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Abstract8

We develop a conservative, high-order well-balanced alternative finite difference weighted9

essentially non-oscillatory (A-WENO) method for the Euler equations with gravitational source10

terms. The method is designed to exactly preserve isentropic hydrostatic and non-hydrostatic11

steady states. The well-balanced property is achieved by reformulating the source terms using12

local reference equilibrium states and by interpolating equilibrium variables, which remain con-13

stant at steady state, in the construction of the numerical fluxes. The A-WENO framework enables14

high-order accuracy while maintaining conservation. The method is extended to multidimensional15

Euler equations in Cartesian and spherical coordinates. Numerical experiments demonstrate the16

designed high-order accuracy, exact preservation of steady states up to round-off errors, and accu-17

rate resolution of small perturbations around equilibria.18

Keywords: Euler equations, well-balanced, A-WENO19

1 Introduction20

The Euler equations with gravitational source terms arise in a wide range of applications in fluid21

dynamics and astrophysics, including atmospheric flows, stellar dynamics, accretion processes, and22

astrophysical gas dynamics. In any number of space dimensions, the Euler equations can be written23

in conservative form as24

∂

∂ t

ρ

m
E

+∇ ·

 m
ρu⊗u+ pI
(E + p)u

=

 0
−ρ∇Φ

−m ·∇Φ

 , t > 0, (1)

where ρ is the density, m = ρu is the momentum, u is the velocity, E is the total energy per unit25

volume, p is the pressure, and Φ is the prescribed gravitational potential. For an ideal gas,26

E =
1
2

ρ|u|2 + p
γ −1

,

where γ > 1 is the ratio of specific heats.27

The Euler equations with gravity constitute an important example of hyperbolic balance laws.28

Due to the presence of the source terms, they admit nontrivial steady-state solutions (ρe,me,Ee), or29
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equilibria, which are solutions independent of t. In particular, such solutions for Euler equations (1)30

satisfy31

∇ ·

 me
ρeue ⊗ue + peI
(Ee + pe)ue

=

 0
−ρe∇Φ

−me ·∇Φ

 . (2)

Standard numerical methods, however, do not generally satisfy (2) at the discrete level. As a result,32

even when the exact solution is an equilibrium state, truncation errors may generate spurious numerical33

perturbations. This issue is particularly significant when the physical solution is a small perturbation34

of an equilibrium, since the numerical errors caused by the imbalance may be comparable to or even35

larger than the perturbation of interest. Well-balanced numerical methods are designed to overcome36

this difficulty by exactly preserving certain equilibrium states at the discrete level.37

The development of well-balanced schemes dates back to the works of Cargo and LeRoux [1] and38

Greenberg and LeRoux [5]. LeVeque [12] subsequently developed the quasi-steady wave-propagation39

approach for balancing source terms and flux gradients. Since then, well-balanced methods have been40

extensively studied for a variety of hyperbolic balance laws; see, for example, the recent review [9]41

and the references therein.42

A prototypical model for the development of well-balanced methods is the shallow water system43

with non-flat bottom topography. Much of the early work focused on the lake-at-rest equilibrium.44

The preservation of moving-water equilibria, for which the velocity does not vanish, is considerably45

more challenging. High-order finite volume WENO schemes preserving moving-water equilibria were46

developed in [15], while Cheng and Kurganov [4] constructed a moving-water equilibria preserving47

central-upwind method based on the reconstruction of equilibrium variables. Exactly well-balanced48

DG methods for moving-water equilibria have also been developed; see, for example, [21]. More49

generally, Parés and Parés-Pulido [16] proposed a framework for constructing well-balanced high-50

order finite difference methods for systems of balance laws.51

Well-balanced methods for the Euler equations with gravitational fields have also received con-52

siderable attention. Most of the earlier works focused on hydrostatic equilibria, in which case ue = 0.53

Käppeli and Mishra [10] developed well-balanced finite volume schemes for the Euler equations with54

gravity. High-order finite volume methods were subsequently studied in [11]. High-order finite dif-55

ference WENO schemes for gas dynamics under gravitational fields were developed by Xing and Shu56

[22] and Li and Xing [14]. Within the discontinuous Galerkin framework, well-balanced methods for57

the Euler equations with gravity have been developed in, for example, [3, 13, 20].58

Compared with hydrostatic equilibria, well-balanced methods for steady flows with nonzero ve-59

locity, namely ue ̸= 0, have received less attention and are more difficult to construct. It follows from60

(2) that, for a steady isentropic flow, the entropy parameter and Bernoulli quantity61

s =
p

ργ
, Q =

1
2
|u|2 + γ

γ −1
p
ρ
+Φ (3)

are constant along streamlines. In one space dimension, the mass flux is also constant, so that the62

steady state can be characterized by63

(m,s,Q) =

(
ρu,

p
ργ

,
1
2

u2 +
γ

γ −1
p
ρ
+Φ

)
= constant .

These are called the equilibrium variables, which will be studied in detail in Section 2.4. The hydro-64

static isentropic equilibrium is included as the special case m = 0.65

Grosheintz-Laval and Käppeli [6] developed well-balanced finite volume schemes based on local66

steady-state reconstruction for steady isentropic flows. Although their method is at most second order67

accurate, it preserves non-hydrostatic equilibria and is applicable to continuous subsonic and super-68

sonic steady flows. With a numerical flux capable of exactly resolving stationary discontinuities, the69
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method can also preserve steady states containing stationary shocks located at cell interfaces, in which70

case the quantity s experiences a jump across the shock, so the flow is not isentropic but only adiabatic.71

More recently, Xu and Shu [23] developed a high-order well-balanced DG method for general non-72

hydrostatic equilibria of the shallow water and Euler equations. The source term is reformulated in73

terms of the flux gradient of a local reference equilibrium state and discretized using Gauss–Lobatto74

quadrature in the same manner as the flux integral, thereby producing an exact discrete balance at75

equilibrium.76

The construction of conservative high-order well-balanced finite difference schemes introduces an77

additional difficulty. In low-order methods, point values at cell centers and cell averages can often78

be used interchangeably without affecting the designed order of accuracy. This is no longer true for79

high-order methods. In [24], Xu and Shu developed a conservative high-order alternative finite dif-80

ference WENO (A-WENO) method for the shallow water equations with non-flat bottom topography.81

The source term is reformulated into a flux-gradient form and discretized consistently with the true82

flux gradient. In addition, the equilibrium variables, which remain constant at steady states, are in-83

terpolated in the construction of the numerical flux. Since the A-WENO framework operates directly84

on point values, it provides a natural way to construct high-order well-balanced schemes based on85

equilibrium variables while maintaining the conservation property.86

In this paper, we extend the well-balanced A-WENO framework of [24] to the Euler equations87

with gravitational source terms. The extension is nontrivial because the transformation between the88

conservative and equilibrium variables is nonlinear and depends on the flow regime, which may cause89

instability in complex transonic flows in higher dimensions. For example, in one dimension, given the90

equilibrium variables (m,s,Q), the density is determined implicitly by91

1
2

m2

ρ2 +
γs

γ −1
ρ

γ−1 +Φ = Q. (4)

For suitable values of (m,s,Q), equation (4) may have two solutions corresponding to the subsonic92

and supersonic branches. Therefore, the flow regime must be taken into account when the conservative93

variables are recovered from the equilibrium variables, which is easy to do in 1D but becomes sensitive94

in higher dimensions.95

Although the numerical method is first formulated for a general 1D system of hyperbolic balance96

laws (Sections 2.1–2.2), our main objective is to solve the Euler equations in 2D and 3D (Sections 2.3–97

2.4). We consider a class of isentropic equilibrium states that are one-dimensional in nature, namely,98

the equilibrium state and the gravitational potential vary only along one coordinate direction. This99

includes, for example, planar equilibria in Cartesian coordinates and radially symmetric equilibria in100

spherical coordinates. The method is formulated in detail in Cartesian coordinates as well as spherical101

coordinates.102

The proposed method is conservative, high-order accurate, and exactly preserves the targeted isen-103

tropic steady states up to round-off errors. By performing WENO interpolation on suitably chosen104

equilibrium variables, the method preserves both hydrostatic and non-hydrostatic steady states and can105

treat different flow regimes. Numerical experiments verify the designed high-order accuracy and well-106

balanced property of the method in Cartesian and spherical coordinates. They also demonstrate that107

the proposed method accurately resolves small perturbations of equilibrium states on coarse meshes108

while maintaining robustness for solutions away from equilibrium.109

The remainder of this paper is organized as follows. The discussion of our algorithm is contained110

in Section 2. In Sections 2.1–2.2, we first present the source-term reformulation and the well-balanced111

A-WENO method for general 1D hyperbolic balance laws and then discuss its multidimensional ex-112

tension in Section 2.3. The construction of the equilibrium variables and their application to the Euler113

equations in Cartesian and spherical coordinates are presented subsequently in Section 2.4, and a lo-114

cal adaptation step is introduced in Section 2.5 to resolve the instability near transonic regions. In115
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Section 3, numerical experiments in 2D and 3D are provided to verify the high-order accuracy, robust-116

ness, well-balanced property, and capability of resolving small perturbations of steady states. Finally,117

concluding remarks are given in the last section.118

2 Algorithm119

Although our present work focuses on solving 2D and 3D Euler equations, the algorithm is best120

understood and easiest explained in 1D. In what follows, we shall first present the scheme for a general121

1D system of balance laws, then show the straightforward extension to the n-dimensional system.122

2.1 Reformulation of the source term in 1D123

Consider a generic system of hyperbolic balance laws in one space dimension:124

Ut + F(U)x = S(x, U), x ∈ R, (5)

where U = (u1, · · · ,uN)
T , F(U) = ( f1(U), · · · , fN(U))T and S(x, U) = (s1(x, U), · · · ,sN(x, U))T are125

vectors in RN . Suppose Ue is an equilibrium state of the balance law (5) satisfying F(Ue)x = S(x, Ue)126

for all x ∈ R, then we can rewrite (5) as follows:127

Ut + F(U)x = S(x, U)
F(Ue)x

S(x, Ue)
, x ∈ R, (6)

where the operation on the right-hand side is to be understood as component-wise. If some component128

of F(Ue)x
S(x,Ue)

, say the ith component fi(Ue)x
si(x,Ue)

is of the form 0
0 , then we set this quotient to 1. Now an129

important observation follows: the system (5) generally admits an infinite family of equilibrium states130

Ue, and we may choose any particular one of them to form (6), since they all satisfy F(Ue)x = S(x, Ue)131

for all x ∈ R. Directly based on the reformulation of the source term in (6), we can write our well-132

balanced semi-discrete finite difference scheme as follows:133

dU j

dt
+

1
∆x

(
F̂(U j−r+1, · · · , U j+s)− F̂(U j−r, · · · , U j+s−1)

