Basis representation fundamentals

Having a basis representation for our signals of interest allows us
to do two very nice things:

e Take the signal apart, writing it as a discrete linear combi-
nation of “atoms”:

z(t) =) aly)i,(t)

~vel'

for some fixed set of basis signals {1, (t)},cr. Here I' is a
discrete index set (for example Z, N, Z x Z, N x Z etc.)
which will be different depending on the application.

Conceptually, we are breaking the signal up into manageable
“chunks” that are either easier to compute with or have some
semantic interpretation.

e Translate (linearly) the signal into into a discrete list of num-
bers in such a way that it can be reconstructed (i.e. the
translation is lossless). Linear transform = series of inner
products, so this mapping looks like:

(a(t), ()
(a(t). (1)

(@(t), (1)

x(t) —> 1

\ /

for some fixed set of signals {1, (¢) }-er.

Having a discrete representation of the signal has a number
of advantages, not the least of which is that they can be
inputs to and outputs from digital computers.
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Here are two very familiar examples:

1) Fourier series:
Let 2(t) € Ly([0,1]). Then we can build up x(¢) using harmonic

complex sinusoids:
— E :Ck(k) eJ27rkt
keZ

where

ak) = /0 L a(t) e g

= (w(t), e,

Fourier series has two nice properties:

1. The {a(k)} carry semantic information about which fre-
quencies are in the signal.

2. If x(t) is smooth, the magnitudes |« (k)| fall off quickly as k
increases. This energy compaction provides a kind of implicit
COMPTession.

If (¢) is real, it might be sort of annoying that we are representing
it using a list of complex numbers. An equivalent decomposition
1s

z(t) = a(0)tho(t —i—zz&mklbmk)

me{0,1} k=1

where Oé(’n?,, k) — <$(t)7 wm,k(t» with
1 k=0
Voult) = {\/icos(zwkt) k> 1
Yri(t) = V2sin(2rkt).
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2) Sampling a bandlimited signal:
Suppose that x(t) is bandlimited to [—7 /T, 7/T]:

@(w):/x(t)e_w dt=0 for [w|>7/T.

Then the Shannon-Nyquist sampling theorem tells us that we can
reconstruct z(t) from point samples that are equally spaced by T

x[n] = x(nT),

R sin(w(t — nT))
olt) = 2wl

n=—oo

We can re-interpret this as a basis decomposition

(0.¢]

z(t) = ) a(n)yu(t)

n=oo

with

sin(w(t —nT))
n(l) = VT
$ult) = VT w(t —nT)
a(n) = VT z(nT).
If 2(¢) is bandlimited, then the a(n) are also inner products against

the ,(t):

a(n) = VT z(nT)
B \/T /T

2(w) ™ dw

? —n/T
1 ~
- %<QA3(UJ),¢”(W)>,
where /T
. VT et w| <7/T
Yalw) = {o w| > 7/T.
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Then by the classical Parseval theorem for Fourier transforms:

a(n) = (z(t), ¥u(t)),
where

%(t) - \/T .

e—anTe]wt dw

o Jor
w/T
_ @ / ejw(t—nT) dw
27 —n/T
sin(w(t —nT)/T)
—VT- |
VT w(t —nT)

Thus we can interpret the Shannon-Nyquist sampling theorem as
an expansion of a bandlimited signal in an basis of shifted sinc
functions. We offer two additional notes about this result:

e Sampling a signal is a fundamental operation in applications.
Analog-to-digital converters (ADCs) are prevalent and rela-
tively cheap — ADCs operating at 10s of MHz cost on the
order of a few dollars/euros.

e The sinc representation for bandlimited signals is mathemat-
ically the same as the Fourier series for signals with finite
support, just with the roles of time and frequency reversed.
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Orthobasis expansions

Fourier series and the sampling theorem are both examples of
expansions in an orthonormal basis (“orthobasis expansion” for
short). The set of signals {1, }.cr is an orthobasis for a space H
if

0 v#4+"

2. span{y, }.er = H. That is, there is no x € H such that
(¢, x) = 0forall v € I'. (In infinite dimensions, this should
technically read the closure of the span).

