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Abstract

We study L? error estimates for the semidiscrete upwind discontinuous Galerkin
(DG) method applied to the linear transport equation with constant coefficients
in two dimensions. The approximation uses P* elements of total degree on struc-
tured nonuniform Cartesian meshes. We identify two mesh structures that retain
improved accuracy on nonuniform meshes. For locally smooth meshes, where ad-
jacent cell sizes differ by O(R'*®) with o > %, an elementwise shifted upwind
projection gives

Ju(T) — un(T) 2y < CrR**, 6= minfa, 1},

For meshes with periodic patterns, where every macro cell repeats the same fixed
internal pattern, we introduce a projection on each macro cell. Its exact translation
property at the macro scale yields the optimal estimate

[u(T) = un(T)| 2y < Crh** [[uo| grasa(q) -
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Thus local smoothness leads to an approximate shifting argument with a rate de-
pending on «, while pattern periodicity yields the optimal order through translation
at the macro scale. Numerical tests confirm both residual mechanisms and the ob-
served convergence of the DG solution. Results for the standard local L? projection
are included for comparison.

Keywords. Error estimate; discontinuous Galerkin method; shifted projection;

locally smooth mesh; Cartesian mesh with a periodic pattern.
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1 Introduction

The discontinuous Galerkin (DG) method was first introduced by Reed and Hill [23]
for the neutron transport equation, and was subsequently developed into the Runge—
Kutta DG (RKDG) framework for nonlinear hyperbolic conservation laws by Cockburn
et al. [7, 6, 8, 10]. The mathematical analysis of DG methods can be traced back to Le-
Saint and Raviart [16], who proved convergence rates of O(h¥) for P* elements on general
triangulations and O(h*!) for Q* elements on Cartesian grids in the standard L? norm.
Johnson and Pitkiranta [15] later proved O(h¥*1/2) in a norm depending on the mesh
for P* elements on general triangulations, and Peterson [22] showed that this rate is op-
timal. On special grids, Richter [24] obtained the optimal O(h**!) rate, while Cockburn,
Dong, and Guzmaén [5] proved optimal convergence on simplex meshes satisfying suitable
flow conditions. Falk and Richter [12] established O(h**1/2) for Friedrichs systems, and
Houston, Schwab, and Siili [14] obtained exponential convergence in an hp analysis for
piecewise analytic solutions. The effect of mesh partitioning on elements of low degree
was studied in [29, 17]. Optimal O(h**!) estimates are classical in one dimension and for
QF elements in several dimensions [28]. Fluxes biased toward the upwind direction were
studied in [20], and equations of higher order were analyzed in [9, 25].

The case of P* spaces of total degree on Cartesian meshes in two dimensions is less di-
rect. The space P is computationally attractive because its local dimension % (k+1)(k+2)
is only about half that of Q*. Numerical evidence also suggests that the rate can improve
from O(h*1/2) to O(h**1) on Cartesian grids. However, the moment conditions used
for Q% elements are overdetermined in the smaller P* space. A different projection is
therefore needed to control the interface terms. Liu, Shu, and Zhang [19] resolved this
problem for linear equations with constant coefficients on uniform meshes. They used a
shifted upwind projection whose orthogonality conditions match the DG bilinear form.
The shifting technique was introduced earlier in [18] for central DG methods. Cao, Shu,
and Zhang [2] later gave a unified analysis of linear equations with variable coefficients
and nonlinear equations on uniform Cartesian meshes. Their correction function tech-
nique gives optimal L? estimates of order k + 1 for every k > 0. It also gives O(h*+?)
superconvergence for the cell average and the downwind edge average. This appears to
be the first such result for P* elements; earlier studies considered one dimension or Q*
elements in several dimensions (see, e.g., [3, 27, 1]). On nonuniform meshes, these errors
converge at the optimal rate O(h**1), without superconvergence [2].

The argument of [19] is also restricted to uniform meshes for the basic L? estimate.
The shifted projection on one cell is tied to the projection on its neighbor by a rigid



translation, and this invariance forces the dominant interface mismatch to cancel. On
a nonuniform mesh, the translation no longer maps one cell onto the next; the cancel-
lation is lost, and the same reasoning yields only the suboptimal rate h*. On a general
nonuniform mesh satisfying shape regularity, the standard L? projection instead gives
O(h**1/2) through a trace inequality (see Section 2.4); this matches the rate on general
triangulations [15, 22] and is sharp.

These observations suggest that the convergence rate is governed not by nonuni-
formity alone, but by the remaining structure in the interface projection mismatch. We
study two such structures. The first is a local smoothness condition on adjacent cell sizes.
Analogous O(h'™®) geometric assumptions have appeared in the finite element supercon-

vergence literature: Xu and Zhang [26] used an approximate parallelogram condition to
1
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tors, and Naga and Zhang [21] used the same structure to prove asymptotic exactness of

establish O(h!'™") superconvergence, with p = min(a ), for gradient recovery opera-
polynomial preserving recovery. In the present Cartesian setting, this condition controls
the variation of the cell aspect ratio \; ; = h{/hY across interfaces and supplies the addi-
tional factor needed to estimate differences between shifted traces. The second structure
is a periodically repeated pattern at the macro scale. The mesh may be nonuniform
within each macro cell, and adjacent fine cells may differ by O(h). However, grouping
fine cells into macro cells preserves an exact translation property. An upwind projection
on each macro cell then cancels the residuals on internal fine interfaces. The remaining
differences across macro interfaces provide an additional factor H. Our contribution is
a unified analysis of these two mechanisms. On locally smooth meshes, the shifted pro-
jection is defined through a reference bilinear form that depends on the aspect ratio. On
meshes with periodic patterns, a projection is constructed on each macro cell. Both cases
are treated by the same approximation and residual estimates.

The remainder of the paper is organized as follows. Section 2 presents the DG scheme,
the common error framework, a baseline estimate, and the main results. Sections 3 and 4
analyze locally smooth meshes and meshes with periodic patterns, respectively. Section 5
reports numerical tests, Section 6 concludes the paper, and the appendix contains the
longer technical proofs.

2 The DG scheme and a common error framework

2.1 Model problem and DG scheme

We first recall the general setting for scalar hyperbolic conservation laws and their DG
discretization. Let Q C R? be a bounded domain and let f = (fi,..., f4) be a smooth
flux function. A general initial-boundary value problem has the form

ur+ V- f(u) =0, xeQ, 0<t<T,

together with the initial condition u(x,0) = ug(x) and suitable inflow boundary data.
On a mesh 7, of 2, the DG method seeks an approximation u, in a broken polynomial
space. Multiplying by a test function v, and integrating the flux term by parts on each



cell gives the semidiscrete formulation

Z/ uhtvhdx—Z/ up,) Vvhdx—l—z fuh,uh,nk)vh do =0,

KeTy, KeTy, KeTy,

for all test functions vy, in the same broken polynomial space. Here ng is the outward unit
normal to K, u; and u; denote the interior and exterior traces on a cell boundary, and f
is a consistent numerical normal flux. For a linear transport equation u; +b-Vu = 0, the
upwind flux uses the trace from the upwind side: f(u,:, uling) = (b ng)u, if b-ng >0,
and f(u;,ul;ng) = (b-ng)ui otherwise.

