ECE 2025: INTRODUCTION TO DIGITAL SIGNAL PROCESSING
Assignment #6 Solutions

PROBLEM 6.3:
y[n] = 2x[n] =5x[n—1] + 2x[n—2]

a) Linearity test:
Let x[n] = a;x;[n] +a,x,[n], then

y[n] = 2(a;x;[n] +a,x,[Nn]) =5(a;x;[n—=1] +a,x,[n—=1]) + 2(a;x;[n=2] +a,x,[n—-2])
y[n] = 2a;x;[n] +2a,x,[n] —5a;x;[n—1] —=5a,x,[n—1] + 2a;x;[n—2] + 2a,X,[n—2]
y[n] = 2a;x;[n] —=5a;x;[n—=1] +2a;x;[n—=2] + 2a,X,[n] —5a,x,[n—1] + 2a,X,[n—2]
y[n] = a;(2x;[n] =5x,[n—=1] +2x;[n—2]) + a,(2X,[n] —=5X,[n—1] +2X,[n—2])

y[n] = ayy;[n] +ayy,[n]

Yes, y[n] islinear.

Time-invariance test:
We have to show that adelay in x[n] by ny, X[n—ng] , resultsinadelay iny[n] toy[n—ng] .

To do this, we start by letting w[n] be the output when theinput x[n] isdelayed by ng giving
wln] = 2x[n—ng] =5X[n—1-ng] +2X[n—2—n]
Then if wedelay y[n] by n,, weobtain
y[n—ng] = 2x[n—ng] =5x[n—=1-ng] +2X[N—2—-n]
We can see that

y[n—ngl = win]

so y[n] isatime-invariant system.
Causal:

y[n] iscausal sinceit dependsonly on x[n] , x[n—1] and x[n—2] which arein the present
or in the past.
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b) Since y[n] isan LTI system, the frequency response is of the form
M

H(@) = 3 beeok
k=0

Fory[n],M = 2 and b, = {2,-5,2 . Therefore,
H((:)) = 2e W0 _ 5o 4 g2 = (2ej‘:’—5+2e‘j‘*’)e‘j‘*) = (4cos(w) —5)e i@

¢) Thefigure below shows a plot for the magnitude of the frequency response
IH(w)| = |(4cos(w) —5)ed9 = |4cos(w) -5
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The figure below shows a plot of the phase in the range of —t< 6< 1tfor the frequency

response (note the + 11 because 4 cos(w) —5 isaways negative)

OH(w) = O(4cos(w) —5)ed® = @ +)
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d) Giventheinput x,[n] = 4+ 4cos(0.5m(n—-1)), y,[n] can be calculated asfollows. First

calculate H(d)) for the two frequenciesin x,[n] .
H(0) = (4cos(0)-5)ed0 = -1
H(Tv/2) = (4cos(1/2) —5)ei(W?) = ei(v2) = 5gi(v2)
With these two frequency response values, y,[n] can be determined as follows

yi[n] = (H(0))(4) + [H(1/2)||4| cos(0.5m(n - 1) + arg(H(1V/ 2)))
y;[n] = —4+20cos(0.5m(n—1) + /2) = —4 + 20cos(0.51n)
PROBLEM 6.4:
y[n] = (x[n-1])?
a) Linearity test:

Let x[n] = a;x;[n] +a,x,[n], then
yIn] = (apx[n—1] + ax,[n—1])? # (a;x,[n—1])? + (a,%,[n—1])?

so y[n] isnot linear.

