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Abstract

This paper investigates the thermal behavior of a radial fin saturated with a shape-dependent
Al,O3—Ag/water hybrid nanofluid. The governing equation is derived from Maxwell-Cattaneo—
Vernotte (MCV) non-Fourier heat conduction coupled with convection, radiation, and surface
mass-exchange losses. A local discontinuous Galerkin (LDG) method is employed to evaluate
fin efficiency across varying nanoparticle volume fractions, shapes, and other governing param-
eters. The results indicate that adding hybrid nanoparticles enhances the time-averaged fin
efficiency, which increases monotonically with volume fraction and reaches its highest value for
the sphere—platelet combination. In contrast, the efficiency decreases as the radius ratio (the
ratio of the fin radius to the cylindrical base radius) increases, but rises with increasing thermal
lag parameter. Furthermore, the wave speed depends on the nanoparticle volume fraction and
shape, the conductivity coefficient, and the thermal lag parameter, but remains independent of
the radius ratio. Meanwhile, intensifying convection, radiation, or mass exchange lowers the fin
temperature in the long-time regime. These findings provide practical guidance for the design
of nanofluid-enhanced, non-Fourier radial fins.
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1 Introduction

Fins, or extended surfaces, are structures attached to a base surface to enhance heat transfer. By
conducting heat away from the base and dissipating it to the surrounding fluid through convection,
radiation, and other heat-loss mechanisms, fins improve the overall thermal performance of a system.
This straightforward concept has given rise to a broad spectrum of applications [1]. In electronic
devices, fins are incorporated into heat sinks to maintain components within safe operating temper-
atures [2]. In air-conditioning and refrigeration systems, fin-and-tube heat exchangers rely on fins to
enlarge the heat transfer area between the refrigerant and the ambient air [3]. Fins also find use in
automotive combustion-chamber and heat-sink cooling, high-speed air-breathing engines, and solar
collectors [4L[5]. Owing to this extensive applicability, the thermal performance of fins has remained
an active research topic for many decades.

Many researchers have studied longitudinal fins with different cross-sectional shapes. The rect-
angular profile serves as a common baseline in fin studies. Kumar et al. [6] examined a longitudinal
rectangular fin with temperature-varying thermal conductivity and derived the thermal profile us-
ing the DTM-Padé approximant. Ullah et al. [7] analyzed the thermal performance of a porous

tSchool of Mechanical Engineering, Nanjing Institute of Technology, Nanjing 211167, Jiangsu Province, P. R. China.
E-mail: wuweiping40@njit.edu.cn.

*Corresponding author. Division of Applied Mathematics, Brown University, Providence, Rhode Island, 02912,
USA. E-mail: chi-wang_shu@brown.edu.



triangular fin under simultaneous convection, radiation, and internal heat generation, accounting
for fin motion. Riasat et al. [8] compared dovetail and rectangular fins with adiabatic tips wetted
with a ZnO-SAE 50 nanolubricant using a collocation scheme, finding that heat transfer increases
with surface emissivity. Trapezoidal and concave-parabolic profiles offer better volume-adjusted heat
transfer performance with less material, making them well suited to weight-sensitive applications [9).
Hosseinzadeh et al. [10] investigated moving porous fins with trapezoidal, concave-parabolic, and
convex-parabolic cross-sections and reported that the concave-parabolic profile achieved the highest
efficiency among the three. Exponential [11}/12] and semi-spherical [13] profiles have similarly been
explored to improve fin performance. Fin shape thus affects both the temperature distribution and
heat transfer rate, though these studies are limited to longitudinal fins attached to a flat base surface.

