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Abstract. 'We propose a new inferential framework for constructing con-
fidence regions and testing hypotheses in statistical models specified by a
system of high-dimensional estimating equations. We construct an influence
function by projecting the fitted estimating equations to a sparse direction ob-
tained by solving a large-scale linear program. Our main theoretical contri-
bution is to establish a unified Z-estimation theory of confidence regions for
high-dimensional problems. Different from existing methods, all of which re-
quire the specification of the likelihood or pseudo-likelihood, our framework
is likelihood-free. As a result, our approach provides valid inference for a
broad class of high-dimensional constrained estimating equation problems,
which are not covered by existing methods. Such examples include, noisy
compressed sensing, instrumental variable regression, undirected graphical
models, discriminant analysis and vector autoregressive models. We present
detailed theoretical results for all these examples. Finally, we conduct thor-
ough numerical simulations, and a real dataset analysis to back up the devel-
oped theoretical results.
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1. INTRODUCTION

Let us observe a sample of n, g-dimensional ran-
dom vectors {Z;}?_,. Denote with Z the n x g data
matrix obtained by stacking all the vectors Z;. Let
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the function t(Z, B) : R4 x RY > RY specify es-
timating equations t(Z, ) = 0 (Godambe, 1991) for
a d-dimensional unknown parameter B, and further
let E¢(B) =lim,_, oo Et(Z, B)' denote the limiting ex-
pected value of the function t(Z, ) as n — co. As
an example given n i.i.d. observations Z; and a func-
tion h, this reduces to the classical Z-estimation setup
t(Z,B) =n~' Y}_ h(Z;, B) and Ey(B) = Eh(Z, B).
For the purpose of parameter estimation, it is usually
assumed that the estimating equation is unbiased in
the sense that the true value B* is the unique solu-
tion to E¢(f) = 0. When the dimension d is fixed and
much smaller than the sample size n, inference on g*
can be obtained by solving the estimating equations
t(Z, ) =0, and the asymptotic properties follow from

'Here and throughout, such limits should be understood with d
being fixed to its current value.
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the classical Z-estimation theory (van der Vaart, 1998).
However, when d > n, directly solving t(Z, 8) =0 is
an ill-posed problem. To avoid this problem, a popular
approach is to impose the sparsity assumption on B*,
which motivates constrained Z-estimators in the fol-
lowing generic form (Cai, Liang and Rakhlin, 2014):

B = argmin 8],
subject to [t(Z, B)|| ., < A,

where A is a regularization parameter.

Assume that we can partition 8 as (0, ), where 6 is
a univariate parameter of interest and y is a (d — 1)-
dimensional nuisance parameter. Similarly, we denote
B = (6,7) and B* = (6*, y*). The goal of this pa-
per is to develop a general estimating equation based
framework to obtain valid confidence regions for 6*
under the regime that d is much larger than n. The
proposed framework has a large number of applica-
tions. For instance, given a convex and smooth loss
function (or negative log-likelihood) £ : R? x R? > R,
with i.i.d. data Z;, the inference on B can be conducted
based on solving equations specified by the score func-
tion t(Z, ) =n"' Y1, %f,ﬂ) Hence, inference on
many high-dimensional problems with specifications
of the loss function or the likelihood can be addressed
through our framework. More importantly, the estimat-
ing equation method has an advantage over likelihood
methods in that it usually only requires the specifica-
tion of a few moment conditions rather than the entire
probability distribution (Godambe, 1991). To see the
advantage of our framework, we consider the follow-
ing examples, which are naturally handled by estimat-
ing equations.

(1.1

1.1 Examples

Linear Regression via Dantzig Selector (Candes and
Tao, 2007). Assume that a linear model (also referred
to as noisy compressed sensing) is specified by the
following moment condition E(Y|X) = X Tﬂ*. Let
X € R" 4 be the design matrix stacking the i.i.d. co-
variates {X;}! ; and ¥ € R" be the response vector
with independent entries Y;. Given the moment con-
dition, we can easily construct the estimating func-
tion as t((Y,X), B) = n~ X" (XB — Y) and E¢(B) =
Et((Y,X), B). In addition, E¢(8) = 0 has the true
value B* as its unique root, provided that the sec-
ond moment matrix Xy :=n"'EX”X is positive def-
inite. In the high-dimensional setting, Candes and Tao
(2007) estimated B by the following Dantzig selector:

-~

B = argmin || 8],
such that [[n ' X" (XB - Y)| <A

Instrumental Variables Regression (IVR). Similar to
the previous example, consider the linear model ¥ =
XTB* 4+ ¢. In economics’ applications, it is not al-
ways reasonable to believe that the error and the de-
sign variables are uncorrelated, that is, E[Xe] = 0,
which is a key condition ensuring the unbiasedness of
the estimating equation and consequently the consis-
tency of the Dantzig selector estimate. In such cases,
one may use a set of instrumental variables W € R?
which are correlated with X but satisfty E[We] =
0 and E[e2|W] = 02. Let X, W € R"*? be the de-
sign matrix and instrumental variable matrix stack-
ing the i.i.d. covariates {X;}7_, and instrumental vari-
ables {W;}?_,, respectively, and ¥ € R" be the re-
sponse vector with independent entries Y;. Using the
instrumental variables, one can construct the estimat-
ing function t((Y, X, W), g) = n~'WT (X8 — Y) with
E¢(B) = Et((Y,X, W), B). In addition, E¢(B) has g*
as its unique root, provided that the second moment
matrix Xy x :=n"'EW’ X is of full rank. Inspired by
Gautier and Tsybakov (2011), we consider the follow-
ing estimator ,E:

B = argmin || Bl
such that [n~'WT (XB — Y)| < *.

Graphical Models via CLIME/SKEPTIC (Cai, Liu
and Luo, 2011, Liu, Han and Zhang, 2012). Let
X1,..., X, beiid. copies of X € R? with E(X) =0
and Cov(X) = X x. It is well known that in the case
when X are Gaussian, the precision matrix % =
(Zx)~! induces a graph, encoding conditional inde-
pendencies of the variables X. More generally, this
observation can be extended to transelliptical distribu-
tions (Liu, Han and Zhang, 2012).

LetX,=n"! st X,-Xl-T be the sample covariance
of X1,...,X, [recall E(X;) = 0]. Based on the sec-
ond moment condition X y * =1, Cai, Liu and Luo
(2011) proposed the CLIME estimator of €*:

Q = argmin || ||
(1.2)
subject to || X, R — Ij||max < A.

In this case, we have t(X, ) = X, — I;, and
E¢(2) = X x Q2 —1;. Under the more general setting of
transelliptical graphical models, Liu, Han and Zhang
(2012) substituted the sample covariance X, with a
nonparametric estimate based on Kendall’s tau (see
Remark 2). Doing so breaks down the i.i.d. decompo-
sition of the estimating equation described above, but
continues to belong to our formulation (1.1).
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Discriminant Analysis (Cai and Liu, 2011). Let X
and Y be d-dimensional random vectors, coming from
two populations with different means w; = E(X),
Mo, = E(Y), and a common covariance matrix ¥ =
Cov(X) = Cov(Y). Given some training samples, we
are interested in classifying a new observation O into
population 1 or population 2. It is well known (e.g., see
Mardia, Kent and Bibby, 1979, Theorem 11.2.1) that,
under certain conditions, the Bayes’ classification rule
takes the form

Y(0)=1((0 — )" Qs >0),

where /() is an indicator function, g = (| + ,)/2,
8§=(u, — ) and @ = 1. Specifically, the obser-
vation O is classified into population 1 if and only if
Yv(0)=1.

To implement 1 (Q) in practice, one has to estimate
the unknown parameters f;, £, and 2. Assume we
observe n1 and ny training samples from population
1 and population 2 denoted by Xy, ..., X, € R4 and

Yi,....Y,, € R?. We assume that
Xi=m+U;, i=1,...,n and

(1.3) )
Yl:IL2+Ul+n1v lzlv"'9n27

where U; are i.i.d. copies of U = (Ul,...,Ud)T,
which satisfies E(U) = 0 and Cov(U) = X. De-
fine the sample means as X = % Z?;l X;and Y =

% Z?i] Y;, and the sample covariances as Ty =
YL (X = X)(X; = X)T and Ty = ;- 372 (Vi —

Y)(Y; — Y)". Furthermore, let X, = "L 3y + 23y
be the weighted average of Tyand Ty.
In the high-dimensional setting with d > n, we can-

not directly estimate 2 by f;l, since the sample co-
variance is not invertible. Noting that the classification
rule solely depends on B* = €4, Cai and Liu (2011)
proposed a direct approach to estimate B*, rather than
estimating € and § separately. Their estimated classi-
fication rule is as follows:

v(0)=1((0—(X+Y)/2)"B>0) where
(14) B =argmin||B]
subject to | T, 8 — (X — Y)|, < A.

Clearly, the latter formulation constitutes a high-
dimensional estimating equation as in (l.1), with
(X)L YY), 8) = B4 — (X — ¥) and
Ei(B) =2B — (k1 — 12).

Vector Autoregressive Models (Han, Lu and Liu,
2015). Let {X,}7°_ . be a stationary sequence of mean

0 random vectors in R? with covariance matrix X. The
sequence {X,}2_ is said to follow a lag-1 autore-
gressive model if

X, =ATX, .\ +W,, teZ:=1{..,-1,0,1,....},

where A is a d x d transition matrix, and the noise vec-
tors W; are i.i.d. with W, ~ N (0, ¥) and independent
of the history {X;}s<;. Under the additional assump-
tion that det(I; — ATz) # 0 for all z € C with |z| < 1,
it can be shown that ¥ can be selected so that the
process is stationary, i.e. for all #: X, ~ N (0, X). Let
¥, :=Cov(Xo, X;), where X( := X. A simple calcu-
lation under the lag-1 autoregressive model leads to the
following Yule—-Walker equation: X; := XA’ for any
i € N. A special case of the above equation with i = 1
yields that

(1.5) A=3,'%.

Assume that the data (X1,..., X7) follow the lag-1
autoregressive model. By equation (1.5), Han, Lu and
Liu (2015) proposed the following estimator of A in
the high-dimensional setting

K:argmin Z M|
(1.6) MeR 1 <j k<d

subject to || SoM — S [lmax < A,

where A > 0 is a tuning parameter, Sy =
7'y X, X and $1 = (T - D7'Y L x, XL
are estimators of Xy and X, respectively, and T is
the number of observations. In this case, we have that

t({ X}, M) = SoM — Sy, and E¢(M) = ZoM — X;.
1.2 Related Methods

Having explored a few examples falling into the es-
timating equation framework (1.1), we move on to out-
line some related works on high-dimensional infer-
ence. Recently, significant progress has been made to-
ward understanding the post-regularization inference
for the LASSO estimator in the linear and general-
ized linear models. For instance, Lockhart et al. (2014),
Taylor et al. (2014), Lee et al. (2013), Tian and Taylor
(2018) suggested conditional tests based on covariates
which have been selected by the LASSO. We stress the
fact that this type of tests are of fundamentally different
nature compared to our work.

Another important class of methods is based on the
bias correction of L or nonconvex regularized estima-
tors. In particular, Zhang and Zhang (2014) proposed
the low dimensional projection estimator (LDPE) for
the inference in linear models. The method is further
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extended by Belloni, Chernozhukov and Wei (2013),
van de Geer et al. (2014) to the generalized linear mod-
els. Recently, Ning and Liu (2014, 2017) proposed a
decorrelated score test in a likelihood based frame-
work. The difference between our method and this
class of methods will be discussed in more detail in
the next section. It is also worth mentioning two re-
cent papers focusing on linear models; Zhu and Bradic
(2016), Cai and Guo (2017). These papers set out to
understand how to perform a more general testing of
projections on a potentially dense loading vector in the
linear model. In contrast, our work considers the infer-
ence on the component of 8, which is a special case of
the aforementioned papers, but handles the more gen-
eral setting of estimating equations.

A different score related approach is considered by
Voorman, Shojaie and Witten (2014), which is test-
ing a null hypothesis depending on the tuning parame-
ter, and hence differs from our work. For the noncon-
vex penalty, under the oracle properties, the asymptotic
normality property of the estimators is established by
Fan and Lv (2011), which requires strong conditions,
such as the minimal signal condition. In contrast, our
work does not rely on oracle properties or variable se-
lection consistency. P-values and confidence intervals
based on sample splitting and subsampling are sug-
gested by Meinshausen, Meier and Biithlmann (2009),
Meinshausen and Biihlmann (2010), Shah and Sam-
worth (2013), Wasserman and Roeder (2009). How-
ever, the sample splitting procedures may lead to cer-
tain efficiency loss. In a recent paper by Lu et al.
(2015), the authors developed a new inferential method
based on a variational inequality technique for the
LASSO procedure which provably produces valid con-
fidence regions. In contrast to our work, their method
needs the dimension d to be fixed, and it may not be
applicable to the inference problem based on the for-
mulation (1.1).

In addition to the above works, three relevant pa-
pers on Z-estimation are Loh (2017), Belloni, Cher-
nozhukov and Kato (2015), Belloni, Chernozhukov
and Hansen (2014). The first work considered the M-
estimators and influence function in robust regression.
The latter considers Z-estimators, establishes valid-
ity of a bootstrap procedure to construct simultaneous
confidence intervals for an increasing number of pa-
rameters, and studies in detail the LAD case. Their
approach is based on the “orthogonal moment condi-
tion,” which essentially achieves the debiasing feature
needed to obtain confidence regions despite of the high
dimensionality of the nuisance parameters.

1.3 Contributions

Our first contribution is to propose a new procedure
for high-dimensional inference in the estimating equa-
tion framework. In order to construct confidence re-
gions, our method projects the general estimating equa-
tion onto a certain sparse direction, which can be eas-
ily estimated by solving a large-scale linear program.
Thus, the proposed inferential procedure is a general
methodology and can be directly applied to many in-
ference problems, including all aforementioned exam-
ples. We note that such a projection idea is first pro-
posed by Zhang and Zhang (2014). Our method is dif-
ferent in that it directly targets the influence function
of the estimating equation. Below we highlight the dif-
ferences between our method and Zhang and Zhang
(2014), Ning and Liu (2014, 2017).

In the linear model setting, Zhang and Zhang (2014)
search for a projection direction which coincides with
the least squares score equation for the parameter of
interest 6, that is, they aim to estimate a vector w
satisfying w? (¥ — 6X,1) = 0. Specifically, they esti-
mate w by approximately solving w/ X, _; ~ 0. In the
present paper, we propose a different estimate of w,
which satisfies the same condition. More importantly,
we extend this idea to general estimating equation set-
tings and provide a very natural and compelling moti-
vation based on influence function expansions. Ning
and Liu (2014, 2017) define the decorrelated score
function n=! Y7 [34(Z;, B)/30 —wT 34(Z;, B)/dy],
where £(Z;, f) is the log-likelihood for data Z;, and
wl30(Z;, B)/dy is the sparse projection of the §-score
function 94(Z;,B)/06 to the (d — 1)-dimensional
nuisance score space span{df(Z;, )/dy}. While the
score function can be treated as a special case of esti-
mating equation, such a construction cannot be directly
extended to general estimating equations. The reason
is that it is unclear how to disentangle the estimating
equation for the parameter of interest and the space of
nuisance estimating equations and, therefore, the pro-
jection method in Ning and Liu (2014, 2017) is not
applicable. To address this challenge, motivated from
the classical influence function representation, we pro-
pose a different projection approach, which directly
estimates the influence function of the equation.

Our second contribution is to establish a unified Z-
estimation theory of confidence intervals. In particu-
lar, we construct a Z-estimator 6 that is consistent and
asymptotically normal, and its asymptotic variance can
be consistently estimated. Furthermore, the pointwise
asymptotic normality results can be strengthened by



INFERENCE FOR HIGH-DIMENSIONAL ESTIMATING EQUATIONS 431

showing that 6 is uniformly asymptotically normal for
B* belonging to a certain parameter space (deferred
to the Supplementary Material, Neykov et al., 2018).
Moreover, owing to the flexibility of the estimating
equations framework, we are able to push the theory
through for non-i.i.d. data, relaxing the assumptions
made in most existing work. In terms of relative ef-
ficiency, when the estimating equation corresponds to
the score function, our estimator 8 is semiparametri-
cally efficient. The theoretical properties of hypothesis
tests have also been established, but for space limita-
tions the proofs will be omitted and can be provided by
the authors upon request.

Our third contribution is to apply the proposed
framework to establish theoretical results for the pre-
vious motivating examples including the noisy com-
pressed sensing with moment condition, instrumen-
tal variable regression, graphical models, transellipti-
cal graphical models, linear discriminant analysis and
vector autoregressive models. To the best of our knowl-
edge, many of the aforementioned problems (e.g., in-
strumental variables regression, linear discriminant
analysis and vector autoregressive models) have not
been equipped with any inferential procedures.

Finally, we further emphasize the difference between
our method and the class of methods based on the
bias correction of regularized estimators. Compared to
these methods in Zhang and Zhang (2014), Javanmard
and Montanari (2014), van de Geer et al. (2014), Ning
and Liu (2017), our framework differs in the follow-
ing three aspects. First, all of the above propositions
start from a likelihood, or more generally a loss func-
tion. In contrast, our framework directly handles the
estimating equations and is likelihood-free, enabling us
to perform inference in many examples (e.g., the mo-
tivating examples discussed in Section 1.1) where the
likelihood or the loss function is unavailable or difficult
to formulate. For instance, in the instrumental variable
regression it is not clear how to devise a loss function,
while the problem naturally falls into the realm of esti-
mating equations. This leads to different methodologi-
cal development from the previous work, which will be
explained later in detail. Second, some of the existing
work is only tailored for the linear and generalized lin-
ear models. In contrast, our framework covers a much
broader class of statistical models specified by estimat-
ing equations, such as linear discriminant analysis and
vector autoregressive models whose inferential proper-
ties have not been studied before. Third, the estimating
equation framework gives us more flexibility to handle
dependent data, whereas the existing work requires the
data to be independent.

1.4 Organization of the Paper

The paper is organized as follows. In Section 2, we
propose our generic inferential procedure for high-
dimensional estimating equations, and layout the foun-
dations of the general theoretical framework. In Sec-
tion 4, we apply the general theory to study the
motivating examples including the Dantzig selector, in-
strumental variables regression, graphical models, dis-
criminant analysis and autoregressive models. Numer-
ical studies and a real data analysis are presented in
Section 5, and a discussion is provided in Section 6.

1.5 Notation

The following notation is used throughout the pa-
per. For a vector v = (vq, ou! e RY, let Ivilg =
(L vh4,1 < g < oo, |IVlo = | supp(v)|, where
supp(v) = {j : vj # 0}, and |A| denotes the cardinal-
ity of a set A. Furthermore, let ||v|| oo = max; |v;|. For
a matrix M, denote with My; and M, the jth col-
umn and row of M correspondingly. Moreover, let
Mllmax = max;; [M;;], IMll, = maxjy,=1 [Mv],
for p > 1. If M is positive semidefinite let Apax (M)
and Apin(M) denote the largest and smallest eigen-
values correspondingly. For a set S C {1,...,d} let
vs ={v;: j € S} and S° be the complement of S. We
denote with ¢, ®, ® the p.d.f., c.d.f. and tail probabil-
ity of a standard normal random variable correspond-
ingly. Furthermore, we will use ~~ to denote weak con-
vergence.

For a random variable X, we define its ¥, norm for
any £ > 1 as

(A7) Xl =sup p~E(BIX|P)!7.
p=1

In the present paper, we mainly use the | and v
norms. Random variables with bounded | and v
norms are called subexponential and sub-Gaussian
correspondingly (Vershynin, 2012). It can be shown
that a random variable is subexponential if there ex-
ists a constant K| > 0 such that P(| X| > ¢) <exp(l —
t/Ky) forall r > 0. Similarly, a random variable is sub-
Gaussian, if there exists a K> > 0 such that P(|X| >
1) <exp(l — t2/K22) for all + > 0. Finally, for two
sequences of positive numbers {a,} and {b,} we will
write a, < b, if there exist positive constants ¢, C > 0
such that limsup,, a, /b, < C and liminf, a, /b, > c.

