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ABSTRACT

An explicit finite difference model for predicting time-
dependent, wave-induced nearshore circulation is discussed. The form=-
ulation includes wave refraction, wave-current interaction, an anis-
tropic bottoﬁ friction, wave set-up, wind effects and coastal flooding.
In addition to the explicit scheme, a one-dimensional implicit scheme -
was developed to determine the importance of the convective acceleration
terms in the equation of motion. Results are shown for three cases
including: set-up in a wave channel due ﬁo steady waves and wave
groups, circulation in a rectangular wave tank under oblique wave attack,
and for wave and wind induced circulation on a longshore periodic beach.
In all three cases comparison is made to experimental data. Important
results are that tuned wave groups can incite seiching in an enclosed
basin and harbors and that rip currents will be induced or maintained

by the presence of surf zone channels.
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CHAPTER I

INTRODUCTION

Although man has throughout his history studied the open sea,
it is only in the last hundred years that he has turned his attention
to the ocean's shoreline. As use of this narrow strip separating land
and sea increases, it is highly desirable to be able to predict its
changes. The problem is not a small one for, though the effects of
winds, currents and waves may be somewhat understood individually, the
total picture containing these processes and their interactions is too
complex to handle anmalytically. For this reason, the coastal engineer
is starting to utilize the power of the ccmputer.in trying go unravel

the complexities of the coastal environment.

This thesis concerns a numerical model that was developed to
predict the circulation that a wipd and wave climate would have on a

particular stretch of coastline.
1.1 PURPOSE OF A NUMERICAL MODEL

The three basic means used to study coastal processes are field
studies, hydraulic modelling, and numerical modelling. Since one 1is
ultimately interested in predicting actual events, accurate field
observations are very important. Unfortunately, due to the many varia=-

bles involved, it is often difficult to isolate the effect of any one



variable.

For this reason the hydraulic model is popular, for by scaling
down the actual study area, it is possible to bring it into the con-
trolled environment of a laboratory. There the important variables may
be isolated and carefully measured. There are disadvantages, notably
the reliability of the results after they are scaled up to the proto-
type, and the difficulty in modelling loose bed materials like sand.
Cost may also be a factor, as large-scale models are expensive, both to

build and operate.

Though the numerical model is a relatively new tool, it is
becoming very popular. Before a numerical model can be undertaken, two
requirements must be met., The governing equations must be known and
field or hydraulic data must be available for calibration purposes.
Some of the advantages of a numerical model are:

1. Equations too complex for an analytic solution
can be solved. -

2. Once formulated, many different cases can be
studied very quickly.

3. Though computer time is costly, an extensive
numerical model should be cheaper than a similar
hydraulic one.

4, Since the prototype is modeled directly, there
are no scaling problems as in the hydraulic model.

Though the model may be somewhat limited by the capabilities of
the computer used, its main limitation is the accuracy and completeness

of the formulation itself. For this reason the creation-stage of a



model may be quite long, but once completed and tested, the researcher

is provided with a very powerful tool.

1.2 THE IMPORTANCE OF COASTAL CIRCULATION MODELS

When waves enter shallow coastal waters, they undergo rapid
changes controlled by local winds, beach structures and the bottom
topography. Energy, momentum and mass are carried toward shore where
the wave eventually breaks. Energy is dissipated through bottom fric-

tion and breaking and input by winds.

One component of the excess momentum flux due to the waves
which reaches the shore drives the longshore current, with another com-
ponent causing a set-up of the water level. The picture becomes even
more complicated if the various processes are allowed to interact and

vary in magnitude.

Since the response of the beach in terms of erosion and flood-
ing depends on this complicated process, it is highly desirable to be
able to predict it. It is for this reason that the effort reported
here was undertaken. There has been a great deal of amalytical work
done in this area, but the complexity of the full equations prohibit
general solutions, allowing only simple cases to be treated. The goal
then was to develop a general program that would, through finite dif-
ference approximations, solve the complete equations. There are many
uses for such a model. Some of the major ones are:

1. Prediction of storm set-up and low land flooding

for any storm, and also determine '"worst" storm
paramet BrS.



