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Abstract

We extend the positivity preserving sweeping algorithm in Griffin and Shu
(2025) [8] for density and the nonlinear pressure function in the compressible
Euler equations to a nodal, implicit, continuous finite element framework.
The procedure corrects negative density and pressure values while maintaining
conservation of mass, momentum, and energy. As in [8], the procedure is
easily extended to other hyperbolic conservation law systems, and may be
applied to any concave function of conserved variables. We provide numerical
examples for both P; and P, elements in one and two dimensions on tough test
cases including blast waves, interacting shocks, and near-vacuum states. Our
emphasis in this paper is not to recommend the underlying spatial scheme,
but to demonstrate the effectiveness of the sweeping limiter in handling large
magnitude unphysical values. For smooth problems or numerical methods
with sufficient oscillation control, we find only a few iterations are needed for
nodal positivity treatment of the nonlinear pressure function. In oscillatory
cases with large violations in magnitude or quantity, we enhance convergence
of the iterative pressure solver using multi-grid techniques.

Keywords Positivity preserving - Compressible Euler equations - Hyperbolic
conservation laws - Gas dynamics - Finite elements - Continuous Galerkin -
Implicit Methods
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1 Introduction

Positivity violations of density and pressure (and internal energy) in the
Euler equations lead to ill-posedness, non-physical distortions, and numeri-
cal blow-ups. This is particularly due to imaginary sound speed computa-
tion which breaks hyperbolicity of the system. Density and pressure posi-
tivity are also relevant to Navier-Stokes and magnetohydrodynamics systems.
Other physical quantities, including water height in shallow water equations,
mass/volume fraction in multiphase flows, and the probability density function
in Vlasov-Boltzmann transport equations, also have strict positivity require-
ments, leading to the need of robust and flexible positivity-preserving meth-
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ods. Applications of structure-preserving methods arise in computational fluid
dynamics, computational astrophysics, plasma simulations, and other diverse
fields [34]. Many numerical methods for hyperbolic conservation laws are not
inherently bound-preserving.

Even popular high-order and robust methods such as the finite volume (FV)
and finite difference (FD) essentially non-oscillatory (ENO) schemes [9, 13] and
weighted ENO (WENO) schemes [13, 22, 28], and discontinuous Galerkin (DG)
methods [7], are not inherently positivity preserving. For continuous Galerkin
methods, the classical scheme requires stabilization for advection-dominated
problems, e.g. streamlined-upwind Petrov Galerkin (SUPG) formulation given
in [6]. We refer to a historical overview of the SUPG method for compress-
ible flows in [11]. Even with stabilization, the method exhibits oscillations
around shocks and discontinuities [11], requiring additional positivity treat-
ment. Furthermore, popular shock-capturing techniques are not inherently
bound-preserving. This is especially apparent in high Mach flows, near strong
shocks, or in near-vacuum states [16]. Nevertheless, continuous finite element
methods, and particularly the SUPG method, are popular in computational
fluid dynamics and discretizations for compressible flows due to their flexibil-
ity on unstructured grids, popularity with a large range of partial differential
equations (PDEs) in various applications, and availability of multiple com-
puter softwares. One common approach to treat negative values is through
flux corrected transport.

The flux-corrected transport method (FCT) was originally produced in [3—
5]. The method ensures positivity by applying limited anti-diffusive corrections
to bound-preserving low-order solutions. There are many applications of flux-
corrected transport for continuous Galerkin formulations, coined FEM-FCT,
including those for Euler and Navier-Stokes equations [14, 18, 19, 24]. Another
class of methods which are similar to FCT are algebraic flux correction (AFC),
which enforces an FCT like protocol through algebraic constraints. In the
procedure, one modifies off-diagonal entries of the global stiffness matrix to
create an M —matrix for which is used to produce a low-order, monotonic
solution. The AFC procedure finds a limited solution using anti-diffusive fluxes
as in FCT [17]. A more recent advance in the field is monolithic convex
limiting, which uses convex combinations of nodal values to give invariant
domain guarantees [15]. Modern applications of these methods are highly
successful in explicit frameworks. However, extending to the implicit regime
carries several computational and theoretical hurdles.

Implicit time-stepping procedures are of interest due to their computational
efficiency over explicit time-steppers in situations where the CFL condition
limits to very small time-step sizes or where complicated geometric restraints
such as those in adaptive mesh refinement lead to time-step restrictions. Ex-
amples of such problems include stiff source terms in turbulence or chemical
reaction models, as well as problems with high Reynolds number with bound-
ary layer regions having large aspect ratio grids [10]. While the computational
cost of a single iteration of an implicit time-stepping procedure is more expen-
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sive than an explicit one, the total reduction in the number of time-steps often
yields a more efficient scheme. Thus, it is of interest to provide a positivity-
preserving method without additional restrictive conditions on the time-step
or additional computational cost in the nonlinear Newton solve. Existing pos-
itivity preserving limiters for continuous finite elements, such as FEM-FCT,
AFC, or monolithic flux limiting, are not easily extended to fully implicit
schemes due to the non-differentiable updates to the residual and restrictive
conditions on the time-step, which require approximate Jacobian and com-
plex preconditioner for the Newton iteration, or specialized techniques such
as pseudo-implicit time stepping [14, 16, 25, 26]. In this paper, we apply
positivity treatment as a post-processing step as an extension of [8], there-
fore allowing the computation of an analytical Jacobian computation in the
Newton solve. Nevertheless, Newton convergence remains a challenge in our
simulations. Thus, we introduce adaptive time stepping within our sweeping
framework.

The sweeping positivity preserving procedure in [8] extends the scalar
sweeping procedure in [23] to treat positivity violations of density and the non-
linear pressure function for the Euler equations in a fifth-order finite difference
WENO scheme. While the treatment of density follows directly from [23], the
nonlinear pressure function follows a local protocol to iteratively adjust nega-
tive points with neighboring values using the Zhang-Shu scaling limiter in [33]
as a projection technique. While the original scaling limiter preserves posi-
tivity by flattening a DG or finite volume reconstruction polynomial towards
a positive cell-average, the sweeping limiter uses the scaling limiter to scale
along a line between a point with negative pressure and its neighbor. If the
neighboring point has positive pressure, the protocol gives a clear, corrected
update for the negative point. In the case of a negative neighbor, the protocol
obtains an estimated distance to the physically admissible set using a globally
conserved quantity, but ensures the update will at most halve the distance
between points. To ensure conservation, the neighbor used in the update is
equally scaled in the opposite direction. The procedure is applicable to any
nonlinear concave function of conserved variables, and may be easily extended
to finite volume WENO and discontinuous Galerkin methods. However, the
extension to continuous Galerkin methods is nontrivial due to the continuous
nature of the CG polynomial. Furthermore, an implicit time-stepping pro-
cedure is an additional challenge in the extension, as well as the oscillatory
nature of finite element method near strong shocks.

In this paper, we extend the simple sweeping procedure in [8] to a contin-
uous Galerkin setting as a modular post-processing procedure that is incor-
porated in an implicit setting. To do this, we first incorporate weights into
the procedure that were not necessary in the uniform finite difference WENO
setting. While the incorporation of weights is a natural extension from the
scalar sweeping limiter for density, the nodal adjustment procedure requires
care in preserving the convexity of the neighboring updates. Furthermore, the
choice of appropriate weights that maintains conservation while allowing nodal
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positivity adjustments is not immediately obvious. To determine appropriate
weights, we consider the locally conserved quantity defined in [27] which, when
summed, recovers global conservation. With this quantity, we find that the
weights are given as the normalized row sum of the consistent mass matrix,
which we show are consistent with exact nodal quadrature rules. These find-
ings allow a theoretical extension to many nodal finite element methods, and
may scale to higher degree polynomials with positive weights.

For the implicit-time stepping procedure, we apply the sweep after each
stage update. Thus, we apply a stabilization of choice, allow the Newton
solver to converge with an analytical Jacobian (found through automatic dif-
ferentiation) to potentially unphysical values, then apply the correction as a
postprocessing procedure. For the stabilization, we use the SUPG method,
and in most cases incorporate additional shock capturing or artificial viscosity
terms. Our focus is on the sweeping procedure, not on the spatial procedure.
Thus, we emphasize that the numerical results are preliminary and may not
be optimal in terms of oscillation control or numerical dissipation. Instead, we
highlight the quantity and magnitude of violations which the sweeping limiter
successfully corrects. While the original method only needed one or two sweeps
to converge for the pressure treatment in the finite difference WENO setting,
we find that many iterations are needed in some numerical tests with large
violations. Thus, we introduce a multigrid procedure to improve convergence.
For the weighted sweeping procedure, we provide the same theoretical guaran-
tees as in [8] for conservation, monotone improvement, and variance reduction.
We also provide an accuracy proof for the density treatment in the CG set-
ting. In our numerical tests, we provide results for P, and P> elements in one
and two dimensions. We show that the procedure obtains optimal numerical
convergence rates, maintains positivity, and prevents blow-ups for robust test
cases.

The paper is organized as follows. In Section 2, we provide relevant de-
scription of the Euler equations, the spatial and temporal discretizations, and
related shock capturing terms. In Section 3, we provide the core content of the
paper, including the derivation of algorithmic weights, details of the sweeping
procedure, theoretical results, optional multigrid acceleration, and extension
to multiple dimensions. In Section 4, we provide numerical results. In Section
7?7, we provide concluding remarks and describe future work.

