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Abstract—We consider a class of regime-switching noncooper-
ative repeated games where agents exchange information over a
graph. The parameters of the game (number of agents, payoffs, in-
formation exchange graph) evolve randomly over time according
to a Markov chain. We present a regret-based stochastic approx-
imation algorithm with constant step-size that prescribes how in-
dividual agents update their randomized strategies over time. We
show that, if the Markov chain jump changes on the same timescale
as the adaptation rate of the stochastic approximation algorithm
and agents independently follow this algorithm, their collective be-
havior is agile in tracking the time-varying convex polytope of cor-
related equilibria. The analysis is carried out using weak conver-
gence methods and Lyapunov stability of switched Markovian dif-
ferential inclusions.

Index Terms—Coordination in decision making, correlated equi-
librium, Lyapunov stability, Markov chain, noncooperative game,
regime-switching differential inclusion, stochastic approximation,
tracking.

I. INTRODUCTION

ONSIDER a multi-agent noncooperative repeated game,

where individual agents choose their actions from a ran-
domized policy. Each agent refines its randomized policy over
time using a stochastic approximation algorithm to optimize its
regret function. It is well known (see [1]-[3]) that if the sto-
chastic approximation algorithm deployed by each agent has de-
creasing step-size, the collective behavior (joint empirical fre-
quency of actions taken by all agents) converges with prob-
ability one to a convex polytope that is the set of correlated
equilibria (CE) [4]. Such emergent collective behavior can be
viewed as coordination in decision making, since individual
agents act autonomously, yet eventually all agents pick their ac-
tions from a common convex polytope of joint strategies. The
CE has several advantages compared to Nash equilibria (NE) in
such learning environments: 1) structural simplicity: CE forms
a convex polytope, whereas the NE are isolated points at the ex-
trema of this polytope [5]; 2) coordination capability: The CE
directly takes into account the ability of agents to coordinate
their actions. This coordination leads to potentially higher pay-
offs than if agents take their actions independently as required
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Fig. 1. Tracking convex polytope of correlated e-equilibria C.(4,,) randomly
evolving according to a Markov process 8,,. Theorem 3.1 shows that such
tracking is attainable via the proposed regret-based stochastic approximation
algorithm.

by NE [4]; and 3) CE is realistic in learning since the environ-
ment naturally correlates agents’ actions. In contrast, NE as-
sumes agents act independently which is rarely true in learning.

Main Results: In this paper, we assume that the parameters
of the game (number of agents, payoffs) evolve randomly over
time. Therefore, the polytope comprising of the CE evolves over
time. Our objective is to devise a stochastic approximation al-
gorithms that prescribes how individual agents update their ran-
domized strategies over time such that their collective behavior
now tracks the time-evolving polytope of CE. Such tracking
problems lie at the heart of applications of stochastic approx-
imation algorithms [6]. This paper has two main results:

First, agents can exchange information with neighbors over
an undirected graph. Such neighborhood structure incorporates
a broad range of topologies. Each agent shares his picked action
profile only with neighbors, however, is oblivious to the exis-
tence of non-neighbors. Agents take actions repeatedly and re-
ceive: 1) local payoffs: due to local interaction (e.g., performing
collaborative tasks) within neighborhood, 2) global payoffs: due
to strategic global interaction with non-neighbors. Parameters of
the game model (e.g., payoff function, connectivity graph, etc.)
may evolve with time randomly. Given the game model and the
information exchange structure, how can the agents pick deci-
sions so that the collective behavior tracks the time-evolving CE
set of the game? Section I1I-A presents a regret-based stochastic
approximation algorithm that exploits this information exchange
structure and prescribes suchindividual strategies to the agents.

The second main result concerns performance analysis of the
proposed algorithm. We seek to answer: When individual agents
deploy the regret-based stochastic approximation algorithm, is
the collective behavior agile in tracking the time-varying CE
set of the randomly evolving game? It is well known that: 1)
If the underlying parameters change too drastically, there is no
chance one can track the time-varying properties via an adap-
tive stochastic approximation algorithm. (Such a phenomenon
is known as trackability; see [7] for related discussions.) 2) If
the parameters evolve on a slower timescale as compared to the
stochastic approximation algorithm, they remain constant in the
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fast timescale and their variation can be asymptotically ignored.
The analysis in this paper differs as we show that, if the random
evolution of the game is modelled by an unknown Markov chain
that evolves on the same timescale as the stochastic approxima-
tion algorithm, tracking of the CE set can be achieved. That is,
if this Markov chain has transition matrix I + 1@, where p is
the constant step-size of the stochastic approximation algorithm,
then the collective behavior of all agents converges weakly to
set of correlated e-equilibria (e-CE) [4]. In contrast to the stan-
dard treatment of stochastic approximation algorithms, the lim-
iting system will be shown to follow a Markovian switched dy-
namical system in such cases.

Note that the stochastic approximation algorithm deployed
by each agent does not assume a Markovian structure for the
time evolution of the game. The Markovian assumption is only
used in our weak convergence analysis to ascertain if the collec-
tive behavior is sufficiently agile to track the time-varying CE
set. Tracking time-varying equilibria, when the underlying dy-
namics are unknown, is essential in applications such as sensor
networks [8], [9] and cognitive radio [10], [11], where network
entities operate in a time-varying (non-stationary) environment.
The Markov switching assumption is also well-founded in such
applications. Suppose #,, denotes the number of alive sensors at
time n and that sensors run out of battery according to a geometric
distribution. Then, 8,, evolvesaccording to aslow Markov chain.

Our performance analysis is based on [12] and proceeds as fol-
lows: First, by a combined use of updated treatment on stochastic
approximation [6] and Markov switched systems [13],[14], The-
orem 4.1 in Section IV-A shows that the limit system for the dis-
crete time iterates of Algorithm 1 is arandomly switching system
of interconnected differential inclusions modulated by a contin-
uous time Markov chain. This is in contrast to the usual approach
of stochastic approximation, where the limit is a deterministic or-
dinary differential equation (ODE). (Differential inclusions arise
naturally in game-theoretic learning, since the strategies of other
agents are unknown.) We use weak convergence methods [6] to
carry out the analysis. We then proceed with the stability anal-
ysis of the limit system. Using Lyapunov function methods for
randomly switched systems [15], [16], it will be proved that the
limitdynamical system is asymptotically stable almost surely. To
complete the analysis, Section IV-D shows that tracking the set
of global attractors of the derived individual limit systems by all
agents provides the necessary and sufficient condition for the col-
lectivebehavior ofagentstotrack the convex polytope ofe-CE.

Literature: Regret-matching as a strategy of play in long-run
interactions has been introduced in [1], [2]. In [1], it is proved
that when all agents share stage actions and follow the pro-
posed regret-based adaptive procedure, the collective behavior
converges to the CE. In [2], the authors assumed that agents
do not observe others’ actions and proposed a reinforcement
learning procedure that converges to the polytope of ¢-CE in
static games. While there are several papers that present pro-
cedures converging to CE in static environments [1], [2], [17],
fewer consider learning in dynamic settings. This paper is in-
spired by [1], [2] and focuses for the first time on learning algo-
rithms when agents observe the actions of some (but not all) of
other agents and the underlying game evolves with time. Em-
pirical numerical studies in Section V further illustrates that
performance gains can be achieved by exploiting the informa-
tion disclosed in the vicinity of agents, e.g., in static games, an
order of magnitude faster convergence to ¢-CE polytope can be
achieved, as compared to the reinforcement learning procedure
in [2].
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Organization: The rest of the paper is organized as follows:
The Markov switched game with neighborhood structure is for-
mulated in Section II. In Section III, the regret-based stochastic
approximation algorithm is presented, the notion of ¢-CE is
defined, and the main theorem of the paper characterizing the
emergent behavior is given. Section IV presents the detailed
proof of the main theorem. Finally, a numerical example is
provided in Section V followed by the concluding remarks in
Section VI.

II. MARKOV SWITCHED GAME WITH
NEIGHBORHOOD STRUCTURE

In this section, we introduce a class of noncooperative games
with regime switching modulated by a finite-state Markov
chain. As mentioned above, the Markovian variation will
only be used to analyze the agility of the regret-matching
algorithm—it does not appear in the game-theoretic tracking
algorithm. Consider the finite repeated noncooperative game

G = (K, (A"kex, C, 0, PP, (UF e, (6" hex) (1)

where each component is described as follows:

1) Set of Agents: K = {1,2,..., K}. Individual agents are
denoted by k& € K.

2) Action Set: A¥ = {1,2, ..., A¥} denotes the set of actions
for each agent k € K, where |.A¥| = A*. Individual agent k’s
action is denoted by a* € A*.

3) Connectivity Graph C: Each agent k exchanges informa-
tion only with the neighbors A/, that are determined by the con-
nectivity graph C = (V,€). Here, C is an undirected graph,
where V = K is the set of agents. We make the neighborhood
monitoring assumption (as opposed to the standard perfect mon-
itoring [18]):

k knows a*" and &’ knows a¥

- w/
(k k) e e at the end of period n.

2
The open and closed neighborhoods for each agent & are then
defined by N, = {k € V\ {k};(k, k") € &} and N} =
N U{k}, respectively. Let further S = K\ N denote the set
of non-neighbors of agent k.