We now consider the linear transport equation with constant coefficients in two di-
mensions. Let 2 = [0, L,] x [0, L,] be a rectangular domain and consider

{ut+ux+uy:(), (x,y) €Q, 0<t<T, )

U(.Z', Y, 0) - U()(.T, y)7
with periodic boundary conditions in both x and y. Let

Ozx%<x%<~--<xNx+%=Lx, Ozy%<y%<---<yNy+§:Ly.
Y _ _ y
(Tip1), I; = (yj—%7yj+%)7 K;;=1I7 x I},

T, 1
i3

T 1 Y; +5
2

1 o ]7%+yj 1
) yj_ 2

xr __ _ Yy __ _ L —
hi=zy—oiy, hj=yp1-vyiy, ==

?

with mesh size h = max{max; h{, max; h%}. On K;; we use the centered reference coor-
dinates

r =z; + hjE, y=y;~+h§777 (én)EK [27%12'

Throughout the analysis, the underlying fine mesh is assumed to be quasi-uniform: there
exist constants ¢y, Cyp > 0 independent of h such that

coh < hi, hi < Coh. (2)
For an integer k > 0, set
PH(K; ;) i=span{(v — x;)" (y —y;)™ : 0 < L+ m < k},
and define the semidiscrete DG space

Vi = {on € L*(Q) : “(Kig), Vi, j}.

With velocity b = (1, 1), the outflow edges of K ; are the right edge and the top edge:

,jJr {szrl} X I e:ly,j7+ = sz X {y]+%}
On a vertical outflow edge €}, ., let v, denote the trace from K;; and v} the trace from
K;i1;. Define the upwind jump

[Uh]f,j =, — v



Analogously, on a horizontal outflow edge e} with traces v, from K;; and v, from

Kz,]+17

4,5,4

[Uh]zj =, — v

For a piecewise smooth function w and any v;, € V¥, define

H(w, vp) Z/ (vn)y) dzdy
—l—Z/”+ [vn]? da—i—Z/ do.

The semidiscrete upwind DG scheme reads: find uy,(t) € V;* such that

((up)e, vn)a + H(up, vy) = 0, Yo, € Vi, (4)

2.2 Consistency and energy identities

Lemma 2.1 (Consistency). If w is a globally smooth periodic function, then
H(w,vp,) = /(wm + wy) vy, dz dy, Yoy, € V¥,
Q

In particular, choosing w = u and invoking the PDE (1) gives the Galerkin orthogonality
((w = up)e, vn) ¢, + H(u — up, vn) =0, Yo, € Vi, (5)

Proof. Integration by parts on each K;; gives

—/ w((vn)e + (vp)y) dzdy = / (wy + wy)vy, dedy — / wvp(b - n) do.

i,

Since w is single-valued across interfaces, the boundary contributions cancel exactly
against the upwind jump terms in (3), and the periodic outer boundary is treated iden-
tically. Summing over all cells gives the consistency identity. The Galerkin orthogonal-
ity (5) then follows by subtracting the scheme (4) from the weak form of the PDE. [J

Lemma 2.2 (Upwind energy identity). For any v, € V}¥,

H(vn, vn) = Ji(vn)?, (6)
where
Jn(vp)? = %Z (/I ([vh]ij)Qda + /y ([vh]gj)Qda) > 0.
ig NYelix Cigt
Proof. On each cell, — wa vp((vp)e + ( =—3 fK ( (v7) + 9y(v})). On a vertical

interface with traces a = v, and b = v}, the volume term contributes —%az + %bQ and

the upwind flux contributes a(a — b); their sum is 3(a — b)?. Summing over all periodic

interfaces gives (6). O



2.3 A common framework based on projection errors

The two mesh analyses below share the same energy argument. Let II, be a linear
projection into V}* that is independent of time, and set p = u — Il u. Suppose that, for
some s > 0 and some regularity measure Mrp,

10| 22y + [lPe@)] 20y < Ch* My, 0<t<T, (7)

and
[ H(p(t), vi)| < Ch* My “UhHm(Q) ’ Vo € th- (8)

Then the following estimate follows immediately from Lemmas 2.1 and 2.2.

Proposition 2.3 (Abstract estimate based on projection errors). Let u be the periodic
solution of (1), and let uy, solve (4). If 11}, satisfies (7)—(8), then

J(T) = (T 0y < Cr(IT(0) = un(O)l| ooy + h*Mr).
Proof. Write u — up = p + &, with &, = Illu — up,. Galerkin orthogonality gives

((&n)e,vn)a +H(En, vn) = —(p, vn)o — Hp, vn).
Taking v;, = &,, using Lemma 2.2, and applying (7)—(8) gives

1d

5 & ||€h||2L2(Q) < OCR* My (&l 12y -

A standard regularization argument for the case ||&|| @) = 0, followed by integration in
time, yields
1€ (D)l 120y < 1R (0)[| L2y + Ch® M.

|
The estimate follows from [[u(T") — un(T)|12(q) < P(D)]l p20) + 1€ (D) || 2oy and (7). O

2.4 A baseline estimate with the standard L? projection

Let Pj, denote the standard elementwise L? projection, defined by

/K (Prw — w) v, dz dy = 0, Yo, € Pk(Ki,j),

»J

This projection gives the rate h*+1/2 on general nonuniform meshes. By standard approx-
imation theory [4],
lu = Prull 2y < CHM ]| o g (9)

Proposition 2.4 (Suboptimal L? estimate with Py,). Let u be the periodic solution of (1)
with w € L*(0,T; H*2(Q)) N CY([0,T]; H*(Q)). Let up(t) € V¥ be the semidiscrete
upwind DG solution of (4), initialized by up(0) = Pru(0). Assume that the mesh satis-
fies (2). Then N

|u(T) = un(T) | oy < Cr W2 My,

where My = supgeyer ([[w(®)]] gurr gy + 1wl grri (o) -

6



Proof. Decompose the error as e = u — u, = n + &, where n = v — Ppu and &, =
Pru — up € Vh’“. By Lemmas 2.1 and 2.2,

5 Hfh“m + Jn(&)? = —(m, &) — H(n, &)

The L? orthogonality of 7 eliminates the volume integrals in H(n, &), leaving only the
interface traces:

Hi.6) = Z/ [6t dy - Z/ (62 da

Applying Cauchy-Schwarz and the multiplicative trace inequality on each Kj ;,
@

and summing with quasi-uniformity and (9) gives Z”

+

<C((h)™ ||77||L2 Kis) +hf||vﬁ||i2(z<i,j))7

LQ(Iy)

- 2k+1 2
M1 L2(1%) < Ch ||U||Hk+1(ﬂ)'
The y-direction is analogous, so

[H(0, 6] < OB [lul s ) T (6n).

Young’s inequality and the bound on (1, &) give §; HthLQ(Q) C HShHLQ(Q) +ChPHD2.

