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ABSTRACT. Although spectral methods provide highly accurate approxima-
tions to smooth solutions, they typically perform poorly for nonlinear conser-
vation laws when shock discontinuities develop. In this work, motivated by
the numerical damping of discontinuous Galerkin methods [J. Lu, Y. Liu and
C.-W. Shu, SIAM J. Numer. Anal., 59 (2021), pp. 1299-1324], we introduce
a novel numerical damping term to stabilize the Fourier spectral method for
nonlinear conservation laws. With this damping, the Fourier coefficients of
the numerical solution decay rapidly. Consequently, we rigorously prove that
the spectrally damped approximation is uniformly bounded, has bounded total
variation, and satisfies the entropy condition in the limit, thereby guaranteeing
convergence to the unique entropy solution. Furthermore, we demonstrate that
the method retains spectral accuracy for smooth solutions. Compared with
the classical spectral viscosity method [E. Tadmor, SIAM J. Numer. Anal.,
26 (1989), pp. 30-44], the proposed method shows improved performance in
our numerical experiments.

1. INTRODUCTION

In this paper, we consider the following scalar conservation law

(1.1) %u(:&t) + 8%3 (u(z,t)) =0,
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subject to given initial data u(x, 0) with 27-periodic boundary conditions. It is well
known that solutions of nonlinear conservation laws may develop discontinuities in
finite time, even when the initial data are smooth. Hence, the class of weak solutions
must be introduced and eq. should be augmented with an additional entropy
condition that requires for all convex U,

0 0

SUW+ 2R <0, P = [ U@ @

The inequality is understood in the sense of distributions.
We aim to solve the 2r-periodic initial value problem eq. ([1.1]) by spectral meth-
ods. Let

(1.2)

Sy = span{e™*® : [k| < N},
and let Py denote the L?-orthogonal projection onto Sy. The standard Fourier
method is given by, e.g., [9] 2] 12, 24]

0

0
(1.3) EUN + %PNf (UN) =0,

where uy(z,t) = 3 1<n i, (t)e? . Tt is well known that the standard spectral
method provides highly accurate approximations to the solutions of partial differ-
ential equations, provided the exact solution is sufficiently smooth [9, 2, 24 27].
However, for nonlinear conservation laws, the direct Fourier spectral approxima-
tion may fail to converge to the entropy solution once shock discontinuities develop.
Due to the presence of shock discontinuities, standard spectral approximations of
eq. suffer from spurious Gibbs oscillations, which in turn lead to two related
difficulties: loss of accuracy in the overall computational domain and, in the non-
linear case, loss of convergence. Indeed, counterexamples provided in [28] [29] show
that the spectral solution uy (z,t) in eq. lacks entropy dissipation and does not
necessarily converge to the corresponding entropy solution. This failure is closely
related to the fact that the approximation does not satisfy the entropy condition
eq. (1.2) in the limit. To restore stability and enforce entropy dissipation, the
spectral viscosity (SV) method was introduced by Tadmor [28] for the Fourier ap-
proximation of nonlinear conservation laws. The main ingredient of the SV method
is the use of high-frequency diffusion which stabilizes the spectral computation
without sacrificing spectral accuracy, which amounts to

aUN 2 _ _ S+1ﬁ 8SuN
w o oS ) =en (=0T g [Q’”(z)* Dz }
. = ey Z k2sékak(t)eikw’

m<|k|<N

where s > 1, 0 < @k <1l ey~ ﬁ The classical SV method corresponds to
s = 1. Further results on the periodic SV method can be found in [31} 23] [3] [].
A more robust method based on “super-viscosity” regularization, e.g., s > 1 in
eq. (1.4), was introduced in [30]. For non-periodic problems, one may consult
[19, 21), 17, [18]. The theoretical analyses in [31] [3] show that the spectral viscosity
method is total-variation bounded, uniformly bounded and satisfies an entropy
inequality, which implies convergence to the entropy solution. Another important
issue is accuracy. Numerical experiments reported in [29] 19} 25] have demonstrated
that spectral accuracy can be recovered from the SV method via a postprocessing
procedure such as filter or reconstruction techniques.
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Recently, an oscillation-free discontinuous Galerkin (OFDG) method was devel-
oped in [I4} [16] for hyperbolic conservation laws. The main idea is to add damping
terms to the high-order coeflicients of the basis expansion. As demonstrated in [16],
the added damping terms not only suppress spurious oscillations but also preserve
desirable theoretical properties of the original DG method such as mass conser-
vation, optimal error estimates, superconvergence, etc. Further developments in
OFDG methods can be found in [I5} [6l, 22]. Inspired by the work of [I4] [16], we
introduce a novel numerical damping term to stabilize Fourier spectral approxima-
tions of nonlinear conservation laws, as presented in eq. . Compared with the
SV method, the proposed spectral damping method exhibits improved accuracy in
smooth regions. Our numerical experiments also indicate that the proposed method
performs more robustly in long-time computations.

The paper is organized as follows. We first present the spectral damping scheme
and basic L2-type a priori energy estimates in Section 2. In Section 3, we study
the spectral decay rate of the Fourier coefficients. These decay estimates enable
us to obtain an L°° a priori estimate and to prove the total-variation bound for
the spectral damping solution in Section 4. Based on the estimates established in
Sections 3 and 4, we prove that our method converges to the unique entropy solution
of eq. in Section 5. In Section 6, we show that the damping method retains
spectral accuracy for smooth solutions. Subsequently, numerical experiments are
presented in Section 7 to evaluate the performance of the proposed method. Finally,
conclusions are given in Section 8.

2. THE SPECTRAL DAMPING METHOD

We consider the spectral damping approximation

9 i@ty + -2 Py flun (@, 8)) = —N*Quun (x.1).

2.1
2.1) ot ox

Here @ is the spectral damping operator defined as a convolution

Qnun(z,t) = Qn(2) * un(z,t) = Z Qrtin(t)e’™™.

m<|k|<N

The parameter € > 1 is chosen so that the high-frequency modes decay sufficiently
fast. m := | N%| is the effective size of the damping-free spectrum, 0 < o < % The
increasing Fourier coefficients Qy, which are activated only on high wavenumbers,
satisfy

0, k| < m,
N 2 k| —m\>
(22) Qk = l—exp {N(1+a+g) < m > y m< |k‘ < 2m,
k2

For % < 0 < 2—2aq, it follows that 1+a+g < 2 and 170[7% > 0. For example,
let o = 0.48 and ¢ = 1.02, then we have 1+ a+ 4 =1.99 and 1 — a — § = 0.01.
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Remark 2.1. To illustrate the basic idea, eq. (2.2)) could also be defined in two
pieces instead of the current three pieces, e.g.,

0’ |k|§m’
@k: k2

In this case, the subsequent proof would even be simpler. However the definition
in eq. 1) makes @i continuous in k£ and gives better numerical performance in
our numerical tests.

Remark 2.2. The oscillation-free discontinuous Galerkin (DG) method developed
in [T6l T4] is formulated as follows:

[ wnyeondo = [ @) @), do = oy )5+ Fimy )]
I; I;

J
kol
- Z h—J/I (uh - P,i_luh) vpdx, Vv, € V}f,
1=0 J 74

where uy, is the DG numerical solution in the piecewise k-th degree polynomial DG
space Vh{“, I; is a local cell with cell size h;, fjJr% is the numerical flux, P}lfl is the
L? projection operator to the subspace of Vi¥ consisting of piecewise polynomials
of degree max(0,1 — 1), and oé- is the damping coefficient. Motivated by this idea,
one may choose a damping term eq. analogous to that in the oscillation-free
discontinuous Galerkin method:

N-m—1 N—-—m—1
— Z b (I — Pm_H)uN(x,t) =— Z by ﬂkelkx
1=0 1=0 || >m+1
|k|—m—1
(2 3) _ Z Z bl ukezkz
m<|k|<N =0
=— Z Apage™®,
m<|k|<N
where Ay = ngmfl by, and b; > 0 are the damping coefficients. This yields a

Fourier-multiplier damping term whose damping strength increases with wavenum-
ber. Thus, it has the same high-mode damping philosophy as eq. (2.1)-eq. (2.2)),
although the precise damping rates may be different.

