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Cloud-top radiative and evaporative cooling effects on entrainment fluxes are essential
to turbulence generation and growth of cloud-topped boundary layers. While the cloud
radiative cooling effects are currently not well understood, their interaction with the
cloud-top evaporation further complicates efforts to parametrize the phenomena due
to the random behaviour of the turbulent mixing at the cloud-top interface. Here we
focus on the cloud-top mixing and treat the typical turbulent mixing eddy in a statistical
manner to relate the mean evaporative cooling rate to the distribution of effective mixing
fraction (defined as the fraction of air coming from the free atmosphere that enhances the
entrainment flux). Existing observations suggest that this effective mixing fraction can be
parsimoniously parametrized with beta distributions, the shape parameters of which control
the locations of stability lines in the Cloud-Top Entrainment Instability (CTEI) diagrams
used to discriminate between stable and unstable clouds. The probabilistic description of
the cloud-top mixing process allows us to coherently reinterpret various forms of CTEI
criteria and generalize them to form new cloud-top entrainment schemes. We expect that
such schemes will help improve cloud dynamic models by embedding realistic distributions
of the effective mixing fraction.
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1. Introduction

The phase change of atmospheric water vapour during low-level
cloud formation alters the distribution of short-wave and
long-wave radiation and modulates the cloud-top entrainment
flux and boundary-layer dynamics (Garratt, 1992; Houze,
1993; Boucher et al., 2013; Zhang et al., 2013). While several
cloud parametrization schemes have been proposed since the
pioneering work of Lilly (1968), the complexity of the underlying
processes remains a vexing difficulty for atmospheric models.
Indeed, cloud feedbacks are arguably one of the largest sources
of uncertainty in climate predictions (Bony and Dufresne,
2005; Stephens, 2005; Bony et al., 2006; Stevens, 2006; Boucher
et al., 2013). Improved cloud parametrization schemes are also
essential to hydroclimatic models, which are often used to
analyze land–atmosphere interaction and atmospheric transport
processes (Ek and Holtslag, 2004; Juang et al., 2007; Betts, 2009;
Gentine et al., 2013a; Yin et al., 2015).

Parametrizations of low-level stratocumulus clouds should
specifically account for radiative and evaporative cooling effects,
which are among the most important driving forces for the
dynamics of the cloud-topped boundary layer (CTBL; Garratt,
1992; Lock, 1998; Moeng et al., 1999; Stevens, 2005; de Lozar and
Mellado, 2015a). These two cooling mechanisms have significant

impacts on the buoyancy of the parcels at the top of the cloud
and generate turbulence within the boundary layer (Deardorff,
1976; Stull, 1988; Shao et al., 1997; Lock and Macvean, 1999a;
de Lozar and Mellado, 2015a). While the radiative cooling
rate can be quantified relatively well by analyzing radiation
components and cloud properties (Yamamoto et al., 1970;
Stephens, 1978a, 1978b), tracking the evaporative cooling rate
is less straightforward, especially because of the random nature
of the turbulence and mixing at the cloud-top interface (Sullivan
et al., 1998; Mellado et al., 2010b; Yamaguchi and Feingold, 2013).
In addition, these cooling rates are influenced by the cloud
microphysical parameters, such as cloud droplet size, which are
critical to the cloud formation and atmospheric radiation profiles
(Árnason and Greenfield, 1972; Stephens, 1978a; Martin et al.,
1994; Wood, 2012). Previous studies on evaporative cooling
effects have focused more on the buoyancy change of mixed air
and less on the cooling rate itself. For example, under certain
conditions, the mixed air can be denser than the surrounding
cloud, thus leading to unstable cloud layers, a process termed
cloud-top entrainment instability (CTEI; Lilly, 1968; Randall,
1980; Deardorff, 1980b). This buoyancy change due to cloud-top
evaporation has been incorporated into entrainment closures to
simulate dynamics of CTBL (Nicholls and Turton, 1986; Lock,
1998; Lock and Macvean, 1999b; Lilly, 2002a, 2002b). Some
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diagnostic methods have been used to estimate the evaporative
cooling rate from observations, such as by using ozone as a
tracer (Nicholls and Turton, 1986; Wang and Albrecht, 1994;
Shao et al., 1997). However, a complete quantification of the
evaporative cooling rate along with a coherent coupling with the
CTBL prognostic equations is still lacking.

In this study, we focus on the evaporative cooling effects on
turbulence generation in a CTBL model. To quantify this cooling
rate, we analyze the cloud-top mixing process through considering
a ‘typical’ turbulent eddy with emphasis on the effective mixing
fraction, defined as the fraction of air coming from the free
atmosphere that enhances the entrainment flux as discussed in
de Lozar and Mellado (2015a). Based on both flight observations
(Albrecht et al., 1988; Wang and Albrecht, 1994; Shao et al., 1997)
and direct numerical simulations (Mellado et al., 2010b), there
is evidence to support treating the effective mixing fraction as
a random variable following a beta distribution. The resulting
cloud-top mixing scheme allows us to consistently re-interpret
various CTEI criteria in relation to their implicit parametrization
of the probabilistic properties of the cloud-top mixing.

The article is organized as follows: section 2 extends the
cloud-free entrainment scheme to include cloud-top radiative
and evaporative cooling effects. Section 3 quantifies the mean
evaporative cooling rate by statistically treating a typical turbulent
mixing eddy. Section 4 links this mean cooling rate to various
CTEI criteria and the distribution of mixing fraction, which
is further analyzed in section 5 and fitted as a beta distribution.
Section 6 performs a sensitivity analysis of the shape parameters on
CTEI diagrams. Section 7 applies the CTBL model to a nocturnal
stratocumulus case and compares the simulation results with
observations. Final conclusions are summarized in section 8. The
CTBL and CTEI equations are reviewed in the Appendices along
with several less essential components of the models.