Since &,(0) = 0, Grénwall’s inequality yields ||§n(T)| 2y < Cph*+Y2 0. The triangle
inequality and (9) complete the proof. O

Remark 2.5. The trace inequality [|9]ox || 200) S B2 11l 12y causes the loss of half
an order. The shifted projection P incorporates the DG flux into its orthogonality
conditions. The residual H(u— Pju, v,) is therefore expressed through differences between
adjacent shifted traces rather than through individual traces. Local mesh smoothness
then provides the additional factor hY.

2.5 Main results

We state the two main estimates under two independent structural assumptions on the
nonuniform Cartesian mesh.

Locally smooth meshes. For the locally smooth mesh class, fix an exponent a > 0
and set 6 := min{«, 1}. We call the mesh locally smooth if, in addition to the quasi-
uniformity condition (2), there exists Cs > 0 independent of h such that, in the periodic
sense,

|h —he | < OohYFe, B — Y| < it (10)

where hj := h§, and hg := hy . Condition (10) is stronger than shape regularity and
weaker than uniformity. It prov1des the factor h® in the residual estimate. The approx-
imation order of P* caps this gain, so # = min{«,1}. For a > 1, the estimate has the
optimal order h*+1,



Theorem 2.6 (L? estimate on locally smooth meshes). Let u be a sufficiently smooth
periodic solution of (1) with

w € L0, T; WH2(Q)) n CH([0, T]; Wr>(Q))

and set
My = sup (Hu(t)HWk+2,oo(Q) + Hut<t)HW’“+1’°°(Q))'

0<t<T

Assume the mesh satisfies (2) and (10) with o > %, and let § = min{a,1}. Then the
semidiscrete upwind DG solution satisfies

) — () < o (1Bf0) — (O 0y + K 2r).
In particular, the estimate is O(h**%) if u,(0) = Pru(0) or if uy(0) = Pru(0).

Pattern-periodic meshes. We also consider a second, independent mesh class, called
pattern-periodic meshes. Let

G = (Xp%aXH%)? Gy = (YJ%’YJ%)

be a uniform macro grid with lengths H, and H,, where NxH, = L, and NyH, = L,,
and set

M ;= GY x GY, H =max{H,, H,}.
Assume the macro rectangles are shape-regular, ¢ < H,/H, < Cj. The fixed internal
pattern is specified by positive proportions

T

me > 0, Zale,

x
oy, ...,

in the x direction and
Y y Y _
ay, ..., 0, >0, g al =1,

in the y direction. Inside every macro cell, the fine subintervals have lengths h7, = oy H,
and h% = a¥H,. The fine cells are

KI,T,J,S = [I,T X JJ,S‘
The internal pattern is fixed throughout refinement; in particular m,, m, and

Oin 1= Hrlisn{af, al} >0

i

are independent of h. Hence all fine cells are uniformly shape-regular and h ~ H, with
constants depending only on the macro aspect-ratio bounds and the fixed internal pattern.

Theorem 2.7 (Optimal estimate on pattern-periodic meshes). Assume that the mesh
has the periodic structure defined above and that k > 1. Let ug € H*"2(Q) and let u
be the periodic solution of (1). If uy solves (4) with uy(0) = Pyug, then, for every fized
T >0,

[u(T) — uh(T)HL2(Q) < Cphtt HUOHHk+2(Q) :
The constant is independent of h, H, Nx, Ny, but may depend on T,k and on the fixed
internal pattern.



3 Error Estimates for Locally Smooth Meshes

This section proves the estimates for locally smooth meshes. We first define the shifted
projection P and establish its basic properties. We then estimate the differences between
shifted traces and the resulting residual. Finally, we apply Proposition 2.3 to prove
Theorem 2.6.

3.1 Shifted projection: definition and properties

We now construct the local projection for P*¥ elements of total degree. The P! projection
is defined by three vanishing moment conditions involving the cell and edge averages.
A direct extension to P* would be overdetermined. We therefore use a shifted upwind
projection inspired by [19, §2.2.1].

Reference bilinear form. Let K = [—3,3]? and P* = P*(K). For A > 0, define the
reference bilinear form

ax(w, z) == — /A w(ze + Azy) A€ dn
K

1/2
[ wlm e - (-4m) dy (1)

1/2

1/2
A / w(e, 1) (=(6, 1) — =(€.~1)) de.

1/2
This is the pullback to K of the physical shifted upwind form, divided by hg, with

h;r co C
)\:h—?GAI: |:C_?)’c_g:|'

We fix the monomial basis {¢9™ : ¢+ m < k+1} on P! and denote the corresponding
coefficient norm by ||| pr+:. Since P*+1 s finite dimensional, all polynomial norms on
this space are equivalent. The constants may depend on the chosen basis, but not on A,
the cell indices, or A € A.

Reference projection. For a continuous function ¢, define ﬁ,\gzﬁ € Pk by

[ (6= P agan—o, (12)
(¢ — Pag,2) =0,  Vze P (13)

When z =1, z¢ = 2, = 0 and the edge differences vanish, so the constant test gives the
trivial identity 0 = 0. Thus the number of independent conditions is 1 + (dim P* — 1) =
dim P*.



Physical projection. For each Kj; set \;; = hf/hj € A. For a function u, denote its
pullback @, ;(§,n) = u(z; + hi€,y; + hin). Define

(Prw)| k., (i + i€, y; + hin) == Pyt 5(€,7). (14)

Set p = u — Pfu. On each K, ;, [, pdx dy =0, and for any z € P*(K;;),
p(zz + 2y) dz dy + / P, y) (21, y) — 2(z,_1,y)) dy
v

T /K 7 (15)

+/I p(@, Y1) (2(2,y551) — 2(2,y,-1)) da.

Lemma 3.1 (Shifted projection: well-posedness and approximation). For every A € A
and every continuous function ¢, P\¢ exists and is unique. Moreover:

(i) Ifp e ﬁk, then ﬁ,\p =p.

(ii) There exists a constant C' depending only on k and A such that

HPA¢HL°°(I?) S C @l iy -

i) For all r € P*! and A p €A,
L

Hﬁ)ﬂ" — ﬁlﬂ"H
L=(K)

<O =gl [l pus -

(iv) If u € WH(K,;), then
" 1/2
lu = Pl i,y < OB Ko Hullypnsser, )

and therefore
HU - P;;U/HLQ(Q) < Chk+1 Hu||Wk+1oo(Q) ;

If u € CH([0, T); Wk+L2(Q)), then

[ (uw — Pff“)t”LQ(Q) < ChH ||Ut||W’“+1a°°(Q) :
Proof. The proof of this lemma is postponed to Appendix A.1. ]

3.2 Residual estimates for locally smooth meshes

We first recast H(p,v,) as a sum of adjacent shifted outflow error differences, where

p =u — Pyu. For vy|k, . we use the trace notation

Ufj(iU) - Uh<xi+%7 y)

Kijo Uiij (y> = Un (xi—%a y) K jo

Uz‘T,j(‘r) = /Uh(x7yj+%)|Ki,j7 Ufj([)?) = vh(x7yj—%)|Ki,j7

and analogously pfj, pg:j are the right/top outflow traces from K ;.

