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Abstract

The vertical structure of the undertow in the shoaling region outside the surf-zone
is quite different from that inside the surf-zone. Inside the surf-zone the undertow
typically has a large seaward directed velocity near the bottom and either a shoreward
directed or a small seaward directed velocity at trough level. Measurements show.
that outside the surf-zone the undertow has a small seaward directed velocity near
the bed and a large seaward directed velocity at frough level. In this note we develop
theoretical expreésions for the undertow outside the surf-zone and show that the
steady streaming from the bottom boundary layer which was earlier found to have
a negligible effect in the surf-zone (Svendsen et al. 1987) does have a significant

influence on the vertical structure of the undertow in that region.

1 Introduction

Consider waves normally incident on a beach so that at any point there is no net cross-shore

flow. A seaward directed return flow, the undertow, is then generated below trough level
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to compensate for the wave induced volume flux above that level. The mechanisms respon-
sible for the undertow were discussed by Dyhr-Nielsen & Sorenson (1970) and analyzed-
by Svendsen (1984), Dally & Dean (1984), Stive & Wind (1986), Svendsen et al. (1987),
Svendsen & Hansen (1988) and Okayasu et al. (1988). Detailed laboratory measurements of
the undertow include Stive & Wind (1982), Nadaoka & Kondoh (1982), Hansen & Svendsen
(1984, 1986), Okayasu et al. (1986, 1988) and Ting & Kirby (1993). Field measurements
include Wright et al. (1982), Guza & Thornton (1985) and Greenwood & Osborne (1990).
However, the models for the calculation of undertow have so far only been applied to cal-
culate the undertow inside the surf-zone. No effort seems to have been made to calculate
the undertow in the shoaling region outside the surf-zone although the relatively few mea-
surements available in that region suggest that there are significant differences, which may
| signify differences, at least in the importance of the different mechanisms involved, relative

to what has been found inside the surf-zone.

Figure 1 (from Nadaoka & Kondoh 1982) shows a measured variation of the undertow
with cross-shore location. Inside the surf-zone, the dominant feature is that the undertow
profiles show rather strong seaward flows near the bed (U,/\/gh ~ 0.1 where Uj is the
bottom velocity and h is the local water depth) and either a shoreward flow or a weak
seaward flow at trough level. Svendsen et al. (1987; referred to hereafter as SSH) showed
that the presence of a wave boundary layer with a much lower level of turbulence than the
rest of the water column can explain the large seaward oriented bottom velocities inside the
surf-zone. In the region between the bottom and the wave trough level the major driving
force was found to be the pressure gradient from the slope on the mean water level (set up) -
whereas the opposing radiation stress contribution was much smaller. They also analyzed
the effect of the steady streaming and found it to have a negligible effect on the undertow

profile.

Outside the surf-zone, the undertow shows remarkably different features. First, the
undertow profile has very little curvature and, second, it typically has a small seaward
directed velocity at the bed and a large seaward oriented velocity at trough level. These

features appear in all undertow measurements outside the surf-zone (Nadaoka & Kondoh



1982; Hansen & Svendsen 1984, 1986; Okayasu et al. 1986, 1988; Hwung & Lin 1990; Ting
& Kirby 1993). The aim of the present note is to illustrate the mechanisms responsible for
this behavior. Though elements of the undertow model turn out to be very similar to the
one developed by Svendsen & Hansen (1988), the actual mechanisms are quite different

due to the absence of wave breaking.

The theoretical analysis is presented in section 2. The numerical results for the undertow
profiles are presented in section 3 where we analyze the mechanism responsible for the shape
of the undertow profiles outside the surf-zone. In that section the model results are also
compared with available experimental data. The paper concludes with a discussion in

section 4.

2 Mathematical Formulation (Model)

The equation governing the undertow is the wave averaged cross-shore momentum equation.
For simplicity, we limit the discussion to the case of long waves (w? < u? where w, and
u, refer to the wave induced vertical and horizontal velocities respectively). The wave
averaged cross-shore momentum equation may then be written as (see, e.g., Svendsen &

Lorenz 1989)

& (—— _ dl A Bul 8u,;ww .
5 (W) =gt gt W

The geometrical quantities used in the above are defined in figure 1. In the case of long

waves (Ou,/0z = 0) this may, outside the bottom boundary layer, be written as
O e d¢  10u?
S 7 =g— 4 ——X = 9
0z (u w’) Iz L 2 Oz () (2)
In most previous analyses the 3/0z term has been neglected on the ground that for a

symmetrical wave like a sine wave %, w, = 0. Inside the surf-zone this is of little conse-

quence because the u? and W,y terms are small relative to the gC term.

