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Abstract. Entropy inequalities are fundamental to the well-posedness of hyperbolic conservation
laws, providing the essential criterion for selecting the physically admissible solution among infinitely
many weak solutions. Chen and Shu [J. Comput. Phys. 345 (2017)] proposed a unified framework
for constructing high-order discontinuous Galerkin (DG) methods that satisfy entropy inequalities
for any given entropy via specific numerical quadrature; however, their accompanying error analysis
was limited to the truncation error level, leaving a critical gap in the rigorous convergence theory
for these entropy-stable schemes. This paper closes that gap by establishing rigorous a priori error
estimates for semi-discrete entropy-stable DG (ESDG) methods on general unstructured meshes for
hyperbolic conservation laws. The analysis is built upon a finite-difference-type consistency-stability
argument carried out directly at the nodal level. Under a polynomial-reconstruction hypothesis and
an L°° a priori bound, we prove an O(hk) error estimate in a quadrature-based norm, which is
equivalent to the broken L? norm on the finite-dimensional reconstruction space. We further extend
this framework to the entropy-stable oscillation-free DG (ESOFDG) method introduced by Liu, Lu,
and Shu [SIAM J. Sci. Comput. 46 (2024)], demonstrating that the additional damping terms do
not degrade the convergence order. Numerical experiments suggest that the observed convergence
rates may exceed the theoretical prediction by up to half an order.
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1. Introduction. Hyperbolic conservation laws govern a wide variety of physical
phenomena, among which gas dynamics in the continuum regime represents a canon-
ical and extensively studied setting. The general form of hyperbolic conservation law
systems is

d
(1.1a) Oa+ Y Op, Fn(w) =0, (x,1) € Qx[0,7T],
m=1

(1.1b) u=g, (x,t)eQx{0},

where @ ¢ R4, d > 1 and u,f,, € R".,n > 1 are vector-valued functions and flux
functions respectively. Throughout this paper, the solution is considered to be either
periodic or compactly supported. A hallmark of nonlinear hyperbolic conservation
laws is the spontaneous formation of shock waves and contact discontinuities in finite
time, irrespective of the smoothness of the initial or boundary data. This fundamen-
tal phenomenon necessitates the framework of weak solutions, within which unique-
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ness is generically lost. Consequently, to isolate the physically relevant solution, one
must augment the governing equations with entropy admissibility conditions. The
well-posedness theory is well established for scalar conservation laws (n = 1) and
one-dimensional systems (d = 1) subject to initial data of sufficiently small total
variation, for which the entropy solution exists and is unique. By stark contrast, for
general multi-dimensional systems, the global existence and uniqueness of entropy so-
lutions constitute outstanding open problems, and the theoretical foundations remain
substantially incomplete. We direct the reader to [11,18] for an exhaustive survey.
In the computational realm, although entropy conditions alone do not preclude non-
uniqueness, the construction of discrete approximations satisfying discrete analogues
of entropy inequalities at the grid level remains a central desideratum. This require-
ment defines the notion of entropy stability, and schemes that satisfy it are commonly
termed entropy-stable (ES) schemes.

For first- and second-order discretizations, the entropy-conservative and entropy-
stable fluxes of Tadmor [32,33] furnish a general framework. In the finite volume
setting, Fjordholm, Mishra, and Tadmor [13] devised the TeCNO scheme, which com-
bines high-order entropy-conservative fluxes [23] with the sign property of essentially
non-oscillatory (ENO) reconstruction [14] to ensure entropy stability. More recently,
attention has turned to entropy-stable quadrature-based discontinuous Galerkin (DG)
methods. Chen and Shu [6] constructed such a method on unstructured simplex
meshes using Gauss—Lobatto-type quadrature rules with collocated surface quadra-
ture points and discrete operators endowed with the multi-dimensional summation-
by-parts (SBP) property [12,21]. Several related entropy-stable DG methods within
the SBP framework have subsequently been proposed [3,4,9,10]; the reader is referred
to [7] for a comprehensive survey. The paradigm has further been extended to encom-
pass the Navier-Stokes equations [2,16], magnetohydrodynamics (MHD) [1,27], shal-
low water equations [15,34], Euler equations with gravity [24,25], gradient flows [31],
two-phase flows [30], and stochastic problems [28].

Although entropy stability of the ESDG method is well established, rigorous error
estimates for smooth solutions remain unavailable, to the best of our knowledge. For
semi-discrete DG and Runge-Kutta DG schemes, such estimates have been extensively
developed; see, for example, [37-39]. The effect of inexact quadrature on DG error
analysis has also been addressed in [22]; however, the results therein do not extend
to general entropy-conservative SBP flux-differencing schemes. Recently, Worku, Del
Rey Ferndndez, and Zingg [35] established convergence of entropy-stable split-form
discretizations of symmetric hyperbolic systems with homogeneous flux functions that
possess globally bounded second derivatives, within the multi-dimensional continuous-
SBP framework. Ranocha [29] subsequently extended this analysis to diagonal-norm
SBP operators on curved meshes and derived an a priori h? error estimate for entropy-
conservative high-order SBP semi-discretizations of nonlinear symmetrizable systems
via a discrete relative-entropy argument. Neither of these analyses, however, encom-
passes the Chen-Shu ESDG method [6] with general entropy-stable interface fluxes
or the oscillation-free extension [26] analyzed below. The fundamental obstacle is
that classical DG error analysis relies crucially on the assumption that the numerical
solution resides in a prescribed space of piecewise polynomials of degree k. For the
entropy-stable nodal DG method introduced in [6], this assumption is violated: in
multiple space dimensions, the nodal values produced by the scheme do not, in gen-
eral, correspond to a piecewise polynomial of degree k. Consequently, existing error
estimates for DG methods with inexact quadrature are neither directly applicable nor
adequate to establish high-order convergence for the ESDG method. Nevertheless, the
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nodal flux-differencing formulation and SBP operators impart a finite-difference-type
structure to the ESDG method, thereby motivating a consistency-stability analysis
formulated directly at the nodal level.

In this paper, we prove an a priori h* error estimate in a quadrature-based norm
equivalent to the broken L? norm on the reconstruction space for smooth solutions of
the semi-discrete ESDG method applied to (1.1). We prove the main results under
a polynomial reconstruction hypothesis and an L° a priori bound, and extends to
the entropy-stable oscillation-free DG (ESOFDG) method [26], where the additional
damping terms are shown not to degrade the convergence rate. The proof follows a
consistency—stability approach: we first derive a local truncation error by inserting
the nodal values of the exact solution into the semi-discrete scheme, then formulate
the error equation and bound the volume, interface, and truncation contributions sep-
arately. The leading volume terms are controlled through the skew-symmetric SBP
structure combined with entropy symmetrization of the flux Jacobians; the remaining
nonlinear terms are estimated via Taylor’s expansions and mesh-scaled matrix-norm
bounds; and the interface contributions are managed using the entropy stability of the
numerical flux. The resulting differential inequality is closed by a Gronwall argument.
We further justify the polynomial reconstruction hypothesis and a priori assumption
by continuation arguments. For the ESOFDG method, estimates of the damping co-
efficients together with the projection structure of the damping terms ensure that the
additional dissipation does not affect the convergence order. Numerical experiments,
however, indicate that the observed convergence rates may be higher than the theo-
retical bound proved by up to half an order. This suggests that the present estimate,
which is indeed derived from the truncation error, may not be sharp. Similar phe-
nomena have been reported in the error analysis of DG-type methods, indicating the
possible presence of more delicate cancellation or superconvergence mechanisms [36].