10



Lemma 3.2 (Residual identity). For every v, € Vi¥,

H(p, vn) = Z /1 y (pl() = Py (w) ol (y) dy

(16)
¥ Z L) = @)ty o)
Proof. Taking z = vy, ; in (15) gives
0= [ ol + ) dndy+ [ oGl oty
.3 J
—i—/ ij(UiTJ —vfj)dx.
17
The corresponding cell contribution of H(p, vy,) is
Hij(psvn) = — /K p((vn)e + (va)y) dzdy + /zy pi (Vi = Vi) dy
i J
+ /Ir ng(vgj - Ufj—&-l) dz.
Subtracting the first identity from the second yields
Hasloon) = [ olytoly = ok )y [ ol ol =8 da,
I ;
Summing over (i, j) and re-indexing periodically,
Z/ plvk,dy = Z/ il dy,
and similarly in the y direction. This gives (16). O

Remark 3.3. The quantity pf] PR, ; is mot the jump of p across one interface. The
traces are taken from the outflow edges of adjacent cells, at * = z; 41 and z = z; 1
They are compared as functions on the same interval I} Y This difference is the basis of
the shifted residual estimate.

Shifted outflow error difference estimates. The key estimate shows that, with
0 = min{a, 1}, the local smoothness condition (10) gives an extra factor h? in the adjacent
shifted outflow error difference. When « > 1, this recovers the additional factor of h from
the uniform-mesh proof.

Reference trace error operators. Define

By Lemma 3.1(i), Efp = ETp = 0 for p € P*. By Lemma 3.1(iii) restricted to boundary
traces, for r € PF1

||E§T—E5T”Loo(—1/2,1/z)+ [EXr — THLOO (—1/2,1/2) SO =l lIrlipess - (17)

11



Adjacent parameter differences. From the local smoothness condition, the cell as-
pect ratios \;; = hi/h{ satisfy

|Xij — Nic14l S Ch, |Aij — Nijo1]l < Ch*. (18)
For the first inequality, h?j is common to both ratios. Hence

[hf —hi| _ Gt G

< = — h".
h;l Coh Co

Aij — Aicgl =

)

The estimate in the y direction follows in the same way, with A7 common to both ratios.
For the proof of the next estimate, let

Qﬁ@;”u(xi, Yj)

llm]!

HE (&) = )

l+m=k+1

(RE)H(hY)ymetn™ € P,

and set
k41 . rrk+1 E+1 k41 . rrk+1 k41
Ame- = H;7" — H, AyHi,j = H;7" — H,

i—1,5° 4,j—1°

We also use the local patches
wa = Ki,j U Ki—l,ja w?,] = Ki,j U Ki,j—la

with periodic interpretation at the boundary. The local-smoothness gain enters through
the leading-order decomposition

pi] pz 1,9 _EA A Hk'f‘l_{_(Ei _E)\ —1,j )Hk+1 +O(hk+2) (19)

1—1,5

as functions of the common variable y € I7, where the remainder is understood in L>(I).
The Taylor coefficient comparison and the detailed proof are given in Appendix A.2.

Lemma 3.4 (Shifted trace-difference estimate). Let p = u — Pru. If u € WF22(Q),

then

sz,] Pi— 1,]HLoo(Iy) Chk+1+9 HUHWIH—? 10 (w j) ) (20)
and analogously

Hpi,j pl,j lHLoo Iz) Chk+1+9 HUHW’H'Q"O( j) : (21)
Proof. The proof of this lemma is postponed to Appendix A.2. ]

Lemma 3.5 (Shifted residual estimate). Let u € W*2(Q) and p = uw— Pfu. Then for
any vy, € V¥,
[ H(p, vn)| < CR*0 ”UHWH?,OO(Q) thHLQ(Q)' (22)

Proof. The proof of this lemma is postponed to Appendix A.3. ]

12



3.3 Proof of Theorem 2.6
Proof. Set
Hh = P;:, s=k+ 0.

The approximation assumption (7) follows from Lemma 3.1:

lu — Prull 2y + | (w = Pru)ll 20y < O My,
because 0 < 1. The residual assumption (8) is Lemma 3.5:

[ H(u — Bru,vn)| < ChF My [|oa]] 12
Thus Proposition 2.3 gives
Ju(T) = (T 0y < Cr(IBFu(0) = ()| ey + W0,
If up(0) = Pru(0), the initial term vanishes. If u,(0) = Pu(0), then
1P5u(0) = Phu(0)]l 12y < 1P5u(0) = u(0)] 12qy + [[w(0) — Phu(0)|] 2y < CR* My,
@) (€) (2)

which is of higher order than h*t%. This proves the theorem. O

Remark 3.6. When 0 < a < %, the shifted projection does not improve the baseline
estimate. In this range, Proposition 2.4 gives the sharper rate h*+1/2.

4 FError Estimates for Pattern-Periodic Meshes

This section proves the estimates for meshes with periodic patterns. Each macro cell M ;
is a translate of the same internal pattern. We define a local projection by identifying
opposite macro edges periodically. This projection cancels the residuals on internal fine
interfaces. Only terms across macro interfaces remain.

4.1 Macro-cell projection: definition and properties

For a macro cell M = (X, Xgr) x (Yg, Yr), let T,(M) be its internal fine partition and
define
Vi={ve L*(M):v|x € P*(K), K c M}.
We write
PL(M) ={Xp} x (Y5,Y7), Tr(M)={Xg}x (Y5, V1),
FB(M) = (XLyXR) X {YB}, FT(M) = (XLaXR) X {YT}

On M, the right and left macro edges and the top and bottom macro edges are identified

L,per B,per

periodically. For ¢ € V%, denote the corresponding periodic traces by ¢ and ¢

Define the local periodic upwind form

= > - / 2ge+q)dedy+ Y / dy

KCcM Fe].‘mt
S / Sy 4 / A=Ay (23)
Fe]:mt(M FR(M)

+ / ZT(qT — qB’per) dz.
Tp(M)
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For a smooth function w, define IT},w € VI by
(H)]k\/[w - w, 1)M = 0, RM(H}(\/IU) —w, q) = 07 vq € VJ\Ij[,Oﬂ (24)

where Vi, == {q¢ € V| : (¢.1)» = 0}. Since Rar(2,1) = 0, the second condition is
equivalently imposed for all ¢ € Vf;. The global macro-cell projection is

Lemma 4.1 (Macro-cell projection properties). Assume the internal pattern is fived and
k > 1. The projection 1%, exists uniquely. Moreover, for w € H*T1(M),

lw = Twll 2y + H [1Va(w = Thw)| 20

+H'? Jw — HMU)HL2(3M) X CHkH‘w‘H’““(M)' )
Consequently,
[Jw — Ihw||L2(Q) < CH*! HwHHkH(Q) : (26)
For time-dependent w, (Iyw); = In(wy).
Proof. The proof of this lemma is postponed to Appendix A.4. ]

4.2 Residual estimates for pattern-periodic meshes

Let M~ = M;_y y and M = M; ;. For (z,y) € M~ set

(rew)(2,y) = w(z + He, y),

with periodic extension. Define 7, analogously. For e = w — Iw, define the vertical
macro-interface difference on I', (M ;) by

0z = eﬁ:}_ - e?—l,J’ 6?}_()(1—%’ y) = €’MI,J(XI+%7y)'

Here eﬁl’ 7 is the right trace from M;_; ;. Define d,e analogously on I'5(M; ;) by shifting
the top macro-edge trace of M; ; down by one macro length and subtracting the top trace
from M[’J_l.