Outside the surf-zone, however, it turns out that the situation is different in that the

u? term is of the same order of magnitude as the g¢ term. It then becomes important
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that since the waves are shoaling they are not purely symmetrical, so g, # 0. In fact,
it can be argued that if the waves were symmetrical so that g w, = 0 we would also have

duZ /dz = 0 so that both the second and third terms on the RHS of (1) would vanish, and

so would the first.

The assumption du,,/8z = 0, on the other hand, is valid even for non-symmetrical,

finite amplitude long waves. Thus we use (2) to determine the undertow. It is interesting

to note that the the contribution to w,w, originating from the bottom boundary condition

w,, = —u,hy does not enter the equation because it has 8/8z = 0 in this approximation.

Introducing an eddy viscosity closure to model the correlation of the turbulent fluctu-

ations then leads to

0 ou
7 (w5e) = ulo e
which has the solution
z 1 z rz 1
Uls.3) = ]_ho o[, dedz 4 Cy /_hu —dz + U (4)

where C) and Uy are integration constants, the latter being the bottom velocity.

Determination of C and U, follows the arguments given by Svendsen & Hansen (1988)
and the following is a condensed version of the solution. We assume the existence of a
(thin) bottom boundary layer with a significantly lower level of turbulence than the rest
of the water column (SSH). We model the flow field by assuming that the water column
may be split into two layers — the bottom boundary layer and the upper layer above. For

simplicity, we also assume depth uniform eddy viscosities in these two regions.

Inside the bottom boundary layer the eddy viscosity is denoted by v, and the equation
governing the undertow may be written in the following form

9( U\ & T Tuow.
a“( '9“)=%+ 9z T 0z | (5)

0z

Since the eddy viscosity used is discontinuous at the top of the boundary layer the

solutions to equations 3 and 5 are matched at that level using continuity in velocity U and



the shear stress 1,(0U/dz). The constants U, and C, in (4) are then determined by two
boundary conditions. The first is obtained by integrating (5) from the bed z = —hg to the
top of the boundary layer z = —hgy + 8 which leads to

au Ty ~hoté [ d Bu? )
Vtg 82 ) —— - ; == uwww)z=.,h0+5 e -/—ho (ga 4+ HB-J_,'_ dz (6)

where we have used the fact that pvy,(0U/0z),=-p, = 75, the bottom shear stress.

The first term on the RHS of (6) is related to the steady streaming in the bottom
boundary layer and the second term essentially represents the curvature of the undertow

inside the bottom boundary layer. The results of SSH show that this term is small and,

therefore, we neglect it here.

Introducing the notation

, Tigh == Puwwm)zz_“+5 . (T)
we get
3U Th Tsh
Vtga—) o Pl (8)
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which by virtue of the matching conditions becomes the first boundary condition for the

undertow in the upper layer, viz.,
ou ou ™ T .
Vtz'é"") = Vty“g“) e (9)
3 2=-ho ] z=—ho+6 P P

The second boundary condition is given by the constraint of no net cross-shore flow

which leads to

z | :
/ Udz = -Qu (10)
~ho
where @, is the volume flux due to the wave motion defined by
; ¢ ¢ .
o fq}m uydz = /c uydz (11)

The second part of (11) follows from the fact that we have @, = 0 below trough level
(z = {;). Equation 10 involves the definition of the current above trough level and may

deserve some explanation.



Below trough level, decomposing the water motion into a current part and a wave
induced part is relatively straightforward - the current is defined as the component of
the velocity that remains after averaging over a wave period. Above trough level there is
water only part of the time and such an operation is not straightforward. To get around this
problem, while still operating in the wave averaged domain, two approaches have been taken
in the literature. The first of these defines a current only below trough level - it assumes
the entire motion above that level to be a part of the wave motion. In this approach the u,,
in (11) would then represent the total water motion above trough level. This approach has
been used by Hansen & Svendsen (1984), Stive & Wind (1986), deVriend & Stive (1987),
SSH, Stive & deVriend (1987) and Svendsen & Hansen (1988). The alternative approach
used consists of decomposing the water motion into a current part and a wave induced
part and clearly specifying how a current is defined above trough level. Investigators that
have used this approach typically assume that the mathematical expression that defines the
current below trough level is valid above that level also — Phillips (1977) and Mei (1983)
for depth uniform flow and Svendsen & Hansen (1986) and Svendsen & Putrevu (1993) for

non-uniform flow.