2. Entrainment

The most essential part in a CTBL model is the entrainment
parametrization, which involves connecting the entrainment
flux to both the buoyancy inversion strength and other known
boundary-layer variables (Appendix A briefly reviews the relevant
conservation equations and defines the notation). To connect
to the buoyancy inversion strength, we use virtual potential
temperature (θ v) as the conventional surrogate for density in
buoyancy calculations (Emanuel, 1994),

θv = θ

[
1 +

(
Rv

Rd
− 1

)
q − qL

]
, (1)

where θ is potential temperature, q is specific humidity, qL is
liquid water content, Rv and Rd are the gas constant for water
vapour and dry air, respectively. The governing equation for the
virtual potential temperature in the horizontally homogenous
turbulent flow can be expressed as (Stull, 1988),

∂θv

∂t
+ wl

∂θv

∂z
= − 1

ρcp

∂F

∂z
− ∂w′θv

′

∂z
, (2)

where wl is large-scale vertical velocity, ρ is air density, cp is
specific heat of air at constant pressure, F is horizontally average
source rate (e.g. evaporative and radiative terms), and w′θv

′ is the
vertical buoyancy flux. The overbars and primes denote the mean
and turbulent parts of the variables. For simplicity of notation
and following conventional practice (e.g. Lilly, 1968; Tennekes,
1973), the overbars for the temperature and humidity in the
mixed-layer equations are not indicated. Applying Leibnitz’s rule
and integrating (2) with respect to z between the boundary-layer
top (z = h−) and the free atmosphere just above the boundary
layer (z = h+) yields,

−(θv
′w′)h− = �θv

(
dh

dt
− wl

)
− �F

ρcp
, (3)

where (θv
′w′)h− is the entrainment flux at h-, the operator �

denotes the change of the corresponding mean variable across the
inversion, and �F is the net cooling source inside the inversion
layer from h− to h+. Clearly, �F depends on the location of the
inversion and the vertical profiles of cooling/heating sources such
as cloud-top evaporation and cloud-top long-wave/short-wave
radiations (Lock, 1998; Moeng et al., 1999; de Lozar and Mellado,
2015b). �F also depends on cloud microphysical parameters
such as cloud condensation nuclei, which are necessary for
the cloud formation and further influence the timing and
rates of evaporation (Houze, 1993; Martin et al., 1994; Wood,
2012). Unlike the in-cloud cooling indirectly influencing the
entrainment rate as explained later in (5), the cooling inside
the inversion layer (�F), termed direct cooling (Moeng et al.,
1999; Stevens, 2002), appears explicitly in the entrainment rate
equation. While there is no consensus on the importance of
these direct cooling effects (Turton and Nicholls, 1987; Lock and
Macvean, 1999a; Wood, 2012), here we follow the procedure of
Deardorff (1976) and assume that only a fraction of the total
cooling/heating sources is inside the inversion layer and directly
influences the entrainment rate. As a result,

�F

ρcp
= αE

λEc

ρcp
+ αR

Rc

ρcp
, (4)

where λĒc is total cloud-top evaporative cooling rate, Rc is the net
cloud-top radiative cooling rate, and αE and αR are the fraction
coefficients. More detailed partitioning method for direct and
indirect cooling, based on the definition of inversion points and
radiation profiles as described in de Lozar and Mellado (2015b),
will be investigated in further contributions.

The second step of parametrizing the entrainment flux has
always been a challenge for the CTBL (Moeng et al., 1999;
Stevens, 2002; de Lozar and Mellado, 2015b). The presence
of clouds allows the radiative divergence at the cloud top to
influence the vertical distribution of buoyancy flux and generate
additional turbulence kinetic energy to accelerate the entrainment
process (Stull, 1988; Moeng et al., 1999; Lilly, 2002a). Besides the
radiative cooling, the mixing of entrained dry air causes some
evaporation in the clouds below and this evaporation process
under certain conditions makes the mixed air denser than the
surrounding clouds, thus reversing the buoyancy and potentially
accelerating the entrainment process (Randall, 1980; Deardorff,
1980b; Nicholls and Turton, 1986; Stevens, 2002). Here, we
start from a simple strategy proposed by Lock and Macvean
(1999a), which assumes the entrainment flux is proportional to
the sum of surface heat flux and cloud-top radiative cooling.
Lilly (2002a) argued that different weights should be assigned for
each type of heating or cooling sources when parametrizing the
entrainment flux. We therefore extend these schemes and model
the most important turbulence generation sources in the CTBL
with different weighting coefficients. As a result,

−(w′θv
′)h− = A0

θ0u3∗
gh

+ A1(w′θv
′)0 + A2

λEc

ρcp
+ A3

Rc

ρcp
, (5)

where subscripts h− and 0 refer to the flux locations at the top of
the boundary layer and near the Earth surface, respectively, A0,
A1, A2, and A3 are the coefficients weighting the importance of
each term, u* is friction velocity, g is gravitational acceleration,
λ is latent heat of vaporization, λEc is mean evaporative cooling
rate, and Rc is the cloud-top radiative cooling rate (Appendix B).
The first two terms on the right-hand side of (5) account for the
entrainment fluxes due to shear-driven and buoyancy-generated
turbulence as in cloud-free boundary-layer models (Tennekes,
1973; Stull, 1976; Garratt, 1992; Porporato, 2009; Rigby et al.,
2015). The last two terms account for evaporative cooling effects
by directly linking the cooling rates (λEc and Rc) to the cloud-top
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Figure 1. Schematic representation of the entrainment mixing in the cloud-
topped boundary layer from time t to t + τ .

buoyancy flux. Substituting (5) into (3) yields,

�θv

(
dh

dt
− wl

)
= B0

θ0u3∗
gh

+ B1(w′θv
′)0 + B2

λEc

ρcp
+ B3

Rc

ρcp

(6)

where B0 = A0, B1 = A1, B2 = A2 + αE, B3 = A3 + αR. The
coefficient B0 is typically around 2.5 and B1 may range from
0.1 to unity with a typical value of 0.2 (Tennekes, 1973; Stull,
1976; Porporato, 2009). The coefficient B3 is on the order
0.4–0.5 according to smoke-cloud boundary-layer studies (Lilly,
2002a). As discussed later, this general parametrization scheme is
consistent with prior studies of CTBL and CTEI (section 4).