Next, we derive some basic L?-type a priori energy estimates. We multiply

€q. " by Un,

o (;UN) Fuy o () = (1= P) ()]

—unN? Y Qui(t)e™,

|k|>m

(2.4)
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and integrate over a 2m-period: the integrals of the second and third terms vanish
by periodicity and orthogonality. We are left with

1d - 2
(25) T LCCL AR Ol WA

|k|>m

=0.

Temporal integration of eq. (2.5) yields

26 gl + ¥ [ ¥ [

T=0 |k|>m

dT = *I\UN(~,0)|\2L2(I>'

Hence for un(z,t) =3 ;< n Gk(t)e’ k% we have
(2.7) lun (Ol Zem) = Y P < EF,  Eo:= [l 0]l 2,
|k|<N

which implies that its spatial L? norm decays in time. Equality eq. (2.6) also gives
us the second a priori estimate

(2.8) N‘)/T Ok>m’\/>uk

3. THE DECAY RATE OF THE FOURIER COEFFICIENTS

Eg

dr <
="y

In this section, we follow the approach of [20, 13, 23], to show that, due to
the high-frequency damping term, the Fourier coefficients |iy(t)| decay rapidly for
|k| > 2m, and therefore, the discretization error 9,(I — Py)f(uy) is spectrally
small. Before presenting the main results, we first recall some lemmas.

Lemma 3.1. [23] For all u,w in L,
(3.1)
I(I = Pr) uwl| g2y < 2[wlpoe | (T — Prrys)) ll 22y + 2l|ull oo | (I = Prrys)) wll 22w

Lemma 3.2. [23] If f is in C*® with s > 2 and u € L, then for any positive
integer p

(1 = Pr) f(w)ll 2

(32) .3—35 1-s
<c. | Y (J H(I—PLk/(szjm)uHLz(I)) o
1<j<p
where
Ci:i=Cs- K°||flles(-x.x)), K = ull L=,
and
Hf”C (~K,K]) i= mai( sup ’f(n)(z)

First, we assume that
Jun () oy < M, t€[0,T].

This a priori assumption will be justified later. The notation A < B implies that
there exists a constant ¢y > 0 independent of N, M such that A < ¢yB. Then, Let

g(M) = || fllcs (= ar,01)-
Using eq. (3.1) and eq. (3.2), we obtain the following theorem.
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Theorem 3.3. Let un be the solution of the approximation eq. (2.1)-eq. (2.2) with

m=|N*,0<a< %, 4_320‘ < 0 < 2—2«. Suppose that f is in C*, and

(3-3) 11 = P) un (2,0l 2y S K" 720

L is a positive integer which satisfies

4—0
L>79_1,
and
_ 2
(3.4) SZSozmax{4L+2r+7,5(011)(L+1)+2}'
-«

Then we have
(7 = Px) 02 f (une (D) o

S(1+ M8+1g2(M))L+2 (N<19)(L+1>+2 + N?TectNg)

~

< g(M) (N(lo)(L+1)+2 _|_N2’r‘€ctNg> ,

where g(M) := (1+ M5+1§2(M))L+2.

Proof. We begin by taking the I — Pj, projection of eq. (2.1). For k > 2m we have,
by eq. (2.1) and eq. (2.2)
(3.6)

% [(I = Pyun]+ (I — Pk)(,% [Py f(un)] = —NO(I — Py)Qnun, 2m <k < N.

Multiplying by (I — Py)un and integrating over a 2m-period, we find that

(3.7)
1d 5 1 [ d
>d (I = Pe)un ()220 = “or (I = Pr)un - (I — Pk)%PNf(UN)dI
N0

2m
0

The first integral on the right-hand side is bounded in absolute value by

27 a
%/0 (I — Pk)uN . (I — Pk)afoNf(uN)dl‘
0
< = Pyl - (= P3P F ()
L2(x)
(3.8) < I = Pun( D)l ey - Hu ~ P L flun)
x L2(x)
< T = Peun (> )l ey - 17 ()il o
< NI = Peun ()l 2oy - Il N Lz2(oy
< GODN [T~ Peun (1) 2, -
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To estimate the second term of eq. (3.7), since for a > 0, 1 —e™* > Tia» we find
that for £ > 2m

NH 27
0

j2

=N 3D (- KDl

k<|j|<N
(3.9) . e
0 T EY N 0 (Ata+3z) N
>N(1—e 0y N i P> N 1_57]{12 Yo Il
E<|j|<N N(+e+9) k<[j|<N
o k2 2
=N ———— (I = P)un (- 1)ll72(,) -

N(l+a+%) + k2

Combining eq. (3.8)) and eq. (3.9)), we return to eq. (3.7)) to find that

(3.10)
1d
g 14~ Po)un ()72 ()
k2 -
<N ——————||(T = Po)un ()| 72y + NGM) (I = Pi)un (- 8) 12 -

NO+et+§) 4 f2

After removing the common factor of ||(I — Py)un (-, t)||L2(z), applying Gronwall’s
lemma along with eq. (3.3]), we obtain

(3.11)
I = Pr)un ()] L2 )

GO P

< R — +exp —tNgm NI = Pr) un (2, 0)|[ 120
NOtet3) | g2

N(1+a+§) + k2 k2

- 1—0 —r _ 0

< g(M)N — = +k exp( tN N(1+a+g)+k2)7 k> 2m.

From eq. (3.7) and eq. (3.9), we also obtain

2

d
1T = P unllpa gy + N (7 = Pr) unll 22y

<N = Py) 0 Pn f(un ) 122
< NI = Py) O f(un) |l 2 -

(3.12)

According to eq. and eq. , we can estimate the high-frequency tail of
flun) from that of un. Then, we can use eq. in eq. to improve
the decay rate of the high-frequency tail of uy, and repeat this process to obtain
successively higher rates of decay. Such estimates were obtained in a similar manner
in [20, 23]. Specifically, let L be a fixed nonnegative integer and choose p = |N?|

in eq. lb 0 = ﬁ. We can proceed by induction and obtain the following

estimate: for each 0 < [ < L and for every integer k satisfying k > 2m(32N2%)!,
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there holds
(I = Pe)un ()]l L2

(N(1+a+§)+k2) b
< ~ 1-6
(3.13) ~ C.Mg(M)N L2
} N2\ ., . k2
+ (1 + C*Mg(M)]#) k™" exp (—ctN N et D) k2> ,

where s > max{w + 2, 4L+27“—|—7}, 0 < ¢ < 1. Verification of the

induction step is deferred to Appendix A. Now we set | = L in eq. (3.13). For
sufficiently large N, we obtain that for k = [§ ] > 2m - (32N?%)F,

(7= Py w0

L2(z)
(N(1+a+§) + N2)
N2

L+1

< | Ccomg(d)Nto

~

(3.14)

fctN9<N—2)

+ (1+C*M§(M))LN—re VLT tet D o
0

< (C*Mﬁ(M)lee)LH + (14 Cog(M)M)E N—Te—etN®.