Though the net result of the two approaches will be the same we have decided to
adopt the second approach here since we have found elsewhere (Svendsen & Putrevu 1993)
that the calculation of the dispersion effect caused by the interaction of nearshore currents

becomes much simpler if we follow this a.pproa.ch.

With a depth uniform eddy viscosity v, and determining C; from (9), (4) yields

«

U(z,2) =

1 2 T —Tsb
h - . ho) + U, 12
21}w(z+ 0) + — (z + ho) + Uy (12)

Finally, we assume that the bed shear stress is related to the near bottom velocity U,
by
5 _
Ty = ;pfwuwab (13)

where f,, is a friction factor and u,s is the amplitude of the near bottom wave induced



velocity, and the steady streaming term is given by the value for linear long waves, viz.,
= 2

uw
T = Tpvfgﬁ'—;'- ()

(see, e.g., Phillips 1977, p. 55). In the above c is the wave celerity and

w

B=\[o— (15)
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where w is the wave frequency (= 2r /T, T being the wave period).

Once the parameters vy, v, and oy are specified, the undertow is readily determined

by solving for U, from (10). This leads to

Ub - Um é ?abh 7 -1
i (\/EE "8 7 ‘zpu_um) (14 F) (16)

where
C\']hz
A = 17
V!z\/gj;' ( )
B Suttush (18)
TV
and
_ ~Qu
Un = = (19)

The result given by (12) is valid both inside and outside the surf-zone. The differences
in the solutions inside and outside the surf-zone come from the differences in the variations
of ay, vy and v, in those regions. In the next section, numerical results are presented and

compared with experiments.

3 Numerical Results

3.1 .Parameter Values

Inside the surf-zone the slope on the mean water level dominates the RHS of (2). SSH

found
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to be a reasonable approximation of the forcing inside the surf-zone. Outside the surf-zone
the slope on the mean water level is much smaller than it is inside the surf-zone. Hence,

we expect that both terms on the RHS of (2) will be important. Linear long wave theory

has
See = xpghl? (21)
16
Wi = c% = c% cos wt (22)
which means , ‘ .
=i @)

The slope on the mean water level is determined by the depth integrated horizontal mo-
mentum equation 3
DRy e ST R (24)
Using the above (and the fact that H o« h='/4 for linear long waves) we find that, outside
the surf-zone, 3
d(¢ du,, 5

S + Vs = ~ ik (25)

where 7, is given by (13).

Inside the surf-zone SSH also found

Vis ~ 0.01h\/gh (26)

The variation of this parameter is not known outside the surf-zone. However, we may
estimate the variation using qualitative arguments and the turbulence measurements of
Nadaoka & Kondoh (1982) as a guide. These measurements are reproduced in figure 3.
They show that there is in fact a significant level of turbulence outside the surf-zone.

The detailed variation of v,, with h is less important, so we assume, in keeping with the

h 4
Y [0.2 +0.8 (7:1) ] Vs (27)

where vy, is the eddy viscosity at breaking.

measurements, that



The eddy viscosity in the bottom boundary layer is related to the turbulence level
inside the bottom boundary layer and is expected to vary as H/h and based on careful

measurements in the literature (see SSH for discussion) is taken to be (using f,, = 0.02)

ot (1 s (1)
hm_o.om(h 3x 1078 (5 (28)

As will be demonstrated below, the exact value of v, is unimportant for the main features

of the results. However, the estimate does suggest that v, decays much slower in the

seaward direction than v, as one would expect from the physics of the problem.

3.2 Results

Figure 4 shows the undertow profiles calculated neglecting the steady streaming. The
additional parameters used in this figure are H/h = 0.7 (inside the surf-zone), Q, =
0.06(H?/h)\/gh, hy = 20cm, T = 3s and h, = 1/30. The single strongly varying curve in
this figure represents the undertow profiles inside the surf-zone which for the simplifications
made are the same at all locations. The other curves represent undertow profiles at various
locations outside the surf-zone. A comparison of the shape of the profiles in figure 4 with
the measurements shown in figure 1 shows that while the calculated profiles inside the
surf-zone are reasonable the general characteristics of the calculated profiles outside the

surf-zone are quite different from what the measurements show.