)
=

S(x j, U j)

S(x j, Ue, j(x j))
×

1
∆x

(
F̂(Ue, j(x j−r+1), · · · , Ue, j(x j+s))− F̂(Ue, j(x j−r), · · · , Ue, j(x j+s−1))

)
, (7)

where if in the ith equation si(x j, U j) ≡ 0, we set si(x j,U j)
si(x j,Ue, j(x j))

= 1. In the scheme (7), U j is the134

numerical solution that approximates U at the nodes x j = j∆x, F̂ = ( f̂1, · · · , f̂N)
T is a high-order135

numerical flux that approximates F at the cell interfaces, and Ue, j is an equilibrium state that is136

constructed locally from the information near the node x j, namely from the point values {Uk} j+s
k= j−r.137

Note that the function Ue, j(x) may be different for each j. We only require Ue, j to satisfy the following138

condition:139

(A) For any fixed j, if {Uk} j+s
k= j−r are the point values of an equilibrium state Ue(x) at points x = xk,140

k = j − r, · · · , j + s, then Ue, j(x) must coincide with Ue(x) at the points x = xk for all k =141

j− r, · · · , j+ s.142

This condition can guarantee that the scheme exactly preserves the equilibria. As mentioned143

previously, one can use any particular equilibrium state in the reformulation (6). The idea here is that,144

there is generally a unique equilibrium state Ue(x) for x ∈R such that Ue(x j) = U j for any fixed j; let145

us call this special equilibrium state Ue, j(x) and use it in the right-hand side of (7). Then, whenever146

the initial condition U j is an equilibrium state itself, Uk and Ue, j(xk) would coincide for all k, and147

the finite differences on the left- and right-hand side of (7) would be exactly equal and cancel each148
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other, leaving dU j
dt = 0, so that the scheme becomes well-balanced. Also, the scheme has high-order149

accuracy if F̂ is a high-order numerical flux, since F(Ue)x
S(x,Ue)

= 1.150

The above is the basic idea, but it has two problems:151

(1) For those equations in the system (5) where the source term is identically zero (e.g. the continuity152

equation in Euler equations), the resulting scheme is not necessarily conservative.153

(2) For a fixed j, there might not exist an equilibrium state Ue(x) such that Ue(x j) = U j.154

In what follows we will resolve these two issues. In particular, to ensure the scheme is conserva-155

tive, we need to pick a special numerical flux F̂. In the next step (Section 2.2) we would discuss how156

to design the F̂ by performing WENO interpolation on a specially chosen transformation of U j such157

that it becomes conservative for the subsystem of conservation laws contained in the balance law (e.g.158

the continuity equation in Euler equations). In doing so, as we shall soon see, the computational costs159

in approximating the source term is also minimized. As for the second problem, we will demonstrate160

how to reconstruct Ue, j(x) based on the information near x j only for Euler equations in Section 2.4.161

2.2 The well-balanced A-WENO method in 1D162

In this section, we define the well-balanced A-WENO method in 1D. Suppose U ∈ RN . In what fol-163

lows, we assume that there exists a transformation V = V(U,x) ∈ RN such that V(U,x) is constant164

throughout the physical space when U is in an equilibrium state. We call such V a vector of equilib-165

rium variables. For the expressions of equilibrium variables of Euler equations used in this paper, see166

Section 2.4. For now, we assume that the transformation U → V(U,x) is invertible (which is techni-167

cally not true for the equilibrium variables adopted in this paper; we will see how to resolve this issue168

in Section 2.4) and denote its inverse by U = U(V,x). Let the one space dimension be discretized by169

a uniform grid with mesh size ∆x and denote by I j = [x j− 1
2
,x j+ 1

2
] the jth cell centered at x j = j∆x. In170

this paper, we only present the fifth-order scheme to illustrate the concept, in which case r = s = 3 in171

(7), but the method can be generalized to arbitrary high orders.172

2.2.1 Fifth-order WENO interpolation173

Assume that the point values174

p j−2, p j−1, p j, p j+1, p j+2

are available at the grid points xk, where k = j−2, . . . , j+2. The fifth-order WENO-JS interpolation175

[2, 8, 18] approximates the left limit value at the interface x j+ 1
2

by176

p−
j+ 1

2
= w1 p−(1)

j+ 1
2
+w2 p−(2)

j+ 1
2
+w3 p−(3)

j+ 1
2
, (8)

where the three candidate interpolants are177

p−(1)
j+ 1

2
=

3
8

p j−2 −
5
4

p j−1 +
15
8

p j,

p−(2)
j+ 1

2
=−1

8
p j−1 +

3
4

p j +
3
8

p j+1,

p−(3)
j+ 1

2
=

3
8

p j +
3
4

p j+1 −
1
8

p j+2. (9)

Each of these interpolants is constructed on a different three-point stencil. Their contributions are178

combined through the nonlinear weights w1,w2,w3 ≥ 0, defined by179

wk =
ωk

∑
3
m=1 ωm

, ωk =
γk

(βk + ε)2 , k = 1,2,3, (10)
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where ε is a small positive constant (typically ε = 10−6), and180

γ1 =
1
16

, γ2 =
5
8
, γ3 =

5
16

. (11)

The smoothness indicators are given by181

β1 =
13
12

(p j−2 −2p j−1 + p j)
2 +

1
4
(p j−2 −4p j−1 +3p j)

2,

β2 =
13
12

(p j−1 −2p j + p j+1)
2 +

1
4
(p j−1 − p j+1)

2,

β3 =
13
12

(p j −2p j+1 + p j+2)
2 +

1
4
(3p j −4p j+1 + p j+2)

2. (12)

The WENO methodology is designed to retain the full fifth-order accuracy in smooth regions182

while suppressing spurious oscillations near discontinuities. This is achieved by assigning smaller183

nonlinear weights to stencils that contain nonsmooth features, thereby favoring the smoother candidate184

reconstructions.185

For convenience, we denote the reconstruction operator in (8) by186

p−
j+ 1

2
= weno(p j−2, p j−1, p j, p j+1, p j+2).

The corresponding right limit value at x j− 1
2

is obtained by symmetry,187

p+
j− 1

2
= weno(p j+2, p j+1, p j, p j−1, p j−2).

This notation naturally extends to vector-valued quantities by applying the WENO reconstruction188

componentwise. For example,189

p−
j+ 1

2
= weno(p j−2,p j−1,p j,p j+1,p j+2).

Finally, for any constant c ∈ R,190

weno(c,c,c,c,c) = c,

which follows directly from the definition of the reconstruction.191

2.2.2 The numerical flux192

Suppose h(·, ·) is a consistent numerical flux based on an exact or approximate Riemann solver, for193

instance, the Lax-Friedrichs flux h(w−,w+) = 1
2 (F(w−)+ F(w+)−α(w+−w−)), where α is the194

maximum absolute value of the Jacobian of F(U). The high-order numerical flux F̂ in the A-WENO195

scheme is defined as follows:196

F̂(U j−2, · · · , U j+3) := h(U−
j+ 1

2
, U+

j+ 1
2
)− 1

24
∆x2
(

∂ 2

∂x2 F
)

j+ 1
2

+
7

5760
∆x4
(

∂ 4

∂x4 F
)

j+ 1
2

, (13)

where197 (
∂ 2

∂x2 F
)

j+ 1
2

=
1

∆x2

(
− 5

48
F(U j−2)+

13
16

F(U j−1)−
17
24

F(U j)−
17
24

F(U j+1)+
13
16

F(U j+2)−
5
48

F(U j+3)

)
,(

∂ 4

∂x4 F
)

j+ 1
2

=
1

∆x4

(
1
2

F(U j−2)−
3
2

F(U j−1)+ F(U j)+ F(U j+1)−
3
2

F(U j+2)+
1
2

F(U j+3)

)
.

are high-order central differences used to approximate ∂ 2

∂x2 F(U) and ∂ 4

∂x4 F(U) at x j+ 1
2
, respectively.198

What is crucial here is how we compute U−
j+ 1

2
and U+

j+ 1
2

that approximate the left and right limit value199
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of the solution at the interface x j+ 1
2
. In the ordinary (unbalanced) A-WENO scheme, U−

j+ 1
2

and U+
j+ 1

2
200

is taken to be the WENO interpolation along the local characteristic field [7]:201

U−
j+ 1

2
= R j+ 1

2
weno(R−1

j+ 1
2

U j−2, · · · , R−1
j+ 1

2
U j+2),

U+
j+ 1

2
= R j+ 1

2
weno(R−1

j+ 1
2

U j+3, · · · , R−1
j+ 1

2
U j−1),

where R j+ 1
2

is the matrix of right eigenvectors of the Jacobian matrix ∂ F
∂ U(U j+ 1

2
), and the value U j+ 1

2
202

is obtained by either the arithmetic mean or Roe’s average [17] of U j and U j+1. However, if we203

interpolate this way, the scheme (7) with F̂ defined as above would not be conservative for those204

equations with the source term being identically zero. To overcome this difficulty, we first transform205

Uk to Vk := V(Uk,xk) for all k, then perform the WENO interpolation on Vk’s instead to obtain V±
j+ 1

2
,206

and finally transform it back to U±
j+ 1

2
= U(V±

j+ 1
2
,x j+ 1

2
); namely, we set207

U−
j+ 1

2
= U

(
K j+ 1

2
weno

(
K−1

j+ 1
2

V(U j−2,x j−2), · · · , K−1
j+ 1

2
V(U j+2,x j+2)

)
,x j+ 1

2

)
,

U+
j+ 1

2
= U

(
K j+ 1

2
weno

(
K−1

j+ 1
2

V(U j+3,x j+3), · · · , K−1
j+ 1

2
V(U j−1,x j−1)

)
,x j+ 1

2

)
,

where K j+ 1
2
= ∂ V

∂ U(U j+ 1
2
,x j+ 1

2
)R j+ 1

2
, with R j+ 1

2
and U j+ 1

2
being defined as before. With this mod-208

ified WENO interpolation on the equilibrium variables, the scheme has become conservative. To see209

this, recall that any set of equilibrium variables V(U(x),x) is constant throughout the physical space210

when U is in an equilibrium state. If the source term is identically zero in the ith equation of the211

system of balance laws (5) (in which case it becomes a conservation law), namely, si(x, U) ≡ 0 and212

(ui)t + fi(U)x = 0, and the corresponding equation in the numerical scheme (7) becomes213

d(ui) j

dt
+

1
∆x

(
f̂i(U j−2, · · · , U j+3)− f̂i(U j−3, · · · , U j+2)