4) Markov Chain 0,, and Transition Dynamics P?: The game
model may evolve with time due to i) agents joining/leaving the
game, ii) changes in agents’ payoffs, and iii) changes in neigh-
borhoods. Suppose all time-variant parameters are finite-state
and absorbed to a vector indexed by #. The game evolves ac-
cording to a discrete time finite-state Markov chain é,, with state
space Mg = {1,..., ©} and transition matrix

o PP =T+ pQ. 3)

Here, p > 0 is a small parameter, I denotes the © x © identity
matrix, and @ = (g;;) € R®*® is the generator of a continuous
time Markov chain satisfying
gij 2 0fori #j, || <1, Vi,j € My
and
® “4)
> qy=0 foralli=1,...,0.
=1
INote that this is no loss of generality. Given an arbitrary non-truly absorbing
Markov chain with transition probability matrix 7 = I + p(2, one can form
Q = (1/t¢max) - Q, Where ¢uuux = maxicaq, |7,;]. To ensure that the two

Markov chains generated by () and ) evolve on the same timescale, p = 7 -

Imax-
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Choosing p small enough ensures that pfj =05+ pgi; >0
in the entries of (3), where ¢;; denotes the Kronecker ¢ function
satisfying 6;; = 1 if¢ = j and 0 otherwise.

Remark 2.1: Agents do not observe the Markov chain 6,, and
are oblivious to its dynamics (3).

5) Payoff Function: U* : A* x My — R is bounded and
denotes agent k’s payoff. Here, AN = x i A represents the
set of K -tuple of action profiles. A generic element of A* is
denoted by @ = (al,...,a™) and, following the common no-
tation in game theory, can be rearranged as (a*,a *) for any
agent k, where a % ¢ Xk/elc\{k}flk/. We further rearrange
a " as (@Vv,a%), where &Vt € ANE = xpicp, AY denotes
the action proﬁle of agent k’s neighbors and a®* € A%+ =
X s, AF denotes the action profile of agent &’s non-neigh-
bors, respectively.

The payoff is comprised of two terms: 1) local payoff, due to
local interaction (e.g., performing tasks) within neighborhoods;
2) global payoff, due to strategic global interaction with agents
outside neighborhood. Formally,

afk; 6) = Ulk(ak,aa"‘;é?) +

We assume UF (a¥,ak;0) = 0 if N}, = 0.

We Work with discrete time » = 1,2, ... Each agent k takes
an action a® at time n and receives a payoff Uk(ak). Agents
know their local payoff function U} It ( g) at each time n; Hence,
taking action a® and knowing a?*, are capable of evaluating
their local stage payoff Agents do not know the global payoff
function UF(+;6), however, can compute the realized global
payoffs by

U*(a® U;(ak,as";e). ®)

Uk ( ) - Uk ( 717‘)’?‘&;971) . 6)

Note that Ufn( ) = Uk,
(partly due to the time-varying actions of non-neighbors a
and partly due to the Markov chain 6,,). Even if agents knew
U k( ; §), they could not directly compute global payoffs as they
do not acquire aS k.

6) Strategy o : Agent k selects action according to a random-
ized strategy o* updated according to the stochastic approxi-
mation algorithm in Section III. A randomized strategy a* for
agent k belongs to the simplex AA* = {pF € R*";pk(a) >

0, 4ear P¥(a) = 1} and is a map
77+1 UHk i AAk

a3*:4,) is a time-variant function
Sk

O]

where H* = (xk/GNCA ,U*)" denotes the space of all pos-
sible joint moves of agent k, his neighbors A/, and possible
payoffs to agent & up to period 7. The o-algebra generated by
h" € H* will be denoted by F*.

Remark 2.2: 1) Because of the transition matrix given in
(3), #,, changes slowly in time. Hence, although the game is
evolving with time, it is piecewise constant. Simply put, §,,
takes a constant value + for a random duration and jumps to
7 # 1+, at a random time. For p = 0 in (3), the game G in (1)
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represents a static game which is an extension of that consid-
ered in [1], [2].

2) With a slight abuse of notation, U*(-; §) will be used to de-
note the multilinear extension of the payoff function to the set of
mixed strategies, henceforth, simply referred to as “strategies.”

3) Separable Approximation of Payoffs: Consider the ab-
stract setting where agents know their overall payoft function
U*(a*,a *;6) and observe the actions of some (but not all)
agents. One can apply “separable approximation” techniques
to approximate the payoff function as

Uk(a*,a %;0) m U (aF, a;0) + UL (a%,0%:0). (8)
Thus, the framework of this paper applies to a wider range of
games where agents receive incremental information other than

perceived payoffs.

III. TRACKING CORRELATED ¢-EQUILIBRIA: ALGORITHM
AND MAIN RESULTS

This section presents the stochastic approximation algorithm
that each agent employs to update strategies. We provide a pre-
cise definition for the collective behavior of agents and define
the polytope of e-CE. Theorem 3.1 then proves that if every
agent follows the proposed algorithm independently, the col-
lective behavior tracks the slow Markovian switched polytope
of e-CE. The convergence analysis in Section IV focuses on
the case where p = p. That is, the game evolves on the same
timescale as the adaptation rate of the stochastic approximation
learning algorithm. (We do not consider p = O(y?) as the anal-
ysis is similar to the case p = 0. That is, when §,, evolves on a
slower timescale, then on a fast timescale it can be regarded as
a constant and its variation can be asymptotically ignored.)

A. Regret-Based Stochastic Approximation Algorithm

Suppose the game G, defined in (1), is played in discrete time
n =1,2,... Define |z|T = max{0, z} for scalar x and |z|T =
(|.7:1\+,...,|.7,,L| ) for vector € R™. Further let I;., denote
the indicator function. The following algorithm is performed
independently by each agent & € K.

Algorithm 1: Regret-based Learning with Neighborhood
Information Exchange:

Step 0) Initialization: Set the exploration factor 0 < b <1,
the adaptation rate 0 < pz < 1, and &% > A% - |Uk — UF. |,

max mln
where U% . and U¥. denote the upper and lower bounds

on the payoff function for agent k, respectively. Initialize
Yb = (1/A) - Lye, where 1 = [1,- -
O!é' = 041y 4%, and BO = 04654k

Forn = 1,2,..., repeat:

Step 1) Strategy Update and Action Selection: Select action
ak ~ 'll)f‘, (see (9) at the bottom of the page).

Step 2) Local Information Exchange: i) Broadcast picked

action a® to neighbors NV} ; ii) Receive neighbors’ action
profile a/ N .

Step 3) Regret Update: For all i, j € A”:

:1]44"‘)(17

PEE) = Pk = o] = {

(lfé)min{ |o¢ (ak 1 i) + BE (ak 4, L)‘JF,A%}-I—%, i # ak
1 —ZjeAk\{z:} Dri(9):

. ©)

1= U/n71
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Step 3.1: Local-Regret Update (see (10) at the bottom of
the page).

Step 3.2: Global-Regret I?date (see (11) at the bottom of
the page). In (11), U, 5 " denotes the global payoff
realized at time n [computed according to (6)].

Step 4) Recursion: Setn < n 4 1 and go to Step 1.

Remark 3.1: While the dynamics of ¢,,, p and @, in (3), will
be used in our tracking analysis in Section IV-A, it does not
explicitly enter implementation of the algorithm. Agents are in-
deed oblivious to the fact that their payoffs are dependent on 6,,,
nor do they observe 6,,.

Algorithm 1 can be expressed in compact form as a Markov
modulated stochastic approximation algorithm of the form

Xn+1 = Xn, + M(Ul((bna ll/n7 en) - Xn)
}/n + 1 (UQ((I)n7 En; H'n) - KL)
PL[ (Xru y'n).

(12)

YnJrl =
P((bn = j|®n—1 = 7’) =

Here, X,,,Y,, € R", where r = A* x A* represent af and ,B,L,
respectively, and 8,, is an exogenous Markov chain with transi-
tion probability matrix (3). In addition, ®,, represents agent k’s
action afl, \Il,l, and =,, represent the Jomt action profile of his
nerghbors a/V’ and non-neighbors a;*, respectively. Note that
in (12) ®,, is a Markov chain that i 1s (conditionally) indepen-
dent of ¥,,.=,,. (However, ¥, , =, may be correlated) More

precisely, given the history h,, 1 = {(®,, ¥, ,E,)} 1,

P((I)n = 7« lI}n = j%En = k|hn—l)
=P(®,, = tlhy_1)P(¥,, = 4,2, = k|hn_1)
= Pq) ‘(X'qun)P(lI]n = ]7 En = k|hn71)-

o (13)

Equation (12) simply describes a stochastic approximation al-
gorithm that updates X,, and Y;,. These then affect the transi-
tion matrix of a Markov chain ®,, whose sample path is in turn
fed back into the stochastic approximation algorithm. This com-
pact formulation shows how Algorithm 1 compares with stan-
dard stochastic approximation algorithms [6] and will be used
in Appendix A to obtain the regime-switching limit differential
inclusion associated with Algorithm 1.

B. Collective Behavior and Correlated e-Equilibrium

Consider game G defined in (1). The collective behavior z,
is defined as the discounted empirical frequency of joint play of
all agents up to period n. Formally,

Zo=py (1—p

T<n

(14)

where e,, denotes the (I] ., A*)-dimensional unit vector with
the element corresponding to @ being equal to 1.

Remark 3.2: The collective behavior z,, is a system “diag-
nostic” and is only used for the tracking analysis of Algorithm
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1—it does not need to be updated by agents. In multi-agent sys-
tems, e.g., sensor networks, a network controller can monitor
Z,, and use it to adjust agents’ function.

Let us now define the set of correlated e-equilibria C.(§) for
the game G.

