:

0. = exp(py), K = Ksﬁf, (2.6)

where p and 3 are model parameters.

3. Numerical methods

To implement the EIN method, we add and subtract a Laplacian operator with constant
coefficient at one side of the mixed form Richards equation (2.1) for approximating the nonlinear

diffusion term:

50 = Y (KW)VY) — K(v). - alv2q+a1j20, (3.1)
7’1 2

where a; is an appropriately large constant such that 77 is either not stiff, or less stiff and less
dissipative compared to 75, thus it can be treated explicitly, and 75 is stiff and dissipative, thus

will be discretized implicitly.
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In this section, we will provide a specific description of the full spatial and temporal discretiza-

tions.

3.1. Spatial discretization

3.1.1. Discretization for the convection term

To achieve high order accuracy in space and control spurious oscillations near the wetting
fronts, we adopt a third-order finite difference multi-resolution WENO (MRWENO) method to
discretize the convection term, K (v)),.

Take the one-dimensional (1D) case as an example. A uniform mesh z; with constant mesh size
Az = z;41—2; is adopted for the computation, and the half point is denoted as z;11/2 = (2i+2i41)/2.
We construct a conservative flux difference to achieve the third-order accurate approximation at

z =z, l.e.,
K (1) Kitis — Kio1) ;
=\ = O(A
0z lz Az +0(az%),

where K, /2 is the numerical flux obtained by the MRWENO reconstruction, and the set of grid
points S = {zi_, ..., zi+¢} involved in the flux approximation constitutes the stencil.

In order to ensure correct upwind biasing and stability, the Roe speed is utilized instead of the
flux splitting used in [68] to avoid the singularity arising from K’. The characteristic direction for

the mixed form equation (2.1) is given by K'(1)¢’(), and the Roe speed is defined as

Air172 = (K (Yig1) — K(¥3)) (Yig1r — Vi) (W(0i41) — ¥(6;)) (Oia — 0;) -

Here and hereafter, we let ¢; and 6; be the point values of ¥ and # at the grid point z;, let
K; = K(1;) and denote the interval I; = [2;,_1/2, 2i41/2]. The third-order MRWENO reconstruction
to obtain the numerical flux fQH /2 follows a similar procedure to that in our recent work [58],

and is briefly summarized as follows for completeness.

1. Select two nested central spatial stencils S(© = {[;} and S (1) that depends on the Roe speed.

Specifically, if ;1 > 0, indicating flow from left to right, the left-biased stencil S =
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{I,_1, I, I 11} is employed; otherwise, the right-biased stencil SM) = {I;, I, .1, I; 45} is used.
Reconstruct a zeroth degree polynomial ¢(z) and a quadratic polynomial ¢;(z) which satisfy

1 Zj+AZ/2

K.
w(2)dz = —=, zj € S(k), k=01,

Az zj—Nz/2 KM

where Ky = max{|K;| : z; € S} + ¢ is a scaling factor, with g = 107 used to avoid
division by zero. The introduction of Kj; serves to normalize the values within the stencil,
effectively alleviating the adverse effects of extreme numerical scales induced by the nonlinearity

of Richards equation on the WENO reconstruction, thereby improving numerical stability.

. Obtain equivalent expressions for the reconstruction polynomials. We denote po(z) = qo(2)

and

pi(z) = %W) ~ L),

where 7 and ~; are linear weights that can be any positive numbers as long as 79 +v; = 1 and

7 # 0.

. Compute the smoothness indicators 3y and 1, which measures how smooth the functions py(2)

and p;(z) are in the interval [z;_4 /25 Zit1 /2]. The smoothness indicator 3, is defined as

2 Zrl»AZ/Q da 2
By = Z/ Az2a1( p1(2>> dz.

a=1 Z—AZ/Q dZOé

while [y is defined as follows:

(K K\’ (K K \?
0= Ky Ky ) R Ky Kuy) o

- 1, <=, - -
Y01 = Y1 =11 -7,
10, otherwise ,
. Yo0,1 - -
Yog=—"—> Y1,1=1—"0.1,
Yo,1 + V1,1
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3 lso — s1|” 5 lso — <]
oy = 14—, o= 14—, o=o0y+ 0,
0 ’70,1( ote 1=7,1 ot 0 1

where ¢ is a small positive number to avoid the denominator to become zero, e.g. ¢ = 10710,

3 1 K; K4 i K K; ?
= — | O — o — .
0 O'2 0 KM KM ! KM KM

4. Compute the nonlinear weights based on the linear weights and the smoothness indicators.

Then we set

The nonlinear weights are given as

(I)k _ T
Wi = , W = 1+—— |, k=0,1,
e+ T 7’“( a+ﬁk)

where 7 = |31 — Sol.

5. The new final reconstruction polynomial w;(z) is given by

w;i(z) = Ky (wopo(2) +wipi(2)) ,

and the numerical flux Kiﬂ /2 is obtained by setting IA(Z»H /2 = Wi(Zig1/2)-

The algorithm for the high-dimensional version is implemented in a dimension by dimension
fashion. For the convection term K (v),, we simply fix the z- and y-indices and perform the same

1D operation along the z-direction, which is omitted here.

3.1.2. Discretization for the nonlinear diffusion term

For the approximation of the nonlinear diffusion term V - (K (¢)V1), a fourth-order finite
difference MRWENO scheme is adopted to overcome potential degeneracy issues.

We first consider the 1D case, and denote the flux function G(¢) := K (zﬁ)g—f. The conservative

finite difference approximation of the diffusion term then reads

IG(Y) Gi+1/2 - CA7Yz'71/2 4
= A
0z |z Az +O(AZ),

10
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where éiil /2 is the numerical flux at the interface z;4;/2. To reconstruct éi—i—l /2, we first approxi-

mate the derivative 2% at z; by
0z

o _ Biv1y2 — Bio1/
0z |z Az

+ O(AZY),

and we have

G = K(y) P e
which serve as a fourth-order accurate approximation of G(i(z;)). Therefore, we require two
MRWENO reconstruction procedures to approximate 1/31-“ /2 and CA?Z-H /2, respectively.