This paper is organized as follows. In Section 2, we introduce some basic no-
tations, the semi-discrete ESDG method, and some useful lemmas. In Section 3, we
derive the error estimate for the ESDG method (2.9), then give the detailed discussion
on our assumptions and extend our proof to the so-called ESOFDG scheme. Numeri-
cal results are reported in Section 4. We finally give concluding remarks in Section 5.
Some technical proofs of lemmas are left in Appendix A.

2. Preliminaries. In this section, we will first give a brief review of the entropy
analysis for (1.1) on the PDE level. Then we introduce the quadrature rules and the
SBP operators [7], which mimic integration by parts at the discrete level. After that,
we can describe the ESDG method. At the end of this section, we will give some
useful auxiliary results that will be used.

2.1. Entropy analysis. A strictly convex function U(u) is called an entropy

function for (1.1) if there exist entropy fluxes, F(u) = (Fi(u), Fa(u),..., Fy(u))7,
such that

(2.1) U'wf (u)=F, (u), m=1,...,d.

Here U'(u) and F! (u) are understood as row vectors, and f/, (u) is the n x n Jacobian
matrix. We call the (U(u),F(u)) an entropy pair. The entropy variable and the
entropy Hessian are defined by

v(u):=U'(w)?, H(u):=U"(u).
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In the error analysis below, we assume uniform convexity on the relevant set of states:
there exist constants C7,Cs > 0 such that

CIIn S H(u) S CQIn7

where I, is the n X n identity matrix. Consequently, H(u) is symmetric positive-
definite, and the mapping u — v(u) is invertible. We also define the entropy potential
fluxes as follows:

Y (v) = v, (u(v)) — Fu(u(v), m=1,...,d.

One can easily verify that 1/ (v) = £, (u(v))T. In addition, for a unit vector n =
(n1,...,nq)T, we set

M=

d d
fa() := > npnfn(u), Fa(u):= Y npFn), Yav) =Y nptm(v).
m=1 m=1

m=1

In general, the physical relevant solution u of (1.1) is meant to satisfy the following
entropy inequality

d
(2.2) OU) + Y 0a,, Fin(u) <0,

m=1

in the distribution sense for all entropy pairs. Formally integrating (2.2) in space with
the assumption that u is compactly supported or periodic, we obtain

d

— <
i U(u)dz <0,

which indicates that the total amount of entropy is non-increasing in time. For scalar
conservation laws, any convex function U defines an entropy function with entropy
fluxes Fy,(u) = [“U’(s)f}, (s)ds. For hyperbolic systems, the existence of entropy
functions is equivalent to the symmetrizability of the systems [19]. Fortunately, for
most systems we are interested in, such as shallow water equations, compressible
Euler equations, and MHD equations, we are able to find the entropy functions with
physical meaning.

For numerical aspects, we would like to find our semi-discrete scheme to sat-
isfy (2.2). Such property of schemes is referred to as entropy-stable (ES). To design
ES schemes, the following entropy conservative fluxes and entropy stable fluxes are
proposed by Tadmor [32,33], and defined as follows.

Definition 2.1. Form = 1,...,d, a two-point numerical flux f,,, s(ur, ug) is called
entropy conservative with respect to U if it is consistent, symmetric, and satisfies

(ve —vr) fn.s(ur, uR) = Y. — Ym L,

where vy, r and i, 1 r are the entropy variables and entropy potential fluxes at left
and right states. Furthermore, given entropy conservative fluxes in all coordinate
directions, we define the directional entropy conservative flux by

d
fn,S(uL7 uR) = Z nmfm,S(uLa uR)-

m=1
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Definition 2.2. A consistent two-point numerical flux £, (uy, ug) is called entropy
stable with respect to U if it satisfies

(vi —vi) fa(ur, ur) < ¥n g — Yn.r.

2.2. Quadrature rules and SBP operators. In this subsection, we will briefly
review the quadrature rules and SBP operators in order to rewrite the DG method
under the SBP framework. Assume that Q C R? is a bounded polygonal domain.
Let {7 }n>0 be a family of conforming, shape-regular, and quasi-uniform simplicial
partitions of Q. We denote hg = diam(K), h := maxge7, hix. Let &, be the set of
all interior faces of T, and Ex be the set of all faces of K € T;,. For each vy € &, we
fix a unit normal vector n,. If v = K~ N K™, then labels K~ and K are chosen
such that n., points from K~ to K*. For a piecewise smooth function w, we denote
the two traces of w on v by

wT = wlg-, whi=w|gr.

When a single element K is fixed and v € £, we also write w? ¥ = w|x on 7,
namely the trace of w on  taken from the inner side of K. Let K be a fixed reference
simplex and, for each K € Ty, let

(2.3) FK(ﬁ):AKﬁ-l-bK =X

be the affine mapping from K onto K. We assume that the volume and surface
quadrature rules, as well as the corresponding nodal SBP operators on K, are obtained
by affine transformation of fixed reference-element rules and operators. For notational
convenience, all definitions below are stated directly on the element K. For each
simplex K € Ty, suppose that there is a quadrature rule of degree at least 2k—1 on K,
associated with quadrature nodes and positive weights {(Xf{, wJK)};-V:Ql”“, Ngjx > Npj
with
Np, =dimP"(RY), 0<v<k.

For each v € &, suppose that there is a quadrature rule of degree at least 2k on -,
associated with quadrature nodes and positive weights {(xj , T] )};vflk
{pl}i\ipl’” as the set of basis functions of P¥(R?), which means

Now we take

N N N
{5 c{p, - b, 5"

Then we define the Vandermonde matrices, whose columns are nodal values:

— [ﬁ{(,-~- 725’11\5}3)11]7 V) = ,... ,@YVP’V],

where pi* = [pi(x{), - pi(xn, )70 = (X)), mu(xy, )T We also define

polynomial differential matrices D,, such that

Np,i

%pl Z Dm rlpr

Then VXD, is the Vandermonde matrix of {9, pi(x) ;\;Plk on K. For a scalar

function w, define the volume and surface nodal vectors by

X = [w(xf),...,w(xﬁQrk)]T, W = [w(x¥)7""w(X7VB,k)}T'
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Denote
MK = diag(wf(,...,wfv(Q L), B i=diag(r], ..., ).