<¢7>¢7/> - {1 T

If {1, } cr is an orthobasis for H, then every x(t) € H can be

written as
w(t) =D (w(t), 9, (1)) 1y (1)

vel

This is called the reproducing formula.

Orthobases are nice since they not only allow every signal to be
decomposed as a linear combination of elements, but we have a
simple and explicit way of computing the coefficients (the a(vy) =
(x,1,)) in this expansion.

Associated with an orthobasis {1, }.cr for a space H are two linear
operators. The first operator U* : H — (5(I") maps the signal x(¢)
in H to the sequence of expansion coefficients in £5(I") (of course,
if H is finite dimensional, it may be more appropriate to write the
range of this mapping as R rather than ¢5(I")). The mapping W
is called the analysis operator, and its action is given by

Wz(t)] = {{@(t), ¥y (8) brer = {a(y) brer-
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The second operator W : lo(I") — H takes a sequence of coeffi-
cients in £5(I") and uses them to build up a signal. The mapping
VU is called the synthesis operator, and its action is given by

U{a(y)}yer] = Z al?y

vel

Formally, ¥ and U* are adjoint operators — in finite dimensions,
they can be represented as matrices where the basis functions . (t)
are the columns of ¥ and rows of U*,
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The generalized Parseval theorem

The (generalized) Parseval theorem says that the mapping from
a signal x(t) to its basis coefficients preserves inner prod-
ucts (and hence energy). If z(t) is a continuous-time signal, then
the relation is between two different types of inner products, one
continuous and one discrete. Here is the precise statement:

Theorem. Let {1, }.,cr be an orthobasis for a space H. Then
for any two signals x, € H

(@, y)r=>_a(y)B(y)

vell

where

a(y) = (z,¢)r and B(y) = (y,¥,)n

Proof.

(T, y)m = <Z (7)), Z 6(7’)¢fw>
H
‘_ j{::}{:‘y #H”?ﬁ7>
S
since (., ¥.) g = 0 unless v = 7/, in which case (¢, ¥, )y = 1.
Of course, this also means that the energy in the original signal

is preserved in its coefficients. For example, if z(t) € Ly(R) is a
continuous-time signal and o, = (x, 1, ), then

Jo(t) 0 = [ la@F dt = [ty =3 a@latr) = 3 lal)P

el ~vel

= HOCH@(F)
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Everything is discrete

An amazing consequence of the Parseval theorem is that every
space of signals for which we can find any orthobasis can be dis-
cretized. That the mapping from (continuous) signal space into
(discrete) coefficient space preserves inner products essentially means
that it preserves all of the geometrical relationships between the
signals (i.e. distances and angles). In some sense, this means
that all signal processing can be done by manipulating discrete
sequences of numbers.

For our primary continuous spaces of interest, Lo(R) and Ly ([0, 1])
which are equipped with the standard inner product, there are
many orthobases from which to choose, and so many ways in which
we can “sample” the signal to make it discrete.

Here is an example of the power of the Parseval theorem. Suppose
that I have samples {z[n] = x(nT)}, of a bandlimited signal x(t).
Suppose one of the samples is perturbed by a known amount ¢,
forming

nl+e n=mng

X
=
I
—
SRS
E.—

otherwise -
What is the effect on the reconstructed signal? That is, if

o . (sin(m(t —nT)/T)
W =2 3 = T

nes

what is the energy in the error

o~ al, = [ latt) - a0 dt 2
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Projections and the closest point problem

A fundamental problem is to find the closest point in a fixed sub-
space to a given signal. If we have an orthobasis for this subspace,
this problem is easy to solve.

Formally, let ¢ (), ..., ¥n(t) be a finite set of orthogonal vectors
in H, and set

V= Span{wla Tt 7¢N}'
Given a fixed signal x((t) € H, the solution Zy(t) to

min [Jao(t) — (1)} 1)

ey

is given by N
Zo(t) = Z(fvo(t), () Un(t).