2 Preliminaries

2.1 Euler Equations

We present a positivity preserving implicit continuous finite element method
for the Euler equations for a perfect gas. In conservative form, the one-
dimensional version is given by,

u +f(u), =0, t>0, zeR, (1)
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where p is density, m is the momentum, v is the velocity, p is the pressure, F
is total energy, and e is the internal energy. The constant v > 1 is chosen as
1.4 for air. In conservative form, the nonlinear pressure function is written as

An important feature of the pressure function is its concavity for p > 0, which is
easily verified through its negative semi-definite Hessian matrix. The concavity
of the pressure function is useful in the design of the positivity preserving
method for the pressure function in [8]. We extend the finite difference notation
used there to consider weighted quantities which will be relevant for the finite
element extension. We denote the number of degrees of freedom with ng.s. We
extend the definition of the averaged conserved quantity as the global mean
u = > wyuy, where Y004 wy = 1, w; > 0 for j = 1,..., naor. Here, {u;}72%
are the nodal degrees of freedom. The determination of appropriate weights is
outlined in Section 3.1 for a generic nodal finite element method. Considering
two nodal degrees of freedom u; and us where p1, p2 > 0, we have

p(tuy + (1 = t)ug) = tp(uy) + (1 — t)p(uz) (2)

for all ¢ € (0,1). The extended sweeping algorithm is designed to ensure that all
nodal degrees of freedom have positive density and pressure. We use € = 10712
as the robust positivity threshold. Thus, following the notation of [35] and [8],
we aim to ensure all nodal degrees of freedom are in the convex admissible set

p 1m?
G=qu=|m|lp>e and p=(r—-1)(E—=—)>¢€). (3)
E 2

As in [8], we assume that the initial condition satisfies p(u?) > € and p(u9) >
€ for j = 1,...,ng0t- For a conservative scheme with periodic or compact
boundary condition, we have a natural assumption that

Ndof Ndof Ndof

p(a*) =p ijuf =p iju‘; > ijp(u?) > (4)
j=1 j=1 j=1

at arbitrary time level k. As in the finite difference pressure sweep, we obtain
the global pivot point i which is known to have positive pressure for all time
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Ndof

steps. Nevertheless, we may not assume that that p(u) = > 727 w;p(u;) > €
once time stepping begins without positivity treatment. For writing out the
implicit continuous Galerkin scheme, it is useful to write the Euler equations

in quasi-linear form. Denoting the flux Jacobian A(u) = %, we apply chain
rule to obtain the quasi-linear system,
Ju
A(u)— =0. 5
w o+ Ad) 2 5)

The quasi-linear form is useful in the description of the numerical discretization
in Section 2.2.

2.2 Implicit Continuous Galerkin Scheme

For clarity, we define a 1D mesh with ngos nodes z;, mesh size Az =
zj41 — x;, and intervals I; = [z}, x41] for j = 1,...,ng — 1, where n.; denotes
the number of elements. We also define half points z;,1 = H(zj + zj),
and dual intervals I7 = [xjfé,:cJ#%] for j = 1,...,ng — 1. We denote the
partitioning of the set as Zp, = {I1, Ia, ..., In,,—1}. We define a finite-element
space of continuous, piecewise polynomials,

Vi, ={veH'(Q):veP)VIecT},

where H'(2) = [HY(2)]?, P*(22) = [P*(2)]® and Pi(I) denotes the set of
polynomials up to degree k defined on the cell I. The continuous Galerkin
(CG) formulation for (5) becomes,

(6)

Find u(-,t,) € Vﬁ such that for all test functions vy, € VZ,
0= fQ vy - (%uh + A(uh)%)

On its own, the Galerkin weak form is known to be unstable for advection dom-
inated flows. Thus, we use a Streamlined-Upwind Petrov-Galerkin (SUPG)
formulation as introduced by Brooks and Hughes in [6] and further detailed in
[12] and [21]. We refer to [11] for a comparison of several stabilizations. We
most closely follow the conservative formulation given in [21] with and without
the shock capturing term depending on the severity of shocks in the numerical
tests as detailed in Section 4. For the Petrov-Galerkin scheme, we define a
separate finite-dimensional function space

W, ={wecH (2):wecPy(I),VI €T},

where we use a weighted test function in place of vy in equation (6). Thus,
the updated form becomes,

(7)

Find up(-,t,) € V;ﬁ such that for all test functions wy, € Wi,
0= Jo (Wn+ ez, T - (Frun + Aun) G2).
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where T = TAT, and we use the a transient definition of 7 which is given by

o\ —1/2
1 20[]
=|—-— — 8
. (At2+<h1)> , (8)
where hj is the element length, and «; is the local maximum wave speed i.e.
the spectral radius of the flux Jacobian given by

ar=v_h+cp, (9)

with local sound speed c¢;, = /vpr/pn. The max « is computed locally over
nodal degrees of freedom in the cell. The time-step At = cfl h‘;‘“ where A,
is the minimum cell diameter, and o = max(ay) is the global maximum in-
corporating all degrees of freedom in the mesh. For our time discretizations,
we use the third order, three stage, L-stable diagonally implicit Runge-Kutta
(SDIRK3) scheme in [1]. Using the method of lines, we consider the spatial
operator

ou ou
i L(u) = —A(u)a—x.

The update for stage (i) of the three-stage Runge-Kutta time integrator is
written as

ul® =u” +At2alj (u)
j=1

¢ , (@)
=u" + AtZaij <—A(u(]))a(;1 ) . (10)

¢ T
j=1

The coefficients a;; are given in the Butcher tableau

£
=)

14~ 1

where ~ is the middle root of the polynomial 2% — 322 + 1.5z — % =0, by =
1?’7?27 and by = 1 — v — be. Using the SDIRK3 update, (10), we define

0
1y
1 b
1 by v

»—lw‘
@M‘

I\

2 o o

(=

i u —uy 6u
Tgtz'ong =+t & + Z 042] (J) Ox

Splitting the test function and applylng integration by parts only to the flux
term, we obtain the residual formula for the weak form,



*Z%‘j/ %~F(ug))dz+ialj {wh~F(u§Lj))rR
Q

i=1 i=1 o
7,2 O =0
+ o Z I% " Tstrong T = U.

Because R; = 0 is a highly non-linear system, we iterate toward the stage so-
lution using a globalized Newton’s method. Let k denote the Newton iteration
index for a given stage i. The state is updated via

u}f’kﬂ) = ug’k) + Léuy,

where L is the step length. The search direction duy, is found by solving the
linear system

Joéuy, = —Ri(uﬁf’k)).

For the Newton solver, we implement Newton’s method in three ways.
First, a classic Newton’s method assuming o« = 1.0. If this fails, we use a
line-search algorithm. If this fails, we use a trust-region method. We also
use an adaptive time-stepping feature, where if all three Newton solvers fail
to converge after 12 iterations and to an absolute error tolerance of 10~8, we
halve At and restart that step. We apply a ramp factor to increase At back
to the quantity set by the time-stepping condition. Results of the adaptive
time-stepping protocol are documented in Section 4.

We note that there is a great deal of literature on the selection of 7. Our
focus in this paper is the positivity preservation provided by the sweeping
limiter. Thus, we do not claim that our selection of 7 is optimal and we
may see oscillations or overly smoothed regions in the numerical results. In
fact, we document the large negative errors and quantity of unphysical points
treated by the sweeping limiter in the numerical tests. For shock capturing,
we consider two potential stabilization terms. The first is given in [21] and
adds a shock capturing artificial viscosity term based on the entropy variable
formulation. The second is the YZ-8 shock capturing approach. Both of these
implementations are described in Section 2.3. Different test cases warrant
different applications, and the choices are outlined in Section 4.

2.3 Shock-Capturing and Artificial Viscosity

While the SUPG formulation in Section 2.2 provides optimal order of accu-
racy on smooth problems, the results become highly oscillatory in the presence
of strong shocks. Many shock capturing terms and alternative formulations
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exist in the literature. For this reason, we employ two strategies to mitigate
these oscillations for improved results in numerical tests. The first is an arti-
ficial viscosity term included in [21] for the conservative variable formulation.
The added term is derived from the entropy variables. The second is the YZ-3
shock capturing term provided in [29] with 5 = 1. In both cases, the modified
residual formula for the weak form is written,

i=1 i=1 o
+ E T Owi, D dr
o I F) strong
I1€Zy
Nel i
owy, Buz)
_ dr =0. 11
+;/ ox (U ox v (11)

The v parameter is chosen differently for each approach. For the artificial
viscosity term, we set v = v4. For the YZ-5 formulation, we set v = vy z3.

We first describe the inclusion of an artificial viscosity term as described in
[21]. To suppress spurious oscillations near shocks, we introduce a non-linear
discontinuity-capturing operator based on the entropy variable formulation.
The artificial viscosity vy acts as a scalar diffusion coefficient applied to the
conservative variables. We define this parameter locally within each element
as

. . 1/2
gul”\ L -1 dul”
(a%0) &0 (a%5) 17,

¢ 6u§:’) A_l ¢ Bugj) ’ 5
dx Oz T40 dx Oz te

where Cpc is a user-defined O(1) tuning constant, and e is a small absolute
regularization parameter to prevent division by zero in regions of uniform flow,
and ¢ is the reference (local) component. The bounding term 1h;c), ensures
the artificial viscosity does not exceed the local characteristic transport limit,
preventing over-smearing of the solution. The symmetrization matrix Ay is
defined as the Jacobian mapping the entropy variables U to the conservative

variables U such that Ay = gg By performing a transformation of variables

U= fJ'(U)7 we can express the inverse matrix in terms of the variable mapping:

Vq = min CDC h]Ch 5

~_1  9U
Ao = Fo



10

where the generalized entropy variables U (often denoted V in discrete imple-
mentations) for the Euler equations are:

~Uy +pi(y+1— s+ s0)

" 1 Uy

U(U)=—

(U) o Us
-U;

In our numerical implementation, rather than explicitly assembling and invert-
ing the 4 x 4 matrix Ay, we define the analytic mapping from conservative to
entropy variables and use automatic differentiation to evaluate Aa ! directly.
This provides a reduction in both memory and computation cost in comparison
to inverting directly.