We then define the continuous and discrete inner products on K and ~ that

Nka

(u, w) g = / wwdzr, (U, W)k, = Z wJKu(ij)w(ij) = (@) M5 w",
K =

NB,k

(U, w)y = /uwds, (U, W)y, = Z du(xw(x)) = (@) T B oK.
Y s=1

In order to obtain the nodal SBP property, we recall the definitions of degree k
difference matriz DX and extrapolation matrices { RY% }yegx » for which the following
two conditions hold:

1. Exactness: both DX and R"X are exact for polynomials of degree k, i.e.,

(2.4) DEVE =vED,,, RVEVE=Vv].

2. Summation-by-parts: setting SX := MEDE and EVE = (RVK)TBYRYVE|
we have
(2.5) SE+(SE)T = > npKErE,

VEEK
We also define L? projection matrices under the discrete inner product:
PE = (VEYTMR V)N VETME, 0<v <k
In particular, for v = 0, we have the orthogonality of the operator P that
FME (@ — VEPEG) =0, vk e RNex,

where @ € RNe.» is a constant vector. The existence of SBP difference matrices is
ensured by the following theorem [7].

THEOREM 2.3. Assume that we have extrapolation matrices RV satisfying the
exactness property. Then the difference matrices, given by the formula

1 ~
DY = (M) 37 N (R 4+ VI PE) B (R~ VI PE) + VD P
YEEK

satisfy (2.4) and (2.5).

For the choice of the extrapolation matrices RY¥ | the readers can refer to [7]. Accord-
ing to the construction of Pg* and Vi, one can easily check that Q¥ := Iy, , =V P
satisfy

(26) QK _ (QK)Q7 (MKQK)T _ MKQK
For the vector-valued function w : R — R”, we introduce the vector of nodal values

- T
wh .= [W(X{()T, e ,W(X%Q’k)T] e R"Nex,
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K K (T K (Y T T N
wrt = [W% (xl) ye, W (XNB,k) ] c R*"Ns.k

as well as the Kronecker products

MK =MXwI,, B =B"®l, DE=DEsI, RW=RrR¥3I,,
PX.=PFwI, SK=SK&I,.
All the properties before remain valid for vector-valued nodal data under the Kronecker-

product convention introduced above. For a volume nodal vector W, we define the
discrete h-norm by

1w

WG = (WM R = Y IR

KeTh

where the corresponding global broken nodal vector is

W= (W5) ey € [T R Ve
' Kem,

We also define the 9,1 < q¢ < oo norms by

Nka
W5 s = D IwWf%, 1< g <o,
j=1

and
I e e 2= | e wf
where W]K = W(X]K ) and | - | denotes the Euclidean norm. The corresponding global
norms are
0 = 32 I s ¥l = s [ e i

KeTyn

Remark 2.4 (Affine transformation of the SBP operators). Under the affine
mapping (2.3), and let 5 € £z be the reference face mapped onto v € £k, and set

JK = |detAK|, J%K = JK’(A;l)Tﬁﬂ
After a consistent ordering of the volume and face nodes, we obtain

MY = JME, BY =, (B,

(2.7) d - o .
DA = (AR e DE, B =R, QN = 0F,
a=1

2.3. Entropy stable DG schemes with collocated surface nodes. We now
introduce the ESDG scheme that is the focus of this paper. We first recall the classical
DG method. Given polynomial degree k > 0, we define the DG finite element space,

Wk = {Wh : Wh|K = W}If S {'Pk(K)}n,K € 771}
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For (1.1), the classical DG method can be constructed as follows: we seek uy, € W¥
such that for each wy, € W’,i and K € Ty, we have

d

28) (Ol Wik = > En (), 0wl = — S (Ea(u) ™ ) ), wi ),

m=1 vyEEK

where K denotes the neighboring element sharing the face v with K, and f, is the
interface numerical flux function. By applying the volume quadrature rule and the
surface quadrature rule to (2.8) and replacing the standard difference operator with
a flux-differencing term, we obtain the ESDG method introduced in [6],

(2.9) M duh +2 Z oFs(d@f i) TK = Y (R75)"B (F;»K —iY’K) .
YEEK

Here o denotes the Hadamard product and 1% is the vector of ones, and F,.s(-,) is
the matrix of pairwise combinations of entropy conservative fluxes

diag(fy, s(ur 1,ug1)) --- diag(fn s(uri, urag))
F.. s(tp,dR) = : : ;

diag(f,,s(urap,ur1)) -+ diag(fn s(upay, UrNg))

for @, € R™r and @ip € R™V%. The £7-X and X are defined as

. T

B = [ ), (B, 7]

P ¢ VK 3K £ (u) K K

fr’I ®= [(fn(uz 1 7‘12 1 ))T7 a(fn(uz Np,k’ Z’NB k))T

Note that this method requires the collocated surface quadrature nodes, namely,
{xW}NB P o {x K}NQ *. Thus R is simply a restriction onto 7. Under the as-

sumptions that f,, g is entropy conservative and that fn is entropy stable with respect
to U, the (2.9) satisfies a semi-discrete entropy inequality [6]. Next, we introduce
some auxiliary results that will be used in the error estimates of (2.9). Here and be-
low, for two nonnegative quantities a and b, we write a < b if there exists a constant
C > 0, independent of h, such that a < Cb. Moreover, we write a ~ b if both a < b
and b < a are true. We first give the scaling properties of the quadrature weights and
SBP operators.

LEMMA 2.5 (Scaling properties of SBP operators). Assume that the mesh is
shape reqular and quasi-uniform; the following estimates hold uniformly for all K € Ty,
and all faces v € Ek:

K

d o d—1
w; ~hy, TS~ R

Consequently, for any volume nodal vector W',

W17 i ~ R W7 72, -
For SBP operators, for any 1 < q < oo,

IDlles S Ak, IMF e S hfe, IR e S 1, [|Q% |len S 1.

~ ~ ~ ~



ERROR ESTIMATES OF ENTROPY-STABLE DG METHODS 9

Here the operator norms are induced by the corresponding nodal £9-norms. In addition,
since Q¥ is an MX -orthogonal projection,

QYW |, s < 1w [, i
The proof of Lemma 2.5 is given in the appendix; see Section A.1. We next recall the
following inverse estimates [8] for piecewise polynomials.
LEMMA 2.6 (Inverse inequalities). There exists a constant C' > 0, independent
of h, such that for any v, € Wﬁ,

il Sh 7 vallee  IValloe S RTY2|va .