3. Evaporative cooling rate

Mixing of dry air from the free atmosphere into the cloud top
causes some of the liquid water to evaporate, thereby cooling the
surrounding air. This process can be analyzed by focusing on the
cloud-top entrainment process over a typical mixing time-scale,
τ . This scale is assumed to be large enough to average over
several turbulent eddy turnovers but short enough compared to
the time-scale of the growth of the ABL. The mixing is considered
to take place in the cloud-top interface over a typical vertical
eddy size, hm, as illustrated in Figure 1. The typical eddy vertically
crosses the cloud-top interface and thus corresponds to the depth
of entrainment zone of the CTBL. The fraction of air coming
from the free atmosphere, defined as mixing fraction, χ , is highly
variable in space and time and therefore should be treated as a
random variable. The statistical properties of χ at different levels
and times for stratocumulus-topped mixed layers have been
investigated by Mellado et al. (2010b) using direct numerical
simulations.

Because of the role of free atmosphere air in this process, it is
only the mixing near the cloud-top interface that tends to impact
cloud instability (de Lozar and Mellado, 2015a). We can thus
refer to an ‘effective mixing process’, characterized by an effective
mixing fraction, 0 ≤ χ e ≤ 1, with probability density function
(pdf) f (χ e). χ e = 0 means that no air coming from the free
atmosphere is involved in the mixing, while χ e = 1 corresponds
to the case of pure mixing of air from the free atmosphere.
Accordingly, for a ‘typical’ mixing eddy of vertical size hm, χ ehm

is the depth of air coming from free atmosphere and (1 − χ e)hm

is the depth of air coming from the boundary layer.
Evaporative cooling by vaporization of cloud liquid water can

be described as

λEc = λ
W(t) − W(t + τ )

τ
, (7)

where W is the liquid water path between z1 and z2 within the
eddy in question:

W(t) =
∫ z2

z1

ρqL(zt)dz. (8)

In the previous expression qL(z, t) is the liquid water content
at time t at level z inside the eddy, approximated in a binary
fashion as

qL(z, t) =
{

qL,h− z1 < z < z0

0 z0 < z < z2,
(9)

where the subscript h− refers to the value just below the inversion
(zo). This assumes negligible fluctuations in liquid water content
near the top of the cloud within the time-scale τ and also negligible
liquid water in the free atmosphere above the cloud.

After a time τ , one has well-mixed conditions and the liquid
water content is

qL(z, t + τ ) = qL,m, (10)

where the subscript m refers to mixed air. Substitution of (8), (9),
and (10) into (7) yields the evaporative cooling rate,

λEc = λρhm

τ
[(1 − χe)qL,h− − qL,m], (11)

which is related to the liquid water content of the mixed air. The
ratio hm/τ , which describes the mixing intensity, may be assumed
to be proportional to the entrainment velocity,

hm

τ
= k

(
dh

dt
− wl

)
, (12)

where k is a proportionality coefficient. A similar heuristic
parametrization was employed by Gentine et al. (2013b) for
modelling the growth rate of the mixed layer using an eddy
overturning time-scale; here it is adopted heuristically, supported
by the interesting connections that it provides especially in relation
to the CTEI (section 4) as well as by the good results provided
when modelling the evolution of CTBL (section 7), leaving to
further research its more rigorous justification. Substituting (12)
into (11),

λEc = λρk

(
dh

dt
− wl

)
[(1 − χe)qL,h− − qL,m], (13)

where qL,m is a nonlinear function of effective mixing fraction
(Appendix C). Equation (13) provides an interesting link between
evaporative cooling and boundary-layer dynamics. However, the
liquid water content qL is not a convenient variable for the study
of the cloud instability, since CTEI criteria are typically expressed
using virtual potential temperature (e.g. Kuo and Schubert,
1988). To make the needed connection we start from liquid
water potential temperature θL, which is a conserved variable
(Deardorff, 1980a, also Appendix A) and can be expressed with
sufficient accuracy as (Betts, 1973; Garratt, 1992)

θL = θ − λ

cp
qL. (14)

This definition (14) is then applied to the air at the top of the
boundary layer,

θL,h− = θh− − λ

cp
qL,h−, (15)

and to the mixed air,

θL,m = θm − λ

cp
qL,m. (16)
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Figure 2. (a) PDF of evaporative cooling temperature (δθv ) derived from (b) the relationship between δθv and χ e or (c) between θ v,m and χ e , where χ e is assumed to
follow (d) beta distributions β(10, 3) (solid lines), β(10, 10) (dash-dot lines), β(3, 10) (dashed lines). [Colour figure can be viewed at wileyonlinelibrary.com].