The fourth-order MRWENO program follows a similar framework as in Section 3.1.1, with K

replaced by ; and G, respectively. The only difference is the stencils, which are fully symmetric

about the interface z;,1/2, as the diffusion exhibits no upwind bias. That is,
SO =L}, 8§ ={L}, SO ={L;, s}, SP = {Lis1, L, L1, L),

where Sfpo) and Sg) ) denote the zeroth-degree stencil S used in the reconstruction of g&iﬂ /2 and
CAJZ-H /2, respectively. For more details about the MRWENO reconstruction procedure to obtain
the numerical fluxes @2”1 /2 and GiH /2, we refer to [58, 68].

We further consider the two-dimensional (2D) version. A uniform mesh (zy, 2;) is utilized,
with constant mesh sizes Ax = x.1 — xp and Az = z;;1 — z;. The half points are denoted as

Thi1/2 = %(xk + Tpt1)s Zig1je = %(zz + 2i11). Denote F(¢) := K(@b)g—f, and the fourth-order

conservative difference schemes are formulated as

oY B ¢k+1/2,z‘ — T;kq/z,z‘ 4
OF () B Fk+1/2,i - Fk—1/2,i 4
01 @) Az +0(Az),

11
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and

oY @k i+1/2 — &k i—1/2 4
— pr— 2 ! A
0z l(zx.z0) Az * O( : >7
0G () Gris1y2 — Grio1ya 4
= Ik : A
- I A + O(AZ%),

where F' and G are approximated at the grid points by

'(;k—l—l/Qi - @k—l/w %c i+1/2 — @k i-1/2
F i = K i : : s G i = K i : : .
k, (Yr) AL k, (Vr.i) A
The numerical fluxes @Ekﬂ /2,05 Fkﬂ /2, and Q/AJkﬂ-ﬂ /25 émil /2 are obtained by the above reconstruc-
tion algorithm.

The procedure for 3D case is applied in the same manner and is therefore omitted.

3.1.8. Discretization for the linear diffusion term

The added linear diffusion term V26 can be approximated by a standard fourth order central

difference scheme, for example, in 1D space:

%0 ﬁi+1/z - Di—1/2
— = O(AZ*
0221 Az +O(AZY),

with

. O;49 + 150,41 — 156; + 0,
Diy1/2 = 19A: .

The discretization extends similarly to 2D and 3D cases, with additional details simplified for

brevity.

Remark 3.1. The spatial discretization described above achieves global third-order accuracy, and
arbitrarily high-order accuracy can be attained by employing wider stencils, as demonstrated in
[58, 68]. Furthermore, the proposed method is constructed within a conservative discretization
framework, which enables its direct application to the 0-based form Richards equation (2.2) with
straightforward extensibility. The discussions and results are available in [58].

12
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3.2. EIN temporal discretization

Assume that the semi-discrete scheme of (3.1) is written in the form of a first order ODE

system
db
= = N(t,¢,0)+ L(t,v,0), (3.2)
where N (t,1,0) and L(t,1),0) arise from the spatial discretization of the two parts 7; and 7 in
(3.1), respectively. To solve (3.2), a third order IMEX Runge-Kutta method [3] is used. Let 6"

and 1" denote the numerical solutions at time t", the time-marching method to find "' and

Y"1 is given by

( m m—1
00 = 0" + At aml(ty, vV, 00) + ALY amN (17, 1, 00),
I=1 I=1 (3.3)
w(m) — w(g(m))’ 1<m< 57
( 5 ~ 5 .
O = 0"+ ALY Lty v, 00) + ALY hN (e, Y, 00),
I=1 =1 (3.4)
g = (0,

where 0™ and ™ 1 < m <5 are intermediate values approximating 6(¢",) and 1 (¢",), respec-
tively, with
m -1
" =17+ e AL, ¢y = Z At =Y Gy
I=1 I=1

3

Denote the matrices (Gmi)sxs and (Gm)sxs, and coefficient vectors (51,...,55), (51,...,55), and

(c1,...,¢s5), then we can express the IMEX Runge-Kutta method as the following Butcher tableau:

13
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Ayl Cm Al
N1 2 3 45 1 2 3 4 5|y
10 0 0 0O0/O0O[O0 O 0 0 01
20 3 0 0O0]3|3 0 0 0 02
3]0 ¢ 3 0 0|2 % % 0 0 03
1o 5 3 50158 3 5 0 04
500 8 34414 § % -fols
wlo 3 -3 5 3[-14 1 & -1 ofh

Next, it remains to determine the coefficient of the added linear Laplacian operator, i.e., the

constant a; in (3.1), which we denote as
a1 = ag x max|D(0)] = a0 x yp, yp = max |K(¥)/C(¥)], (3:5)

where aq is a stability parameter, whose exact lower bound is crucial for the robustness and
resolution of the simulation. With the aid of Fourier method, a stability analysis for the proposed
scheme can be conducted, and the range of ay can be derived numerically. The detailed results
are available in [53, 54] for the convection-diffusion equations, which concludes that ag > 0.54. A
smaller ag cannot guarantee the stability, while a larger ag also introduces excessive error. Thus,

ag = 0.54 is a preferred choice, ensuring stability while relaxing the time step to

A=Az e = max | K'(0)/CW)), (3.6)
Yo P

where C,, is the Courant number.

Remark 3.2. In general, the Courant number C, is taken as a constant not exceeding 1, as
detailed in the stability analysis results in [53, 54]. However, for some cases with strong nonlin-
earities—such as sharp fronts driven by boundary conditions and highly heterogeneous soils—the
scheme may require a larger a; or a smaller time step to ensure stability. This results in smaller
and case-dependent values of C, in the numerical experiments section, which also reflects the high
stiffness of these problems.