2. HIGH-DIMENSIONAL ESTIMATING EQUATIONS

In this section, we present the intuition behind the
construction of our projection, and formulate the main
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results of our theory. Recall that B = (0, y) € R,
where 6 is a univariate parameter of interest and y is
a (d — 1)-dimensional nuisance parameter. We are in-
terested in constructing a confidence interval for 6. In
fact, our results can be extended in a simple manner
to cases with @ being a finite and fixed-dimensional
vector, but we do not pursue this development in the
present manuscript. Throughout the paper, we assume
without loss of generality that 6 is the first component
of 8.

In the conventional framework, where the dimen-
sion d is fixed and less than the sample size n, one
can estimate the d-dimensional parameter 8 by the Z-
estimator, which is the root (assumed to exist) of the
following system of d equations (Godambe, 1991):

2.1) t(Z, B) = 0.

Under certain regularity conditions, the Z-estimator is
consistent, and one has the following influence func-
tion expansion of the parameter 6, where ﬁ = (@, )
is the solution to (2.1) (Newey and McFadden, 1994,
van der Vaart, 1998):

V(B —0%) = —/n[ Ex(8*)]1, t(Z. B)
+o,(1).

In the preceding display, we assume ET(f) :=
lim,_ o ET(Z, B)? is invertible, where T(Z, B) :=
%t(Z, B). It is noteworthy to observe that in contrast
to the Hessian matrix of the log-likelihood (or more
generally any smooth loss function), the Jacobian ma-
trix T(Z, B) need not be symmetric in general (refer to
the IVR model for an example). Under further condi-
tions, the right-hand side of (2.2) converges to a normal
distribution, hence guaranteeing the asymptotic nor-
mality of the estimator 6.

In the case when d > n, the estimating equation (2.1)
is ill-posed as one has more parameters than samples,
resulting in multiple solutions for . To deal with such
situations, under the sparsity assumption on B*, we
solve the constrained optimization program (1.1):

B = argmin || B
which is the first stage of our algorithm. Due to the
constraint in (1.1), the limiting distribution of the es-
timator B, and 0 in particular, becomes intractable as
expansion (2.2) is no longer valid. Hence, instead of
focusing on the left-hand side of (2.2), in order to
construct a theoretically tractable estimator of 6 we

(2.2)

subject to [t(Z, B) |, < A,

2Recall that such limits are taken with the current d fixed.

consider a direct approach by estimating the influence
function on the right-hand side. Emulating expression
(2.2), we propose the following projected estimating
function along the direction V:

SB) =vV"t(Z, B),

where V is defined as the solution to the optimization
problem

V= argmin ||v||;
(2.3) . - )
such that |[v' T(Z, B) —ei |, <)

In (2.3), 1/ is an additional tuning parameter, and e
is a d-dimensional row vector (1,0, ..., 0), where the
position of 1 corresponds to that of 8 among . It is
easily seen that ¥/ is a natural estimator of v*7 :=
[ET (,3*)]1;1 in the high-dimensional setting, which is
an essential term in the right-hand side of (2.2). Thus,
§(ﬁ) can be viewed as an estimate of the influence
function for estimating 6 in high dimensions. To bet-
ter understand our method, consider the linear model
example. In this case, we have

SB)=n"V"X"(XB-Y),
where
V=argmin||v|; suchthat [v' X, —e;|_ <

We can see that V corresponds to the first column of the
CLIME estimator for the inverse covariance matrix of
X;.

We emphasize that the construction of V does not de-
pend on knowing which is the estimating equation for
6 and which is the nuisance estimating equation space,
and thus the projection is different from the decorre-
lated score method in Ning and Liu (2017). In fact, the
lack of a valid loss (or likelihood) function correspond-
ing to the general estimating equations is the main dif-
ficulty for applying the existing likelihood based infer-
ence methods.

Recall that § = @, ¥). By plugging in the estimator
7, we obtain the projected estimating equation S(6, )
for the parameter of interest 6. Similar to the classical
estimating equation approach, we propose to estimate
6 by a Z-estimator 6, which is the root of S(8, y)=0.
In practice, we can solve 6 by the standard Newton—
Raphson algorithm. When 6 is multidimensional, the
Newton—Raphson algorithm may require more compu-
tational cost. In the following section, we lay out the
foundations of a unified theory guaranteeing that the
estimator 6 is asymptotically normal.

We conclude this section by summarizing our two-
step procedure in the Algorithm 1.
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Algorithm 1 Test Statistic for High-Dimensional Esti-
mating Equations

Input: Data {Z;}?_,, Equation t; Tuning parameters
A,

1. Solve the optimization problem (1.1), to obtain an
estimate :

-~

B = argmin || 81|
subject to [t(Z, B)|| , < A;

2. Calculate the projection direction ¥/ through the
following optimization based on (2.3):

V = argmin ||v]|;
such that [V T(Z, B) —e1 |, < 1;

3. Output the sparse projected test function §(ﬂ) =
vIt(Z, B). Solve

S©6,7)=0

to obtain the corrected estimate 6. (¥ is directly ob-
tained from the first step estimate 8.)

REMARK 1. Before we move to lay out our frame-
work, we remark that the tests we develop are for
one parameter only. They can be easily generalized to
the setting with fixed dimensional parameters. In cases
when one is interested in performing multiple testing
with an increasing number of parameters, then differ-
ent strategies such as the multiplied bootstrap devel-
oped by Chernozhukov, Chetverikov and Kato (2014)
can be applied.

3. A GENERAL THEORETICAL FRAMEWORK

In this section, we provide generic sufficient con-
ditions which guarantee the existence and asymptotic
normality of 6, which is the root of

S06,7)=0,

as defined in Algorithm 1. Here, ¥ is directly obtained
from the B estimate of optimization (1.1). Due to space
limitations, we only present results on the confidence
intervals, and the results on uniformly valid confidence
intervals are deferred to the Supplementary Material.
The results and proofs on hypothesis testing can be ob-
tained from the authors upon request.

We assume that t(Z, f) is twice differentiable in f.
Recall that we further require 8* to be the unique solu-
tion to E¢(B) =0, where E¢(B) = lim,,— oo Et(Z, B) is

the limiting value of [Et(Z, 8) as we hold d fixed to its
present value. For any B, we let S(B) := v*Tt(Z, B),
where v*T := [ET(B*)]I_*I. Let Pg be the probability
measure under the parameter 8. We use the shorthand
notation P* = Pﬂ*, to indicate the measure under the
true parameter B*. For any vector B = (0, y), we use
the following shorthand notation B = @, y) to indi-
cate that 6 is replaced by 6. Before we proceed to de-
fine our abstract assumptions and present the results,
we first motivate them and give an informal descrip-
tion below.

3.1 Motivation and Informal Description

Throughout this section, we build our theory based
on the premisses that the estimators ﬁ and V can be
shown to be L consistent, that is, ||E —B*h = op(1)
and ||V — v*||; = 0,(1). This is expected to hold for
estimators solving programs (1.1) and (2.3) owing to
the fact that both programs aim to minimize the L
norm of the parameters. The L consistency [see (3.5)]
is central in what follows. Under this presumption, the
key idea in our theory is the successful control of the
deviations of the “plug-in” equation 506,9) = §(ﬁ9)
about the equation S(0, y*) = S(Bj) [recall S(Bj) =
vTH(Z, B%)], that is, we aim to establish §(Z§9) =
Sy + op(1). By the mean value theorem,

S(By) =S(B%) +3"T(Z., B,)(By — B)
+(V-v)"HZ, B}).

where Ev is a point on the line segment joining 39
with 8. Owing to the L consistency of V and B.(3.1)
can indeed be rewritten in the form §(39) =S(B}) +
0,(1), provided that |[¥'T(Z, B,)[l = O,(1) and
It(Z, B5)lloc = Op(1). A sufficient and also sensible
condition for these bounds, is to desiie It(Z, B}) —
EiBllcc = 0p(1), and [V T(Z,B,) — v*T x
Er(B))lloc = 0p(1), where E¢(B}) and Et(Bj) are
the limiting expected values of t(Z, B;) and vI'T(Z,
BU), respectively. It is therefore rational to believe that
the latter L,-norms converge to 0; see Assumption 1.
Furthermore, to show /n consistency of the equations
one needs to require an additional scaling condition on
the latter convergence rates; see (3.8).

3.2 Main Results

We now formalize our intuition above by requiring
the following assumption.
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ASSUMPTION 1 (Concentration). There exists a
neighborhood Ny« of 8*, such that, for all § € N+,

Jim (162, 85) = E(B]) oo < r1(0.0)

(3.2
Jlim P(\v*TH(Z, B5) — v E(BF)| < r2(n. 6))
(3.3)
=1,
Jim P sup [¥77(2. B.)
vell,
(3.4)

~ VT Er(B)] o <r3(n,0)) =1,

where B, = vB, + (1 — v)B5, SUPpe . max(ri(n, 0),
r(n,0),r3(n,0)) = o(l), and the following condition
holds:

sup | E(B3)], < oo,

GENQ*

sup [V [Ex(BF)]_ ] o < o0,

ENg*
where [A]_| represents a submatrix of A with the first
column removed.

Condition (3.2) means that the equation t(Z, 8j)
concentrates on its limiting value E¢(B}) for any 6 in
a small neighborhood of 6*. Similarly, condition (3.3)
implies that the projection of the estimating equation
on v* also concentrates on its limiting value locally
around 6%, and is automatically implied by (3.2) when
[v*[l1 = O(1). Finally, condition (3.4) means that the
projection of the Jacobian matrix T(Z, 8,) on V con-
centrates on its limiting value v*7 ET(B}) in a neigh-
borhood of 8*. These conditions are mild, and can be
validated for all examples we consider. The two extra
boundedness assumptions ensure that the limiting ex-
pected values of the estimating function and its deriva-
tive projected on the sparse direction v* do not blow up
in a neighborhood of 6%, that is, the estimating function
behaves nicely around the true solution.

ASSUMPTION 2 (L Consistency). Let the estima-

tors B and V satisfy

Tim P*(|B = B*], <ra(m) =1,
(3.5

Tim PH(|¥ = v, < rs(m) =1,

where max(r4(n), rs(n)) = o(1).

As mentioned previously, (3.5) is expected to hold
due to the formulations of (1.1) and (2.3). In particular,
(3.5) has been verified for all examples we consider.

Assumptions 1 and 2 suffice to show the following con-
sistency result.

THEOREM |1 (Consistency). Let the (stochastic)
map 0 — E(BQ) be either continuous or nondecreas-
ing, and has a single root 6. Furthermore, suppose
that, for any ¢ > 0,

(3.6)  VT[E(Bh_.) v [Et(Bseye)] <O.

Under Assumptions 1 and 2, we have that

lim P*(|§ —6*| > &) =0.
n—oo

Condition (3.6) implies that the scalars
v‘T[E«(B}._,)] and V*T[Et(ﬂ§*+e)] have opposite
signs for all € > 0, which in turn guarantees that 0* is a
unique root of the map v [E¢(B})]. Hence under (3.6)
the population equation §(ﬁ9) is unbiased. The con-
dition (3.6) holds for numerous examples and is also
commonly used in the classical asymptotic theory; see
Section 5 of van der Vaart (1998). In fact, the conclu-
sion of Theorem 1 remains valid if one solves the equa-
tion approximately in the sense that §(~,l¥§) =o0p(1). To
establish the asymptotic normality of 6, we require the
following assumptions.

ASSUMPTION 3 (CLT). Assume that for o2 =
v*T X v*, it holds that

o~ nl28(8*) ~ N (0, 1),

where X = lim,,_, oo n Covt(Z, B*), and assume that
02> C > 0 for some constant C.

Assumption 3 ensures that the right-hand side of ex-
pansion (3.1) converges to a normal distribution when
scaled appropriately. This CLT condition is mild and
in many cases will hold true. For example, the CLT
will hold whenever the equation t(Z, 8*) is an aver-
age of i.i.d. terms (modulo verifying Lyapunov or Lin-
deberg conditions). This is the case since the function
S(B*) =vTt(Z, B*) will naturally decompose to av-
erage of i.i.d. terms in such a situation. For some types
of dependent data, Assumption 3 holds by applying the
martingale central limit theorem (e.g., autoregressive
models). Thus, one of the advantages of our frame-
work is that we can handle dependent data, which are
not covered by the existing methods. We show such an
example in Section 4.4.

ASSUMPTION 4 (Bounded Jacobian Derivative).
Suppose there exists a constant y > 0 such that

0
(3.7) vT@[T(z, O, )] | = v @),
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for any v and B satisfying ||v — v*||; <y and || —
B*Il1 <y, where ¥ : R"*? — R is an integrable func-
tion with E*yr(Z) < oc.

Inequality (3.7) is a technical condition ensuring that
vTaa—e[T(Z, B)]«1 is bounded by an integrable func-
tion in a small neighborhood, and hence does not be-
have too erratically, so that the dominated convergence
theorem can be applied. This is a standard condition,
which is also assumed in Theorem 5.41 of van der
Vaart (1998) to establish the asymptotic normality of
Z-estimator in the classical low dimensional regime. It
is easily seen that this condition is mild and holds for
linear estimating equations.

ASSUMPTION 5 (Scaling). Assume the conver-
gence rates in Assumptions 1 and 2 satisfy

nl/z(r4(n)r3 (n,0%) 4+ rs(n)ri(n,0%))
=o(1).

Assumption 5 is a technical condition, which says
that the multiplication of the estimation errors of y
(or V) by the error of the concentration inequalities
(Assumption 1) is negligible in the bias of the final
estimate 6. This assumption is crucial for the n'/2-
consistency of 9 , and can be verified in all of our exam-
ples. We are now in a position to state the main result
of this section.

(3.8)

THEOREM 2 (Asymptotic Normality). Assume the
conditions from Theorem 1 and Assumptions 3, 4 and 5
hold. If 62 is a consistent estimator of o2, then for any
t e R, we have

lim |[P*(U, <1t) — ()| =0
n—0o0
. 12
where U, = ?(9 —6%).

Some generic sufficient conditions for the consis-
tency of & are shown in Proposition B.1 in Section B.1
of the Supplementary Material. In our examples, we
will develop consistent estimates of the variance o2
case by case. Given a consistent estimator 52, Theo-
rem 2 implies that we can construct a (1 — )% confi-
dence interval of 6* in the following way:

lim P*(6* e [0 — @' (1 —a/2)5/v/n,

(3.9) 6+ o' (1 —a/2)5/n))
=1—-q.

We now note a property of our estimator 6 in
cases when the estimating equation comes from a log-
likelihood, that is, t(Z, 8) = n=! Y'_, h(Z;, B) with

h(Z;, B) being the gradient of the log-likelihood for
Z;. Denote H(Z, ) = %h(l, B). According to the
information identity —EH(Z, 8*) = Covh(Z, B*), we
have v*T Xv* = (£71);,. In this case, the Z-estimator
g is efficient (van der Vaart, 1998), because the vari-
ance (2*1)11 coincides with the inverse of the infor-

mation bound for 6.

4. IMPLICATIONS OF THE GENERAL
THEORETICAL FRAMEWORK

In this section, we apply the general theory of Sec-
tion 3 to the motivating examples we listed in the In-
troduction.

4.1 Linear Model and Instrumental Variables
Regression

In this section, we consider the linear model via
Dantzig selector and the instrumental variables regres-
sion. As seen in the Introduction, the instrumental vari-
ables regression can be viewed as a generalization of
the linear regression, by substituting W = X. For sim-
plicity, we only present the results for the linear regres-
sion and defer the development of the inference theory
for instrumental variables regression to Appendix C of
Supplementary Material.

Recall that 8 := (0, ), and let X, = n1XTX be
the empirical estimator of the second moment matrix
Y x. Our goal is to construct confidence intervals for
the parameter 6. In the linear regression case, we can
easily show that §(}3) reduces to

SB)=n""X"(XB-Y),
where

V = argmin ||v||;
4.1) ) r ,
subject to |[v' X, —eq | <A/,

is an estimator of v* = Z}lelT. We impose the follow-
ing assumption.

ASSUMPTION 6. Assume that the error ¢ :=Y —
XTB* and the predictor X are both coordinate-wise
sub-Gaussian, that is,

lelly, :== K <00, Slup 0 1 Xlly, :=Kx < o0,

for some fixed constants K, Kx > 0. Furthermore, as-
sume that the variance Var(e) > C, > 0, the random
variables ¢ and X are independent, and the second mo-
ment matrix X x satisfies Apyin(ZXx) > 6 > 0, where 6
is some fixed constant.
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While assumption that the smallest eigenvalue of X x
is bounded away from 0 could be somewhat restrictive
given that the dimension of Xy is allowed to increase,
it ensures that the second moment matrix of the covari-
ates is nondegenerate. To construct confidence inter-
vals for 8, we consider l7n = Z*1n1/2(0~— 0*), where
6 is defined as the solution to S(6, ¥) =0, and

n
42  A:=v'z,w Y (vi - xTB)’,
i=1

is an estimator of the asymptotic variance A :=
v*T' X xv* Var(e). In high-dimensional models, it is of-
ten reasonable to assume that the vector B* is sparse.
Additionally, if we are in a setting where X is ex-
pected to be conditionally uncorrelated with many en-
tries of the vector X _, it is also reasonable to postu-
late that v* is sparse. Let s and sy denote the sparsity
of B* and v* correspondingly, that is, ||8*||o = s and
[v¥|lo = sy. The next corollary of the general Theo-
rem 2 shows the asymptotic normality of U, in linear
models. To simplify the presentation of our result, we
will assume that || v*||; is bounded, although this is not
needed in our proofs.

COROLLARY 1.
and

max (sy, s)logd /+/n = o(1),

Then with A < /logd/n and )" <
fies, forany t € R,

lim [P*(U, <1) — ®(1))| =

n—oo

Assume that Condition 6 holds,

J91ogd/n=o0(1).

Jlogd/n, U, satis-

The proof of Corollary 1 can be found in Ap-
pendix F of the Supplementary Material. The condi-
tions in Corollary 1 agree with the existing conditions
in Zhang and Zhang (2014), van de Geer et al. (2014).
In fact, under the additional assumption s3/ n=o(),
we can show that U, is uniformly asymptotically nor-
mal; see Remark F.1 of the Supplementary Material.
Finally, we comment that a similar asymptotic normal-
ity result under the instrumental variables regression is
shown in Corollary C.1 of the Supplementary Material.

4.2 Graphical Models

We begin with introducing several assumptions
which we need throughout the development. First, let
Y x satisfy Agin(Xx) > 6 > 0, where § is some fixed
constant. Similar to Section 4.1, we assume that X is
coordinatewise sub-Gaussian, that is,

4.3) Ky := max
Jjell,...d}

.....

1 X lly, < o0,

for some fixed constant Ky > 0. Our goal is to con-
struct confidence intervals for a component of %,
where €% = (Xx)~!. Without loss of generality, we
focus on the parameter Q7, for some m € {1,...,d}.
When X are coming from a Gaussian distribution, the
confidence intervals for Q7, provide uncertainty as-
sessment on whether X is independent of X, given
the rest of the variables.

There are a number of recent works considering
the inferential problems for Gaussian graphical models
(Jankova and van de Geer, 2015, Chen et al., 2016, Ren
et al., 2015, Liu, 2013) and Gaussian copula graphi-
cal models (Gu et al., 2015, Barber and Kolar, 2015).
Our framework differs from these existing procedures
in the following two aspects. First, our method is based
on the estimating equations rather than the likelihood
and (node-wise) pseudo-likelihood. Second, we only
require each component of X is sub-Gaussian, whereas
the majority of the existing methods require the data to
be sampled from Gaussian or Gaussian copula distri-
butions.