The next lemma gives the local truncation estimate of the ESDG method, see [6].
LEMMA 2.7 (Local truncation errors of the ESDG method). Assume that the
exact solution u, physical fluzes f,, and the entropy conservative fluzes f,, s are suffi-

ciently smooth, and £, are locally Lipschitz continuous with respect to both arguments.
Let

d Nk
TjK( mjéfms uj ) Uy )
m=1 (=1
Np,k
33 A () R ),
vyeEK s=1 j

forj=1,...,Ng. Then we have
175 (@)lles e SR", 1< g < 00,

. T
where 7% (u) = [t (w)”, ... ,T]I\[(Q’k(u)T] .
The next lemma, intuitively, measures the difference between the central flux and the
entropy conservative flux.
LEMMA 2.8. Define

fn(a) + £ (b)

f.c(a,b):= 5 , ®n(a,b) =1, s(ab)—f,c(ab), abeR"

Assume that £, € C3(R"), f, s € C3(R"® x R") and f,, 5 is the symmetric and
consistent flux. For any conver compact set S C R™, if a,b,c,d € S and satisfy
la=b|+|c—d[Sh,
then
|®.n(a,b) — @,,(c,d)| S h(la—c|+ [b—d]).
The proof of Lemma 2.8 is given in the appendix; see Section A.2.

3. The Main Results. In this section, we establish the error estimate of the
ESDG scheme (2.9). Before proceeding to the analysis, we point out a distinction
between the ESDG method and the classical DG method. In a classical DG method,
the numerical solution is naturally a piecewise polynomial. In contrast, the ESDG
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scheme is formulated as an evolution equation for nodal vectors, which are not au-
tomatically associated with functions in a prescribed polynomial space. To employ
standard polynomial approximation and inverse estimates, we assume that each nodal
vector admits a polynomial reconstruction.

ASSUMPTION 3.1. For each element K € Ty, there exists a finite-dimensional
polynomial space Vi,(K) satisfying

PH(K) C Vi(K) € P"(K),
where r > k is fized and independent of h, such that the nodal evaluation map
N : Vi(K) = RNex - Ngw := (w(xf),...,w(xﬁ@)k))T Yw € Vi (K),
is an isomorphism. It follows
[PHE)]" € Vi(K) = [Vi(K)]" C [P (K)]"

Then every vector of nodal values admits a unique polynomial reconstruction in Vi (K).

ASSUMPTION 3.2. Let uy, denote the piecewise polynomial reconstruction associ-
ated with Assumption 3.1. Assume that

lu —up|lpe <h, 0<t<T.

3.1. Error estimates for the ESDG scheme.

THEOREM 3.3. Let U be a sufficiently smooth uniformly convex entropy function.
Assume that the exact solution u, the physical fluzes f,,, the entropy conservative
fluzes £, s are sufficiently smooth, and the entropy stable fluzes £, are locally Lip-
schitz continuous with respect to both arguments. Suppose that Assumption 3.1 and
Assumption 3.2 holds, and

Hu—uhthhk, t=0.
Then the solution of the ESDG scheme (2.9) satisfies
lu—wpln SH* 0<t<T.

Proof. For each K € Ty, define

K .— K _ K 8K .— gK _gK

é — U, €, :=V" -V,
where V£ = [v(uf)T,... ,v(u]I\(,Q’k)T]T,\'/',If = [v(u{fl)T, e 7v(uﬁ(’NQ)k)T]T, and

v(u) is the entropy variable. By Taylor’s expansion, we have &5 = HX&X | where

HY .= diag(HE, - .- ’HﬁQ,k) € R™NaxxnNok,

1
HE ::/ U (uF, + 6(uX — uf,))do € R,
0

Each HX is symmetric positive definite. Define . c, ®p, as those in Lemma 2.8. With
a slight abuse of notation, the corresponding matrices are denoted by F,, ¢ (UL, Ug)
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and ®,,(Ur,dr) with the similar definition as F,,, g(tr,dg). Since F,, g =F,, ¢ +
®,,,, the scheme (2.9) can be rewritten as

d
Kd“h +2Z Ko Fm c(df @)% +23 " (SK o @, (1if, 1)) X
(3.1) m=1
= 3 ®F)TBY (a5 — B 1)),
YEEK

Using SX15 = 0, we have

2(SK o F o (WH,wHK)) 1K = SKE. (W), vwk e RNak,

m

By Lemma 2.7, the exact solution satisfies

d
MKi + Z SKE (W) +2 > (SK o @, (@, 65)) T
m=1
= 3 RE)TBY(F (@) — o (@, @5) ) + T (),
vEEK

where TX (u) = MX 7K (u). Subtracting (3.1) from (3.2), we obtain
SK d d
— + Z SKAEK +23 (SK o A®K)TH
m=1

(3.2) (RK)TBY (Afg’K - Afg) + T (u).
VESK

AFK :

£ (@) — B (), AR[ = @, (0", 0%) — @, (T 6],

AR = B (@) — Ba(@)5), AR = Ba(a @) — B ).

Left multiplying (3.2) by (€%)T, we obtain

ek d .
d
(3.3) —2 ) (&5)THR (8K o ARK)TH
m=1
+ 0 @B (AR - AR + () THITR (),
YEEK

where &% := R K&K, We then decompose S into its symmetric and skew-symmetric
parts:

(3.4 SIS = S (SK + (SI)T) + 5(SK — (81)7).
Let 1
fﬁz = 5(5 (SK} ) AKT@%LL_ %(Sg__(sg)T)
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By (2.5) and (3.4), we have

(3.5) (&) THE MK d; = SK 4 8K + SK 4 SK,
where
N d
Sf= > (e )'BY (;AW - A%g) ;S == (8F)THNAKAEK,
vEEK m=1

U

Si = =2 (@) THN(SK 0 ARK)TH,  S[C:= (8F)"THN T  (u).

m=1

Define the entropy-weighted energy by

W57 i = (WEOTHSMEWS, W5 = Y W5l
Ke7_h.

The uniform convexity and smoothness of U imply ||« || ~ || -||n. Then (3.5) becomes

(3.6) 2dt””U STUSEH DS DY S Y S+ Y S

KeTy, KeTy, KeTy KeTy KeTh
where

. dHE
§i = e

MEgK
2 dt

We first estimate SE. Indeed, we have

No &k
> S = Z > wief)ToHl e,
KeTn KeTh i=1

where
1

O H [ :/ U (ug; + 0(uf —upf,)) [(1 = 0)0uy; + 00uf] do < |0pugy ;| + [0u]|
0

According to (2.9), using DETX = 0 and the consistency of the entropy conservative
flux, we obtain

d Ng.k
m=1 j=1
NB .k
s s K
+ZZRV ( (uhs)_f(hs,'?uhs))
’765}( s=1
d Nog,k
= -2 Z Z Dﬁ,ij (fm,S(uhK,iauhK,j) - fm,S(uhK,iauhK,i)>
m=1 j=1
NB,k 7 ~
K K
+303 R e (i)~ R ),
yEEK s=1
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By Lemma 2.5, the smoothness of f,, s, the local Lipschitz continuity and consistency
of f,,, the smoothness of the exact solution and Assumption 3.2, we have

d Ng.k Np,k
|atuhK,i|§h_lz Z|uhK,i_uhK,j|+h_1 Z Z‘uhe _uhg|§1
m=1 j=1 yEEK s=1

Since the exact solution is smooth, we also have |9;ulf| < 1, and hence ||0; HEX ||,z < 1.
It follows that