We now describe the YZ- implementation as in Tezduyar and Senga [29],
which suppresses most spurious oscillations near shocks without being as overly
diffusive as the artificial viscosity term. The v parameter is written as as

(i B
o \&@wu 1
vyzg = min | Cyzg hy »ghlch ,
Ivay|

where Cyzg is a user-defined O(1) tuning constant, and we select 5 =1. Asin
the artificial viscosity stabilization, the bounding term %h 1Ch prevents over-
smearing. Because the components of the Euler equations have vastly different
units and magnitudes, the residual and gradient norms are nondimensional-
ized. We define a diagonal scaling matrix S based on reference states:

1 1 1
S:diag( )
Pref  PrefCref Eref

Using this scaling matrix, the non-dimensional residual and gradient norms
used in the YZ-f stabilization are evaluated as:

||f'£?rong|| = \/(S Ts;)rong) (S é:rong) + 627

4 () ()
[val| = (sagg ) : (sgél; ) + €2,

where € is a small absolute regularization parameter introduced to prevent
division by zero in regions of uniform flow. Even with stabilization, the nu-
merical scheme may produce large unphysical values for density and pressure
near strong shocks or in near-vacuum states. Thus, we describe the positivity
preserving sweeping procedure in the following section.
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3 Sweeping Procedure
3.1 Density and Pressure Extension

To extend bound-preserving techniques from [8] to continuous FEM, we
first obtain a globally conserved quantity that directly relates the nodal degrees
of freedom {u; };44" with a set of weights, {w;};25" where > w; = 1 and w; > 0
fori=1,...,ngof. Towards this goal, we define a 1ocally conserved quantity u}
as in [27]. For continuous elements, this is given by

1
u) = — [ up(x,t,)e;dz. (12)
15| Jo
Applying the partition of unity property, we show that summing the locally
conserved quantity recovers the exact global mass:
Ndof

Z|[*|u nid/uhxt gb]dm

Ndof

:/Quhxt Zqﬁj dx

= / up(z,t,) de.
?)

Thus, using the locally conserved quantity, we rewrite the globally conserved
quantity as

et Z (u § hd“‘éjd””)
di(x)o;(x
> 2/ ﬂ

Rewriting in this way, we obtain raw weights W; = Zyi‘g o Oi(x)p;(x)dx
that when multiplied and summed with the nodal finite element degrees of
freedom recover global conservation. These raw weights are equivalent to the
row sum of the mass matrix M, where

Wi :ZMij = ZLQ%(.I)(%(CE) dl‘

Furthermore, applying partition of unity and evaluating with a nodal quadra-
ture rule (where points x4 match the nodes z;) that is exact for polynomials
of degree k, the Kronecker delta property (¢;(x;) = d;;) collapses the integral
so that we find
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Wz‘Z/Q@‘(l”) Zﬁbj(l”) dm:/ﬂ@(m)dm:ij@(xj):wi.

Thus, the raw weights and the row sums of the mass matrix are exactly the
nodal weights in classic nodal quadrature rules as shown in Table 1.

Element Geometry Equivalent Quadrature Rule Positivity

1D Simplicial (Lines)

P, (Linear) Line Trapezoidal Rule Yes (W; > 0)
P> (Quadratic) Line Simpson’s 1/3 Rule Yes (W; > 0)
P3 (Cubic) Line Simpson’s 3/8 Rule Yes (W; > 0)
2D Tensor-Product (Quadrilaterals)

Q1 (Bilinear) Quad 2D Trapezoidal Rule Yes (W; > 0)
Q2 (Biquadratic) Quad 2D Simpson’s 1/3 Rule Yes (W; > 0)
Q3 (Bicubic) Quad 2D Simpson’s 3/8 Rule Yes (W; > 0)
2D Simplicial (Triangles)

P, (Linear) Triangle 3-Point Vertex Rule Yes (W; > 0)
P> (Quadratic) Triangle 6-Point Nodal Rule No (3IW; =0)

Table 1 Table displaying positivity and equivalence of nodal quadrature rules and
raw conservative weights W; for i = 1, ..., naot [36].

We observe that all of the quadrature rules listed in Table 1 provide positive
raw weights, with the exception of P, in two dimensions, where weights at
vertex nodes are zero. In two dimensions, we use a special treatment for P,
vertex nodes as described in Section 3.3. The density and pressure sweep in [8]
strictly requires dimensionless, positive weights that sum to one (> w; = 1).
Therefore, we obtain our final algorithmic weights, {w;} as

W for i — 1
w; = Zzn;kf Wi’ or 1 = 1, ..., Ndof-
The normalized weights, w;, conserves global mean u :ITlll f P up(x, t,)d,
which implies global mass conservation. Therefore, algorithm weights are eas-
ily obtained by the normalized quadrature weights, or normalized row sums of
the mass mass matrix.

The extension of the pressure sweeping algorithm in [8] is given in Proce-
dure 1. Given a set of nodal degrees of freedom {u;};%5" where Y745 wjp; > €
and p(u) = P(Z?iof wj;u;) > €, the weighted pressure sweeping procedure pro-
vides a method to iteratively adjust all nodal degrees of freedom towards the
admissible set G in (3). The procedure continues until all density and pressure
points p; € {p;}727 and p(u;) € {p(u;)}72y are positive. As in [8], the proce-
dure ensures conservation of u so that the global average is unchanged. The
procedure follows exactly that of [8] except for the incorporation of weights.
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Weights are naturally incorporated into the density and pressure sweep as
they are originally included in [23]. The incorporation of weights in the nodal
adjustment is a notable extension. Here, we follow the same procedure as in
[8], but must limit the adjustment according to the weighted contribution of
the neighbor. Thus, we incorporate a cap t for the scaled adjustment which
preserves convexity of the local adjustment and achieves the same monotonic
improvement and variance reduction properties as in the original procedure.
For the positive branch of the nodal adjustment, we note that the procedure
still provides the optimal direction of adjustment, and is simply limited by
weighted contribution of the positive neighbor. We note that the procedure
is equivalent to [8] for uniform weights where w; = ﬁ for i = 1,...,n40r and
provides clarity on the application for cell averages in a finite volume or dis-
continuous Galerkin context. We denote the discrete L? norm in R3 by |||,
which is defined for any vector x = (71,72, 23) € R? as

x| = /22 + 2% + 22

We provide the weighted sweeping algorithm here:

Procedure 1. (A conservative positivity-preserving sweeping procedure)
€+ 10712

1. Apply Algorithm 1 to {p;}729:
p < DensitySweep(p, w, €)

2. Apply the positivity preserving sweep in Algorithm 2 using the nodal
adjustment in Algorithm 3:
while min(p(u)) < e do
u < PressureSweep(u,w, €)
end while
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Algorithm 1: p* = DensitySweep(p, w, €) (Algorithm 2.1 of [23])
for j =1: nget—1do > Forward Sweep
if p; < e then
p; €
d<pj—ce¢
Pi1 < Pj+1+
end if
end for
for j = ngor : 2 do > Backward Sweep
if p; < e then
p; <€
d<pj—e¢
pi_1 4 pi—1+ 5
end if

end for

wj
Wj+1

Algorithm 2: u* = PressureSweep(u, w, €)
for j =1:ngot— 1 do > Forward Sweep
if p(u;) < € then
u; < NodeAdjust(uy, uji1, 0, wj, wji1,€)
d<u; —uj;

Wiy W
end if
end for
for j = nqor: 2 do > Backward Sweep

if p(u;) < € then
u; < NodeAdjust(u;, u;—1, 0, wj, w;j_1,€)

*
d<u; —uj

* w
uj_l < u; g + w]‘ild
end if
end for

Algorithm 3: uj = NodeAdjust(uy, ug, u, w;, ws, €)
if p(uz) > € then
3 P(ul)—€ wa
¢ < min (7,7(“1),,,(“2)7 wf)
else
p(ui)—e

b= Gl —pan

¢ « min (t1 (unifﬂn) 1/4, %)
end if
uf + (1 —t)u; + tuy
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We obtain the same useful properties of the algorithm as in [8].

Property 1 (Conservation). We show that none of the operations in Algo-
rithm 2 change the globally conserved quantity u. We denote u, as a node
where p(uy,) < € and w, as the neighboring node in the direction of sweep. The
weighted update ensures

* * * Wn, *
Wy, + Wythy = wn Uy, + wy(uy + w—(un —uy)) = WUy + Wy,

p

Therefore, u is unchanged and p(u) > e.