)
=

1
∆x

(
f̂i(Ue, j(x j−2), · · · , Ue, j(x j+3))− f̂i(Ue, j(x j−3), · · · , Ue, j(x j+2))

)
. (14)

We now show that the right-hand side of (14) vanishes, so that this scheme is indeed conservative.214

At any equilibrium state Ue(x), fi(Ue) would be constant throughout the physical domain (since215

si(x, U) ≡ 0). In particular, this holds for the specially constructed equilibrium state Ue, j(x), so that216

if we replace Uk by Ue, j(xk) in the definition of the numerical flux (13), the last two terms in its ith217

component would become zero. Furthermore, since V(Ue, j(x),x) is constant (say equals to Ve) for218

all x ∈ R and weno(c,c,c,c,c) = c, we have219

U−
j+ 1

2
=U

(
K j+ 1

2
weno

(
K−1

j+ 1
2

V(Ue, j(x j−2),x j−2), · · · , K−1
j+ 1

2
V(Ue, j(x j+2),x j+2)

)
,x j+ 1

2

)
,

=U
(

K j+ 1
2

weno
(

K−1
j+ 1

2
Ve, · · · , K−1

j+ 1
2

Ve

)
,x j+ 1

2

)
,

=U
(

Ve,x j+ 1
2

)
=Ue, j(x j+ 1

2
)

=U
(

K j+ 1
2

weno
(

K−1
j+ 1

2
Ve, · · · , K−1

j+ 1
2

Ve

)
,x j+ 1

2

)
,

=U
(

K j+ 1
2

weno
(

K−1
j+ 1

2
V(Ue, j(x j+3),x j+3), · · · , K−1

j+ 1
2

V(Ue, j(x j−1),x j−1)
)
,x j+ 1

2

)
=U+

j+ 1
2
.

Thus, the first term in the ith component of (13) becomes fi(Ue, j(x j+ 1
2
)), which gives220

f̂i(Ue, j(x j−2), · · · , Ue, j(x j+3)) = fi(Ue, j(x j+ 1
2
)).
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In the same way, we also find that221

f̂i(Ue, j(x j−3), · · · , Ue, j(x j+2)) = fi(Ue, j(x j+ 1
2
)),

so that the right-hand side of (14) indeed vanishes and the scheme is conservative. Moreover, one does222

not actually need to compute the WENO interpolation in F̂ on the right-hand side of the scheme (7).223

Since V(Ue, j(x),x) is constant and weno(c,c,c,c,c) = c, we have224

U−
j+ 1

2
= U+

j+ 1
2
= Ue, j(x j+ 1

2
),

which minimizes the computational costs in approximating the source term.225

Note that at this point, we still have not explained how to construct the local equilibrium state226

Ue, j(x) based on the point values {U j−3, · · · , U j+3}. This will be the task of Section 2.4.227

2.3 Extension to multidimensional systems228

Consider a generic system of hyperbolic balance laws in n space dimensions defined in Rn where the229

source term S(x1, U) only depends on one coordinate x1:230

∂ U
∂ t

+
n

∑
i=1

∂ F(i)(U)

∂xi
= S(x1, U), x = (x1,x2, · · · ,xn) ∈ Rn. (15)

Suppose U, F(1)(U), · · · , F(n)(U), S(x1, U) ∈ RN . As in the one dimensional case, we assume that
there exists a transformation V= V(U, x)∈RN such that V(U, x) is constant throughout the physical
space when U is in an equilibrium state (V is called the vector of equilibrium variables). In this paper,
we only aim to preserve those equilibrium states that depend only on the first coordinate x1, in which
case we may find a transformation V(U, x) = V(U,x1) that depends only on x1 as well. For now, we
assume that the transformation U → V(U,x1) is invertible (again, this is technically not true for the
equilibrium variables adopted in this paper; we will see how to resolve this issue in Section 2.4) and
denote its inverse by U = U(V,x1). Let the n-dimensional space be discretized by a rectangular grid
with uniform mesh size ∆xi on each coordinate xi, i = 1, · · · ,n. Set j := ( j1, j2, · · · , jn) where ji ∈ Z
for all i = 1,2, · · · ,n. The numerical solution is defined at the vertices of the rectangular grid, that is,
at the points

x j := ( j1∆x1, j2∆x2, · · · , jn∆xn) ,

where ji ∈ Z for all i = 1,2, · · · ,n. Denote the ith coordinate of x j by x j(i) := ji∆xi. The value of the
numerical solution at the point x j is denoted by U( j). We also let

e1 = (1,0, · · · ,0), e2 = (0,1, · · · ,0), · · · , en = (0,0, · · · ,1),

that is, the vector ei has 1 in its i-th entry and 0 in the other positions. The well-balanced fifth-order231

A-WENO scheme in n space dimensions can then be written as232

dU( j)
dt

+
n

∑
i=1

1
∆xi

(
F̂(i)

(U( j−2ei), · · · , U( j+3ei))− F̂(i)
(U( j−3ei), · · · , U( j+2ei))

)
=

S(x j(1), U( j))
S(x j(1), Ue, j( j))

n

∑
i=1

1
∆xi

(
F̂(i)

(Ue, j( j−2ei), · · · , Ue, j( j+3ei))− F̂(i)
(Ue, j( j−3ei), · · · , Ue, j( j+2ei))

)
,

(16)

where again, the operations on the right-hand side are to be understood as component-wise. Ue, j233

denotes the special equilibrium state constructed locally from the information near the vertex x j, and234

Ue, j(k) denotes the value of Ue, j evaluated at xk. Since the source term S(x1, U) depends only on235
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the first coordinate x1, we can construct Ue, j(x) = Ue, j(x1) as a function that depends only on x1 as236

well. In Section 2.4, we will show how to construct such a Ue, j(x1) based on the point values {U( j−237

3e1), · · · , U( j+3e1)}. Exactly parallel to the one dimensional case, F̂(i)
(U( j−2ei), · · · , U( j+3ei))238

is defined as239

F̂(i)
(U( j−2ei), · · · , U( j+3ei)) :=h(i)

(
U−
(

j+
1
2

ei

)
, U+

(
j+

1
2

ei

))
− 1

24
∆x2

i

(
∂ 2

∂x2
i

F(i)
)(

j+
1
2

ei

)
+

7
5760

∆x4
i

(
∂ 4

∂x4
i

F(i)
)(

j+
1
2

ei

)
.

In the last expression, h(i)(·, ·) is taken to be the Lax–Friedrichs flux consistent with F(i)(U), that is,240

h(i)(U−, U+) = 1
2(F(i)(U−)+ F(i)(U+)−α(U+− U−)), with α representing the maximum absolute241

value of the eigenvalues of the Jacobian of F(i)(U), and242 (
∂ 2

∂x2
i

F(i)
)(

j+
1
2

ei

)
:=

1
∆x2

i

(
− 5

48
F(i)(U( j−2ei))+

13
16

F(i)(U( j− ei))−
17
24

F(i)(U( j))

− 17
24

F(i)(U( j+ ei))+
13
16

F(i)(U( j+2ei))−
5

48
F(i)(U( j+3ei))

)
,(

∂ 4

∂x4
i

F(i)
)(

j+
1
2

ei

)
:=

1
∆x4

i

(
1
2

F(i)(U( j−2ei))−
3
2

F(i)(U( j− ei))+ F(i)(U( j))

+ F(i)(U( j+ ei))−
3
2

F(i)(U( j+2ei))+
1
2

F(i)(U( j+3ei))

)
are higher-order central differences approximating ∂ 2

∂x2
i

F(i)(U) and ∂ 4

∂x4
i

F(i)(U) respectively at the point(
j1∆x1, · · · ,

(
ji +

1
2

)
∆xi, · · · , jn∆xn

)
.

When interpolating the values at the interfaces using WENO, only the component in the first coordi-243

nate needs the transformation to the equilibrium variables:244

U−
(

j+
1
2

e1

)
= U

(
K j+ 1

2
weno

(
K−1

j+ 1
2

V(U( j−2e1), x j−2e1), · · · , K−1
j+ 1

2
V(U( j+2e1), x j+2e1)

)
, x j+ 1

2

)
,

U+

(
j+

1
2

e1

)
= U

(
K j+ 1

2
weno

(
K−1

j+ 1
2

V(U( j+3e1), x j+3e1), · · · , K−1
j+ 1

2
V(U( j− e1), x j−e1)

)
, x j+ 1

2

)
,

while others are interpolated without the transformation:245

U−
(

j+
1
2

ei

)
= weno(U( j−2ei), · · · , U( j+2ei)), i = 2, · · · ,n,

U+

(
j+

1
2

ei

)
= weno(U( j+3ei), · · · , U( j− ei)), i = 2, · · · ,n.

In Section 2.4, we will show explicitly how to construct the local equilibrium state Ue, j(x) =246

Ue, j(x1) based on the point values {U( j−3e1), · · · , U( j+3e1)}.247
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2.4 Equilibrium variables for Euler equations248

In this section we provide the explicit expressions for the equilibrium variables V(U,x1) for Euler249

equations in 2D and 3D, and show how to construct the local equilibrium state Ue, j(x1) from the point250

values {U( j− 3e1), · · · , U( j+ 3e1)}. As mentioned previously, the transformation U → V(U,x1)251

for Euler equations is technically not invertible; in particular, for each V0, there generally exist two252

different U’s, one corresponds to the supersonic flow (Mach(U) > 1) and the other corresponds to253

the subsonic flow (Mach(U) < 1), such that they both satisfy V0 = V(U,x1); only in the case when254

Mach(U) = 1 does the two solutions coincide. Recall that the inverse transform is only used when255

converting the WENO interpolation along the first coordinate of V back to U. In what follows, we256

will see how to resolve this issue by choosing the correct Mach number based on the values of U near257

the interface.258

2.4.1 2D Euler equations in Cartesian coordinates259

The 2D Cartesian coordinate variables are denoted by (x,y). The 2D Euler equations with gravity260

potential Φ(x,y) in conservative form and Cartesian coordinates can be written as follows:261

∂ U
∂ t

+
∂ F(U)

∂x
+

∂ G(U)

∂y
= S(x,y, U), (17)

where U = (ρ,ρu,ρv,E)T = (ρ,m,n,E)T is the vector of conservative variables, and262

F(U) = (ρu,ρu2 + p,ρuv,u(E + p))T = (m,m2/ρ + p,mn/ρ,m(E + p)/ρ)T , (18)

G(U) = (ρv,ρuv,ρv2 + p,v(E + p))T = (n,mn/ρ,n2/ρ + p,n(E + p)/ρ)T , (19)

S(x,y, U) = (0,−ρΦx,−ρΦy,−mΦx −nΦy)
T . (20)

In the above, u and v denote respectively the velocity in the x- and y-direction; m := ρu and n := ρv263

denote respectively the momentum in the x- and y-direction. In this paper, we only consider the264

situation where the potential Φ(x,y) = Φ(x) is independent of y and monotone in x, and we only265

attempt to preserve isentropic steady states that depend only on x, i.e. with n = 0. Since Φ only266

depends on x, we have S(x,y, U) = S(x, U). The scheme is defined as in equation (16) from the267

previous section by setting n = 2, x1 = x and x2 = y, together with the mesh size ∆x1 = ∆x and268

∆x2 = ∆y. At a given node x j = (x j1 ,y j2) = ( j1∆x, j2∆y), the fourth component of the denominator269

in the quotient S(x j(1),U( j))
S(x j(1),Ue, j( j)) from (16), namely −me, jΦx(x j1), might turn zero if me, j = 0, but since270

me, j is constant for the local equilibrium state Ue, j, it can be canceled by the same factor in the flux271

difference, so no zero divisor will occur. For isentropic steady states, the following two quantities are272

constant along streamlines:273

s =
p

ργ
, Q =

m2 +n2

2ρ2 +
γsργ−1

γ −1
+Φ(x).