(3.7)

> S

KeTy,

Nka
S D D wllel P =18l < I8l
KeTy i=1

We then estimate Sf*. At the surface quadrature node x7, we denote €} K+ o
+
vy — VZ? K . Since the outward normal of K~ on v is n,, while

the outward normal of K™ on v is —n., we have

K*
e i=ul —u)y

NB K
. 1 _
Z SlK = Z Z T’Y{ e% <fnﬂ/(uZ’§ ’U‘Z:f+) . 5(fmv(uz) —l—fmY (U.Zif )))
KeTy ~eEE, s=1
+ 1 + +
+@ﬂ‘ﬂ(2&< D o, (5) =, (0 @f))}

We combine the two terms associated with the entropy-stable flux and then rewrite
the resulting expression by adding and subtracting the entropy-conservative flux:

Np i
K _ v E\T (& v,K~ Kt vK~ Kt
E St = E E T{Vhs ~ Vs ) f“'y(uh,s yUp s )_fnmS(uh,s YUy )
KeTy, yEER s=1

KT KT K~ KT 1 - K
+(vie — v ) fas(uly aly )—5(9335 )" (£, () + £, ()5 )

1 + +
+5 (€05 (fa, (W) + £, () ))}-

By the definitions of entropy conservative flux and entropy stable flux, we have

Np

Z St < Z ZT’Y{va uhs ) d’m(uhsi)_

KeTy, vyEER s=1

S ()T (a0 o, (0357)) + (€2 (B, <>+&x%§ﬂﬁ

yeER s=1
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Denote 7 := )X * . For the simplicity of proof, define

Gr.s(2) = Gy s(2m), - vas(2) = v(ug —2m),
£,5(2) = fu, (0] —2m), 0 5(2) = Yn, (] — 2m).

The entropy relation gives 1%8(,2) = (v, 4(2))"£, s(2). Together with the smoothness

of the entropy variables and physical fluxes, we have

9v,5(0) = ¢ 5(0) = g5 .(0) = 0, |95 (2)| S zInl*.

Taylor’s formula with integral remainder therefore gives

1 1
Grs(m)] =lgy,s(1)] < / (1= 2)lg5 5(2)ldz 5 \77\3/0 (1= 2)zdz < [nf®
0

By Assumption 3.2 and Lemma 2.5, we derive the estimate from (3.8)

NB .k
— + N .
39) Y sEsa Y > (It P +1er 1) S I8l S el
KeTh yEER s=1

We next estimate Si€. Taylor’s expansion at the exact solution gives

AFE = JKgK | §K

m?

where
JE = diag(f),(uf"),... . f, (uNQ )

and the Taylor’s remainder satisfies
el S lef [’ 1<i< Nog.
For a fixed point x € K, we define

Hé( = U”(U(Xé()), ‘]m 0 = f/ (u(xé()),
H =1In,, ®@H, IEo=1In,, @5,

d
S =— @) (HX —H)AZ (IR + 1)

m=1
d d
o Z(ﬂK)THKAK((JK JK é Z K THKAKJm Oe
m=1 m=1

By the property of the Kronecker product, we obtain

HKAKJK (INQ r ® HO )(ATKn & In)(INQk ® Jnlf,o) = ATII{L ® (H({(Jririo)

mYm,0 —

Differentiating (2.1), we obtain

H(wf;, (w) = F;(u) =Y v.(u );

r=1
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where f; . denotes the Hessian matrix of the 7-th component of f,,. Since F}(u)
and fy, .(u ( ), r =1,...,n are symmetric matrices, then the H(u)f/ (u) is symmetric
matrix. Since AX is a skew-symmetric matrix, we have

d
> (@ )THFARIE &5 =0.

m=1

By a priori Assumption 3.2, the smoothness of the exact solution, and ||AE ||, < R4~
we have

(3.10) >SS Y wER ki S el S N8l
KeThn KeTn

We then estimate S¥. By Assumption 3.2 and Lemma 2.8, we have

HARE)iillee S h(leX] + eX]).

Thus,
d Nogx
PR Z Z X 2| (S5 | (ABE )i 2
(3 11) KeTy, KeTp, m=1i4,j=1
Q
S YRy el P S S 1815k S 813 S €l
KeTn j=1 KeTy

Finally, for SX, by Lemmas 2.5 and 2.7, together with the Cauchy-Schwarz in-
equality, we have

S SE < S 16 e HETH ()| i

KeTn KeTh
(3.12) 1/2 1/2
. S ( Z hd||éK||%L,K> ( Z h2k+2d>
KeTh KeTn
S hrlElln < kM lI€lu < h* + el
Substituting the estimates (3.7), (3.9), (3.10), (3.11), and (3.12) into (3.6) yields
1d 2 2%
—— h
~ el < el +

Gronwall’s inequality, the initial approximation, and the norm equivalence complete
the proof. ]

3.2. Discussion of the assumptions. We now discuss the two assumptions
introduced at the outset of this section. Since the reconstruction space for the system
is given by V,,(K) = [V}, (K)]", the polynomial reconstruction assumption reduces
to the corresponding scalar problem. We therefore first discuss the properties and
existence of the scalar reconstruction space V;,(K). We then justify the a priori L™
bound for the system via a standard continuity argument.
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Polynomial reconstruction. Under Assumption 3.1, each nodal vector is uniquely
identified with a polynomial in V},(K). This correspondence is applied in two main
contexts. First, the positivity of the quadrature weights, together with the uniqueness
of the polynomial reconstruction from nodal values, implies the uniform equivalence
of the discrete norm to the standard L?(K) norm:

CullwnllZexcy < lwnlli e < Collwnlliagry,  wn € Vi(K),

where C1,Cy > 0 are independent of h. Thus, the quadrature-based norm used in
our error estimate is equivalent to the usual broken L? norm on the reconstructed
polynomial space. Second, since Vj,(K) C P"(K), where r is fixed independently of
h, the standard inverse estimate yields

lwnl oo (i) < Chg lwnllz2 iy < Chig P lwnllnke,  wn € Vi(K).

In particular, this estimate can be applied to the reconstructed numerical solution
up. We now propose a method to check whether the assumption holds for the given
quadrature nodes.

PROPOSITION 3.4 (Polynomial reconstruction from nodal values). Let VK be
the Vandermonde matriz associated with the volume quadrature nodes and P*(K), as
defined in Subsection 2.2. Then the following statements are equivalent:

1. VkK has full column rank.
2. There exists an integer r > k and a polynomial space Vi, (K) satisfying

PHK) C Viy(K) C PT(K), dimV,(K)= Ngy,
such that the nodal evaluation map on the volume quadrature nodes is an

isomorphism from Vi,(K) onto RN@:x,

The proof of Proposition 3.4 is given in the appendix; see Section A.3. Next, we
provide three examples illustrating the assumption.

