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A random variable X has a probability density function of the form ∞<<∞−−= xxaxf X |}|exp{)(
A second random variable Y is related to X by                 .|| XY =

a) Find the numeric value of a;
b) Find the probability density function of Y;
c) A third random variable Z is a function of X and Y, i.e.,              ; find the first and second moment of Z. 

Y
XZ =

Problem #1 (7pts ea., 21pts total)
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c)

5.0}1Pr{}1Pr{ =−=== ZZ0, respect to with symmetric is , |},|exp{)(  Since ∞<<∞−−= xxaxf X
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a) Find                   ;
b) Find                     ;
c) Find the characteristic function of Z,             .
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Problem #2 (7pts ea., 21pts total)
The characteristic function of two independent Gaussian random variable, X and Y,  are given by                                and              
,                          , respectively.  Let Z = X - Y.
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Consider a signal/process                                       where A is a Gaussian random variable with zero mean and a 
variance of 8, Θ is uniformly distributed in (0,2π) and the independent noise V(t) has an autocorrelation function of 

. The signal is applied to a finite-time integrator with impulse response                           .

)()2cos()( tVtAtX +Θ+= π

||100010)( ττ −= eRV
2/)]2()([)( −−= tututh

a) Find the autocorrelation of the input            ;
b) Find the spectral density of the input            ;
c) Sketch the input spectral density;
d) Find the autocorrelation of the output             ;
e) Find the spectral density of the output             ;
f) Sketch the output spectral density.
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Problem #3 (7 pts ea., 42 pts total)

||10002 102cos4)(2cos}{
2
1)()}22cos()2cos({

)]}()22cos()][()2cos({[)]()([)(

τπττπττπτππ

τπτππττ

−+=+=+Θ++Θ+=

++Θ+++Θ+=+=

eRAERtAtAE

tVtAtVtAEtXtXER

VV

Xa)

26

4

10
102)}2()2({4

)}({}2cos4{)}({)(

ω
πωδπωδπ

τπττω

+
×

+++−=

+== VXX RRS FFFb) c)

2||,
2

||101.0
2

||1
2
102.0

sinc02.0)}({)( 211

<





 −=






 −×=















≈= −−

τττ

π
ωωτ FF YY SRd)







×≈

+
×







=









+
×

+++−





==

π
ω

ωπ
ω

ω
πωδπωδπ

π
ωωωω 2

26

4
2

26

4
22 sinc02.0

10
102sinc

10
102)}2()2({4sinc|)(|)()( HSS XYe)

)(ωXS

02.0

π4

ωπ2π2− 0

f) )(ωYS

π2π2−
ω

00
ω

02.0



Summer 2003 ECE 3075A  B. H. Juang     Copyright 2003

∫∫∫ ∫
∞∞∞ ∞

−=−==
0 11120 220 0 221121

2 )()()()()()()0( λλλλλλλλλλλλ dhRdhdhhRdRY XXY

1616)( ||2 += − ττ eRX The constant component in             corresponds to          . Therefore,             .   )(τXR 2)(X 4=X

0]11[4]2)([4)(
0

2 =−=−== ∫∫
∞ −∞

∞−
dtetdtthXY tδ

∫∫∫
∞ −∞ −−∞ −−− =+=+−=−−=−−=

0 2
4

20 2
4

2
4

0 2
2

2
2

2
22 8446448]6416[8]2)(][328[ 222222 λλλλλλδλ λλλλλλ dedeedeeeY

A random process having an autocorrelation of                   is the input to a linear system having an impulse response 
of 
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)(2)()( 2 tuetth t−−= δ

a) Find the mean value of the output;
b) Find the mean-square value of the output;
c) Find the variance of the output.

Problem #4 (7 pts ea., 21 pts total)
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