Since the equilibrium states considered in this paper only depend on x with n = 0, the above two274

expressions are constant over the entire domain of computation. In addition, for such steady states we275

also have276

m = constant, n = 0 = constant.

Thus, the transformation to the equilibrium variables is defined as follows:277

V(U,x) =V(ρ,m,n,E,x) := (s,m,n,Q)T =

(
p

ργ
,m,n,

m2 +n2

2ρ2 +
γsργ−1

γ −1
+Φ(x)

)T

=

(
γ −1

ργ

(
E − m2 +n2

2ρ

)
,m,n,(1− γ)

m2 +n2

2ρ2 +
γE
ρ

+Φ(x)
)T

.
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When we perform the inverse transform U = U(V,x), the value of (s,m,n,Q) is known, so we can278

first determine ρ by solving the following nonlinear equation:279

m2 +n2

2ρ2 +
γsργ−1

γ −1
+Φ(x) = Q. (21)

Then, with this ρ just obtained, E can be computed from280

E =
m2 +n2

2ρ
+

ργs
γ −1

.

However, note that unless Mach(U) = 1, the nonlinear equation (21) for ρ generally has two different
solutions. Indeed, let

ψ(ρ) :=
m2 +n2

2ρ2 +
γsργ−1

γ −1
.

Then, the nonlinear equation (21) is equivalent to ψ(ρ) =Q−Φ(x). The function ψ has two branches,281

one decreasing and one increasing, see Figure 1.282

𝝍(𝝆)

𝑸 −𝚽(𝒙)

𝝆𝟏 𝝆𝟐

Figure 1: The graph of ψ(ρ) when m2+n2 = s = 1 and γ = 1.4. In the above, Q−Φ(x) = 6, which is
greater than the minimum value of ψ(ρ). Thus, there are two roots ρ1 and ρ2, the former corresponds
to Mach > 1 and the latter Mach < 1.

The local minimum of ψ(ρ) is found to be283

ψ(ρ) =
m2 +n2

2ρ2 +
γsργ−1

γ −1
≥ γ +1

2(γ −1)
(γs)

2
γ+1 (m2 +n2)

γ−1
γ+1 ,

where equality holds if and only if ργ+1 = m2+n2

γs , that is, Mach(U) =
√

m2+n2

γsργ+1 = 1. If Q−Φ(x) <284

γ+1
2(γ−1)(γs)

2
γ+1 (m2 + n2)

γ−1
γ+1 , equation (21) has no solution; if Q−Φ(x) = γ+1

2(γ−1)(γs)
2

γ+1 (m2 + n2)
γ−1
γ+1 ,285

there is a unique solution with Mach = 1; if Q−Φ(x) > γ+1
2(γ−1)(γs)

2
γ+1 (m2 + n2)

γ−1
γ+1 , there are two286

solutions, the smaller one corresponds to Mach > 1 (supersonic), and the larger one corresponds to287

Mach < 1 (subsonic).288
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Therefore, the inverse transform from V to U also has two different values in general, in which289

case the sign of Mach(U)− 1 is needed for determining which value to choose. When computing290

U− ( j+ 1
2 e1
)

and U+
(

j+ 1
2 e1
)

for the numerical flux on the left-hand side of (16), we take the Mach291

number of U( j) and U( j+ e1) respectively for the inverse transform (note that the inverse transform292

is only required for the first coordinate x1 = x).293

For any fixed j = ( j1, j2), we construct the local equilibrium state Ue, j(x) based on the point294

values {U( j−3e1), · · · , U( j+3e1)} as follows:295

Ue, j(x) = U(V(ρ( j+β e1),m( j+β e1),0,E( j+β e1),x j1+β ),x),

where β ∈ {−3,3} is the index such that Φ(( j1 +β )∆x) obtains its maximum on the interval [( j1 −296

3)∆x,( j1 +3)∆x] (recall that Φ(x) is monotone, so its maximum is attained at one of the end points of297

the interval). More precisely, let (se, j,me, j,0,Qe, j) := V(ρ( j+β e1),m( j+β e1),0,E( j+β e1),x j1+β );298

then, in order to compute the local equilibrium state Ue, j(x) for any x, we need to first solve the fol-299

lowing equation for ρ(x):300

Qe, j −Φ(x) =
m2

e, j

2ρ(x)2 +
γ · se, j ·ρ(x)γ−1

γ −1
, (22)

and finally compute E(x) from301

E(x) =
m2

e, j

2ρ(x)
+

ρ(x)γ

γ −1
se, j.

With this choice, one can guarantee that Ue, j(x) is well-defined on the interval [( j1−3)∆x,( j1+3)∆x],302

since for all x ∈ [( j1 −3)∆x,( j1 +3)∆x] we have303

Qe, j −Φ(x)≥ Qe, j −Φ(x j1+β )≥
γ +1

2(γ −1)
(γse, j)

2
γ+1 (m2

e, j)
γ−1
γ+1 ,

so that equation (22) is always solvable. However, we would still need to resolve the issue that the304

solution to the above equation is not unique. To this end, when performing the inverse transform, we305

set the sign of Mach−1 to be the same as that of U( j+β e1). Since Φ(x) is monotone, the sign of306

Mach−1 does not change for any essentially 1D isentropic steady state of Euler equations (see Section307

2.5), so that the resulting scheme is still well-balanced.308

2.4.2 3D Euler equations in Cartesian coordinates309

The 3D Cartesian coordinate variables are denoted by (x,y,z). The 3D Euler equations with gravity310

potential Φ(x,y,z) in conservative form and Cartesian coordinates can be written as follows:311

∂ U
∂ t

+
∂ F(U)

∂x
+

∂ G(U)

∂y
+

∂ H(U)

∂ z
= S(x,y,z, U), (23)

where U = (ρ,ρu,ρv,ρw,E)T = (ρ,m,n, l,E)T is the vector of conservative variables, and312

F(U) = (ρu,ρu2 + p,ρuv,ρuw,u(E + p))T = (m,m2/ρ + p,mn/ρ,ml/ρ,m(E + p)/ρ)T , (24)

G(U) = (ρv,ρuv,ρv2 + p,ρvw,v(E + p))T = (n,mn/ρ,n2/ρ + p,nl/ρ,n(E + p)/ρ)T , (25)

H(U) = (ρw,ρuw,ρvw,ρw2 + p,w(E + p))T = (l,ml/ρ,nl/ρ, l2/ρ + p, l(E + p)/ρ)T , (26)

S(x,y,z, U) = (0,−ρΦx,−ρΦy,−ρΦz,−mΦx −nΦy − lΦz)
T . (27)

In the above, u, v and w denote respectively the velocity in the x-, y- and z-direction; m := ρu, n := ρv313

and l := ρw denote respectively the momentum in the x-, y- and z-direction. In this paper, we only314

consider the situation where the potential Φ(x,y,z) = Φ(x) is independent of y,z and monotone in x,315
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and we only attempt to preserve isentropic steady states that depend only on x, i.e. with n = l = 0.316

Under this assumption, S(x,y,z, U) = S(x, U). The scheme is defined as in equation (16) by setting317

n = 3, x1 = x, x2 = y and x3 = z, together with the mesh size ∆x1 = ∆x, ∆x2 = ∆y and ∆x3 = ∆z.318

At a given node x j = (x j1 ,y j2 ,z j3) = ( j1∆x, j2∆y, j3∆z), the fifth component of the denominator in319

the quotient S(x j(1),U( j))
S(x j(1),Ue, j( j)) from (16), namely −me, jΦx(x j1), might turn zero if me, j = 0, but since320

me, j is constant for the local equilibrium state Ue, j, it can be canceled by the same factor in the flux321

difference, so no zero divisor will occur. For isentropic steady states, the following two quantities are322

constant along streamlines:323

s =
p

ργ
, Q =

m2 +n2 + l2

2ρ2 +
γsργ−1

γ −1
+Φ(x).

Since we have assumed the equilibrium states only depend on x with n = l = 0, the above two expres-324

sions are constant over the entire domain of computation. In addition, for such steady states we also325

have326

m = constant, n = 0 = constant, l = 0 = constant.

Thus, the transformation to the equilibrium variables is defined as follows:327

V(U,x) =V(ρ,m,n, l,E,x) := (s,m,n, l,Q)T =

(
p

ργ
,m,n, l,

m2 +n2 + l2

2ρ2 +
γsργ−1

γ −1
+Φ(x)

)T

=

(
γ −1

ργ

(
E − m2 +n2 + l2

2ρ

)
,m,n, l,(1− γ)

m2 +n2 + l2

2ρ2 +
γE
ρ

+Φ(x)
)T

.

As in the case of 2D, to compute the inverse transform U = U(V,x), the value of (s,m,n, l,Q) is328

known, so we can first determine ρ by solving the following nonlinear equation:329

m2 +n2 + l2

2ρ2 +
γsργ−1

γ −1
+Φ(x) = Q. (28)

Then, with this ρ just obtained, E can be computed from330

E =
m2 +n2 + l2

2ρ
+

ργs
γ −1

.