Ezample 3.5 (One-dimensional Gauss-Lobatto nodes). When d = 1, the k + 1
Gauss-Lobatto nodes are distinct. Hence the nodal evaluation map on Pk(f( ) is
an isomorphism onto R*™, and one may simply take Vj,(K) = P*(K), and hence
Assumption 3.1 holds with r = k.

For the next two examples, let

K :={(#1,8):2, >0, >0, &1 +y<1},

and let A1, A2, A3 be its barycentric coordinates. We denote by Per(a, b, ¢) the set of
all distinct permutations of (a, b, ¢).

Ezample 3.6 (Triangular quadrature nodes for k = 1). When k = 1, the six
quadrature nodes constructed in [6] have barycentric coordinates

. 1 3
X; = Per (0, a,b), azi—%,

We order the nodes as

§1 = (07a7b)’ §2 = (O7b’ G/), §3 = (a70ab)7 i4 = (b705a)a §5 = (a>b70)7 §6 = (b7aa0)-
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Following the standard construction in classic finite element methods, we can con-
struct the Lagrange basis as

1
L, = 5~ AL — 3\/§)\2)\3()\2 —A3) —3A1A3(A3 — A1) — 3A (A2 — Aq),

1
L2 = § — )\1 — 3\/3)\2/\3(/\3 — )\2) — 3)\1)\3()\3 — )\1) — 3)\1)\2()\2 — )\1),

1
Ly = 3~ A2 —3V3MA3(A1 — A3) — 3Aads(A3 — Aa) — BN Aa( A1 — Aa),

1
Ly, = 5 — )\2 — 3\/§>\1/\3(/\3 — )\1) — 3/\1/\2(/\1 — )\2) — 3/\2/\3(/\3 — )\2),

1
Ls = i A3 — 3\/§)\1>\2(>\1 — A2) — 3A2A3(A2 — A3) — 3A1A3(A1 — A3),

1
Lo=75— A3~ 3V3 A A2 (A2 — A1) — 3AAs( A1 — As) — 3Aads(Az — As3).

Clearly Vh(l?) = span {Li}?zl satisfles our assumption. It is worth noting that
one cannot simply take Vj,(K) = P2(K), even though dimP2(K) = 6. Indeed, the
nonzero polynomial

1
q:= 5 (/\1)\2 4+ Ao A3 + )\3)\1)

vanishes at all six nodes in Xj.

Ezample 3.7 (Triangular quadrature nodes for £k = 2). When & = 2, the ten
quadrature nodes constructed in [6] have barycentric coordinates

- 111 11 1 V151 V15
Xo=3(== =) uPer(0,=,~JuPer|0,= - X2 -4+ ¥ 2.
2 {(333)} er<’2’2) er(’Q ozt 10)

Since Ng o =10 = dim7)3(f(), one may take Vh(IA() = 7?3([?). It is easy to check
PAK) C Vi(K) = P¥(K),

and the nodal evaluation map is an isomorphism from Vj,(K) onto R,

Remark 3.8. For higher-order triangular quadrature nodes (e.g., k = 3,4), as
shown in [6], we can still numerically construct V;,(K) that satisfies Assumption 3.1.
Due to space limitations, we omit the construction details.

A priori assumption. We next justify Assumption 3.2 by a standard continuity
argument. Let

T* :=sup{t € (0,17 : [lu(s) —un(s)l[L~ <h, 0<s<t}.
On the interval [0, T*], Assumption 3.2 holds, and hence Theorem 3.3 gives
[u(t) —un(®)ln S h* 0<t<T"

Assumption 3.1 allows us to use the standard interpolation estimate and the inverse
estimate to obtain

la(®) —un @)z < [u(®) = Znu@)llz= + [Zoult) — un(t)]| L
S L R Ty (t) — up (b S BET 4 REY2,
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where Zpu|x € Vi (K) interpolates u componentwise at {XZK}jv:Qlk for each K € Tj,.
Ifk— % > 1, then for sufficiently small h we have

1
[u(t) —an@)[lL= < Sh<h 0=t< T

By the continuity of uy(t) in time, this improved estimate implies T = T.

3.3. Extension to the ESOFDG scheme. In [26], the authors proposed the
ESOFDG scheme to control spurious oscillations by adding a damping term to the

original ESDG formulation. In this subsection, we derive an error estimate for the
ESOFDG scheme, which reads

+22 K o B, o, 6) 1%
(3.13) 3
= > @B (B - ) - o (w)MF QS
YEEK

The damping coefficient o (uy,) is defined as follows:

(3.14) o (up) = 1rélsa§xn( z+1 Z NF S ITorw) L),

|a|=1 veEOK

where Ny stands for the number of faces of 9K, and [w|,] denotes the jump of
a function w on the vertex v € K. The matrix L comes from the characteristic
decomposition such that E‘f:l nf/(a,) = L7'AL, where n = (ny,--- ,n4)7 denotes
a unit outward normal. @, denotes some average of uy at v, [26]. Hence, for each
individual jump, the same matrix is applied to the two traces. Moreover, a priori
Assumption 3.2 implies that L is uniformly bounded:

Ll < CL,
where C7, is independent of h, the element, and the face. The following lemma gives

the estimate required for the additional damping term.
LEMMA 3.9. Let o%(uy) be defined in (3.14), we have

—d/2 SK
oM () S B+ R ST 118N, &
KeQg

Under Assumption 3.2, this further implies
(TK(uh) f/ hK.

The proof of Lemma 3.9 is given in the appendix; see Section A.4. Now we can obtain
the error estimate of the ESOFDG scheme for hyperbolic systems in the following
Theorem.

THEOREM 3.10. For the symmetrizable system of conservation laws (1.1), assume
that the solution u and the fluz function £, are sufficiently smooth with bounded de-
rivatives. Let uy, be the numerical solution of the ESOFDG scheme (3.13) and U
be a sufficiently smooth uniformly convex entropy function. Assume that the entropy
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conservative fluzes f,, s are sufficiently smooth, and the entropy stable fluzes £, are
locally Lipschitz continuous with respect to both arguments. Suppose that Assump-
tion 3.1 and Assumption 3.2 holds, and

||u—uh||h,§hk, t=0.

Then the solution of the ESOFDG scheme (3.13) satisfies

lu—wplln <HF, 0<t<T.