Property 2 (Monotonic Improvement). We show that the weighted operations
still only decrease the distance between points, thereby increasing the average
of pressure. We first rewrite

Wy,
u; =u, + — (uy, — uy,)

Wp

Wy, Wy,
= g, — —((1—t t
up+wpun w,,(( )t + tuy))
Wnp, Wnp,
="t 1— —"t)u,.
wpun+( o, )

Using this definition and applying Cauchy-Schwarz the bound the adjusted dis-

tance as

* * .
Hup - un” -

<

wy + (= (L= )wy +tuy)) = (1= ) + tuy)
(1—(1+ %))up (1t + %))un
(1 10+ 22, - un>H

From the nodal adjustment procedure, we know that t € (0,1) as in [8]. Fur-
thermore, the minimum with % ensures

Furthermore, wy,w, € (0,1) by definition. Thus, Z”—" € (0,1) and
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n t n
t(1+w—) —t4 e (0,2),
Wp P
which implies
H1—t(1+w”) ‘ <1
Wp
Therefore,
[Jup — un|| < llup — -

As points move closer together, their combined pressure increases due to
the concavity of the pressure function. Through Jensen’s inequality, we find
that

wy, wy,
wpp(w,) + wnp(uy,) :wpp(w—tun +(1- w—t)up) + wnp((1 — t)u, + tu,)
p p

= wntp(un) + wpp(up) — wntp(uy)
+ wnp(tn) — Wntp(tn) + wntp(uy,)
= wpp(up) + wnp(un)'

Property 3 (Variance Reduction). As the points move closer together, the
total variance decreases. We show that elements monotonically move toward
the set G and the expected value, u as sweeping is continually applied. We
consider how the total weighted variance V.= 377" w;l|u; — al|” changes upon
each combined nodal adjustment. We define the local weighted variance for w,
and u,, as:

2 2 2 _ 2
Vip = wn[[Vall” + wp|[Vp|” := wallun — ™ + wpl|u, — ul|",
and we want to examine how it changes in relation to the adjusted local vari-

ance:

V5 = wa [ VA2 + w, ||V

%= | — @) + wp || — |

Through o simple calculation, using the updated weighted points, we see
that:

Vy =u,—u= (1-t)u, +tu,—u= (1—t)(u,—w)+t(u,—u) = (1-t)V,,+tV,

Similarly, using the weighted adjustment for wy,, we find:
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* * — w w
V,=u —u:"tVn—F(l—"t)Vp

b Wp Wp
We expand the updated local variance

Vi =wa |V + wy ||V

2
=wn[(1 = )V + V|| + 1w,

Uiy, + (1 - “’”t) Vv,
Wp Wp

—w (L= 02Vl + 2V + 260~ V.0V,

2 2
+w, <<w”t> V. + (1 - w”t) IV, |2 + 222 <1 - w"t) Y, ~Vp>
Wp Wp Wp Wp

Now, we collect the coefficients for |V, |%, |V, |?, and 2V,,-V,,. For |V, |*:

wy, \ w? w
wy, (1—1)* 4w, <"t> = Wy, (1=2t+2)+ 242 = w,, — 2w, t+w, t> <1 + ")
Wp Wp Wp
2
For [V, |
wy w w? w
wnt2+wp <1 - nt> = wnt2+wp <1 —2 ¢4+ Zt2> = wpf2wnt+wnt2 <1 + n)
wp Wp w? wp
For 2V, -V,:
2

w w w w
wpt(1—t)+w, <w"t> (1 - w”t) = wnt—wnt2+wnt—w—”t2 = 2w, t—wpt> (1 + wn>
P p p p

Let A = 2wt — wyt? (1 + ;‘;—) We substitute the coefficients these back into
P
the sum to find

Vi =(wn = AIVall® + (wp = A)VI* + 24V - V)
= [Vl + 0, [V l? = A (I1Vall? + [V 12 = 2V, -V, )

Using the identity |V, — V,||* = Vol + |V, )° = 2V, - V, and recognizing
that w,|[V,||* + prVpH2 =V, p, this simplifies to:

V:L,p =Vyp — AV, — Vp||2§

* 2
Vn,p :VnypiA”uniu’P” .
Finally, we analyze the coefficient A:
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A = 2wt — w,t? <1+ w") — wpt (Z—t (1+ w"))
Wp Wp

From the earlier nodal adjustment procedure, we established that t (1 + w") €

(0,2). Sincet € (0,1) and the weights are positive, it follows that A > 0. Thus,
we obtain the same result as in [§]. The local variance V;, , <V, as long as
u, # u,. Because no other point values are affected, thzs guamntees that the
total weighted variance V is monotonically decreasing.

Remark 1 As in [8], we do not provide rigorous convergence results to the set
G. In [8], only one or two sweeps were needed even for robust test cases at
any point when sweeping is triggered. We suspect this is due to the limited
violations and smooth solution profiles in the finite difference WENO method.
For oscillatory data with large magnitude or quantity of violations, we find that
in some cases, O(nqof) sweeps are needed in the numerical tests. Therefore, we
note that if one views the sweeping procedure as an opinion transition system
(much like in Degroot learning) we suspect that asymptotic convergence may
be proven through the property of m-bounded fairness [2]. We may consider
opinion dynamics theory for asymptotic consensus guarantees. Since u lives in
the admissible set, we may also obtain asymptotic convergence of the sweeping
algorithm. Nevertheless, we save rigorous justification to future work, and
provide an optional accelerated procedure to speed up convergence using multi-
grid strategies in Section 3.2.

We provide an accuracy proof of the scalar modification algorithm in [23]
used for the density positivity preservation in Algorithm 1 specifically applied
to continuous Galerkin approximations. The proof closely follows the proof of
Theorem 3 provided in [20].

Theorem 1 Let uy(z,t") € V¥ satisfying Equation (7) be a k + 1 order
approximation to the exact solution f(x,t,) at arbitrary time level n, such
that [Jup, — fll 1) < O(hE*Y).  Furthermore, we assume the evact solution
[ is sufficiently smooth such that its standard nodal interpolant, Ipflx) =
Yien fi9i(2), satisfies the standard interpolation error bound | Znf — fll ;1) <

O(R*1). We evaluate up(x,tn) = ;o5 withi(x). For brevity, we drop the
time-dependent notation for the degree of freedom vector u. The density sweep-
ing algorithm only affects the first component of u, denoted as p. Thus we
provide an accuracy estimate for p. Let the first component of the solution f
be f, and assume f(x) > e. For simplicity, we let € = 0. Let p* be the result
of the density sweeping polynomial positivity preserving method in Algorithm
1 where py(x) = >, cnr Pi0i(x). We have the following error bound:

ok = fll,, <O,
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where h = maxyer, hy.

Proof We first recall the derivation of the weights w; using the generalized conserved
quantity as

/Q i tn)de =3l S [ 6i@)os ()

ieEN JEN @
*
iEN

We may similarly write

/ up(z, tn)de = Zuiwi.

2 1EN

We examine the first solution component, the density p, from the algorithm adjust-
ment, where f is the first component of the exact solution vector f. Written in this
form, the proof follows similarly to that in [20]. We write it out here for complete-
ness. We denote the following subsets of nodal values where the original high order
solution is negative or positive. We write

N~ ={ieN|p <0}
and
N+Z={’i€/\/|pi20}

We recall that conservation is maintained between the original and final solution,
written as

prwi = Zpiwi. (13)
iEN iEN
The updated value p; for positive node p; will not increase and is guaranteed to be
corrected if needed. Therefore,

pi €10,p],Vi e N (14)
Furthermore, all negative values of the original solution are corrected to zero, ensur-
ing

pi =0,Yi e N™. (15)
By the triangle inequality, we have

HPZ - fHLl(Q) < ||P;; - thLl(Q) + th - f”Ll(Q)
* k
< lloh = prll iy + O(R).

Thus, we need to calculate the error between the high order and updated solution.
We recall that w; > 0,Vi € N. Therefore, we find
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I = ey = [ 1) = e
0

= wilpl - pil

ieN
=D wilpi —pil+ Y wilpl - pil-
ieNt 1EN

By (14), we know that p; < p; for i € N7, allowing us to remove the absolute values.
Furthermore, by (15), the updated solution is exactly zero, while the high order is
negative for ¢ € N'~. Thus, we obtain

ok = pullpacoy = D wilpi = pi) = > wilps)-

ieENT iEN—

By conservation of the scheme as written in (13), we find

Z Wi pPi = Z wipf

iEN i€EN
Z wip; + Z Wi Pq = Z wiﬂ:
iEN+ iEN iENT
= Z wi(pi — p;) = — Z wi(ps).
ieNT iEN

We plug in to find

loi = prllprcoy = > wilpi = pi) = Y wilps)

iENT PEN T

=—2 Z Wi Ps-

iEN

By norm equivalence on the finite-dimensional space V,f“7 there exists a constant
C' > 0 independent of h such that the discrete norm is bounded by the continuous
L' norm of the polynomial. Thus, we use the assumption that f(z) > 0 to find

-2 Z wip; < 2 Z w;(fi — pi) < Zzwz"fi — pil

iEN iEN iEN
<2C|Znf - ph”Ll(Q)'

By the triangle inequality, we can split this into the interpolation error and the
approximation error of the original method:

2CHIhf - thLl(Q) <20 (HIhf - f”Ll(m + ||f - thLl(Q)) :
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Therefore, we arrive at the final bound

ok — Fll 1y < OGRFY). (16)

While we do not show an accuracy proof for the nonlinear pressure function,
we show optimal numerical convergence for P; elements in the numerical tests
in Section 4. In the numerical tests, we also incorporate a symmetric sweep for
the 1D Sedov blast and Woodward-Colella interacting shock problem, which
divides the domain in two halves with the shared center point ¢ = |nqor/2].
We alternate between an outward sweep and an inward sweep. During the
outward sweep from the center ¢, we compute the right half from j = ¢ up to
ndot — 1 (updating each node j with respect to its rightward neighbor j + 1),
and the left half from j = ¢ down to 2 (updating node j with respect to its
leftward neighbor j —1). Conversely, the inward sweep pulls updates from the
boundaries back toward the center. This phase iterates the left half from j = 1
up to ¢ — 1 (updating node j with respect to j + 1) and then iterates the right
half from j = ngor down to ¢+ 1 (updating node j with respect to j—1). While
this symmetric approach was not necessary in the finite difference WENO case
in [8], it is helpful in preventing asymmetries from the large, initial density and
pressure violations that occur in the continuous Galerkin framework. This
symmetric approach is also used in the V-cycling procedure for the 1D Sedov
blast and Woodward-Colella test cases. We describe the multigrid V-cycling
procedure in the next section.