Besides longitudinal fins, radial fins are also common in practice, notably on cylindrical surfaces
such as rotating shafts [14]. Owing to their broad practical relevance, heat transfer in radial fins has
been examined extensively using a variety of analytical and numerical approaches. Exact and semi-
analytical treatments have addressed radial fins with property variations that depend on temperature
or position. Moitsheki [15] obtained exact solutions for rectangular and hyperbolic radial fin profiles,
assuming that both the thermal conductivity and the convective coefficient follow a power-law tem-
perature dependence. A different form of nonuniformity was considered by Aziz and Rahman [16],
who prescribed the conductivity of a functionally graded fin as a power-law function of the radial
coordinate. Complementary numerical treatments have since targeted more complex physical effects.
Jooma and Harley [17] modeled a porous radial fin, using a differential-transform semi-analytical
solution as a benchmark for the accuracy of a Crank—Nicolson finite difference scheme. Patel and
Meher [18] instead adopted a fractional-order energy balance for a convective radial fin, capturing
the combined effects of internal heat generation and temperature-dependent conductivity. More
recently, Waseem et al. [19] proposed a neuro-symbolic modeling framework, combining a physics-
informed neural network with symbolic regression, to obtain both accurate numerical solutions and
compact closed-form expressions for the temperature distribution and efficiency of a moving radial
fin with radiative-convective losses, temperature-dependent conductivity, and internal heat absorp-
tion. These works are based on the classical Fourier law of heat conduction, which assumes an
infinite speed of heat propagation. This assumption works well under normal steady conditions.

However, Fourier’s law loses validity once the time scale of a thermal disturbance becomes com-
parable to the material’s intrinsic relaxation time; in this regime, referred to as non-Fourier heat
conduction, heat propagates as a wave of finite speed rather than diffusing instantaneously [20].
The Maxwell-Cattaneo—Vernotte (MCV) model [21}23] is the most widely used formulation of this
effect, introducing a relaxation-time term into Fourier’s law to enforce a finite propagation speed.
Non-Fourier heat conduction in longitudinal fins has been studied extensively. Lin [24] presented
an early analysis of this problem for a convective fin, finding that the non-Fourier deviation persists
into the periodic steady state and intensifies as the base-temperature oscillation frequency rises.
Ahmadikia et al. [25] derived analytical solutions for a straight fin subjected to periodic base tem-
perature and heat flux, demonstrating the formation of thermal shock waves. More recently, Singh
et al. |26] obtained closed-form temperature distributions for longitudinal fins with internal heat
generation and periodic boundary conditions under both Fourier and non-Fourier frameworks. Ma
et al. [27] applied the element differential method to non-Fourier heat conduction in a convective-
radiative fin, showing pronounced transient deviations from Fourier solutions at larger relaxation
times, despite only modest differences in time-averaged efficiency. Compared with longitudinal fins,
the non-Fourier behavior of radial fins has received comparatively less attention, which the present
work aims to address.

Another way to improve fin heat transfer is to change the working fluid. A nanofluid is typically
prepared by dispersing small solid nanoparticles into a base fluid such as water or ethylene glycol [2§].
Compared with the base fluid, a nanofluid usually has higher thermal conductivity [29]. Because of
this property, nanofluids have been used to enhance heat transfer capability of the system [30,[31].
Sowmya et al. [32] studied the effect of different nanoparticle shapes in a molybdenum disulfide



nanofluid flowing over a radial fin. Ouada et al. [33] analyzed the heat transfer characteristics of a
moving longitudinal porous fin wetted with a ternary hybrid nanofluid using the Adomian decom-
position method. Upadhyay et al. [34] used the Legendre wavelet collocation method to numerically
study heat transfer in stretching and shrinking longitudinal fins with an exponential profile, includ-
ing its tapered and retracted variants, cooled by a nanofluid. Pavithra and Gireesha [35] examined
an exponential longitudinal fin immersed in a shape-dependent hybrid nanofluid, comparing Fourier
and non-Fourier heat conduction models. In addition, Pavithra et al. [36] investigated a moving
dovetail longitudinal fin cooled by a flowing hybrid nanofluid using the Hermite wavelet method.
Taken together, these studies indicate that adding nanoparticles to the working fluid can further
enhance the thermal performance of a fin, which motivates combining nanofluid cooling with radial
fin geometries in the present work.

Motivated by these two gaps, the present work develops a unified model for the transient, non-
Fourier heat transfer of a wet, porous radial fin saturated with a shape-dependent AloO3—Ag hybrid
nanofluid, incorporating combined convection, radiation, and mass-exchange surface losses. The
resulting governing equation is a strongly nonlinear and closed-form solutions are generally unavail-
able, it is therefore solved numerically by a local discontinuous Galerkin (LDG) method [37] equipped
with a TVB slope limiter [38] and a semi-implicit time-marching scheme. The method is shown to
accurately capture the location and sharpness of the moving thermal wavefront without spurious os-
cillations, even for large values of the convection parameter. The validated scheme is then employed
to systematically examine how the fin geometry, the thermal lag parameter, and the nanoparticle
volume fraction and shape jointly govern the fin’s transient response, wavefront propagation speed,
and long-time efficiency.