14
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3.3. Bound-preserving sweeping technique

To guarantee the physical admissibility of the numerical solution 6 € [0,,0,], we introduce a
conservative bound-preserving sweeping technique. Take the 1D case as an example. We define
the weighted average © = < Zf\il 0;, where N = L/Az is the number of grid points and L
is the domain length. The conservative flux-difference form of our scheme ensures that © is
discretely conserved. Consequently, provided the initial condition and boundary values lie within
the physically admissible range, it follows that © € [f,,6,]. More precisely, for periodic or no-
flux boundary conditions, the numerical solution obeys a strict maximum principle, that is, 0" €
0, 001] for all 4 and n > 0, with 6, = min; {0} and 6y = max; {#7}. Henceforth, we denote
the minimum and maximum bounds to be preserved by 6,, and 6,,, respectively. The detailed

procedure consists of a forward sweep followed up by a backward sweep, as outlined below.

Algorithm 1 Bound-preserving sweeping procedure

Require: A set of numerical point values {;}¥ , (which do not necessarily lie in [6,, 6,]); and the
weighted average © € [0,,0,].
Ensure: The updated 6; € [0,,6,], Vi, and © remains unchanged.
1. Forward Sweep
fort=1to N —1do
if 0, < 0,, then
(91'+1 — 9i+1 + ((91 — Hm), 91 — 0m;
end if
if 6; > 0,; then
Oiv1 < Oipr + (0, — Opr),  0; < Onr.
end if
end for
2. Backward Sweep
for : = N to 2 do
if 0, < 0,, then
91'_1 — 91'_1 + (91 — Qm), 92 — Qm,
end if
if 0; > 0,; then
91'_1 <—«9i_1+(9i—9M), Qz %GM
end if
end for

The sweeping procedure is applied as a post-processing step at the time step ¢t and intermediate

stage t7 to guarantee the bound-preserving property and global conservation, without depending
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on the underlying space-time discretisation scheme. For the supporting theorems and proofs, we
refer the reader to [38]. Furthermore, the numerical accuracy is also verified by the tests in Section

4.

For the 2D case, the weighted average is defined as © = N:NZ Zfﬂvjl ZZV:ZI Ori. We treat the
numerical solutions {Hkl},ivfivl as a one dimensional matrix, thereby enabling the application of
Algorithm 1. The sweeping orders are varied, while attempting to maintain the neighboring

relations of the points. There are two orders with comparable sweeping effects:

e Column by column: {611,....,0n1,0n2,...,012,0135...}. For each column i = 1,2,...,N,,
perform the sweeping procedure with order £ = 1,2,..., N, for odd i, and with order

k=N, N,—1,...,1 for even i.

e Row by row: {611,...,01n,62n,....,021,031...}. For each row k = 1,2,..., N,, perform the
sweeping procedure with order ¢+ = 1,2, ..., N, for odd k, and with order ¢ = N,, N, —1,...,1

for even k.

We can use either of these orders to sweep, and other suitable orders are also admissible. The 3D

case is processed in the same manner.

4. Numerical experiments

This section is devoted to the numerical tests and simulations of the bound-preserving EIN-
MRWENO scheme developed in the preceding sections. The examples are arranged in order of
increasing dimension and complexity. A uniform grid spacing is adopted in each spatial direction
for all test cases, which we denote by h.

To show the efficiency of the EIN scheme, we compare the computational costs and accuracy

with the explicit three-stage third-order strong stability preserving (SSP) Runge-Kutta (RK)
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s method. The form of the SSP-RK3 method for solving the ODE system df/dt = L(y) are

6 = " + AtL ("),
Pt = (o),

02 = 9" + At (%LL(@/JR) + iL(lp(l))) )

& = (0?);
1

ol = g 1 At (EL(W‘) + éL(w(l)) + §L(¢<2>)) ,

P = p(om).

26 For the EIN scheme, the time step size is chosen according to (3.6). For the SSP-RK3 scheme, we

27 follow the CFL stability condition, taking At = m for 1D problems, At = oAz +’YD/CAu12 oA
s for 2D problems, and At = oy e— AxQ%D TP DA for 3D problems. Unless otherwise stated,

289 the Courant number is taken as C, = 0.4. Additionally, a summary of the efficiency comparison

200 for the test cases is provided in Section 4.3.

21 4.1. Numerical verification

22 Example 4.1. Accuracy and efficiency test

203 In this test, we solve the mixed-form Richards equation with artificial source terms on domains
204 [0,27]? under periodic boundary conditions, where d = 1,2,3 are the dimensions. The three

205 different hydraulic models presented in Section 2.2 are tested with the parameters:

1 1
,=0,0,=1, a=1, K;,=1, n=2, m:§, vy = —1, A =10, n:E, p=1, =1,

206 and we have

207 e Van Genuchten-Mualem model: K(¢) = (1 + ¢?)7V4(1 — /1 — (1 +¢2)"1)2 () =
298 —/072 — 1,

209 e Brooks-Corey model: K(¢) = —1/1, ¥(0) = —0~1/10,

17
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e Gardner model: K(v) = exp(¢), ¥(0) = log0,

The exact solutions of the problem are given as 0(z,t) = 143 sin(z—t), 0(z, 2, t) = 3+ sin(z+2z—1)
and 0(x,y, z,t) = 5 + ¢ sin(z +y + z — t) for d = 1,2, 3 respectively, which are smooth and do not
exceed the bounds of [6,.,0;]. The source terms S can be derived accordingly and are available in
[58].

We test the EIN and SSP-RK3 schemes coupled with the third-order MRWENO spatial dis-
cretization by setting the final time to T = 1. The errors, numerical orders of accuracy, and the
CPU times are shown in Tables 1 to 3 for d = 1,2,3. We can observe that the schemes achieve
the designed order of accuracy for different hydraulic models in 1D, 2D and 3D, respectively. Fur-
thermore, the CPU time required by the EIN-MRWENO scheme is significantly lower than that
of the SSPRK-MRWENO scheme, with the savings scaling proportionally to the grid size. For

highly refined meshes, the reduction in computational cost can reach up to 99%.