Lemma 4.2 (Internal cancellation). Let w be smooth, let p = w — Iyw, and let v, € V}F.

Then
H(p, vn) Z/ Ipv”der Z/ ypvfj dz. (27)
T'r(My,)

(Mr,7)

Here v ; and vi; denote the traces of vy, from the macro cell My ; on its left and bottom
macro edges, respectively.

Proof. By the definition of I},
RM(p,Uh‘M>:O, VM.

Hence we may subtract the vanishing macro-cell contributions:

H(p,vn) = H(p,vn) — ZRM(/), Un|m)-

14



The volume terms and the fine-interface terms strictly inside each macro cell are identical
in the two forms. Denote by H* R}, and HY, RY, the vertical and horizontal edge
contributions of the corresponding forms. On vertical macro interfaces, the remaining
terms can be re-indexed as

He (o) = 3 Rislounlan) = 3 [
M 1,J I'p (Mg

= Z/ Opp vlLJ dy.
1,7 JTL(Mry)

The horizontal macro interfaces give, analogously,

HY(p,vn) — ZRZJIM(pa Un| ) = Z/F 5yPUfJ dz.
M 1,J

B(Mrg,7)

)(P?f}_ - p?—l,J)U%,J dy

Adding the two identities gives (27). O

Lemma 4.3 (Translation covariance). Let I3, denote the local macro-cell projection on
M. On M~ = M[_LJ;

- (rpw)(z,y) = (Hyw)(x + He, y).
The analogous identity holds in the y direction.

Proof. The shifted function on the right belongs to V¥ _ because the internal pattern is
the same in all macro cells. After the change of variables x — x + H,, it satisfies the
mean condition and all equations in (24) for 7,w on M~. Uniqueness gives the result. [J

Lemma 4.4 (Macro-interface difference estimate). If w € H*2(Q) and e = w — [y,

then
1/2
2 2 3
(Z 19zellz2 e, sy ) + > ||5ye||L2(rB(M1,J>)> SCH"? |[wll groagy - (28)
1,7 1,7
Proof. The proof of this lemma is postponed to Appendix A.5. ]

Lemma 4.5 (Pattern-periodic residual estimate). Let w € H**2(Q) and p = w — Iyw.
Then, for all vy, € V}¥,

[H(pvn)| < CH"! ||wHHk+2(Q) ||Uh||L2(Q) : (29)

Proof. Set
2 2
Af2> = Z ||6$p||L2(FL(MI,J)) T Z ||6yp||L2(FB(MI,J)) ’

1,J 1,J
2. L |2 B ||2
B, := Z HUI’JHL2(FL(MI,J)) + Z ||UI’JHL2(FB(MI,J)) '
1,J 1,J
By the internal cancellation identity (27) and Cauchy—Schwarz,
\’H(p, Uh>’ g Ava-

The first factor is bounded by Lemma 4.4. The second factor is controlled by the inverse
trace inequality on the fixed-pattern boundary fine cells:

B, <CH ' |log]| j2q
Combining these estimates gives (29). O
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4.3 Proof of Theorem 2.7
Proof. For this mesh class take I, = I,. By Lemma 4.1,
lw = Inull g2y + [[(w = Tpu)ell 12) < CH"! [ull sz »
and by Lemma 4.5,
[ H(u = Iyu, vn)| < CH* [ull grsa oy 10nll 2 -

Since H ~ h for a fixed internal pattern, these bounds verify the assumptions of Propo-
sition 2.3 with s = k + 1 and regularity measure supoe,<q [[u(t)|| yr+2(q). Thus Proposi-
tion 2.3 gives

1u(T) = un(T)l 20y < Cr(Hno — Prtoll pagqy + HY ol prereqy) -
The initial term is bounded by
[ huo — ]P)huOHLQ(Q) < [Mhuo — UOHLz(Q) + [[uo — Ph“OHm(Q) < CH ! ”UOHHk+1(Q) :

Since H ~ h for a fixed internal pattern and the periodic transport solution preserves
Sobolev norms, the desired h**! estimate follows. O

5 Numerical tests
This section reports numerical tests for the transport equation in two dimensions
Up + Uy + Uy =0,

with the smooth periodic exact solution u(x,y,t) = sin(x + y — 2t) on [0, 27]?. For each
mesh class, we first report the DG solution error, then use the standard local L? projec-
tion as a baseline, and finally test the residual mechanism central to the corresponding
analysis.

For all computations of the DG solution error, the final time is 7" = 1 and the initial
data are projected by the standard local L? projection. Time integration uses a nine-stage
SSP Runge-Kutta method of ninth order for linear problems [13] and

0.6
2k +1

min{hﬁlin ) h’ilin } .

T =

5.1 Locally smooth meshes

The locally smooth tests use nonuniform Cartesian meshes satisfying
[h§ = hi_y| + |hy = By = O(h'*),
with a = 0.2,0.8, 1.0 and four mesh levels

(N, N,)) = (42,40), (52, 48), (62, 56), (72, 64).
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Figure 1: L? errors of the DG solution versus N = (N, N, )2 for P!, P?, and P? elements
on locally smooth meshes with @ = 0.2 and o« = 1.0. Reference slopes of orders two, three,
and four are included for comparison.

DG solution errors. We first compute the DG solution errors on these mesh families.
The cases o = 0.2 and a = 1.0 are shown in Figure 1, together with reference slopes of
orders two, three, and four.

Baseline with the standard local L? projection. Let n = u — P,u and define

7= [ @) b T = [ @) de

I
J
We measure the edge residual quantity

>, (T +1T))

lonllr,

oallz, = Z (/Iy([vh]f,j)Z dy + /I?([Uh]f{j)z dx) .

i,J J

(30)

Y

with

On each cell, vy, is chosen by assigning deterministic pseudorandom coefficients in [0, 1]

to the local basis functions.