3.2 Multigrid V-cycling Procedure

We find that the iterative pressure-sweeping algorithm in Procedure 1 con-
verges in only a few forward and backward sweeps on smooth solutions, or
when the number of negative pressure degrees of freedom and the magnitude
of the violation are small. This behavior is consistent with [8], where even in
challenging test cases only one or two sweeps are needed with fifth-order finite-
difference WENO discretizations. For our implicit continuous finite-element
tests, we observe similarly rapid convergence in the shock diffraction test and
the vortex evolution accuracy test in Section 4. However, for more difficult
problems in which oscillations pollute the grid with many negative points or
large violations, many sweeps may be required to restore positivity.

A representative example is the Sedov blast wave in one and two dimen-
sions. Because the initial data concentrate most of the positive pressure in a
few cells, the first few time steps produce many negative pressure points across
the grid, and substantial exchange between distant nodes is needed before the
violations are eliminated. For this reason, we incorporate multigrid techniques
into the sweeping protocol to accelerate convergence of the positivity correc-
tion.

The motivation for a multigrid approach is that the limiter reduces lo-
cal defects in a way that is analogous to classical relaxation methods such
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as Gauss-Seidel. Consequently, defects with a large spatial profile typically
require more iterations to eliminate than localized defects. Coarse grids are
attractive because the same correction strategy can be carried out at sub-
stantially lower cost [30]. In this sense, the flat sweep is well suited to local,
high-frequency error reduction, while low-frequency errors appear as higher-
frequency components on the coarse grid [30].

Multi-grid methods were originally designed to increase the efficiency of nu-
merical discretizations of elliptic and hyperbolic differential equations [31]. As
in classical multi-grid, our accelerated sweeping procedure works by alternat-
ing corrections on coarse and fine grids. Following the notation in [31] and [30]
and many classic multi-grid applications, we provide a restriction algorithm,
a prolongation algorithm, and a V-cycling protocol which is incorporated into
the accelerated sweeping procedure. We will later show that all operations
ensure conservation. Since the pressure function is nonlinear, we follow the
full approximation scheme (FAS) protocol for prolongation [30]. Due to the
effectiveness of the flat passes in addressing local violations, we do not apply
the sweeping procedure between coarsening events in the descent phase. In-
stead, we rely on the course-grid sweep to make more global corrections, and
apply sweeping between each prolongation in the ascent phase of the V-cycle.

To track coarsening levels during the V-cycle procedure, we define the set

of nodal indices at coarsening level ¢ with ng;)f nodal degrees of freedom as

NO = (1,2, 201,

Here, the superscript (¢) should not be confused by a time-level or stage,
as both Procedure 1 and Procedure 2 are fully isolated to whichever stage or
time level in which a violation triggers the sweeping limiter. We refer to the
“flat sweep" as the sweep applied to the finest collection of points i.e. with the
full grid resolution u® = u = {u}}95 with associated weights w® = w =
{w}74f. To move from grid level (¢) to (£+1) via coarsening in one dimension,

j=1
we coarsen consecutive pairs. The simplest approach is to form indexing blocks
for each coarse node, written w,(fﬂ) =(2k—1,2k) for k=1,..., ngﬁl), so that

71'5”1) = (1, 2),@”” = (3,4), and so on. To prevent biasing, particularly for
odd grids where the final node will be a singleton, we alternative the setting of
the first cluster at every V-cycling call by setting the first node as a singleton,

and the remaining nodes as pairs formed by 71',1: = (2k—2,2k—1), so that 7r§1) =

(1), ﬂél) = (2,3), and so on. The restriction procedure for coarsening to obtain
ul) and w1 is described in Algorithm 5. The procedure produces coarse
nodes using the weighted combination of fine nodes as to ensure conservation.
The remaining V-cycling procedure in Algorithm 4 is described as follows.
The V-cycling procedure restricts down to a user-defined level, as decided
by Lynaz- In our research, we compute a maximum coarsening level until the
coarsest level contains less than or equal to eight nodes. Once the coarsest
grid is obtained, we apply sweeping neoqrse times. After that, the adjustment
is consecutively passed up to finer levels through the prolong procedure in Al-
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gorithm 6, and sweeping is applied nyine times after each ascent. We choose
Neoarse = 15 and nyine = 3, but these are both tuneable parameters. Pro-
cedure 2 describes the incorporation of V-cycling in an accelerated sweeping
procedure. The density sweep remains unaffected. The pressure sweep is mod-
ified so that after every K., flat sweeps, a V-cycle procedure is triggered. We
choose K4, = 10 in our numerical tests. The description of the accelerated
procedure and the incorporated algorithms are given below.

Procedure 2. (An accelerated, conservative positivity-preserving sweeping
procedure)
€+ 10712

1. Apply Algorithm 1 to {p; }745'":
p < DensitySweep(p, w, €)

2. Apply the positivity preserving sweep in Algorithm 2 using the nodal
adjustment in Algorithm 3:
while min(p(u)) < € do
for k=1,..., Knax do
u < PRESSURESWEEP(u, w, €)
end for
if min(p(u)) < € then
u < VCYCLE(u, w)
end if
end while

Algorithm 4: u(®* = VCycLE(u(®, w(®)

for {=0,...,Lp.x — 1 do > Phase 1: Descent
ul ) « RestricT(U®, w®)

end for

u(LmaX)a* — u(LmaX)

for k=1,...,Ncoarse dO > Phase 2: Coarsest Sweep
u(bmax)* ¢ PRESSURESWEEP (u(Fmax)* qp(Emax) )

end for

for { =Ly.x—1...0do > Phase 3: Ascent

ul® « ProrLoNG(ul®), ult+h) yt+1h).*)
a®*  u®

for k=1,...,ngn do
ul®* « PrRESSURESWEEP(u()* 1w ¢)
end for

end for
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Algorithm 5: u(“+1) o+ = ResTrICT(u®), )
for £ =1,. ndo1 do

(€+1) (Z)

— Z]Eﬂ'k j
41 14
§C+ ) — (Hl) Z]eﬂ(un w )u( )

end for

Algorithm 6: u® = ProLoNG(u®, ult*+D u(¢+1).*)
for £k =1, ...,nfgfl do
O uz(“l) —ulY

for each j € 7T](f+1) do

a® a4 g,
(e 0 [ pt"
( ) <~ p§ ) p(z+1) )
(f) ~(£)
u; "
end for
end for

We show that the V-cycling protocol maintains conservation of mass, mo-
mentum, and energy.

Property 4 (V-Cycle Conservation). We first show that the restriction in

Algorithm 5 is globally conservative across coarsening levels. Since the set of
all coarse node indexing arrays {71} partitions N, we find that

D (e+1)

dof ”do}

(e+1) (6+1) e+ 1 ) (z
Z“’k Uy —Z Wi MZw
k=1 k=1 JETL

(@+1)

dof
-5

k=1 jem

nio)
_ ), (£)
—ij u; -

j=1

Thus, u remains the same at any level of coarsening. Next, we show that the
additional sweeping and prolongation steps preserve the global mass. We first
recall that at arbitrary level (¢ 4 1), conservation of sweeping ensures

(l+1) (l+1)
™ dof " aof

04+1)  (£+1) 04+1) (6+1),%
> ) < S

k=1 k=1



25

which further implies

flz;rl) (e+1)
0= Z w}(€e+1)(u§€£+1) é+1), Z w(z+1)6
k=1

Using this result, show that the additive prolongation step used for momentum
and energy conserves each update. We find

<z+1)

(4)
wa) 0 _ Z S wa

k=1 jeEmg

(Z+1)
M dof

Z Z wj(-f)(ug-e) + k)
k=1 jemg

D (1+1>
daf

=3 Y wluld 4 Z 5 3wl
k=1 jeEmg JETE

(£+1) (Prl)
dof

Z sz)um—i— Z O w”l)
k=1 jeEmy

(£+1)
" dof

wPul +0
2 2 v

(£)
dof

S,

j=1

n

n

We show that the multiplicative update for p to ensure positivity is also con-

(z+1) B
servative i.e. p( py) (e+1> > Noting from the restriction formula that
Zjeﬂk w(e)pge) ,(fﬂ)pl(fH), the global density is conserved:
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(£) (Z+1)

T gof ( )s
(£) ~(£) _ © @ [ Pk
SRS S W

j=1 k=1 jemy
(£+1)
" dof ([-‘,—1)7
£) (&)
-3 ()
k=1 k JETL
"ff;rl) (£+1)
_ Z P (0+1) (£+1)
- @ | Yk PE
k=1 Py,
(l+1)
N dof
C+1) (£+1),x
Z w,g + )pff )
k=1

(1’)
_ Zw(f o,

Therefore, u is unchanged through each stage of the V-cycling procedure, and
p(u) > e

We note that beyond conservation, the V-cycling protocol does not inherent
the properties as the flat sweep such as monotonic improvement and variance
reduction due to the redistribution of violations in the grid. Nevertheless,
we find that for particularly for blast problems, even though the V-cycling
procedure may at some points decrease the average or minimum pressure, it
ultimately improves the convergence in our numerical tests. Furthermore, we
emphasize that the accelerated procedure is an optional, experimental, and
highly tuneable feature of the sweeping framework. In well-behaved numerical
cases or smooth problems that require few sweeps, the accelerated Procedure
2 performs exactly as Procedure 1 due to the initial flat sweeps which correct
all violations before any V-cycling is performed.