Proof. Notice that
of(m)=0
for the smooth solution u. Repeating the derivation in the proof of Theorem 3.3, we
obtain

2dt||||U ZSO+ZSI+282+283+ZS4+ZSOF7
KeTn KeTn KeTn KeTn KeTn KeTh
where
(3.15) > S8 =Y of(uy) (@) THEK MK QRS
KeTn KeT

and S, 0 < i < 4, are the same as those in (3.6). Thus, we only need to estimate
SEr. We rewrite (3.15) as

KeTy, KeTy, KeTn
=Y Of + > 0f.
KeT KeTh

We first estimate OF. By Lemmas 2.5 and 3.9, together with the uniform boundedness
of HX, we have

OK K(uh)(—»K)THKMKQK—»K < o (uh) |(—»K)THKMKQK—'K|

< o™ (up) |87 |, [ M” QR & |12, < AN I 1 < 1677 k-

Therefore,

> Of Sleli s lisllE

KeTn

For OF | the construction Q¥ = Q¥ ® I,, and the smoothness of u imply

St wlul || S el - uf)
1
Nq,k NQk K
Zl:Ql 7,
SNt Wk uk o |

1
No.r , K
>yt wi

[(QFa"),| = |uff

< h.

~

<

Consequently,

> 0K < Y |oR (uy) (@) THF MK QR EK|

KeTy, KeTy,
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S Y oM )R e,k 1QF G| 2

KeTn

DD G Ea
K€7—h

S <hk+2+d/2|éK||h,K+h||éK|h7K > |é’K||h,;~<>
KeT KeQg

< R ]l

It follows that
Y SEp < l8llE + hE
KeTn

Combining this estimate with the estimates of SX, 0 < i < 4, gives

| 2 2%k
——l€lls < € =",
S 8l S e +
Then Gronwall’s inequality and the norm equivalence complete the proof. ]

4. Numerical experiments. In this section, we show some numerical results
to validate our error estimate in Section 3. We use a nonuniform mesh, which is 20%
random perturbation of the uniform mesh for one-dimensional tests. T'wo-dimensional
tests are performed on unstructured triangular meshes generated by Gmsh [17]. The
initial data are specified at the volume quadrature nodes. For the numerical exper-
iments, we use SBP discretizations associated with polynomial degrees k = 1,2,3
and perform a comparison between the ESDG and ESOFDG schemes. Temporal dis-
cretization is achieved by the classical third-order SSP Runge-Kutta method [20]. We
set the time step 7 size as

CFL

hmax(l,%)
a0 + Ao ’

T =

for one-dimensional problems, and the condition for two-dimensional problems is sim-
ilar. Here, 09 = maxy o (uy,) defined in (3.14) and we set o9 = 0 for the ESDG
method, Ao is the maximum of the spectral radius of the Jacobian f'(u) over each
element. In order to mitigate the contribution of temporal discretization errors to the
total error, we adopt a fixed CFL number of 0.1 for the numerical experiments de-
scribed subsequently. For scalar conservation laws, the entropy-stable flux is taken to
be the local Lax—Friedrichs flux. In the system case, we solve the compressible Euler
equations; the entropy-conservative flux is that recommended by Chandrashekar [5],
and the entropy-stable flux is realized via the local Lax—Friedrichs flux, with the
extreme wave speeds suitably approximated [6].

4.1. One-dimensional problem.

Example 4.1. We first consider the Burgers equation u; + (%)I = 0 with periodic
boundary condition. The initial condition is ug(x) = 5% sinz + (sinz)?, z € (0, 27).
We adopt the entropy function U(u) = u? + e and compute the solution at T' = 0.4.
The results of ESDG and ESOFDG are listed in Table 1. It is reported that the
convergence rates are below the optimal order and vary with the polynomial degree
k, which is better than our estimate. Such a phenomenon is broadly observed in
experiments [6, 7, 26].
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TABLE 1
Errors and orders of the ESDG and ESOFDG schemes for the one-dimensional Burgers equa-
tion at the final time T = 0.4.

ESDG [ ESOFDG
k=1 k=2 k=3 k=1 k=2 k=3
N JJu—wullp Order [[u—wupllp, Order [lu—wp|p Order | [Ju—wupllp, Order [lu—wpllp Order [Ju— 1wyl Order
16 2.81E-01 4.77TE—-02 1.62E—02 2.85E—-01 4.82E—-02 1.74E-02

32 1.01E-01 1480 1.10E-02 2.120 1.62E-03 3.322 | 1.01E-01 1.503 1.12E—-02 2.106 1.65E—03 3.402
64 3.85E—02 1.386 2.03E-03 2432 1.74E-04 3.213 | 3.86E—02 1.382 2.02E-03 2473 1.76E-04 3.228
128 1.27E-02 1.595 4.056E-04 2.328 1.66E—05 3.390 | 1.27E—-02 1.598 4.04E—04 2.319 1.67E—-05 3.401
256  4.00E-03 1.672 6.56E—-05 2.625 1.10E-06 3.923 | 3.99E-03 1.673 6.55E—-05 2.624 1.10E-06 3.925
512 1.25E—-03 1.678 1.09E—-05 2.595 7.88E—08 3.798 | 1.256E—03 1.678 1.09E—05 2.594 7.88E—08 3.798

4.2. Two-dimensional problem.

Ezample 4.2. We now consider the vortex evolution problem for two-dimensional
Euler equations [6]. The computational domain is [0,20]? and the initial condition is
given by

wi(x,0) =1 — (22 —y2)9(r), w2(x,0) =1+ (z1 —y1)e(r),

p(x,0) v—1 - .
p(TA)) =1- W¢(T)2v p(Xv 0) = ,O(X,O) .

1-r2

Here r = \/(xl —y1)% + (22 — y2)2. We take (y1,y2) = (10,10) and ¢(r) = %e E
The exact solution is u(zy,x2,t) = u(x; —t,z2 —t,0). We use the exact solution to
prescribe boundary conditions and list the computational results at 7' = 0.1.

As reported in Table 2, the observed convergence rates remain slightly below the
optimal threshold k + 1. Furthermore, the ESOFDG scheme achieves rates that
are almost indistinguishable from those of the ESDG scheme. This verifies that the
inclusion of damping terms does not sacrifice accuracy when applied to the Euler
systems.

TABLE 2
Errors and orders of the ESDG and ESOFDG schemes for the two-dimensional Euler equation
at the final time T = 0.1.