This liquid water potential temperature is conserved during
the moist adiabatic mixing, so that (Betts and Albrecht, 1987)

θL,m = (1 − χe)θL,h− + χeθL,h+. (17)

Combining (15), (16) and (17), and substituting into (13)
yields

λEc = ρcpk

(
dh

dt
− wl

)
[(1 − χe)θh− + χeθh+ − θm]. (18)

To connect this cooling rate to the virtual potential temperature
of the mixed air, we rewrite the evaporative cooling rate in (18) as

λEc = ρcpkς

(
dh

dt
− wl

)
δθv , (19)

where

δθv = (1 − χe)θv,h− + χeθv,h+ − θv,m. (20)

and

ς = (1 − χe)θh− + χeθh+ − θm

(1 − χe)θv,h− + χeθv,h+ − θv,m
. (21)

Note that the ratio ς establishes a relationship between
potential temperature and virtual potential temperature of air
before and after mixing. This ratio tends to be constant around
1.2–1.3 for typical stratocumulus clouds, as shown in Appendix
D. θ v,m is a nonlinear function of effective mixing fraction
(Appendix C) and can be approximated as a piecewise linear
function (Shao et al., 1997; Yamaguchi and Randall, 2008) (solid
lines in Figure 2(c)). The virtual potential temperature drop δθv

during the evaporative cooling process can be interpreted as the
difference between mixing temperature without evaporation (the
first two terms in (20) shown as the dashed line in Figure 2(c))
and the real mixing temperature (the last term in (20) shown
as the solid line in Figure 2(c)). The relationship between δθv

and χ e (Figure 2(b)) allows us to derive the distribution of
evaporative cooling temperature as illustrated in Figure 2(a),

once the distributions of mixing fraction (Figure 2(d), e.g. beta
distribution as will be discussed in section 5) are found.

The horizontal average value of evaporative cooling rate in (19)
can be estimated as,

λEc = ρcpkς

(
dh

dt
− wl

) ∫ 1

0
[(1 − χe)θv− + χeθv+

−θv,m(χe)]f (χe)dχe. (22)

With this expression we are now ready to study the buoyancy
effect of evaporative cooling in terms of virtual potential
temperature.

4. Linking cloud-topped boundary layer to cloud-top entrain-
ment instability (CTEI)

The mean evaporative cooling rate derived above can now be
combined with the entrainment parametrization scheme to
interpret prior studies of CTEI. To do so, we first substitute
(22) into (6), so that(

dh

dt
− wl

)
�θ̃v = B0

θ0u3∗
gh

+ B1(w′θv
′)0 + B3

Rc

ρcp
, (23)

where

�θ̃v = �θv − B2kς

∫ 1

0
[(1 − χe)θv,h− + χeθv,h+

−θv,m(χe)]f (χe)dχe. (24)

Here, �θ v is the buoyancy inversion strength and the
remaining term represents the evaporating cooling rate
without boundary-layer growth rate (dh/dt). Therefore, �θ̃v

gives the buoyancy inversion strength as it is impacted by
evaporative cooling effects. Under unsaturated conditions, θ v

is a conserved variable during the cloud-top mixing process
so that θ v,m = (1 − χ e)θ v,h − + χ eθ v,h + and therefore �θ̃v = �θv

for any k and B2 and any distribution of χ e. This directly
transforms (23) into the entrainment parametrization schemes
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Figure 3. Distributions of mixing fractions and corresponding fit with beta pdfs: (a) flight observations at one horizontal level by Wang and Albrecht (1994), (b) flight
observations at one horizontal level by Shao et al. (1997), (c) direct numerical simulation of averaged mixing fraction at three horizontal levels (Mellado et al., 2010b).

for the cloud-free or smoke-cloud boundary-layer model. When
�θ̃v approaches zero, one may expect from (23) that, in order to
keep the right-hand side finite, the growth rate of the boundary
layer becomes very large. This suggests that the cloud top tends
to become unstable, consistent with the physical interpretation of
CTEI (Deardorff, 1980b; Randall, 1984; Lilly, 2002b).

The connection between �θ̃v in (24) and cloud-top instability
can be further analyzed as follows. As reviewed in Appendix E,
the CTEI is given in terms of the buoyancy difference between the
mixed air and the surrounding cloud air, θ v,m(χ e) − θ v,h −, which
also appears inside the integral term of (24). This common term
allows us to connect �θ̃v to various CTEI criteria:

i) Assuming B2 = 1/(ςkχ∗) and a sharp distribution of
effective mixing fraction f (χ e) = δ(χ e − χ∗) in which
χ∗ is the saturation mixing fraction (see Appendix D) and
δ(•) is Dirac delta function such that the effective mixing
fraction at saturation determines the cloud stability, �θ̃v

in (24) becomes

�θ̃v = θv,m(χ∗) − θv,h−
χ∗ , (25)

which is the CTEI defined by Randall (1980) and Deardorff
(1980b) as listed in (E1).

ii) Assuming χ is uniformly distributed as in Nicholls and
Turton (1986) and B2 = 2/(ςk), �θ̃v in (24) becomes,

�θ̃v = 2

∫ 1

0
[θv,m(χ) − θv,h−]dχ , (26)

which is the �NT defined by Nicholls and Turton (1986)
as listed in (E2) for parametrizing the entrainment rate
(Turton and Nicholls, 1987; Stevens, 2002). Note that �NT

appears in the numerator of the entrainment equation in
Nicholls and Turton (1986) and cannot be used to predict
the cloud-top instability condition.

iii) Assuming, instead, that 1/χ is uniformly distributed as in
Duynkerke (1993) and B2 = 1/(ςk), �θ̃v in (24) becomes,

�θ̃v =
∫ 1

0

θv,m(χ) − θv,h−
χ

dχ . (27)

which is the CTEI defined by Duynkerke (1993) as listed
in (E3).

The correspondence between �θ̃v in (24) and existing CTEI
criteria is useful to compare and extend them as well as to combine
them consistently with entrainment parametrization schemes
in CTBL models. For example, the CTEI criterion defined by
Randall (1980) and Deardorff (1980b) as listed in (E1) is the
denominator of the entrainment rate expression in the CTBL
model of Stage and Businger (1981), which was derived from
the turbulence kinetic energy balance (Randall, 1984; Rogers

et al., 1985). Moreover, one can also find new entrainment
parametrization schemes by replacing �θ̃v in (23) with various
CTEI criteria such as those listed in (E2) and (E3). More generally,
the new cloud parametrization schemes from (23) and (24) are
expected to be more accurate with more realistic distributions
of effective mixing fraction (e.g. beta distribution), as discussed
next.