2. From velocity predictions, estimation of erosion
and locating erosion problem spots.

3. Studying and predicting the occurrence and magni-
tude of rip currents.

4, As a design tool to study effects of new coastal
structures by revealing areas of high scour, shoal-
ing, energy reflection, etc.
5. An aid in taking both field and hydraulic model
data by revealing areas of interest.
It was desired that the model be able to handle any combination
of wind and wave fields and be adaptable to any beach topography. As a
first cut toward modeling wave spectra, it was also desired to vary in
time the incoming wave height. With this information as input, the

program would generate values of set-up, current magnitude and direc=-

tion, and wave heights.
1.3 REVIEW OF LITERATURE

One of the first significant numerical models was developed by
Reid and Bodine (1968) to calculate storm surge in Galveston Bay. It
utilized the vertically-integrated equations of motion and continuity
which were simplified, neglecting Coriolis terms and convective accelera-
tions. Bottom and surface stresses were included using quadratic approx-
imations. Coastal flooding was also allowed. Their program predicted
simply the water elevation changes in time ignoring entirely the details
of the wave field. Thelmodel was calibrated with astronomical tide
data and data from Hurricane Carla. Good agreement was then obtained

by comparing predicted results to actual data for Hurricane Cindy.



Following this work, there have been a number of similar models
created for different areas, for example, Pearce (1972) and Hess and
White (1974). Gordon and Spaulding (1974) have compiled a bibliography
listing a number of these tidal models and various other coastal and

estuary models.

There are few models that deal specifically with coastal circu-
lation. Two of the more notable ones were done by Noda et.al. (1974)
and Liu and Mei (1974). Noda developed an extensive program for near-
shore circulation on a periodic regular beach. The governing equations
used were the time-averaged, depth-integrated long wave equations of
motion as first derived by Longuet-Higgins and éummarized by Phillips
(1966). Convective acceleration terms were neglected and a quasi=-
quadratic bottom friction formulation was used. In order to simplify
the calculations, a steady state solution was obtained once every three
hours of real time. In this manner changes over a tidal cycle would be
revealed in four calculations. Wave refraction and shoaling was calcu-
lated through a relaxation technique that included the effects of wave-
current interaction. They were, however, unable to achieve more than
50 percent wave—current interaction and still arrive at a solution.

Coastal flooding and water level set-up were not included.

A model by Liu and Mei (1974) considers the effects of an off-
shore or shore-connected breakwater on the nearshore circulation over
a plane beach. Again the time-averaged, depth-integrated equations of

motion were used. Convective acceleration terms were neglected and



steady state was assumed. In addition to refraction effects, the
diffraction caused by the breakwater was also included. Wind effects,
flooding and wave-current interaction were not included though wave—

induced set-up was.

The first extensive data of wave-induced set-up was obtained by
Saville (1961) on a study of maximum runup on sloping shore structures.
Longuet-Higgins and Stewart (1963) used this data to check their theo=-
retical solution. Good agreement was obtained inshore of the breaker

line where a linear variation in set-up was predicted.

Because Saville (1961) was primarily interested in runup and
overtopping, Bowen et.al. (1968) performed a series of experiments to
accurately measure set-up and set-down on a plane beach. They were able
to verify the linear set-up relationship of Longuet-Higgins and Stewart
(1963) and also predicted the set-down in water level occurring from
the breaker line offshore. They were, however, unable to include the

change from set-down to set-up occurring at the break point.

Hwang and Divoky (1970) examined wave set-up and set-down on
gentle slopes using cnoidal wave theory which is a better approximation
in shallow water than the linear wave theory used previously. This
affects both the shape of the wave and its behavior after breaking, and
it was found that the resulting set-up profile was not linear but always
conyvex upward. They did agree with the previous studies in finding that

the magnitude of the set—up was of the same order as the wave height.



Although it is common practice to use wave basins to model coastal
hydraulics, the wave-induced circulations resulting from the basin walls
is sometimes overlooked. This problem was realized by Galvin (1965) and
Brebner and Kamphuis (1963) who attempted in their longshore current
studies to eliminate this problem by allowing the longshore current to

exit from their basin.

More recently this problem was studied by Dalrymple et.al. (as
yet unpublished, 1975), who analytically and experimentaliy investigated
the circulation in three different basin configurations. Testing was
done in a small 4' x 8' x 6" wave tank with a plane sloping beach con-
structed at an angle of 15° to the flap wavemaker. Velocities were
measured by timing the travel distance of paper circle indicaters.
Streamlines were also found from time lapse photographs of these indi-
cators over the entire basin. The results of the fully-enclosed basin,
shown in Figure 1, were used to calibrate the model described in this

report and are discussed further in Chapter 4.