Example 4.2. Bound-preserving sweeping test

This example is designed to demonstrate the effectiveness of the BP sweeping technique while
maintaining the accuracy of the proposed EIN-MRWENO discretization. The Gardner model
(2.6) is employed to describe the hydraulic properties of the Richards equation, with parameters
0,=0,0,=1,p=1,5=1, and K, = 10, yielding the constitutive relations /() = log# and
K () = 10%". Periodic boundary conditions are imposed on the domain z € [0,10%], and the
initial condition is prescribed as 6(z,0) = 1 + 1 (1 —((1+ Sin(27rz/104))/2)4>4. The solution 6
evolves within the range 6,, = 1/2 and ), = 1, which corresponds to the bounds to be preserved
by the sweeping procedure. A reference solution is computed on a fine mesh of 2560 grid points at
T = 1. The errors and convergence orders, both without and with BP sweeping, are reported in
Table 4. Negative values of 0, — 0,, and 0y, — 0,,. imply the approximation has gone out of the
bound [0,,, 0x/]. And BP(%) in the table represents the percentage of grid points whose values are
adjusted during the sweeping process. We can clearly see that the sweeping technique effectively

enforces the bound-preserving property, while the designed order of accuracy is preserved.
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Table 1. Numerical accuracy and comparison of efficiency in 1D space of Example 4.1.

Van Genuchten-Mualem model

EIN-MRWENO SSPRK-MRWENO
Grid L; error  Order CPU time L error  Order CPU time Ratio Savings(%)
80  5.39E-06 - 0.027 4.30E-06 - 0.124 4.59 78.20

160 5.84E-07 3.21 0.098 5.15E-07  3.06 0.600 6.09 83.59
320  6.93E-08 3.07 0.402 6.47E-08  2.99 3.639 9.05 88.94
640 7.90E-09 3.13 1.823 7.97E-09  3.02 17.020 9.34 89.29
1280 &8.42E-10 3.23 11.754 7.64E-10  3.38 122.463 10.42 90.40
Brooks-Corey model

EIN-MRWENO SSPRK-MRWENO
Grid L; error  Order CPU time L error  Order CPU time Ratio Savings(%)
80  4.41E-06 0.041 2.58E-06 - 0.093 2.28 56.09

160  4.60E-07 3.26 0.061 2.57TE-07  3.33 0.353 5.83 82.84
320  5.20E-08 3.14 0.134 2.14E-08  3.59 2.087 15.60 93.59
640 6.26E-09  3.05 0.710 2.25E-09  3.25 9.916 13.97 92.84
1280 7.70E-10  3.02 5.651 2.63E-10 3.10 114.301  20.23 95.06
Gardner model

EIN-MRWENO SSPRK-MRWENO
Grid L; error  Order CPU time L error Order CPU time Ratio Savings(%)
80  5.22E-06 - 0.048 6.66E-06 - 0.157 3.26 69.29

160  5.74E-07  3.19 0.088 6.45E-07  3.37 0.658 7.49 86.66
320 6.75E-08  3.09 0.402 9.41E-08  2.78 4.094 10.19 90.18
640 7.36E-09  3.20 2.705 7.05E-09 3.74 26.233 9.70 89.69
1280 8.74E-10  3.07 19.828 8.43E-10  3.07 257.979  13.01 92.31

ne 4.2. Application cases
27 Example 4.3. 1D infiltration problem for validation

We consider a one-dimensional infiltration problem that possesses a simplified analytical solution,
providing a benchmark for numerical validation. It was originally proposed by Basha [5] based
on Gardner’s exponential model (2.6) and has been employed in [25, 41]. The soil parameters are
given by

6, = 0.0286, 0, = 0.3658, K, = 0.2254cm/min, 8 = 1.

»s The parameter p (cm™1) can be interpreted as a measure of the relative importance of advection
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Table 2. Numerical accuracy and comparison of efficiency in 2D space of Example 4.1.

Van Genuchten-Mualem model

EIN-MRWENO SSPRK-MRWENO
Grid Ly error Order CPU time L; error  Order CPU time Ratio Savings(%)
40x40  3.17E-05 - 0.284 2.32E-05 - 0.989 3.48 71.24
80x80  3.86E-06 3.04 1.601 3.11E-06  2.90 9.113 5.69 82.43

160x160 4.37E-07 3.14 8.933 3.69E-07  3.08 117.168 13.12 92.38
320320 5.19E-08  3.07 36.352 5.01E-08 2.88  1587.201  43.66 97.71
640x640 6.00E-09 3.11 204.510  6.22E-09 3.01 17262.651 84.41 98.82

Brooks-Corey model

EIN-MRWENO SSPRK-MRWENO
Grid Ly error  Order CPU time Lj error  Order CPU time Ratio  Savings(%)
40x40  3.74E-05 - 0.132 1.42E-05 - 0.985 7.45 86.57

80x80  4.23E-06 3.15 0.492 1.94E-06  2.87 7.745 15.74 93.65
160x160 4.92E-07  3.10 2.660 1.75E-07  3.47 84.199 31.65 96.84
320x320 5.64E-08  3.12 18.861 1.47E-08  3.57  1010.379  53.57 98.13
640x640 6.80E-09  3.05 84.308 1.72E-09  3.10  19498.926 231.28 99.57

Gardner model

EIN-MRWENO SSPRK-MRWENO
Grid Ly error  Order CPU time Lj error Order CPU time Ratio  Savings(%)
40x40  3.01E-05 - 0.389 2.93E-05 - 3.234 8.32 87.98