Residual associated with the mesh structure. We next use the same mesh families
to examine the shifted residual, which is the central mechanism in the locally smooth anal-
ysis. To test the estimate for differences between shifted traces underlying Lemmas 3.4
and 3.5, we compute the elementwise shifted contributions

5ty = [ 65 = )b . L= [ () =l @)el o) do
where p = u — Pfu. On each cell, v, is chosen as before. Table 2 reports the shifted

>, (S5 + ‘Slyjb

HUhHLz(Q)

residual quantity

(31)
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Table 1: Edge residual quantity (30) for n = u — Ppu for P* elements.
a=0.2 a=0.8 a=1.0
k| (Na, Ny) value order value order value order
(42 40) 3.0426 x 1072~ [2.6240 x 102 -~ |2.5986 x 1072 -
48) 2.2431 x 1072 1.540|1.9448 x 1072 1.513|1.9294 x 10~2 1.504
) |1.7390 x 1072 1.542|1.5182 x 10=2 1.501|1.5086 x 1072 1.491
) 11.3994 x 1072 1.535|1.2271 x 1072 1.504|1.2205 x 1072 1.497
) [1.1003 x 1073 — [8.0327 x 107%  — [7.8596 x 10°%  —
52 48) 6.5445 x 10™* 2.625|4.8336 x 10™* 2.566 [4.7511 x 10™* 2.543
)
)
)
)
)
)

i
[\')
,4;
(@)

4.2606 x 107* 2.601(3.1861 x 10~* 2.526(3.1420 x 10~* 2.506
2.9437 x 1074 2.612(2.2244 x 10™* 2.539(2.1987 x 10~* 2.522
23348 x 107>  — |1.3671x 107> — [1.3118 x107° —

1.1290 x 10~° 3.671(6.7102 x 1075 3.595|6.4931 x 1075 3.553
6.1610 x 107 3.670|3.7263 x 1076 3.565(3.6281 x 1076 3.527
3.6680 x 107 3.664[2.2522 x 107 3.558(2.2024 x 1075 3.527

/-\/\/\/—\/\a/—\/\/\/—\/\
[\'J
S\
=2

Table 2: Shifted residual quantity (31) for P* elements.
a=0.2 a=0.8 a=1.0
value order value order value order
42,40) [6.2465 x 1072~ [1.8725 x 1072 — [1.3628 x 1072  —
) |4.8715 x 1072 1.256|1.3020 x 1072 1.836|9.1725 x 103 2.000
) 13.9651 x 1072 1.247[9.6199 x 1073 1.834|6.5864 x 103 2.007
) 13.3212 x 1072 1.2527.4230 x 1073 1.832|4.9613 x 1073 2.002
) [1.2959 x 1073~ [3.6356 x 107* -~ [2.6125 x 107* -
) 18.3378 x 1074 2.228|2.0938 x 10~% 2.788|1.4546 x 10~% 2.958
62,56) |5.7748 x 107* 2.226{1.3220 x 10~* 2.787/8.9348 x 107° 2.953
)
)
)
)
)

4.2103 x 10™* 2.232(8.9025 x 107° 2.794|5.8697 x 10~° 2.969
3.5491 x 10° - [1.0233x10™® - [7.0780 x 1076 -

1.8766 x 107° 3.219|4.8319 x 1076 3.791|3.2250 x 1076 3.971
1.1059 x 10~° 3.204 [2.5911 x 1076 3.776|1.6788 x 1075 3.956
7.0130 x 1075 3.218(1.5188 x 1076 3.774(9.5891 x 10~7 3.957

Comparison of results. The DG error curves in Figure 1 display order k + 1 in both
cases shown. For @ = 0.2, the observed rate is higher than the proved rate. The standard
projection residuals in Table 1 have order k£ + 1/2 and depend little on . The shifted
residuals in Table 2 have orders close to k + 0.2, k + 0.8, and k + 1 for o = 0.2, 0.8, and
1.0, respectively. These results show that the shifted projection captures the additional

cancellation caused by local mesh smoothness. They also confirm the predicted order
hk—i—@_

5.2 Meshes with periodic patterns

We next turn to the second mesh class and consider two fixed internal patterns. Pattern
A has m, = 3, m, = 4, with proportions

(1/6,1/2,1/3) in the z-direction, (1/5,6/20,7/20,3/20) in the y-direction,
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and Pattern B has m, = 5, m, = 2, with proportions
(1/5,1/6,2/15,4/15,7/30) in the z-direction, (1/3,2/3) in the y-direction.

For the DG solution errors and the baseline based on the standard projection, we use
macro resolutions N = 8,12, 16, 20. The fine grid dimensions are (3N,4N) for Pattern A
and (5N,2N) for Pattern B.

DG solution errors. We first compute the DG solution errors for both internal pat-
terns. The results are shown in Figure 2, together with reference slopes of orders two,
three, and four.

Pattern A Pattern B

1072 -

llu = unll;2

T
10t

macro resolution N macro resolution N

Figure 2: L? errors of the DG solution at T' = 1 versus the macro resolution N for P!,
P? and P? elements on meshes with periodic patterns. Pattern A uses (3N,4N) fine
cells and Pattern B uses (5NV,2N) fine cells. Reference slopes of orders two, three, and
four are included for comparison.

Baseline with the standard local L? projection. We next evaluate the edge residual
quantity (30) on these meshes, using the same deterministic pseudorandom construction
of Up.

Residual associated with the mesh structure. Finally, we test the residual across
macro interfaces, which is the central mechanism in the analysis of periodic patterns. For
this purpose, we use the four macro grid sizes

(Nx, Ny) = (42, 40), (52, 48), (62, 56), (72, 64).

Let p = u — Iu, where I, is the projection on each macro cell. Following the internal
cancellation identity in Lemma 4.2, define the contributions across macro interfaces

Ty = / 595,0va dy, R:}”J = / %pvfj dz.
Ip (M) Ip(Mj,y)

We report the absolute residual quantity across macro interfaces
Y (B, +[R7)

(32)
[vn ||L2(Q)

Here vy, is generated by the same deterministic pseudorandom procedure.
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Table 3: Edge residual quantity (30) for the standard L? projection on meshes with
periodic patterns.

Bl N Pattern A Pattern B
value order value order
8 [5.2536 x 1072 — [6.5740 x 1072 —
12]2.8871 x 1072 1.476 | 3.5990 x 102 1.486
16 | 1.8682 x 1072 1.513{2.3374 x 10~2 1.500
20 [ 1.3368 x 1072 1.500 | 1.6735 x 1072 1.497
8 12.8955 x 107> — [3.4820x 1073  —
12| 1.0336 x 1073 2.541 | 1.2760 x 10~3 2.476
16 | 5.0786 x 10~* 2.470 | 6.2217 x 10~* 2.497
20| 2.9099 x 10~* 2.496 | 3.5572 x 10~ 2.505
8 [8.8011x 10> — [1.3631x10"% -
12]2.1166 x 10~° 3.515(3.3113 x 10~° 3.490
16 | 7.7332 x 106 3.500 | 1.2108 x 10~° 3.497
20 | 3.5498 x 107% 3.489 | 5.5515 x 1076 3.495

Table 4: Residual quantity (32) across macro interfaces for P* elements and two internal
patterns.

Pattern A Pattern B
k| (Nx, Ny) value order value order
(42,40) |5.9442 x 10=* — | 7.5045 x 1074 -
52,48) |3.9728 x 107% 1.887 [ 5.0408 x 10~* 2.183
1
(62,56) |2.8927 x 10~ 1.804 | 3.6353 x 10~ 2.120
(72,64) |2.1744 x 10~ 1.909 | 2.7890 x 10~* 1.985
(42,40) [7.5527x107% — |1.5561 x 107> -
52,48) [3.5930 x 1076 3.478 | 8.9312 x 107¢ 3.045
2
(62,56) |2.0316 x 1076 3.242 | 5.3607 x 1075 3.311
(72,64) | 1.2686 x 1076 3.149 | 3.3911 x 1076 3.430
(42,40) [3.6390 x 107  — |1.3663 x 107 -
52,48) | 1.5301 x 10~% 4.057 | 5.3050 x 10~® 5.189
3
(62,56) | 7.8008 x 1079 3.830 | 2.6523 x 10~% 4.497
(72,64) |4.4008 x 1077 3.828 | 1.4962 x 10~% 4.288

Comparison of results. The DG solution errors in Figure 2 approach orders two,
three, and four for P!, P?, and P3, respectively. Both patterns give the same orders.
The standard projection residuals in Table 3 have only order k + 1/2. In contrast, the
residuals across macro interfaces in Table 4 have order k+ 1, as predicted by Lemma 4.5.
The internal pattern affects the constants and the values before the asymptotic regime,
but not the asymptotic order. These results support the cancellation mechanism at the
macro scale.