1.4 SUMMARY

The purpose of this study was to develop a more complete coastal
circulation model than previous investigators. To facilitate develop=-
ment, the refraction program of Noda et.al. (1974) was used to determine
wave heights, wave angles and the effects of wave-current interaction.
Although there are other refraction programs available, this one was
chosen because of the important interaction effects and because compu=

tationally it is very fast.
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In the discussion of their results, Noda et.al. (1974) suggested
a number of areas for further study including:

1. Further examination of the breaking criteria. They
employed a variation of the Miche formula;

(%1 = ;12 tanh 2 (% (1.1)

)
B b
where H, = breaking wave height
Dy
Lb = wave length at breaking

breaking depth

in the determination of the break point and to calcu-
late the wave heights after breaking. Since this
controls the magnitude of the longshore velocity, the
set-up, and the set-down, it is an important factor.
2. The inclusion of wave-induced set-up which would
affect the depths inshore of the breaker line
and consequently the magnitude of the longshore
velocity.
3. A more accurate evaluation of the bottom friction and
its dependence on wave-induced orbital motions and
mean currents.

4. Take into account the fact that waves are usually

random in nature having different heights, directions,
lengths and periods.

The first three of these considerations have been incorporated
into this model. An attempt has been made to include the fourth one by
allowing the incoming wave height to vary with time. Though this is
not a complete picture of a random wave field, it is a start at under=
standing a very complex process. Coastline flooding and wind effects
have also been included. In order to study the transient nature of the
various processes involved and to include the wave height time depen-

dence, steady state was not assumed. Since actual running times were
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relatively short, tidal variations in water level were not included but

could be if desired.

The governing equations are the depth—integrated, time—averaged
(over a wave period) equations of motion and continuity. The effect of
convective terms are shown to be small for some cases and have been
neglected, as are the lateral mixing terms. It has also been assumed
that the use of linear wave theory is valid for all depths. An anis-
tropic quasi-quadratic bottom friction depending strongly on wave orbi-
tal velocities is employed as is a quadratic wind stress. A complete

analysis of the governing equations is given in the next chapter.

Three different configurations were tested: A one-dimensional
wave channel approximating the Bowen et.al. (1968) experiment, a two-
dimensional wave basin similar to that used by Dalrymple et.al. (1975),
and a perfodic beach with a regular bottom topography as used by Noda et.al.,
(1974). The validity of neglecting the convective accelerations was
tested by including tfem in an implicit-type formulation in the wave
channel model. Time dependent wave heights were also tested in this

model.

Once assured that the model was working properly, the more
realistic regular beach was tested and the results compared to those
reported by Noda et.al. (1974). Wind effects were also examined. The
results obtained from this testing, are discussed in Chapter 4.
Chapter 2 examines the governing equations in detail and Chapter 3

explains the workings of the program.



CHAPTER II

GOVERNING EQUATIONS

Although most of the equations used are fairly well known, their
derivations are repeated here for completemess. The procedure in the
derivation of both the continuity equation and the equations of motion
are similar. The general 3-dimensional equation is integrated over
depth, and after substituting for the velocity:

u=u+u'

(2.1)

v=v-+v'
the entire equation is time-averaged over a wave period. This substi-
tution replaces the instantaneous velocities, u,v, with the sum of a
time-averaged current velocity, u,v, and a velocity due to the fluctua-
tions of the wave, u',v'. The coordinate system and important parameters
are shown in Figure 2., Since Leibnitz Rule of Integration is used sev=-

eral times to remove a derivative from within an integral, it is given

below
B(x) g (x)
A (x,y) 9 - 38 (x)
f(x) 3}{ d ox L(x) f(K,Y)dY f(B;Y) 9x
(_2.2)
+ E(a,y) 2

11
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2.1 BOUNDARY CONDITIONS

At the bottom, z = -h, a no~flow boundary condition exists. In

vector form

S Y
ussn=20
with o= ui+vi+ wk
S 3pA SR, 2 V.th 3h, 2
n= Go1i+ 3y 3 +R/YGD * Cg;) + 1

~ ~ ~

i, j, k unit vectors in the x, y, z directions

-
o = unit vector normal to the bottom

making the bottom boundary condition (BBC)

dh , _dh "
uas + VE;'+ w=0 (z==h) (2.3)

At the free surface, the vertical velocity (w) must account for

the changes in the instantaneous water surface elevation (n),
Dn _ 9n an an
= — + u— + - .
Dt 3t | Uox | 3y (z = n) 2.4)

where %%‘denotes the total derivative, and n is a function of x,y,t.