Again, unless Mach(U) = 1, the nonlinear equation (28) for ρ has two different solutions. If Q−331

Φ(x)< γ+1
2(γ−1)(γs)

2
γ+1 (m2+n2+l2)

γ−1
γ+1 , equation (28) has no solution; if Q−Φ(x)= γ+1

2(γ−1)(γs)
2

γ+1 (m2+332

n2 + l2)
γ−1
γ+1 , there is a unique solution with Mach = 1; if Q−Φ(x) > γ+1

2(γ−1)(γs)
2

γ+1 (m2 +n2 + l2)
γ−1
γ+1 ,333

there are two solutions, the smaller one corresponds to Mach > 1 (supersonic), and the larger one334

corresponds to Mach < 1 (subsonic). Therefore, when computing U− ( j+ 1
2 e1
)

and U+
(

j+ 1
2 e1
)

335

for the numerical flux on the left-hand side of (16), we take the Mach number of U( j) and U( j+ e1)336

respectively for the inverse transform.337

The construction of the local equilibrium state is exactly the same as in 2D. For any fixed j =338

( j1, j2, j3), we define Ue, j(x) based on the point values {U( j−3e1), · · · , U( j+3e1)} as follows:339

Ue, j(x) = U(V(ρ( j+β e1),m( j+β e1),0,0,E( j+β e1),x j1+β ),x),

where β ∈ {−3,3} is the index such that Φ(( j1 +β )∆x) obtains its maximum on the interval [( j1 −340

3)∆x,( j1 +3)∆x] (since Φ(x) is monotone, its maximum is attained at one of the end points of the in-341

terval). More precisely, let (se, j,me, j,0,0,Qe, j) := V(ρ( j+β e1),m( j+β e1),0,0,E( j+β e1),x j1+β );342
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then, in order to compute the local equilibrium state Ue, j(x) for any x, we first need to solve the fol-343

lowing equation for ρ(x):344

Qe, j −Φ(x) =
m2

e, j

2ρ(x)2 +
γ · se, j ·ρ(x)γ−1

γ −1
, (29)

and finally compute E(x) from345

E(x) =
m2

e, j

2ρ(x)
+

ρ(x)γ

γ −1
se, j.

With this choice, one can guarantee that Ue, j(x) is well-defined on the interval [( j1−3)∆x,( j1+3)∆x],346

since for all x ∈ [( j1 −3)∆x,( j1 +3)∆x] we have347

Qe, j −Φ(x)≥ Qe, j −Φ(x j1+β )≥
γ +1

2(γ −1)
(γse, j)

2
γ+1 (m2

e, j)
γ−1
γ+1 ,

so that equation (29) is always solvable. To resolve the issue that the solution to the above equation348

is not unique, we set the sign of Mach−1 to be the same as that of U( j+β e1) when performing the349

inverse transform. Since Φ(x) is monotone, the sign of Mach−1 does not change for any essentially350

1D isentropic steady state of Euler equations (see Section 2.5), so that the resulting scheme is still351

well-balanced.352

2.4.3 3D Euler equations in spherical coordinates353

The 3D spherical coordinate variables are denoted by (r,θ ,φ), where r ≥ 0 is the radial distance,354

θ ∈ [0,π] is the polar angle, and φ ∈ [−π,π) is the azimuthal angle. The 3D Euler equations with355

gravity potential Φ(r,θ ,φ) in conservative form and spherical coordinates can be written as follows:356

∂ U
∂ t

+
1
r2

∂ (r2 Fr(U))

∂ r
+

1
r sinθ

∂ (sinθ Fθ (U))

∂θ
+

1
r sinθ

∂ Fφ (U)

∂φ
= S(r,θ ,φ , U), (30)

where U = (ρ,ρur,ρuθ ,ρuφ ,E)T = (ρ,mr,mθ ,mφ ,E)T is the vector of conservative variables, and357

Fr(U) = (mr,m2
r/ρ + p,mrmθ/ρ,mrmφ/ρ,mr(E + p)/ρ)T , (31)

Fθ (U) = (mθ ,mrmθ/ρ,m2
θ/ρ + p,mθ mφ/ρ,mθ (E + p)/ρ)T , (32)

Fφ (U) = (mφ ,mrmφ/ρ,mθ mφ/ρ,m2
φ/ρ + p,mφ (E + p)/ρ)T , (33)

S(r,θ ,φ , U) =



0
m2

θ
+m2

φ

ρr + 2p
r −ρΦr

−mrmθ

ρr +
m2

φ
cotθ

ρr + pcotθ

r − ρ

r Φθ

−mφ (mr+mθ cotθ)
ρr − ρ

r sinθ
Φφ

−mrΦr − mθ

r Φθ −
mφ

r sinθ
Φφ


. (34)

In the above, ur, uθ and uφ denote respectively the velocity in the radial, polar and azimuthal direction;358

mr := ρur, mθ := ρuθ and mφ := ρuφ denote respectively the momentum in the radial, polar and359

azimuthal direction. In this paper, we only consider the situation where the potential Φ(r,θ ,φ) =Φ(r)360

is independent of θ ,φ and monotone in r, and we only attempt to preserve isentropic steady states that361

depend only on r, i.e. with mθ = mφ = 0. Under this assumption, S(r,θ ,φ , U) = S(r, U). Because of362

the geometric factors in spherical derivatives, the scheme (16) needs to be adapted accordingly: at the363
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node x j = (r j1 ,θ j2 ,φ j3) = ( j1∆r, j2∆θ , j3∆φ), the scheme becomes364

dU( j)
dt

+
3

∑
i=1

1
gi(x j)∆xi

(
F̂(i)

(U( j−2ei), · · · , U( j+3ei))− F̂(i)
(U( j−3ei), · · · , U( j+2ei))

)
=

S(r j1 , U( j))
S(r j1 , Ue, j( j))

×

3

∑
i=1

1
gi(x j)∆xi

(
F̂(i)

(Ue, j( j−2ei), · · · , Ue, j( j+3ei))− F̂(i)
(Ue, j( j−3ei), · · · , Ue, j( j+2ei))

)
,

where ∆x1 = ∆r, ∆x2 = ∆θ and ∆x3 = ∆φ ; g1(r,θ ,φ) = r2, g2(r,θ ,φ) = g3(r,θ ,φ) = r sinθ ; and365

F̂(1)
, F̂(2)

, F̂(3)
are defined as in formula (13) with F replaced by r2 Fr,sinθ Fθ , Fφ , respectively. Note366

that in the last expression, the flux difference for i = 3 on the right-hand side is identically zero, since367

Ue, j is a local equilibrium state that only varies with r. However, the differences for i = 1,2 are368

non-zero; in the case of i = 2 we have369

1
r j1 sinθ j2∆θ

(
F̂(2)

(Ue, j( j−2e2), · · · , Ue, j( j+3e2))− F̂(2)
(Ue, j( j−3e2), · · · , Ue, j( j+2e2))

)
=

(
0,0,

2pe, j cot(θ j2)

r j1∆θ
sin
(

∆θ

2

)(
1+

118cos
(

∆θ

2

)
−137cos

(3∆θ

2

)
+19cos

(5∆θ

2

)
1920

)
,0,0

)
, (35)

where pe, j is the pressure of the local equilibrium state Ue, j evaluated at the point x j. The only non-370

zero (third) component in (35) is due to the geometric factor, and can be obtained from the formula371

(13) with F replaced by pe, j sinθ (note that pe, j is constant with respect to θ ). The denominator in the372

quotient S(r j1 ,U( j))
S(r j1 ,Ue, j( j)) can be written explicitly as373

S(r j1 , Ue, j( j)) = (0,
2pe, j

r j1
−ρe, jΦr(r j1),

pe, j cot(θ j2)

r j1
,0,−(mr)e, jΦr(r j1)), (36)

where all the quantities are evaluated at the point x j. The third component of (36) would become zero374

if θ j2 =
π

2 , but this is canceled by the cot(θ j2) in the third component of (35), so that no zero divisor375

will occur. The fifth component might also become zero when (mr)e, j is zero, but since for a steady376

state r2mr is constant with respect to r (see the discussion below), this too can be canceled by r2(mr)e, j377

in the fifth component of378

1
r2

j1∆r

(
F̂(1)

(Ue, j( j−2ei), · · · , Ue, j( j+3ei))− F̂(1)
(Ue, j( j−3ei), · · · , Ue, j( j+2ei))

)
.

For isentropic steady states, the following two quantities are constant along streamlines:379

s =
p

ργ
, Q =

m2
r +m2

θ
+m2

φ

2ρ2 +
γsργ−1

γ −1
+Φ(r).

Since the equilibrium states considered in this paper only depends on r with mθ = mφ = 0, the above380

two expressions are constant over the entire domain of computation. In addition, for such steady states381

we also have382

M := r2mr = constant, mθ = 0 = constant, mφ = 0 = constant.

15



Thus, the transformation to the equilibrium variables is defined as follows:383

V(U,r) =V(ρ,mr,mθ ,mφ ,E,r) := (s,M,mθ ,mφ ,Q)T

=

(
p

ργ
,r2mr,mθ ,mφ ,

m2
r +m2

θ
+m2

φ

2ρ2 +
γsργ−1

γ −1
+Φ(r)

)T

=

(
γ −1

ργ

(
E −

m2
r +m2

θ
+m2

φ

2ρ

)
,r2mr,mθ ,mφ ,(1− γ)

m2
r +m2

θ
+m2

φ

2ρ2 +
γE
ρ

+Φ(r)

)T

.

As before, to compute the inverse transform U = U(V,r), the value of (s,M,mθ ,mφ ,Q) is known.384

We first find mr = M/r2, then determine ρ by solving the following nonlinear equation:385

m2
r +m2

θ
+m2

φ

2ρ2 +
γsργ−1

γ −1
+Φ(r) = Q. (37)

Then, with this ρ just obtained, E can be computed from386

E =
m2

r +m2
θ
+m2

φ

2ρ
+

ργs
γ −1

.

The nonlinear equation (37) for ρ has two different solutions unless Mach(U) = 1. If Q−Φ(r) <387

γ+1
2(γ−1)(γs)

2
γ+1 (m2

r +m2
θ
+m2

φ
)

γ−1
γ+1 , equation (37) has no solution; if Q−Φ(r) = γ+1

2(γ−1)(γs)
2

γ+1 (m2
r +388

m2
θ
+m2

φ
)

γ−1
γ+1 , there is a unique solution with Mach= 1; if Q−Φ(r)> γ+1

2(γ−1)(γs)
2

γ+1 (m2
r +m2

θ
+m2

φ
)

γ−1
γ+1 ,389

there are two solutions, the smaller one corresponds to Mach > 1 (supersonic), and the larger one390

corresponds to Mach < 1 (subsonic). Therefore, when computing U− ( j+ 1
2 e1
)

and U+
(

j+ 1
2 e1
)

391

for the numerical flux on the left-hand side of (16), we take the Mach number of U( j) and U( j+ e1)392

respectively for the inverse transform.393

For any fixed j = ( j1, j2, j3), in order to define the local equilibrium state Ue, j(r), we must choose394

an index β ∈ {−3, · · · ,3} such that395

Ue, j(r) = U(V(ρ( j+β e1),mr( j+β e1),0,0,E( j+β e1),r j1+β ),r)

is at least well-defined at the points r = r j1−3, · · · ,r j1+3. More precisely, for any l ∈ {−3, · · · ,3} set396

(sl,Ml,0,0,Ql) := V(ρ( j+ l e1),m( j+ l e1),0,0,E( j+ l e1),r j1+l). Suppose an index β ∈{−3, · · · ,3}397

is chosen, then for any rk with k =−3, · · · ,3, we first need to solve the following equation for ρ(rk):398

Qβ −Φ(rk) =
M2

β

2r4
k ρ(rk)2 +

γ · sβ ·ρ(rk)
γ−1

γ −1
, (38)

then compute E(rk) from399

E(rk) =
M2

β

2r4
k ρ(rk)

+
ρ(rk)

γ

γ −1
sβ .