6 Conclusion

We have analyzed the semidiscrete upwind DG method with P* elements of total degree
on two classes of structured nonuniform Cartesian meshes. A common framework based
on projection errors reduces both analyses to approximation and residual estimates.
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1. For locally smooth meshes, the shifted projection converts the residual into differences
between adjacent outflow errors. Variation in the cell aspect ratios gives the rate h¥*?,

where 6§ = min{a, 1}. For a < %, the standard projection gives the sharper bound
hk+1/2.

2. For meshes with periodic patterns, translation at the macro scale cancels the residuals
on internal fine interfaces. The remaining terms across macro interfaces have order
h¥*+1 because H ~ h.

These results show that convergence on nonuniform Cartesian meshes depends on
both shape regularity and the structure of the interface projection mismatch. Local
smoothness gives an approximate shifting mechanism. A periodic pattern gives an exact
mechanism at the macro scale. The analysis may be extended to fully discrete Runge—
Kutta schemes and equations with variable coefficients. Nonlinear equations and more
general meshes are also of interest.

A Proofs of the lemmas

This appendix collects the proofs of the lemmas stated in the body of the paper. As an
additional consistency check, selected lemmas and theorems in the analysis were formally
verified using the Lean interactive theorem prover [11].

A.1 Proof of Lemma 3.1

Homogeneous uniqueness.
If £k =0, w is a constant and the integral condition forces w = 0. Assume k& > 1 and
take z = w. A direct computation gives

1/2 1/2
d)\(w7w) = %/ (w(%vn)_w(_%an))2dn+%/ (w<§7%) _w(é.?_%))ng'

1/2 —-1/2

Since A > 0 and ay(w,w) = 0,

Integrating by parts on z with these equal traces, all shifted boundary contributions
cancel and

ay(w, z) = /A(wg%—)\wn)zdf dn.
e

Taking z = we + Aw,, € Pk=1 ¢ Pk gives we + Aw, = 0. Hence w(&,n) = F(n— X¢) for a
univariate polynomial F' of degree at most k.

Set t = n — A/2. The equality of the traces gives F(t) = F(t + A) for all t € R.
Suppose that deg ' = m > 1 and that its leading coefficient is a,, # 0. Then G(t) :=
F(t + \) — F(t) has leading coefficient ma,,A # 0 at degree m — 1. This contradicts
G = 0. Therefore F' and w are constant. The integral condition then gives w = 0.

Well-posedness and reference estimates.
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Choose a basis {1y = 1,¢1,...,¥n_1} of P* with N = dim P*, and write Py¢ =
> Cm¥m. The system (12)—(13) becomes A(X) ¢ = b(A, ¢), where

o f’\¢m7 6207 o fAd), EZO,
Aem(A) = { R be(3, @) = {af(gb,w), (=1,...,N—1.

Existence and uniqueness. If A(A)c = 0, the polynomial w = > ¢ty € p*
satisfies [z w = 0 and a,(w, 1) = 0 for £ > 1. Since a,(w,1) = 0 holds automatically,
ay(w,z) =0 for all z € Pk, By the homogeneous uniqueness just proved, w = 0, hence
¢ =0. Thus A()) is non-singular.
Property (i). If p € Pk , then w := p — ﬁ,\p satisfies the homogeneous conditions; by
homogeneous uniqueness, w = 0.

Property (ii). Each entry of A()) is affine in A, so A is continuous on A. The matrix
is nonsingular for every A € A, and A is compact. Therefore det A has a positive lower
bound on A. Tt follows that A(X\)~! = adj A(\)/det A()) is uniformly bounded:

sup [|[AA) 7| < oc.
AeA

The test functions v, are fixed. Hence the right-hand side satisfies

o

uniformly for A € A. Thus [|c[| < C'[|@|[ (). Norm equivalence on the finite dimensional
space proves (ii).

+ > lax(d, 40| < Cllgll ey
J4

Property (iii). Because A is affine in A and r € PF s fixed,

[AQ) = Al < CA=pls (16O ) = b, ) < CIA = o] 7l e -
The identity A(N)~'— A(u)~ )~ (A (A))A(p)~" combined with the uniform
bound on ||A7!|| gives ||A(A ) ( )| < C\)\ p|. Writing

e(N) = elpr) = AN (B T) = b)) + (AN = AQu) )bl r)

and using [|b(p, r)|| < C||7]| prs1, We obtain

le(V) = c(wll < CIA =l 7l prs s

and norm equivalence yields (iii).

Physical approximation estimates. On each K ;, let Tk u € P¥(K;;) be the kth-
order Taylor polynomial of u at (x;,y;). By Lemma 3.1(i), P,fT Fu = TFu, hence

u—Piu=(I—Py)(u— Tzkju)

Taylor’s theorem gives ||u — Z/}’fjuHLm(K ) S C hk+1 [[ullyysroe i, ) By Lemma 3.1(ii)
1,7 )

and affine scaling, ||Pf(u — T} u)”LOO(K ) S C ||u ﬂ’fjuHLm(K, )7 50
] 2,7

lu — PIjUHLoo(KM) < ChM ||u||Wk+1vOO(Ki,j) :
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Multiplying by |Km-|l/ 2 gives the local L? estimate, and summing over cells gives the
global one.

For the time derivative, since the mesh is fixed in time, \; ; and the system matrix
A(Xi ;) are time-independent. Under u € C*([0,T]; W 1) the volume and edge inte-
grals defining the projection are differentiable in ¢ and differentiation commutes with the
linear projection conditions, giving 0;(Pfu) = Pfu;. Applying the spatial estimate to u;
completes the proof.

A.2 Proof of Lemma 3.4

Leading Taylor coefficient comparison.
We first prove the z-direction coefficient estimate. For each ¢ +m = k + 1, compare
the coefficients

(h) (W)™
2im)!

m l,m (h¥ )E(RY)™ m
0,0 u(ws,y;), Gy = e 0y 0 u(i 1, ;).

lim!