where 46L + 14+ a < 2. Next, let N; := {%J By eq. and eq. , we
have

(3.15)

1= Px) Fun) o)

S Cs Z j3_s”(I_PNJ)UN’|L2(I)+p1_S

1<j<p

L+1
B N1+a+% + N2
S C* Z j3—s (C*Mg(M)Nl—GJ\[Q] + C*pl—s

1<j<p J

N? N?
-3—s ~ e —r _ 0 J
+ O, Z J <1 + C . Mg(M) NJ2> N; " exp ( ctN NIt Nf)

1<j<p

5 C. (C*Mﬁ(M)Nl—Q)L“ Z j3—s (1 +j4)L+1

1<j<p
+C. (1+ C.MG(M))" N7 exp (—ctN%) S ek g o NUel
1<ji<p
~ 1—g\ L+1 - L . o
<O, (CMGMN'=) " 4 0, (1+ C.MG(M))" N~ exp (_ctNg) _

Note that for N > 2m - (32N29)E+1 | N/3252] > 2m - (32N2)F for j < |[N?] so
that the use of eq. in eq. (3.2) with [ = L is justified. In fact, in obtaining
estimate eq. we have only used the fact that s > so — 2, where sq is defined
in eq. (3.4), and so estimate eq. that we have deduced is also valid for f’
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and f”. According to eq. (3.14]) and by the same argument as in eq. (3.15)), with f
replaced by f’ and N replaced by %, we have

(3.16)

(I = P) [f (un)Ozun]ll 12 (2

S (wan)llzee | (I = Pinys)) Ounll 12y + [10sun [ | (I = Pinys)) f/(un)ll2(z)
SNGM)| (I = Pinysy) unllz@) + NM| (I = Pyys)) £/ (un)l 2@

)
< (C*Q(M)M)L'HN(l_‘g)(L'H)'H +(1+ C*Q(M)M)L+1N1_re_CtN2 -

Applying Lemma 3.1 repeatedly, together with the estimates obtained in eq. (3.14)-
eq. (3.16), and the corresponding bounds with f replaced by f’ and f”, we get
(3.17)

(I = Pn) &2 f (un)|| = ||[(T = Pn) [f" (un ) (Baun)® + ' (un)O2un]||

S (un) |z (T = Piwysy) (Qeun)?[| + 11(82un)? Iz |l (I = Paysy) £ (un)||
I Cun)l o< | (I = Pivysy) Orun || + 105un ||l (I = Piaysy) ' (un)|

S N2G(M)|| (I = Piwysy) unllpz@) + (NM)?|| (I = Piysy) £ (un)ll 2

< (1+ C.Mg(M))"*? <N<1—9>(L+1>+2 n N?—re—ctNg)
< (14 M g2 ()t <N<19>(L+1)+2 +N2rectNg)

< g(M) <N(10)(L+1)+2 +N2rectNg> _

The proof of Theorem 3.1 is complete. U

Remark 3.4. As noted in [23, §3], the smoothness requirement eq. is given
only for the sake of concreteness and is by no means optimal. Improved estimates
of the amount of smoothness required can be obtained by a more precise estimate
of the kernel’s L' norm, or more delicate estimates of the j-dependence in the

high-frequency cutoff in eq. (3.2).

Remark 3.5. According to eq. (3.16)-eq. (3.17)), and the Gagliardo-Nirenberg in-
equality

1/2 1/2
lwell e < €llwaell oty llwall 0

(see [M]) with w = (I — Py) f(up), we also have

6
(318) (1 = P) 00 ()l e oy S 9(M) <N<19><L+1>+2 L NP ) ,

4. TOTAL-VARIATION BOUNDEDNESS AND L° A PRIORI ESTIMATE

Equipped with Theorem 3.1, one can show that the spectral damping approxi-
mation eq. (2.1)) is total-variation bounded and remains uniformly bounded. In the
following lemmas we collect the necessary estimates in this direction.

Lemma 4.1. Ifo(z) >0, ||o]|zr = 1, and w € L*(0,27) is a real-valued function,
then we have
1 2m

(4.1) ), (w(z) — (o *w)(x)) - sgn(w(z)) dx > 0.
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Proof. With the normalized periodic convolution convention, we have

1

xw)@) =5 [ oty

Consequently, we have

1 27
o (o xw)(z) - sgn(w(zx)) dz

= LT[ oty -y - senuie) do
471'/0 </0 )

:5;O%J@WQ;A%wu—y»%MquMQdy

(42) 1 27 1 27
< — —y)de) d
o [ o (55 [ e lar) ay
1 2m 1 2
= (= dy) (= d
(3 [ o) (zﬂjé u(o)lds)
2m
= Il = 5= [ lu(a)d.
where we have utilized the assumption ||0'||L1 = 1 and the periodicity of w(x).
Noting that 5- f )-sgn(w(x))de = 5= OQW |w(z)| dz, substituting this relation
back into eq conﬁrms eq. (4.1). O
Lemma 4.2.
) s
(4.3) o(x) = Z e et > 0, ¢o>0.
k=—oc0

Proof. Let f(y) = e ¥"/®¢i¥  then we have

(4.4) 5(z) = f(k)

kEZ

It is easy to know that

f(z) e S(R) = {fGCOO sup‘ m ) (g ’<oo aneN}

zER

then the Poisson summation formula holds [26]. Namely, we have

(4.5) Y fk)y=Y" f(m)
meZ

keZ
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_a(,_icole—2mm))?
by Cauchy’s Integral Theorem, we know that [ e % (y—tez=) dy = \/mco,
and

0 oo
f(m) :/ f(y)e_2”ymdy :/ e_yz/coemye—memdy
oo oo
o) W2 )
:/ e—a—i-zy(m— wm)dy
(4.6) —0
co(x—27m)?2 o0 ico(z—2mm) 2
26_%/ 6_%(3}_4%) dy
— 00
cglz—27m)?
—e " 7 /7.
Therefore, we have
+oo W ) " ,
(4.7) &(m) = Z e o gtkT — \/ﬁ Z e~ (@=2mrm)" o
k=—o0 m=—0oo
([l

Lemma 4.3. Let Ry () = 3 1< R(k)e*® = Ry +2- 31| R(k) cos kx, where
R(k) = R(—k), k=1,2,---,m.

The Fourier coefficients {I?(k)}z;o are monotonically increasing and R(k) € (0,1).

Then we have

(4.8) [ Bm ()] 1 < logm.

Proof. If R(k) is monotonically decreasing, then the conclusion follows from [20,
Lemma A.1]. If {R(k)}}", is monotonically increasing, define
ar, = R(m) — R(k).

Then {ax} is monotonically decreasing and ay € (0,1). Hence, by [20, Lemma A.1]
applied to

Am(@) = Y are™ = R(m)Cpn(2) = Rpn(z), Cp(x) := Y e,
[k|<m lk|<m
Since ||Cp |t < logm, we get
[Am (@)1 < logm.
It follows that
[ ()| L2 < Togm.