Let B* := @}, , be the mth column of *. Then the
CLIME estimator of 8* given by (1.2) reduces to

subject to | X, 8 — el <a,

m oo

B = argmin || 8]

where e! is a unit column vector with 1 in the mth po-

sition and O otherwise. Phrasing this problem in the ter-
minology of Section 3 we can construct d estimating
equations: t(X, ) =X, 8 — e . Let us decompose the
vector 8 as 8 := (0, y). Then the projected estimating
equation for 6 is given by

S(B)=V"(Z.B —e),

where

~

vV = argmin ||v||;
4.4) - )
such that [v' X, —e|| <1’

Here, Vv is an estimate of v* := ()3;();11 = SZ:I. No-
tice that, due to the symmetry of E and v, if we take
A =1/, it suffices to simply solve the CLIME optimiza-
tion (1. 2) once in order to evaluate S(ﬁ) as B = R,
and Vv = . This pleasant consequence for CLIME
shows that in this special case the number of tuning
parameters in the generic procedure described in Sec-
tion 2 can be reduced to 1, and hence the computation
is simplified.

The solution 8 to the equation 5@, y) = 0 has the
following closed form expression:

7

(4.5) 5:@——i?£—fl
Vi X k1
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To establish the asymptotic normality of g, we impose
the following assumption.

ASSUMPTION 7.
such that

A> aminH,B*H%HV* ||§ where A = Var(v*T X X7 8%).

There exists a constant i, > 0

We note that Assumption 7 is natural. For example,
when X ~ N (0, Xx), Isserlis’ theorem yields that for
any two vectors & and 0,

(§"=x£)(07=x0) +
> A2 (Zx)IE113110113,

which clearly implies Assumption 7, if Arznln(Z x) is
lower bounded by a constant.

Denote ||*|lo = s and ||[v*||p = sy. To simplify the
presentation of our result, we will assume that ||[v*||;
and ||B*||; are bounded quantities, although this is not
needed in our proofs. The following corollary yields
the asymptotic normality of U, =A"12p=1/2(5 —6%),
where A :=n 12” LT (X, XT ) )/8)2 is an esti-
mator of A.

Var(6TXX70) = (E"xx0)*

COROLLARY 2. Let Assumption 7 and (4.3) hold.
Furthermore, assume that

max(s s )logdlog(nd)/n =o(1),
(4.6) o
dk > 2: (svs) /n =o(1),

and Var(V’TXXT B*)?) = o(n), EvTXXTB*)? =
O(1). Let the tuning parameters be A < \/logd/n and
= /logd/n. Then for all t € R,

. * = _
nlggoﬂp U, <t)—®@)|=0.

The proof of Corollary 2 can be found in Appendix H
of the Supplementary Material. In addition, we pro-
vide a stronger result on uniform confidence intervals
for 6 in Corollary H.1 of the Supplementary Material.
Once again, the first part of condition (4.6) agrees with
Ren et al. (2015), Liu (2013). In addition, when the
data are known to be Gaussian one could use the alter-
native estimator A := 7 Em + U 31 of A, which can
also be shown to be consistent under the assumption
max(sy, s)+/logd/n = o(1). The second part of con-
dition (4.6) is mild, since it is only slightly stronger
than n~lsys = o(1). Unlike Jankov4 and van de Geer
(2015), we do not assume irrepresentable conditions.

REMARK 2 (Transelliptical Graphical Models). Our
estimating equation based methods for constructing
confidence intervals can be extended to transelliptical

graphical models (Liu, Han and Zhang, 2012). The key
idea is to replace the same covariance matrix X, in
(1.2) and (4.4) by

(T .
St _ =81n(5rjk), J#k;
k=

1, Jj =k,
where
. 2
Tif = ———
K= wm =1
X Z sign((X;; — Xy ) (Xik — Xir))-
1<i<i’<n

Similar to Corollary 2, the asymptotic normality of the
estimator 6 is established. The details are shown in Ap-
pendix D of the Supplementary Material.

4.3 Sparse Linear Discriminant Analysis

In this section, we consider an application of the
general theory to the sparse linear discriminant analy-
sis problem. The consistency and rates of convergence
of the classification rule 17} (0) (1.4) have been estab-
lished by Cai and Liu (2011) in the high-dimensional
setting. In the following, we apply the theory of Sec-
tion 3 to construct confidence intervals for 6, where 6
is the first component of B, that is, § = (0, y). Note
that if & = 0, then it implies that the first feature of O
is not needed in the Bayes’ rule ¥ (Q). Hence, our pro-
cedure can be used to assess whether a certain feature
is significant in the classification.

By the identity B* = R§, we can construct the
d-dimensional estimating equations t((X,Y), ) =
s, B — (X —Y). Then the projected estimating equa-
tion for 6 is given by

SB) =V'(2.8 - (X —Y)),

where

V=argmin|v|l; such that [v/ E, —e/| <,

is an estimator of v* = (Z_l)*l. Solving the equation
§(9, y) = 0 gives us the Z-estimator 6. To establish the
asymptotic normality of 6, we impose the following
assumption.

ASSUMPTION 8. Assume that U satisfies the fol-
lowing moment assumption:

Var(vTUUT B*) = Vinin|V*]3] 873

where Vpip is a positive constant. In addition, let Ky =
maxe(i,..d) |Ujlly, < oo.

.....
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As seen in the comments on Assumption 7, we
can similarly show that Assumption 8 holds if U ~
N(0,X) and kﬁlin(Z) is lower bounded by a pos-
itive constant. We define V; := Var(v*TUUT B* +
o~ VTU), Vo :=Var(vTUUT B* — (1 — )~ 'V D),
where ’;l—l =« + o(1) for some 0 < o < 1. Denote

4.7) A=aVi+(1—a)V,

and U, := A~1/2p1/2(§ — 9*), where A is some con-
sistent estimator of A. The explicit form of A is com-
plicated, and we defer its expression to Appendix I of
the Supplementary Material. Denote ||f*||o = s and
[[v*]lo = sy. Once again for simplicity of the presen-
tation we assume that ||v*||; and ||8*||; are bounded.
We obtain the following asymptotic normality result.

COROLLARY 3. Assume that lpmin(X) > § for
some constant § > 0, and let Assumption 8 hold. If

max(sy, s)logd /</n = o(1)
Jk > 2: (sv8)/n* = 0(1),
holds and A\ =< \/logd/n and \' < \/logd/n, then for

eacht € R:
lim |P*(U, < 1) — ®(1)| =0.
n—o0

4.8)

The second part of (4.8) is similar to that in Corol-
lary 2, which is used to establish the Lyapunov’s condi-
tion for central limit theorem. The proof of Corollary 3
can be found in Appendix I of the Supplementary Ma-
terial.

4.4 Stationary Vector Autoregressive Models

In this section, we develop inferential methods for
the lag-1 vector autoregressive models considered in
the Introduction. To this end, we remind the reader
some of the notation; for the full notation, please refer
to page 4. Let {X;}{2_ be a stationary sequence of
mean 0 random vectors in R¢ with covariance matrix
¥ which is assumed to follow a lag-1 autoregressive
model

X, =ATX,_.\+W,, teZ:={..,—-1,0,1,....},

where A is a d x d transition matrix, and the noise vec-
tors W, are i.i.d. with W, ~ N (0, ¥) and independent
of the history {X}s~;. Let B* = A, that is, the mth
column of A, be the parameter of interest.

The estimator (1.6) of B* reduces to

B = argmin |||,
(4.9) BeRe
subject to [|SoB — S1.smlloo < A,

where A > 0 is a tuning parameter, So = T~! x
Y XX and S, = (T - D' Y/ X, X0, In
terms of our notation, we have that t({X ,}[T=1, B) =
SoB — S1.4m» and E¢(M) = £oB — X{ 4, Where re-
call that ¥y = Cov(Xg, Xg) = X and X| = Cov(Xy,
X1).

Han, Lu and Liu (2015) showed that procedure (4.9)
consistently estimates 8 under certain sparsity assump-
tions. In the following, we apply our method to con-
struct confidence intervals for 6, where 6 is the first
component of B, that is, 8 = (6, y). Following Algo-
rithm 1, the projected estimating equation for 0 is given
by

SB) =V (SoB — S1.4m);
where

V=min ||v|; subjectto v/ So—ei| <V,
veRd

s an estima}pr of viT = (Zal)l*. Define 6 to be the
solution to S(#, ) = 0. Note that in this framework
the estimating equation t(X, 8) = Sof8 — S1,xm decom-
poses into a sum of dependent random variables. To
handle this challenge, our main technical tool is the
martingale central limit theorem and concentration in-
equalities for dependent random variables.

In the following, we will show that T1/2 (5 —60%) con-
verges to N (0, A) in distribution, where

(4.10) A=, v Tovr.

Recall that ¥ is the covariance of the noise vec-
tors W; as introduced in the beginning of the sec-
tion. In the Appendix, we argue that \V,,,, is well es-

timated by So_mm — BTSoﬁ. Hence let A = (So.mm —

ETSOE)(VTSO?) be an estimator of the asymptotic
variance A, and define

0, = A-\2T12(F — p%).

To establish the asymptotic normality of 6 (or equiva-
lently of U, ), we define the following classes of matri-
ces:

M(s) :={MeR™: max |M.;llo <s, Ml < M,
l<j=d

M2 < 1 - e},

L:={MeR”: M|, <M, M| <M},

where M and 1 > ¢ > 0 are some fixed constants. We
have the following asymptotic normality result.

3Recall that subindexing a matrix with 4, indicates the mth col-
umn of this matrix.
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COROLLARY 4. Suppose %o € L,A € M(s),
min; ¥;; > C > 0 and |[v*|lo = sy. Then there ex-
ist . =< /logd/T and ) =< \/logd/T such that if
max(sy, s)logd = o(NT), we have for all t e R

lim |P*(U, <t) — ®(1)| — 0.
T—o0

Similar to Han, Lu and Liu (2015), we assume that
the matrix A belongs to M(s), for the estimation pur-
pose. The proof of Corollary 4 is given in Appendix J
of the Supplementary material. In this section, we only
discussed the lag-1 autoregressive model. As men-
tioned in Han, Lu and Liu (2015), lag- p models can be
accommodated in the current lag-1 model framework.
Thus, similar methods can be applied to construct con-
fidence intervals under the lag- p model.

5. NUMERICAL RESULTS

In this section, we present numerical results to sup-
port our theoretical claims. Numerical studies on hy-
pothesis testing are available from the authors upon re-
quest.

5.1 Linear Model

In this section, we compare our estimating equation
(EE) based procedure with two existing methods: the
desparsity (van de Geer et al., 2014) and the debias
(Javanmard and Montanari, 2014) methods in linear
models. Note that in their methods the LASSO esti-
mator is used as an initial estimator.

Our simulation setup is as follows. We first gener-
ate n = 150 observations X ~ N (0, X x), where X x is
a Toeplitz matrix with Xy ;; = p‘i_j|, i,j=1,...,d.
We consider three scenarios for the correlation param-
eter p = 0.25,0.4,0.6 and three possible values of
the dimension d = 100, 200, 500. We generate B* un-
der two settings. In the first setting, * is held fixed,
ie,B*=(1,1,1,0,...,0)7, and in the second setting
we take B* = (Uy, U, U3, 0,...,0)T, where U; fol-
lows a uniform distribution on the interval [0, 2] for
i =1,2,3. The former setting is labeled as “Dirac”
and the latter as “Uniform” in Table 1 below. Both set-
tings have three nonzero values, i.e., ||8*|lo = 3. The
outcome is generated by ¥ = X7 g* 4 &, where ¢ ~
N (0, 1). The simulations are repeated 500 times. The
tuning parameter A is selected by a 10-fold cross vali-
dation. The parameter A’ is manually set to %JbgT/n .
Although its theoretical validity has not been formally
proved we observed that the result is robust with re-
spect to the choice of A and A’. Based on the selected

A and A’, we construct the confidence intervals for the
first component of .

In Table 1, we summarize the empirical coverage
probability of 95% confidence intervals and their av-
erage lengths of our estimating equation (EE) based
method, desparsity and debias methods. We find that
the empirical coverage probability of our method is
very close to the desired nominal level. In particular,
our method tends to have shorter confidence intervals
than the existing two methods, when the dimension is
large (e.g. d = 500).

5.2 Graphical Models

In this section we compare our estimating equation
(EE) based procedure to the desparsity method pro-
posed by Jankova and van de Geer (2015) based on the
graphical LASSO. We consider two scenarios. In the
first scenario, our data generating process is similar to
Jankova and van de Geer (2015). Specifically, we con-
sider a tridiagonal precision matrix 2 with 2;; =1,i =
I,...,d and Q; ;41 = Qi41,; =p €{0.3,04} fori =
1,...,d — 1. Then we generate data from the Gaussian
graphical model X ~ N (0, 2~'). We have three set-
tings for d = 60, 70, 80, and we fix the sample size at
n = 250, which is comparable to Jankova and van de
Geer (2015). In the second scenario, we generate data
from the transelliptical graphical model. Specifically,
the latent generalized concentration matrix € is gen-
erated in the same way as in the previous scenario,
and then is normalized so that ¥ = !, satisfies
diag(X) = 1. Next, a normally distributed random vec-
tor Z is generated through Z ~ N (0, X), and is trans-
formed to a new random vector X = (X1, ..., X4),
where

X f(Z;)

" roswar

and f(¢) :=sign(¢)|¢|* is a symmetric power transfor-
mation with « = 5 and ¢(¢) is the p.d.f. of a stan-
dard normal distribution. Then X follows from the
transelliptical graphical model with the latent gener-
alized concentration matrix 2. Similarly, we consider
d =60, 70, 80, and fix the sample size at n = 250. The
simulations are repeated 500 times. The tuning param-
eters A = A’ are set equal to 0.5,/Togd/n. In the fol-
lowing, we construct confidence intervals for the pa-
rameter $213.

In Table 2, we present the empirical coverage prob-
ability of 95% confidence intervals and their average
lengths of our estimating equation (EE) based method,
and the desparsity method. As expected, under the
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TABLE 1
The empirical coverage percentages of 95% confidence intervals constructed by our estimating equation (EE) based method, desparsity and
debias methods under the linear model. The average lengths (multiplied by 100) of confidence intervals is shown in parenthesis

Uniform Dirac

d Method p=0.25 p=04 p=0.6 p=0.25 p=04 p=0.6
100 EE 94 (34) 95 (38) 95 (43) 95 (33) 96 (38) 95 (43)
desparsity 96 (37) 96 (39) 95 (44) 96 (38) 95 (39) 94 (44)

debias 95 (34) 95 (36) 94 (41) 95 (37) 94 (42) 95 (42)

200 EE 95 (33) 96 (41) 95 (45) 95 (35) 94 (41) 95 (45)
desparsity 94 (32) 95 (38) 95 (47) 95 (39) 96 (44) 96 (47)

debias 95 (38) 95 (38) 95 (43) 96 (38) 96 (42) 95 (45)

500 EE 96 (39) 96 (40) 95 (42) 95 (39) 96 (40) 95 (42)
desparsity 96 (39) 95 (42) 95 (48) 96 (43) 96 (45) 96 (48)

debias 95 (44) 95 (44) 94 (50) 95 (45) 95 (45) 94 (52)

Gaussian graphical model, the confidence intervals of
both methods have accurate empirical coverage prob-
ability and similar lengths. However, the desparsity
method which imposes the Gaussian assumption shows
significant under-coverage for the transelliptical graph-
ical model. In contrast, the proposed method preserves
the nominal coverage probability, which demonstrates
the numerical advantage of our method.

5.3 Real Data Analysis

In this section, we construct confidence regions for
the gene network from the atlas of gene expression in
the mouse aging project dataset (Zahn et al., 2007).
The same dataset has been previously analyzed in Ning
and Liu (2013), where the authors focus on a subset of
d = 37 genes belonging to the mouse vascular endothe-
lial growth factor signaling pathway in 8 tissues. The
number of replicates within each tissue is n = 40.

Our analysis proceeds conditionally on each of the 8
tissue types—Adrenal (A), Cerebrum (C), Hippocam-
pus (H), Kidney (K), Lung (L), Muscle (M), Spinal
(S), Thymus (T). Namely, for each type of tissue, we
construct the confidence intervals of each edges in the
gene network by using our method and the procedure
proposed by Jankova and van de Geer (2015). In par-
ticular, our inference is based on the approach devel-
oped in Section 4.2 with the sample covariance ma-
trix replaced by the rank covariance matrix defined in
Remark 2; see also Appendix D in the Supplementary
Material for details. The tuning parameter A is deter-
mined by the 5-fold cross-validation, under the Gaus-
sian likelihood function, for a grid of values in the in-
terval [0.3, 0.8], which is selected based on the fact
that /Togd/n ~ 0.3. The tuning parameter A" is set
to be the same as A. The tuning parameter in Jankovd
and van de Geer (2015) is selected by the same cross-
validation method.

TABLE 2
The empirical coverage probability of 95% confidence intervals constructed by our estimating equation (EE) based method and the
desparsity method under the Gaussian graphical model and transelliptical graphical model. The average length of confidence intervals is
shown in parenthesis

Gaussian Transelliptical
d Method p=03 p=04 p=03 p=04
60 EE 0.95(0.3) 0.94 (0.2) 0.93(0.3) 0.94 (0.3)
desparsity 0.95 (0.3) 0.95 (0.3) 0.80 (0.3) 0.44 (0.3)
70 EE 0.95 (0.3) 0.94 (0.2) 0.92 (0.3) 0.94 (0.3)
desparsity 0.95 (0.3) 0.96 (0.3) 0.74 (0.3) 0.47 (0.3)
80 EE 0.95 (0.3) 0.95 (0.2) 0.93 (0.3) 0.94 (0.4)
desparsity 0.94 (0.3) 0.94 (0.3) 0.70 (0.3) 0.44 (0.3)
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FIG. 1. 95% confidence intervals for the edges among the two sets of genes—Plcg2, Pla2g6 and Pla2g6 (first row) and Mapk13, Mapk14

and Mapkapk?2 (second row), within each of 8 tissues indicated by their first letter. The confidence intervals based on our EE method are
displayed in solid lines, while the intervals of Jankovd and van de Geer (2015) are displayed in dashed lines.

To perform the comparison, we consider 2 sets of
genes which have been shown to be associated by biol-
ogists. The first set of genes—Pla2g6, Ptk2 and Plcg2,
comes from the group of PLC-y genes in the PKC-
dependent pathway, and is crucial for ERK phosphory-
lation and proliferation (Holmes et al., 2007). The sec-
ond set of genes is comprised of Mapk13, Mapk14 and
Mapkapk?2, which are related to the migration of en-
dothelial cells. Instead of plotting confidence intervals
for all the edges in the gene network, in Figure 1 we
only plot confidence intervals for the 3 edges connect-
ing genes Pla2g6, Ptk2 and Plcg2, and genes Mapk13,
Mapk14 and Mapkapk?2, within each of the 8 tissues.
As we see from the plot, while most of the point es-
timates of our method and Jankovéd and van de Geer
(2015) are close, their variances differ drastically. The
main reason is that in this dataset the gene expres-
sion values are highly non-Gaussian; see Ning and Liu
(2013) for demonstration. Thus, the inference proce-
dure based on the Gaussian assumption (Jankové and

van de Geer, 2015) seems to provide inaccurate re-
sults with very wide confidence intervals. In contrast,
the proposed method which relaxes the Gaussian as-
sumption, produces confidence intervals with shorter
length. In fact, most of the 95% confidence intervals by
the proposed method do not cover 0, which concludes
that these genes are statistically dependent. This re-
sult is consistent with the biological findings that genes
Pla2g6, Ptk2 and Plcg2, and genes Mapk13, Mapk14
and Mapkapk? are associated.

6. DISCUSSION

In this paper, we propose a generic procedure to con-
struct confidence intervals for Z-estimators in a high-
dimensional setting. We establish a general theoretical
framework, and illustrate it with several important ap-
plications including linear models, instrumental vari-
ables regression, graphical models, classification and
time series models. Our framework has better numeri-
cal performance than previously suggested algorithms,
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and has the advantage of having a broader scope. In
particular, it covers many applications (e.g., instrumen-
tal variables regression, linear discriminant analysis
and vector autoregressive models) for which the infer-
ential procedure is previously unexplored.