We will prove this statement a little later.

The result can be extended to infinite dimensional subspaces as
well. If {14(t) }rez 1s a set of (not necessarily complete) orthogonal
signals in H, and we let V' be the closure of the span of {1} }rez,
then the solution to (1) is simply

To(t) = Y (wo(t), Yr(t)¥n(t).

keZ

Example: Let x(t) € Ly(R) be an arbitrary continuous-time
signal. What is the closest bandlimited signal to x:(t)?
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The solution of (1) is called the projection of xq onto V. There is a
linear relationship between a point xy € H and the corresponding
closest point Z, € V. If U* is the (linear) mapping

U [zo] = { (@0, ¥r) } 1,

and W is the corresponding adjoint, then Z, can be compactly
written as

T = VU[W*[z]].

We can define the linear operator P, that maps x, to its closest

point as
Py, =0y,

It is easy to check that W*[W[{a(k)}i]] = {a(k)} for any set of
coefficients {a(k)}x, and so

P,P, = Py.
[t is also easy to see that Py is self-adjoint:

P; =Py
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Cosine transforms

The cosine-1I transform is an alternative to Fourier series; it is an
expansion in an orthobasis for functions on [0, 1] (or any interval on
the real line) where the basis functions look like sinusoids. There
are two main differences that make it more attractive than Fourier
series for certain applications:

1. the basis functions and the expansion coefficients are real-
valued;

2. the basis functions have different symmetries.

Definition. The cosine-I basis functions for ¢ € [0, 1] are

1 k=0
Velt) = {ﬂcos(ﬂkt) k>0 2)

We can derive the cosine-I basis from the Fourier series in the
following manner. Let x(f) be a signal on the interval [0, 1]. Let
z(t) be its “reflection extension” on [—1, 1]. That is

o fa(=t) —1<t<0
:C(t){x(t) 0<t<1

() | ()

0.5 ‘ ‘ ‘ ‘ 0.5
0.45¢ 1
04r 1 041
0.35¢
0.3r 1 0.3r
0.25¢ 1
0.2 {1 0.2
0.15} 1
01l 1 0.1r
0.05¢

o 0

0 0.2 04 06 0.8 1 -1 -0.5 0 0.5
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We can use Fourier series to synthesis z(t):
Zi’(t) = Z e ej”kt.
k=—00

Since Z(t) is real, we will have oo, = @y, and so we can rewrite
this as

T(t) = ag + Z ay cos(mkt) + Z by sin(mkt),
k=1 k=1

where ag = ag, ar, = 2Re {a;}, and by = —21Im {y}. Since ()
is even and sin(7kt) is odd, (z(¢),sin(wkt)) = 0 and so

bp=0, forallk=1,223,...,

and so Z(t) on [—1, 1] can be written as

T(t) = ag + i ay cos(mkt).

k=1

Since we can use this expansion to build up any symmetric func-
tion on [—1, 1], it means that the right hand side of the function
on [0, 1] is arbitrary, so any z(¢) on [0, 1] can be written as

x(t) = ag + i ay cos(mkt).

k=1

All that remains to show that {¢, : K = 1,2,...} is an orthobasis
IS

(U, Yy) = 2/01 cos(mkt) cos(mlt)dt = {(1) Z ; E :

[ will let you do this at home.
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One way to think about the cosine-I expansion is that we are
taking an oversampled Fourier series, with frequencies spaced
at multiples of 7 rather than 27, but then only using the real part.

Here are the first four cosine-I basis functions:

o(t) 1 U1(t) 1 Vs(t) 1, Ps(t)

The Discrete Cosine Transform (DCT)

Just like there is a discrete Fourier transform, there is also a dis-

crete cosine transform:
Definition: The DCT basis functions for RV are

Vi k=0
Yrn] = n=0,1,...