Therefore, we must choose a β such that the nonlinear equation (38) is solvable for all k =−3, · · · ,3.400

It follows from (38) that401

Qβ −Φ(rk) =
M2

β

2r4
k ρ(rk)2 +

γ · sβ ·ρ(rk)
γ−1

γ −1
≥ γ +1

2(γ −1)
(γsβ )

2
γ+1 (M2

β
)

γ−1
γ+1 r

− 4(γ−1)
γ+1

k .

So, to formulate this problem in a different way, we set402

Al :=
γ +1

2(γ −1)
(γsl)

2
γ+1 (M2

l )
γ−1
γ+1 ≥ 0, xl := r

− 4(γ−1)
γ+1

l > 0, ∀l =−3, · · · ,3.
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Since (sl,Ml,0,0,Ql) are the equilibrium variables of the known state (ρ( j+l e1),m( j+l e1),0,0,E( j+403

l e1)), we already have404

−Al · xl +Ql ≥ Φ

(
x
− γ+1

4(γ−1)
l

)
, ∀l =−3, · · · ,3.

Now we ask for the existence of a β ∈ {−3, · · · ,3} such that405

−Aβ · xl +Qβ ≥ Φ

(
x
− γ+1

4(γ−1)
l

)
, ∀l =−3, · · · ,3. (39)

The next lemma shows that such β exists only for a special class of Φ(·).406

Lemma 1. Suppose Φ(·) is monotone on (0,∞). For any real sequences {Al}3
l=−3, {Ql}3

l=−3 and407

{xl}3
l=−3 satisfying408

Al ≥ 0, xl > 0, −Al · xl +Ql ≥ Φ

(
x
− γ+1

4(γ−1)
l

)
, ∀l =−3, · · · ,3,

there always exists a β ∈ {−3, · · · ,3} such that409

−Aβ · xl +Qβ ≥ Φ

(
x
− γ+1

4(γ−1)
l

)
, ∀l =−3, · · · ,3

if and only if the function Φ

(
x−

γ+1
4(γ−1)

)
is increasing.410

Proof. Assume without loss of generality that x−3 > · · · ,> x3. On the xy-plane, consider for l =411

−3, · · · ,3 the lines Ll : y = −Al · x+Ql and the points Pl :
(

xl,Φ

(
x
− γ+1

4(γ−1)
l

))
, the latter lie on the412

graph of y = Φ

(
x−

γ+1
4(γ−1)

)
. For each l, the line Ll lies above the point Pl . The existence of β is413

equivalent to the existence of a line that lies above all points.414

Since Φ(·) is monotone, Φ

(
x−

γ+1
4(γ−1)

)
is also a monotone function in x > 0. Suppose Φ

(
x−

γ+1
4(γ−1)

)
415

is increasing, then by geometry the line L−3 must lie above all points since its slope is negative, so416

we take β = −3. However, if Φ

(
x−

γ+1
4(γ−1)

)
is decreasing, then P3 has the largest y-coordinate. One417

can always choose Al ≥ 0 and Ql such that Ll lies above Pl but below P3 for l =−3, · · · ,2, and L3418

lies above P3 but below P−3, in which case β does not exist. ■419

It follows from the above lemma that the Newtonian potential Φ(r) = −G
r (G > 0) does not fall420

into the admissible class since Φ

(
x−

γ+1
4(γ−1)

)
is decreasing. This is clearly not desirable. To resolve this421

issue, in the actually implementation of the scheme, whenever we could not find a β ∈ {−3, · · · ,3}422

such that (39) holds, we simply replace the right-hand side of (16) by the straightforward discretization423

of the source term as in the ordinary A-WENO scheme. This would not destroy the well-balanced424

property of the scheme, since if all the values of {U( j− 3e1), · · · , U( j+ 3e1)} are from the same425

equilibrium state, we have A−3 = · · ·= A3 and Q−3 = · · ·= Q3, so that all the lines Ll degenerate to426

the same line, and therefore automatically lies above all the points; in other words, (39) would always427

hold if U j’s already form an equilibrium state. It does not destroy the capability of the scheme to428

capture small perturbations near the steady states either, as shown in the numerical results in Sections429

3.4, 3.5 and 3.7.430

Moreover, in the case of the Newtonian potential Φ(r) = −G
r , we do not need to test (39) for431

all β , l ∈ {−3 · · · ,3}. In particular, note that Φ

(
x−

γ+1
4(γ−1)

)
= −G · x

γ+1
4(γ−1) is either convex (γ ≥ 5

3 ) or432

concave (γ < 5
3 ). Using the notation from the proof of Lemma 1, we may simplify the two cases in433

the following way:434
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Case 1: Suppose γ ≥ 5
3 , then −G · x

γ+1
4(γ−1) is convex, in which case if a line lies above P3 and P−3,435

then it is above all points. Thus, we only need to check if L0 lies above P3 and P−3:436

−A0 · x3 +Q0 ≥−G · x
γ+1

4(γ−1)
3 , −A0 · x−3 +Q0 ≥−G · x

γ+1
4(γ−1)
−3 .

If this is true, set β = 0; otherwise use the straightforward source term discretization.437

Case 2: Suppose γ < 5
3 , then −G · x

γ+1
4(γ−1) is concave. In this case, we need to check if L0 lies above438

all points except P0:439

−A0 · xl +Q0 ≥−G · x
γ+1

4(γ−1)
l , l =±3,±2,±1.

If this is true, set β = 0; otherwise use the straightforward source term discretization.440

Note that in the above two cases, we may check for any other line instead of L0, but numerical441

experiments have shown that choosing L0 as the candidate is the most stable way.442

2.5 The local adaptation step443

The well-balanced scheme constructed in the previous sections is found to exhibit numerical instability444

near transonic regions in several 2D and 3D tests, although it generally remains stable in 1D. This is445

because the sign of Mach−1 must be chosen correctly for the inverse transform V → U on the cell446

interfaces when computing the numerical fluxes; in 1D, since the wave can only propagate either to the447

left or right, the sign of Mach−1 can be taken to be the same as that of the left or the right; in higher448

dimensions, the wave does not necessarily propagate along the grid lines, so the sign of Mach−1 is449

very hard to predict.450

For instance, the scheme does not converge for the double Mach reflection problem, which will451

be discussed in Section 3.2. This happens because the distribution of super- and subsonic states is452

very complicated and sensitive therein, and once the sign of Mach−1 is not correctly determined453

in the inverse transform V → U, the numerical solution will diverge from the true solution in an454

unstoppable manner. To make matters worse, the scheme produces large errors near the locus of sonic455

points even if the true solution is smooth.456

To make the scheme stable, we adopt a local adaptation step before using the fifth-order WENO
interpolation in the numerical flux

F̂(1)
(U( j−2e1), · · · , U( j+3e1))

on the left-hand side of (16): At each cell interface j+ 1
2 e1 = ( j1 + 1

2 , j2, · · · , jn) in the x1-direction, if457

Mach−1 changes sign on the set of nodes458 {
k = (k1, · · · ,kn) :

∣∣∣∣k1 − j1 −
1
2

∣∣∣∣≤ 3, |k2 − j2| ≤ 3, · · · , |kn − jn| ≤ 3
}
,

then we directly use WENO on the conservative variables U( j− 2e1), · · · , U( j+ 3e1) on the local
stencil at j instead of on the equilibrium variables. We do the same for

F̂(1)
(U( j−3e1), · · · , U( j+2e1))

on the left-hand side of (16) with j1 replaced by j1 −1. Clearly, the resulting scheme is still conserva-459

tive for the subsystem of conservation laws. In 2D and 3D Cartesian coordinates, since the potential460

Φ(x) is assumed to be monotone, one can show that the sign of Mach−1 cannot change for any con-461

tinuous steady state. This can be easily seen from the graph of ψ(ρ) in Figure 1. At any steady state,462
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the graph of the function is fixed, and Q is a constant. Since Φ(x) is monotone, the horizontal line463

with height Q−Φ(x) can either move all the way up or down as x varies monotonically in the compu-464

tation domain. For a continuous steady state that is transonic, the line must first reach the minimum465

point of ψ(ρ), then move up again, which is not possible. Thus, the adaptation step does not destroy466

the well-balanced property of the original scheme for preserving isentropic equilibria, since they are467

automatically continuous.468

3 Numerical tests469

In this section, we test the performance of our well-balanced A-WENO method for Euler equations470

in 2D Cartesian coordinates, 3D Cartesian coordinates and spherical coordinates, respectively. For471

each of the three cases, we test high-order accuracy for smooth solutions, well-balanced property472

and capability in capturing small perturbations near equilibrium states. In all the tests, the global473

Lax-Friedrichs numerical flux is adopted, and the time discretization is carried out using the classical474

fourth-order Runge–Kutta method. Unless otherwise stated, the CFL number is taken as 0.4.475

3.1 Accuracy tests for 1D and 2D Cartesian coordinates476

We test the fifth-order accuracy of our A-WENO scheme for two analytical smooth solutions of Euler477

equations. First, to test the accuracy of the source term approximation, we use the 1D example con-478

sidered in [23]. This is sufficient since our source term in higher dimensions is still essentially 1D,479

which is assumed to depend only on x. Taking Φ(x) = x and γ = 5
3 , then the Euler equations admit the480

following analytical solution:481

ρ = 1+
1
5

sin(π(x− t)), u = 1, v = 0, p = 4.5+ t − x+
1

5π
cos(π(x− t)).

The computation domain is set to be Ω = [0,2], and the values of the exact solution are prescribed at482

the left and right end-points. The numerical solution is computed up to t = 0.1. The number of cells483

are set to be N = 100,200,400,800. We use the classical fourth order Runge-Kutta method for time484

discretizations with the following CFL condition of the form ∆t = O(∆x
5
4 ):485

∆t =
0.5
α

∆x
5
4 .