The main contributions of this work are summarized as follows. First, we develop a transient, non-
Fourier model for a radial fin, whereas most existing studies on radial fins are restricted to the steady
state or to classical Fourier conduction; by introducing the radius ratio x, the present formulation also
avoids the singularity at 7 = 0 inherent in the model of Waseem et al. |[19]. Second, unlike previous
studies that compare nanoparticles of different materials assigned to different shapes, we fix the
nanoparticle materials and vary only their shape combination, which more faithfully isolates the pure
effect of particle shape on the fin efficiency. Third, we analyze how the governing parameters affect
the wavefront propagation speed, showing that it is influenced by the nanoparticle volume fraction
and shape, the conductivity coefficient, and the thermal lag parameter. Finally, our results reveal
that increasing the fin’s radial length does not necessarily improve its heat transfer efficiency, whereas
appropriately adding an Al,O3—Ag hybrid nanofluid with the sphere—platelet combination yields a
substantial efficiency gain, offering practical guidance for fin design in engineering applications.

2 Mathematical Formulation

We consider a thin, wet, porous radial fin mounted on a cylindrical base, saturated with a shape-
dependent Al,Os—Ag/water hybrid nanofluid. As shown in Figure the radius of the base is Ry, and
the radial length of the fin is L. In this paper, we define kK = L/R}, as the radius ratio of the fin. Heat
transfer from the fin surface involves the combined mechanisms of convection, radiation, and mass
exchange. The heat conduction within the fin is governed by the non-Fourier MCV constitutive law,
which incorporates a finite thermal relaxation time and thereby captures the finite speed of thermal
wave propagation.

2.1 Hybrid nanofluid properties

For i = 1,2, let ¢;, p;, ci, ks; be the volume fraction, density, specific heat, and thermal conductivity
of the i-th nanoparticle in the hybrid nanofluid, and let ¢ = ¢1 + ¢2. The variables with subscript
f mean the quantities of base fluid. The effective density of the hybrid nanofluid and the effective
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Figure 1: The coordinate system and configuration of a radial fin saturated with AloO3-Ag/water
hybrid nanofluid.

volumetric heat capacity are determined by [36L39)

Phnf = P11 + p2o2 + (1 — d1 — d2)py, (1)
(PC)hng = d1(pc)1 + pa(pc)2 + (1 — ¢1 — d2)(pc)s- (2)

Furthermore, the effective specific heat is defined as

) hn
eng = LI, Q
Phnf

Let s; be the shape factor of the ¢-th nanoparticle, the hybrid nanofluid conductivity ks is defined
by the following procedure |364[39]

knpr ks 4 (51 — Dky + (51 — 1)1 (ks — ky)

kp ksi+ (s1— Dy — ¢1(ks —ky) W
k‘nfg _ kso + (82 - 1)k‘f + (82 - 1)¢)2(k’52 - kf) (5)
k’f k:sg—l-(Sg —1)kf—¢)2(k32 —kf) ’
g = O1knf1 ;¢2knf2- (6)

Following [40], the shape factor s = 3 for spherical nanoparticles, s = 4.9 for cylindrical nanoparti-
cles, and s = 5.7 for platelet-shaped nanoparticles.

2.2 Governing equation

The following assumptions are invoked in formulating the model: (i) the fin is axisymmetric, so
that the temperature is independent of the azimuthal angle; (ii) the fin is geometrically slender,
i.e., the fin thickness is uniform and much smaller than its radial length, so that the cross-sectional
area and perimeter vary slowly with R; and (iii) the fin material is thermally isotropic, so that a
single effective conductivity governs conduction in both the radial and through-thickness directions.
Assumptions (i) and (ii) imply that the temperature varies only with the radial coordinate R and
time ¢, so that the governing equation reduces to one spatial dimension.