5. Distribution of mixing fraction

As discussed in section 3, the cloud-top mixing at different levels
contribute differently to the entrainment process (de Lozar and
Mellado, 2015a). Thus the distribution of effective mixing fraction
therefore may be expressed as a weighted average,

f (χe) =
∫ ∞

0
p(χ , z)ω(z)dz, (28)

where p(χ , z) is the pdf of χ at altitude z and the weighting

function ω(z) (satisfying

∫ ∞

0
ω(z)dz = 1) is constructed so as to

give larger weight at the cloud-top interface.
The statistics of stratocumulus clouds have been extensively

characterized by Albrecht et al. (1988) and Wang and Albrecht
(1994), where the latter used ozone as a tracer to obtain the
empirical pdf of mixing fraction at horizontal flight leg 3 (about
770 m) (dots in Figure 3(a)). In this figure, a beta distribution
(solid line) is shown to fit the observations well. A similar
diagnostic method was applied by Shao et al. (1997), and the
resulting pdf of mixing fraction is shown as dots in Figure 3(b);
this too is well approximated by a beta distribution. We note
that flight height variation may influence the accuracy of mixing
fraction estimation and for this reason the data at three different
levels of Mellado et al. (2010b) obtained from direct numerical
simulations were used to further analyze the statistics of mixing
fraction. When combined with equal weights (due to the fact
that these three levels are close to the entrainment zone) to
represent the effective mixing process, the mixing fraction can
also be described by a beta distribution (Figure 2(c)). In general,
a beta distribution for the random variable χ (0 ≤ χ ≤ 1) with
two positive shape parameters β1 and β2 is defined as (Davison,
2003),

f (χ) = �(β1 + β2)

�(β1)�(β2)
χβ1−1(1 − χ)β2−1, (29)

where �(•) is the gamma function. The mean of the distribution is

μχ = β1

β1 + β2
, (30)

and the standard deviation is

σχ =
√

β1β2

(β1 + β2)2(β1 + β2 + 1)
. (31)
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Figure 4. (a) Profiles of mean mixing fraction and (b) relationships between mean and standard deviation of mixing fraction at different times from profile statistics
of LES for the case RF01 of the DYCOMS-II (Stevens et al., 2005). The dots in (a) indicate the values of mean mixing fraction at the inversion levels. The circles
in (b) indicate the relationship between mean and standard deviation of mixing fraction from the fitted distributions in Figure 3. [Colour figure can be viewed at
wileyonlinelibrary.com].

Figure 5. CTEI diagrams in the (�θ e, �qt ) plane with beta-distributed mixing fraction, where its mean and standard deviation relationship follows the dash-dot lines
in Figure 4 . The boundary-layer variables refer to (a) the RF01 case of DYCOMS-II (Stevens et al., 2005) and (b) case K from Yamaguchi and Randall (2008). The
insets show the pdf of effective mixing fractions of the beta distribution with extreme parameter values. The dots are observational data collected by Kuo and Schubert
(1988) with open dots for trade cumulus cases and solid dots for stratocumulus. The x-marks refer to the RF01 case of DYCOMS-II (Stevens et al., 2005). The dashed
and dotted lines in (b) represent the Randall–Deardorff and Duynkerke CTEI criteria, respectively. [Colour figure can be viewed at wileyonlinelibrary.com].

As discussed above, this beta distribution with only two
parameters appears both accurate and flexible enough to model
the distribution of mixing fraction for the cloud-top entrainment
process.

To further analyze the shape parameters β1 and β2, we explored
the intercomparison study between the large-eddy simulations
(LESs) and the first research flight (RF01) of the second Dynamics
and Chemistry of Marine Stratocumulus (DYCOMS-II; Stevens
et al., 2005). To do so, the mixing fraction is approximated from
the normalized liquid water potential temperature,

χ(z) ≈ θL(z) − 〈θL〉
θL,h+ − 〈θL〉 , (32)

where 〈θL〉 is the average liquid water potential temperature
in the boundary layer, and θL,h + is the liquid water potential
temperature just above the boundary layer in the free atmosphere,
where the liquid water content approaches zero. Although this
approximation should be used with caution (Albrecht et al.,
1985; Mellado et al., 2010a), it is helpful to analyze some general
statistics of the mixing fraction from LES (Stevens et al., 2005).
The statistics of multiple LES results (http://gcss-dime.giss.nasa
.gov/dycoms-ii/modsim_dycoms-ii_gcss7-rf01.html; accessed 6
November 2016) were used in (32) to find the profile of the
mixing fraction and the μχ∼ σχ relationship. As can be seen
in Figure 4(a), the mean mixing fraction profiles show curves
of sigmoid shape, which are consistent with direct numerical
simulation results in previous research (Mellado, 2010; Mellado
et al., 2010b). Relatively low mean mixing fraction is observed at

the inversion level, defined as the qt = 8 g kg−1 contour (Stevens
et al., 2005), where the mixing of clear and cloudy air is expected
to be strong. This low value is corresponding to the low saturation
mixing fraction of 0.09 in the RF01 of the DYCOMS (Mellado
et al., 2010b). Further study of the potential connections between
saturation mixing fraction and mixing fraction at the inversion
level under more general conditions will be the subject of future
research. Figure 4(b) also shows the typical relationship between
mean and standard deviation of mixing fraction during the 4 h
simulation period. Such a relationship may be used to reduce the
number of parameters used in entrainment modelling.