This is known as the kinematic free surface boundary condition (KFSBC).
2.2 CONTINUITY EQUATION
The three—-dimensional general form of the continuity equation is:

3p . 3o0u dov dpw
at o oy 9z

(2.5)
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Integrating this with respect to the depth (z) from ~h to n, and

imposing Leibnitz Rule this becomes:

n n
3 an _ dh 3 f an oh
ot pdz =0 3 P p e T ox pudz = (pu) 3o =(Pw)_p 5
-h -h
n
?
S —-—+ e =
e » pvdz - (pv) - V) 4 3 (QW) (ow) _p 0
Invoking the BBC and KFSBC, this simplifies to:
n n n
3 3h , 3 f 2 _
3t pdz = p R il pudz + ay/ pvdz = 0
=h =h ' ~h

Assuming that the bottom is constant with time, and substituting

as defined above, the above equation expands to

n n n
] 9 = 3 = )

Fre=tc 4 — — S T
T [ pdz 5% pudz + 3y f pvdz + ~m [ pu'dz
~h -h ~h =h

n
= 2 pv'dz = 0
oy
-h

Defining time average as

F =

H |~

T
[ Fdt ; T = wave period
0

(2.6)
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and time averaging Equation 2.6, one obtains after performing the inte-

gration,

n
B e By =il ot T i.f '
3t p(htn) + o= p(hin) u + 3y p(btn) v + o— pu'dz
~h
U (2.7)
2 / ' ”
+ 3y pv'dz 0
-h

Notice that this is in terms of time-averaged n, u and v. Also
unlike turbulent fluctuations, the time average of the wave-induced fluc-
tuations is not zero. Following the definitions of Phillips (1966) for

Ll

the mean total mass flux Mx and M,

y

M o= pu (htn) + M (2:8)
M = pv (hin) + M 2,
ypv(r\) - (2.9)

with Mx, My the mass flux due to the waves

n

Mx = / pu'dz (2.10)
~h
n

My e [ p vidz (2.11)
~h

]

g = —=— G - e 2, 12)
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Equation 2.7 becomes

5 lp(wm] , 3 M) , 3 QL) _
3t $%s ¥ ¥ TS ®0

Utilizing the definitions of Equations 2.12 this reduces to a form

similar to Equation 2.5

3, 8 [Udm)] | 3 (V)]

= T 3y 0 e B

except that it involves only the total mean transport velocity and the

total depth (h + n).
2.3 EQUATIONS OF MOTION

In the x direction, the general form of the equation of motion

is,
2 T aT aT
ou Ju uv quw 1 9P 1 [ XX Xy xz]
U 8 B .=+ S o+ :
at 9x 9y 3z p 9X p 9x oy 9z (2:14)

with P = pressure and T T, are the directional shear stresses.

s Txys
To avoid confusion, and since the derivation is exactly similar in

the y direction, only the x direction will be treated here.

Multiplying Equation 2.14 by p and integrating over the depth
gives, term by term:

Left Hand Side (L.H.S.)

n n "
30u = a - an - ._Jh
f_h e 42 " 5c ) L, T O me T P
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n n

3 B o B 2. oh

f = (pu)dz = 5 pu“dz (_pu ) (pu ) 4 5
-h -h
n 5 n

9 an oh

5 28 - dz - A . i

f-h - (puv)dz = o= N puv dz= p(uv) o= puv) o

n

f g—z (puw)dz
-h

Again assuming that the bottom is constant in time and invoking the

]

.c>(uwr)1 = o(uw)

KFSBC and the BBC the L.H.S. simplifies to

n n

kR
pudz + 5= ™

-h -h

2 ]
e i = R.H.S. &
ot pu-dz 3y f puvdz = R.H.S (2.15)