The governing equation is derived from the energy balance equation

(s o+ o1 (Ra) = —(7) )

together with the MCV constitutive relation

0q orT
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where ®(T') contains three surface-loss terms: convection, radiation, and mass exchange, namely

a(1) = 2 [na (12

4
= — e\ (T-T, “Fe (T*—T nepn (T — T,
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and Kp,f(T') is a temperature-dependent thermal conductivity given as [19,/35}41]
King(T) = kpng [L+ 6 (T —T,)] . (10)

In the above equations, T = T(R,t) is the temperature, R € [Ry, Ry + L] is the radial coordinate,
t is time, ¢ is the heat flux, & is fin thickness, and T, is the temperature of the surrounding fluid.
The parameter 7, is the thermal relaxation time and ¢ is the temperature coefficient of thermal
conductivity, while o and £* denote the Stefan—-Boltzmann constant and the effective surface emis-
sivity, respectively, and F¢_, is the radiation view factor between the fin surface and the ambient.
The quantity 1 is the mass flux of moisture evaporating from the wet, porous fin surface into the
ambient. The coefficient h, is the convective heat-transfer coefficient at the fin surface, taken as
a constant representative of the ambient convective environment. The exponent ¢ depends on the
prevailing heat-transfer mode: for example, ¢ = 1/4 corresponds to laminar natural convection and
¢ =1/3 to turbulent natural convection [42,/43].
To derive the governing equation, we differentiate with respect to t,

0T 1 0 dq 0P
(Pc)hnfﬁ tRon (RE) T (11)

Substituting into the above equation and multiplying by 7, yields

2
0°T 18R 10
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(s gz ~ mor (0 ~ 7ar ) -

(M(hnf(:r)ﬁ ~1a 5 (12)

Adding @ and and neglecting the high-order term —Tq%—f leads to the governing equation

0*T oT 1 0 oT
=— ) = 13
(P)hn s (Tq o ot ) ROR (R K (T) 8R) *(T). (13)
The initial condition is [35,39)
oT
T =T, — =0. 14
(RO =T T (19)

Assume the fin tip is insulated and the temperature at the fin base is T}, namely [19,/39]

oT

T(Rbat) = Tb7 ﬁ

0. (15)
R=Ry+L




2.3 Dimensionless governing equation

Introducing the following non-dimensionalization variables

R—-Ry kg T 1, kyrq
r= y T = t, 9:77 eazia Ve = )
L (pc)fLZ Tb Tb (pc)fLQ (]_6)
2h, L? 20e*Fp_,T3L? 2mcy L2
0 =6Ty,, M?= ha , RRZM7 m:%
kf 55 kf 5b kf §b
and defining
kbn Phnf Chnf (PC)hnt Ay
Ak = ) A, = ) AC = 3 A c = ) AD = ) 17
kg " py cf " (pe)s Ape a7
the governing equation can be reduced into the dimensionless form
0%0 00 1 0 00
2 *
LAY 77[1 14640 — 6, 7]
V667'2+87' Dl—f—m“ar( +ar)(1+ 0% ))87"
(9 -9 )£+1 (18)
— M e RN (0 — 02) + S (0~ 0)]
D R R AR PR R )
for0<r<1.
Correspondingly, the initial and boundary conditions turn out
. .- 00
Initial condition: 0(r,0) = b,, — =0. (19)
or =0
- 00
Boundary condition: 0(0,7) =1, o =0. (20)
r r=1

3 Numerical Methods

Defining # = 6—6, and introducing two auxiliary variables w = 90 /OT,p= o0 /Or, the dimensionless
governing equation is reformulated to a first-order system

% o
or
00
~or 21
Z; or’ . A Ly (21)
w I ) )
5 =73 —[ 14 6%0)p] — —
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Expanding the divergence term in the last equation, we obtain
ow 1 Ap /0p 8(ép) Ap & B 1 ~
o~ V2 e ) te 1+6°0)p — —59(0,7). 2
or Vengr VeQ (87‘ or ) Ve2 1+HT( + )p Vgg( ,7’) ( 3)

Building on this reformulation, we discretize [0, 1] into J non-overlapping elements I; = (rj% STl ),
7=1,...,J, with rL= 0 and Tyl = 1, and work in the piecewise polynomial space

Vi, ={u € L*([0,1]): u|;, € P"(I;), 1 < j < J}, (24)



where P™(I;) collects polynomials of degree at most n (n > 0) on I;. Because elements of V}, are

generally discontinuous at the mesh interfaces, for u € V}, we write u;l and u for its right- and
2

left-hand traces at Tids

= lim u(ry +e),

J+2 Jim, = lim u(ry. —e). (25)

J+2 e—=0t

The LDG discretization of is then obtained by testing each equation against vy € V), and
integrating by parts on every element: find 6y, pn, w, € Vj, such that, for all v, € V, and every I,

/%vhdrf/ wpvp dr,
I,.