Note that this CFL condition is only restricted to this accuracy test, and ∆t =O(∆x) is used everywhere486

else. The L∞ errors of the conservative variables are shown in Table 1, demonstrating genuine fifth-487

order accuracy of the scheme.

Table 1: Accuracy test of traveling density wave with Φ(x) = x in 1D

ρ m E

N L∞ error Order L∞ error Order L∞ error Order

100 5.12E-07 – 3.43E-07 – 6.82E-07 –
200 1.09E-08 5.556 7.39E-09 5.537 1.39E-08 5.621
400 1.92E-10 5.828 1.57E-10 5.558 2.92E-10 5.567
800 3.20E-12 5.904 3.88E-12 5.343 7.30E-12 5.324

488

Next, we test the analytic solution known as the isentropic vortex for 2D Euler equations defined489

as follows. Set490

X = x− x0 −u∞t, Y = y− y0 − v∞t, r2 = X2 +Y 2.
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Then, the analytical solution is given by491

u = u∞ − β

2π
e(1−r2)/2Y, v = v∞ +

β

2π
e(1−r2)/2X ,

T = 1− (γ −1)β 2

8γπ2 e1−r2
, ρ = T 1/(γ−1), p = T γ/(γ−1), E =

1
2

ρ(u2 + v2)+
p

γ −1
.

In the test, x0 = y0 = β = 5, u∞ = v∞ = 2, and the numerical solution is evolved up to t = 0.5 on the492

computation domain Ω = [0,10]× [0,10] with boundary conditions set to be the exact solution. The493

number of cells in the x- and y-directions are set to be N = Nx = Ny = 100,200,400,800, and CFL494

number is taken as 0.4. The L∞ errors of the conservative variables are shown in Table 2.

Table 2: Accuracy test of the isentropic vortex in 2D

N ρ m n E
L∞ error order L∞ error order L∞ error order L∞ error order

100 6.05E-04 – 6.54E-04 – 1.31E-03 – 2.32E-03 –
200 3.71E-05 4.03 3.70E-05 4.14 8.06E-05 4.02 1.46E-04 3.99
400 1.93E-06 4.27 1.23E-06 4.91 3.76E-06 4.42 6.93E-06 4.39
800 4.00E-08 5.59 3.04E-08 5.34 8.29E-08 5.51 1.57E-07 5.46

495

3.2 Double Mach reflection problem496

In this test, we compute the double Mach reflection problem [19] to verify the robustness of the497

scheme. It involves a Mach 10 shock impinging on a reflecting wall at a 60◦ angle. The computation498

domain is Ω = [0,4]× [0,1], with the initial condition499

(ρ0,u0,v0, p0) =

{
(8, 33

√
3

8 ,−33
8 ,116.5), if y >

√
3(x− 1

6) (post-shock)
(1.4,0,0,1), if y <

√
3(x− 1

6) (pre-shock).

The inflow and outflow boundary conditions are prescribed at the left and right boundary, respectively.500

The top boundary values are set to equal the exact solution, which is time-dependent. On the bottom501

boundary, the (constant) post shock values are prescribed on the segment {0 ≤ x < 1
6 ,y = 0}, while502

reflective boundary conditions are imposed on the segment {1
6 < x ≤ 4,y = 0}. The numbers of cells503

in the x- and y-directions are Nx = 960 and Ny = 240, respectively. The numerical solution is computed504

up to time t = 0.2 using both the well-balanced A-WENO scheme and the ordinary A-WENO scheme.505

The computed values of ρ are compared in Figure 2. No essential difference can be noted between506

the results of both schemes.507

We also remark here that if we do not include the local adaptation stage, the well-balanced A-508

WENO scheme would not converge for this test. This happens because the distribution of super-509

and subsonic states is very complicated and sensitive near the point (1
6 ,0) at the beginning of the510

simulation, so that the inverse transform V → U would always choose the wrong branch there.511
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(a) The well-balanced A-WENO scheme

(b) The ordinary A-WENO scheme

Figure 2: Comparison of density computed from the well-balanced A-WENO scheme (upper) and the
ordinary A-WENO scheme (lower). 30 equally spaced contour lines are distributed from 0 to 22.

3.3 Well-balanced tests for 2D Cartesian coordinates512

We now test the well-balanced property of the A-WENO scheme for steady-state isentropic flows.513

Consider the examples used in [6, 23]. We use the linear potential Φ(x) = x and set γ = 5
3 . The steady514

state is computed by performing the inverse transform on the following constant equilibrium variables:515

s = 1, m =−Machγ
1
2 , n = 0, Q =

1
2

Mach2
γ +

γ

γ −1
,

where Mach denotes the Mach number. Clearly, since the inverse transform depends on the sign of516

Mach−1, there are in fact three cases to be tested:517

(a) Hydrostatic flow: Mach = 0.518

(b) Subsonic flow: Mach = 0.01.519

(c) Supersonic flow: Mach = 2.5.520

We compute the solution on the domain Ω = [0,2]× [0,2] up to t = 1 with Nx = Ny = 200. Values of521

the exact solutions are prescribed at the left and right boundaries, while periodic boundary conditions522

are imposed on the upper and lower boundaries. The L∞ errors for the three cases are shown in Table523

3.524
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Table 3: L∞ errors for different cases in the well-balanced test 3.3 with Nx = Ny = 200 at t = 1

Case ρ m E

(a) 2.11E-15 1.47E-15 2.66E-15
(b) 3.77E-15 3.50E-15 6.88E-15
(c) 4.73E-13 1.60E-12 3.92E-12

3.4 Small perturbation tests for 2D Cartesian coordinates525

In this example, we test the capability of our well-balanced A-WENO scheme to capture small per-526

turbation of steady states, and compare the results with those obtained from the unbalanced ordinary527

A-WENO scheme with a straightforward discretization of the source term. This test is a direct 2D528

generalization of the 1D test from [6, 23].529

We add a small perturbation δ p0 =Aexp(−100(x− x̄)2−100(y− ȳ)2) on top of the initial pressure530

of cases (a), (b) and (c) from Section 3.3, while keeping the initial density and velocities the same. In531

the small perturbation tests for the three cases, A = 10−6 and532

x̄ = ȳ =


1.0, case (a),
1.1, case (b),
1.5, case (c).

As before, the computation domain is Ω = [0,2]× [0,2]. Values of the exact solutions are prescribed at533

the left and right boundaries, while periodic boundary conditions are imposed on the upper and lower534

boundaries. The numerical solutions are computed up to t = 0.45, 0.45 and 0.25 for cases (a), (b) and535

(c) respectively. These choices of final times can guarantee that the region polluted by the perturbation536

stays inside Ω, and no shock is formed.537

The discrepancy of density, velocity and pressure with respect to their corresponding base steady538

states, denoted by δρ,δu,δ p, for cases (a), (b) and (c) are shown in Figures 3, 4 and 5 respectively.539

In each figure, the left and middle columns show the results obtained from the unbalanced and well-540

balanced A-WENO schemes on the coarse mesh with Nx = Ny = 32. The reference solutions are541

shown in the right column, which are computed from the well-balanced A-WENO scheme with Nx =542

Ny = 200. We can see the well-balanced scheme captures small perturbations much better than the543

unbalanced scheme on coarse meshes.544
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δρ (unbalanced) δρ (balanced) δρ (reference)

δu (unbalanced) δu (balanced) δu (reference)

δ p (unbalanced) δ p (balanced) δ p (reference)

Figure 3: Case (a): values of δρ,δu,δ p computed from the ordinary A-WENO scheme (left) and
the well-balanced A-WENO scheme (middle) on a coarse mesh with Nx = Ny = 32. The reference
solution on the right is computed from the well-balanced A-WENO scheme with Nx = Ny = 200.
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δρ (unbalanced) δρ (balanced) δρ (reference)

δu (unbalanced) δu (balanced) δu (reference)

δ p (unbalanced) δ p (balanced) δ p (reference)

Figure 4: Case (b): values of δρ,δu,δ p computed from the ordinary A-WENO scheme (left) and
the well-balanced A-WENO scheme (middle) on a coarse mesh with Nx = Ny = 32. The reference
solution on the right is computed from the well-balanced A-WENO scheme with Nx = Ny = 200.
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δρ (unbalanced) δρ (balanced) δρ (reference)

δu (unbalanced) δu (balanced) δu (reference)

δ p (unbalanced) δ p (balanced) δ p (reference)

Figure 5: Case (c): values of δρ,δu,δ p computed from the ordinary A-WENO scheme (left) and
the well-balanced A-WENO scheme (middle) on a coarse mesh with Nx = Ny = 32. The reference
solution on the right is computed from the well-balanced A-WENO scheme with Nx = Ny = 200.
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3.5 Small perturbation tests for 3D Cartesian coordinates545

There is no need to test the well-balanced property for 3D Cartesian coordinates, because our steady546

states are assumed to depend only on one of the coordinates, and therefore the results in 3D would be547

the same as in 2D from Section 3.3. Thus, we proceed to test the capability of capturing small per-548

turbation of steady states, and compare the results with those obtained from the unbalanced ordinary549

A-WENO scheme with a straightforward discretization of the source term. This test is a direct 3D550

generalization of the 2D test from Section 3.4.551

As before, we use the linear potential Φ(x) = x and set γ = 5
3 . The steady state is computed by552

performing the inverse transform on the following constant equilibrium variables:553

s = 1, m =−Machγ
1
2 , n = 0, l = 0, Q =

1
2

Mach2
γ +

γ

γ −1
,

where Mach denotes the Mach number. Recall that the inverse transform depends on the sign of554

Mach−1, we can therefore obtain three different steady states corresponding to three cases:555

(a) Hydrostatic flow: Mach = 0.556

(b) Subsonic flow: Mach = 0.01.557

(c) Supersonic flow: Mach = 2.5.558

Next, we add a small perturbation δ p0 = Aexp(−100(x− x̄)2 −100(y− ȳ)2 −100(z− z̄)2) on top559

of the initial pressure in cases (a), (b) and (c), while keeping the initial density and velocities the same.560

In the small perturbation tests for the three cases, A = 10−6 and561

x̄ =


1.0, case (a),
1.1, case (b),
1.5, case (c).

ȳ = z̄ = 1.0.