In contrast, figure 5 shows the undertow profiles calculated including the steady stream-
ing. The other parameters used in this calculation are the same as those used in the cal-
culations for figure 4. Therefore, a comparison of the two figures shows the effect of the
steady streaming on the solution. Such a comparison clearly confirms SSH’s earlier result
that the steady streaming has very little influence on the undertow inside the surf-zone.
Outside the surf-zone, however, the effect is very substantial and is essentially responsible

for the different shape of the profiles.

Equations 12 and 14 indicate that the effect of the steady streaming increases with

the ratio vy/v,. However, our estimates of this ratio are quite uncertain. To analyze the
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sensitivity of the velocity profiles to this uncertainty, figures 6 and 7 show the variation of
the undertow profiles for two very different values of vy, /v, (100, 1000 respectively) with
v, given by (26) and (27). These values span the expected range of variation for the ratio
Vig/viz. Figures 5, 6 and 7 demonstrate that within a wide range of values of vy,/v, the

general trend of the results in figure 5 is unaffected by the precise value of that ratio.

3.3 Comparison with Experimental Data

We have also compared the model predictions for the undertow outside the surf-zone with
available experimental data. The data comes from the experiments of of Nadaoka & Kondoh
(1982, denoted by N & K), Hansen & Svendsen (1984, denoted by H & S) and Ting &
Kirby (1993, denoted by T & K). Since figure 3 shows that the turbulence level outside the
breaking point depends somewhat on the type of bréa,king we have divided the comparison

between spilling and plunging breaker cases.

Figure 8 shows the model predictions together with the experimental data for spilling
breakers. In the computations v, is taken to be 0.008h+/gh inside surf-zone and (27)
outside. The parameters f,,, @, and v, are as in the example presented in the previ-
ous section. The values of H/h, T and h, are taken from the experiments. The figure
demonstrates that the model results are quite close to the experimental data. Given the
uncertainty associated with the estimation of some parameters and the use of linear wave

theory so close to breaking, the agreement is actually remarkable.

Figure 9 presents the comparison for the plunging breaker case. In recognition of the
more violent breaking associated with the plunging breaker, the eddy viscosity inside the
surf-zone has been increased to 0.02h\/gh. The figure indicates that even for the plunging
breaker case the quantita.tiv-e comparison is still quite good though it is a little worse
than the previous case. For the plunging breaker case we also find, by integrating the
measurements over depth and using (10), that the non-dimensional volume flux (defined as
Qw/(H?*\/gh/h)) is very different in the experiment by Nadaoka & Kondoh (0.065) and the
experiment by Ting & Kirby (0.018). This difference is probably related to the very different
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values of h/L in the two experiments (0.025 for Ting & Kirby and 0.068 for Nadaoka &
Kondoh at the break point). The low value of -h/L in the Ting & Kirby experiment causes
the waves to have short peaky crests which gives a small value of Q,,/(H?\/gh/h) (see, e.g.,
© Cokelet 1977).

4 Discussion

As pointed out in the introduction, the main features to notice about the undertow outside
the surf-zone are: 1) it has very little curvature and 2) the shape of the profile is quite
different from what it is inside. The first of these is readily understood by comparing the

forcing for the undertow inside and outside the surf-zone. Outside the surf-zone, the forcing

is given by
-7 fowelh fuHU
oh h 2 h e’

which, for typical values of the parameters (f, = 0.02, Uy/c < 0.05, H/h < 0.6), gives the

(29)

p =

following estimate for a;

ay < 3x 107 (30)
which is much smaller than the forcing for the undertow encountered inside the surf-zone
(equation 20). Equation 12 shows that the forcing is directly proportional to the curvature
and hence the very small forcing estimated by (30) leads to a very small curvature on the

profile.

The results presented in the previous section indicate that accounting for the steady

streaming brings the model results in line with the observations. This may be understood

by considering that the steady streaming typically results in a velocity in the direction of -

wave propagation, which tends to reduce the near bottom velocity of the undertow. Since
the total volume flux to be returned by the undertow is fixed, the slope of the undertow

profile will at the same time be increased.

It is worthwhile to emphasize that the the steady streaming is not a fixed velocity.

It basically is a response to the the Reynolds’ stress (corresponding to the i w, term)
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generated by the boundary layer. Thus, the present results indicate that the actual effect

that the Reynolds’ stress has on the velocity profiles is radically different inside and outside

the surf-zone.
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