This completes the proof. Moreover, by the triangle inequality, we find that for
monotonic coefficient R(k) € (0,1), and 0 < p < g,

(4.9) > Rk | Slogg.
p<|k|<q I

O

Using the above lemma and taking into account the spectral decay of the trun-
cation error eq. (3.17), we can show now that the spectral damping method is
total-variation bounded. We conclude the following theorem.
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Theorem 4.4. Under the conditions of Theorem 3.8 and if r > 2 — g, then the
spectral damping approzimation eq. (2.1)-eq. (2.2) has a bounded variation, and the
following estimate holds:

(4.10)

]%(t) =l (- 1)

 _UN\, = N\

ax I BV

< NTEOTD) EUN(. 0l +g(M) (N(l—e)(L+1)+2+i(1—a—%)+N2—r—%)
~ ax ) L1 )

whereO<1—a—g<%,

Proof. In order to prove the total-variation boundedness, we rewrite eq. (2.1) in
the equivalent form

(.0) + 2 Flun(. 1))

ot ox
0
(410 = 5[ = Py)f(un(@,6)] = N* [un (2,t) = o(2) * uy (@, )
— No(z) = Viv(2)] * un (2, 1),
R R
where Vy (2) := 37 < n Vet o(x) = 2420 e ~UTerD) ek and Vy satisfies
1, k| < m,
. k2 k| —m\>
Vi = eXp{_N1+a+§ < — > , m < k| <2m,
k‘2
We find that
(4.12)
o(x) = Vn(z)
k2 _ 2 _ 52 (Lel=m y2
= - Z (1—e N(FetD) )etkT 4 Z <e et ) o Oter T )eikx
[k|<m m<|k|<2m
k2
—+ Z e N(H—(H—%) eikm = Al —+ AQ —+ Ag.
|k|>N
With eq. (4.12)), spatial differentiation of eq. (4.11)) yields
9 0 0?
orN + @f(UN)

=—N? (aiuN —o(z) * 8axuN> — N%o(x) — Vi (x)) * %UN
4 o2
(4.13) +@(1_PN)J£(UN)

=_N? <§IUN —o(x) * BaajuN> — NOA; % %UN

— N°A *gu — NA *gu +i2([,p ) flun)
2% 5 UN 3o uN + 573 N N)-
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We integrate against sgn( %UN), and in view of eq. l} , we have

i g ( t)
dt axuN P
1 ELAVEY,! 0 0
< _N? —un — . el
< —-N 27r/0 <8 uN a(x)*axuN) sgn <€):cuN> dx
0 9 0 9
+ N[JA1]l ETUN('J) + N[ Ax|l 1 || 5zun ()
T I ox I
(4.14) ) .
0 — . J— .
8 sl g+ |3 - P st
< N A || Zun 8|+ N2l | ()
- L ox "l L oz "
e N gl |2t + |2 (= Pa) Sl
3l 6IUN ; I 2 N un\-, Llu

where we have used Young’s inequality ||f * glr1 < ||fllz1]lgllzr. In what follows
we bound the terms in the right-hand side of eq. (4.14). First, rewriting the first
term and then applying eq. (4.8), we find that

(4.15)
I
N? HAlHLl — N? Z (1—e Natat+d) )ezkm
[k|<m i
Ko =1 2o\,
< N9 ik 0 - ikx
=N ,; N+arD € N o zz;“ (N(1+a+2>) ¢
<m It <ml=

] o . =1 oo\

< M ikx I A

~ N Z N(1+a+g)e +N Z Al <N(1+a+g))
1 [k|<m 1=2

2
—1l(1l—a-9) k ikx —6
5 N2 2 E 7N%(1+3a*%)6 + N
[k|<m It

< N 2l-e=) g N N0 < Nmi(lme=5) = N
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For the second term, by eq. (4.9) and using e=* =1 — 2 + O (2?), we have

k2 (lkl=my2 I
Na HA2HL1 = N9 Z (e N(l+a+g)( m ) _e N(1+a+%) )ezkx
m<|k|<2m
~3(1-a=3) B R =m) e
S DS 1 2| e
- N3z(1+3a=%) m
m<|k|<2m .
k2 2
D SR )
1+a+3
m<|k|<2m Nrets)
cntoepll oy B (R m)
h <|k|<2 N3z(+3a=3) m
m <2m .
(4.16)
+ N? Z N—2+a—0
m<|k|<2m
k? k| —m.,] .
< Ny-3(l-a=%) kB R = ms] e
NN ’ ’ ng N%(1+3a7%) |:1 ( m ) €
m<|k|< 3 .
1 0 k? |k‘ —m -
Nfi(liaii) - 1 - (——— 2 ikx
5 sSam
S
m<|k|<2m
< N-illa=g),
22
For the third term, let erfe(z) = % f;roo e~ dt. We know that erfe(z) ~ &—

+00). Therefore, we have

k2
N? ||A3||L1 = N? Z e nOFTetD) gike
k>N I

22

(4.17) - too =
: < N? Z e ~NOHe+d) < NG/ e ~NOTatD) do
|k|>N N

e,N27(1+a+%)

1 0
§§N<a+%> =0, 1+a+tg<2

I

1

By eq. (3.5)), equipped with eq. (4.15))-eq. (4.17)), we return to eq. (4.14) to find that

(4.18)

dt \|oz NV 71

0

< N—i(l-a=§) <L
S HaxUN

A
)]z +g(M) <N(19)(L+1)+2 +N2recth> .
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Gronwall’s lemma yields

e Il O
< aNTAOT D) H‘&CUN(.?O)

+ g(M) (N(lfe)(L+1)+2+%(17a7%) +N2r3)} _

1

O

Remark 4.5. To ensure that » > 2 — Z, one might need a slightly stronger assump-
tion regarding the initial smoothness and we shall not explore this issue here since,
as noted above, the smoothness requirements for eq. to hold are not optimal to
begin with. On the other hand, to guarantee the BV-boundedness of ux (-, 0), with-
out sacrificing spectral accuracy, one can preprocess the exact initial data uy(-,0)
by the frequency filter and we refer the reader to [32], 25 BI] for further details.

Remark 4.6. The total-variation bound indicated above implies the usual decay
X lun (1) llgy

4.20 ur(t)] < .

(1.20) ()] <

We now turn to the justification of the a priori assumption of the L*°-boundedness.
For even p, we multiply eq. 1) by pu’;\,_1 and integrate over the 27-period. By
the Holder inequality, we obtain

d
% ||UN(7t)HiP(7;)
Y
=P o ), ul ! 5z [ = Pn) f(un)] do
1 27
_Nep T/ Uz;v_l[(UN_O'*UN)+(U—VN)*UN] dx
Y
(4.21) 5
< p- DL, \ (T~ P) f(un)]
Lr(z)
p 1 27 p1
_Np.%/o uly  (uy —oxuy) do

I
— N o uﬁ’vl(a—VN)*uNdx.

We need to bound the terms on the right-hand side of eq. (4.21). First, it is easy
to know that ||o|[,:(,) =1 and we find that

2

— N%. Dy ulj’{y(uN—a*uN) dx

1o
. _ 7Nep||uN||§p(z) N %/0 BV (0 % uy) da

—1
<N’ ”uN”pp(@) +N% ”uN”pp(@) o UN”Lp(w)

< =N*pllun oy + NP lun 7oy ol oy llunl oy
<0.
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Using the kernel L!- bounds obtained in eq. (4.15)-eq. (4.17), together with Holder’s
inequality and Young’s inequality, we obtain

1 [
Nep.%/ uﬁ’vl(cr—VN)*uNdm
0

(423) SN Jlun 5 100 = Vi) * unl 1oy
SN lun 5y 1@ = Vi)l oy
< NTE0 8 uy ]2, 0

By plugging eq. (4.22)), eq. (4.23)) into eq. (4.21)), we obtain

(4.24)
a ||UN('ﬂt)||ZL),p(z)
Cl({_q_? 0
<p N7HD lun (O, ) + 9+ lun( >|LP<I\ (- Py) fun)l]|
Lr(x)

Dividing both sides of eq. |D by pllun (-, t)Hi;l and taking the limit as p — oo
through even integers, we obtain, in conjunction with eq. (3.18]), that
(4.25)

pr lun () oo ()
1 9
SN fuy ()| o )+ 9(M) (N“”(L“)“ + N“ecm) ,

which in turn implies that, for N large enough,

llun (5 )l oo ()

N-1(-a=5)y

Slun(,0)l ooy - €

(4.26) L Ny - g(M) (N(l—e)(L+1)+2+%(1—a—%) I N2—T—%)

g(M) M
— <
NT+§—2<2’ 0<t<T,

< % g(M)

T NE D@D Taf) T

provided that ||uy(-,0)]| L < M This justifies that the spectral damping ap-

proximation eq. 1.} —eq. l 2)) is uniformly bounded by bootstrapping. Further-
more, from eq. (4.26)), one can see that the numerical solution remains bounded by

Const [[un(+,0)|| o (- We conclude the following theorem.