80x80  3.60E-06  3.06 1.683 5.09E-06  2.52 26.956 16.02 93.76
160x160 4.06E-07  3.15 9.345 5.10E-07  3.32 311.403 33.32 97.00
320320 4.84E-08  3.07 63.199 7.04E-08 286  3609.670  57.12 98.25
640x640 5.23E-09 3.21 272.892  4.96E-09 3.83 41812.506 153.22 99.35

20 (gravity) compared to diffusion (capillarity). We define the constant celerity ¢ and diffusivity D,

0K K, o _ K,

90— 6,—0, )5 p(0, — 6,)

C

10 The following two distinct regimes are considered:

331 (1) Convection-dominated problem:

Oy — 01 (zict)
0(z,t) = E_i+ DYE |+ 60;, Ei =erfc ,
(2,) 9 [E_1 +exp(cz/D)Ey] I +1 o/ Di

0(0,t) =0, =0.3, 0(z,0)=60; =003, p=10cm "
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Table 3. Numerical accuracy and comparison of efficiency in 3D space of Example 4.1.

Van Genuchten-Mualem model

EIN-MRWENO SSPRK-MRWENO
Grid Ly error  Order CPU time L; error Order CPU time Ratio Savings(%)
10x10x10  4.99E-03 - 0.304 1.52E-03 - 1.286 4.23 76.36

20x20x20 5.19E-04  3.26 1.470 1.88E-04 3.01 6.369 4.33 76.91

40x40x40  2.96E-05 4.13 7.585 1.90E-05 3.31 43.064 5.68 82.39

80x80x80  3.26E-06  3.18 51.370 2.62E-06  2.86 629.824  12.26 91.84
160x160x160 3.77E-07  3.11 662.587  2.98E-07 3.14 16839.287 25.41 96.07
Brooks-Corey model

EIN-MRWENO SSPRK-MRWENO
Grid Ly error  Order CPU time L; error  Order CPU time Ratio Savings(%)
10x10x10 1.46E-03 - 0.243 1.13E-03 - 1.406 5.78 82.71

20x20x%20 2.22E-04 2.71 0.843 9.63E-05 3.55 7.993 9.49 89.46

40x40x40 3.27TE-05  2.76 4.279 1.10E-05  3.12 69.843 16.32 93.87

80x80x80 4.25E-06 2.94 26.391 1.67E-06  2.72 727.947  27.58 96.37
160x160x160 5.36E-07  2.99 323.834  1.43E-07 3.55  17792.290 54.94 98.18
Gardner model

EIN-MRWENO SSPRK-MRWENO
Grid Ly error  Order CPU time L error  Order CPU time Ratio Savings(%)
10x10x10 2.65E-03 - 0.573 2.17E-03 - 8.883 15.49 93.54

20x20x20  3.53E-04 2.91 2.840 2.31E-04  3.23 50.003 17.60 94.32
40x40x40 1.97E-05 4.16 13.148 1.80E-05  3.69 307.268  23.37 95.72
80x80x80  2.78E-06  2.83 86.824 5.36E-06 1.74  2630.210 30.29 96.70
160x160x160 3.20E-07  3.12 964.185  4.25E-07 3.66  54234.192 56.25 98.22

s where erfc(-) is the complementary error function, defined as erfe(z) = 2/y/7 [ exp(—w?)dw.

333 (2) Diffusion-dominated problem:
q(0s —0,) cz c’t t cz 2t 22
_g Mg (14 E LS D)Eoy + 20 ——exp | 2 — S0 2
b)) = 01 = === | B ot )l DIEa+ 2 TE e 55 = 05 = ap |
oyY(0,t
—K(¢(0,1)) (% — 1) = ¢ = —0.15cm/min,
2

0(2,0) =0; =0, +¢;, p=0.025cm™ !,

s where a small value e; = 107° is introduced to avoid the singularity in the pressure head 1 (6) =

15 1/plnf,, ensuring the initial condition is well-defined.
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Table 4. Numerical errors and orders of Example 4.2 without and with BP sweeping

Grid L; error  Order L* error Order BP(%) Omin — 0 Oar — Omax

40 5.95E-03 - 3.05E-02 - - 2.56E-03  7.21E-05

Without 80  2.18E-03 145 1.29E-02 1.24 - 2.12E-05  -1.23E-05

BP sweeping 160 2.35E-04 3.22 8.68E-04 3.89 - -4.41E-05 -5.38E-06

320  3.16E-05 2.89 1.18E-04  2.88 - -1.70E-06  -4.88E-08

640 4.01E-06 2.98 1.49E-05 2.98 - 6.91E-08  1.10E-09

40  5.66E-03 - 1.97E-02 - 1.54 2.16E-03  7.87E-05
With 80  2.31E-03 1.30 1.38E-02 0.51 11.25 0 0
BP sweeping 160 2.56E-04 3.17 1.17E-03 3.57  17.82 0 0
320 3.16E-05 3.02 1.18E-04 3.31 11.25 0 0

640 4.01E-06 2.98 1.49E-05 2.98 1.68 6.95E-08  1.11E-09

Figure 1 presents the numerical solutions for the convection-dominated and diffusion-dominated
problems at various times, which are in good agreement with the analytical solutions. As time
advances, the wetting fronts propagate downward. For convection-dominated case, infiltration is
rapid and gravity-driven, forming a steep front. For diffusion-dominated case, however, capillary
effects dominate, producing a significantly broader and more gradual front.

Moreover, the simulations are performed using the BP sweeping technique, whose performance
is illustrated in Table 5. For the convection-dominated problem, the bounds to be preserved are
determined by the initial condition and set to [0y, 8y], whereas for diffusion-dominated problems,
the non-homogeneous Neumann condition leads to a physical upper bound, and the preserved
range is set to [fr,0s]. As can be seen, the BP sweeping technique is essential—it not only
enforces physically meaningful bounds on the numerical solutions but also determines whether the

simulation can proceed stably.