Additionally, our results can be easily extended to
cases with multidimensional parameters of interest. We
would like to mention that unlike approaches such as
the ones developed by Nickl and van de Geer (2013),
our methodology cannot be immediately extended to
find a global honest confidence region for the entire
parameter . It is an interesting problem to explore
whether we can carry over certain results in the frame-
work of honest confidence regions for § under the lin-
ear regression considered by Nickl and van de Geer
(2013), to the general estimating equations that we
consider. We leave this question for future investiga-
tion. Finally, we would like to discuss one caveat in
the proposed method. If the equation t is nonconvex,
it is less clear how one can find the global minimizer
of the first step optimization (1.1) and there may exist
multiple solutions of S(8,¥) = 0. Although our the-
ory continues to hold in such cases, the practical im-
plementation requires extra attention. To this end, we
make the following two comments. First, Chapter 1.2
of Zhao (2012) provided an alternative minimization
approach, which can be used to define the first step es-
timator B. Second, Small and Yang (1999) discussed
how to choose roots when estimating equations have
multiple roots. Their approach can be potentially ap-
plied to select the root of S(0,y) =0.
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APPENDIX A: THEORY ON UNIFORMLY VALID CONFIDENCE
INTERVALS

In Section 3, we showed that if 3* is fixed, the solution to the equation
S(0,4) = 0 can be used to construct asymptotically valid confidence re-
gions for the parameter . In this Section we prove a stronger result which
guarantees that the confidence interval is valid uniformly over the following

parameter space:
Q={8": 1870 <57}

We restrict our attention to €2 since we need the parameter 3* to be
sufficiently sparse in order for us to consistently estimate it. In the following,
we introduce some assumptions guaranteeing uniform convergence.

Assumption A.1 (Uniform Consistent Estimation).

n—oo 5€Q

lim sup ]P’B(HB— Bl < ri(n)) =1, lim sup Pg(||v — v|l; < re(n)) =1,
n%oogeﬂ

where 71(n),re(n) = o(1).

Assumption A.2. Assume that there exists an 1 > 0 such that:

(A1) I i inf P62, 35) — Bu(fy) o < rsln)) = 1.
(A.2) lim inf inf Pg(|v't(Z,Bs) — v Eu(B;)| < ra(n)) =1,

n—o0 BN éGNg

(A.3) lim inf inf Pg( sup |[V'T(Z,8,) — VI E1(B;)]w < 7‘5(n)> =1,

n—oo ﬁeﬂ éeNG VE[O,l]

where Ny = (8 — 1,0 + ) and max(rs(n), ra(n),rs(n)) = o(1), B, = vB; +
(1 —v)By. We also assume

sup sup || E¢(B5)[lec < 00, sup sup ||V [Ex(Bp)]-1lle < 00
BEQ GeN, BE feNy

We next prove the uniform consistency of the Z-estimator 5, which is a
uniform analogue of Theorem 1.

1
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Proposition A.1. Assume that the (stochastic) map 6 — S (B(;) is continu-
ous with a single root or nondecreasing. In addition, assume that v Ey(By_.) x
vIEy(Bpic) < 0 for any € > 0. Under conditions A.1 and A.2 we have that

for any € > 0: supgeq Pg(|§— 0] > ¢€) =o(1).
Assumption A.3 (Uniform CLT). For 0% = vI'3v we have:

(A.4) lim sup sup [Pg(o~'n'/25(8) < t) — ®(t)| = 0,
n—=0 BeQ teR

where ¥ = lim,,_,, n Cov t(Z, B), and it is assumed that infgeq 0? > C' > 0.

Assumption A.4. Assume that there exists a v > 0 such that:

7 0 ;
(A.5) sup sup. VT% [T(Z75)L1 <Y(Z),
BEQ max(|[v—v||1,18-8l1)<y

where ¢ is an integrable function such that supgeq E¢(Z) < oco.

Assumption A.5 (Uniform Consistency of Variance). Assume there exists
an estimator 62 of o2, such that lim,, ., infgeq Pg(|0? — 02| < rg(n)) = 1,
where 76(n) = o(1).

In Section B.2 we provide sufficient conditions to obtain & satisfying As-
sumption A.5. Finally, we present a uniform weak convergence result for
the Z-estimator which strengthens Theorem 2. Its proof can be found in
Appendix E.

Theorem A.1. Under Assumptions A.1 — A.5, the assumptions in Proposi- R
tion A.1 and n'/?(ry(n)rs(n)+ra(n)rs(n)) = o(1), we have lim,, o Supgeq Supyeg [Pg(Un <
t) — ®(t)| =0, where U, =22(4-9).

Remark A.1. Notice that Theorem A.1 immediately implies that

lim sup sup \]Pﬁ(ﬂ/jn\ <t) = ®(t) + &(—t)[ = 0.
n—00 BeQ) teR

The latter can be equivalently expressed as

lim sup sup |Pg(0 € (0 — 6t/\/n, 0+ 6t/\/n)) — ®(t) + (—t)| = 0,

N0 BeQ teRL

which implies that the confidence region (§—at/\/n, 0-+5t//n) is uniformly
valid over the parameter space 3 € €2 provided that the assumptions we
discussed in this section hold.

APPENDIX B: SUFFICIENT CONDITIONS FOR VARIANCE
CONSISTENCY

In this brief Section we present sufficient conditions for having consistent
variance estimators.
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B.1 Consistent Estimators of the Variance

We now provide generic sufficient conditions for constructing a consistent
estimate of the variance. Let 3 be a consistent estimator of Cov t(Z, 3). In
the case when t(Z,8) = n~* > | h(Z;, 8) one canuse X := = 3™ h(Z;, B)h(Z;, B)".

~

We consider the “plugin” estimator: §° = VISV of o2 Define: U, =
5 'nY/2(§ — 6*). We are interested in showing that U, converges weakly
to a standard normal distribution. To this end we define the following as-
sumption:

Assumption B.1 (Variance Consistency). Assume that the following holds:
lim P*([|2 — Zlmax < 77(n)) = 1,
n—oo

where r7(n) = o(1).

Proposition B.1. Assume the same assumptions as in Proposition 2 plus
Assumption B.1. Let furthermore ||X||max = O(1), ||[V*1E||ra(n) = o(1)
and ||[v*||2r7(n) = o(1), then for any ¢ € R we have:

lim |P*(U, < t) — ®(t))| = 0.

n—oo
The proof of Proposition B.1 can be found in Section E.
B.2 Uniformly Consistent Estimators of the Variance
Assumption B.2 (Plugin Variance Consistency). Assume that the follow-
ing holds:
Jim inf Pa((|S = Sl < rs(n) =1,
where 73(n) = o(1).
We then have the following:
Proposition B.2. Assume that

SUP | X lmax = O(1),  sup [V Bllora(n) = o(1), sup [[v][irs(n) = o(1),
BeQ BeR BeQ

and I satisfies Assumption B.2. Then 52 = vI 5¥ satisfies Assumption A.5.

The proof of this proposition is omitted as it follows easily from the proof
of Proposition B.1 and Lemma E.2 in the Appendix.

APPENDIX C: CONFIDENCE INTERVALS FOR INSTRUMENTAL
VARIABLES REGRESSION

Recall that 3 := (6,4), and let ,, = n~![X; W]T[X; W] be the empirical
estimator of ¥ = E(XT, W)T(XT WT). Conformally we decompose the
matrices 3, and X into four blocks corresponding to ordered pairings of
X and W indicated by subscripting with the pair, e.g. 3wx , and Xwx
correspond to n '*WTX and EW X7 resectively. Our goal is to construct
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confidence intervals for the parameter 6. It is easy to show that S (B) reduces
to
3(8) = nFTWT(XB - Y),
where
(C.1) v = argmin ||v||;, subject to [V Zwxn — €1l <N,
is an estimator of v* = Xy xel. We impose the following assumption.

Assumption C.1. Let the error € := Y — X73*, the predictors X and
instruments W be coordinate-wise sub-Gaussian, i.e.,
||5||¢2 =K < o0, sup maX(HXjHL/JW ||VVJH¢2) = Kwx < 00,
je{1,...,d}
for some fixed constants K, Kwx > 0 and Var(¢) > C. > 0. Furthermore,

assume Apin(ZwxXxw) > 02 > 0, where § is some fixed constant. Addi-
tionally recall that E[e?|Z] = ¢, E[Z¢] = 0.

Assumption C.2. We impose the following assumptions on the covariance
3. Assume:

DIPEID ) Yo x lmax < Dimax, inf CS s,1) > k" >0,
H XwEww WX” - s€{l,...,d},slog d<+/nw EWX( ) -
for some sufficiently large Dy, > 0, w > 0 is a sufficiently small fixed
constant, and the quantity CSsy,,  (s,1) is defined in Definition G.1.

Assumption C.1 is mild and ensures that the random variables ¢, X, W
are not heavy-tailed, the matrix 3w x is invertible, the instrumental vari-
ables W are uncorrelated with ¢, and that ¢ is homoscedastic given the
instrumental variables. Assumption C.2 is a technical assumption. The first
condition ensures that the random variable v*¥ W has a finite second mo-
ment, i.e. E(v*TW)?2 < Dy < 0o. The second condition implies that the
matrix Xwx is “coordinate-wise sensitive” with respect to the L; norm.
Such a condition is first proposed by Gautier and Tsybakov (2011), and
can be viewed as an extension of the commonly used restricted eigenvalue
(RE) condition. It is not hard to show that this condition holds (for all
s € {1,...,d}) if for example A\pin(Exw + Zwx) > 4k*, where the in-
equality is in the sense of eigenvalues comparison. N

To construct confidence intervals for 8, we consider U, = A~ 'n/2(6 —6*),
where 6 is defined as the solution to S (0,4) =0, and

n
(C2) A=n") (W)Y — XT'B))?,

i=1
is an estimator of the asymptotic variance A := Var[v*TWe]. As in the
linear model we will assume that v* and 3* are sparse. Let s and s, denote
the sparsity of 8* and v* correspondingly, i.e., ||3*]lo = s and [|[v*||o = sy.
Th(/a\ next corollary of the general Theorem 2 shows the asymptotic normality
of U, in instrumental variable regressions. To simplify the presentation of
our result we will assume that ||v*||; is bounded, although this is not needed
in our proofs.
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Corollary C.1. Assume that condition C.1 and C.2 hold, and
max(sy, s)logd/v/n = o(1), +/logd/n = o(1).
Then with A < \/logd/n and X' < \/logd/n, U, satisfies for any t € R:
lim IP*(U, <t) — ®(t))] = 0.

The proof of Corollary C.1 can be found in Appendix G. The conditions
in Corollary C.1 agree with the existing conditions in Zhang and Zhang
(2014); van de Geer et al. (2014) for the simple linear model. In fact, under
the additional assumption s3/n = o(1), we can show that U, is uniformly
asymptotically normal; see Remark G.1.

APPENDIX D: CONFIDENCE INTERVALS FOR TRANSELLIPTICAL
MODELS

In this subsection we consider the transelliptical graphical models (TGM),
proposed by Liu et al. (2012b). We recall several definitions before we pro-
ceed.

Definition D.1 (Elliptical distribution Fang et al. (1990)). Let p € R¢
and ¥ € R4 We say that the d-dimesnional vector X has an elliptical
distribution, and we denote it with X ~ ECy(u, X, €) if X 2 u+ AU,
where U is a random vector uniformly distributed on the unit sphere in
RY, ¢ > 0 is a scalar random variable independent of U, A € R is a
deterministic matrix such that AAT = X.

Definition D.2 (Transelliptical distribution Liu et al. (2012b)). We call

the continuous random vector X = (Xi,...,X,)? transelliptically dis-
tributed, and we denote it with X ~ TE4(X,&; f1,..., fa), if there exists a
set of monotone univariate functions fi,..., f; and a non-negative random

variable &, with P(§ = 0) = 0, such that:
(ja()(1)7"'ajg()(d))jwpu l;(jd(07§]7£)a

where ¥ is symmetric with diag(¥) = 1 and ¥ > 0 in a positive-definite
sense. Here ¥ is called the “latent generalized correlation matrix”.

The graphical structure in TGMs can then be defined through the notion
of the “latent generalized concentration matrix” — ©Q = X7! i.e. an edge
is present between two variables X, X, if and only if €25, # 0. To construct
an estimate of ©, Liu et al. (2012b) suggested estimating the correlation
matrix X first. This can be done by using a non-parametric estimate of the
correlation such as Kendall’s tau, and transforming it back, to obtain an
estimate of 3.

Assume that X1,..., X, are i.i.d. copies of X. Recall the definitions of
7, and §]Tk given in Remark 2. Note that it is clear from the definition of
T,k, that it is an unbiased estimator of:

Tik = P((Y; = Y)) (Ve = ¥}) > 0) = P((Y; = Y) (Y — ¥}) <0),
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where Y, Y’ ~ X are ii.d. random variables. It can be seen that Aka
consistently estimates X (see e.g. (Liu et al., 2012a)). Let Q* = X! The
TGM estimator with CLIME is given by:

Q = argmin | Q1. such that [[S7Q — Iy||max < .

*

To derive confidence intervals for the parameter €27, , we can apply a similar
approach to the graphical models. Denote with 3 = €2,,,. Then the CLIME
with TGM reduces to

B = argmin |B]]1, such that H§T,6 —el e <A

According to our formulation of the test statistic we have S(8) = v7 (8§78 —

T

e! ), where

(D.1) v = argmin ||v][;, such that |[v78™ —eq[ls < .

The solution 6§ to equation S (0,4) = 0, has a closed form expression in this
example, and it is given below:

. ST(QT3 _ T
(D.2) g_g_ V(5B -en)
vish

Next we argue that 6 can be used to construct confidence intervals for the
parameter 6. We note that the estimating equation in the TGM with CLIME
is not a sum of i.i.d. statistics, due to the U-statistic structure of S as
compared to estimating equations we considered in our previous examples.
Nevertheless, the assumptions in Section 2 are general enough to handle such
a case. Let © be a d x d random matrix with entries O, := 7 cos (gTjk) le,z,
where:

T = [P(Y; = Y))(Ya = ¥{) > 0]Y) = P((Y; = Y})(Yi = ¥}) < O]Y) — 7],

with Y, Y’ are ii.d. copies of X (and all T}; being a random variable
depending on Y'). Define

(D.3) A = Var(v:'es").

Assumption D.1. Let X satisfy the following distributional assumption
— there exists i, > 0 such that A > i ||[v*||3]8* 1|3

Remark D.1. As in the CLIME case, we can show that the condition
Var(v*TOB*) > apmil||v*||2]|3*]|2 is equivalent to Var(v*T@®B*) > Vi, as-
suming that the matrix 3 > ¢§ > 0.

Next, we proceed to define A an estimate for A. To this end define the
matrices O

;i 1 . ~ i (PN
Tip = Zs&gn ((Xij — Xirj)(Xiw — X)) — Tjr,  ©f, 1= mcos <§Tjk>

n—1 oy

Note that {C:);k}]k is symmetric by definition. Define the estimator A :=
nt ZLI(@T@Z@)Q. We have the following:
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Corollary D.1. Assume the data follow from the transelliptical graphical
models and Assumption D.1 holds. Furthermore, assume that the smallest
eigenvalue of the correlation matrix satisfies Apin(2) > 6 > 0 is bounded
away from 0, and diag(X) = 1. Let ||8*[o = s and ||v*|lo = sy and A is a
consistent estimate of A. Under the following additional assumptions

(D.4)
max(sy, s)[v*[1[|8* [ log d/n'"* = (1), ||v*[I2]|8"|| max(sy, s)/log d/n = o(1),
(D.5) Fk>2:(s8)" /0"t =0(1),

we can take A < ||3*[|14/logd/n and X < ||v*||1y/logd/n so that the statis-
tic U, = A™Y2n'/2(9 — 0) satisfies for all ¢: lim,,_,o |[P(U, < t) — ®(t)| = 0.

Similarly, we can show the following result regarding uniformly valid con-
fidence intervals. Before that we define a class of correlation matrices, in
analogy to the CLIME case:

S(L,s) = {2 : T = 7,0 < 6 < Apin(E), ding(E) = LIS s < Lomax | S50 < s},

Corollary D.2. Let X ~ TEy(p, %, €) with ¥ € S(L, s). Assume further-
more that X satisfies Assumption D.1, and

(D.6) s*n Y2 =0(1), sL’log(d)n Y?=0(1), sL*\/logd/n = o(1).

Then we have limy, o Supsc 5., ) SUP; ]P@(ﬁn <t)—®(t)| = 0.

APPENDIX E: PROOFS OF THE GENERAL THEORY

Recall that S(8) := v*Tt(Z,3), and §(B) = VIt(Z,B). We start by de-
riving an asymptotic expansion of the projected estimating equation S(3g-).

Lemma E.1. Suppose Assumptions (3.5), 1 and

(E.1) n2(ry(n)rs(n, 0) + r5(n)ri(n, %)) = o(1),

hold. Then we have the following asymptotic expansion:
n25(B-) = n'/2S(8*) + 0,(1).

PROOF OF LEMMA E.1. Let for brevity ri(n) = supgey;,. r1(n,0) and
r3(n) = supgeps,. 73(n, ). We start by showing that for all § € N

(E.2) S(By) = S(B5) + 0,(1) = v*T[Ey(B))] + 0,(1).

This fact will be used in the proof of Theorem 1. By the mean value theorem
we have:

S(By) =vTH(Z, B)) +V T(Z,B,)(Bs — B]) + (v — v t(Z, B])

S . J

11 12
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Next we control I;:

(E.3) B R
1] < IFT(Z, Bo)]-allsellBo = Bl < Op(rs(n) + v [Ex(B5)] 4 lloc) Op(ra(n))

o(1)

where by [-]_; we mean discarding the first entry (corresponding to 6) of
the vector. We proceed to bound Is:

(E4) L] < IV =V [ht(Z, Bg)llc = Op(rs(n))Op(ri(n) + | Ee(Bg)||o0)-
o(1)

This combined with (3.3) concludes the our initial statement. For the in-

fluence function expansion stated in Lemma E.1 observe that Ey(3;.) = 0
and v*7 [E1(8;.)]_, = 0 and hence using (E.1) we can modify bounds (E.3)
and (E.4) to:

n'2(|L] 4 1)) < n'20,(ra(n)rs(n, 0%) + rs(n)ri(n, 0%)) = o,(1),
and we are done. O]

PROOF OF THEOREM 1. First assume that the map 6 — 5'\(,39) is con-
tinuous and has a unique 0. Take € > 0 so that both 6* — ¢, 0* + € € Np-.
Without loss of generality let v** Fy(Bp-_.) < 0 and v TEt(B(,*Jre) > 0 for
all € > 0. Note that by the continuity of § S (ﬁg) and the fact that 6 is
the unique root ]P’*(S(Bg ) <0 S(,Bg L) > 0) <SP0 —e< 0 <0 +e).
Now by (E.2) from Lemma E.1 we have that the left hand side converges
to 1 and this concludes the proof in the first case. The same argument goes

through in the second case. [
PROOF OF THEOREM 2. Let U, = \/%(5— 0*). It suffices to show

that the statement holds for U,,, as the statement for (7” is a corollary after
an application of Slutsky’s theorem. By the mean value theorem:

(E.5)

8(8;) = 8(Bo-) + T [T(Z, B ))n (0 — 07) + 972

VT2 B (0 - 07),

where 8, = u35+ (1— V)B\g* for some v € [0, 1]. By (3.7) and the fact that
v and B, are consistent (by (3.5) and Theorem 1) we have that:

1,\T 0

o0

(\V]

= T(Z,B)]a (0 = 07)| < (0 - 07)°0,(1) = [0 — 0°|o,(1).

Observe that by Lemma E.1 and Assumption 3 we have \/Tz:* (,39*) =
O,(1), and more precisely W (69*) ~» N(0,1). Next by Assumption

1

| R30I, Bt +opl(1)) = O,(1),

VvV
I+o0p(1)
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and hence we conclude that § — 6* = O,(n~%/2). Thus by Assumption 1 and
Sltusky’s:

n'/2(0 — 6%) n'/28(By-)
—_ 4 0,(1) ~ N(0,1),
Vv T v VVITEVNTIT(Z, By )]s1 o) 0.1)

which concludes the proof. [

PRrROOF OF PROPOSITION A.1. We start by showing that for all € > 0:

sup sup Pg (\g(ée) — v E(By)| > e) =o(1).