Im
Clt =
Add and subtract 0,07 u(z;—1,y;)(h¥) (hY)™ to split the difference into

Cﬁj” chm = (1) + (ID),

i—1,7

Where (hw)i(hy)m
(I) = =52 (050 u(wy, y;) — 050 w(wim1,y5)),
aﬁﬁénu(xi, Y5) x T m
(IT) = == 2 ((RY)E — (hEy)) (RY)

For (I), since £ +m =k + 1,
‘aﬂam xmyj aia;nu(xszy])‘ g Ch HUHW’“LQ’OO(wﬁj) )
() ()™ < Cnt,

Consequently,

D] < CF ullypsae e ) < ORI s

where we used 6 < 1
For (II), if £ > 1, the local smoothness condition gives

|(h;’c)€ o ( 20_1)6} < Ohﬂ—l VL:C . | C«hf—i-a
Together with ()™ < Ch™, this gives

(D] < OP fulusnnir ) < CH fulgusnier -

Ki—1,5)

If £ =0, term (II) vanishes. In either case,

l,m lm
‘Ci,j — G

i—1,7

< ChFFHHe [eelliwnsz.oo e,
Taking the maximum over the finitely many (¢, m) with £ +m =k + 1 gives

HA HkJralkH Chk+1+0 HUHW’@'Jr?«OO(wZij) : (33)
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At a periodic boundary (e.g., comparing i = 1 with i = N,), extend u periodically to R?,
interpret o = xn, — L, and Ky ; = Ky, ; — Ly2; then |21 — x| = O(h) and hf =
so the estimate is unchanged. The y direction gives

A HE | i < CREF? [eellywnszoowr ) (34)

Shifted trace-difference estimate. We prove (20); the proof of (21) is identical. On
the reference cell of K;

0,9
~ k k k k k
Uij = sz Hlj_l szQ’ “R +2HL0<>(K < ChM? ||u||Wk+2’°°(Ki,j) ’

Since EEp =0 for p € P*,
pi(ys + hjn) = EXL HE (n) + B RYT (). (35)

The same formula holds on K;_;;. Therefore, as functions of the common variable
y=y; +hin,
pi,j pz 15 — E)\ (Hk+1 Hk+1 )

i—1,7

(E)%j . E)\Z. )Hk+1 4 O(hk+2)

i—1,5

The first term satisfies

i—1, <O HA$H5;‘F1H131@+1 = Ohk+1+9 HUHWH? o (wf

HE)\ Hk+1 H-k—i—l-) . )

‘Lw(—1/2,1/2)

For the second term, by (17) and (18),

R R k+1
R, - ER, HE,

H 00 (~1/2,1/2)

g O‘A 'L 1]‘ HHZkJrll_]HPkle ~ Chahk"’_l HUHWIH’LOO(KZ', Yj)
< ChFHIHe ||U||Wk+2oo( e

The two remainder terms are controlled by the boundary stability of Ef and the Taylor
remainder estimate:

R k42
HEAZ,_RM

H R k2
Loo(—1/2,1/2) Aim1,j =1

< k+2 . .
Leo(=1/2,1/2) “h HUHWMQ’OO(%J)

Since 6 < 1, this is bounded by CR* 1 ||ul| iz 0 This proves (20).

(W%;j) ’

A.3 Proof of Lemma 3.5
By Lemma 3.2, H(p,v,) = Sy + S,, with

5.= 3 [ ALk du L= ol = ol

YRR

and analogously S, with AY, = pl'; — pl' .
For S,, Lemma 3.4 gives

HA Chk+1+0(hy)1/2 ||U||Wk+2,oo

iJ HLQ(I?’) (N
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Applying Cauchy-Schwarz cell by cell and inserting the weight (h¥)/2,

|S | ZHA‘TJHLQ(FJ ||UZJHL2 1Y)

i
z |2 1/2 1/2
<(SEE) (Sl
i i
The trace inverse inequality on K gives
(=3 e jney < ClPl2ry . p € P
After affine scaling,
hi v
Therefore
thH ey < Cllonlagy
For the first factor, quasi—unlformlty gives
1A

ill e

- < Ch2k+2+29 HUH?/VkJrZOO(Q) .
(2

Since N, N, < Ch™?% the first factor is bounded by C'h**f [wllris2.0 (- Hence

|S,] < C’hk+6||u||wk+2oo(9 ||Uh||L2(Q)

The estimate for S, is analogous. Combining the two estimates gives (22).

A.4 Proof of Lemma 4.1

For any p € Vi, the local periodic energy identity reads

RM(p,p)zé > / dy+% > /

FeFint(M FE]—'!nt

er 1 er
+§/ (p" = p™Pr) dy + 2/ (p" = p"P)? da.
T'r(M) T'p (M)

For the homogeneous problem, taking ¢ = p gives
Ru(p,p) =0 = [p] =0 on all local periodic interfaces.
Hence p is continuous on the locally periodic macro cell, and

Ru(p,q) = (P2 + Py, Q) u, q € Vi

Moreover,

(pac +py7 1)M — / p(nx + ny) do = 07
oM
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where the last equality uses the local periodicity on opposite macro edges. Thus p,+p, €
VJ\’}’O, and choosing ¢ = p, + p, yields

|’px+py|‘i2(1\4):0 = Pz tpy=0.

Thus, on each fine cell K, there is a one-variable polynomial F such that

p(x,y) = Fr(y — x), (x,y) € K.

Across a common vertical or horizontal fine edge, the traces of p agree. Along such an
edge, the variable s = y — x ranges over a nonempty interval, so the corresponding one-
variable polynomials agree on an interval and are identical. By connectivity of the fine
partition, all Fx coincide with one polynomial F'. The right-left local periodicity gives

F(s—H,) = F(s)

on a nonempty interval, hence everywhere as a polynomial identity. Since H, > 0, F'is
constant; hence p is constant, and

The homogeneous solution is therefore trivial, so the finite-dimensional system defining
IT3, is nonsingular.

Mapping M to the reference macro cell gives a fixed internal pattern and a normalized
matrix A(Ay), where Ay = H,/H, € [co, Cp]. The preceding uniqueness implies

det A(Xy;) # 0, A € [co, Col,

and compactness gives

sup  ||A(Aw) 7| < o
A €lco,Co)

Define
Nat(2) = 112l o ary + H Va2l 20y + HY? 120 200

After scaling back to M,
Ny (I, 2) < ONy(2).

Since IT%,p = p for p € V¥,

Ny (w —jw) < C inf Ny (w —p) < CH* Mw|grsan,

k
PEV

which is (25). Summing over macro cells gives (26). Since the mesh is fixed in time,
8t(_[hw) = Ih(wt).

A.5 Proof of Lemma 4.4

We prove the x estimate. On M~ = M;_; ; define
Er (@) = (¢ — 3= @) [rp(ni-)-
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By linearity of the projection and Lemma 4.3, the shifted interface difference satisfies,
after identifying I'y (M) with T'r(M ™),

dpe = Ep(ryw) — € (w) = EL (T,w — w).
The boundary part of (25) gives
_ 1
10z€ll p2(r, (ary) = €7 (Tow — W[ ogp apery < CH* 2|70 — w] g -,
Tz (M)) (Tr(M™))

For || = k + 1,
H(L'
D/B(wa —w)(x,y) = / axD’Bw(:v + s,y)ds,
0

50 |mew — wlgriia-y < CHy |[wll grsaar-, 0. This yields the local bound CH*+3/2
on each macro interface. Squaring and summing gives (28), because neighboring macro
patches overlap uniformly. The y direction is identical.
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