Definition 3.1 (Correlated e-Equilibrium [4]) Letmy denote
a joint distribution on the joint action space AN = xjecx A",
where m(a) > 0 foralla € A* and >, 4« 71'9( ) = 1. The
set of correlated e-equilibria for each state § € My, denoted
by C.(8), is the convex polytope

>.

a—keA-F

CE(H)Z{TQ : Th (i, afk)[Uk(j, a ") -U"(i, afk;H)]

<e, Vi, je A¥, ke}C}. (15)

Fore=01n (15),Cy(#) is called the set of correlated equilibria.?

In (15), 7% (i,@a=*) denotes the probability of agent k playing
i and the rest playing a—*. Note that C.(#) jump changes ac-
cording to #,, as the game evolves over time. We will prove that
Algorithm 1 generates trajectories of z,, that tracks slow Mar-
kovian switched C(f,, ).

Interpretation of Correlated Equilibrium as Global Coordi-
nation in Decision Making: Suppose, before the game is played,
eachagentk recelves aprivate signal @* € A*, given by the pro-
filea = (@',..., @) drawn according to a commonly known
distribution 7. A correlated equilibrium arises if all agents & €
K realize that @* is a best-response to the random estimated
play of others, provided that others, as well, follow their pri-
vate signals. That is, no agent can benefit by deviating from
a correlated equilibrium strategy. Therefore, reaching a corre-
lated equilibrium can be viewed as all agents being coordinated
in their choice of actions.

C. Discussion of Algorithm 1

1) Intuition on Strategy Update: Each element af (i, ),
i,j € A, gives the weighted time-averaged local-regret
(losses in payoffs) had the agent selected action j every time
he played action ¢ in the past:

ab(i,j)=py (1— )"
=1

< U (5. a00,) 1o

= Ul (ak.a2%:60)] Ty

Since agents know U[*(-;6,) and observe a *, they perform
the thought experiment to compute UF (1, a’ 9 ) for alterna-
tive actions j € .4*, hence, compute the welghted average of

2Nash equilibrium corresponds to the special case where agents act indepen-
dently. That is, 7 is a product measure: w(a!, - - -, a®) = TIX_ x*(a*). Bvery
Nash equilibrium is thus a correlated equilibrium. The set of correlated equi-
libria is nonempty, closed and contains the convex hull of Nash equilibria.

ap (i, j)=

he (4
B, )= 851 (i f) [[180

a?ﬁ.fl(ivrj)—l_ﬂ’[[ljlk(ﬂa";yk,6 ] Ul [a’k a‘\k 0 ]] XI{a’,j:i}_

(k) Ta—jy — Un(,,)f{ak_l}l gk lu,j)l

anfl(li’:j)] (lO)

(11)
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local-regrets as in (16). Agents, however, do not receive the ac-
tion profile of non-neighbors a®* , hence, are unable to evaluate
global payoffs for alternate actlons We thus formulate an unbi-
ased estimator ﬂ of the weighted time- averaged global-regrets
based only on {UF _} [2]. Each element 3%(i, j), i, 5 € A*, is
formulated as

n

ﬂn(7 J)=u Z(l — )T

=1

[ ED s ) ey - 0

Positive overall-regrets o® (7, 7)+3% (4, j) imply the opportu-
nity to gain by switching from action ¢ to j in future. Therefore,
switching probabilities 9* are based on | (¢, j) + 85 (i, ;j)|+
6 is the exploration factor which is essential as agents continu-
ously learn their global payoff functions. Taking the minimum
with 1/A* and £* in (9) also guarantees that " i o 4» 15 (a*) =
1. The rate of convergence is closely related to £¥—higher ¢*
leads to slower convergence.

2) Static Games: Algorithm 1 can be modified, by replacing
constant step-size 4 with decreasing step-size 1, = 1/n in (10)
and (11), to achieve almost sure convergence to fixed polytope
of ¢-CE in static games (p = 0 in (3)). We show in Section V
that such algorithm can lead to an order of magnitude faster
convergence to C. as compared to [2].

3) The Case of Observing 6,,: The main assumption in this
paper is that §,, is not observed by agents, yet agents jointly
track the time-varying polytope of e-CE; see Theorem 3.1. As-
suming agents observe 6,, leads to the less challenging case
where agents form (e (#), 8% (#)) and run Algorithm 1 (with
decreasing step-size p,, = 1/n) separately for each 8 € M.
In such setting, it can be shown that agents’ collective behavior
almost surely converges to C.(6) for each § € M. However,
this is not the focus of this paper.

an

- (aF) Tar=iy | -

D. Main Result: From Individual to Collective Behavior

We now characterize the collective behavior emerging by
each agent individually following Algorithm 1. To proceed, we
pose the following condition:

The process §,, is slow in the sense that p = p. (18)
That is, the parameters of the game evolve according to an un-
known Markov chain evolving at the same timescale as Algo-
rithm 1. The following theorem is the main result of the paper
and asserts that, if (18) holds, the collective behavior is agile and
can track the time-varying polytope of e-CE. In what follows,
= denotes weak convergence (a generalization of convergence
in distribution to a function space; see [6] for an exposition).

Theorem 3.1: Consider the game G, defined in (1), and sup-
pose (18) holds. Define the continuous time interpolated se-
quence of iterates:

z'(t) =z, for t€ [np, (n+ 1)y
where Z,, is defined in (14). Suppose further z; is independent
of s and let g(p¢) be any sequence of real numbers satisfying
q(p) — oo as p — 0. For each e > 0, there exists 6(¢) such
that if every agent & employs Algorithm 1 with § < &(e) in
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1)) converges weakly to the regime

Step 1,as pn — 0, 2" (- + q(1
(A(-)) in the sense that

switching polytope of Cc

d(Z" (- + q(n) . Cc (6(-)))

= inf

(4
sedtb o, 17 (A aln)

—z(:)|=0 (19

where 4(+) is a continuous time Markov chain with generator ¢};
see (3).
Proof: For detailed proof see Section IV. [ |

Interpretation of Theorem 3.1: The proof uses martingale av-
eraging techniques to show that the limiting behavior converges
weakly to a switched Markovian differential inclusion. Then the
stability of the differential inclusion is established. From the
game-theoretic point of view, Theorem 3.1 says that non-fully-
rational local behavior of individual agents (due to utilizing a
better-reply rather than a best-reply strategy) leads to sophisti-
cated globally rational behavior, where all agents pick actions
from the set of ¢-CE. Note that Theorem 3.1 deals with tracking
the set C.(#(-)), rather than a point in C.(6(-)).

Remark 3.3: If 2y = 2"(0), we require that z#(0) converges
to zy weakly. However, for simplicity, we choose Zj to be inde-
pendent of 1.

Remark 3.4 (Generalized Adaptive Strategies): The adaptive
strategy (9) can be generalized as in [3, Sec. 10.3]. Define a
continuously differentiable and nonnegative potential function

V(a*,8%) : R” x R — R, where r denotes A* x A*, such
that V(a*, 8%) = 0 if and only if o* + 8% € (R") . In ad-
dition, VV(a*, 8¥) > 0 and (VV(a*, %), 0" + 8")F > 0
if a* + B° ¢ (R")", where VV' = [V;;V], ;.. such that
ViV = (é)V/f)ozk(z,J)) (0V/93*%(i, 7)) and {-,-) r denotes
the Frobenius inner product. Then, if any strategy of the form
8

o1 = (1 8)¢) + 7 - Las (20)

where
Z (j)V;iVlek B Z v, Vak %)
FEAN{i} JeA‘\{ }

is employed by all agents in lieu of (9), Theorem 3.1 still holds.

IV. PROOF OF THEOREM 3.1: TRACKING REGIME-SWITCHING
CORRELATED ¢-EQUILIBRIUM

This section presents the proof of the main result and is orga-
nized into four subsections: First, Section IV-A shows that the
limit system associated with the discrete time iterates (a®, 3% )
is a switched Markovian system of interconnected differential
inclusions. Next, Section IV-B investigates the stability of the
limit dynamical system and characterizes its global attractors.
Section IV-C then shows asymptotic stability of the interpolated
process associated with (a*, 8%). Finally, Section IV-D shows
that the collective behavior emergent from such limit individual
dynamics is attracted to the set of correlated e-equilibria.

A. Weak Convergence to Markovian Switching Differential
Inclusions

We use weak convergence methods to carry out the analysis.
Before proceeding further, let us recall some definitions and no-
tation. Let Z,, and Z be R”-valued random vectors. We say Z,,
converges weakly to 7 (7, = Z) if for any bounded and con-
tinuous function f(-), Ef(Z,) — Ef{(Z) asn — oo. The
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sequence {7, } is tight if for each 17 > 0 there is a compact set
K, such that P(Z,, € K,)) > 1 — n for all n. The definitions
of weak convergence and tightness extend to random elements
in more general metric spaces. On a complete separable metric
space, tightness is equivalent to relative compactness, which is
known as Prohorov’s Theorem [19]. By virtue of this theorem,
we can extract convergent subsequences when tightness is veri-
fied. In what follows, we use a martingale problem formulation
to establish the desired weak convergence. This usually requires
to first prove tightness. The limit process is then characterized
using certain operator related to the limit process. We refer the
reader to [6, Ch. 7] for further details on weak convergence and
related matters.

As is widely used in the analysis of stochastic approxima-
tion algorithms, we start by defining the continuous time inter-
polations of the discrete time pair process (e, 8%). We con-
sider the piecewise constant continuous time 1nte1/;polat10n of
(ah,B%) defined as (a*(t), 8" (1) = (ak,BE) for t €
[rps, (n + 1) ). Similarly, the continuous time 1nterpolat10n for
the Markov chain 6,, is defined as ##(t) = 8, fort € [npu, (n +
D).