Example 4.4. 1D water infiltration problem

This example, based on the Van Genuchten-Mualem model (2.4), originates from the work of
Celia et al. [11] and has subsequently been adopted in studies [23, 28, 51]. It considers a 0.6 m

soil column representative of New Mexico soils, with parameters given by
1
0, =0.102, 0, =0.368, a =3.35m™ ', K, =9.22x 10°m/s, n=2, m = 3
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Figure 1. Example 4.3: Numerical solutions of EIN-MRWENO scheme on the grid with h = 2.

The boundary conditions for the pressure head are set as 1(0,¢) = —0.75m and 1(0.6,¢) = —10m,
corresponding to moisture content values of 6(0,¢) = 0.20037 and 6(0.6,¢) = 0.10994. The initial

pressure head distribution is set to

10, 2 > 0.006,
¥(z,0) =

—0.75 — 222, 0 < z < 0.006.

Numerical simulations are performed to obtain the pressure head and moisture content at
various times with C, = 0.1, as presented in Figure 2. The reference solutions are taken from
Kavetski et al. [28], and good agreement with our results is observed. After 95000s, the wetting
front has propagated through the entire 0.6 m soil column. This benchmark represents the hydro-
logic response of typical arid and semi-arid soils under a wetting top boundary, which is relevant

for assessing water movement and redistribution in rainfall infiltration and irrigation management.

Example 4.5. 1D free drainage problem

This example is a free drainage problem in a 6 m deep lysimeter performed at the Los Alamos
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Table 5. Numerical errors and orders of Example 4.3

Convection-dominated problem Diffusion-dominated problem

Time Hmin — Qm QM — Qmax gmin — 0m QM — Qmax
30 -4.16E-05 7.995-05 NaN NaN
Withont 100 -T59E-08 “1.91E-08 NaN NaN
BP sweenng | 200 L18E09 3.07E-11 NaN NaN
400 -2.39E-11 9.46E-14 NaN NaN
30 0 6.706-05 0 0.16
. 100 0 0 0 0.12
p :leetilpmg 260 0 0 1.99E-07 0.11
400 0 0 7.14E-04 0.1

Note: The entry “NaN” (Not a Number) indicates an invalid complex result caused by
numerical solutions exceeding the physical bound.

S

\ = 0.18

Pressure head h (m)
°
>

Water Content 0 (-)

e
N

Reference
Initial
17000s
50000s

L 95000s

[e)eYe}
°
>
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s IR N R E R PN TR R SRR
05 0.6 . 0.1 0.2 0.4 05 0.6

03 [aae 0.3
Depth z (m)

Depth z (m)

OTT OTZ
(a) Pressure head h (b) Water content 6

Figure 2. Example 4.4: Numerical solutions of EIN-MRWENO scheme on the grid with h = 0.01.

National Laboratory. The van Genuchten-Mualem model (2.4) parameters are given by

0, =0.0, 0, =0.33, o =143m~", K, = 0.2496 m/day, n = 1.506.

The soil column is initially fully saturated, and drainage is driven by gravity under a zero-flux
boundary condition at the top and a fixed pressure head 1) = 0 at the bottom. In the computations
of (3.5) and (3.6), a small perturbation ¢; = 10" is introduced to redefine the initial and bottom
boundary values as 0, — €7, thereby avoiding numerical singularities in vp and o caused by

C(v) = 0 at saturation.
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Figure 3 presents the pressure head and water content distributions at ¢ = 1, 4, 20, 100 days.
Good agreement is observed between the numerical results and the experimental data reported in
[17, 62, 63], which successfully reproduces the long-term transition from saturated to unsaturated
states under gravity. The results provide useful information for predicting drainage rates and

equilibrium water retention in initially saturated soils.
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Figure 3. Example 4.5: Numerical solutions of EIN-MRWENO scheme on the grid with h = 0.05.

Example 4.6. 2D/3D center infiltration problems

In this example, we consider a 2D /3D infiltration problem with an analytical solution derived by
Tracy [55, 56] based on the exponential model (2.6). The parameters are adopted from [69], given
as

0, =0.35, 0, =014, K,=1x10*m/h, p=2x10"m™*, B=1.

We consider a homogeneous soil domain in the form of a rectangular parallelepiped with
boundaries 0 < x <a, 0 <y <b, and 0 < z < L. For the 2D case, we set a = L = 1 m, while the
3D computational domain is 10 x 6 x 8 m. The initial pressure head is fixed at 1, = —1m. At

the top surface of the soil, a Dirichlet boundary condition is imposed for the pressure head, which

25



382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

takes the value zero at the center and decays smoothly toward the domain edges, i.e.

Ul = 1,0) = I (explpny) + (1 = explon ) sin( ) sin( )

All other boundaries are subject to the constant pressure head condition v, = —1. The corre-

sponding analytical solution reads

U(x,y,z,t) = %ln (exp(pzﬁr) + 1/_1) ,

where
7 :2(1 - ezf(ﬂwr)) sin(%v) sin(%) exp(p(L — 2)/2) Z ((—1)’“% sin(Ag2) exp(-%ﬁ))
k=1
T s sinh(Bz)

+ (L= exp(pgn)) sin( ) sin(57) explp(L — 2)/2) oo,

B=Vp[A+ (n/a) + (m/b), N =kn[L, v = (8 +X\)/e, c = p(0s — 0,)/ Ks.

Due to the top boundary condition exhibiting rapidly decaying high-frequency components, we
adopt a small C,, = 2 x 107° to ensure computational accuracy for short termination times.