BER feNy
We have:
sup sup Pg (|§(,§9) — v E(8y)| > 6)
BEQ GeNy
T T €
< sup sup Pﬁ( Vvit(Z,85) — v Ey(Bg)] > _>
BER feNy 3

VI[T(Z,8,))-1

~ €
+ sup sup ]P’,3< sup 185 — Ballr > g)

BEQ éENe VE[Ovl}

R €
(E.6) + sup sup ]P’g<||v—V||1Ht(Z,B(;)||Oo > §>,
ﬁeQéGNg

where B,, = Vﬁéjt (1—v)B;. By Assumptions A.1 and A.2 it follows that the
RHS is 0(1), as we claimed. First let us assume that the maps 6 S (Bg) are
continuous. To shorten the notation in the remaining of the proof we will
use use the following notation: If A, B are random variables we write P(A =
c,Bs ) =P((A>cNB<c)U(A<cNB > ¢)). Then following
inequality holds infgcq Pg(g(ég_g) < 0, §(,§9+6) 2 0) <infgeqPg(f — € <
0<0+ €). Next for small enough € > 0 such that 6 + € € Ny, we have:

inf Pa(v!' Ey(Bo-c) S 0,v Ey(Byic) 2 0)

- Zug Pﬁ(g(éefe) 2 2V Ey(By-o), §( A9+e) < 2v' Ey(Bo+o))
S

< inf Ps(S(Bo—c) S 0,5(Bgrc) 2 0).

The LHS goes to 1 by (E.6), and hence the proof is complete in this case.
In the case when 6 — S(B;) are non-decreasing, exactly the same argument
goes through. n

Lemma E.2. Let X, (7) and &,(r) be two sequences of random variables,
depending on a parameter 7 € R. Suppose that lim,, sup,.c g sup; |P.(X,(r) <
t) — F(t)] = 0 where F' is a continuous cdf, and lim, inf,cg P (|1 — &,(r)| <
7(n)) = 1 for 7(n) = o(1). Assume in addition that F' is Lipschitz, i.e. there
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exist k > 0, such that for any t,s € R : |F(t) — F(s)| < k|t — s|. Then we

have: X, (r)
r
lim sup sup Pr(n— < t) —F(t ‘ = 0.
s AN @
Proor orF LEMMA E.2. The proof follows by a direct calculation, and
we omit the details. O]

Lemma E.3. Under Assumptions A.1 — A.4, we have:

(E.7)  lim inf Pg ((§(Bg) — S(8)| < ri(n)rs(n) + rg(n)rg(n)> = 1.

n—oo 3N
If in addition n/2(ry(n)rs(n) + ro(n)r3(n)) = o(1), we have:

(E.8) lim sup sup \]Pg(aflnlﬂg(ge) <t)—®(t)| =0.

n—0o0 BeQ ¢t

ProoF or LEMMA E.3. Let gf be the event inside the probability mea-
sures in assumptions A.1 — A.4 corresponding to the rate r;(n) for i =
1,...,5. It is clear that infgeq Pg(GP) > 1 — Zle SUPgeq PB[(QE)C] — 1.
Next, the proof of (E.7) can be done through the same argument as in
the proof of Theorem E.1, but using the uniform convergence assump-
tions. Note that the bounds (E.3) and (E.4) continue to hold on the event
G8 =GP n...NGP. Hence by Assumptions A.1 and A.2 the proof of (E.7)
is complete.

Next we show (E.8). Let x(n) = n'/2C~2(r (n)rs(n)+ry(n)rs(n)), where
we recall the definition of C: infgeq vI' Xv > C' > 0. Then we have:

Pa(o~'n'?5(By) < 1) < Palo~'n'?5(By) < 1,G°) +Ps((G°)")
< Pp(o'n'2S(B) <t + w(n)) + Pa((GP)°).
The above implies the following inequality:
Pa(o'n'/*5(By) < t) — ®(t)
< Pp(o™'n'2S(8) <t + w(n)) — O(t + k(n)) + (B(t + K(n)) — O(t)) +Ps((G°)")

(
) = (e + k() + 2L+ (0P

where we took into account the fact that ® is Lipschitz with constant < oz

Now using Assumption A.3, the fact that x(n) = o(1) and Pg((GP)¢) = o(1)
we conclude that:

< Pg(o~'n'2S(8

lim sup sup sup P5(0_1n1/2§(§9) <t)—P(t) <0.

n—oo BeQ t

With a similar argument one can show the converse, namely:

liminf inf inf Pﬁ(J_InI/QS\(Bg) <t)—®(t) > 0.

n—oo BeN t

This concludes the proof of (E.8). O
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PRrROOF OF THEOREM A.1. By Assumption A.5, we have:

infPg( |1 — ot
Hﬁl g(’ o0

< 200 > By (15— o] < 00 > ity (152 - ) < (o)

(E.9) = 1-o(1),

where recall that infgeq v Ev > C > 0. The last expression implies that:
Next define:

~ 1
7o ©

D) v o0 [T<Z7 Bu)]*l(g_ 9))

() =507 (V@B ). m(Br) -

where 3, = Vﬁg—i— (1-— V)B\e and let &,(8,v) = (u(B) +1.(B, V).
We will show that

E.1 lim inf inf Pg(|1 — < =1
(E.10) im inf inf Ps(|l =& (8, v)] < 7(n)) =1,

for some 7(n) = o(1), or equivalently — for every € > 0 : supgeq Sup, 1) Ps(|1—-
&n(B,v)] > €) = o(1). We proceed with the following;:

sup sup Pg(|1 —&,.(8,v)| > €) < supPg(|1 — (.(B)| > €/2) +sup sup Pg(|n.(8,v)| > €/2).
BEQ ve(0,1] BeQ BEQ ve(0,1]

~~ -~

Il 12

J/

First we tackle I;. We have:

I < sup (|1 — Go~"| > /4) + sup By([5o | > 2) + sup Pa(|1 — 97 [T(Z, By)].a| > ¢/9),
BeQ BeQ BeQ

and all of the terms on the RHS are o(1) due to (E.9) and Assumption A.4
respectively.

Next we handle I term. Let £ = supgcq Egt)(Z), where the function ¢
is defined in Assumption A.4. Fix an o > 0, and proceed as:

I < supPg(|go ! > 2) + sup Pg(|0 — 0| > E'ea/2) + sup Pg(¢)(Z) > a ' E) < o(1) + a,
Be Be BeQ

where the last inequality follows from (E.9), Proposition A.1 and Markov’s

inequality. Taking the limit n — oo shows that lim,, supgeq sup,co 1) Ps(|7.(8, v)| >

€/2) < a. Taking a — 0 shows (E.10). Next observe that by (E.5) we have

the following identity:

nl/Q(g— 0) nl/zg(ﬁg)

E.11 — = — .

() ; T (B.Y)

Now combining the fact that (E.10) with our results from Lemmas E.2 and
E.3 in addition to (E.11) completes the proof. O

PrROOF OoF PROPOSITION B.1. Note that the only thing left to show is
the consistency of the plugin estimate v X for v*T 3 v*, with the rest of the
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argument following from Theorem 2 and Slutsky’s theorem. By the triangle
inequality we have:
7S% — v T < 97 = VILEE = V) oo 2 VTS l¥ = Vs + VIS = g

-~

I Iz I3

Next we control |I;]| < O,(ra(n)?r7(n) + || 2] maxr3 (1)) = 0,(1). Next
12| < 20, ([V*ir2(n)r7(n) + [V Sllocra(n) = 0p(1).
Finally, for I3 we have |I3] < ||[v*[|20,(r7(n)) = 0,(1). O

APPENDIX F: PROOFS FOR THE DANTZIG SELECTOR

We recall the definition of restricted eigenvalue (RE) assumption (Bickel
et al., 2009).

Definition F.1 (RE). We say that the symmetric positive semi-definite
matrix My, possesses the restricted eigenvalue property if:

. ) u’Mu
REM(S,&) = min mln{w :uGRd\{O},HuScHl §f|]uSH1} > 0.
2

Definition F.2. Denote with X the n x d matrix whose rows are the X[
vectors stacked together. Let Y be the an n x 1 vector stacking the obser-
vations Y; fort=1,...,nand let e =Y — X3".

ProOOF OoF COROLLARY 1. We will prove this result by validating all of
the assumptions required of the general Theorem 2. Regarding Assumption

(3.5), observe that from Lemma F.4, we have that |v*—V||; = O, (HV*Hlsv\/log d/n)
and by Lemma F.6 — ||8* — BHl =0, (s\/log d/n)

Assumption 1 can be verified as follows. To see (3.2), fix a [§ — 0*| < e,
for some € > 0. Next by the triangle inequality:
S ||n71XT€||oo + ”Zn,*l - z)X,*lHooE‘

1 :

The two terms on the RHS are O,(y/logd/n), by the proof of Lemma
F.5 (see F.6) and Lemma F.2. The same logic shows that [v*1%,3; —
nIVITXTY —v T3y 1 (0—6%)] = O,(||v*]|1/1log d/n), which implies (3.3).
Since the Hessian T in (3.4) is free of 3 we are allowed to set r3(n) = N =<
|v*|[1y/logd/n = o(1) (by Lemma F.4). Finally the two expectations in
Assumption 1, are bounded as we see below:

IZx (85 — B")lloo < 1Zx alloce < 2Kk, IV Sx 1l = 0.

2.8 —n ' X'Y - 2x(8; - 87)

By adding up the following two identities:
V0, (Iv*liv/logd/n) O, (s\/log d/n) = 0,(1),
VnO, <||V*||13v\/10g d/n) 0, (\/log d/n) = O, (|[v*|l1svlogd/v/n) = 0,(1),
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we get that (3.8) is also valid in this case.

To verify the consistency of 8 we check the assumptions in Theorem 1.
Clearly the map 0 — v*TEx(8; — 3*) = (6 — 0*) has a unique 0 when
6 = 6*. Moreover, the map 6 — GT(EnBQ —n~'XTY) is continuous as it is
linear. In addition, it has a unique zero except in cases when v'%,, ,; = 0.
However note that [v7'3,, .1 — 1] < X by (4.1), and hence for small enough
values of \' a unique zero will always exist.

Assumption 3 is verified in Lemma F.1. We move on to show (3.7). Clearly
(3.7) is trivial as its LHS = 0 in this case. Finally Proposition F.1 checks

that A is a consistent estimate of A. This completes the proof. O]

Remark F.1. In fact, under the additional assumption s2/n = o(1), the
proof of Corollary 1 implies that the uniform types of assumptions in Section
A are satisfied, and hence under the same assumptions as in Corollary 1,
we have: N

lim sup sup|Pg(U, <t)—®(t))| =0.

"7 IBllo<s teR
By Remark A.1 the above equality readily translates from estimator uniform
consistency to confidence region uniform consistency. It is noteworthy to
mention that the space of uniformity is Q = {8 : ||8||lo < s}, provided that
the conditions of Corollary 1 hold, which includes that the covariates X sat-
isfy sy = [[v*[lo and max(sy, s)[[v*[1logd/v/n = o(1), [[v*|[}y/logd/n =
o(1).
Remark F.2. Note here that it is implied that A’ = o(1) and hence since
[v*|l: > 2K it follows that A = o(1) as well.

Remark F.3. Observe that ||[v*|; < /sv[|[v¥]l2 < /5v0. This yields suffi-
cient conditions by substituting |[v*||; with ,/s,. Moreover, under the as-
sumption that v*7 X is sub-Gaussian, we can further relax the requirements
on sparsity s, dimension d and number of observations n.

Lemma F.1. Assume that condition 6 holds and max(sy, s)||v*||; logd/y/n =
o(1). Then A~Y2p!/25(8*) ~ N(0,1).

Proor or LEMMA F.1. To show the weak convergence we verify Lya-
punov’s condition for the CLT. We need to show that % S0 | E[v7 X,(X[8* — V) ’4
converges to 0. Note that we have A% > A\, (Zx)||v*[|3 Var(e)? = O(1)]|v*||3.

Therefore it suffices to consider the following expression:

(F.1)
-2 n
n
L NTE
[\NallF ;

where M = 28(KKx)*, and the last inequality holding from Lemma F.9.
Using the fact that ||[v*||; > 2K%° as seen in Remark F.2, we have that
max(sy, s)||[v*|lilogd/+/n = o(1) implies s2/n = o(1) and completes the
proof. n

vIX(XTB V)| < n Y E|(Xien)s, Iy < n”'s2M

vt
i=1
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Remark F.4. Using the Berry-Esseen theorem for non-identical random
variables in combination with Lemma F.9 we can further show:

P (%sm <t) -

where M and Cpgg are absolute constants.

< C’BE(GKKX)3n_1/2s§/2 =o(1),

sup
t

Proposition F.1. Under Assumption 6, and the following additional as-
sumption ||v*||2 % = o(1), we have that A —p A

PrRoOOF OoF PROPOSITION F.1. We show that each of the two sums is
corresponding to its population counterpart, and then the proof follows
upon an application of Slutsky’s theorem. We start with the first term:

1 n

- Z(QTXz)Q o V*TEXv*

n
T T
- + VI BV v ExvT
i=1

Y I - (VX -

Iy
L] <[V = v (IZaV oo + [Znv™]|oo)-

<

We know from Lemma F.4, that ||[v* — V|, = O, <||V*||1sv\/logd/n), and
by definition ||X, V|| < 1+ X. In the proof of Lemma F.4 we also show

that
1Z0v oo = 1+ 0, (IV*ll1v/log d/n)
upon appropriately choosing A =< ||[v*||14/log d/n, with a large enough pro-

portionality constant. Thus since O, (HV*Hlsv\ /log d/n) (2 + 0, (Hv*H“/log d/n)) =
0,(1) we have shown |I;] = 0,(1). We next tackle || < ||v*[|?||2, — x| max-
Lemma F.2 gives us that | X,, — X x||max = Op(y/1log d/n), and thus because
of our extra assumption we have |I] = O,(||v*[|3\/logd/n) = 0,(1)
Now we turn to the second part of the proof:

n

1 ~
= (Yi - X/'8)* — Var(e)
n
=1
1 g T 2\2 1 - T
< |0 wAr - DX+ IERE
Y ’ A

The term I, is clearly o,(1) because of the LLN (e; are centered and have
finite variance as sub-Gaussian random variables). Thus we are left to deal
with I:

/\

IIgl_—HX<ﬁ B2 + Z\XTB B)|leil

IA

Liwia annz . 2iwia o
CIX(B - 873 + IX(B - 8]
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where X, is a matrix, with rows X[ stacked together. (F.8) in Lemma
F.6 gives us that 1| X(8 — B*)|2 = 0,(222) = 0,(1), and since by LLN

n

L3 €7 = 0,(1), we have |I5] = 0,(1), which shows the consistency of

the second estimator and concludes the proof. O]

Lemma F.2. We have that with probability at least 1 — 2d>

12— Bty < 4Ax K \/log d/ .

Note. The constant ¢ is a universal constant independent of the X distri-
bution, Kx is as defined in the main text, and Ax > 0 is an arbitrarily

chosen constant satisfying Ax+/logd/n < 1.

Proor or LEMMA F.2. First we note that the elements of the matrix
— X X7 are sub-exponential random variables. This fact can be seen since
by Cauchy-Schwartz, one can easily obtain that:

(F.2) X X1y < 201Xl [ X1y, < 2K

Next by the triangle inequality it is clear that | X;X; — EX; Xy, < 4K%.
The proof is completed by applying a standard Bernstein tail bound (see
Proposition 5.16 in Vershynin (2010) e.g.). O

Lemma F.3. Assume the same conditions as in Lemma F.2, and assume

further that the minimum eigenvalue A, (Xx) > 0 and sy/logd/n <
(1 - f@)%, where 0 < k < 1. We then have that ¥, satisfies
the RE property with REx (s,£) > kREs,(5,£) > £Amn(Xx) > 0 with

probability at least 1 — 2d2~e4% .

Proor or LEMMA F.3. The proof follows a standard argument so omit
the details. ]

Definition F.3. For a fixed 0 < k < 1, let RE,(s,£) = k REx, (s,£).

Lemma F.4. Assume that — A\,in(Xx) > 0 > 0, syy/logd/n < (1 —
k) —mnEx) where 0 < k < 1 and N > [|v*][14Ax K% +/logd/n. Then
( = 1 XHhh g .

1+1)24Ax K%’
we have that ||V — v*[|; < % with probability at least 1 — 2d> %4
Additionally we have:

(F.3) Vsg = Vel < [IVs, = Vi, [l

Proor or LEMMA F.4. The proof follows a standard argument so omit
the details. O

Lemma F.5. Assume the same conditions as in Lemma F.2 and that
V0ogd/n < C for some constant C. Let S = supp(8*), and let A =

cA?

- _
AK\/*84  Then, with probability at least 1 — ed 2072040k — 2q2~eA%
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(where ¢ is a universal constant independent of the distribution of e, K =
|l€]| 4y, and the other constants are defined in Lemma F.2) we have:

(F.4) 1Bse — Bl < |1Bs — BLlh, and:

(F.5) HEn(ﬁ* _ B)Hoo <2

Proor or LEMMA F.5. Note that by a Hoeffding’s type of inequality
for sub-Gaussian random variables (see Proposition 5.10 (Vershynin, 2010))
and the union bound, we have:

t2
> t‘X) < edexp <—ﬁ) s

where c¢ is a universal constant. The remainder of the proof follows by stan-
dard arguments so we omit the details. O]

1
~XTe
n

(F.6) P (

Lemma F.6. Assume the same conditions as in Lemmas F.2, F.3 (with
¢ = 1), and F.5, so that X, satisfies the RE assumption with RE,(s, 1)

with high probability. Set A = AK /™8 as in Lemma F.5. Then with
Y L B
probability at least 1 — ed 20+264x)5% — 202-¢4% we have:

~ SAK
(F-7) ||B - ,3*||1 < ms\/ logd/n,
~ 16 A2 K?
(F.8) 1X(8 — B3 < mslog d.

Proor or LEMMA F.6. The proof follows by standard arguments and
we omit the details. O]

Lemma F.7. Let {X;}, are identical (not necessarily independent), d-

el ) >

we have:

maX || X; X [[max = Op(log(nd)).

,,,,, n

Proor or LEMMA F.7. The proof follows after an application of a Bern-
stein type of of tail bound (Vershynin, 2010, see e.g.) and we omit the
details. O

Lemma F.8. Let X;,i =1...k are sub-exponential with ||.X;|,, < U, for
some ¢ > 1 and denote by X the vector with entries X;. Then for any
p,q > 1 we have:

1 I/
E|X |y < [BIX Y < (po) U7
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Proor or LEMMA F.8. We apply Jensen’s followed by Minkowski’s in-
equality to obtain the following:

E[IX ] < [ X 2] < (REXP) ] < (o) U,

where the last inequality follows by the definition of 1), norm. Raising this
inequality to the power of p finishes the proof. O

Lemma F.9. Let R C {1,...,d} with |R| = r. Then we have the following:
E|(Xe)rll < r*2%(KKx)".

PROOF OF LEMMA F.9. Simply observe that E||(Xe)g|s < /E|e[8v/E[(X)r]3,
and apply Lemma F.8 for ;. n

APPENDIX G: PROOFS FOR IVR
Definition G.1 (CS). For the (not necessarily symmetric) matrix My
we define its coordinate-wise sensitivity with respect to the L; norm by:

CSm(s, &) = 1 < &lusll [Jusfi =1} > 0.

= i in {s|Mu||. : u € R*\ {0}, [|use
Sc{1,]‘f,1,1}€r}l,|5|§smln{3|| | \ {0}, [Jus

This definition is inspired by Gautier and Tsybakov (2011).

Definition G.2. Denote with X and W the n x d matrices whose rows are
the X and W.T vectors stacked together respectively. Let Y be the an nx 1
vector stacking the observations Y; fort=1,...,nand let e =Y — X3*.

PrROOF OF COROLLARY C.1. The proof is the same as the proof of Corol-

lary 1 upon usages of the Lemmas developed in this section. We omit the
details. O

Remark G.1. In fact, the proof of Corollary C.1 implies that the uniform
types of assumptions in Section A are satisfied, and hence under the same
assumptions as in Corollary C.1, we have:

lim sup sup [Pa(U, < t) — ®(t))| = 0.