Before proceeding further, a few definitions are in order. De-
fine

=(1-8)p"+ (21)

]
F:ﬂAk

.. . . k . .
where @* is an invariant measure of %", given in (9), when
6 =0,i.e.,

>

FeARN{}

) k) + B4 G|

=) Y

FEARN\{i}

|o* (i, ) + 85 )| . ©2)

Equation (22) together with : i) ¢* > 0, and ii) D ik oF (i) =
1 forms a linear programming feasibility problem (null objec-
tive function). Existence of ¢* can be established using strong
duality; see [20, Sec. 5.8.2] for details. Let further #* denote a
probability measure over the joint action space A~ *. The ex-
pected local payoff to agent & can then be defined as

= > Uf(ak a0 (@ a%). (23)

a/\/,\ a Si

UkF(a®,v*;0)

Alternatlvely, one can deﬁne the marginal distribution of a™
by nF(a\v) = 3 s, v¥(@N, aS+), and write

ZU, (a*,a™*; 0)n*(a™).

r\f

Uf(a*,n*;0) (24)

We denote by AANE the 51mplex of probability measures over
ANe Therefore, n* € A AN

Associated with Algorithm 1 define the switched Markovian
system of interconnected differential inclusions:

da’ ¢ k(¥ 8% 0(1) - aF
”" = G*(a*, B 6() - B

where 8(t) denotes a continuous time Markov chain with gener-
ator (2. Theorem 4.1 below determines the specific forms for the
matrix-valued set £ (a*, 8% (¢)) and matrix G* (a*, 8*; (1))
and shows that the limit system associated with the stochastic

(25)
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approximation iterates (a, B ) can be represented by (25). In
what follows, we use 7 to denote A* x A* and use D([0, o0) :
R” x M) to denote the space of functions that are defined in
[0, oc) taking values in R” x Ady, and that are right continuous
and have left limits with Skorohod topology (see [6, p. 228]).

Theorem 4.1: Use p = y in (3). Then, as ;+ — 0, the inter-
polated process ((a*#(-), B (-)), 6%(-)) is tight in D([0, 00) :
R2" x My) and converges weakly to ((a*(-), 8(-)), 8(-)) that
is a solution of the Markovian switched differential inclusion
(25). Moreover, £* and G* in (25) are given by

Lk, B85 00) = {[UF (7.n%:6(1)) —Uf (i,n";6(1))]

xa®(i);n EAAN’*} (26)
GE(aF. 8% 0(t)) = [UF, (5;:00) - UE, (3:0())] 0% (5). (27)

In(27),U, S’;f (+;-) is the interpolated process of the global payoffs
accrued from the game.
Proof: The proofuses stochastic averaging theory based on
[6]; see Appendix A for the detailed proof in a general setting.l
Discussion of Theorem 4.1: The interconnection of the dy-
namics in (25) is hidden in 6*, defined in (21), which is a func-
tion of (a* ,Bk) see (26) and (27). Note that, although agents
observe aNk , they are oblivious to the strategies n* from which
a™* has been drawn. Different n* € A AN+ form different tra-
jectories of @*(¢); thus, @**(#) converges weakly to the trajec-
tories of a regime-switching differential inclusion rather than
a deterministic ODE (that is typically used to model asymp-
totics of stochastic approximation algorithms). The same argu-
ment holds for 8**(¢) except that the limit dynamics follows
a regime-switching ODE. This is due to agents being oblivious
to the facts: i) non-neighbors exist, and ii) global payoffs are
affected by non-neighbors’ actions. However, they realize the
time-dependency of U(f () as taking the same action at var-
ious times results in different payoffs.
Remark 4.1: 1) Differential Inclusions are generalizations of
ODEs and are of the form

d
ZX e F(X)

(28)
where X € R" and 7 : R” — R" is a Marchaud map [21]. That
is: 1) the graph and domain of F are nonempty and closed, ii)
the values F(X') are convex, and iii) the growth of F is linear,
i.e., there exists 7 > () such that for every X € R”

sup Y] <01+ X))
YEF(X)

(29)

Here, ||-|| denotes any norm on R". Since de* /dt in (25) belongs
to a compact convex set, the linear growth condition (29) is
trivially satisfied.

2) When #,, evolves on a slower timescale, e.g., p = O(u?),
it remains constant in the fast timescale (i.e., the regret-based
learning algorithm). Therefore, the system of differential inclu-
sions (25) will be deterministic.

The Case of Observing a*: Suppose agent k knows the
function U}(-;6,,) and, in contrast to the neighborhood mon-
itoring assumption in Section II, the non-neighbors’ joint action
profile a5* is revealed to agent k. In lieu of (11), agent & can
then use a stochastic approximation algorithm similar to (10) t]?

update global-regrets. Suppose agent k& employs a strategy ,,
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of the form (9) with the exception that 8 is replaced with 3,
recursively updated according to

BeGi, )= P51 g) + 1 [UEG a5 6,) — Uk (ak, aS50,)]
XL gag =iy = B51(0,3)). (30)

Then, the proof of Theorem 4.1 (see Appendlx A) shows the
limit system associated with the iterates (o, ,B ) is

dz eﬁk’(ak?:;e(t)) ~a o
B gt ok o) - B
where £F and G* are given by
L (et Bi6 () = {[Uf (4. n"; 9()) Uf (i, n*:6(1))]

xak(i);n" € AAN"}

{{UF (4,8"0(t)) — U (i, 8" 6(t))]
xa¥(i); 8" € AAS}. (32)

gk (ak B 0(t)) =

In (32), s* (%) = 3 v, ¥ (@™, a® ) and 6" = (1-6)@" +
! ~k
(6/A%) - 14, where <pk is an invariant measure of ¢ (given by

(9) after replacmg B* with ﬁk) when § = 0.
Note that Uy, (i) = UF(i,a3*;6,) and knowing
as* only affects the ability to compute it. Therefore,
Uf () € {UFGi.a5%:0,);a5 € A°} and (31) repre-
sents the same contn}‘uous time process as (25). That is, both
(ak.BF) and (a*,B,) are stochastic approximations of the
same differential inclusion (31). This property allows us to
invoke Theorem 4.2 below, which proves that the 3-strategy
induces the same asymgtotic behavior for the pair processes
{(af, By)} and {(af, B,)}.

Theorem 4.2: Under a t/)—strategy [see (9)], the limit sets
of the pair processes {(a* Bk)} defined in (10), (11), and

{(aF, ﬁk )}, defined in (10), (30), coincide.
Proof: For a detailed proof, see Appendix C. ]
The above theorem simply asserts that realizing stage global
payoffs U, g’“T(ai) provides sufficient information to construct

~
an unbiased estimator of {f, }; hence, the two processes

{(a*,B5)) and {(ak,B,)} exhibit the same asymptotic
behavior. This result will be used in Section IV-D to prove
convergence of global behavior to the e-CE polytope.

B. Stability Analysis of Markovian Switching Differential
Inclusions

Section IV-A dealt with the first stage of the proof of The-
orem 3.1, namely, showing that the limit behavior of the dis-
crete time iterates (e, B%) associated with Algorithm 1 is a
switched Markovian system of interconnected differential in-
clusions (25). This subsection deals with the second stage of
the proof of Theorem 3.1, namely, the stability analysis of the
switched Markovian system of differential inclusions (25) and
characterizing the set of global attractors. We start by defining
stability of switched dynamical systems; see [16] and [14, Ch.
9]. In what follows, d(, -) denotes the usual distance function.
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Definition 4.1: Consider the switched system
X(t) =f (X(1).6(1)
(33)
X(0) = X,,0(0) =6, X(t) e R",8(t) € My
where 6(f) is the switching signal, and f : R" x Mg — R"

is locally Lipschitz for all # € AMj. A closed and bounded set
H CR"x My is
1) stable in probability if for any € > 0 and ¥ > 0, there is a
« > 0 such that

P <supd((X(t), 6(t)), H) < 7) >1l—¢

>0

whenever d((Xq.60), H) < 7;
2) asymptotically stable in probability if it is stable in proba-
bility and

p (tlim d((X(1),00),H) = o) =1
as d((Xm 90), H) — 0,
3) asymptotically stable almost surely if

lim d((X(t),0(t)) , H) =0

t—o0

a.s.

With a slight abuse of notation, denote by a*(t) and 8" (#)
the local- and global-regret matrices rearranged as r X 1 vectors,
where 7 denotes A* x A¥. Let

R = {(a"’,ﬂk) R x R';|a" + A" <e- 11} (34)
In the following theorem, we break down our analysis of the
stability of the switching differential inclusions into two steps;
First, we examine the stability of (25) for any fixed switching
signal #(%) = @ to show stability of each subsystem. The set of
global attractors is shown to comprise R for all § € M. The
slow switching condition then allows us to apply the method of
multiple Lyapunov functions [22, Ch. 3] to analyze stability of
the switched system.

Theorem 4.3: Consider the system of differential inclusions
described by (21)-(25). Let Ry = R x M, (a*(0), 8*(0)) =
(@0, By) and #(0) = 6. For each € > 0, there exists 6(¢) such
that, if § < &(¢) in (21), the following results hold:

1) If 8(t) = 4 is fixed, the non-switching system is globally

asymptotically stable for each § € My, i.e.,

lim d ((ak(t)ﬁ’“(t)) ,R) = 0.

2) The Markovian switching system is globally asymptoti-
cally stable almost surely. In particular:
a) P(Ve > 0,3v(e) > 0 st d{{@g,By),R) <

Y(e) =sup,sod((a(t), 85(1),R) < ¢) = 1;
b) P(w, ¢ > 0,37, ¢) > 0st. d((e,By),R) <

¥ =subss g (@ (1), B5(1)), R) < ¢) = 1.