Theorem 4.7. (L*-stability). The spectral damping approzimation eq. (2.1)-
eq. (2.2) is uniformly bounded, in the sense that there exists a constant such that

(4.27) [un () oo 2y < Constllun(-,0)|[poc(yy, O0<t<T.

5. CONVERGENCE TO THE ENTROPY SOLUTION

The total-variation boundedness of the solution implies that (a subsequence of )
un (z,t) converges strongly to a limit u(z,t), which is a weak solution of eq. (L.1)).
To conclude that this limit is the unique entropy solution of eq. , it remains to
verify that u satisfies the entropy condition

(5.1 SO+ P <0, F = [ U(©F @
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In particular, when f is convex, according to the result of DiPerna (see [4]), the
weak solution that satisfies eq. for only one entropy pair is unique. This
unique solution is physically meaningful and is called the entropy solution. The
main result of this section asserts the following theorem.

Theorem 5.1. Consider the spectral damping approximation eq. (2.1)-eq. (2.2)

with 0 < a < %, 47320‘ < 0 < 2—2«a and f is conver. Then, the sequence of

approximate solutions uy converges strongly to the unique entropy solution of the

conservation law eq. (L.1).
Proof. We first multiply eq. (2.1) by up:

9 1 2 “w /
5 <2UN> + 893/ wf(w)dw

= ux g (7= P) fu)] = N (o, )@ = (2.0
(5.2) ) )
= oz [un (I — Pn) f(un)] — I UN (I = Pn) f(un)]
—N? (QN *uN)2 + N? [(QN *UN)2 —un (Qn *un)| ,
where

Qn = Z \/&e“’”.

[k|<N

To this end, we multiply eq. (5.2)) by a test function ¢» € C*(R x [0,T)), v > 0:

(& (33) 0) + (o [ wrne.)

53) (aax [un (I = Pn) f(un)] ,1/)) - (ai“N (I — Py) f(un)] ,w)

7N9 <’Q~N*UN
=I+1T+1IT+1V.

2,1/1) +N? (UQN*UN’Q—UN (QN*UN)] ,1/1)

Since 111 < 0, it suffices to demonstrate that the remaining terms I, I1, and IV on
the right-hand side of eq. (5.3) vanish as N — oo. From eq. (3.15) and eq. (4.26)

we have
(5.4)

‘(;; [un (IPN)f(UN)}J/’)’ < Hgi}
— 0

lunllpoe (17 = Pn) £ (un)llzz (2
Lo (x,t) i

loc

By Holder’s inequality and the inverse estimate, we have

(gl =Py s ) )

<1l s oy 1T = o) £ ()l oy 100l o
< Nl oy 10 = Pr) £ @)l g2y sz oy = O

(5.5)
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Then, we deal with the fourth term term. Let 1 = Y 30 _ thp(t)e™™, vy =
QN *uy = Z,Ij:_N O (t)e?*®  and we find that

Q,w)
_NG/O Z];% o_p(r)dr

— N / %;WTM@TP@M(T) Q_vi_(r)dr

v [ jzpjz&pm@ VQsipits ()i s p(rdr, j=k—p.

Next, let wy == Qn * uy = Zivzfzv Wy, (t)e*®. similarly, we also have

N (un (Qn * un), )

_ /O NO ST Gy (P (r)ib_i (r)dr
k.,p
:NG/O pr kﬂ,k(T)dT

k,p

J\/v(9 (‘QN*UN

(5.6)

(5.7) _ N / Z¢p<r>©j+paj<f>a—j—p<f>df

— N / pr (T (r)dr

= [ S Qs s

j=k—p,7 = —j—p. Averaging the two equivalent representations in eq. (5.7)),
we obtain

(5.8) N’ (un (Qn *un), Ne/ Zd’p“y U—j—p(T)5 (Qjﬂ?"'@j)dT

According to eq. (5.6) and eq. ( we find that

——Jf/otzqﬁmaj( (f @) dr
/ ZN;;—Z_ ¢ )t (T) i j—p( (\/7 M)

(5.9)

Then, we obtain

(5.10) V| < A > 1n(n)lA, (Z |aj<r>|a-j-p<r>|> dr,

Ip|<2N



A SPECTRAL DAMPING METHOD FOR NONLINEAR CONSERVATION LAWS 19

2
where A, 1= max |;<y NTG (\/@j — \/@j+p) . By the Cauchy-Schwarz inequal-

li+pI<N
ity and eq. (4.20)), we have
(5.11)
PN 2 1
Z |u]‘ |U,j,p| < HUN('?t)HBV Z (|j| + 1)(| —j _p‘ ¥ 1)
J J
1/2 1/2
< Jun (- t)HQ Z# Z;
S ey \ A (Jj] 12 — (j+p+1)

<C.

To estimate |IV|, we use the following lemma, whose proof is postponed to the
Appendix B.

2

Lemma 5.2. Consider the A, := max |j<n NTQ (\/@j — \/@j+p> subject to
) J+PISN

the Qg in eq. 1) then we have

(5.12) A ~p2.

Nl—i—a—f
Hence, according to eq. (5.10)-eq. (5.12]), we have

V| < Z

p <

do(r)] 4, Z|uj ijp(r)| | dr

0 \p\<2N
<C | 3 |hn)|4dr
(5.13) 0 |pl<an
C t 9
= Nlta—0/2 Z ‘%(7)‘13 dr
O |pl<2n
Cs
= N1lt+a—0/2 =0
where s > 3, ‘1/},,‘7 1+‘p‘) 1+a— 7>0.
In summary, for 0 < a < é, 4 32" < 6 < 2 — 2a, it follows that the limit

u = limy_0o un satisfies the entropy inequality eq. (5.1). Consequently, by the
uniqueness of the entropy solution, the entire sequence {uy} converges strongly to
the unique entropy solution. ([

6. CONVERGENCE FOR SMOOTH SOLUTIONS

In this section, we will show that as long as the solution of eq. (|1.1)) remains
smooth, the spectral damping method is stable and enjoys spectral convergence.
Before presenting the final results, we need to give the following lemma.

Lemma 6.1. [27] Assume w(z) is 2m-periodic analytic. —po < Imz < pg is the
strip of analyticity where w(z) admits the absolutely convergent expansion
o0
w(z) = Z w(p)e*,  |Tmz| < p < po.

p=—00



20 A SPECTRAL DAMPING METHOD FOR NONLINEAR CONSERVATION LAWS

Denoting
M(p) = max| i <, |w(2)],

then we have that

(6.1) |w(z) — Pyw(@)||ge < Const o - Sﬂfp)) Nee=Ne,

We conclude that the following result holds.

Theorem 6.2. Assume that for 0 < t < T, the solution of eq. (1.1)) is analytic.
Then, the spectral method eq. —eq. 1) converges in L ([O,TC] , L?0, 271]),

62) ) = unCOllis S e (NemVe 4 N1HEmnee).