3.3 Extension to multiple dimensions

In two spatial dimensions, the compressible Euler equations in conservative
form is written as

du  Of(u) JOg(u)

— =" =0, (z,y) e R%,t >0, 17
ot ox dy (@.y) (17)
m n
m2 mn
r — P P
u = 5 f(u) = ) u) = 2 ’ 18
n (u) mn g(u) LA (18)
E P n?
(E+p) ;(E+p)
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where p is the density, m = pu and n = pv are the momentum components
in the z- and y-directions, respectively, F is the total energy, and pressure is
determined from the ideal-gas law

2 2
1m°+n
P:(Vfl) <E2p>a

with v > 1 describing the ratio of the specific heats. For p > 0, one can easily
verify that p is a concave function as in the one-dimensional case. The convex,
physically admissible set is

2 2
p>ec and pz(’y—l)(E—ém:n>>e . (19)

H3S 3

For a two-dimensional grid, we will consider P; and P> triangular elements.
The same procedure is easily extended to Q)1 and @5 quadrilateral elements.
To extend the previously described framework to two-dimensional flows, we
adopt a straightforward geometric discretization.

The 2D spatial domain 2 C R? is partitioned into a uniform Cartesian grid,
where each quadrilateral cell is split along its diagonal to form a structured
mesh of triangular elements, denoted 7. We note the uniform grid is not
strictly necessary for any of the methods described so far, and all approaches
can be extended to unstructured grids. The finite element spaces V; and
W), are naturally extended to continuous, piecewise polynomials over these
triangles. The primary difference in the two-dimensional formulation is the
expansion of the flux and gradient operators. We obtain the following time-
derivative and flux divergence form the multi-dimensional strong residual for
stage i:

(1) n i () (7)
; u’ —u 5. o0u 5. 0u

Because the underlying time-stepping and stabilization principles are the same
as in the the one-dimensional case described in Section 2.2, we write the com-
prehensive weak form including the continuous Galerkin terms, the SUPG
stabilization, and the artificial viscosity in a single updated residual equation:
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(1) n
i u —u
R = [ (At) “

: own, @)y, IWn () )
- E oG -Fo(u) + -F,(u ds?
st J A ( 8I‘ ( h ) 8y y( h )

i
+ Zaij / Wy, - (Fw(ugf))nw + Fy(ugf))ny) ds
i=1

on

ow ow ;
T h T h (2)
+ A |:T (Am % + Ay ay>:| . Tstrong ds?

8wh 81155) 8Wh 8u§f) N
+/Qy<ax-8:r+3y.6y df2 =0,

where i = (ng,n,) is the outward facing normal vector. As in the one-
dimensional formulation, the multi-dimensional SUPG perturbation is applied
to the strong residual. The shock-capturing parameter v acts as a scalar dif-
fusion coefficient. The pure SUPG treatment (without shock capturing) is
found by setting v = 0. Otherwise, v is evaluated locally using either the
conservative YZ-5 sensor with vy zg (computing the non-dimensional residual
and gradient norms over the 2D elements) or the entropy-variable artificial
viscosity formulation vy as derived in Section 2.3 with the multidimensional
form given in [21].

The extension of the sweeping limiter to multiple dimensions is simple,
and is similar to that of [8]. We generate indexing arrays as in [23], except we
introduce additional deviations to the sweeping direction in order to reduce
sweeping biases potentially introduced with the increased number of sweeps.
We use the same one-dimensional sweeping algorithm as described in Proce-
dure 1 to treat the 2D grid as described below.

Let the degrees of freedom be indexed by their logical coordinates (%, j) on a
structured geometric grid, where ¢ = 1,...,n, corresponds to the z-direction
and j = 1,...,n, corresponds to the y-direction. We define four forward
sweeping trajectories. For each forward path, a corresponding backward sweep
is defined by reversing the sequence of nodes. This yields a total of eight
directional sweeps:

o Sweep 1 (Row-Aligned Forward): For each row j = 1,...,n,, the hori-
zontal index i is traversed as ¢ = 1,2,...,n, if j is odd, and in reverse
order i = ng,n, — 1,...,1if j is even.

o Sweep 2 (Row-Aligned Backward): The reverse of Sweep 1.

¢ Sweep 3 (Column-Aligned Forward): For each column i = 1,...,n,, the
vertical index j is traversed as j = 1,2,...,n, if ¢ is odd, and in reverse
order j =ny,n, —1,...,1if 7 is even.
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e Sweep 4 (Column-Aligned Backward): The reverse of Sweep 3.

o Sweep 5 (Diagonal Forward): The grid is traversed along diagonals de-
fined by the constant sum k = ¢+ j. For £ = 2,...,n, + ny, the nodes
within each diagonal group are traversed from bottom-right to top-left
for odd k, and top-left to bottom-right for even k.

e Sweep 6 (Diagonal Backward): The reverse of Sweep 5.

e Sweep 7 (Anti-Diagonal Forward): The grid is traversed along anti-
diagonals defined by the constant difference k = i — j. For k = 1 —
Ny, ...,Ny — 1, the nodes within each anti-diagonal group are traversed
alternatingly from bottom-left to top-right, and top-right to bottom-left,
depending on the parity of k.

e Sweep 8 (Anti-Diagonal Backward): The reverse of Sweep 7.

As mentioned in 3.1, P, remains a special case due to the zero-weight vertex
nodes. In this case, we apply the density and pressure treatment as described
in Procedure 1 only to the midpoint nodes with nonzero weight. Then, at
each vertex node, we simply clip the density to € and use the scaling limiter
to provide a guaranteed correction of pressure with a neighboring node in the
direction of sweep. In other words, if u; is a vertex node where p(u;) < e,
we are guaranteed that its adjacent midpoint node uy has p(us) > €, and
p1,p2 > €, because all of these quantities have been treated by the sweep.

Therefore, we set
( p(uy) —€ >
=\ ————"7= />
p(u1) — p(uz)

and update the updated vertex node
u] = (1 —t)uy + tug,

which guarantees p(uj) > e. After sweeping the midpoint nodes, we obtain a
conservative update for all vertex nodes in a single pass for both density and
pressure. We emphasize that this does not break conservation only because
the weight associated to the vertex node in zero and does not contribute to
the globally conserved quantity u.

Lastly, we describe the multi-dimensional extension to the accelerated
sweeping algorithm in Procedure 2. In two dimensions, all nested algorithms
and conservative guarantees immediately follow the 1D approach described in
Section 3.2. To partition the 2D grid, we now group nodes into 2 x 2 spatial
blocks instead of consecutive 1D pairs. We define the discrete sets of fine-grid
indices belonging to the k-th coarse block at level /41 as 7r,(f+1). While the 1D
approach prevents grid biasing by alternating the first node as a singleton, the
2D approach achieves this by cycling through a two-dimensional anchor offset
(dy, dy) € {(0,0),(1,0),(0,1),(1,1)} at the initialization of each V-cycle.
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4 Numerical results

In this section, we provide numerical results demonstrating the capacity of
the sweeping limiter to conservatively maintain the positivity of density and
pressure for many tough test cases. We emphasize that our focus is not on the
underlying spatial scheme. Thus, our results may appear to be overly diffu-
sive or oscillatory in comparison to higher order or more stable methods. In
fact, more refinement in terms of parameter tuning for the YZ-g3 stabilization
and SUPG 7 parameter would likely yield less oscillatory results. Neverthe-
less, we show that even with massive unphysical values, the sweeping limiter
successfully corrects the negative density and pressure and prevents numerical
blow-up.

We provide results in both one- and two-dimensions. Our results mirror
those in [8] and [35], with a few adjustments where negative values were not
observed while other benchmark tests stressed the solver sufficiently. While im-
plicit time stepping theoretically permits high CFL numbers, maintaining sta-
bility at those limits requires heavy artificial viscosity that excessively smears
the solution. We deliberately use baseline YZ-3 for most test cases at a lower
CFL to preserve sharp gradients, allowing us to demonstrate that our sweeping
positivity-preserving limiter can correct non-physical negative values without
distorting the shock profile. In two dimensions, high-resolution results are
omitted due to the computationally prohibitive cost of the Newton solve.

We implement the code using the open-source finite element framework
FEniCS with the DOLFINx Python toolbox. LLM assistance (Anthropic’s
Claude and Google’s Gemini) was used to expedite coding tasks, automate
the various statistics generated in the numerical tests, and explore existing
literature (including the introduction to multigrid approaches). We verified
all code against the cited literature and manually checked for accuracy. For
the Newton solver, we used the PETSc library. For the sweeping and V-
cycling implementation, we used Numba @njit compiler to prevent slow array
accessing in Python for-loops.