6. Control of shape parameters on CTEI diagrams

The shape parameters determine the distribution of mixing frac-
tion and consequently control the cloud instability. To explore
the importance of these shape parameters, we consider the (�θ e,
�qt) plane (Figure 5), which is extensively used in CTEI studies
(Kuo and Schubert, 1988; MacVean and Mason, 1990; Duynkerke,
1993; Yamaguchi and Randall, 2008) to define the stability condi-
tions of the cloud-top interface. In particular, marginal stability
lines divide the plane into two parts, the right part corresponding
to stable clouds and the left part to unstable clouds. The data
points, taken from Kuo and Schubert (1988), show both persistent
stratocumulus (solid dots) and less stable trade cumulus (open
dots). For this reason, the relative stability of the clouds can be
estimated by a new dimensionless parameter k = �θ e/(λ/cp�qt),
which has larger value for less stable clouds (Kuo and Schubert,
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Figure 6. Dynamics of (a) boundary-layer height, and (b) liquid water potential temperature with different distributions of mixing fraction. The thin lines are the
maximum and minimum values within the master ensemble of LES for the case RF01 of the DYCOMS-II (Stevens et al., 2005), and the circles show the observed
evolutions of cloud top with boundary-layer growth rate 7.5 m h−1 (Stevens et al., 2003). [Colour figure can be viewed at wileyonlinelibrary.com].

1988; Yamaguchi and Randall, 2008). Figure 5(a) presents vari-
ous stability lines where the novel CTEI criterion �θ̃v equals zero
with boundary-layer variables referring to the case RF01 of the
DYCOMS-II. For simplicity, we approximate the weighting func-
tion for χ e as a Dirac delta function ω(z) = δ(z − zi), in which zi is
the location where there is the most intensive mixing of clear and
cloudy air. For mixing fraction, σχ is modelled as an empirical
function of μχ as in the dash-dot curve in Figure 4(b). To separate
the most unstable trade cumulus from the stable stratocumulus
for the marginal stability line, the multiplicative coefficient B2k is
set to 4 andμχ is around 0.2 (curves in lighter color in Figure 5(a)),
which is close to the mean value of the mixing fraction at the inver-
sion height. According to this diagram, the RF01 of DYCOMS-II
is identified as the stable condition, which is consistent with the
observations (Stevens et al., 2003). Note that both the liquid water
content and temperature at the top of the cloud may have certain
impacts on the pattern of the (�θ e, �qt) plane (Duynkerke, 1993;
Yamaguchi and Randall, 2008; Yue et al., 2013). Figure 5(b) shows
the similar diagram with boundary-layer variables defined as the
case K from Yamaguchi and Randall (2008), which is 8 K warmer
but has similar amount of liquid water content as the RF01 of the
DYCOMS-II. For comparison, two other marginal stability lines
from the Randall–Deardorff and Duynkerke CTEI criteria are
also plotted in Figure 5(b). While the Randall–Deardorff criterion
clearly overestimates the effects of cloud-top mixing on its insta-
bility, the Duynkerke criterion is more consistent with our result.

7. Boundary-layer dynamics with CTEI parametrization

To explore the sensitivity of boundary-layer dynamics to the
distributions of mixing fractions, we now model the CTBL
corresponding to the RF01 case of DYCOMS-II, characterized by
unbroken marine nocturnal stratocumulus clouds that have been
extensively studied using LESs and direct numerical simulations
(Stevens et al., 2005; Mellado, 2010; Mellado et al., 2010a; de Lozar
and Mellado, 2015b).The initial sounding profiles were set as in
equations (1) and (2) in Stevens et al. (2005), with θL = 289 K and
qt = 9 g kg−1 at the top of the clouds (h = 840 m) and θL = 297.5 K
and qt = 1.5 g kg−1 just above the clouds. Note that the reference
pressure for defining the potential temperature is 1000 hPa,
which is different from the surface pressure 1017.8 hPa. The
large-scale divergence is set as D = −3.75 × 10−6 s−1, and surface
sensible heat and latent heat fluxes are set as 15 and 115 W m−2,
respectively. In absence of short-wave radiation during the night,
the cooling/heating sources inside the cloud only come from
long-wave radiation and are set as 65 W m−2 for cloud-top
cooling and 17 W m−2 for cloud-base heating (Stevens et al.,
2005). The entrainment coefficients were set as typical values
B0 = 2.5, B1 = 0.2, B3 = 0.44, and B2k = 4 as discussed in section
6. The effective mixing fraction is assumed to follow a beta
distribution with mean and standard deviation linked by the

empirical function shown as thin solid line in Figure 4(b). The
evolutions of the boundary-layer height and liquid water potential
temperature with different distributions of mixing fraction are
shown in Figure 6. Cloud-top mixing with low mixing fraction
close to saturation mixing fraction has large evaporative cooling
rate (Figure 2(b)) and thus tends to accelerate the growth of
the boundary layer. These simulated boundary-layer heights are
consistent with the observed cloud-top growth rate, showing
7.5 m h−1 growth rate as marked by the circles in Figure 6(a)
(Stevens et al., 2003). A faster boundary-layer growth rate allows
more warm air from the free atmosphere to be entrained into the
boundary layer thus increasing its temperature (Figure 6(b)).

8. Conclusions

We have introduced a simple cloud-top entrainment parametriza-
tion scheme to address the contribution of cloud-top evaporative
cooling to the entrainment flux, one of the most important cloud
drivers. We then quantified the evaporative cooling rate in a typ-
ical turbulent eddy and analyzed the cloud-top mixing process in
terms of the effective mixing fraction defined as the fraction of air
coming from the free atmosphere that enhances entrainment flux.
Based on the results of Mellado et al. (2010b) and de Lozar and
Mellado (2015a), we adopted the effective mixing fraction as a ran-
dom variable, described by a beta distribution as suggested both
by existing flight observations and recent numerical simulations.