Proof. Denote u* = Pyu, u* = > <y are*®. Let e(t) = un(t) — u*(t). From

eq. (1.1) and eq. , we obtain
(6.3) dre(t) + 0: Py [f (un (1)) = f(u(t))] = =N’Qnun(1).

Furthermore,
(6.4)
Ore(t) = O P [f (w*(t)) — f (un (£))] + O P [f (u(t)) — f (w*(1))] = N°Qnun(t).

We multiply eq. (6.4) by e(¢) and integrate over the 2m-period,

th” ()72 )
= (0 Pn [f (u*(t)) — f (un(
— N°(Qnun(t),e(t))
(6.5) S0z [f (W (t) = fun ()], €) + [ f(u(®) = f (W )| g2 10ze@)]] p2(s)
— N7 (Qn (e(t) +u*(t)) ,e(t))

< (e [0+ nettnin 0,00

+ () = f @ O) 2y 1026l 2y — N7 (Qnu™(t), e(t)) -

)]s e) + (0uPn [f (u(t) — f (u*(#))] )

In what follows we bound the terms in the right-hand side of eq. (6.5)). Consider
0 < s <t. For given t € [0,T], we assume

(6.6) max [le(s)|| > S N7,

0<s<t
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and this a priori assumption will also be justified later. Next, we have
(6.7)

() [ 71006 netin. o))
= |0 [ e+ wetsnan L)

([ 06 et 6) = netspan, 22|

- 2
<

~ " Ogu* S oo + Oze(s oo €els 2

|€]<max(||u*|| oo, |lun|[Loo) PO )] 1Owe(s)llzce) el )”L2($)

< max " Apu* (8)||Lee + N2|le(s)||2) [le(s)]|?
|§‘S aX(HU*HL ,||UN||L )|f (§)| (|| T ( )HL H ( )||L ) H ( )||L2(x)

S C||€($)||12(x) :
According to eq. (6.1)), we know that
1S (u(-; ) = f (W)l 2oy
(6.8) < max 0,1 | S an(t)2 S eV,

T lgl<max(f|ur|[poo | |ull Loo)

k2 (\k\—m)Q

For the third term in eq. |i since 1—e™* < z(z > 0) and l—e nNOFerD T
k2

1—e ~OFt2) < |k| < 2m. We have

k2
NNQN (s 9llpay SN | D0 (e N D Rlan(s)l?
m<|k|<N
k2
6 R o~ 9
(6.9) <N %@( a2l ()

SNYEETE LN Ja(s))?

m<|k|<N

< N+H§—ag=Np,

By plugging eq. —eq. (6.9) into eq. (6.5)), we obtain

1d
A COLm

2 — 0 _ o —_N©
Selle()ra) + N e lle(s)ll 2y + N'F27% ™V P le(s)| 12y -

(6.10)

Dividing both sides by |le(s)||L2 and applying Gronwall’s lemma, we obtain

le@)]2@@) S e lle(0)] L2 (@) + € (Ne’NP n N1+%fae—wp)
6.11
( ) < eCt (Ne_Nl) + N1+%—Oce—Nup) ,
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and this justifies eq. by bootstrapping. Finally, we obtain from the above
estimates, and triangle inequality that

(6.12) lu(,t) —un (5 t)l|L2(@) S e (Ne‘NP + NH%_%_N%) :

7. NUMERICAL EXPERIMENTS

In this section, we present numerical results to validate the theoretical conver-
gence and stability estimates established in the previous sections. We employ the
classical fourth-order Runge-Kutta method for temporal integration. The time
step is chosen to be sufficiently small so that the temporal discretization error is
negligible compared with the spatial discretization error. Unless otherwise spec-
ified, the spectral damping method is implemented with the following parameter
configuration:

m~3VN, a=05 6=12
We consider the inviscid Burgers’ equation

(7.1) gu(x,t) 2 (W) =0,

subject to the smooth initial condition u(x,0) = sin(z) under 27-periodic boundary
conditions. Different final times T' are selected to evaluate the performance of our
algorithm.

7.1. Smooth case. For the given initial data, the classical shock discontinuity first
forms at the critical time T, = 1. Consequently, the exact entropy solution remains
smooth at T = 0.5. We report the resulting L' errors and corresponding numerical
convergence orders in Table [l The numerical results demonstrate that the intro-
duced numerical damping term preserves the spectral accuracy of the method for
smooth solutions, without undermining the convergence rate.

TABLE 1. L'([0,27]) errors and convergence orders for the inviscid
Burgers’ equation at T = 0.5.

Damped (Proposed) Undamped (Standard)
2N LY error Order 2N L' error Order
16 3.9153e-04 - 16 6.7049e-04 -

32 1.4449e-05  4.76 32 6.6970e-06 6.65
64 2.6587e-07  5.76 64 1.7636e-09 11.89
128  7.3360e-10 8.50 128 1.8131e-13 13.25
256  2.5399e-13  11.49 256 1.8147e-13 -

7.2. Non-smooth case. When evaluating the solution at the final time 7' = 1.5
in eq. , a shock discontinuity has already developed within the computational
domain. Figure|l|displays the numerical profiles obtained by the proposed spectral
damping method using 2N = 128 modes. These results are compared against
those obtained via the classical spectral viscosity (SV) method eq. , where the
underlying SV parameters have been optimized.

To further enhance convergence behavior in the smooth regions, we incorporate
a high-frequency filter to stabilize the spectral damping framework following the
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spectral damping method s spectral viscosity method
— o0 —

© o

FIGURE 1. Numerical solutions of the inviscid Burgers’ equation at
T = 1.5 with 2N = 128 modes. Left: proposed spectral damping
method. Right: classical spectral viscosity method.

techniques discussed in [25] B]. Specifically, after each Runge-Kutta time step, the
numerical solution is postprocessed using the exponential filter

_ Kl

N
where the parameter v increases with N and dictates the order of the filter, while
€ is determined such that e™€ matches the machine precision.

In Table [2| we present the L' errors of the filtered numerical solution restricted
to the shock-free subdomains [0,7/2] U [37/2,27]. The results clearly indicate
that the formal spectral convergence is successfully recovered within the smooth
intervals of the entropy solution. To enhance the convergence up to the location of
the shock, the numerical solution can also be postprocessed using the Gegenbauer
reconstruction [I0], which can remove the Gibbs phenomena completely, and recover

pointwise exponential accuracy in any interval of analyticity. We refer the reader
to [10], 8, [I1] for further details.

(7.2) o(€) =k, ¢="el0,1],

TABLE 2. L'([0,7/2] U [37/2,27]) errors of the filtered spectral
damping solution at T" = 1.5.

Spectral Damping Method

2N LT error Order
32  1.6142e-03 -
64  1.7245e-05 6.55
128 3.1963e-08 9.08
256  8.9350e-12 11.80

Finally, to evaluate the long-time stability and robustness of the proposed frame-
work, we present the numerical profiles computed at an final time 7' = 100 in
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Figure 2] The long-time simulations verify that the spectral damping method ex-

hibits enhanced structural robustness and stability compared with the classical SV
method.

spoctsl damping method

spectglviscosty method

FI1GURE 2. Long-time numerical solutions of the inviscid Burgers’
equation at T' = 100 with 2N = 128 modes. Left: proposed spec-
tral damping method. Right: classical spectral viscosity method.