To emphasize the limiter’s ability to make large corrections, we include a
summary table with the magnitude and quantity of non-physical violations
prior to correction in Tables 2 and 6. We record the extreme values of the
minimum nodal pressure, Ppi,, at the moment a sweep is initiated. We report
the minimum, maximum, and average (min, max, and avg) of Py, in terms
of how negative the value is before correction. We track the number of “bad"
degrees of freedom, denoted as npaq, which represents the discrete number of
nodes (including midpoints for P) requiring correction during a given event.
We provide the maximum and average np.q to illustrate the spatial footprint of
the non-physical states encountered over the course of the simulation. We also
provide the total number of degrees of freedom (DOF) for scale comparison.

We then report the sweeping statistics in Tables 3 and 7. A sweep event is
triggered whenever the algorithm detects non-physical states, such as negative
pressures or densities, during a Runge-Kutta stage. We report the number
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of sweep events and the total flat sweep passes executed across the entire
time-evolution, as well as the minimum, maximum, and average number of
passes required to resolve a single event. We track the total number of density
sweeps, and remind the reader that only a single forward and backward sweep
is needed for a triggered density correction. The V-cycle statistics document
the performance of the solver during these corrections. We report the number
of V-cycle events, the total V-cycles executed throughout the simulation, and
the maximum and average V-cycles utilized per individual event. We also
include general time-stepping metrics, detailing the total number of global
time steps and Runge-Kutta stages evaluated.

To show the challenges of the Newton iteration and need for adaptive time-
stepping, we include a time-stepping plot for each case in Figures 4 and 9. We
show the fraction of the CFL used for the total time evolution, including
reasons for time-step halving or increase. We include a set of reasons for
the adjustment in time step factor. We use N to signify Newton divergence
halving, S to signify a sweep not correcting all negative values within a set
maximum number of sweeps, and R to signify the ramp recovery. We set the
maximum number of sweeps as 2n; in 1D, and 2(nZ, x nY,) in 2D, where n,
and nY, are the number of cells in the z and y direction respectively.

In every test, the scheme without the sweeping limiter crashes due to un-
physical pressure and density values. We find that the sweeping limiter re-
covers the simulation and gives comparable results to literature for most test
cases. For the Leblanc problem, we include a comparison with and without
V-cycling. For that case, the large magnitude initial violations lead to drift in
velocity when V-cycling is enabled, as shown in Figure 3. Thus, an alterna-
tive approach which improves results for that case is to disable the V-cycling
and allow the adaptive time stepping to reduce At. The only other case with
V-cycling artifacts is the Mach 2000 test case as shown in Figure 7. We note
that these are the only two cases where the maximum number of sweeps is
reached, and we conjecture that both the visible artifacts and the At halving
are due to the large magnitude violations as shown in Tables 2 and 6. For
the other tests, we follow the accelerated sweeping procedure (Procedure 2)
and find that V-cycling improves robustness and reduces the number of sweeps
without causing numerical artifacts.
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4.1 1D Results

Example 1 (1D Sedov blast) We consider the one-dimensional Sedov blast wave
which is an extreme low-density and low-pressure test case. The initial state
consists of a uniform ambient gas at rest with a near-zero background energy
and a point-source energy spike at the origin. To accommodate different finite-
element polynomial spaces (e.g., Py vs. P»), we scale the energy injection by
the finite-element lumped-mass weight, wg, of the center node. On the domain
[—2, 2], the initial condition is

p(xz,0) =1, wu(z,0) =0, and

10—9 . {3.2x106 ifr=0

wo

0 otherwise.

We apply outflow boundary conditions at both ends of the domain, and run
the simulation until a final time of T' = 0.001 with n.; = 800 cells. We include
P; and P, results with YZ-$ stabilization and CFL = 1.0. As the results
indicate, the numerical solution captures the blast profile of the exact solution
while correcting the the large magnitude unphysical values in Table 2.
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Example 2 (Woodward-Colella Interacting Shock Blasts) We simulate the classic
Woodward-Colella interacting blast waves on the domain [0, 1] as described in
[32]. The gas is initially at rest with uniform unit density, but is divided
into three pressure zones separated by sharp discontinuities, leading to strong
interacting shocks. The initial state is defined as:

p(x,0) =1, wu(z,0) =0, and

1000 if0 <z <0.1
p(x,0)=<0.01 if0.1<z<09
100 if09<2<1.

The boundaries at * = 0 and « = 1 are reflective. We run to a final time of
T = 0.038 with n,; = 7010 cells and CFL = 1.0. We include P; and P, results
using YZ-f3 shock capturing for the stabilization. We see that both results are
comparable to the reference solution in [32], although insufficient stabilization
yields some spurious oscillations in the solution.
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Fig. 2 Example 2: Numerical results for Woodward Colella interacting shock blast
case with YZ-3 shock capturing and sweeping limiter using P; (left) and P (right)
elements. Blue dash-dotted line is 7" = 0.01, green dashed line is 7' = 0.016, red
solid line is 7" = 0.038.
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Example 3 (Leblanc Problem) The Leblanc shock tube is a severe Riemann
problem designed to test algorithmic robustness across extreme contact dis-
continuities and immense pressure ratios. The domain [0, 20] is initialized with
a large jump in both density and pressure at x = 10 :

( - (2.0,0,10%)  if x < 10

PPN = 0.001,0,1.0) if 2 > 10.
The simulation is run to a final time of 7" = 0.0001 with n.; = 1600 for P; using
YZ-f3 shock capturing and the sweeping limiter with and without V-cycling.
We compare with and without V-cycling (flat sweep) to demonstrate that while
the V-cycling procedure is beneficial in most cases and helps to correct large
magnitude or quantity of errors, it can lead to numerical artifacts when large
corrections are used on the highly coarsened grid. Here, we coarsen to the
maximum level with less than eight nodes. We suspect that a more moderate
coarsening choice could provide a balance between the two results, but save
this exploration for future work.

We do not include a P, result due to issues with Newton convergence for
ne = 1600 at the first time step. We note that with n.,; = 1601 points, we
obtain a similar result to Figure 3 for P, using the V-cycling procedure. With
the flat sweep alone for P, with n.; = 1601 points, the adaptive time stepping
procedure fails with the maximum of 20 At halves, due to a combination of
Newton convergence issues and the magnitude of errors being so large that the
flat sweep alone does not correct within the set maximum number of sweeps.
Thus, we suspect that the underlying stabilization is not sufficient for this
problem due to the magnitude of unphysical values seen in Table 2.
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Here, we provide a summary tables and plots for the 1D numerical runs.

Table 2 1D Correction Data

1D Sedov Py 1D Sedov P, Woodward P,  Woodward P»

Number DOF 801 1,601 7,011 14,021
Min -1.70e-02 -2.26e-08 -7.90e-07 -2.39e-11
Pain Max -2.08¢+07 -1.39¢+08 -9.33e+01 -1.97e+02
Avg -7.97e+04 -1.25e+05 -1.45e+01 -1.27e+01
. Max 30 671 837 1287
bad Avg 25.1 88.0 50.3 149.9

Leblanc V-Cycle  Leblanc Flat Sweep

Number DOF 1,601 1,601
Min -8.89¢-03 -4.28e-09
Prin Max -4.10e+06 -4.10e+06
Avg -3.46e+05 -2.39e+05
Max 390 361
Nbad

Avg 50.9 47.0
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Table 3 1D Sweep Data
1D Sedov Pi 1D Sedov P,  Woodward P;  Woodward P»
Numb Timestep 1282 2632 11178 22393
Umber - pK Stage 3846 7896 33534 67179
Events 2682 7907 25725 52858
Total 2682 144334 72253 1038622
Sweep Min 1 1 1 1
Max 1 151 43 101
Avg 1.00 18.25 2.81 19.65
Events 0/2682 3448/7907 540/25725 29648/52858
v 1 Total 0 12751 2250 95265
TYEE T Max 0 15 4 10
Avg 0.00 1.61 0.09 1.80
Density Total 2682 7907 25725 52858
Leblanc V-Cycle Leblanc Flat Sweep
Timestep 891 971
Number  pe gtage 2673 2913
Events 2700 3095
Total 29044 72707
Sweep Min 1 1
Max 3200 3160
Avg 10.76 23.49
Events 426/2700 0/3095
v ) Total 2302 0
TYEE Max 319 0
Avg 0.85 0.00
Density Total 2700 3095
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4.2 2D Results

Example 4 (2D vortex evolution accuracy) To assess multi-dimensional spatial
and temporal accuracy, we simulate the advection of an isentropic vortex by a
uniform mean flow on a doubly periodic domain §2 = [0, 10] x [0, 10]. The mean
flow (p,u,v,p) = (1,1,1,1) is perturbed by a vortex centered at (zg,yo) =
(5,5). The initial condition is defined by:

I 1—r?
a0) =1 - 5 exp (5 ) (- ).

r 1—1r2
v(x,y,O)—1+27Texp< - >(ZL’(£0),

_ 2 -1
p(x,y,O) = [1m8ry711_)2rexp(lr2)] )
and p(z,y,0) = p(z,y,0)7,
where 2 = (z — 2¢)? + (y — ¥0)?, and the vortex strength is I = 10.0828. The
exact solution is the passive advection of the vortex by the mean flow, which
we compute until a final time of T = 0.01. We show plots for P; with on a
triangulation with 120 x 120 elements with pure SUPG (no shock capturing
added). We include optimal numerical convergence results for P; in Tables
4 and 5 for both density and pressure, respectively. We omit results for P,
for this case, due to the need for adaptive time-stepping. We show that the
sweeping procedure does not destroy the underlying accuracy of the scheme.