The computation domain is the cube Ω = [0,2]× [0,2]× [0,2]. Values of the exact solutions are562

prescribed at the faces {x = 0} and {x = 2}, while periodic boundary conditions are imposed on the563

other faces. The numerical solutions are computed up to t = 0.45, 0.45 and 0.25 for cases (a), (b) and564

(c) respectively. These choices of final times can guarantee that the region polluted by the perturbation565

stays inside Ω, and no shock is formed.566

The discrepancy of density, velocity and pressure with respect to their corresponding base steady567

states, denoted by δρ,δu,δ p, for cases (a), (b) and (c) are shown in Figures 6, 7 and 8 respectively. In568

each figure, we show the numerical solutions on the planes {x = 1}, {y = 1} and {z = 1}. The left and569

middle columns show the results obtained from the unbalanced and well-balanced A-WENO schemes570

on the coarse mesh with Nx = Ny = Nz = 31. The reference solutions are shown in the right column,571

which are computed from the well-balanced A-WENO scheme with Nx = Ny = Nz = 127. We can see572

the well-balanced scheme captures small perturbations much better than the unbalanced scheme on573

coarse meshes.574
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δρ (unbalanced) δρ (balanced) δρ (reference)

δu (unbalanced) δu (balanced) δu (reference)

δ p (unbalanced) δ p (balanced) δ p (reference)

Figure 6: Case (a): values of δρ,δu,δ p computed from the ordinary A-WENO scheme (left) and the
well-balanced A-WENO scheme (middle) on a coarse mesh with Nx = Ny = Nz = 31. The reference
solution on the right is computed from the well-balanced A-WENO scheme with Nx = Ny = Nz = 127.
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δρ (unbalanced) δρ (balanced) δρ (reference)

δu (unbalanced) δu (balanced) δu (reference)

δ p (unbalanced) δ p (balanced) δ p (reference)

Figure 7: Case (b): values of δρ,δu,δ p computed from the ordinary A-WENO scheme (left) and the
well-balanced A-WENO scheme (middle) on a coarse mesh with Nx = Ny = Nz = 31. The reference
solution on the right is computed from the well-balanced A-WENO scheme with Nx = Ny = Nz = 127.
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δρ (unbalanced) δρ (balanced) δρ (reference)

δu (unbalanced) δu (balanced) δu (reference)

δ p (unbalanced) δ p (balanced) δ p (reference)

Figure 8: Case (c): values of δρ,δu,δ p computed from the ordinary A-WENO scheme (left) and the
well-balanced A-WENO scheme (middle) on a coarse mesh with Nx = Ny = Nz = 31. The reference
solution on the right is computed from the well-balanced A-WENO scheme with Nx = Ny = Nz = 127.
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3.6 Well-balanced test for 3D spherical coordinates575

We now test the well-balanced property of the A-WENO scheme for Euler equations in 3D spher-576

ical coordinates. This is the 3D generalization of the 1D examples used in [6]. The steady states577

are spherically symmetric and describe the accretion of gas onto a star, commonly known as Bondi578

accretion flows. Let Φ(r) = −1
r and set γ = 4

3 . For a generic spherically symmetric steady state579

(ρ(r),mr(r),0,0,E(r)), the continuity equation and radial momentum equation in (30) simplify to580

ur
dρ

dr
+ρ

dur

dr
+

2ρur

r
= 0, ur

dur

dr
+

1
ρ

dp
dr

=− d
dr

Φ(r).

Using the relation c2 = dp
dρ

(where c denotes the speed of sound), the above equations further simplify581

to582 (
ur −

c2

ur

)
dur

dr
=

2c2

r
− d

dr
Φ(r) =

2c2

r
− 1

r2 .

Therefore, if the steady state is transonic, then at the sonic point r0 we must have both u2
r,0 = c2

0 and583

2c2
0

r0
= 1

r2
0
, the latter implies c2

0 =
1

2r0
. Thus, it would be easier to define the steady state by the values584

of density, radial velocity and speed of sound at the reference point r0 = 1:585

ρ0 = 1, c2
0 =

1
2
=

1
2r0

, ur,0 =−Machc0,

where Mach denotes the Mach number. It follows that as long as Mach ̸= 1, the steady state thus586

defined is either entirely subsonic or entirely supersonic. We test the following two cases:587

(a) Subsonic flow: Mach = 0.9.588

(b) Supersonic flow: Mach = 2.0.589

The computation domain is [R0,R1]× [π

4 ,
3π

4 ]× [−π

4 ,
π

4 ], where R0 = 0.2, R1 = 1.8. The solutions are590

computed up to t = 0.1 with Nr = Nθ = Nφ = 32. Values of the exact solutions are prescribed at all591

boundaries. The L∞ errors for the two cases are shown in Table 4.

Table 4: L∞ errors for different cases in the well-balanced test 3.6 with Nr = Nθ = Nφ = 32 at t = 0.1

Case ρ mr mθ mφ E

(a) 8.17E-14 3.85E-13 1.06E-13 1.12E-13 3.41E-13
(b) 2.66E-13 6.50E-13 2.11E-13 2.14E-13 1.57E-12

592

3.7 Small perturbation tests for 3D spherical coordinates593

In this example, we test the capability of our well-balanced A-WENO scheme to capture small pertur-594

bation of steady states in 3D spherical coordinates, and compare the results with those obtained from595

the unbalanced ordinary A-WENO scheme with a straightforward discretization of the source term.596

This test is a direct 3D generalization of the 1D test from [6].597

We add a small perturbation δ p0 = Aexp(−((r − r̄)2 +(θ − θ̄)2 +(φ − φ̄)2)/σ2) on top of the598

initial pressure of cases (a) and (b) from Section 3.6, while keeping the initial density and velocities599

the same. In the following tests for the two cases, A = 10−4, σ = 0.08 and600

r̄ = 0.4R0 +0.6R1, θ̄ =
π

2
, φ̄ = 0.
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The computation domain is still [R0,R1]× [π

4 ,
3π

4 ]× [−π

4 ,
π

4 ], with R0 and R1 the same as in Section 3.6.601

Values of the exact solutions are prescribed at all boundaries. The numerical solutions are computed602

up to603

t = 0.5min
(

0.6
R1 −R0

c0 + |ur,0|
,0.3

R1 −R0

max(c0 −|ur,0|,10−10)

)
.

This choice of final time can guarantee that the region polluted by the perturbation stays inside Ω,604

and no shock is formed. The discrepancy of density, radial velocity and pressure with respect to their605

corresponding base steady states, denoted by δρ,δur,δ p, for cases (a) and (b) are shown in Figures 9606

and 10 respectively, where only the values on the section θ = π

2 is drawn. In each figure, the left and607

middle columns show the results obtained from the unbalanced and well-balanced A-WENO schemes608

on the coarse mesh with Nr = Nθ = Nφ = 31. The reference solutions are shown in the right column,609

which are computed from the well-balanced A-WENO scheme with Nr = Nθ = Nφ = 127. We can610

see the well-balanced scheme captures small perturbations much better than the unbalanced scheme611

on coarse meshes.612
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δρ (unbalanced) δρ (balanced) δρ (reference)

δur (unbalanced) δur (balanced) δur (reference)

δ p (unbalanced) δ p (balanced) δ p (reference)

Figure 9: Case (a): values of δρ,δur,δ p computed from the ordinary A-WENO scheme (left) and the
well-balanced A-WENO scheme (middle) on a coarse mesh with Nr = Nθ = Nφ = 31. The reference
solution on the right is computed from the well-balanced A-WENO scheme with Nr =Nθ =Nφ = 127.
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δρ (unbalanced) δρ (balanced) δρ (reference)

δur (unbalanced) δur (balanced) δur (reference)

δ p (unbalanced) δ p (balanced) δ p (reference)

Figure 10: Case (b): values of δρ,δur,δ p computed from the ordinary A-WENO scheme (left)
and the well-balanced A-WENO scheme (middle) on a coarse mesh with Nr = Nθ = Nφ = 31. The
reference solution on the right is computed from the well-balanced A-WENO scheme with Nr = Nθ =
Nφ = 127.
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3.8 Discontinuous wave propagation in 3D spherical coordinates613

To test the robustness of the scheme, we enlarge the perturbation in Section 3.7 by taking A = 100 in614

the initial pressure deviation δ p0, while keeping all the other parameters the same. Cases (a) and (b)615

from Section 3.7 are tested with this new initial condition. To ensure that the solution develops into a616

shock wave before the end of the simulation, the final time is now defined as617

t = 0.08min
(

0.6
R1 −R0

c0 + |ur,0|
,0.3

R1 −R0

max(c0 −|ur,0|,10−10)

)
.

The computation domain is the same as in Section 3.7, but the number of cells is taken to be Nr =618

Nθ = Nφ = 127. We compare the results obtained from the well-balanced A-WENO scheme and the619

unbalanced A-WENO scheme in Figures 11 and 12, where only the values on the section θ = π

2 is620

drawn. The test for case (a) using the well-balanced scheme is obtained by setting CFL = 0.3, while621

all the others use CFL = 0.4.

δρ (balanced) δur (balanced) δ p (balanced)

δρ (unbalanced) δur (unbalanced) δ p (unbalanced)

Figure 11: Case (a): values of δρ,δur,δ p computed from the well-balanced A-WENO scheme (up-
per) and the ordinary A-WENO scheme (lower) on the mesh Nr = Nθ = Nφ = 127.

622
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δρ (balanced) δur (balanced) δ p (balanced)

δρ (unbalanced) δur (unbalanced) δ p (unbalanced)

Figure 12: Case (b): values of δρ,δur,δ p computed from the well-balanced A-WENO scheme (up-
per) and the ordinary A-WENO scheme (lower) on the mesh Nr = Nθ = Nφ = 127.

4 Concluding Remarks623

In this paper, we have developed a conservative high-order well-balanced A-WENO method for the624

Euler equations with gravitational source terms. The proposed method is designed to exactly preserve625

a class of isentropic steady states, including both hydrostatic and non-hydrostatic equilibria. The well-626

balanced property is achieved by reformulating the source terms using local reference equilibrium627

states and performing WENO interpolation on suitably chosen equilibrium variables. The use of628

the A-WENO framework allows the resulting scheme to maintain both high-order accuracy and the629

conservation property.630

The method has been extended to multidimensional Euler equations in Cartesian and spherical631

coordinates. In particular, the treatment of spherical coordinates incorporates the geometric source632

terms into the well-balanced formulation. Numerical experiments have verified the designed high-633

order accuracy and demonstrated that the targeted steady states are preserved up to round-off errors.634

The proposed method also accurately resolves small perturbations of equilibrium states, even on ex-635

tremely coarse meshes, and remains robust for problems away from equilibrium.636

The present work focuses on steady states that are one-dimensional in nature. The development637

of high-order well-balanced A-WENO methods for more general multidimensional equilibria, as well638

as further extensions to other systems of hyperbolic balance laws, will be considered in future work.639
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