Verifying Trigonometric Identities

Objective: To verify that two expressions are equivalent. That is, we want to verify that what we have is an identity.
e To do this, we generally pick the expression on one side of the given identity and manipulate that expression until we get the other side.
e [n most cases, it is best to start with the more complex looking side and try to simply to match the less complex side.
e You must be very familiar with the fundamental trigonometric identities, especially the Pythagorean Identities. In some cases, a direct
substitution using these fundamental identities will verify the identity you are trying to prove (Exercise 8 at the end of this document is one

example).

e Some special approaches are useful for certain types of identities, which are provided below.

Identity Type Verification Approach
Verify:
Type 1: e Start with more complex
cotx + 1 = cscx(cosx + sinx) RHS.
Sometim?s itis easit_er if_we e Rewrite cscx in terms of
just rewrite everything in sine or cosine.
terms of sine and cosine to RHS — ( + sinx) = L( + sinx)
see if the expression cscx (cosx + sinx Snx cosx + sinx e Remember, .
simplifies. cosx  sinx cscx = 1/sinx
=— —_— e Also note,
sinx  sinx .
cosx/sinx = cotx
= cotx +1 e The RHS simplifies to
original LHS.
Verify:
Type 2: e Start with the more

In some cases, the more
complex side involves a
fraction that can be split
up. Then we rewrite
everything in terms of sine
and cosine.
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tant — cott 2 2
— =sec“t—csc°t

sintcost
tant — cott tant cott
S - —; = — - —
sintcost sintcost sintcost
1 1
=tant-— —cott - ———
sintcost sintcost
sint 1 cost 1

cost sintcost sint sintcost

1 1

cos?t sin®t

=sec’t—csc’t

complex LHS.

e Rewrite the LHS as
difference of two fractions.

e Splitouttant and cott to
make it easier to simplify.

e Notice in the first term, the
sint cancels out; and in the
second term, cos t cancels
out.

e The new terms are
reciprocal identities

e The LHS simplifies to the
original RHS.
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Identity Type Verification Approach
Verify:
Type 3: _ e We could start with either
cosx 1+sinx side; but here we will start
Using the property of 1—sinx  cosx with the RHS.
}Cloiljl;glatgs is sometimes e The conjugate of the
eélpful. For an expression . : . numerator 1 + sinx is
like a + b, the conjugate RHS 1+sinx 1+sinx (1 — sin x) .
N = : 1 —sinx.
would be a — b. When you CcoS x cosx \1-—sinx )
multiply conjugates, you 1 .2 * Multiply by .
—sin“ x 1 —sinx
often get a more useful = - =
expression, e.g., cosx (1 — sinx) 1—sinx
(a+ b)(a — b). Sometimes 2 * Remember,

o cos” x 'y ”
multiplying by the = . 1—sin®x = cos” x
conjugate will simplify an cosx (1 — sinx) e Once we reduce the
expression and help in _ cosxcosx fraction, we get the LHS of
verifying the given identity. ~ cosx (1 —sinx) the original identity.

cos x
~ 1-sinx
Verify:
Type 4: e Notice that the
1 4 1 _ 2 sec? & denominators of the

Combining fractions before 1—sina 1+sina fractions on the LHS are
using identities may be an conjugates.

appropriate strategy. ;

ppropri gy 1 1 1 1+ sina 1 1 —sina e Sowe .Wlll use the property
LHS — _ + _ = : ( : ) _ ( § ) of conjugates to combine
1-sina 1+sina 1-sina\l+sina 1+sina\l —sina

(1 +sina) + (1 —sina)
- (1 —sina)(1 + sina)
2
"~ 1-sin‘a
_ 2

cos? a

=2sec’a

the LHS fractions and
simplify.
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Verify the following trigonometric identities.

1.

COS X+Sin Xtan X = sec X

CSC X —Sin x
Sin Xcsc X

=CSCX—Sin X

1+sin@ N cos@
cos@ 1+sind

=2 secld

cosy
secy+tany=——-—
1-siny
cos? x—sin? x

i’ =cos? X
—tan?x

sin x N cosx—-1
cosx+1  sinx

0

sin? @ +cos® @ +cot? O
1+tan®@

=cot?6
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Solutions to Exercises

. . sin
1. LHS — cosx+sinxtanx =cosx+smx(—

]

3. LHS —>

tan g

+tan g

COS X
= COS X + sin” x
COS X
_cos’X . sin’ x
COSX  COSX
_cos’ x+sin’x
~ cosX
1
" cosX
= SecX
1 taip
tang tanpg
_1l+tan’ B
~ tanp
_sec’p
~ tanp

2. LHS —»

4. LHS —

CSC X —Sin X 1 .
_ =— (cscx —sinx)
SiNXCSCX  Sin XCcscX
=———CSCX——sinX
sin xcsc X sin Xcsc X
1 1
sinX cscX
=CSCX —SIin X
1+sin9+ cosf  1+sin@(1+sind cos
cosd 1l+siné@ cos@ \l1+sin@) 1+sin@

_ (L+sin@) +cos’ @
~ cosO(1+sing)
_1+2sin@+sin” 0+ cos® O
- cosA(L+sinH)
_ 1+2sinf+1
~ cosOL+sin o)
_ 2+2sind
~ cosO(1+sind)
_ 21+sing)
~ cosH(1+sin o)

2

 cosé
=2secd
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cosy (1+sin cos’ x —sin® x Zx —sin®x
5. RHS —» —205Y _ CO8Y iny 6. LHS s in’x _ cos’x—s
l1-siny 1-siny{1l+siny 1-tan“x 1- sin® X
. cos” X
_cosy(L+siny)
- 1-sin’y _ cos’ x—sin®x
- 2 ]
. cos® x —sin? x
cos y(1+sin —
_ y( i y) cosZ x
cos’ y
_1l+siny :(coszx—sinzx{
cos y
2
1 siny = cos® x
COSy Cosy
=secy+tany

7. LHS —

cos? x

cos? x —sin® x

sin x +cosx—1 _sinx (sinx +cosx—l cosx+1 8. LHS _)sin2¢9+c0526?+cot2¢9_1+cot2¢9
cosx+1  sinx cos X +1\ sinx sinx \cosx+1 ' 1+tan®@  1+tan’@
__sin®x  cos®x-1 _osc’o
sinx(cosx+1) sinx(cosx +1) sec” g
. 1
sin®x +cos*x—1 —
S sin“ o
sin x(cos x +1) =—3
_ 11 cos? 6
sinx(cos x +1) (1 Ycosto
~ 0 sin?@ 1
sinx(cos x +1) c0s?
=0 sin’@

=cot’ o
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