0|1 8llo<s tER

Lemma G.1. Assume that condition 6 holds and max(sy, s)(||[v*||1V1)logd//n =
o(1). Then:
A~Y2p128(8%) ~» N(0,1).

Proor or LEMMA G.1. The proof is the same as that of Lemma F.1
after using the Lemmas developed below. We omit the details. [

Remark G.2. Using the Berry-Esseen theorem for non-identical random
variables in combination with Lemma F.9 we can further show:

sup
t

1/2
P* <nﬁ3<ﬂ*> < t) N ‘P(t)‘ < Cpp(6K Kwx)*n™"2s3/% = o(1),

where M and Cpg are absolute constants.
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Proposition G.1. Under assumption 6, and the following additional as-

sumption:
IV 12v/logd/n = o(1),

we have that A —p AL

PrROOF OF PROPOSITION G.1. By the triangle inequality, for any two
vectors a and b we have |||al|s — ||b]|2| < ||a — bl|o. Making multiple usages
of this inequality one realizes that it suffices to show:

n

I = WP = B) X0 = 0,1 S (IW(B" — B Xi) = 0,(1),

nT Y (V=)W = 0,(1), 07t Y (VW) — E(vIT W) = o,(1),
i=1

i=1

and E(v*TW;)%e? < co. We show these convergences in turn. For the first

term we have:

nT Y (V=V)TW)H((B°-B) X)? < IV V318" =Bl10,(log(nd)*) = 0,(1),
i=1

with high probability, where use used Lemma F.7 and Lemmas G.6 and

G.4. For the second term:

ax || |20t Y (vITW)?

yeeey X
=1

n D TWNE B < 18" - Bl m

< Op<s2 logcllog(nal)>n_1 Zn:(V*T"Vi)Z’

n i=1
with high probability. By Lemma G.2 we have:
ST < VR I DWW = Sww s+ ¥ Sww v’ = 0,(1)
n v 7 > ||V 1 n 7 3 W W ||max \4 wwV P )
=1 = <Dmax

J/
-~

Op(y/log d/n)

which combined with the bound in the previous display completes the proof
for the second term. The third term bound follows upon noticing:

e - ~ _ s?log dlog(nd)
Y (= 9 W < 8 = v fmax W2 Y] e < 0, (SRR ) 0,(1)
i=1 ‘-—-?;;-’
Op

= 0,(1).
Moving to the last term we have:

n n
Y VIW BT W < VR Was, Wi et SBww s, 0 e

%
=1 =1
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where S, = supp(v*). The final concentration is handled in Lemma G.7.
Applying this lemma in conjunction with the union bound gives us the
existence of a constant C'xw x depending on K and Kw x such that:

n Ok v/ k/n 4+ k’2 n K
P(In" > Wis, W el =Sww s,5,0 [l > 1) < 53 x| ti ) ’
i1

for all k € N. Selecting t = 2e*Crwx /24, k = [min(logd, (nlogd)"/*)]

n ?

brings the above bound of the order O(s? exp(—4[min(log d, (nlogd)*/*)])) =
o(1), and shows that:

‘n—l Z(V*TM)QE? _E(vTW,)2e

i=1

. log d
<O(Iv' I3}/ =25) = o(v).

We conclude the proof with noticing that E[E[(v*T W;)%2|W]] = o?E[vT W, W v*| <
0.

O

Lemma G.2. We have that with probability at least 1 — 242~ A% .

n

1
n i i i i

= Hzn - E”max < 4AWXK‘2/VX V IOg d/n

max

Note. The constant ¢ is a universal constant independent of the X and
W distributions, Kw x is as defined in the main text, and Ay x > 0 is an
arbitrarily chosen constant satisfying Aw x+/logd/n < 1.

Proor or LEMMA G.2. Proof is follows by the same argument as in
Lemma F.2, so we omit the details. [

Lemma G.3. Assume the same conditions as in Lemma G.2, and assume
further that the matrix Xy x satisfies CSsy,, . (s,€) > &* and that s is

sufficiently small so that sy/logd/n < (1— /@)m, where 0 < Kk <
1. We then have that Xw x ,, satisfies the CS property with CSs,, , . (s,§) >
K CSxyy 5 (5,€) > 0 with probability at least 1 — 2d2~®¥rx.

Proor oF LEMMA G.3. This proof is simply using Definition G.1 and
Lemma G.2. H

Definition G.3. For a fixed 0 < x < 1, let CS,(s,&) = k CSxyy (8, ).

Lemma G.4. Assume that CSs, ,(Sy,1) > &* > 0, and that further s,
is small enough so that sy+/logd/n < (1 — /{)#, where 0 <

TAwxKZ
k< 1land XN > |[v][14Awx Ky x1/ 2%, Then we have that ||V — v*|; <

—8Nsv _ with probability at least 1 — 2d2~cAwx .

CSxyy x (5v.1)
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Proor or LEMMA G.4. Using a standard argument and Lemma G.2
we can show that with probability at least 1 — 2d2~24ix | v* satisfies (C.1)
and consequently

(G.1)
1 n
—Z v—v* TWXT
nz*l

< HlivTWiXiT—

i=1

o (e}

1<~ 7
+1=) vIwx! —e
| 3w e

Let Sy = supp(v*), with s, = |Sy|. Using the formulation of program
(C.1) it is not hard to show that:

(G2) I¥s; = v

1 < [[vs, = v, Il
By Lemma G.3, ¥wx , satisfies the CS assumption under our conditions

and hence

Vg — VE CS Sy, 1 by (G.1)
o = Ve Bounlv D) oy e - vl "€ 20

Sy
Hence by (G.2) we conclude ||[v — v*||; < 4s,\'/CSsy,«(Sv, 1), which is

what we wanted to show. O]

Lemma G.5. Assume the same conditions as in Lemma G.2 and that
V0ogd/n < C for some constant C. Let S = supp(8*), and let A\ =

AK /*8¢ Then, with probability at least 1 — 241~ (A")/ WK% x) (where ¢

is a universal constant Lemma G.2) we have:

(G.3) 1Bse — Bl < 11Bs — B,
and:
(G.4) szx,nm* - B)HOO <2

Proor or LEMMA G.5. Note that by a Bernstein type of inequality for
sub-exponential random variables (see Proposition 5.16 (Vershynin, 2010))
and the union bound, we have:

> 1) < 2desp (—emin (1t )
exp | —cmin , ,
=) = IK?K2, 5 2K Kwx

where c is a universal constant, and we used the fact that max;ei. 4 leWilly, <
2K Kzx.Sett =\ Provided that A < 2Kyw x the above probability bounds
gives us that the event E = {H%WTeHOO < )\} holds with probability at
least 1 — 241~ (cA?)/(4K% x) |

Note that when E holds, the true parameter satisfies the Dantzig selector
constraint and thus we can obtain (G.3) in the same manner as in Lemma
G.4. Using the triangle inequality on E shows (G.4). O

1
“W'e
n

(G5) P (
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Lemma G.6. Assume the same conditions in Lemmas G.2, G.3 (with £ =
1), and G.5, so that Xy x , satisfies the CS assumption with CS,(s, 1)
with high probability. Set A = AK,/ %, as in Lemma G.5. Then with
probability at least 1 — 241~ (cA%)/(4K% x) we have:

~ . 4AK
(G.6) 18— Bl < mS\/ logd/n.

PROOF. Recall from Lemma G.5, that on the event E we have that (G.3)
and (G.4) hold, and furthermore %WTW = Ywx , satisfies the CS condi-
tion. Thus on the event E, we have:

18Bs — B]1 CSx(s, 1)

S

< Zwx (B = Bl < 2X

To get (G.6), note that by (G.3) we have: |8 — 8*|l, < 2||8s — B%l: <

4AK)\s B
S ERIE and we are done. [

Lemma G.7. Let {X;}”, be an i.i.d. collection of sub-Gaussian random
variables satisfying || X;||y, < K. Then we have:

-1 - 4 4 [}f[vk/n+k2/n]k
IF’<|n ZIX —EX}| 2t> < 7 :

for any k£ € N and some fixed constant K, depending solely on K.

PROOF. We make usage of Theorem 1.4 of Adamczak and Wolff (2015),
which provides a convenient concentration bound for higher moments of
sub-Gaussian random variables. Using this result it is not hard to check
that: [Eln=t>°" X} — EX}HMY* < Ky[\/k/n + k2 /n], where K, is a con-
stant depending solely on K. Consequently, applying Markov’s inequality
we obtain the final conclusion. O]

APPENDIX H: PROOFS FOR GRAPHICAL MODELS
H.1 Proofs for Graphical Models with CLIME

PROOF OF COROLLARY 2. Before we proceed with the proof note that
we are guaranteed to have ||[v*]|; > (X% )1 > (Zx11)"' > (2K%)™! > 0,
and similarly ||3*||; > (2K%)~* > 0. Hence, max(sy||[v*||1, s/|8*[|1)||v*|l1]|3* |1 log d log(nd) /n =
o(1) implies that

max(sy, s)[|v*[1[18"[l1 log d/v/n = o(1).

We show this result by verifying the conditions of Section 3. To see
Assumption (3.5), we can use Lemma F.4 to argue that |8 — B*||1 =

O, <||[3*||1s\/logd/n>, IV —v*1 = 0O, <||V*||13V\/logd/n> provided that

A and X are large enough.
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Next we check Assumption 1. To see (3.2), fix a |0 — 0*| < ¢, for some
e > 0. By the triangle inequality:

Hznﬁ; - EXB;HOO < Hzn - EXHmaX(HﬁHT + 6)'

The RHS is O, (HBH’{ /log d/n) , by Lemma F.2. The same logic shows that

vy, 85 — V*TEX,B;‘ = Op((||,3*||1 + €)||v*|l1+/log d/n), which implies
(3.3). Since the Hessian T in (3.4) is free of B we are allowed to set r5(n) =
N =< [[v¥|l1\/logd/n = o(1) (by Lemma F.4). Finally the two expectations

in Assumption 1, are bounded as we see below:

IZx85 — emlle = 1Zx (85 — B )l < [1Exalloce < 2K5e, IV Sx 1]l = 0.

By adding up the following two identities:
V0, (Iv*ll:/1ogd/n) O, (118" |15/ log d/n ) = 0,(1),
V0, (IIv*ll1sv+/10g d/n) O, (118" /log d/n) = o,(1),

we get that (3.8) is also valid in this case after a usage of (4.6).

To verify the consistency of # we check the assumptions in Theorem 1.
Clearly the map v*TXx(8; — 3*) = (6 — 0*) has a unique 0 when 6 = 6*.
Moreover, the map 6 +— v (2,85 — e) is continuous as it is linear. In
addition, it has a unique zero except in cases when v'%, ,; = 0. However
note that [v7'E, .; — 1| < X by (4.4), and hence for small enough values of
A there will exist a unique zero.

Assumption 3 is verified in Lemma H.1. Observe that (3.7) is trivial as its

LHS = 0 in this case. Finally, the fact that A is consistent for A is verified
in Lemma H.2. O

Next, we proceed to formulate a uniform weak convergence result. To this
end, for fixed M > ¢ > 0, define the following parameter space of covariance
matrices:

S(L,s)={Z:2=3"0<0 < A\oin(2), || Z]fmax < M, |21 < L, max 1= o < s}
]:

We have the following result in terms of uniform convergence:

Corollary H.1. Let (4.3) holds, and Cov(X) = Xx € S(L,s). Let 2 =
(Xx)7! and denote B = Q.,,, and v = £Q,;. Assume there exist two con-
stants Vi, and Vg such that:

(H.1) Var(vI X XT8) > Viuin > 0, E(vI X XTB)* < Vigay < 00.
Then under the following conditions:

(H.2) sL*log(d)log(nd)/n = o(1), s°/v/n =o(1),

we have lim,, o SUDs;, e5(1.5) SUPser |Pg(ﬁn <t)—®(t)| = 0.
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The conditions in this Corollary are essentially the same as those in Corol-
lary 2. Condition E(v' X X7 3)* < V.. ensures E(vI X X73)? < oo and
Var((vI X X73)?) = o(n). The only other difference is that the second
condition in (H.2) is stronger than the counterpart in Corollary 2. We need
this condition to apply the Berry-Esseen theorem to control the normal
approximation error uniformly.

Lemma H.1. Under the assumptions of Corollary 2 we have that: A=1/2n1/25(3*) ~
N(0,1).

Proor or LEMMA H.1. Similarly to Lemma F.1 we will verify Lya-

punov’s condition for the CLT. It suffices to bound the quantity for some
k> 2:

nk/2 & T T T k
o k)2 Z]E vEX X B -V XX,

||V*||§||13*||2amin i=1

where we used assumption Assumption 7. By Cauchy-Schwartz we can

bound the above expression by following (up to a constant factor): n=*/23"" E H (X: X! —2x)s,.c
where by subscripting the matrix we mean setting all elements not in the
supports of v* or B* (Sy, and S correspondigly) to 0, and || - ||# is the
Frobenius norm of the matrix. Finally using Lemma H.3 we conclude that
we can control the expression above by n=*/2%1(s,s)%/2(8k K x )*, and hence
the conclusion follows. O

Remark H.1. Using the Berry-Esseen theorem for non-identical random
variables in combination with the bound we derived above, we can further
show:

sup |P* (A_1/2n1/23(,3*) <t)—®(t)| < Cppn V224K x)3(sy5)%? = 0(1),
¢

where Cpgg is an absolute constant.

Lemma H.2. Under the assumptions from Corollary 2, we have that the
plugin estimator A LA

PROOF OF LEMMA H.2. Notethat A = LS (37X, X/ 3)*~(v'S,B).
Similarly to the analysis of the first term in Proposition F.1 one can show
that vI'¥,,3 is consistent for v*T¥ x3* under our assumptions. Hence it
suffices to show that |+ 3" | (VI X; XT3)? —E(v*' X XT8*)% = 0,(1). We
start by arguing that n~* {Z(@TXZ-X?E — V*TXiXZ-Tﬂ*)2:| , is asymptot-

i=1

(.

T
ically negligible.

n 1/2 n 1/2
P [ S EXXIB - 82| o v XX
=1 =1

N J/ J/
—~ ~

11 12
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We first handle I2 = (3 — 8*)" n" ZXZXZTQVTXZXZT(B — 3*). Using
i=1

-

M
Lemma F.7, we can bound M in the following way:

(H.3)

M| ipaxe < max | X X maxn ™ > V7 X, X7V < 0, (log(nd))[9])1[| 59 .
=1

By the definition of ¥ we have: || £¥||o < (1 4+ X’). Hence:
IM[max < Op(log(nd))([[v*[ls + [[V = v*[1)(1 + X) = O (log(nd))[[v"|x,

where we used that X' =< ||v*||;y/logd/n and ||[v—v*||1 = O,(||[v*|lisv+/logd/n)

which are quantities going to 0 under our assumptions. Thus:

I} < 1B=B[1Iv*1110p(log(nd)) = O, (|Iv*[11[18"[[is* log d/nlog(nd)) = o,(1),
By a similar argument we can show that I, is of similar order. Putting
everything together we conclude:

(H.4)

I =0, (max(sy||[v[l1, s* |8 [)[v*[|1]18" [l log dlog(nd) /n) = 0,(1).
Next, we argue that n=* > " (v''X; X[ 3*)? — E(v'"X X7 3*)? is small.
Recall that we are assuming Var((v*?T X X7 3*)?) = o(n). A usage of Cheby-
shev’s inequality shows that n=' > | (v X; X[ 3*)? —E(v*T X X7 3%)? =
0p(1). Finally note that by the triangle inequality the following two inequal-
ities hold:

n

n L2 1/2
{nl Z(GTXZ-XiTﬂY] < [nl > vrxx] ﬁ*)ﬂ + 12,
i=1 i=1

n 1/2 . 1/2
{n‘l > (VIXX] B*)Q] < [n > (TXX] 6)2] + 1
i=1 i=1
Observe that n=' Y " (VT X; XTI 3*)2 = E(vTX XT3%)2 +0,(1) = O,(1).
This completes the proof. n

Proor orF COROLLARY H.1. To prove this corollary note that all bounds
we showed in the proof of Corollary 2 hold uniformly in the parameter
set S(L,s). Note that as both v and B are columns of € we have that
¥l 18llo < 5. [¥1l1, 18]l < L and M1 < [[v]l, | B]l2 < 6-L. These condi-
tions in conjunction with the assumptions of the present result, can be seen
to imply the conditions from Section A and this completes the proof. [

Lemma H.3. Let Ry,R C {1,...,d} with |Ry| = ry,|R| = r. Then we
have the following E || (X X7 — ) g, &[5 < (rvr)*/2(8kK%)*.
PROOF. Apply (F.2) to get || X;X;|ly, < 2K%. Combined with the trian-

gle inequality it gives us || X;X; — 04|y, < 4K%. Next simply use Lemma
F.8 for ¢ to complete the proof. [
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H.2 Proofs for Transelliptical Graphical Models

In the transelliptical case the lemmas from the CLIME case are no longer
applicable, as the estimator of X is constructed in a completely different
manner. Furthermore, the vector X is coming from a nonparanormal family
and need not be sub-Gaussian. Fortunately, Liu et al. (2012a) provide a
concentration result which we state below:

Theorem H.1 (Liu 2012). For any n > 1 with probability at least 1 —1/d,
we have

(H.5) 187 — B |max < 2.45m+/log d/n.

While this theorem is defined within the framework of nonparanormal
models, the proof doesn’t utilize the fact that the family is nonparanormal,
and thus extends to the transelliptical case. As we can see from the theorem,
the rate of Kendall’s tau estimate (H.5), is no different than the one using
the sample covariance matrix, provided in Lemma F.2.

ProoOF OF COROLLARY D.1. The proof of tAhis result is the same as
Corollary 2, except we use X in place of X x, S7 in place of X,,, Lemma
H.6 in place of Lemma F.4 and Theorem H.1 in place of Lemma F.2. The
only different step is the verification of Assumption 3 which we provide in
Lemma H.4. We omit the rest of the details. m

Lemma H.4. Under the assumptions of Corollary D.1 we have that A='/2p/25(3*) ~~
N(0,1), where A is defined as in (D.3).

Proor or LEMMA H.4. Note that by the mean value theorem we have
the following representation:

o () = (55 e 5 i (n(5) ()

2
jESy,keS
7k
T\ T
1/2 * 0% ~
:n/ E UjﬁkCOS (Tjkg) §(Tjk_7—jk>
JESv,kES
J#k
1/2
_n'? Y wipisin (}ﬁ,ﬂ) (f (For — T'k)>2
2 j€Sy,kesS o ’ 2 2 ’ ’ 7
VASTSA)
itk

where 7;; is a number between 7;; and 7;;. We will first deal with the first
term in the sum above. Since this term is a linear combination of second
order (dependent) U-statistics, we will make usage of Haejk’s projection
method. A similar approach was used in the celebrated paper of Hoeffding
(1948). To this end we define the following notations:

it . it'|i it
Tj = S1g2n ((XZJ — Xz’j)(sz — Xz’k)) — Tjk, Tjk = E[Tjk |X1],
1 E it/ [ (R ) (S g |
i £
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In terms of these notations we therefore have 7j, — 75, = 23", T +
n(+_1) D i<icir<n w;’j,; This gives us the following identity:

/2 Z V3B cos <Tjkg> g(?jk — 1) = w2 Z v} By cos (Tjk ) Z

jESy,kES jESy,kES
j#k J#k

.