8. CONCLUDING REMARKS

In this paper, we introduce a novel numerical damping term to stabilize the
Fourier spectral approximations of nonlinear conservation laws. The proposed
damping mechanism acts exclusively on high-frequency modes, inducing a rapid
decay of the corresponding Fourier coefficients. Consequently, we prove that the
resulting approximation is uniformly bounded and has bounded total variation.
Together with the entropy consistency of the approximation, these estimates guar-
antee convergence to the unique entropy solution. We also demonstrate that the
method retains spectral accuracy for smooth solutions. Also, numerical experiments
validate the stability and long-time robustness of the proposed approach.

Furthermore, numerical experiments (not reported in this paper) suggest that
the proposed method can be efficiently implemented for non-periodic problems,
a rigorous analysis of which is deferred to future work. Additionally, extending
this framework to systems of conservation laws, such as the inviscid compressible
Euler equations, as well as to multidimensional cases, is currently under active
investigation.
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APPENDIX A. THE DECAY RATE OF THE FOURIER COEFFICIENTS REVISITED

In Section 3, we claimed that, for k > 2m-(32N2°)!, the following estimate holds:

11 = Pr) un (- )l 2 2y

(N(H—a-i—%) + kQ) e
< ~ 1-6
any S| eMaonN -
N\ ) ;2
+ (1 + C’*Mg(M)k2> k=" exp (—ctN N e D) k2> .
We set § = ﬁ and p = [N?| as in Section 3. Here we give the details of the

induction step, and obtain that for 0 <1 < L —1 and k > 2m - (32N2%)+1 we have
(A.2)
(I = Pr) un (- )l p2 ()
(N(1+a+%) + k2)
L2

+2

< | Ccomg(M)Nt o

~

2\ 141 k2
~ - -r — 0
+ (1 +CMg(M)—5 > e ( N T e 5 k2> 7

i.e., eq. (3.13) holds. For I = 0, eq. (A.1) reduces to eq. (3.11)). Now assume that
eq. (A.1) is valid for k& > 2m - (32N2°)!. In particular, for k& > 2m - (32N2%)I+1,
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again use eq. (3.2)), we get
(A.3)

(I = Pp) flun)ll 2
N1+Oz+g + k]?)H_l

<G Y P (C*MQ(M)Nle -
J

N2\’ k7
E :3—s ~ —-r 0 J
+ C* i (1 + C*g(M)Mkl2> k] exp <—CN N45l+1+0¢+% + k2 t)
J

1<j<p j

+C N9

I+1

_ N2+a—3 s
< C (C’*g(M)MkQ> Z AT
1<j<p
+ C, Z j?’_s (C*Q(M)MN1—9)I+1
1<j<p
i N2\
+|c. (1+C’*g(M)MkQ> Lo
x Z A= oo (et N? k2
1<5< N45(l+1)+1+a+g + k2
)P

+C N9

I+1

N2+oz—§
s G (C*g (M)M k2> +C, (Cog(M)MN=0)H!
~ ]\72 ! _r 0 ]{32
+ O, (1 + C*Q(M)ng> k™" exp (—ctN NS+ +H1+ats | k2> )
where & = {#J’ 0<ec<1 2m-(32N*)* Sk < %. Furthermore, eq. "

ensures that N1—=9)0 < NO=0)(+1) By eq. 1 , €q. 1] and eq. 1) we have

(A.4)
(I = Pi) [ (un)Ozun]ll 2

<2||f (un)l|zo= | (I = Pirys)) Outunll L2 (@) + 10zunl el (I — Puysy) f/(un)ll 2 (@)
S NG(M)|| (I = Puyg)) unllz2@) + NM|| (I = Puysy) f'(un)l 2 (@)
(N(1+a+§)+k2) Hl

k2

< C.g(MYMN | C.Mg(M)N*~?

_ _ N2 l . p k.2
+ NC.g(M)M (1 + C’*g(M)MkQ> k™" exp (ctN N T k2> .
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Similar to eq. (3.12)), we can again get
(A.5)

d k?
2 U = Pr)unll 2 + NGN(HM—M (I = Pr) un|l g2z
(N(l-‘ra-‘rg) " k?) +1
< C.G(M)MN | C.Mg(M)N'—? e
N2\' 6 k?
_ _ N2\T L B
+ NC.g(M)M (1 + Cg(M)M 12 ) k™" exp ( ctN NG (e D) 1 k2> )

Now, set

0
Xi(t) == ||(I — Po)un(-,t)| L2, 7::1+a+§, a:=46(1+1),

and

0 k2 0 k2
G = C*g(M)M7 )\k =N m, Mi = cN m.

Since a > 0, for N sufficiently large one has

e < A

By Gronwall’s lemma applied to eq. (A.5)), we get

N7 L p2\ ot
X5 (t) S e M1 X, (0) + GN <GN19];> / oM (t=9) g
0

N2\! ¢
+ GN (1+Gk2> k”/ e M(t=s)g=hrs g
0

The first integral is bounded by 1/, and therefore

N7 2 1+1 1 N7 ]{32 +2

on (an-o TR L (e MR
k2 Ak

For the second integral, since A\ > uy, we have

t
/ e~ M (t=5) g—prs Jo —
0

e Hrt _ o= Akt e Mkt

< .
Ak — Ak — [k
Moreover,
1 — (N7 + E2)(NoHY + k2)
M RN o+ A oR]
Since a > 0 and 0 < ¢ < 1, for N sufficiently large,
N oo (N7 R (N9 +52)
e — fe k2 [N7 (Ne —¢) 4+ (1 — ¢)k?]
- (N7 + k?) (N7 + k)
~ k2Naty
N7 k2
_ 1-6 —a
=N <k:2+1+N +Na+7)
N170+7

k2
1-6 1—0—a 1-6
=y PN N N
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Using k < N, 6§ > 1, and 6 > 2q, the first three terms are bounded by CN?2/k2.
For the last term, we have
k2

—a—30—
Na+’y_N30aﬂ/ N2a20a.

N1—9

By the parameter condition
4 -2«

<0,
this term is uniformly bounded. In summary, we have

N N2
Ak — Uk s k2

t
GN <1+G ) _T/ e M (t=8) g=hrs g
0

N? N2\
5 G k'2 (1 + Gk2> k_re_ukt

N2 I+1
5 <1+Gk2> k_re_’”“t,

Combining the above estimates yields

B N’Y—‘rk’Q 142
(I = Po)un ()22 S (GNl 9k2>

N2 I+1 . ) kg
+ (1 + GkQ) k exp <—CtN W) .

Returning to the definitions of G,~ and a, we get
(I = Pe) un ()l 12

Therefore,

(N(1+a+%)+k2) I+2
- . 1-0
a6 S |C-MadON 2
Ny . k>

which completes the induction proof of eq. (A.2).

APPENDIX B. PROOF OF LEMMA 5.2
Divide the interval [0, N] into

Ip=[0,m], I =(m,2m|, I»=(2m,N].

We show below that \/Qﬁ viewed as a function of |j|, satisfies a uniform Lipschitz
estimate on [0, N]. We first verify this estimate in the following three cases.