Time-invariance test:

We have to show that adelay in x[n] by ny, X[n—ng] , resultsinadelay iny[n] to y[n—ng] .
To do this, we start by letting w[n] be the output when the input x[n] isdelayed by n, giving

wln] = (x[n-1-ng])?
Then if wedelay y[n] by n,, weobtain
yln—-nol = (x[n—ng—1])?
We can see that
y[n—ng] = w[n]

so y[n] isatime-invariant system.
Causal: y[n] iscausa sinceit dependsonly on x[n—1] whichisin the past.

b) yl[n] = (ej0.75rr(n—1) + e—j0.75n(n—l))2 = @l5m(n-1) 4 gj1.5m(n—-1) 4 20

2cos(1.5m(n—-1)) +2
Notice that this sampled sinusoid has a frequency outside of the range [—Tt, 1] that a D-to-C

converter assumesfor signal reconstruction. Thissignal will therefore result in the folded alias

asfollows
y;[n] = 2cos((-0.5)1(n-1)) +2 = 2cos(0.51(n—1)) + 2
instead of the desired signal.
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PROBLEM 6.5:

a) Theimpluseresponsefor y;[n] ish,[n] = &[n] —6[n—1] with coefficientsb, = {1,-1} .
Thecoefficientsfor h,[n] areb, = {1,1,1,1,1,1,1,1,1,1} . Theimpulse response for the
overall cascade system can be tabulated as follows.

n 0 1 2 3 4 5 6 7 8 9 |10 11

g (2 1 1 1 1 1 1 1 1 1

h,[n] 1 -1

(@ |1 0 0 0 0 0 0 0 0 0 -1

Therefore, h[n] = 8[n] —d[n-10] .
b) Given the impulse response h[n] from &), then y[n] = x[n] —x[n—10] .

PROBLEM 6.6:
y[n] = x[n] =2x[n—1] + 3x[n—2] —4x[n—3] + 2X[n—4]

a) The block diagram for y[n] isasfollows.

x[n] Unit Unit Unit Unit
Delay Delay Delay Delay

-2»? 3»? 2

‘ y(n]

b) Theimpulse response for y[n] can befound by using x[n] = &[n] which resultsin

y[n] = h[n] =&[n] =28[n—1] +33[n—2] —43[n—3] +23[n—4]
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¢) y[n] can be tabulated asfollows.

n 3]1-2|-1]0 1 2 3 4 5 6 7 8 9 | 10
hin] 1 2 3 -4 2
X[n] 1 -1 1
1 -2 3 -4 2
-1 2 -3 4 -2
1 -2 3 -4 2
y[n] 1 -3 6 9 9 6 2

Potting y[n] gives
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PROBLEM 6.7:

a) First, expand out H(d))
H(w) = (1+e—Jw)(1 ejT[/4e—joo)(1 elﬂ/4e—1w)
H(w) = (1+e—J00)(1 ejﬂ/4eju)_e_JT[/4e_Jw+e_J2w)
H(w) = (1 +eI9)(L—edo(eV4 + edV4) + gi2w)
H(w) = (1+e19)(1- 2679 + ei20)
H(w) = 1— [Pei® 4 gi20 4 g0 _  [5ri2w 4 30

H(®) = 1+ (1-/2)e 19+ (1 [2)e 20+ i3
M

Considering the form H((l)) =3 bke—J‘:’k, the coefficientsare b, = {1,1-./2,1-./2,1}
k=0
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with M = 3. From these coefficients, y[n] can be written as
3

ylnl = % bx[n=-K = x[n] +(1-42)x[n-1] +(1-2)x[n-2] +x[n-3].
k=0

b) If theinputis x[n] = &[n], then the output is
y[n] = 3[n] +(1-4/2)8[n—-1] +(1-+/2)3[n-2] +5[n-3]

¢) Withaninput of x[n] = Ael9gion, the output will be of the form y[n] = H(w)(Aei®eiwn) .
Therefore, y[n] = O for al n only when H(d)) = 0. By consider the roots of H(Eb),we
know that H(w) = O when: i) (1 +e7%) = 0, ii) (1—ed™4e®) = 0 oriii)
(1—e1”/4e—1":’) = 0. Solving each of these gives
) ed® = _1 whichistruewhen o = T+ 27
ii) ed® = &4 whichistruewhen w = —T1/4 + 271

iii) % = edv4 whichistruewhen o = T4 + 271
Therefore, y[n] = 0 for all n when W = {m+2nl, v/ 4+2m, -1/ 4+ 21} , | aninteger.

For the specific range of —Tt< ws 11, the possible w are -1, T, T4, and =1/ 4, but, note
that 1T and —Ttresult in the same fregquency.
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