B \/%COS(%“(TH—%)) k:l,...,N—l7
(3)

The cosine-I transform has “even” symmetry at both endpoints.
There is a variation on this, called the cosine-IV transform, that
has even symmetry at one endpoint and odd symmetry at the
other:

Definition. The cosine-IV basis functions for ¢ € [0, 1] are

¢k(t):¢§cos<(k+%> m), k=0,1,2,.... (4)

13

Notes by J. Romberg



gk("') = C

C,osi”‘(."l‘/
Oe(#\: AT ws (“(‘“"’3*>

1 1
0 0.1 02 03 04 05 0.6 07 08 08 1

evel 5*/"‘\- o.nvw)\ 0

SYyM ‘,AJ")‘ g

o N-
).'-ll

ey =

untitled text
Printed: 1/28/0% 10:03:07 AM

Page 1 of 1

Printed For: Justin Romberg

t = linspace(0,1,500);

% dft

figure(l)

clf

for kk = 0:3
subplot{4,1,kk+l)
plot(t, cos(2+pittskk), 'b-', t, sin(2vpitttkk), ‘r--');
axis((0 1 -1.1 1.1])

end

% dot-i

figure(2)

clf

for kk = 0:3
subplot(4,1,kk+1)
if (kk==0), lk = 1/sqrt(2); else 1k = 1; end
plot(t, lkrsqrt(2)*cos(pivkkvt), 'b-');
axis([0 1 -1.1l*sgrt(2) 1.1*sqrt(2)})

end

% det-iv

figure(3)

clf

for kk = 013
subplot (4,1,kk+l)
plot(t, sqrt(2)*cos(pi*(kk+1/2)*t), 'b=');
axis([0 1 -1.1*aqrt(2) l.1tsgrt(2)])
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The cosine-1 and DCT for 2D images

Just as for Fourier series and the discrete Fourier transform, we
can leverage the 1D cosine-I basis and the DCT into separable
bases for 2D images.

Definition. Let {1x(t)}i>0 be the cosine-1 basis in (2). Set

Vil (8, 8) = U, ()0, (1),

Then {97, (5, ) }rypsen is an orthonormal basis for Ly([0, 1]?)

This is just a particular instance of a general fact. It is straight-
forward to argue (you can do so at home) that if {1 (¢)}.er is
an orthonormal basis for Ly ([0, 1]), then {t,,(5)1).,(t) }+, pper is an
orthonormal basis for Ly ([0, 1]%).

The DCT extends to 2D in the same way.
Definition. Let {¢;[n]}o<z<n_1 be the DCT basis in (3). Set
Yiilm, n] = i[mlii[n].

Then {2}[m, n]}o<jk<n—1 is an orthonormal basis for RY x RY.
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The 64 DCT basis functions for N = 8 are shown below:

LI D00
o] I S
OOET RN Y D 2N e
A e e S
gy —
HEEEEEEE
EEEEESEEE

HEEEEEES

Y, m,n| for j,k=0,..., 7

2D DCT coefficients are indexed by two integers, and so are nat-
urally arranged on a grid as well:

Qo0 Qo1 O N-1
Q10 Q11 o O N
anN-10 AN-11 " AN_1N-1
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The DCT in image and video compression

The DCT is basis of the popular JPEG image compression stan-
dard. The central idea is that while energy in a picture is dis-
tributed more or less evenly throughout, in the DCT transform
domain it tends to be concentrated at low frequencies.

JPEG compression work roughly as follows:
1. Divide the image into 8 x 8 blocks of pixels
2. Take a DCT within each block

3. Quantize the coefficients — the rough effect of this is to keep
the larger coefficients and remove the samller ones

4. Bitstream (losslessly) encode the result.

There are some details we are leaving out here, probably the most
important of which is how the three different color bands are dealt
with, but the above outlines the essential ideas.

The basic idea is that while the energy within an 8 x 8 block of
pixels tends to be more or less evenly distributed, the DCT con-
centrates this energy onto a relatively small number of transform
coefficients. Moreover, the significant coefficients tend to be at
the same place in the transform domain (low spatial frequencies).