J
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Apd* =
52 thhi dr + thh]Jrl Vp, 1 thhjévhj*_é}

Ap 1 -
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Well-posedness of this element-wise formulation hinges on a consistent choice of the numerical fluxes,
which are selected as

~ —

Interface 0y, Dh Onpn
j=0 1-6, Ph%r (éhph)g
Jj=1...,J-1 (9h)]+1 ph;_% (Onpn)], s

j=J (0h),+1 0 0

where the j = 0 and j = J cases enforce the prescribed boundary value # = 1 at » = 0 and a
homogeneous Neumann flux at r = 1, respectively, while the interior interfaces adopt an alternating
flux pair [44].

To turn this variational statement into an algebraic system, each unknown is represented locally
by

=Zu;(7')1/);(r), Vrel;j, (27)

with {¢5}7_ a basis of P"(I;) and {u}(7)}j-, the associated degrees of freedom. Inserting these

expansions for 0, pp,, wy, into the scheme above and taking v, = ¢§(r), {=0,...,n,on every element
converts the weak formulation into a semi-discrete system of ODEs,

é"h = Wp,

ph = A;, (), (28)

. 1 Ap Apé* ~ ~
Mwy, = _V2 wh+WA+( Pn) + ‘22 AZ(@hph)-i-Sh(ph,ah),

where éh,ph, wp, denote the vectors of degrees of freedom of éh,ph, wp, M is the mass matrix, the
operators A,  and A; realize the LDG discretization under the two flux conventions used above,
and Sy, absorbs all remaining source contributions.



Next, the above semi-discrete system is advanced in time by the following algorithm. Starting
from the initial data 6 = P,6(0) and w) = P,6:(0), obtained by taking the local L? projection
of the initial condition, we set 69 = 69 — 6, and apply the TVB limiter [38] to obtain 92,*. Given
(é,’l”*,whm) at time level m, the numerical solution is advanced to time level m + 1 through the
following four steps:

Step 1: 0~hm+1 = 9~}L”* + AT wy
Step 2: pi*tt = A, (O

Step 3: é;LnJrl TVB limiter é;nrl (29)
A -
Step 4 Muw"' = Mw]" — V—gwh’” + Ar H(p L, 67

where AT is the time step and

~ Ap Apd* ~ ~
H (py, 0p) = vz A;(Ph) + vz A;(ehph) + Sh(Ph, On)- (30)
This procedure is repeated for m = 0,1,..., M — 1, and the temperature approximation at the final

time is recovered from 0} = M +6,,.

4 Results and Discussion

4.1 Verification

Taking Ve = Ap = A} =1,6* =0 =R, = S, = 0 in (18), the following initial-boundary value
problem
20490 _ 20 _ N9 —4,),
0(r,0) =0, 9%(r,0) =0, (31)
6(0,7)=1, 9¢(1,7)=0,

is used to verify the algorithm proposed in the previous section. The analytical solution of can
be obtained by separation of variables, which is (see the detailed deduction in Appendix A)

_ cosh(M(1—7)] | p & G .
0r,7) = b (1= 00) == G+ ¢ 37 |ancos(n) + 5. sin(r) | sinOhnr), - (32)

n=1

(2n — D) 1 2(1 — 0a)An

Figure [2| compares the numerical solutions obtained with J = 1000 and J = 2000 mesh elements
against the analytical solution — with the infinite series truncated at 10000 terms — at 7 = 0.5,
for three representative values of the parameter M: M = 1, 10, and 100. It can be observed that
the numerical solutions computed on the two meshes are in close agreement over the entire domain
for M =1 and M = 10, and remain in good agreement for M = 100 with only minor differences
before the wave front, which indicates that the scheme converges as the mesh is refined. Moreover,
compared with the analytical solutions shown in the right column, one can see that the numerical
scheme accurately captures both the location and the strength of the discontinuity at r = 0.5;
as the mesh is refined from J = 1000 to J = 2000, the numerical transition across the front
becomes visibly sharper. Notably, unlike the truncated-series analytical solution, which exhibits
pronounced Gibbs oscillations in the neighborhood of the discontinuity (most evident for M = 100),

where



the numerical solution is essentially free of spurious oscillations at the front for all three values of
M, demonstrating the effectiveness of our method in suppressing overshoots while still resolving the
discontinuity sharply. This behavior is consistent across the wide range of M considered, indicating
that the robustness of the scheme is not sensitive to the strength of the convection term.