ESDG I ESOFDG
k=1 k=2 k=3 k=1 k=2 k=3
20/h  Jlu—wullp Order Jlu—wyll, Order [Ju—uwll; Order | [lu—uyl, Order [lu—wuyll, Order [u—uyllp Order
16 3.32E-01 - 8.98E—-02 - 2.60E—-02 - 3.31E-01 - 9.00E—-02 - 2.65E—-02 -

32 1.54E—-01 1.111 230E-02 1.968 242E-03 3.422 | 1.53E-01 1.110 230E-02 1.969 243E-03 3.446
64 6.45E-02 1.252 4.11E-03 2482 1.93E-04 3.651 | 6.45E—02 1.249 4.11E-03 2484 1.93E-04 3.655
128 224E-02 1.524 6.68E—04 2.621 1.49E-05 3.696 | 2.24E—-02 1.523 6.68E—04 2.621 1.49E-05 3.697
256  7.66E—-03 1.550 1.10E-04 2.602 1.28E—06 3.538 | 7.66E—03 1.550 1.10E-04 2.603 1.28E-06 3.537
512 246E-03 1.640 1.82E-05 2.599 1.16E—-07 3.469 | 246E—-03 1.640 1.82E-05 2.599 1.16E-07 3.469

5. Concluding Remarks. A rigorous error analysis is established for the semi-
discrete entropy-stable discontinuous Galerkin method applied to hyperbolic conser-
vation laws. Through a finite-difference-type consistency—stability framework, k-th
order convergence is proved in a quadrature-based norm equivalent to the broken L?
norm on the finite-dimensional reconstruction space. The analysis extends to the
entropy-stable oscillation-free DG method, where the additional damping terms are
shown not to degrade the convergence order. Although numerical experiments in-
dicate observed rates up to half an order above the theoretical bound, these results
furnish a rigorous convergence theory for this class of entropy-stable schemes. It re-
mains open whether the k-th order bound is sharp for certain numerical examples,
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and whether sharper (k + 1)-th order estimates can be derived within the variational
framework of the finite element method.

A. Some technical proofs of Lemmas. In this appendix, we provide some
technical proofs of lemmas in the error analysis.

A.1. Proof of Lemma 2.5. We first prove the estimates for scalar nodal data.
Let
FK(/)E) = AK§ + by,

be the affine mapping from the reference simplex K onto K. By shape regularity,
AR S by AR S Bty [det Agc| ~ hi.

Then, by the construction of SBP operators on the physical element (2.7), it follows
directly wJK ~ hcll(, T ~ h}i(_l, and

~

IDglles S iy IMSlee S hies IR e 1, 1Q% e S 1.

Consequently, for every scalar volume nodal vector w %,
Ng,k Nk
—K K|, K d K d 1=K
(o ||}21K = Z W ‘wj |2 ~ hi Z ‘wj |2 = hi||w ||%2,K'
j=1 j=1

Moreover, by the orthogonal relation (2.6), we have
1515k = 1Q @ |7 i + (I = QF)T I} > 1Q T ™17 -

Since the nodal dimensions and n are fixed, the scalar operator estimates therefore
imply the corresponding estimates for vector-valued operators.

A.2. Proof of Lemma 2.8. For notational simplicity, we fix m and write ® =
P, Let x = %,y = %, and define G(x,y) := ®(x +y,x —y). Since f,, g is
consistent, we have

G(x,0) =0, DxG(x,0)=0.

And @ is symmetric about a and b, then
DyG(x,0) =0.
By the fundamental theorem of calculus,
1 d 1
DyG(x,y) = / 4 DG ty) di = / Dy DyGi(x, ty)ly] dt,
0 0

where Dy Dy G(x,ty)[y] € R"*", the (i,j)-th entry is
"L 0%(G);
(Dy DG, ty) )y = 3 T gy

Since ® € C3(R™ x R™), the second derivatives of G are uniformly bounded on the
corresponding compact set S. We obtain

[1DxG(x, y)|| < lyl-
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Similarly, we also have

1Dy G(x,y)Il < lyl-

Hence,
[Da®(a,b)| + [[Dp®(a,b)|| < |a—bl.

Finally, since a, b, c,d € S and satisfy
|a—b|—|—|c—d| 5}7’7
and
1
®(a,b) — B(c,d) = / (Da(c+t(a—c).d +t(b—d))[a—c]
0
+ Dp®(c+t(a—c),d+tb—d))b— d]) dt,
we have

|®(a,b) — ®(c,d)| Sh(la—c|+|b—-4d|).

A.3. Proof of Proposition 3.4. We first prove the necessity. Suppose that
such a space V},(K) exists. Since

PHEK) C Vi(K),
and
Nk : Vi (K) — RNk,

is an isomorphism, the restriction
Nilprk) : PH(K) — RNex,

is injective. Hence, the corresponding Vandermonde matrix VkK has full column rank.
We now prove the sufficiency. Assume that V;X has full column rank. Then

Nk : PH(K) = U := Ng(P*(K)),

is an isomorphism. Choose a complementary subspace W such that RNer = U @ W.
Since the quadrature nodes are pairwise distinct, there exists a polynomial interpola-
tion operator

Tk : RNVer 5 pNow=1([),

such that NxZx = Igng . Indeed, one may define

Ng .k
> S T No.
Tkad = E a;Li, VYda=(ay, - ,an,,) € RV,
i=1

where

L =] (xi —x;) - (x = %)

i X

Denote
Vi(K) :== PH(K) + I (W).

We claim that the sum is direct. If p = Zx 1 for some p € P*(K) and @ € W, then

Ngp=NgIxwb=weUNW,
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and hence w = 0 and p = 0. Moreover, N maps P*(K) isomorphically onto U and
Tk (W) isomorphically onto W. Therefore,

Nk 1 Vi(K) = Ua W =RVer,
is an isomorphism. Finally, by the construction above, we have
PHK) C Vi(K) C PT(K), 7:=max{k,Ngy—1}.

A.4. Proof of Lemma 3.9. We first point out that, for any vector-valued piece-
wise polynomial v, and each pairwise jump, the assumptions on the characteristic
matrix give

ILO%vh)slu]l = [(LIO*valu]) | < Ll [[0%Val Il S ([0 valu]l -

Thus, the characteristic transformation does not affect the order of the jump esti-
mates. Let Zpu be the componentwise nodal interpolant of u in the reconstruction
space V,(K), and set

Wp = Ihu, Zp = Up — Wh.

It is easy to check that when L is fixed, the triangle inequality holds
O’K(uh) < O’K(Zh) + O’K(Wh).

We first estimate o (wy,). For |a| =1, [ = 0,1, the smoothness of the exact solution
gives
[0%ul,] = 0.

Therefore, using the uniform boundedness of L and the standard componentwise
interpolation estimate, we obtain

IO wr) sl | S B0 (Wi = W)L II S B Y 0% (Wi = W)l oo ) S HFH

~

KeQg
Since the numbers of faces are fixed, the definition of the damping coefficient gives
o (wy) < R

For 0% (zy,), the uniform boundedness of L, the inverse estimate, and the norm equiv-
alence give

WL 2) 1] S B2l ) S B S 0%l e iy S B2 S0 Nznl oy

KeQx KeQx
—d/2 K
ShENY 7N, &
KeQg
Moreover, we have Z¥ = —&X since Zju interpolates u at the volume quadrature

nodes. Therefore _
o®(zn) SHY D ll€R ), &
IN{EQK

Combining the preceding estimates yields

o (up) SR Y85, &
I?EQK
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Finally, under Assumption 3.2,

1/2
N Nq.k /

|é'K||hJ~< = Z wiK|elK|2 < hd/QHu— uhHLoc(f() < pltd/2.
i=1

Since the number of elements in Qg is uniformly bounded, we conclude that

o (up) <A+ h < h.

This completes the proof.
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