2 |z Az Az |
WaVavavavavam
NNANAN0
NN a)
d WAV Vapavara
NN/ 4]
NAAANANA) |
ECEIEZES
8 x 8 block 2D DCT coefts ordering
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To get a rough feel for how closely this model matches reality,
let’s look at a simple example. Here we have an original image
2048 x 2048, and a zoom into a 256 x 256 piece of the image:

900 950 1000 1050 1100

Here is the same piece after using 1 of the 64 coefficients per block
(1/64 ~ 1.6%), 3/64 ~ 4.6% of the coefficients, and 10/64 =
15/62%:

450 450
950 1000 1050 1100 900 950 1000 1050 1100 900 950 1000

So the “low frequency” heuristic appears to be a good one.

JPEG does not just “keep or kill” coefficients in this manner, it
quantizes them using a fixed quantization mask. Here is a common
example:
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[16 11 10 16 24 40 51 61
12 12 14 19 26 58 60 55
14 13 16 24 40 57 69 56
|14 17 22 29 51 87 80 62
@= 18 22 37 56 68 109 103 77
24 35 55 64 81 104 113 92
49 64 78 87 103 121 120 101
72 92 95 98 112 100 103 99

L

The quantization simply maps o, — ;; using

Q
Q round S )
7.k — ij: (ng

You can see that the coefficients at low frequencies (upper left) are
being treated much more gently than those at higher frequencies
(lower right).

The decoder simply reconstructs each 8 x 8 block z;, using the
synthesis formula

By the Parseval theorem, we know exactly what the effect of quan-
tizing each coefficient is going to be on the total error, as

7 7
be—buQ— HOK—OC| ZZ Ow—@kd

k=0 /=0
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Video compression

The DCT also plays a fundamental role in video compression (e.g.
MPEG, H.264, etc.), but in a slightly different way. Video codecs
are complicated, but here is essentially what they do:

1. Estimate, describe, and quantize the motion in between
frames.

2. Use the motion estimate to “predict” the next frame.

3. Use the (block-based) DCT to code the residual.

Here is an example video frame, along with the differences between
this frame and the next two frames (in false color):

xtl — xto

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

The only activity is where the car is moving from left to right.
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The Lapped Orthogonal Transform

The Lapped Orthogonal Transform is a time-frequency decompo-
sition which is also an orthobasis. It has been used extensively in

audio CODECS.

The essential idea is to divide up the real line into intervals with
endpoints
.., a_9,0_1,0p, 01, 09,03, ...

And then inside each of these intervals take a windowed cosine
transform.

In its most general form, the collection of LOT orthobasis functions

10 (o)

where g, () is a window that is “flat” in the middle, monotonic on
its ends:

%M(r> ?,\U—\ ?uu(f)

- o m—-

L TN — .
\‘ -
N -
~ ’/
S~
/.

\ \
k“-—’L An 4'\1’1 Any "z Ant|  Aas T

and obeys
Z lg.(t)]? =1 forall t

The ¢ above must be symmetric around a, and anti-symmetric
around a,; — just like a cosine-IV function.
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Plots of the LOT basis functions, single window, first 16 frequen-

Y=k

SEEE

SEEE

LOT of a modulated pulse:

1
0.8
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0.4

1

0.8f
0.6
0.4

0.21

0

-0.2r
-0.4r
-0.61

-0.81

500

1000

pulse

1500

2000

_1 L L L L L L L
900 950 1000 1050 1100 1150 1200 1250 1300

700111
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Non-orthogonal bases in R

When z € RY, basis representations fall squarely into the realm
of linear algebra. Let g, ¢1,...,%¥y_1 be a set of N linearly
independent vectors in RY. Since the v;, are linearly independent,
then every z € RY produces a unique sequence of inner products
against the {1, }. That is, we can recover x from the sequence of
inner products

[ %)) ] i <557¢0> |
Q1 _ <£U, ¢1>
_@N—l_ _<:U7 wN—1>_
Stacking up the (transposed) ¥y as rows in an N x N matrix U*,
g
vl
L w}k\f—l -

we have the straightforward relationships
a=U%2 and x=V"'a.