The quantification of the evaporative cooling rate and a simple
cloud-top mixing scheme allow us to interpret various forms of
CTEI criteria and their dependence on the shape parameters of
the beta distribution. Discriminating stable and unstable clouds in
the CTEI diagram could assist the choice of the shape parameters,
which can be further used to extend cloud parametrization
schemes. When parametrized in general circulation models
(Deardorff, 1972), these cloud-top mixing schemes have the
potential to improve simulation of cloud dynamics and thus
reduce the uncertainties in climate predictions.
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Appendices

Appendix A: Cloud-topped boundary-layer model

Liquid water potential temperature and total water content are
conserved quantities and thus may be assumed to be constant
under both dry and moist adiabatic processes in the CTBL
(Figure A1) (Lilly, 1968; Stage and Businger, 1981; Driedonks
and Duynkerke, 1989; Pelly and Belcher, 2001). The liquid
water potential temperature (θL) can be expressed with sufficient
accuracy as (Betts, 1973; Garratt, 1992),

θL = θ − λ

cp
qL, (A1)

where θ is potential temperature, λ is the latent heat of
vaporization, and cp is specific heat of air at constant pressure.
The total water content (qt) is defined as,

qt = qL + q, (A2)

where q is the specific humidity and qL is the liquid water content.
At the top of the boundary layer, sharp changes of temperature
and humidity are observed and are readily approximated by jump
discontinuities (Figure A1) (Lilly, 1968; Garratt, 1992).

The lifted condensation level (LCL) is assumed as the location
of the cloud base, which separates the boundary layer into sub-
cloud layer and cloud layer. Sounding profiles follow dry adiabatic
process in the sub-cloud layer (z < zLCL) and moist adiabatic
process in the cloud layer (zLCL < z < h).

Following Stull (1976), the governing equation for the mean
variable of any property (φ) in a horizontally homogeneous
turbulent flow (e.g. only vertical advection) can be expressed as

∂φ

∂t
+ wl

∂φ

∂z
= 1

ρcp

∂Fφ

∂z
− ∂w′φ′

∂z
, (A3)

where Fφ is the horizontally averaged flux of φ and w′φ′ is
the vertical turbulent flux of φ. For simplicity of conventional
practice, the overbar for φ is not indicated. The mean large-scale
vertical velocity wl can be modelled as (Stull, 1988; Garratt, 1992;
Ek and Mahrt, 1994)

wl(z) = −Dz, (A4)

where D is the large-scale divergence, which is often assumed to
be constant.

Replacing φ with θL and integrating (A3) with respect to z
throughout the boundary layer using Leibnitz rule and integration
by parts yields,

h
d〈θL〉

dt
= (θL

′w′)0 − (θL
′w′)h− + R

ρcp
, (A5)

where

〈θL〉 = 1

h

∫ h

0
θL(z)dz, (A6)

which is the mean liquid water potential temperature throughout
the boundary layer. The subscripts h and 0 denote the flux
location at the boundary-layer inversion and Earth surface, the
net source term R is the net radiation within the boundary layer
(Appendix B), and the near-surface turbulent flux of liquid water
potential temperature ((θL

′w′)0) is simply near-surface sensible
heat flux (θ ′w′)0 since no liquid water exists near the earth surface
(qL ’)0 = 0.

Similarly, replacing φ with qt and integrating (A3) with respect
to z throughout the boundary layer gives

h
d〈qt〉

dt
= (qt

′w′)0 − (qt
′w′)h−, (A7)

where

〈qt〉 = 1

h

∫ h

0
qt(z)dz, (A8)

which is the mean total water content throughout the boundary
layer. The near-surface turbulent flux of total water content
(qt

′w′)0 is simply near-surface latent heat flux (q′w′)0 since
(qL ’)0 = 0.

To find the entrainment flux (θL
′w′)h− and (qt

′w′)h− in (A5)
and (A7), one can apply Leibnitz rule and integrate (A3) with
respect to z between the boundary-layer top (z = h−) and the free
atmosphere just above the boundary layer (z = h+). By replacing
φ with conserved variable θL, the integration becomes

−(θL
′w′)h− = �θL

(
dh

dt
− wl

)
, (A9)

where (dh/dt−wl) is the average vertical velocity at height h. For
the conserved variable qt , the integration is,

−(qt
′w′)h− = �qt

(
dh

dt
− wl

)
. (A10)

The boundary layer growth rate (dh/dt) needs to be parametrized
by other known variables to close the conservation (A5)–(A10)
for the mixed-layer models as explained in section 2.

Appendix B: Radiation inside the clouds

Cloud-top long-wave radiative divergence, cloud-top short-wave
radiative absorption, and cloud-base long-wave radiative heating
as illustrated in Figure B1 are the three important radiation
components inside the clouds which may have significant impacts
on the boundary-layer states.

Near the cloud top, there is net long-wave radiative cooling
which is the sum of upward and downward long-wave radiation,

RT
l − ε

↓
l Rf

l , (B1)

where Rf
l is downward long-wave radiation from the free

atmosphere above the cloud, ε
↓
l is the downward long-wave

absorptivity of the cloud, which is related to cloud properties

such as liquid water path (Stephens, 1978b), and RT
l is the

cloud-top upward long-wave radiation, which is determined by
Stefan–Boltzmann law,

RT
l = σε

↑
l TT

4
, (B2)

where σ is the Stefan–Boltzmann constant, ε
↑
l is the upward

long-wave emissivity of the cloud (Stephens, 1978b), and TT

is the temperature near the cloud top. Besides the net long-
wave radiative cooling, clouds also partially absorb short-wave
radiation, which depends on the incoming solar radiation and the
short-wave absorptivity,

εsRf
s , (B3)

where Rf
s is the part of the solar radiation that reaches free

atmosphere above the cloud, and εs is the short-wave absorptivity
of the cloud, which can be modelled as empirical functions of
solar zenith angle and liquid water path (Stephens, 1978b). This
heating may offset part of the long-wave radiative cooling (Rogers
et al., 1985) and thus the overall radiation at the cloud top can be
expressed as

Rc = RT
l − ε

↓
l Rf

l − εsRf
s . (B4)
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Figure A1. Schematic representation of the vertical profiles of (a) liquid water potential temperature and (b) total water content for the mixed CTBL model. [Colour
figure can be viewed at wileyonlinelibrary.com].