The 2D and 3D distributions of the pressure head are displayed in Figures 4 and 5, respectively.
To better illustrate the 3D internal structures, we also plot the cross-sectional slices at x =
2, 5, 8m in Figure 6. It can be clearly observed that the numerical solutions agree excellently
with the analytical counterparts. A localized high-permeability zone forms at the center of the
top surface, from which water infiltrates downward and laterally, creating a bowl-shaped wetting
front that gradually approaches a steady state under long-term simulation. Moreover, the diffusion
coefficient in this example is very high (D ~ 23.81 m?/h), which amplifies the efficiency advantage
of the EIN method, as demonstrated in Table 7. This case can provide a guidance for understanding

water infiltration processes under drip irrigation or localized leakage sources.

Example 4.7. 3D homogeneous infiltration problem
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Figure 4. Example 4.6: 2D pressure head of EIN-MRWENO scheme at various times on the grid with
h = 0.01.
A 3D infiltration process in the homogeneous sand matrix is simulated using the Van Genuchten-
Mualem model (2.4), following the setup in [39]. The computational domain is [0,2] x [0,2] x
[0,2.6] m, and the soil is initially dry with ¢» = —0.3m (6 = 0.185). A constant pressure head
1 = —0.1m (0 = 0.2955) is prescribed on the top boundary, while a flux condition Vi -n = 1
is imposed at the bottom, with n denoting the outward unit normal. All other boundaries are

subjected to no-flow conditions. The soil hydraulic parameters are given by

0, =0.02, 0, =0.417, o = 13.8m ', K, = 5.03712m/day, n = 1.592.

Figure 7 presents the simulated pressure head distribution, which shows good agreement with
the reference solution reported in [39]. Due to the homogeneous sand matrix and uniform top
boundary condition, a downward-propagating wetting front forms and remains horizontal through-
out the simulation. Meanwhile, the impermeable bottom boundary leads to a gradual increase in

pressure head at the bottom.

Example 4.8. 3D infiltration problem in layered soil

We further simulate an infiltration problem in an L-shaped layered soil. The computational domain

is a 1m?® cube with two distinct materials arranged in an L-shaped configuration, as shown in

27



4

s

3

414

4

s

5

416

4

s

7

4

s

8

419

420

421

I
s
]

()

8
X/iL,KY

(a) t = 0.1 hour (b) t =1 hour

Figure 5. Example 4.6: 3D pressure head of EIN-MRWENO scheme at various times on the grid with
h=0.2.
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(a) t = 0.1 hour (b) t =1 hour
Figure 6. Example 4.6: The slice planes of 3D pressure head of EIN-MRWENO scheme at various
times on the grid with h = 0.2.

Figure 8. Clay occupies the top layer (z < 0.2) and the left column extending to z < 0.8 for
x < 0.5, while the remainder of the domain is filled with silt. The Van Genuchten-Mualem model
(2.4) is adopted, with its parameters for the two soil types taken from [64] and listed in Table
6. The initial condition is set as ¢y = —10m. A fixed-head boundary condition of ¢y = —0.2m
is applied at the top side, while a free drainage boundary condition ¢ = K(v) is imposed at the
bottom side. The remaining boundaries are considered impermeable.

We simulate the evolution of pressure head and water content at different times with C, = 0.1,
see Figures 9 and 10. As illustrated, an interesting non-uniform infiltration pattern induced

by the L-shaped layered distribution is captured by our method. The clay region exhibits faster
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(a) t = 0.2day (b) t = 0.6day (c) t = 0.9day
Figure 7. Example 4.7: Pressure head of EIN-MRWENO scheme at various times on the grid with
h = 0.02.
infiltration with a deeper wetting front, while the silt region shows slower infiltration. Additionally,
at the clay-silt interface, lateral water diffusion from clay to silt is observed, resulting in localized

water accumulation.

Figure 8. Example 4.8: L-shaped layered soil geometry.

Example 4.9. 3D heterogeneous infiltration problem

In this example, we use our scheme to solve a 3D infiltration problem in heterogeneous soil media.
The 1m? cubic computational domain is filled with four types of loam soil following a uniform
random distribution, see Figure 11. The hydraulic properties are governed by the Van Genuchten-
Mualem model (2.4), with parameters for the four soil types provided in Table 6. Initially, the

entire domain is at a pressure head of ¢y = —2m. Infiltration is driven by a constant head
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Table 6. The soil hydraulic parameters

Soil type 0, 0, «a(m™) K, (m/day) n
Clay 0.068 0.38 0.80 0.048 1.09
Silt 0.034 0.46 1.60 0.06 1.37
Loam 0.078 0.43 3.60 0.2496 1.56
Silt loam 0.067 0.45 2.00 0.1038 1.41
Clay loam 0.095 041 1.90 0.0624 1.31
Silty clay loam 0.089 0.43 1.00 0.0168 1.23

(a) t =1 day (b) t =10 day (c) t =30 day (d) t =50 day

Figure 9. Example 4.8: Pressure head of EIN-MRWENO scheme at various times on the grid with
h = 0.02.
1 = —0.5m prescribed at the top surface, while free drainage (¢ = K (1)) is allowed at the
bottom. All other lateral boundaries are set to be impermeable.
The resulting evolution of water content with C, = 0.1 is depicted in Figure 12, demonstrating
the effectiveness of the proposed method in handling heterogeneous soil configurations. In contrast
to the results for homogeneous cases, e.g. Figure 7, the wetting front exhibits a highly heteroge-

neous structure characterized by spatially varying penetration depths. High-permeability zones act

(a) t =1 day (b) t =10 day (c) t =30 day (d) t =50 day

Figure 10. Example 4.8: Water content of EIN-MRWENO scheme at various times on the grid with
h = 0.02.

30



a7 as dominant flow pathways, allowing water to penetrate deeper and faster, while low-permeability
s zones impede the advance of water, resulting in shallower wetting fronts. This highlights the im-

a0 portance of incorporating soil heterogeneity in accurate hydrological and geotechnical simulations.

| | Clay loam
Silty clay loam
[ Loam

B Silt loam

Water Content

Water Content Water Content

Figure 12. Example 4.9: Water content of EIN-MRWENO scheme at various times on the grid with
h = 0.02.

uo Example 4.10. 3D realistic infiltration problem

w1 To provide a realistic assessment of transient water infiltration as an indicator for contaminant
w2 transport in loam soils, we simulate infiltration in the black soil region of Northeast China. As a
a3 major agricultural production base, this region is critical to national food security and ecological
s stability. Accurate simulation of water infiltration is therefore essential for formulating sustainable
ws agricultural water management strategies.