(In this case we know that W* is invertible since it is square and

its rows are linearly independent.) Let @Eo,wl, ..., ¥n_1 be the
columns of W*~1:

Ut = @Zo @Zl SRR 7

Then the straightforward relation
r = U1y
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can be rewritten as the reproducing formula

zn] =) (z. vi)u[n).

k=0

For the non-orthogonal case, we are using different families of basis
functions for the analysis and the synthesis. The analysis operator
that maps = to the a(k) = (x,1) is the N x N matrix V*.
The synthesis operator, which uses the vector o to build up z, is
the N x N matrix W*~' which we could conveniently re-label as
U*~t = U*. When the ¢ are orthonormal, we have W = ¥*1,
and so U* = U* meaning that the analysis and synthesis basis
functions are the same (¢, = ;). In the orthonormal case, the
analysis operator is W* and the synthesis operator is ¥, matching
our previous notation.

For non-orthogonal {t}x, the Parseval theorem does not hold.
However, we can put bounds on the energy of the expansion coef-
ficients in relation to the energy of the signal x. In particular,

N—

aillzll; < Z (W, )P < oyllzll;
k=0
)

oillzll; < llell; < oyllzls,

where o is the smallest singular value of the analysis operator
matrix W and oy is its largest singular value.

To extend these ideas to infinite dimensions, we need to use the
language of linear operators in place of matrices (which introduces
a few interesting complications). Before doing this, we will take a
first look at overcomplete expansions.
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Overcomplete frames in R

A sequence of vector ¥y, ¥y, . .., ¥y in RY are a frame if there is
no x € RY, x # 0 that is orthogonal to all of the v;,. This means
that the sequence of inner products

[ %) ] I <x7¢0> ]
Of1 _ <$,.¢1>
_04]\.4_1_ _<$, ¢M—1>_

will be unique for every different . The difference between a basis
and a frame is that we allow M > N, and so the number of inner
product coefficients in « can exceed the number of entries in .
If we again stack up the (transposed) 1 as rows in an M x N
matrix U,

g
e O
| v
this means that U* is overdetermined and has no null space (and
hence has full column-rank). Of course, ¥* does not have an in-
verse, so we must take a little more caution with the reproducing
formula.

Since the M x N matrix U* has full column rank, we know that
the N x N matrix WW* is invertible. The reproducing formula can
then comes from

= ()T,

Now define the synthesis basis vectors 1, as the columns of the
pseudo-inverse (WW*)~ 1

U = (D) Ly,

25

Notes by J. Romberg



Then the reproducing formula is almost identical as the above
(except now we are using M > N vectors to build up z):

M-1

k=0

We have the same relationship as above between the energy in the
coefficients a = U*x and the signal x:

M-1

oilzlly < Y Kew2)? < oyl
k=0
0

oillzll; < llalz < oxllzll,

where now o is the smallest singular value of the analysis oper-
ator matrix U* and oy is its largest singular value (i.e. o3 is the
largest eigenvalue of the symmetric positive-definite matrix W\+).
If the rows of U* are orthogonal and all have the same energy A,
then WWU* = A - Identity and we have a Parseval relation

(Urz, Uy) = (2, WW'y) = Az, y)

and so
M—1

[, o) ” = 107l = Azl
k=0

Moral: A frame can be overcomplete and still obey a
Parseval relation.
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Example: Mercedes-Benz frame in R?

Let’s start with the simplest possible example of a tight frame for
H = R%

o R |

Sketch it here:

The associated frame operator is the 3 x 2 matrix

0 1
U = [ﬁ/z 1/2] .

—/3/2 —1/2
Thus
YU* =
and so
< oz <
and
A=B=
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Example: Unions of orthobases in RY Suppose our se-
quence {1, } is a union of sequences, each of which is an orthoba-

S1S:
{qﬂil}’}’lerl U {w?m}’}QGFQ U U U{¢§L}7L€FK
Then
[Ozll3 =D [z, W) + D Ka )PP + - + > [zl
nelh 12€l vLElL
= Ll|z];
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