Proof: For detailed proof, see Appendix B. [ |

The above theorem states that the set of global attrac-

tors of the switching system (25) is the same as that for all

non-switching systems, (¢) = # € My in (25), and constitutes

R. This sets the stage for Section IV-D where R (in regret

space) is proved to represent the ¢-CE polytope (in strategy
space).

(35)
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C. Asymptotic Stability of the Interpolated Process

In Theorem 4.1, we considered z+ small and » large, but pn
remained bounded. This gives a limit differential inclusion for
the sequence of interest as 4 — 0. Here, we study asymptotic
stability and establish that the limit points of the switched dif-
ferential inclusion and the stochastic approximation algorithm
coincide as f — oc. We thus consider the case where 1 — 0
and n — oc, however, un — oo now. However, instead of
considering a two-stage limit by first letting ¢ — 0 and then
letting £ — oc, we study (@ #(t + q(1)), B5*(t + q(11))) and
require () — oo as o — 0. The following corollary concerns
asymptotic stability of the interpolated process.

Corollary 4.1: Denote by {¢()} any sequence of real num-
bers satisfying ¢(u) — oc as g — 0. Assume that {3~
> 0n < ool is tight or bounded in probability. Then, for
each e > 0, there exists (3( ) > 0 such that if § < 8(e) in (9)

(@™ (- + (), B5(- + q(n)) = R,

where R is defined in (34).

Sketch of the Proof: We only give an outline of the proof,
which essent1ally follows from Theorems 4.1 and 4.3. Define
ahr() = (- 4 q(u) and FF0() = BRE( 4 g(p).
Then, it can be shown that (a*+#(-), 3%#(-)) is tight. For
any 71 < oo, take a weakly convergent subsequence of

{aks (), ak#(- =), ﬁk’“() ﬁkv“(-—Tl)}.Denotethe limit
by (@ (), 8%, (9, 5%(). 7%, (). Note that a*(0) = &k, (T3)
and 3¥(0) = ﬂk (Ty). The Value of {@%, (0), ,H]‘ (0)} ‘may be
unknown, but the set of all possible values of {“T (0), ﬂTl( )}
(over all 77 and convergent subsequences) belong to a tight
set. Using this and the stability condition and Theorems
4.1, for any 5 > 0 there is a T, < oo such that for all
T > 1T, d((ozT1 (Th), BTI (1)), R) > 1 — n. This implies that
d((@*(0), B%(0)),R) > 1 — n. This is the desired result that
we wish to establish.

as . — 0

(36)

D. Characterizing the Limit Set as the Correlated e-Equilibria
Set

In the final stage of the proof, we characterize the limit set of
the differential inclusions as the set of correlated e-equilibria.
The key point in the proof is to show that tracking the set of
global attractors of (25) individually by all agents provides the
necessary and sufficient condition for the collective behavior to
track the e-CE polytope.

Associated with (30), define the continuous time interpolated

~Fop ~k
sequence of iterates 3 ! (t) =B, fort € [np, np 4 ). Recall
further 2"(t) = Z,, for ¢t € [ngu, np + p); see (14). Then, for a
fixed-f process, i.e., 8, = # for 7 > 0, we have

L P () () + 55 (0, )(8)
= lim Y Z%"(i,a ") (0)[U*(j.a*:0)-U*(i,a ":0)].

t—00
a—k

(37

In (37), °#(i,a *)(t) denotes the interpolated empirical
frequency sequence associated with agent %k picking ac-
tion 4 and the rest @ %. On any convergent subsequence
{Zn'},,~o — e, with slight abuse of notation, let 2 (1) = 2,/
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TABLE I
SENSORS’ LOCAL PAYOFFS IN NORMAL FORM

Local: (Ull,UZQ,Ul?’;l) (Ull,UZQ,Ul?’;Q)
So: 0 So i1 Ss: 0 So i1
S1:0 [ (=1,3,1) | (2,—1,3) (1,=1,3) [ (0,3,1)
S1:1 ] (1,-1,3) (1,4,1) 3,3,1) (-1,0,3)
S3:0 S3:1
TABLE 11
SENSORS’ GLOBAL PAYOFFS IN NORMAL FORM
Global: (U, UZ,U3;1)
Ss: 0 Sy i1 So:0 So: 1
S1:0 | (=1,3,1) | (2,-1,3) (1,-1,3) [ (0,3,1)
Si1:1 | (1,-1,3) (1,4,1) (3,3,1) (—-1,0,3)
S3:0 S3:1
Global: (Uy,UZ2,US;2)
So: 0 So i1 Ss:0 So: 1
S1:0 | (0,6,2) | (2,—4,6) (2,—2,4) | (—4,4,10)
Sl :1 (47 07 8) (_27 696) (0727 10) (47 _274)
S3:0 S3:1
& ~k, ~k
and (a**(t),8 " (1)) = (a*,,B,) fort € [n'p,n'p + ).

This yields

R u’“’“(i,j><t>+5’“(iaj><t>

—ZM Uk(%

a—k

k) —U*(i,a

R0 (38)

Finally, comparing (38) with Definition 3.1, we conclude that,
for each § € My, (1) converges to the - -CE set C(#) if and
only if, forall k € K,

& ~k.p +
o)+ B (t)’ <e-l,. (39)

Combining (39) with (34) and Theorem 4.2 results in

lim
t—o0

(1) — C.(6) iff (ak*“(t),ﬁk””(t)) — R, forallk € K.
(40)

Finally, combining (40) with Corollary 4.1 proves Theorem 3.1.

V. NUMERICAL STUDY

This section illustrates the performance of Algorithm 1 with
anumerical example. Cons1der game G, defined in (1), and sup-
pose K = {1,2,3}, A* = {ON,OFF}. The connectivity
graph is characterized by V Kand & = {(1,2),(2,1)}. The
Markov chain #,, is defined by the state space /\/19 = {1/ 2} and

-0.5 0.5
PP =T+ pQ, where Q = 05  —05
global payoffs are given in Tables I and II, respectively. In our
simulations, ;# = 0.001 and 6 = 0.1 in Algorithm 1, and A = 1
in Algorithm 2 below.

As benchmarks to compare the performance of Algorithm 1,
we introduce two algorithms: 1) regret-based reinforcement
learning [2]; and 2) Unobserved conditional smooth fictitious
play. To the best of our knowledge, these are the only algorithms
proved to converge to the polytope of ¢-CE in scenarios where
not all agents exchange action information. The following two

. Agents’ local and
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algorithms exploit perceived payoffs to extract information of
other agents’ behavior.

1) Regret-Based Reinforcement Learning [2]: Agents only
observe the stream of payoffs, hence, is compliant to our set-
ting. In [2], it is proved that, for decreasing step-size y,, = 1/n,
any limit point of (1/n) >~ ., €a, is a correlated e-equilibrium
of the stage game. For consfant step-size j,, = ¢, similar tech-
niques as in [6] can be used to establish weak convergence of
the discounted empirical frequency Z,, [see (14)] to the set of
correlated e-equilibria.

2) Unobserved Conditional Smooth Fictitious Play: Standard
fictitious play requires each agent to record and update the empir-
ical frequency of actions taken by other agents through time and
best-respond toit; see [ 17] for an extensive treatment. Here, since
agents do not observe the actions of non-neighbors, we present a
variantwhichrelies only ontherealizations ofthe agents’ payoffs.
The algorithm is summarized below:

Algorithm 2: Unobserved Conditional Smooth Fictitious Play

0) Initialization: Set \. Initialize Uy = 0 4 4.

Forn =1,2,..., repeat:

1) Strategy Update and Action Selection: Agent & picks
action ¥ ~ ¥

yh= .

Sexp (0, (ah i)
1—rk k 1k k k
x| exp XD,L?l(anfl,l) see o €XD XUnfl((Lnfl'/A ) . (4D

2) Average Utility Update: For all j € A*:

ks
T =T" i J>+u[1f8 UM (a) Iy U,L_m;j)}
: (42)

where UF(a*) denotes the realized payoff by agent k at time 7.
4) Recursion: Setn. < n + 1 and go to Step 1.

—k

In [23], it is proved that the conditional smooth fictitious play
is e-conditionally consistent. The authors in [17] also prove that
e-conditional consistency is equivalent to reaching ¢-CE when
|A¥| = 2 forall k € K.

The regret indicates how close the system is to the polytope
of CE. Fig. 2(a) demonstrates how the distance to the CE poly-
tope decreases with n in static game G (i.e., p = 0 in (3))
when 6, = 1, n > 1. The distance diminishes for both Algo-
rithms as the learning proceeds. However, comparing the slopes
of the lines in Fig. 2(a) (m; = —0.182 for Algorithm 1 and
mg = —0.346 for Algorithm 2), shows that exploiting informa-
tion disclosed within neighborhoods provides an order of mag-
nitude faster convergence to the polytope of e-CE.

For demonstration purposes, the Markov chain #,, is assumed
to change state from 8 = 1to # = 2 at n = 250 in Fig. 2(b).
Each point of the graphs is an average over 100 independent
runs of the algorithms. Fig. 2(b) illustrates the sample paths of
the average payoffs of agents. As shown, all algorithms respond
to the jump of the Markov chain. However, Algorithm 1 outper-
forms the others as it approaches faster to the expected values
in correlated equilibrium.