Figure B1. Components of radiation at the top and bottom of the cloud (red
arrows are short-wave radiation; black arrows are long-wave radiation). [Colour
figure can be viewed at wileyonlinelibrary.com].

This overall radiation loss takes place in a relatively thin layer
near the cloud top (Rogers et al., 1985; Garratt, 1992).

Near the cloud base, there is long-wave radiative heating under
most circumstance,

ε
↑
l Rs

l − RB
l , (B5)

where Rs
l is long-wave radiation from sub-cloud layer, and RB

l is
long-wave radiation leaving the cloud base, which is determined
by the Stefan–Boltzmann law,

RB
l = σε

↓
l TB

4
, (B6)

where TB is the temperature near the cloud base. The cloud-base
radiative cooling is assumed to occur within a thin layer and is an
order of magnitude smaller than the cloud-top radiative cooling
Rc. The overall radiation inside the cloud is the sum of all the
heating and cooling sources,

R = ε
↑
l Rs

l − RB
l − Rc. (B7)

This net radiation directly goes to the conservation (A5).

Appendix C: States of mixed air

For conserved variables of the mixed air, their quantities are linear
functions of the effective mixing fraction during the cloud-top

moist adiabatic mixing (Betts and Albrecht, 1987)

θL,m = (1 − χe)θL,h− + χeθL,h+, (C1)

and

qt,m = (1 − χe)qt,h− + χeqt,h+. (C2)

To further find the non-conserved variables, the definitions in
(A1) and (A2) are applied to the mixed air

θm = θL,m + λ

cp
qL,m, (C3)

and

qm = qt,m − qL,m, (C4)

where

qL,m =
{

0 if qm ≤ q∗
m

qt,m − q∗
m if qm > q∗

m

, (C5)

where q∗
m is saturated specific humidity of the mixed air and is

determined by Clausius–Clapeyron relation. After finding θm,
qm, qL,m, one can calculate the virtual potential temperature of
the mixed air as

θv,m = θm

[
1 +

(
Rv

Rd
− 1

)
qm − qL,m

]
. (C6)

For any given effective mixing fraction χ e, (C1)–(C6) can be used
to numerically calculate both the conserved and non-conserved
variables of the mixed air.

Appendix D: Estimation of ς

The ratio ς in (21) depends on θm and θ v,m, which in turn
depend nonlinearly on χ e. These nonlinear relationships are
described in (C1)–(C6) in Appendix C. Such behaviours are well
approximated by piecewise linear functions (Kuo and Schubert,
1988; Duynkerke, 1993; Shao et al., 1997; Lock and Macvean,
1999b; Yamaguchi and Randall, 2008)

θv,m(χe) =
{

χe
χ∗θv,m (χ∗) + χ∗−χe

χ∗ θv,h− χe < χ∗
1−χe
1−χ∗θv,m(χ∗) + χe−χ∗

1−χ∗ θv,h+ χe ≥ χ∗ ,
(D1)
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Figure D1. Contour plot of ς in the (�θ e, �qt ) plane. The boundary-layer
variables are listed in the case K from Yamaguchi and Randall (2008). [Colour
figure can be viewed at wileyonlinelibrary.com].

and

θm(χe) =
{

χe
χ∗θm (χ∗) + χ∗−χe

χ∗ θh− χe < χ∗
1−χe
1−χ∗θm(χ∗) + χe−χ∗

1−χ∗ θh+ χe ≥ χ∗ .
(D2)

where χ∗ is the saturation mixing fraction, at which the mixed
air is just saturated without any liquid water content. Substituting
(D1) and (D2) into (21), one obtains

ς = (1 − χ∗)θh− + χ ∗ θh+ − θm(χ∗)

(1 − χ∗)θv,h− + χ ∗ θv,h+ − θv,m(χ∗)
, (D3)

where the ratio ς now becomes independent of χ e. This ratio
ς has small variations around a typical value of 1.26 under
various cloud conditions as shown in the (�θ e, �qt) plane in
Figure D1.

Appendix E: Cloud-top entrainment instability

The sign and magnitude of the buoyancy reversal in the cloud-
top mixing is represented by the virtual potential temperature
difference between mixed air and the surrounding clouds
θ v,m(χ e) − θ v,h −. While a positive difference tends to preserve
a stable mixed layer, a negative difference may induce self-
sustained downdraughts and lead to an unstable boundary layer.
For this reason, θ v,m(χ e) − θ v,h − is often used to define CTEI to
evaluate the instability of the boundary layer in various studies
by assuming different ways of mixing in terms of effective mixing
fraction χ e. For example, with the assumption that χ e = χ* is the
most important mixing fraction in the mixing process, Randall
(1980) and Deardorff (1980b) defined the CTEI as

�RD = θv,m(χ∗) − θv,h−
χ∗ , (E1)

and �RD < 0 indicates the CTBL is unstable. Assuming all values
of χ e are equally important, Nicholls and Turton (1986) defined
�NT as

�NT = 2

∫ 1

0
[θv,m(χe) − θv,h−]dχe, (E2)

where the factor 2 makes sure that �NT = �θ v in the cloud-free
case. Duynkerke (1993) argued that (θ v,m(χ e) − θ v,h −)/χ e rather
than θ v,m(χ e) − θ v,h − is a more important variable for evaluating
cloud instability and defined the CTEI as

�D =
∫ 1

0

θv,m(χe) − θv,h−
χe

dχe, (E3)

and �D < 0 suggests the CTBL is unstable.
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