Case 1. if |j],]7 + p| € Io. In this case, \/Qj = Qj+p = 0. Therefore,

(B.1) V@ = Q=0
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Case 2. i |j], |j + p| € I;. Define
- : - x(x —m)
(B.2) \/Q;=g(fi]), 9y)=V1i—ev’, [f(z)= NOsrard) T €.
‘We know that

2

/ ye ¥ /
=, <, > 0.
IW = F==p Wl y
Also,
, 2z —m 3m 3
= < .

|7 @)l ‘mN;(1+a+g)‘ - 'mN;(HoH—g)‘ ~ N3(1tats)

Therefore,
/A /A . , C . ‘

(B.3) Qi =\ Qirp| = l9(F (D) —9(F (7 + 2D < NI(tatd) 51 =15 +pll-

Case 3. if |j|, |7 + p| € I>. By the same estimates as in Case 2, we also have,

[ /A |1 | + pl
‘ Qj =\ Qi+p ‘g <N;(1+a+9/2) I\ Nirate/z)
< C
S NEOrerD

il =15+ pll-

Next, it remains to consider the cases where |j| and |j+p]| lie in different intervals.
Although the decomposition is taken as Iy = (m, 2m/|, and Iy = (2m, N], the same
estimates remain valid on the closed intervals [m, 2m] and [2m, N] by the continuity
of Q. at |k| = m and |k| = 2m. Hence, for instance, |j| € Iy, |j + p| € I,

(B.4)
‘\/aj— V Qip| < ‘\/aj_\/Qj"f"\/é)»m_\/@%n""‘\/c??m_\/éjﬁ-p
< ey Il = i+l

Other cases can be deduced similarly. In summary, for V|j|, |7 +p| € [0, N], we have

(B-5) ‘\/ay_ \V Qj-i-p

Therefore,

N ) C
(B.6) Ap = ﬁﬁ?ﬁ 2( Qj — Qj+p> SWPQ’

li+p|<N

¢ G
S Viarerp =i+l

which completes the proof of Lemma 5.2.

REFERENCES

[1] C. Bardos and E. Tadmor. Stability and spectral convergence of fourier method for nonlinear
problems: On the shortcomings of the 2/3 de-aliasing method. Numerische Mathematik,
129:749-782, 2015.

[2] C. Canuto, M. Y. Hussaini, A. Quarteroni, and T. A. Zang. Spectral Methods in Fluid Dy-
namics. Springer-Verlag, New York, 1988.

[3] G.-Q. Chen, Q. Du, and E. Tadmor. Spectral viscosity approximations to multidimensional
scalar conservation laws. Mathematics of Computation, 61:629-643, 1993.

[4] R. DiPerna. Convergence of approximate solutions to conservation laws. Archive for Rational
Mechanics and Analysis, 82:27-70, 1983.



30

(5]
(6]

14]

(15]

[16]
(17]
18]
(19]
20]
21]
22]
23]
24]
(25]
[26]
27)
(28]
29]

(30]

(31]

A SPECTRAL DAMPING METHOD FOR NONLINEAR CONSERVATION LAWS

W. S. Don. Numerical study of pseudospectral methods in shock wave applications. Journal
of Computational Physics, 110:103—111, 1994.

J. Du, Y. Liu, and Y. Yang. An oscillation-free bound-preserving discontinuous galerkin
method for multicomponent chemically reacting flows. Journal of Scientific Computing, 95:90,
2023.

A. Friedman. Partial Differential Equations. Krieger, New York, 1976.

A Gelb and E Tadmor. Enhanced spectral viscosity approximations for conservation laws.
Applied Numerical Mathematics, 33(1):3-21, 2000.

D. Gottlieb and S. A. Orszag. Numerical Analysis of Spectral Methods: Theory and Appli-
cations. SIAM—CBMS, Philadelphia, PA, 1977.

D. Gottlieb and C.-W. Shu. On the gibbs phenomenon and its resolution. SIAM Review,
30:644-668, 1997.

B.-Y. Guo, H.-P. Ma, and E. Tadmor. Spectral vanishing viscosity method for nonlinear
conservation laws. SIAM Journal on Numerical Analysis, 39:1254-1268, 2001.

Jan S Hesthaven, David Gottlieb, and Sigal Gottlieb. Spectral methods for time-dependent
problems, volume 21. Cambridge University Press Cambridge, 2007.

H.-O. Kreiss. Fourier expansions of the solutions of the navier-stokes equations and their
exponential decay rate. In Analyse mathématique et appliquée, pages 245-262. Gauthier-
Villars, Paris, 1988.

Y. Liu, J. Lu, and C.-W. Shu. An essentially oscillation-free discontinuous galerkin method
for hyperbolic systems. STAM Journal on Scientific Computing, 44:A230-A259, 2022.

Y. Liu, J. Lu, and C.-W. Shu. An entropy stable essentially oscillation-free discontinuous
galerkin method for hyperbolic conservation laws. SIAM Journal on Scientific Computing,
46:A1132-A1159, 2024.

J. Lu, Y. Liu, and C.-W. Shu. An oscillation-free discontinuous galerkin method for scalar
hyperbolic conservation laws. SIAM Journal on Numerical Analysis, 59:1299-1324, 2021.
H.-P. Ma. Chebyshev-legendre spectral viscosity method for nonlinear conservation laws.
SIAM Journal on Numerical Analysis, 35:869-892, 1998.

H.-P. Ma. Chebyshev-legendre super spectral viscosity method for nonlinear conservation
laws. SIAM Journal on Numerical Analysis, 35:893-908, 1998.

Y. Maday, S. M. Ould Kaber, and E. Tadmor. Legendre pseudospectral viscosity method for
nonlinear conservation laws. SIAM Journal on Numerical Analysis, 30:321-342, 1993.

Y. Maday and E. Tadmor. Analysis of the spectral viscosity method for periodic conservation
laws. SIAM Journal on Numerical Analysis, 26:854-870, 1989.

S. M. Ould Kaber. A legendre pseudospectral viscosity method. Journal of Computational
Physics, 128:165-180, 1996.

M. Peng, Z. Sun, and K. Wu. OEDG: Oscillation-eliminating discontinuous galerkin method
for hyperbolic conservation laws. Mathematics of Computation, 94:1147-1198, 2025.

S. Schochet. The rate of convergence of spectral viscosity methods for periodic scalar conser-
vation laws. SIAM Journal on Numerical Analysis, 27:1142-1159, 1990.

J. Shen, T. Tang, and L.-L. Wang. Spectral Methods: Algorithms, Analysis and Applications.
Springer-Verlag, Berlin, 2011.

C.-W. Shu and P. Wong. A note on the accuracy of spectral method applied to nonlinear
conservation laws. Journal of Scientific Computing, 10:357-369, 1995.

E. Stein and R. Shakarchi. Fourier Analysis: An Introduction, volume 1. Princeton University
Press, 2011.

E. Tadmor. The exponential accuracy of fourier and chebyshev differencing methods. STAM
Journal on Numerical Analysis, 23:1-10, 1986.

E. Tadmor. Convergence of spectral methods for nonlinear conservation laws. SIAM Journal
on Numerical Analysis, 26:30-44, 1989.

E. Tadmor. Shock capturing by the spectral viscosity method. Computer Methods in Applied
Mechanics and Engineering, 80:197-208, 1990.

E. Tadmor. Super viscosity and spectral approximations of nonlinear conservation laws. In
M. J. Baines and K. W. Morton, editors, Numerical Methods for Fluid Dynamics IV, pages
69-82. Clarendon Press, Oxford, 1993.

E. Tadmor. Total-variation and error estimates for spectral viscosity approximations. Math-
ematics of Computation, 60:245-256, 1993.



A SPECTRAL DAMPING METHOD FOR NONLINEAR CONSERVATION LAWS 31

[32] H. Vandeven. A family of spectral filters for discontinuous problems. Journal of Scientific
Computing, 8:159-192, 1991.



	1. Introduction
	2.  The spectral damping method
	3. The decay rate of the Fourier coefficients
	4. Total-variation boundedness and L-infinity a priori estimate
	5. Convergence to the entropy solution
	6. Convergence for smooth solutions
	7. Numerical experiments
	7.1. Smooth case
	7.2. Non-smooth case

	8. Concluding remarks
	Appendix A. The decay rate of the Fourier coefficients revisited
	Appendix B.  Proof of Lemma 5.2
	References