Fig. 3 illustrates the proportion of time that each tracking al-
gorithm spends out of the polytope of e-CE (a measure of the ex-
pected time taken to adapt to the Markov chain jumps). Fig. 3(a)
shows the proportion of the time spent out of e-CE when p =
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10 - T T T

—— Regret-based Learning with Neighborhood Information Exchange ]
.=+~ Regret-based Reinforcement Learning [2]

NS X:100
—isi Y:1.221

100
Y 0.8347 ewrtmiiai 3
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Average Overall Utility
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Iteration Number n
(b)

Fig. 2. (a) Distance to CE versus iteration number when p = 0 (static game),
and €,, = 1, n > 1. (b) Average overall payoff in Markovian switching game
(p # 0). The blue, red, and black lines illustrate the sample paths of average
payoffs for agents 1, 2, and 3, respectively. The dashed lines represent the ex-
pected payoffs in CE.

0.001. As canbe seen, both algorithms spend more time inC..(6,,)
as time goes by. However, Algorithm 1 exhibits superior perfor-
mance for both small and large n. Fig. 3(b) also illustrates the time
spentoutofe-CE for different values of p when ;v = 0.001. Asex-
pected, the performance of both algorithms degrade as the speed
ofthe Markovian jumps increases. This is typical in stochastic ap-
proximation algorithms since dynamics of the Markov chain is
not accounted for in the algorithm.

VI. DISCUSSION

We considered a class of regime-switching noncooperative
games modulated by a discrete time Markov chain where
agents exchange action information over a graph. We presented
a regret-based stochastic approximation algorithm with con-
stant step-size that prescribes how individual agents update
their randomized strategies over time. It was shown that, if all
agents deploy this algorithm, their collective behavior properly
tracks the time-varying convex polytope of e-CE for such
games. Our analysis comprised two steps; First, we proved
that the discrete time iterates of the stochastic approximation
algorithm weakly converge to the set of global attractors of a
regime-switching system of differential inclusions modulated
by a continuous time Markov chain. We then proved that there
exists equivalence between convergence to the global attractors
of such limit dynamics in the regret space and convergence of
agents’ collective behavior to the polytope of e-CE. We demon-
strated, via extensive simulations, that the proposed tracking
algorithm benefits from the excess information shared within
neighborhoods to ensure superior performance as compared to
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*‘1’ Regret-based Reinforcement Learning [2]

Regret-based Learning with Neighborhood Information Exchange
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Fig. 3. Proportion of time spent out of ¢-CE: (a) versus n for p = 1073, (b)
Vversus p.

similar existing algorithms. Such a tracking algorithm can be
employed in engineering applications such as smart sensor [8]
and cognitive radio networks [10] to achieve coordination in a
distributed fashion.

APPENDIX A
PROOF OF THEOREM 4.1

Here, we consider a general setting where the limit system of
the pair of processes (X, Y;,) constitutes a system of intercon-
nected differential inclusions. Theorem 4.1 can then be consid-
ered as a special case where the limit dynamics associated with
Y, forms an ODE; hence, the results of this section will directly
apply.

We first consider the pair X,,, Y,, € R" defined by

)(n-&-l — Xn + (Ul(cbn \Dn) - Xn)

YnJrl = Kl + 1 ((]2((1)”, E’n) - Yn)
¢, U, B, e M={1,...,m}

(43)

without the Markovian switching process #,,. We will then ex-
tend the results to the switching case. For simplicity, assume that
the initial data X, and Y} are independent of . (With p-depen-
dent initial data, we will need to assume that (X, ¥{j") con-
verges weakly to (Xo. Yy).) Suppose that { X,,,Y,,,®,,_1} isa
Markov chain such that the transition matrix is given by

P((I)n = ]|(I)n71 = 17 Xn =z, }771 = y) = Pij(x-, y) (44)
Write P(z,y) = (Pi;(z,y)) € R™*™. That is, the transition
matrix is (2, y) dependent. Such a case is referred to as state-de-
pendent noise in [6, p. 185]. To proceed, we make the following
assumptions:

C1) The transition matrix P(-,-) satisfies:

(a) it is continuous in both variables,
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(b) for each (x,y), P(x,y) is irreducible and aperi-
odic.
C2) {¥,} and {Z,,} are sequences of bounded real-valued
random variables that are independent of { ®,, } such that
for eachi = 1,2 and j € M, there is a set S}

n4+m—1
1 )
0 EU(g, W .57 01 babilit
(n [:21; 1(J, Vo), 1) — 0 1n probability

(45)

L nt+m—1
d| = EnUs(3,5¢), 83 | — 0 in probabilit
(n Z;l 2(7. B¢),s 2) — 0 in probability
where d(-,) denotes the usual distance function and
FE,,, denotes conditioning on the o -algebra generated by
{Xj’},j’ @j,l, Wj,1,5j71 : j < 7TL}.
C3) The sets

Si(x,y) = Z (@, y)8]
o (46)

m

SQ("L'yy) = Z (pj(xv U)Sé
J=1

are closed, convex, and upper semi-continuous (see [6,
pp. 108-109]).

Remark A.1: We comment on the conditions briefly.
C1) (a) indicates that the transition function is contin-
uous in (z,y); Cl) (b) yields that the Markov chain is
ergodic in the sense that there is a unique stationary dis-
tribution ¢(z,y) = {(@1(z,¥y),.... pm(x,y)) such that
[P(z,y)]" — lp(x,y) a matrix with identical rows consisting
of the stationary distribution as n — oo. The convergence in
fact takes place exponentially fast. C2) assumes that {¥,,}
and {Z,,} are real-valued bounded random variables. They are
independent of ®,, but may be dependent of each other. Here,
the setup is more general. In the problem that we are interested,
in fact, they are finite-valued processes taking values (without
loss of generality) in M as well.

Remark A.2: We interpret the conditions in the setup of Al-
gorithm 1. In C2), S7 and S are the convex hulls corresponding
to the mean of local- and global-regrets associated with various
sample paths of neighbors and non-neighbors action profiles,
respectively, conditioned on agent & picking af = j. More pre-
cisely, 57 is a set-valued A* x A* matrix with all zero elements
except the jth row such that the ijth elements, i € A*, is given
by {Uf(i,n") — UF(j,n*);n* € AAMY In C3), Si(z,y)
and S»(x,y) are the convex hulls corresponding to the mean
(no conditioning on af = j) of local- and global-regrets asso-
ciated with various sample paths of neighbors and non-neigh-
bors action profiles, respectively. More precisely, S1(z, y) is the
convex combination of the sets S such that the ijth element is
given by {[UF(i,n*) — UF(j,n" ), (w, y)ink € AN}, 3
and Ss(x,y) can be defined similarly.

To proceed, define X*(¢) = X,, and Y#(t) = Y, ont €
[rpe, np + ).

Theorem A.1: Assume that C1)-C3) hold. Then,
(X*#(),Y#(-)) is tight in D([0,00) : R®"), and any weakly
convergent sequence has limit (X (), Y'(-)) such that

X(t) € 51 (X(1).Y(t) - X (1)
. 47
Y(t) €S2 (X(1),Y (1) - Y(t) )

where S1(+) and Sa(-) are defined in (46).
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Proof: We first prove the tightness. Consider (43) for
the sequence of R*"-valued vectors {(Xpg,Y%)?}. Noting
the boundedness of {U;(®Pp, Pr)} and {U2(Ps,Ex)}, and
using Holder’s inequality and Gronwall’s inequality, for any
0 < T1 < oo, we obtain

X0\ P
E<Ty /1 Y

where in the above and hereafter #/u is understood to be
the integer parts of £/4 for each ¢ > 0. Next, considering
(X#(),Y#(-)), the R®"-valued process, for any t,s > 0,
6 > 0,and s < ¢, it is fairly easy to verify that

(48)

< oG

(X“(H—s))_(X“’(t))_ T T U@ W) - X
Yi(i+s) Yu(t)) Hz(tﬂ)/u 1[ Us(Z4, 1) — Vil :

k=t/p
As a result, (49)
o Xe(t4s)\ [ XEON ]
lim lim sup < E| sup EY ( ) - ( =0.
- p~>0p { [)gsgé ’ Y”‘(t—Fb) Y,u(t)
(50)
Thus, (X*(-), Y#(-)) is tight in D(]0, 00) : R*"); see [24, Th.

3, p. 47] or [6, Ch. 7].

By Prohorov theorem [6], one can extract a convergent
subsequence. For notational simplicity, we still denote the
subsequence by (X*(-),Y*(-)) with limit (X(-),Y(")).
Thus, (X#(-),Y*#(-)) converges weakly to (X(-),Y(-)). By
Skorohod representation theorem [6], with a slight abuse of
notation, one can assume (X*(-),Y*(-)) — (X(-),Y(")) in
the sense of w.p.1 and the convergence is uniform on any finite
interval. Using the martingale averaging methods, we need to
characterize the limit process. Normally, one uses a smooth
function f(-) with compact support to carry out the analysis.
Here, for simplicity, we suppress the dependence of f(-) and
proceed directly; see [25] for a similar argument. Choose a
sequence of integers {n,,} such thatn, — oc as u — 0, but
8, = pn, — 0. Let us focus on the recursion of X, ; the
recursion of Y}, can be handled similarly. Note

XH(t+s) — XH(t)
t+s m fr,+n,—1
Z 5[1 Z Z Ul(j7 \Iik)l{q)k:]'}
0:08, =t L in,,
t+s In,+n,—1

(D

where 317 a _, denotes the sum over ¢ in the range { < £§,, <
i+ s.