Figure 2 reports the corresponding comparison at 7 = 20 when the system approaches steady
state. The excellent agreement between the numerical and analytical solutions observed for all three
values of M confirms the correctness of the numerical scheme in long-time simulations.

4.2 Comparison of fin efficiency between different volume fractions ¢ and
nanoparticles with different shape

To isolate the pure effect of nanoparticle shape, we avoid the confounding approach in [35}(36}39],
where different shapes were compared using different materials. Here, the first nanoparticle is fixed
as spherical AlOg3 (s1 = 3) and the second nanoparticle as Ag, with the latter’s shape factor swept
across sphere (so = 3, “SS”), cylinder (so = 4.9, “SC”), and platelet (so = 5.7, “SP”), all in a water
base fluid. The thermophysical properties are given in Table

Table 1: Thermophysical properties [39].
Water Al;O3 Ag
p(kgm™3) 997.1 3970 10500

¢, Jkg™'K=1) 4179 765 235
E(Wm™K-1) 0613 40 429

Based on these material properties, the density, volumetric heat capacity, and specific heat
capacity of the resulting Al;O3—Ag/water hybrid nanofluid are evaluated at the three total volume
fractions considered in this study, ¢ = 1%, 2%,4% (with ¢1 = ¢2 = ¢/2); the corresponding values
are summarized in Table 2

Table 2: Thermophysical properties of the hybrid nanofluid at different volume fractions ¢.
¢ pung (kgm™®)  (p)png (JmTPKTY)  cpny (JkgT'KTY)

1% 1059.48 4.1527 x 108 3919.60
2% 1121.86 4.1386 x 108 3689.05
4% 1246.62 4.1103 x 108 3297.16

Combining the properties in Tables[I]and 2] with the shape-dependent correlations for the effective
thermal conductivity and thermal diffusivity yields the factors Ag, Ap, A;l, and Afjcl that appear
in the governing system . These factors are reported in Table [3| for the base fluid (¢ = 0) and
for each of the nine shape—concentration combinations, indexed 1-9 for reference in the figures that
follow. As expected, A;l and Agcl depend only on the volume fraction ¢ and are insensitive to the
shape combination, whereas A, and Ap increase with ¢ and, for fixed ¢, consistently follow the
order SP > SC > SS.

To quantify how these property variations translate into fin performance, we define the fin effi-
ciency as the ratio of the actual heat transfer rate from the fin to that of an ideal fin whose entire
surface is maintained at the base temperature. The actual and ideal heat transfer rates are given,
respectively, by

Qi — 1[M2A—1(0_9“)e+1+3 AZHO* — 0 + S A 0 — 0,)] (1 d (34
f”l_o pcw npc( a mp( a)(—’_,ﬂﬂ) T, )
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Figure 2: Comparison of the numerical solutions with mesh elements J = 1000,2000 with the

analytical solution of at 7 = 0.5, for different value of M.
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Figure 3: Comparison of the numerical solutions with mesh elements J = 1000 with the analytical
solution of at 7 = 20, for different value of M.

Table 3: The values of Ag, Ap, A;l and Ap_c1 for the Al,O3—Ag shape sweep, at three concentrations.

=0 | ¢1=02=05% (¢ =1%) | ¢1 =2 =1% (¢ =2%) | ¢1 = 2 =2% (¢ = 4%)
— SS SC SP SS SC SP SS SC SP
index 0 1 2 3 4 5 6 7 8 9
Ay 1 1.0147 1.0194 1.0214 | 1.0296 1.0390 1.0430 | 1.0597 1.0789 1.0869
Ap 1 1.0182 1.0229 1.0249 | 1.0366 1.0462 1.0502 | 1.0743 1.0937 1.1019
Ate 1 0.9411 0.8888 0.7999
Aljcla 1 1.0034 1.0068 1.0138
@ Independent of the nanoparticle shape combination (SS, SC, SP).
Kk 24 —1 -1 4 -1
Qideal = (1 + 5) [M Apc (1 - oa) + RnApc (1 - 9(1) + SmAp (1 - Ga)}v (35)
so that the instantaneous fin efficiency reads
fin efficiency: n = @rin . (36)
Qideal

Since 7n(7) evolves in time as the fin approaches its steady state, we further report the time-averaged
efficiency over the interval [0, 7*], defined by

(37)

which is used in the remainder of this subsection to compare the performance of the base fluid
(¢ =0, index 0) against the nine shape—concentration combinations introduced above (indices 1-9).