-~

I

+—n1/2(2—1) Z vﬂkcos(Tjk> Z whi,

JESv,kES 1<i<i'<n

i#k

I
We first deal with I; which can clearly be represented as a sum of iid mean
0 terms, by verifying Lyapunov’s condition for the CLT. I; can be rewritten
as:

— . * 0% T i
(H.6) I =n"Y? Z Z v} B cos (Tjk§) Tik -

i=1 jeSy,keS
Jj#k

s

M,
Construct the matrix ® € R¥? given entrywise by
) T . .
(H.7) ©j), = mcos (Tjk§> Tj, hence % =0

We can then rewrite M; = v*70'8* = viL @} ;8% Calculating the vari-
ance of M; gives Var(M;) = E(v *TGZ,B*) > ozmm||v 15]|8*|3, where the
inequality follows by assumption. We proceed to verify Lyapunov’s condi-
tion for some k > 2 (where we ignore the constant o, > 0):

n—k/2 (S S)k/2(27r)k
k <« —k/2 v B
TV I5T18° PILIE ZEH@JS sl < 22T — o),
=1

where the first inequality follows from Cauchy-Schwartz, and to see the
second one notice that each element of © is bounded |©%,| < 27, and
hence [|©% gll% < (sys)¥/2(2m)*. This implies that I; ~ N(0,A), with
A =EvTO'3*)>2.

Next we deal with the second term [, which is mean 0, by showing that
its (standardized) variance goes to 0 asymptotically. Before we compute its
variance we make several preliminary calculations:

E(wiw?) = E(rimr) — E(rii ") — E(rin, ") — Bzl i) + E(rly "

J
+E( X \z rr |r)_E(7_z;€|z 7-[5 )‘I‘E( w! |7 e |r)+]E( w! | ST "|r! )

ls ls

In the expression above we have taken j £ k, l # s, r #£i £ i #r £r #£1.

Notice now that all elements above are independent and since ]E(wﬁ;) =
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E(w) = 0, we conclude that E(wﬂwl’: ") = 0. Following, the same logic,

for j £k, I #£s,i#£d #1r #i
E(ufiwi;) = E(rfinl) — E(rim, ") = B ') + E(rm"n )

S

where all the rest terms are 0, by the same argument as in the first case.

Using iterated expectation by conditioning on X; it can be easily seen
that all terms become equal to — E(r; " |ZT;]: "), and we can conclude that

U

E(ww; ™) = 0. Since EI, = 0, we have

Var(I5) < E(13)
Var(M;) = amin|[V*]|3]18%]/3

2

m T L,
= E v By cos (Tk—) w
AT =17 2 | 2 vificos(mig) wik
- j#k
2(n * 2 * 2
& (2)36<Zj65v |”j’> (Zkesmko < 72185y 5 1)
> =oll),
n(n — 1)2oumin| [ v*[13]18*(13 (n = 1)omin

where in the next to last inequality we used the trivial bound |w;’,;| <
“/ P g |l < 6. Thus the terrn Varltl2) - — (1) and therefore,
Jk Var(M;)
’Var( ) = Op(l)

Finally we deal with the standardized version of the last term:

Chebyshev s 1nequahty gives us that

1/2

1 n T (T 2
(H8) E U*fﬁz sin <,7\:k_> <— (?k — Tk)> .
Var(v*T@,B*) 2 jeS¥ZeS J J 2 9 J J
J

As we mentioned previously it’s clear that 7, is a U-statistic, and its ker-
nel is a bounded function (between —1 and 1). Furthermore, we have that
E7;;, = 7ji. Thus, we can apply Hoeffding’s inequality for U-statistics (see
Hoeffding (1963) equation (5.7)), to obtain that:

2

t
(H.9) P(sup |Tj, — 71| > t) < 2d*exp (—%) .
ik

It follows that selecting ¢t = 94/log d/n suffices to keep the probability going
to 0. Notice that the (H.8) can be controlled by:

1/2 2\/;
86min[[V*|2118%]12

The last equation is implied by our assumption. This concludes the proof.
O

N “ ~ syslogd
IVl esup(R = 702 = 0, (Y2525 ) = o,0)
J
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Remark H.2. Using the Berry-Esseen theorem for non-identical random
P <¢1—15 < t) —(I)(t)’ <
Cppn~?(sy5)%? = o(1), where Cpg is an absolute constant. Note that we

decomposed our test into \;—IZ +0,(1), and hence this statement is valid more
generally for Corollary D.1.

variables we can strengthen weak convergence statement to sup,

Proposition H.1. Under the same assumptions as in Corollary D.1, we
have that A —, A.

PROOF OF PROPOSITION H.1. Before we go to the main proof, recall
the definition of @' (H.7), where ©% = mcos (7;x5) 7/, Note that in fact

E®’ = 0, since E7), = 0, and thus Var(v*"©'8*) = E(v*"@'8*)?. Similarly
one can note the simple identity: % Yoy ©' = 0. Thus we will in fact focus

on showing that %2?21(§T(:)i§)2 is consistent for E(v*T@!3*)2.

Consider the following decomposition:

%Z(GTézB\)Z _ %Z{({;T@zﬁf _ (V*Téig)2] 4 % Z[(V*T@zB)Q _ (V*T@iﬁ*)Q] .
i=1 i=1 i=1

(. (. J/
-~ -~

11 12

Below we show that [; is asymptotically negligible. We have:

L] = < V=V ulv +v (1Bl (27),

1 o A s~
(G_V*)TEZGZBﬂTQZ(G'FV*)T
=1

where we made use of ||(/-'5i||maX < 27. Thus by Lemma H.6
1] = 0, (IV 318 |35y /log d/n) = 0,(1),

by assumption. Similarly we obtain |I5| = O, <||v*||%||,3*||%s\/logd/n> =

0,(1). Next, we inspect the following difference I3 = %Z?:l[(V*T(:)iB*)Z -
(v*T@'3*)?]. Before we bound this term recall that we have the following
useful inequality ||©°||max < 27. Thus:

(H.10) 1] < V318 47 max |67 — ] e
To bound the difference max;—;._, || S || max We will use some concentra-
tion inequalities. First, since cos is Lipschitz with constant 1 — |cos (g?jk) — cos (gTjk) | <

gﬁ'}k — Tjk|, we have:

~. . T T . T . )
0%, — O] <7 ‘cos <§Tjk> — oS8 <§Tjk>‘ T+ ‘cos <§T]k>‘ Tik — Tixl

< Wzl?jk — k| + 7T|?;k - szk‘
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where we used the simple observation that |77, < 2. Next we have:

|7/:;k - T;k| < [Tjr — Tl

1 ) .
i £ h
N\ P _/ G;k

0
Ojk,

This gives us:
(H.11) ’@;"k:_@;"k’ < (7T2+7T)|?jk_7—jk’+7T’9§k_9;‘k"

Next, note since the terms in é\;k are iid conditional on Xj;, and they are in
the set {—1, 1} by Hoeffding’s inequality, integrating X; out and the union
bound we obtain:

P[5 — 0] > 0) < 20 exp (-

Z7J

o),

This implies that selecting t = 44/log(nd)/n, would keep the probabil-
ity converging to 0. Combining this result with (H.9) and (H.11) gives us

max; ||(:)Z — O|pax = O, < log(nd)/n> . Hence using (H.10), we get |I3] =

V1121187120, <«/10g(nd)/n> — 0,(1), which follows since [[v*||2[|8*||? max(sy, s)/log d/n =

o(1), implies ||[v*||3]|8*[|?+/log(nd)/n = o(1). To see the last implication it
is sufficient to observe that ||[v*|; > Q11 > 1,||B8%||1 > Qum > 1. Finally
we assess the difference £ 3" (v*T@'8*)2 —E(v*'@'3*)%. By Markov’s in-
equality in much the same way as in the last part of the proof of Proposition
H.2, we can show that the expression above is 0,(1) if Var((v*T©®8*)?) =
o(n). Since the elements of @ are bounded by 27 we have |[v*TOF*| <
[v*[|1]|3*||127. Hence since ||[v*||3]|8*||? max(sy, s)/logd/n = o(1), implies
Iv*[|3|8*||1 = o(n) the proof is complete. O

PROOF OF COROLLARY D.2. Similarly to the proof of Corollary H.1 we
simply need to note that our conditions imply the conditions required by
Corollary D.1 and also note that the bounds in the proofs hold uniformly.

O

Lemma H.5. Assume that the minimum eigenvalue Ay, (X) > 0 and
sy/logd/n < (1 — /1)(1\1‘5%, where 0 < k < 1. We then have that S7
satisfies the RE property with REg. (s,£) > kAmin(3) with probability at

least 1 — 1/d.

Proor or LEMMA H.5. Proof is the same as in Lemma F.3, but we use
Theorem H.1 instead of Lemma F.2. We omit the details. [

Definition H.1. Define RE,(s,&) := Kk REx(s,£) > kAmin(X2).
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Lemma H.6. Assume that — Ay (X) > 0, syy/logd/n < (1—%)&‘%,
where 0 < kK < 1 and N > |v*]|;2.45my/logd/n. Then we have that

IV = vl < 22y with probability at least 1 —1/d.

Proor or LEMMA H.6. Proof is the same as in Lemma F.4, but we
use Theorem H.1 instead of Lemma F.2 and we use Lemma H.5 instead of
Lemma F.3. We omit the details. OJ

APPENDIX I: PROOFS FOR THE LINEAR DISCRIMINANT ANALYSIS

Lemma I.1. Under Assumption 8 we have that aVi+(1—a)Vy > V.. ([|B8*]13]v*||3+
Iv113)-

Proor oF LEMMA I.1. The proof follows by an elementary calculation
so we omit the details. O]

Remark I.1. This also shows that A > §(a '+ (1—a) ™ H||[v*|]3 > d(at +
(1—a) ™ MY4K;* > 0.

Proor oF COROLLARY 3. We verify the conditions of Section 3. To see
Assumption (3.5), we can use Lemmas [.5 and 1.6 to get || — B*|y =

0, ((18°111 v )sy/log d/n), I = v* Iy = Oy (Iv*lli5v\/Tog d/n) provided

that X\ and )\ are large enough, and we used the fact that n; < ns.
Next we check Assumption 1. To see (3.2), fix a |0 — 0*| < ¢, for some
e > 0. By the triangle inequality:

H Bi—SBH (XY )—prttts|| < [E— S e 118 ) X —par oo+ — sl

o0

The RHS is O, ((||B*||1 V1)4/log d/n) , by Lemma 1.3 and bound (1.3). The

same logic shows that ro(n) =< [[v¥||1(||B8*|l1 V 1)y/logd/n, which implies
(3.3). Since the Hessian T in (3.4) is free of B we are allowed to set r3(n) =

N = [|[v*]1\/logd/n = o(1) (by Lemma 1.6). Finally the two expectations
in Assumption 1, are bounded as we see below:

IZ85 = 8" lleo = 1285 — B )l < [|Bstllce < 2K7e, V'Sl = 0.

By adding up the following two identities:
V0, (Iv*liv/logd/n) 0, (18"l v 1)sy/log d/n) = o,(1),
i, (v s/ Edfm) 0, (181 v DVied/n ) = 0,00,

we get that (3.8) is also valid in this case by assumption.

To verify the consistency of 0 we check the assumptions in Theorem 1.
Clearly the map v*TX(8; — 3*) = (0 — 6*) has a unique 0 when 6 = 6*.
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Moreover, the map 6 — ?T(Zn,ag — (X —Y)) is continuous as it is linear.
In addition, it has a unique zero except in cases when v7'%,, ,; = 0. However
note that ]VTEn «1 — 1] <X by (4.4), and hence for small enough values of
A there will exist a unique zero.

Next we verify Assumption 3 in Lemma [.2. Finally we move on to show
(3.7). Observe that (3.7) is trivial as its LHS = 0 in this case. O

Lemma I1.2. Under the conditions of Corollary 3 we have the following
A2 /nS(B*) ~ N(0,1), where A is defined as in (4.7).

ProOOF OF LEMMA 1.2. We stat by defining the following quantity:

ni

(L1) f)n:i Z(X 1) (X — ) +Z — p2)(Y; — p2)”

i=1 =1

We have n'/2v*7(2, 8 —(X-Y)) = n/>v*T (2,8 — (X = Y)) +n2v* T (S, — £,)8".

Il 12
We proceed with showing that the term /5 is small:

L < ' 2IVILIB L IEn = Ballwax = 1V [L1l18110, (log d/n'/?) = 0,(1),

where we used (I.4) from Lemma 1.3 (and made usage of the fact that
ny < ng). Next we take a closer look at the term I;:

L =nvT(2,8" — (p1 — po) + 0T (X — g — Y + o)

= pt/2y T = Z( U8 — ( — o) + | —I(i < my) — —I(i > nl)] UZ-) :

ni ng

Next, by n1/n + 0,(1) = «, it is clear that:

n1
L =n 12T Z (UiU@'Tﬂ* — (1 — p2) + OflUi)

i=1

ST S (UG ps) — (1 ) 'U)

i=n1+1
n —1/2 «T 1), —1/2 - «T
+ | ——a" U+|—-(1- U;,
(=) (7o) 52
. =1 , ~— v i=ni+1 y
op(1) O;(rl) op(1) O;?l)

where we implicitly used Chebyshev’s inequality and the fact that Var(v*TU) <
2v*Tyv* < 2671 Next we verify Lyapunov’s condition. The sum of vari-
ances of the terms above equals:

mVi+naVs = n(aVi+(1-a)Va)(1+0(1)) = nVyu (18" 121V I2+v*]I2) (1+o(1)),

min

by Lemma I.1. Without loss of generality let’s assume that a=! > (1—a)™!.
It follows then from Lemma I.7, that for any £ > 2:

* * * — * k * * —
E|vTUU! B = v (1 — pa) + a7 VIO < ||VH[5(Ci(sv8)"? |87 [[5+Caa sy/?),
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and similarly:

E[TUUT B = v (1 — ) = (1= )V TUL" < [V 5(Ca(sv9)?|B [+ Coa ™ sk2),

where C7 and Cy are some absolute constants depending on k (see the
Lemma for details). Therefore we conclude that the sum in Lyapunov’s
condition, is bounded by:

(sys)k/? B I5+ e o(1)
(L+o(1))nk/2=1 (Vi R2(18%(15 + DRz 7
o(1)
This completes the proof. n

Remark I1.2. We propose the following consistent estimator of A, and
prove its consistency in Proposition I.1.

i=ni+1
IS nor Y, )2 T o)) 2
+ - —Vv(Y,-Y)) -(v(X-Y
P (297 0v-¥)) - (X - V)

Proposition I.1. Under the same conditions as in Corollary 3, max(||tt1]co, || £2]/00) =
O(1), and the following additional assumptions:

max(\'sy, As)||v¥|1]|8*|l1v/log(nd) = o(1), Var((v'U)?) =o(n), Var(v*'UU'B*) = o(n),
E(vTUU3*)? = O(1),

we have that A —p A

PROOF OF PROPOSITION I.1. Note that A can be decomposed as:

A =aE(vTUUTB*)* + o 'E(vTU)* + (1 — a)E(vTUUT 3%)?
+ (1 =) EVTU)? — (v (1 — )

We start from the last term:

V(X -Y)) = [(VI(X-Y)) - (vI(X -Y))|+(v'(X -Y)).

(—~

We have |I;] < ||V — v*[[1||¥ + v 1 (X = Y)(X — Y)T||nax. Using Lemma
1.6, we know |[V—v*||; = O, (||V*||1sv\/log d/n) We can apply the concen-
tration inequality (I.3) provided in Lemma 1.3 to claim that [|(X —Y)(X —
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V)T ||max < || — pa %+ | 1 — 2] O, <\/10g d/n) , where we used the tri-
angle inequality || X =Y |loo < || X — 1 ]loo+ || — 2| 0o+ 11 — 22| oo - Finally
due to our assumptions we have || = |1 — p2 |20, (||V*||%SV\/10g d/n) =
0p(1). Next we tackle I, = SV*T(X YY) - (v (u — ug))i—k (v — Mg))i.

-~

I I22
In a similar fashion to before, applying inequality (I.3), we can get |I;| <

v*[|30, (x/logd/n> | p1—pe2]|oo = 0,(1). Thus we have shown I = (v**(u;—
t2))? + 0,(1). To this end define the following shorthand notations:

n2

L(v.8) ==Y (VI(Xi— X)(Xi - X)T8)°, Iv(v.B) ==Y (vI(Yi— ¥)(Yi— Y)7B)’

n < -
=1 =1

<

Next we show that Iy (v,8) + Iy (v, 3) is consistent for E(v*UU” 3*)2.
We begin with the following bound:

IS (v - 2 x8) 1 Ly (5 v - v

i=1 =1

..........

Note that the random variables X; — X and Y; — Y are in fact mean 0 sub-
Gaussian variables since e.g. || X; — X |y < | X0 — pallgn + 1 X — pa]lg <
2Ky. Thus an application of Lemma F.7, and the fact that ny < ny < n,
gives us that M = O(log(nd)). Furthermore we have:

1ZaBlloe <A+ 11X = pualloo + 1Y = pialloo + 111 — p2loc = O(1),

by application of (I.3), and the way we select A. Putting the last several
inequalities together with Lemma [.5, Lemma .6 and the triangle inequality,
we obtain:

WV Ix®,8) + Iy @, B)—\/ Le(v*, B) + Iy (v, B)| < Ivll1/TBTisv+/Tog(nd) Tog d/nOy (1).

Applying the same technique we can further show that in fact:

VIx@.8) + Iy ¥.B) — VIx (v, ) + Iy (v, 8] = 0,(1).

We proceed to show that Iy (v*, 8*)+Iy(v*, 3*) is consistent for E(v*UUT 3*)?
and since E(v*UUTB*)? = O(1), the latter inequality also shows that

Ix(v,B) + Iy (¥, B) is consistent for E(v*UUTB*)2. Define the following

-----
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M we have M = O,(log(nd)). Next we consider the difference:

Ix (v, 8) + Iy (v, 87 —n ' Y (vTUU B

i=1

1 & _ _ 1 & _ _
< |V IB8%]V <ﬁ Z V(X - X)|[(X; — X)"B8Y |+ - Z V(Y = Y)||[(Y; - Y) 8]

i=1 =1
1 - T T

- Ty UTB |

+”;:1 VU |U; B |>

where

V= max{ max ||(X; — X)(X; = X)" = UU}[|max, max [[(Y; = Y)(Y; = Y)" = Uiy, U},

. 1+n1 |
i=1,..., =1,...,n2

Note that by the simple inequality |ab] < (a® + b?)/2, we have, that the
expression in the brackets is bounded by:

<vI(E, + . )v/24 BT (E, + 3,)8/2.
We have that v*TS,v* < [[v*[1[vTSallee = V¥ ]l1 + [V*]20, («/10gd/n>.
Similarly since by (14) |, — 2y |lmax = O, (*£4) we have that vTE, v <
Iv*ll1 + [[v*]|30, (wlogd/n). Similarly one can show that B8*7S,3* <

18111 szl 181 1811V 1)O, (/Iog 7). and sl imequality
for 3T, 3*. We next inspect V:

maxc (X, = X)(X; = X)" = U7 e < max 2 X1l X = pasc

i=1,...,n1

F 11X = plloo(1X = palloo + 2l 1] o0),

and we can similarly bound the other term in V. Note that in Lemma F.7 we
showed that max;—1__,, || Xi||cc = O,(1/log(nd)), and as we argue in (L.3),

we have || X —p1 || = O, («/log d/n), and thus V' = O, <\/10g d/n) (v/log(nd)+
le1 ]| oo + || 42]]00)- Hence under our assumptions, we have:

n

* * * * — * %\ 2
Ix (v, B) + Iy(v'. 8) —=n ™' ) (VTUUT )| = 0,(1).
i=1
Finally we finish this part upon noting that ‘% S, (V*TUiUiT,B*)Q —E (V*TUiUiTB*)z‘ =
0,(1), and that under the assumption Var((v**UU?* 3*)?) = o(n) by Cheby-
shev’s inequality.
Next we turn our attention to the term -+ ™" (V7(X,; — X))Q, and

1n1
show it’s consistent for a 'E(v*TUs;)?. First note that since = at+o(L),
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and we will show the rest of the expression is O,(1), we will just focus on
the average term. We first show the following difference is small:

1 - S \ S * - o *
SN - X)) (VT - X)) = 1 V) S (v

n
Lo

<V = VLAY = vl 4+ 2 D)1 x -

Using the same technique as in the proof of Lemma 1.3, one can show that
||f3X||n[1aX < |12 |lmax + Op (x/log d/n) By Lemma 1.6 we have ||V — v*||; =

[v¥|l15vO, (\/log d/n), and hence:

ni

SIEFN(X - X)) - (vT(Xi - X))

=1

1

ny

< v 150, (Viogd/n) = o,(1).

by assumption. Next we control:

ni

%Z[(V*T(Xz — X))2 . (V*TUi)Q]‘ — V*T(p,l — X)nil 22(2)(Z - X - Ufl)V*

. - . log d
< IV IElls = X1 = VIR, (<27 = 0,00

Thus after using Chebyshev’s inequality upon observing that Var((v*TU)?) =
o(n), we have shown the desired consistency. Similarly we can also show
that %n—z S (VY — Y))2 is consistent for (o — 1)7'E(v*TU;)?. This
concludes the proof.