We shall use the techniques in [6, Ch. 8] to prove the desired
result. Let i(-) be any bounded and continuous function, ¢, s >
0, k¢ be an arbitrary positive integer, and £, < ¢ forall ¢ < xg. It
is readily seen that by the weak convergence and the Skorohod
representation (without changing notation), as y — 0,
Eh(X"(t,),Y"(t,) 1t < ko) [XF(t + 5) — XH(1)]

(52)

—EA(X(t,),Y(t,):t <rp) [X(t+s)— X(1)].
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By using the technique of stochastic approximation (see, e.g.,
[6, Ch. 8]), we also have

Cn, +n, -1

>, X

k=tn,,

t+s 1

c1<kg) Z Ou

£:05,=t "

Eh(X"(t,), Y*(t

s (53)
—EA(X(t,),Y(t,): I,§K20)|:/ X(u)dw} as p—0.
t

Moreover, by the independence of ®,, and ¥,,, we have
hm [Eh(X“( )Y () e < ko)
}1*}

t+s m (’L, +r, -

x| Y b, Z > o (V) (o, =

| (08, =t j= - in,,
'm [Eh(X“( )Y"(f) t< ko)

—_
=

,u,
t+s m £n +np*1

X Z Oy Zn,, Z En, U3, V%) Een, (3, =}

!///é#:t k=fn,

= hm EA(X#(2,), Y (t,): 1 <kg)

[ t+s m
> 8 Z,L
b=t =1

X |:E(‘”u Ul(.j7qjk)§0j(X€n,, annp,)""E(’,nH Ul(]»\I’A)

fn,+n,—1 m

Z ZI{@uzﬂ,:io}

k=tn, ip=1

|:P1EI; En”}()wnwymu)—% (X/.n#-,}/li‘n#)} i| . (54)

In (54), P{k s }(7:7 y) denotes the (k — #n,,)-step transition
probablhty Except the indicator function on the left-hand side
of (55), the rest of the terms in the summand are independent of
1o, therefore,

m

S g i) Fon, UnG i) (Xen, Yin,)

io=1

= Eon, U1(j, Yi)o; (Xen,, Yen,) . (55)

Using C1), regardless of the choice of 4o, as 4 — 0 and k —
In, — oc, foreach fixed (z, y), [PL-{O];J"“}(Q:./ y)—pi(z,y)] —
0 exponentially fast. Thus,

Eh(XH(t,),Y*(t,): 1 <rg)
ln wtr, =1 m

t+s m
[ > 6*!2 > D e, i) Ben U1, )

£, =t  j=1 [y fn, ig=1

[PIE]; fru} (Xén,ﬂyrén,“) —P; (Xénpayrén“)} ‘|

— () in probability as zt—0. (56)
Using C2),
ry 4y, —1
fimd | - k; B, Ur(4,92).8 | =0 (57)
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where d(-, -) is the distance function. Combining the estimates
obtained thus far, we obtain

m

Z%

as desired. The 11m1t of Y#(-) can be derived similarly. The
details are omitted. [ |

Next, we consider the regime-switching case. The algorithm
of interest [see (18)] becomes

X77,+1 = Xn + H (Ul(cbn ‘llna gn) - ‘Xn)
an—&-l :}rn + H (UZ((I)VL En Hn) - Yn)
¢,.9,,E,e M={1,...,m}
0, € Mg—{l,..., }

where 6,, is a discrete-time Markov chain. Define X#(-) and
Y#(.) as before and §#(t) = 6, fort € [nu,np + ). Assume
that the one-step transition probability matrix for 8,, is given by
I+ 1@, where () is the generator of a continuous-time Markov
chain. Now, ##(-) becomes part of the state.

Theorem A.2: Assume that C1)—C3) hold with the modifica-
tion that in C2), for each iy € My, as u — 0

(£)) 8] — X(1) (58)

(59)

n+m—1
1 .

d(— > Emla(j, 1114,1'0),5{(2'0)>—>0 in probability
w

t=m
1 n+m—1 (60)
dp — EmU 7E’ ,Sj 01 bability.
(71 ;g: 2(J;Z, to), 2(10%)-—+ in probability

Assume further #,, is independent of ®,,, ¥,,, and =,,. Then
((XH(-),YH(:)),0%(-)) is tight in D([0, 00) : R*" x M) and
any weakly convergent sequence has limit ({ X (-),Y(-)), 8(-))

such that '
X(t) €51 (X(8),Y(2).0(¢)) — X(¢)
Y(t) €S (X (1), Y (1), 8(t)) — Y (t)

(413

Z%beﬁ”

and 6(-) is a continuous-time Markov chain with generator ()
and state space Mg.

We shall only outline the steps involved in the proof and point
out the main new feature. The proof involves three steps:

Step 1: [Tightness of ((X*-, Y.}, 6#-) in D([0, 0c) : R*" x
M).] This is similar to the proof of Theorem A.1. We merely

(61)
where

(r,y,0) = ) foreachi =1,2 (62)
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note that by [26, Prop. 4.4], 6#(-) is tight and 8*(-) = 6(-) such
that 8(-) is a continuous-time Markov chain with generator Q.

Step 2.1: [Characterization of the limit process part (i).]
For each iy € My, for any f(-,-,ig) : R" x R" — R with
f(-,-,i0) € C3 (C! function with compact support). Choose ?,
s, and n,, as in the proof of Theorem A.1. Then,

F X (4 8), Y9(t + ), 07 (¢ + 5))
— F(XH(8), Y(), 6(1))
t+s

= Z I:]L (X@n,, +rs }/l,n,, +r,s ()(fnu—i-n“)
L8, =t

_f (Xé‘nu ’ Yv«‘fn# , 01’.71})]
t+s

Z [f (sz#—ﬂ—np B Yvﬁn#-l—n# B ‘9671,#4-77,“)
£:£6, =t

_f (X[,’n“ ) anﬂ » eﬂn,t-i-n“)}
t+s

3

b, =t
_f (Xﬁ'nH s Yf'nﬂ,a gf'n,, )] .

First, we consider the last term in (63). Use g, ¢, h(-), and
t, as in the proof of Theorem A.1. Then, (see (64), shown at the
bottom of the page), where

Qf(Tv Y, )(1) =

f (XEn.H ’ y:ﬁnM ’ 9577’#"‘"’#)

(63)

Z Qijf(x'/yvj)'

JE€EM,

(65)

Step 2.2: [Characterization of the limit process part (ii).] A
for the next to the last term in (63), we can show that [see (66),
shown at the bottom of the next page], where f, and f, denote
the derivatives with respect to = and ¥, respectively, and f” de-
notes the transpose of f. To work out the limit

linb Eh(X"(L,),Y"(L,),6"(t,);e < rq)
ne t+s o, 4n,—1

AT ars T

£:85, =t =1 k=Lln,,
= hm Eh(X* (,L),Y”(tL),H”(tL); t < ko)

Ur(d: Wi, 0e) 1o, =

Knp—i-n#fl

[féZZZWEI

Lifd, =t i1=11ip=1 j=1 k=in,

[E/.’n‘1 Ul (J7 “Il]m 11)

X IEITnu I:I{gk:ilﬂl{g[”u:io}} IE//.ILMI{(I))‘,—j}‘| . (67)

t+s
hm Eh(X*(t,),Y*

[1—)

(tz,)y eu(tz) 10 < fi[))

£:65, =t

t+s

S YyY Y

£:£6,=ti0=1jo=1

= lin%][Eh (XH(8,), YH(t), 0% (1) : ¢ < ko)
p—r

X P(Orv1 = jolfk = io) —

t4s
=Eh(X(1,),Y(t,),0(t.): ¢ < ko) [[ Qf (X(u),Y(u),f(u)) rlu]

Z [f (‘van# s YZn“ ’ ‘9471.#-‘,-;1,)

- f (Xln,“ 9 Yvﬁn“ ’ eﬁn,y)]

&) ©® fngtn,—1

[f (an“ ’ 1/Er”lt ’jo)
k=tn,,

f (Xénw ’ }/En# ’ i[])] I{ek:iO}]

(64)
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We will concentrate on the term involving the Markov chain 8.

Note that for large k with #n, < k < ¢n, +mn, and k
00, by [26, Prop. 4.4], for some ky > O

(4 uQ) ™ = Z ((k = tn,)p)

+ O(p + exp ( Fo (%

dZ(t)

—= = 2(HQ. Z(0) = 1.

For ¢n, < k < fn, + n,, letting pln, — w yields that (k —

znﬂ)) (68)
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show that
- gnll - 1 fny,+n,—1
d(,— Y Y Ew Ui Vo)
SNETVE k=tn,,

[{gﬁ(uifnﬂ):io}, S{(iO)I{H(u)—iO}> — 0 in probability. (70)

We can also obtain (53). Combining the estimates obtained thus
far yields

m

Zw; (1) 51 (8(1)) — X(8). (71

In,)pp — 0asp — 0. Forsuch &, Z((k — ¢n,)p) — 1. By the

boundedness of U (+), it then follows that, as u — 0

Cry, +n, -1

>

k=tn,

Ny

||E£'n# Ul(y/ \I}kv L1)| ||Ef'nHI{(I>,C:j} ‘

X ‘[Eﬂnu [I{ek:il}lf{ew:.,;o}} RO,

Thus, the limit in the first line of (67) can be replaced by (see
the second equation at the bottom of page). Note that 0y,

‘ —0. (69)

The limit of ¥ #(-) can be derived similarly.
Step 3: Combining Steps 1 and 2, the desired result follows.