As shown in Figure [ under otherwise identical conditions, the addition of hybrid nanoparticles
always increases the time-averaged efficiency 7 relative to the pure base fluid, and 7 increases mono-
tonically as the case index increases from 1 to 9. For example, in Figure a) for the case k = 1, the
efficiency at index 9 (¢ = 4%, SP) is about 5.78% higher than at index 0 (¢ = 0), illustrating the
substantial gains achievable with hybrid nanoparticles. Since the index steps the volume fraction
¢ up in three stages (indices 1-3, 4-6, 7-9; see Table , this confirms that the efficiency increases
with ¢. In addition, within each concentration group the ordering SP > SC > SS holds consistently,
showing that the SP combination yields the highest efficiency among the three shape combinations.
This ordering directly mirrors that of the factors Ay and Ap reported in Table |3} larger A and Ap
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indicate a stronger enhancement of the effective thermal conductivity and diffusivity of the hybrid
nanofluid, which in turn improves heat conduction along the fin and increases its efficiency.

Figure [4[a) shows that the efficiency decreases as k = L/R; increases. Since a larger s corre-
sponds to a longer fin relative to the radius of base, the heat has a longer distance to travel from the
base to the tip. As a result, the temperature drops well below the base value over much of the fin,
leaving little temperature difference to drive further heat loss there. This suggests that extending
the fin length beyond a certain point yields little additional heat dissipation, so the added material
is largely wasted. A more effective design strategy is therefore to choose a moderate x rather than
to pursue an overly long fin.

Figure b) shows that the efficiency decreases as /¢ increases. The reason is that a larger /¢
concentrates the heat generation more strongly near the base, so only the region close to the base
contributes significantly to heat dissipation. This implies that, when the underlying heat-loss mech-
anism is strongly nonlinear (e.g., turbulent convection), simply extending the fin does not help much,
since most of its length no longer contributes effectively.

Figure c) shows that the efficiency decreases as 6, increases, meaning that fins are less efficient
when operating in warmer surroundings. In such environments, the overall temperature difference
driving heat transfer is smaller everywhere, which weakens the nonlinear enhancement effects from
radiation and temperature-dependent conductivity that normally help spread heat along the fin, so
the actual fin falls further short of the ideal case.

Figure d) shows that the time-averaged efficiency over [0,7* = 20] increases as V, increases.
A larger V., means that the fin has more thermal inertia and responds more slowly to changes, so
within the fixed observation time period, the temperature field stays closer to its initial state for
longer, which increases the averaged efficiency.

4.3 Wave speed analysis

This section investigates how the various parameters affect the propagation speed of the wavefront.
Since M?, R,,, and S,, appear in the source terms and do not affect the wave speed, we restrict
attention to the nanofluid parameters (¢, shape), V., 6*, and x. To this end, we examine the
temperature profiles at 7 = 0.5, shown in Figure

Figure |5| shows that varying the nanofluid parameters (¢, shape), V¢, or §* shifts the location of
the wavefront (i.e., changes the wave speed), whereas varying x leaves the wave speed unchanged.
This behavior follows directly from the structure of the governing equation: expanding the diffusive

term in yields

a * 80 = * * N2
P1¥kror {(I_HW)(I_HS (0_6'1))5] = Ap(1+0"(0—0,))0-+Ap5*0;+Ap

K

1+0*(0—-6,))0..
(145 (0-0)),
This shows that x only appears in terms involving the first-order spatial derivative, while it does
not contribute to the coefficient of the highest-order term 6,... Since the equation is second-order
hyperbolic in (6,,,0..), the local characteristic speed of the equation, evaluated at a point where
the solution takes the value 0, is

V2

e

o(6) = \/AD [1+0°(0-6.)] (38)

As confirmed by Figure d), K affects the amplitude of the temperature behind the wavefront but
not its speed, consistent with previous studies showing that the wave speed is independent of the
fin profile [451/46].