[]

Lemma I.3. The following inequality holds ||£, — |lmee < for(d,n) +
t2,(d, n), with probability at least 1 — 2d>~*% — 2ed' =4t where:

(1.2)
tu(d,n) = AyKy+/logd/ min(ny,ny);  ty(d,n) = 4Ay Kz +/logd/n.
and Ay > 0 is an arbitrary positive constant, ¢ and ¢ are absolute contents

independent of the distribution of U, and Ky is as defined in the main
section of the text.

PRrOOF OF LEMMA I.3. We start by showing a concentration bound on
| X — p1]loo and [|Y — p2|oe. By proposition 5.10 in Vershynin (2010) and
the union bound, we have:

_ cnqt?
(13) P(IX — il > 1) < edexp (-T2 )
U

A similar inequality holds for ||Y —ps|| - Select ty7(d, n) = Ay Ky y/log d/ min(ny, ny),
where Ay > 0 is some large constant. The triangle inequality yields ||3,, —
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Sllmax < [1Z0 = B llmax + [|E0 — =lmax, where 3, is defined as in (1.1).
Next, we have that:

o = ny = = Mo — —
12 = Bnflmax < X = ) (X = 1) e + Y = p2)(Y = p12)" | mae
ny = Mo —
(1.4) < —(1X =l + — (Y = pallo)® < 15y (d,m).

where the last inequality holds with high probability. Note that by Lemma
F.2 we have:

12 — Bllmax < 4Au K2 +/logd/n =: ty(d,n),

with probability at least 1 — 24> ¢40. Adding the last two inequalities com-
pletes the proof. O]

Lemma I.4. Assume the same conditions as in Lemma 1.3, and assume fur-
ther that the minimum eigenvalue A, (3) > 0 and s(tU(d n)+t4(d,n)) <

(1-— “>(Ti%’ where 0 < k < 1. We then have that 3, satisfies the RE

property with REg (s5,£) > £Amin(32) with probability at least 1—2d*" el —
2ed'~¢Ab .

Remark I.3. In fact this event happens on the same event as in Lemma

L.3.

Proor or LEMMA 1.4. The proof follows the proof of Lemma F.3, but
uses Lemma [.3 instead of Lemma F.2, hence we omit it. O]

Lemma I.5. Assume that — A\uin(Z) > 0, s(ty(d,n) + t3(d,n)) < (1 —

/f)’\(rfj:g;), where 0 < k < 1 and \ > (’tVU(d n) + t(d, n)) 18*|lx + 2ty (d,n).

Then we have that || B— B < RE&\;I with probability at least 1—2d2-¢4% —

2ed" =AY (see (1.2) for definition of ty and ty)

Remark I.4. In fact this event happens on the same event as in Lemma
[.3.

PrOOF OF LEMMA [.5. We start by showing the true parameter 26 =
B* satisfies the sparse LDA constraint — ||2,,8" — (X — Y|~ < A with
probability at least 1 — 2d2~cA% — 2ed <Ay We have that:

128" = (X =Y )l < 138" = (11 — p12) oo +1 0 — Blinax[|B711
— \()r —
X = palloo + 1Y — pr2loo-

Collecting the bounds we derived in Lemma 1.3 we get:
128" = (X = Y|l < (fu(d,n) + t5(d,n)) 18711 + 2tu(d, n).

The last inequality implies that if we select A > (fr(d, n) + t3(d, n)) ||8*|l1+
2ty (d,n), it will follow that B* satisfies the constraint with probability at
least 1 — 2d2~ A% — 2ed' <Ay
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The rest of the proof is identical to the proof of Lemma F.4 but instead
of using Lemma F.3 we use Lemma [.4. Thus we omit the proof. O]

Lemma I.6. Assume that — A\in(X) > 0, sy(tu(d,n) + t? o(d,n)) <(1-

n))‘(TJré)Q , where 0 < k < 1 and X > ||v*|}; (tU(d n) + t4(d,n)). Then we
8\ sy

have that ||[v — v¥||; < BB (o)
2ed' At (see (1.2) for definition of ty and ty)

Remark I.5. In fact this event happens on the same event as in Lemma

L.3.

d27EA% -

with probability at least 1 —

Proor or LEMMA 1.6. The proof is identical to the one of Lemma F.4
but instead of using Lemma F.3 we use Lemma 1.4, and we use Lemma 1.3
instead of using Lemma F.2. We omit the proof. m

Lemma 1.7. We have the following inequality:
ENVTUUT B v (1 —pa) +ev U F < 2571 |V (518715 (svs) 2 (B8R K ) ||t * (VK L)").

Proor or LEMMA 1.7. The argument follows applying standard inequal-
ities, and the details are omitted. [

APPENDIX J: PROOFS FOR VECTOR AUTOREGRESSIVE MODELS
Define the following quantities which will be used throughout. Let:

32[| 3|2 max; (3o ;)

K., (X, A) :=
B0 ) = e o) (= AL

Kay(Z0,A) = K4(3o, A)(2M + 3).

We set
(J.1)

A= Ky(So, A)log d/T, N ::Kd(%y\z s <\/610gd/T+2\/1/T)

Lemma J.1. Assume that 3y € £,A € M(s), min; ¥;; > C > 0 and
max(sy, s) logd = o(v/T). Then the following relationships hold:

A=o0(1), N=o0(1), VTmax(sy,s)|Zg 1N\ = o(1),

Ve X
vISeve |37

*T *
A>C >0, B\Pﬂ:om, — (1),

where C’ is some positive constant.

PROOF OF LEMMA J.1. Clearly, since M = O(1), |||l = O(1), K4(Zo, A) =
O(1) and max(sy,s)logd = o(v/T), it follows that A = o(1), X' = o(1),
NM = o(1) and in addition v/T max(sy, s)||Zg 1N\ = o(1).

By the inequality (201520, > 1it follows that (25 1)o,; > (max; Egm) >
|Zollz" > M1 Hence A = ¥, v ISgv* > U, ., min;; Xy} > CM~ > 0.

0,35
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Next, to show that 220" 205 = o(T), it suffices to see that B3*7X3* =
O(1). To this end note that 187308 < IZ1klloollAlll < 1210kl M
Next since ¥ = ¥y — 3, we have [|31 4]l < max; g ;; — min; V,; g
|20]|2, which shows that |3*T3,3*| = O(1).

Finally we check VH}’EFV I\Eg‘ll\h = o(1). Note that ||[v*[|; < || X5, and

also that v*TX,v* > min; 3o ;; > min; ¥;; > C, hence it suffices to show
that ||[v*|[;\ = o(1). However, evidently |[v*|; < [|Z5%1 = O(1) and
X = o(1), which shows what we wanted. O

Next we summarize several results by Han et al. (2014), which we use in
the later development.

Theorem J.1 (Theorem 4.1. Han et al. (2014)). Suppose that (X;)L, from
a lag 1 vector autoregressive process (X;)° . . Assume that A € M(s).

Let A be the optimizer of (1.6) with the tuning parameter:

A= K (20, A)\/logd/T.

For T" > 6logd+ 1 and d > 8, we have, with probability at least 1 — 14d~!:
A — A, < 4s]|Z5'J1 . In fact on the same event (see Lemmas A.1. and
A.2. (Han et al., 2014)), we have:

150 = S0 lmax < Ka(So, A)/2 (\/Glogd/T +2/1/T )
181 — X1 [[max < Ka(Zo, A (\/310gd/T—|— 2/T>

PROOF OF COROLLARY 4. We verify the conditions of SeAction 3. To
see Assumption (3.5), note that by Theorem J.1 we have ||3 — B*||; <
48| X511 A Next we inspect [V — v*[l1 = O,(sv[| X" 1) according to
Lemma J.3. Next we check Assumption 1. To see (3.2), fix a |6 — 0% < ¢,
for some € > 0. By the triangle inequality:

”SOﬁ; - 20/6; - Sl,*m + El,*m”oo S HSOB* - Sl,*m”oo + HSO,*I - EO,*l”ooe

The RHS is O, (), by Theorem J.1 and by the fact that || So8* — 81 .mllc <
A\ with probability at least 1 — 14d~!, as is seen from the proof of Theorem
J.1 (see Han et al. (2014) for details). The same logic shows that ry(n) =<
||[v*[|1 A, which implies (3.3). Since the Hessian T in (3.4) is free of 3 we are
allowed to set r3(n) = X' = o(1). Finally the two expectations in Assumption
1, are bounded as we see below:

1X085 — 208 |loo < |1X0.41]|cc€ = o116, [v'20 1]lee = 0.

By adding up the following two identities:
VTO, (45|25 11N O0p(N) = 0,(1), VT O(sv |55 [1X)0p(N) = 0,(1),

we get that (3.8) is also valid in this case by assumption.
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To verify the consistency of # we check the assumptions in Theorem 1.
Clearly the map v**3,(8; — 8*) = (0 — 6*) has a unique 0 when 6 = 6*.
Moreover, the map 6 — VT(EOBG — S1) is continuous as it is linear. In
addition, it has a unique zero except in cases when V1'%, ,; = 0. However
note that [v7' X, — 1| < N by (4.4), and hence for small enough values of
A there will exist a unique zero. R

Next we verify Assumption 3 in Lemma J.2. In addition the fact that A is
consistent for A is checked in Proposition J.1. Finally we move on to show
(3.7). Observe that (3.7) is trivial as its LHS = 0 in this case. O

Lemma J.2. Under the conditions of Corollary 4, we have that:
A71/2T1/25(ﬁ*) — A71/2T1/2V*T<Soﬁ* . Sl) ~ N(O, 1)’
where the definition of A is given in (4.10).
Proor or LEMMA J.2. First, construct the sequence & = 0, &1 =
v I X XT3 —vT X XT el .
fort =1,...,T — 1. We start by showing that the
V(T-1)A
d \/T—IV*T(Soﬁ*—SL*m)

difference between the sequence Zthl & an A is asymp-
totically negligible. We have:

ZT: : VT = 1v7T(8,8* = S1am) (VT —1T)7" ZT:V*T X, XTg" v X X1 3"
t— = t Y N
= VA VA — ! VT —1VA
N L N——
T I

By Lemma J.3, |[v*'Sy — e1]loc < X with probability not smaller than
1 — 14d™*. Thus we have:

NIB 187 M+ 157
S _ 0(1)7
VT —1VA VT —1VvA
with probability at least 1—14d ™!, where we used the fact that |3}] = O(1).

Next observe that El, = 0, and using Isserlis’ theorem and Cauchy-
Schwartz we have:

1 ,B*TEO,B* + (V*TEOB*)2 < 2 B*TEO/B* _
T—1\ Vpm viISowv VU ) ~ T -1 Yy

11| <

Var(1,) = o(1).

and hence I, = 0,(1). The last shows that, S, & — ﬁV*T(S\(}%*_SL*m) =

0,(1), provided that S7/_ & = O,(1), which we show next. Observe that
the sequence (&)L, forms a martingale difference sequence with respect
to the filtration F; = o(Xy,...,X;) for t = 1,...,T, as we clearly have
E[&]Fi-1] = 0. Furthermore a simple calculation yields that for ¢ > 2 we
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have E[&2|F; 4] = X ) Thys;

(T-1)v*TEgv*

T—-1
V*T

T
—1

z

=1 max

N J/
-~

I

Using Theorem J.1, it is evident that I < K;(2q, A)/2 <1 [8ed 4 2, ﬁ)

with probability at least 1 —14d~!, and hence the above quantity converges
to 0 in probability.

Having noted these facts, we want to show that Ethl & converges weakly
toa N(0, 1) with the help of a version of the martingale central limit theorem
(MCLT) (Hall and Heyde, 1980). Next we show the Lindeberg condition for
the MCLT. For t > 2 and a fixed 4 > 0 we have:

(v'TX,_1)E[221(]Z| > 6C)]
(T — v TSyv ’

v It

- V*TE()V*

E[E1(/&] > 0)[Fi-1] =

-

where Z ~ N(0,1) and C = {M} : . Using the properties of

(T-1)v*TZgv*
the truncated standard normal distribution we have that E[Z%|Z > ] =

1+ %((?) ¢, and hence

E[Z%1(|Z] > ¢)]

20(c) (1 + %c) = 20(c) + 2¢(c)c < 2¢(c) (¢t + ¢),
c
where the last inequality follows from a standard tail bound for the normal
distribution.
Now notice that by the union bound and a standard bound on the normal
cdf we have
P(  max_ VT X, > u) < 2T exp(—u?/(2vT Zov")).

.....

Selecting u = 2\/log *TEOV gives max; [v*T X| < 2\/log (T)vTEgv*
with probability at least 1 — = . Hence on this event we have:

8log To(5C)((6C) ! + 6C)

E[G1(|&] > 6)[Fia] < T :

where C' = ﬁo;ng, and we used the fact that the function ¢(z)(z~! + z)

is decreasing. Summing up over t yields:

S TEA(I&] > 6)[Fioa] < 8log To(8C)((5C) ™" +6C) — 0

t=1

This shows that the Lindeberg condition holds with probability 1. Hence
by the MCLT we can claim 3, & ~ N(0,1). O
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Proposition J.1. Under the assumptions of Corollary 4 we have A —p A

PrROOF OF PROPOSITION J.1. We begin with showing the consistency
of Uprw = Somm — B18S,3 is consistent for ¥,,,,. First note that ¥ =
¥y — AT3)A, and thus ¥, = 20.mm — B*73,3*. Then we have:

Fitstly, by Theorem J.1, we have with probability at least 1 — 14d~!:

Ky( E,
|SO,mm_20,mm| S HSO_EOHmaX = d 0 (\/ 610gd/T+2\/ 1/T> = /\/HE 1||1 - ( )

Secondly:
(B =8)"SoB| < 18— B111(11S08"[l0 + 1508 — So8"l|x)
S ”/B - /B*HI(HSOHmax”IB*Hl + HSOﬁ - Sl,*m”oo + HSOIB* - Sl,*m“oo)
On the event of Theorem J.1 we further have:
18 = B* 11| Sollmax |8l < 45135 1 Al Zollmax + S0 = Zollmax) M = o(1).

Furthermore within the proof of Theorem J.1, it can be seen that on the
event of interest we have [[Sy3* — S1..m|l < A, and hence:

18 = B111(11S08 — Stumlloc + 1508" = Stmllo) < 2MB — B[l1 = 0,(1).
Lastly,
|/3*T(So[§ —3B%)| < |5*T50(B\ — B89+ 187 (Sy — )8
S ||/8*H12)\ + ”/B*H [H‘S'Oﬁ* - Sl *m”max + ||Sl *m 21 *mHmax]
< M3) + MEy(So, A (\/3logd/ +2/T) — o(1),

where the last two inequalities hold on the event of Theorem J.1, and we
used the fact that ||3*[|; < M since A € M(s).
Next, we show that vI'Sov —, v*T3ov*. Similarly to before we have:

|$TSO</\ - V*E[)V*| S |({/\ - V*)TSOQ| + |V*T(SO{/\ - Eov*)|
For the firs termt we have:

(V= v) SV < [V = v 1 [¥7 S0 — el + [er(V = V)| < dsy[|Z5 [1(N)* + IV = vl
< 4sy[[ 25 () + 1135 2 = o(1),

with the last two inequalities following from Lemma J.3 and holding on the
event from Theorem J.1. Recall that e is a unit row vector.
Finally, for the second term we have:

VISV = Zv)| < [V [N < 125N = o(1),
and this concludes the proof. [
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Lemma J.3. Assume the assumptions in Theorem J.1. Let

N = HEngle 207 (\/610gd/T+2\/1/T)

Then on the same event as in Theorem J.1, we have |[|[V—v*||; < 4s, |2 |1V

PrOOF OF LEMMA J.3. We first start by showing that v* satisfies the
constraint in the Vv optimization problem with high probability. According
to Theorem J.1, we have with probability not smaller than 1 — 14d~!:

vy — el = [V (S0 — 2o)||oo < vl — Zol[max
Ka(S
v KeZo A) <\/6logd/T+2\/1/ )<X

This implies that ||v][; < ||[v*|; < HEalHl, and hence similarly to (F.3) in
Lemma F.4 in the Supplementary Material we can conclude:

IA

(J.2) Vs = Vel < [IVs, = v, la
Next we control ||V — v*||w. We have:

IV ="l = (7720 — €1) g loe < 1% 1 (197 S0 — exlloe + [[¥1]111S0 — Zo lmax)
< 1% 2N

Combining the last bound with (J.2), we get:
IV = vl < 4se[[ 25 X,
which is what we wanted to show. [

REFERENCES

ADAMCZAK, R. and WoOLFF, P. (2015). Concentration inequalities for non-lipschitz functions
with bounded derivatives of higher order. Probability Theory and Related Fields 162 531-586.

BICKEL, P. J., Ritov, Y. and TsyBakov, A. B. (2009). Simultaneous analysis of lasso and
dantzig selector. The Annals of Statistics 1705-1732.

Fang, K.-T., KoTz, S. and NG, K. W. (1990). Symmetric multivariate and related distributions.
Chapman and Hall.

GAUTIER, E. and TsyBAKOv, A. (2011). High-dimensional instrumental variables regression
and confidence sets. arXiv preprint arXiv:1105.245/4 .

HaLL, P. and HEYDE, C. C. (1980). Martingale limit theory and its application. Academic
press New York.

HaN, F., Lu, H. and L1u, H. (2014). A direct estimation of high dimensional a direct estimation
of high dimensional stationary vector autoregressions. arXiv preprint arXiv:1807.0293v3 .
HOEFFDING, W. (1948). A class of statistics with asymptotically normal distribution. The

Annals of Mathematical Statistics 293-325.
HOEFFDING, W. (1963). Probability inequalities for sums of bounded random variables. Journal
of the American statistical association 58 13-30.

Liu, H., HaN, F., YUAN, M., LAFFERTY, J., WASSERMAN, L. ET AL. (2012a). High-dimensional
semiparametric gaussian copula graphical models. The Annals of Statistics 40 2293-2326.
Liu, H., HAN, F. and ZHANG, C.-H. (2012b). Transelliptical graphical models. In Advances in

Neural Information Processing Systems.
VAN DE GEER, S., BUHLMANN, P. and RiTov, Y. (2014). On asymptotically optimal confidence
regions and tests for high-dimensional models. The Annals of Statistics 42 1166-1202.

imsart-sts ver. 2014/10/16 file: high-d-ee-supplement.tex date: June 11, 2018



43

VERSHYNIN, R. (2010). Introduction to the non-asymptotic analysis of random matrices. arXiv
preprint arXiw:1011.3027 .

ZHANG, C.-H. and ZHANG, S. S. (2014). Confidence intervals for low dimensional parameters in

high dimensional linear models. Journal of the Royal Statistical Society: Series B (Statistical
Methodology) 76 217-242.

imsart-sts ver. 2014/10/16 file: high-d-ee-supplement.tex date: June 11, 2018



	Introduction
	Examples
	Related Methods
	Contributions
	Organization of the Paper
	Notation

	High-Dimensional Estimating Equations
	A General Theoretical Framework
	Motivation and Informal Description
	Main Results

	Implications of the General Theoretical Framework
	Linear Model and Instrumental Variables Regression
	Graphical Models
	Sparse Linear Discriminant Analysis
	Stationary Vector Autoregressive Models

	Numerical Results
	Linear Model
	Graphical Models
	Real Data Analysis

	Discussion
	Acknowledgments
	Supplementary Material
	References