APPENDIX B
PROOF OF THEOREM 4.3

Consider the regime-switching limit system (25). We start
by showing that such continuous time process is asymptotically
stable for each subsystem # € Mg. Define the Lyapunov func-
tion:

6*(pén,,). By the weak convergence of 6#(-) to f(-), the Sko- - PRt
rohod representation, and using p+fn,, — u, we can proceed to Via",B") = [d(a "+ 6°,R )] (72)
t+s
gli{l Eh (Xll(t ) Y“( )7 ell(tb); L S fi()) Z [f (Xﬂnu—l—nwvYvﬁn‘u+n#70£nu+nﬂ) - f (anyuayvﬁn#seﬁn,#—i-n#)]
608, =t
I t+s
= lim ER (XP(5,), Y (1), 6" (1.);1 < ro) S Kemptms Yeny wms 0in,) = F (Xem, s Yen,,0im, )]
: | #4068, =t
i t+s
= lim ER (X" (£,),Y"(8.),6"(t.); ¢ < o) Z Fo (Xeny s Yen, s 0en, ) [Xen,1n, — Xen, ]
! | :68, =t
+ f (Xin“ ) }/ﬁn/taefnﬂ) [}/fnﬂ—l—n“ - Yln,,t:l:l
t+s
= lixr%][Eh, (XH(,), YY), 0(1,); ¢ < ko) Z 6t (Xgn”,Yg,,,M,Hgn/,)
e 0:08, =t
1 m €n,+n,—1 1 g, +n, —1
X | — Z Ui(, Ye, ) {0, =3 — Z Xy
Ly v in, T k=fn,
t+s
+ Z 6;1 }L; (Xﬁn,j, B }Qn,, 3 HKILH)
£:68, =t
1 m fng+4n,—1 1 En,4n,—1
x| — Y. S t)lw—n—— D>, Y (66)
B =1 k=fn, B k=tn,
t+s m bny4n, =1

hm Eh(X*(t,),Y"(1,),0"(L,); ¢ < ko)
1n—0

£:05, =t

Z 6;1 Z Z Z Ein#Ul(.jv‘l[k 5(1)50} (Xin“/yvén#)]{ghmim}

pEMy j= 1

k=_fn,
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where R~ denotes the nonpositive orthant in R” space. Then,

d

o V(a*. 8%

_ <VakV(ak.ﬂk)., %ak>F
+ <ngv(ak7ﬂk)7 %ﬂk>F
=2 37 [oh(id) + 840

i,jEAR

| oty + ).

Here, (-, )F denotes the Frobenius inner product: (A, B)F =
> Z @;;b;7, where A and B are matrices of the same size.
Now, substltutmg (25)—(27) into (73) yields: (see (74), shown
at the bottom of the page).

Subsequently, applying a*(i) = (1 — 8)*(i) + (§/AF)
in (74) results in (75), shown at the bottom of the page. Now,
the following lemma proves that the first term in the right-hand
side of (75) equals zero.

Lemma B.1: Let ¢* denote the vector of stationary distribu-

tion of
. -k (ak i)+ AR, )| A ab
koo
1/1 (L) —{ Zﬁ;\i’ 1/) ( )7 i:a,k’

corresponding to 6 = 0 in (9). Then,

> &

i,jeAR
x [UF(5,8%:0) + UF,(45:0) -

(73)

(76)

(i) [ (i, ) + 8%y )| T

UF(i,8%:0) — U¥,(i;6)] = 0.

(77)

Proof: Given that ¢" is the stationary distribution of (76),
for all i € A"

i =) 1= 2 glat o+ G

JEAR\(i)
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Simplifying (78) yields
S G G) - ok i) + 8436

JeARN{i} [ _|
=@ | Y Jef )+ AT Vi AR
[jEAk\{i} J
(79)
We now proceed to the prove (77):
3 i) ok ) + 85|
1,jE Ak
x [ [UF(.8":0) + UEG50)]
— [Uf (8% 6) + UL (i:6)] |
= > ) b @) + 54|
i,jeAk
x [Uf (4, 8% 0) + Uy 1 (s 6)]
= 3 @ oG + 85
i,jEAF

x [UF(i, 8% 0) + Uy (;0)] .
= >, >, aji into the first

Subsequently, applying >, >~ a;;
term in the right-hand side yields

SN k) ek ) + BHGL |
JEAF i AF
x [Uf(i, 8*:6) + Uk (i:0)]
> @ a6 5) + 846, )
i,jCAk
x [Uf(i.8%:6) + U (i:0)]
= > [Uf(i,8":0) + UE (i:0)]

e Ak

X {Z o (

JEAER

| +

) o Gi) + 85, 0|

+ 0y *(7%|ak’(z',j)+/>""<i.,j>|+ (78) —o*0) S et (i) + R T (80)
JEAR\Li} ‘ jear
9viat 8
=2 3 k(i) + 85| | [UFG, 8% 8) - UF G855 0)] 0 () — o*(i, )+ [UF (G 6) - UL (5:0)] (i) — B (i, )|
i,jeAk
=2 37 |0 (i) + B )| T [UF (1,855 000) + UL (55 0) = UF (i.830) U (5:0)] 0*(5) = [0 (i, ) + (0, )] |
i,jeAk (74)
%V (¥, 8) =2(1 - 6) { > @ et )+ 66D | [UF (G, 8%6) + UL G 0)] — [UFG,8*30) + U (3 0) ]}
i,jEAR

26

T+ | D 0k + 8GN [UEG 8 0) + UL 9)] - [UFG836) + UL (6] |

i.jEAF

2 % |af i) + 85 5)|T [of (i g) + 85 )]

‘I',,]'E.Ak

(75)
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Finally, knowing |o* (i, ) + 8¥(i, )| = 0,4 € A¥, and sub-
stituting (79) into (80) completes the proof. ]

By Lemma B.1, the first term in (75) is zero. Since the range
of U (-, 8%;:8)+Uf ,(-;6) is bounded for each # € My, we have
(see (81), shown at the bottom of the page) for some constant
C(6). Then, since

S 10k + 85| [0 g) + A5 )]
1,jEAF
2
= Y [lta+86nT] s
1,jEAF
one can rewrite (81) as

9y ah gy < 2900 S~ S kG gy g )|

dt Ak 2
€Al jE AR

—2V(a*, B%). (83)
Forall e > 0, |of(i,§) + 8%(i, j)|7 > e forall i,j € A*
implies #(#) can be chosen small enough such that

d

—V(a*, B*) < —V(a*, g").

7 (84)

Therefore, each subsystem, corresponding to each § € My
in (25), is globally asymptotically stable and
Jim d (o). 8(1)) . R) = 0. (85)
Next, we proceed to study the stability in the regime-
switching case. It is straight forward to use the method of mul-
tiple Lyapunov functions to extend [16, Corollary 12] to prove
global asymptotic stability w.p.1 for the switching system (33).
Theorem B.1 ([16], Corollary 12): Consider the system (33)
in Definition 4.1, where (¢) is the state of a continuous time
Markov chain with generator (). Define § := maxgpe a1, |qo0|
and ¢ := maxg ¢ e, Qoo Suppose there exist continuously
differentiable functions V; : R — R*, 8 € My, strictly
increasing functions a1, as : RT™ — RT with a1(0) = a2(0) =
0 and a1 (%), a2(t) — oc ast — oc, a real number v > 1 such
that the following hold:
D) a1(d(X,H)) < V(X)) < ag(d(X,H)),VX € R", 0 €

6 b
2) (BVQ/C)X)fg(X) < —)\VQ(X),VX e R", V8 € My;
3) Vo(X) < oV (X), VX e R", 0,8 € My,
4 A+ )/7 > v.
Then, (33) is globally asymptotically stable almost surely.
In light of (84), Hypothesis 2) in Theorem B.1 is trivially
satisfied. Further, since the Lyapunov functions are the same for
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all subsystems # € My, existence of v > 1 in Hypothesis 3)
is automatically guaranteed. Given that A = 1 in hypothesis
2) (see (84)), it remains to ensure that the generator of Markov
chain @ satisfies hypothesis 4), i.e., 1 + ¢ > 7. This is trivially
satisfied since, by (3), |gger| < 1, for all 6.6’ € Ay and the
proof is complete.

APPENDIX C
PROOF OF THEOREM 4.2

Recall from Section IV-D that {(ai,ﬂi)} and {(a¥, ﬂﬁ)}
form discrete time stochastic approximation iterates of the
same differential inclusion (31). Assuming that agent & adopts
a strategy ¥" = 9(a*, ") of the form (9), we look at the

, k
coupled systems (a(#), 8%(#)) and (a*(¢), 8 (t)). Note that
we assume both systems apply the same strategy 't/)k, which is

, ~k
a functionkof B* (not B). (This is in contrast to (31), where a
strategy ¥ was used.)

Let Dy = ||B (t) — B"(t)|). Then, forall0 < A < 1

Dysx = Hﬁk(t ) B4+ )\)’

= [# e G800 -3 G0+ )|
<D+ H%E"m - %ﬁ’“(t)H £ o(), (36)

Using the results from Section IV-A, the second term in the
right-hand side of (86) becomes

- Lot =-(Fw-pm). 6
Applying (87) into (86) results in
Dy < (1= XN)D 4+ o(A). (88)
Therefore,
%Dt < =Dy (89)
for almost every ¢, from which it follows:
D _ie ' > D(0) (90)

forall¢ > 0. Note that D, is bounded since both ,Bk (t) and 8*(t)
are bounded. Finally, since lim; . D _;¢™* = 0 and D; > 0,
one can conclude from (90) that D; = )y = 0. Hence, the limit
sets coincide.

vt gh=2 3 |06+ A

dt K:
i,j€ Ak

x [i (UF (5. 8%0) + UL (:0) = [UF (G, 850) + UL (:0)] | =[G g) + ﬁ’“(znj)]]

Ak
<23 ST |at i g) + 546, )|
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Y
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