The expression also explains the behavior observed in the remaining panels. In Figure a),
adding nanoparticles and varying the shape from SS to SC to SP both increase A p, thereby increasing
the wave speed and pushing the wavefront to a larger r at the same instant 7 = 0.5. Similarly,
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Figure [5](c) shows that increasing §* also increases the wave speed, through the factor 1+ 6*(6 —6,)
in ¢(#). In contrast, increasing V. slows the wave speed, consistent with the wavefront positions
r =~ 0.52, 0.26, 0.17 observed in Figure b) for Vo = 1,2,3, which match the predicted value
r=cr =+/Ap7/V. (since §* = 0) almost exactly.

4.4 Long-time thermal performance

While the previous subsection showed that M2, R,, and S,, do not affect the propagation speed
of the transient wavefront, these parameters can still strongly influence the eventual temperature
distribution of the fin. This subsection therefore investigates the effect of these heat-loss mechanisms
on the long-time temperature distribution. To this end, we calculate the thermal profile at 7 = 20
for each parameter in turn, shown in Figure @ The figure shows that increasing any of M2, R,,, or
S, consistently reduces the temperature over the fin, since a larger value corresponds to a stronger
heat-loss mechanism, removing more heat from the fin. In addition, increasing « from 1 to 3 also
lowers the temperature at every fixed position r and for every value of M2, R,,, or S,,, since a larger
K corresponds to a relatively longer fin, whose enlarged lateral area increases the total heat loss.
This trend also agrees with that observed in Figure d).

5 Conclusion

This work examined the thermal behavior and heat transfer performance of a wet, porous radial
fin saturated with a shape-dependent Al,O3—Ag/water hybrid nanofluid, subject to non-Fourier
heat conduction and combined convection, radiation, and mass-exchange surface losses. A semi-
implicit local discontinuous Galerkin method with a TVB limiter was developed to solve the resulting
governing equation, and was employed to assess fin efficiency, transient wavefront propagation, and
the long-time thermal response over a wide range of physical and nanofluid parameters. The key
findings are summarized as follows.

(i) The addition of hybrid nanoparticles enhances the time-averaged fin efficiency relative to the
pure base fluid, with efficiency increasing monotonically with nanoparticle volume fraction.

(ii) Among the three shape combinations examined, the SP combination yields the highest effi-
ciency.

(iii) The efficiency decreases with increasing radius ratio k, whereas it rises with the thermal lag
parameter V.

(iv) The wave speed is jointly influenced by the nanoparticle volume fraction and shape, the
conductivity coefficient §*, and the thermal lag parameter V., but is independent of the fin radius
ratio k.

(v) Strengthening any of the convection, radiation, or mass-exchange loss mechanisms reduces
the fin temperature in long-time simulations.
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Appendix A

First, let 65(r) solve the steady-state problem

0" = M?*(0s — 0,), 0.(0) =1, 6.(1)=0, (A1)
which gives
cosh[M (1 —r)]
Os(r)=0,+(1—-0,) ————=. A2
(r) = + (1 — ) R (A2)
Next, setting u(r,7) = 0(r,7) — 05(r) isolates the homogeneous transient part, which satisfies
Urr + Ur + M0 =y, u(0,7) =0, wu.(1,7)=0, (A3)
u(r,0) = 0, — 05(r), ur(r,0) = 0. (A4)
Separating variables u = R(r)T'(7) in (A3) gives the spatial eigenproblem
R’ + X R =0, R(0)=0, R'(1)=0, (A5)
with eigenpairs
. (2n —1)m
R, (r) = sin(A,7), Ap=——m—, n=123,..., (A6)

2 )
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which are orthogonal on [0, 1] with fol sin2()\nr) dr = % The corresponding temporal equation is
T/ + T, + (M*+ )\)T, =0, (A7)

whose solution is

T

T (1) =e /2 [an cos(pnT) + by sin(pn )], fn =/ M2+ 22 — L. (A8)
Expanding the initial data (A4)) in the eigenbasis (A6) and using u.(r,0) = 0 then yields

2(1 —6,) M\, an,
= _2\° Za/rn = A
i M2+ )2 7 bn 2fin (49)

Finally, combining (A2]), , (A8]), and (A9) leads to .
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