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Joint Probability Density Functions
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Example
The joint density function of X and Y is given by
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Find the marginal density functions. 
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Expectation of Functions of Two R.V.s

• Similar definition as in single random variable case

• When

is called the 
joint moment of X and Y. When n=k=1, it is called 
correlation.  n+k is the order of the moment.
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Joint Central Moments
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ρ is called the correlation coefficient or normalized covariance, 
which expresses the degree of correlation between the two r.v.s
without regard to the magnitude of either one r.v.
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Two Uniform Random Variables
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More on Correlation Coefficient

YX
XY

YX

XY
YXYX

YXXYEdydxyxfYXYxyXxy

dydxyxfYyXxYYXXE

σσσσ

σσσσ
ρ

−
=

+−−
=








 −







 −
=
















 −







 −
=

∫ ∫

∫ ∫
∞

∞−

∞

∞−

∞

∞−

∞

∞−

][),(

),(

YX

YYXX
σ

η
σ

ξ −
=

−
=   and       r.v. normalized Define

][    Then,    .1    and   0
is that nce,unit varia and mean zero are  and  Both

22 ξηρσσηξ

ηξ

ηξ E=====

0)1(22]2[])[( 22222 ≥±=+±=+±=± ρσρσηξηξηξ ηξEE

11 ≤≤− ρTherefore, 

And if the two r.v.s are independent,  0][ === ηξξηρ E

Summer 2003 ECE 3075A  B. H. Juang     Copyright 2003 Lecture #7, Slide #8

Example – Exercise 3-4.1
Two random variables have means of 1 and variances of 1 and 4, 

respectively. Their correlation coefficient is 0.5.
a) Find the variance of their sum.
b) Find the mean square value of their sum.
c) Find the mean square value of their difference.
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(Is this independent of the means?)
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Conditional Probability

Recall
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Notation issue coming up!
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Conditional Probability - Notation
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We use                                      to make explicit the fact 
that x and y are “realized” random variables, rather 
than a parameter that define the density function               
.                            . If they are “parameters”, we’d use 
the notation like                            .
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Use of Conditional Probability - Example
• Consider an additive noise channel                      .NXY +=

I.e., a “random” source puts out signal X but at the 
destination, it is observed as Y due to additive noise N.

X Y

)|(| xyf XY
• We are often interested in estimating 

x (i.e., what was sent) based on the 
received signal y.

• Use Bayes formula
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[Note: here, we are looking at Y = x+N, because x is known ] 
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Binary Channel Example
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Modeling Measurement & Noise - Example
• In space probe, high energy particles are received from space. 

The interval between particle arrival times is considered a 
measurement of a certain space activity. (Recall Poisson 
distribution.) The arrival interval is a random signal with 
exponential distribution

• The measured signal usually has an additive noise component 
with Gaussian distribution:
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Measurement & Noise – Example (cont’d)
• The a posteriori probability density function is
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Statistical Independence

• When two random variables are independent, a 
knowledge of one r.v. gives no information about the 
value of the other.
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Another way to see independence – if the joint probability density 
function can be factored into product of a function of x only and a 
function of y only, then the two r.v.s are statistically independent.
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Exercise 3-3.1
Two random variables, X and Y, have a joint probability density 
function of the form

elsewhere                                ,0
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a) values of k and a for which the random variables are statistically 
independent; b) the expected value of XY.
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Since the joint pdf is separable, the two r.v.s are independent. We 
need to find a and k such that the function is a legitimate joint pdf.

∫ ∫
∞ ∞ −−− =••==

0 1

1 221][ eedyyedxxeeXYE yx



Summer 2003 ECE 3075A  B. H. Juang     Copyright 2003 Lecture #7, Slide #17

More on Statistical Independence

• Random variables                           are independent, 
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• If                           are independent, then any sub-
group of the random variables are independent. (Why?)
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• However, generalization is not guaranteed: e.g., 
pair-wise independence does not immediately imply 
overall independence.