446 This example is inspired by [22, 51|, where reference solutions can be found for comparison. A

w7 random surface topography zo(x,y) is generated to capture natural soil variability, yielding a 3D
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computational domain [0, 12] x [0,6] X [z, 3] m. The irregular top surface zy at point (z,y) is a
random variable fluctuating around zero. The initial pressure head is uniformly set to ¥y = —20m,
with a constant pressure head 1» = —2 m prescribed on the irregular top surface. No-flow conditions
(¢ = 0) are imposed on the four lateral boundaries and the bottom. The hydraulic properties obey
the Van Genuchten-Mualem relation (2.4). Soil samples collected from the black soil region were
subjected to particle size analysis, yielding a texture composition of 19.8% sand, 42.5% silt, and
37.7% clay. The parameters were estimated using HYDRUS based on the textural data and are

listed as follows:

1
0, = 0.0904, 6, = 0.4672, o = 1.10m ™", K, = 0.1239m/day, n = 1.4159, m =1 — —.
n

To accommodate the irregular top boundary, the physical domain is mapped onto a regular

computational space via the coordinate transformation

3(z — 20(,y))
3—2(x,y)

é-:xa n=1y, C:

Let J = det (8(:1: yg) denote the Jacobian determinant. Under this transformation, the governing

equation becomes

- (om0 () & o (5 +02)
+a%< w)( a—?+B—¢+(A2+B2+CQ)g?)) —8(JI2(C¢)C)’

where

T or o¢ 3—2(&,m) Ty o B—xEn) T 0z 3—xn(&n) " C

The resulting water content distributions at different times with C, = 0.2 are presented in

Figure 13, illustrating the gradual downward progression of the wetting front with spatially varying
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infiltration depths. In regions with lower surface elevation, the shorter infiltration distance allows
the wetting front to reach the impermeable bottom more quickly. Subsequently, water accumulates
to form a nearly saturated zone and then expands upward and laterally, which is a critical process

for assessing groundwater recharge and soil waterlogging risk.

(d) t =200 day (e) t =240 day (f) t =320 day

Figure 13. Example 4.10: Water content 6§ of EIN-MRWENO scheme at various times on the grid with
h=0.1.

4.3. Computational efficiency

In order to further illustrate the high efficiency of the EIN-MRWENO scheme, we compare
the computational cost with that of the SSPRK-MRWENO scheme for the application cases
presented in Section 4.2. Table 7 reports the CPU times and efficiency ratios for the various
cases considered. Combined with the results presented in Tables 1-3, it can be observed that the
CPU time required by the EIN-MRWENO scheme is significantly less than that of the SSPRK-
MRWENO scheme, particularly for cases involving high diffusion coefficients, small mesh sizes,

high-dimensional problems, and complex simulations.

5. Conclusions

This paper presents a comprehensive numerical investigation of the Richards equation, over-

coming the long-standing challenges in unsaturated flow simulations, including undesired accuracy,
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Table 7. Comparison of CPU time between the EIN-MRWENO and SSPRK-MRWENO schemes for
different test cases

Cases EIN-MRWENO(s) SSPRK-MRWENO(s) Radio Savings
Ex 4.3-Convection 0.5973 0.3611 0.60 -

Ex 4.3-Diffusion 0.6749 2.3522 3.49 71.31%
Ex 4.4 1.3071 2.1136 1.62 38.16%

Ex 4.5 17345.6381 23450.7018 1.35  26.03%

Ex 4.6-2D 488.7553 2413098.8312 4937.23  99.98%
Ex 4.6-3D 465.4612 10754.498837 23.11  95.67%
Ex 4.7 1511.889799 3529.533592 2.33 57.16%

Ex 4.8 4103.7270 15925.2104 3.88 74.23%

Ex 4.9 3620.9129 37330.7345 10.31  90.30%

Ex 4.10 25546.59456 253016.2753 9.90 89.90%

low computational efficiency, and insufficient robustness. We have developed an efficient high-order
EIN time-marching scheme with a conservative MRWENO spatial discretization for the Richards
equation in mass-conservative form. A bound-preserving sweeping technique has been incorpo-
rated to maintain physical admissibility of the numerical solutions. The main findings of this

paper can be summarized as follows:

e The proposed EIN-MRWENO scheme achieves third-order accuracy in both space and time,

enabling precise resolution of sharp wetting fronts.

e The EIN scheme relaxes the time-step restriction while eliminating costly nonlinear itera-
tions. Computational efficiency analyses demonstrate significant speedup compared to the
explicit SSP-RK method, with savings proportional to the grid size—reaching up to 90%,
sometimes even up to 99%, for highly refined meshes, large diffusion coefficients and com-
plex simulations, making large-scale and high-resolution geotechnical simulations practically

feasible.

e The BP sweeping technique does not compromise the high-order accuracy of the underlying
scheme, and is essential for almost all application cases to prevent simulation instability or
even computational failure.

e Systematic comparisons with benchmark reference solutions and experimental data confirm
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Fut

the excellent performance and reliability of the proposed method.

e By conducting infiltration and drainage simulations across three distinct hydraulic models,
one- to three-dimensional spaces, layered and heterogeneous soils, and irregular geometries,
the proposed method is demonstrated considerable universality and capability of handling
complex problems, thereby providing a powerful computational engine and valuable insights

for practical geotechnical engineering applications.

ure work will consider extending the framework to coupled multiphysics problems, such as

reactive transport in porous media, where the Richards equation serves as the flow component.
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