Pressure

Density Plot Pressure Plot

Fig. 5 Example 4: Numerical results for 2D vortex evolution test case using P;
SUPG with sweeping limiter. Green symbols are approximate results. Red line is
exact solution.
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N | h| L'(p) rate | L*(p) rate | L>(p) rate
15x15 | 0.6667 | 5.57e-01 — | 1.73e-01 — | 1.17e-01 —
30x30 | 0.3333 | 1.43e-01 1.96 | 4.49e-02 1.95 | 4.45e-02 1.40
60x60 | 0.1667 | 3.64e-02 1.98 | 1.15e-02 1.97 | 1.16e-02 1.94

120120 | 0.0833 | 9.11e-03  2.00 | 2.88e-03 1.99 | 2.96e-03 1.97

Table 4 Dense-quadrature convergence (2D) for Density using P; elements.

N ‘ h ‘ L'(p) rate ‘ L*(p) rate ‘ L*(p) rate
15x15 | 0.6667 | 6.04e-01 — | 1.82e-01 — | 1.49e-01 —
30x30 | 0.3333 | 1.63e-01 1.89 | 4.94e-02 1.88 | 4.30e-02 1.80
60x60 | 0.1667 | 4.14e-02 1.98 | 1.27e-02 1.96 | 1.29e-02 1.73

120x120 | 0.0833 | 1.04e-02 1.99 | 3.19e-03 1.99 | 3.27e-03 1.98

Table 5 Dense-quadrature convergence (2D) for Pressure using P; elements.
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Example 5 (2D Sedov blast) We simulate the 2D Sedov point-blast on the
quarter-domain {2 = [0,1.1] x [0,1.1]. The domain contains an ambient gas
at rest with p = 1 and a near-vacuum background total energy of Ey, =
10712, A total blast energy of Ey = 0.244816 is injected near the origin. To
accommodate higher-order elements where the origin node may have a zero or
undefined discrete weight, the discrete delta injection is replaced by a highly
localized Gaussian distribution in proportion to the local element spacing Ax:

E r?

E(z,y,0) = Epg + 7: exp <_R8> ,
where Ry = 2Az, r? = 2 + 32, and Vj, = 3, w;exp(—r?/R3) is the discrete
volume integrated over the nodal lumped-mass weights w;. Reflective bound-
aries are applied at * = 0 and y = 0, with outflow boundaries on the top and
right edges. The test is run until 7' = 1.0. We show a P; result with 160 x 160
elements and a P, result with 80 x 80 elements on a triangulation using YZ-5
shock capturing. The P; scheme under-resolves the blast, whereas P, captures
the wave front much better with the same total degrees of freedom, albeit with
more oscillations.
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Fig. 6 Example 5: Numerical results for the 2D Sedov blast wave using Py
(160 x 160 cells, left) and P2 (80 x 80 cells, right) SUPG with YZ-§ shock
capturing and sweeping limiter.
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Example 6 (Mach 2000 test) To demonstrate the ability of the V-cycling proce-
dure to address both large magnitude and number of errors (but warn against
insufficient stabilization), we run a Mach 2000 jet problem on the domain
2=10,1] x [0,0.25]. The initial condition is a uniform ambient gas at rest:

(p,u,v,p) = (0.5,0,0,0.4127).

A high-speed jet with jet speed 800 is injected through a Dirichlet inflow
boundary condition on the left edge (z = 0):

(5,800,0,0.4127) if y < 0.05

(P 0P) =\ (05.0,0,04127)  if y > 0.05.
y

The bottom boundary is reflective, while the top and right boundaries are
set as outflow. The simulation is evaluated at T = 0.001. We show a P;
result on a triangulation with 320 x 80 elements using artificial viscosity as
shock capturing. This shock capturing method clearly smears the solution.
Nevertheless, it allowed the Newton solver to pass the first step, whereas the
solver failed immediately with YZ-8 shock capturing.

We note the appearance of artifacts in the solution due to the large mag-
nitude violations being treated on the coarse grid. Mass is transferred too
aggressively, creating nonphysical distortions in the solution. We include this
plot as a warning that while the sweeping limiter may be able to output a so-
lution, it cannot save an inherently poor performing algorithm. We emphasize
that the sweeping procedure performed much better on the same test case in
the finite difference WENO test case in [8].
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Density Plot

Fig. 7 Example 6: Color contour of results on a logarithmic scale for Mach 2000
test case using P1 SUPG with artificial viscosity and sweeping limiter.
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Example 7 (Shock diffraction) We consider the diffraction of a Mach 5.09 shock
over a 90-degree corner. The computational domain is 2 = [0,13] x [0, 11]
excluding the solid obstacle region [0,1] x [0,6]. The test is initialized with a
pure, right-moving shock located at x = 0.5. The ambient gas ahead of the
shock (z > 0.5) is defined as:

(pyu,v,p) = (7,0,0,1).

For x < 0.5, the post-shock state is derived from the Rankine-Hugoniot rela-
tions for a normal shock moving at Mach 5.09 into the ambient state. The left
boundary maintains this post-shock inflow state to drive the shock forward,
while we use solid reflective walls for the diffracting corner. The remaining
boundaries are outflow. The results are obtained at a final time of T' = 2.3.
We show Pj; results on a triangulation with 260 x 260 elements. We show
a comparison of the YZ-f shock capturing with artificial viscosity. We note
that while the YZ-5 shock capturing is less diffusive than artificial viscosity,
the YZ-( shock capturing is still more diffusive than a discontinuous Galerkin
approach at the same resolution. We obtain a similar P result using artifi-
cial viscosity (omitted for brevity), but have Newton convergence issues using
YZ-p shock capturing. The P; results demonstrates the difference in the num-
ber of sweeps needed depending on the level of numerical dissipation in the
solution as shown in Table 7.

Table 6 2D Correction Data
Vortex 2D Sedov P; 2D Sedov P> Mach2000

Number DOF 14,400 25,921 25,921 25,998
Min  -1.8536e-08  -3.7597¢-04  -1.7959¢-03  0.0000e+00
Pain Max  -3.1075e-07  -1.2673¢4+01  -3.8667e+01  -5.6634e+05
Avg  -1.2019e-07  -1.2047e-01  -4.2151e-01  -1.6936e+03
. Max 4 25657 25545 10436
bad Avg 1.67 3166.39 5323.95 4890.61

Shock Diffraction YZ — 8 Shock Diffraction AV

Number DOF 55,281 55,281
Min -1.5165e-01 -5.7297e-04
Prin Max -8.0256e+00 -3.3822e+-01
Avg -2.5931e+00 -3.4686e-01
Max 204 102
Mbad

Avg 135.05 8.37




48

P BRI BRI
8

Density Plot Pressure Plot

Fig. 8 Example 7: Contour plot of results for shock diffraction test case using P;
SUPG and sweeping limiter with YZ-3 stabilization (top) and artificial viscosity
(bottom). For density (left), we plot 20 equally spaced contour lines between
0.066227 and 7.0668. For pressure (right), we plot 40 contour lines between 0.091
and 42.
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Table 7 2D Sweep Data

Vortex 2D Sedov Pi 2D Sedov P> Mach2000
Numb Timestep 2 1373 544 1541
WP RK Stage 6 4119 1632 4623
Events 3 4120 1694 4719
Total 4 1219610 434261 268021
Sweep Min 1 7 10 1
Max 2 10054 3907 491
Avg 1.333 296.022 256.352 56.796
Events 0/3 1806 / 4120 1410 / 1694 4367 / 4719
v 1 Total 0 119816 42498 24427
Y Max 0 1005 390 49
Avg 0.000 29.082 25.087 5.176
Density Total 3 4120 1694 4719
Shock Diffraction YZ — 8 Shock Diffraction AV
Timestep 564 528
Number gy Stage 1602 1584
Events 1739 544
Total 3074 562
Sweep Min 1 1
Max 4 3
Avg 1.768 1.033
Events 0/ 1739 0/ 544
Vecvele Total 0 0
N Max 0 0
Avg 0.000 0.000
Density  Total 1739 544
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5 Concluding Remarks

In this work, we provide a new sweeping framework to ensure positivity for
density and the nonlinear pressure function for an implicit, continuous finite
element discretization of the compressible Euler equations. As an extension of
the finite difference WENO framework method in [8], we show the capacity of
the sweeping limiter to treat large violations. To improve computational cost,
we provide a multi-grid acceleration procedure that improves convergence for
oscillatory data.

Ultimately, we find that the post-processing procedure performs best, par-
ticularly in terms of computational cost and accuracy, on smooth problems
or those with small magnitude violations, as shown in the numerical tests.
Thus, the best applications of the method are where the underlying scheme
performs well, particularly in terms of accuracy and oscillation control, but is
not inherently positivity preserving, as echoed in the results in [8].

The implicit approach enabled by the sweeping method is not limited to
a continuous Galerkin setting, and can be applied to finite difference, finite
volume, and discontinuous Galerkin schemes. Furthermore, the procedure
extends beyond the nonlinear pressure function to any concave function of
the conserved variables in hyperbolic systems. Therefore, our future work
includes extending the approach to other hyperbolic systems including Navier-
Stokes and magnetohydrodynamics. We are also interested in other implicit
applications, such as nodal discontinuous Galerkin or finite volume methods.
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