Integrating the right hand side

fn ] f n a'rxx a-rxy .
JH.S. = A (-p)dz + +
R.H.S P (-P)dz 7 e 3y = dz

-k -h

If lateral mixing is neglected and the integration performed, this

becomes
n
3 3
R.H.S.=-a—f-sz+P h+P M v (2.16)
X h 3x 9x Xz Xz
=h n -h
with g =T = surface stress x direction
XZ SX
n
T = T = bottom stress x direction
Xz pe
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Again making the substitution

u=u-+u'

v=v+v'

and time averaging, the complete equation becomes, term by term

n n fﬂ
3 P s 3
= = — dz + — !
at.[_ pudz Bt,/: pudz e " pu'dz

h

T'l
0
——f pu dz = f (pu )dz + —f pu' dz+2 —-—f ouu'd
X
-h
n n
Lf puvdz = o puvdz + —f pu'v'dz + i f u'vdz
ay YJ _p oy

L.H.S.

=h i
n

9 gl
+ . puv'dz

7 on
R.H.s-

n i
o] paz+? W4r Wy -%
Ix h 3x -n 9% sxX bx

Examining the pressure terms, at the surface,Pn = Patm = 0 and at the

bottom, z = =h, the pressure is considered as hydrostatic. Defining

the mean dynamic pressure as,

P =T_ - pglhtn)
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. = 9h
and solving for P—h i

= 9h_Poh_l 3 .. (mum2 o — A
t 5 5% P8 (n+h) og (h+n) =

Pax™ 3

Combining and performing the integration for the pressure

n n n
2 [ou(hin) +f ou'dz] + 2= [puZ(h+m) +f sutldz + @] 2pu'dz
3t ox
-h -h -h
n n n
+ Pdz - z og(hﬁ)z] + 2 [puv (h+n) +f pu'v'dz + %?f pu'dz
2 Ay
-h ~h =h
n. _—
-{Ef pvldz] = P"aé'::—l = pg(h-i-ﬁ) g—:l + ?sx = ?bx (2.27)
-h

P

E 0.

%5

Assuming that :—t;- is small, then

With M and U as before (Equation 2.8, 2.12) and defining the

" : n
radiation stresses Sm:’ sxy as — "
n (pu'dz)
Sxx = / [P+pu'2]dz - EéE. (h+_r-~,')2 5 el = (2.18)
=h p (h+n)
n n
n f pv'dz f pu'dz
= Top? -h ~h
Sxy = pu'v'dz - = (2.29)
=h p (htn)

it is a simple procedure to reduce Equation 2.17 to the following form

~

aM —
X 3 v 3 o — 3n , —

2.3 (yM +5 )+ UM+ = - oM 47 -

St £ ( % x:{) 5y ( LIY S*{y)‘ pg(h+n) v + T T
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The radiation stresses are important, for they represent the momentum
flux attributed to the wave motion. Using Equation 2.12, this can be

reduced to

2 (up )] + & [Pl +5 1 + & (o) +5 1 =

— a — —
-eg (btn) 5%'+ Tsx = Tbx

When this is expanded and simplified with the continuity Equation (2:13)5

it becomes

— 35S 39S
U L vU VAU _ _.dn 1 B b L - Tt Ty (2.20)
p (htn)

at ox | dy ax

For the purpose of this thesis, the convective acceleration
terms will be dropped to simplify computation. This appears to be a
valid procedure for small currents and will be somewhat justified in

Chapter 3. The equation then simplifies to

—_ as 95
aU an 1 XX Xy — s ]
ot ox — Sx b
p(himy L X ¥ "
The corresponding equation in the y direction is:
= 95 38
v 3 = =
%E =g 5%'- l_ [ gx +—L - Ta T Ty ] (2.22)
Y p(him) ®= B ¥ %

It is of interest to note that these equations and the continuity equa=
tion (2.13) are written entirely in terms of time and depth average

quantities.
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2.4 RADIATION STRESSES

It is difficult to use the general form of the-radiation stress
as expressed in Equations 2.18 and 2.19. They can, however, be simpli-
fied, and it has been shown that to second order the radiation stresses
due to a single progressive wave train can be approximated by, written

in Cartesian coordinates,

Sxx = EKZn—l/Z)casZB+ (n—lXZ)sinzﬁ] (2.23)
2 2
Sy'y = E[(2n-1/2)sin" 6+ (n-1/2)cos 8] (2.24)
E 7
=5 = —n sin (29) (2:25)

Sxy yx 2

where E is the wave energy, 9 is the wave angle, and n = ratio of group
velocity (Cg), to wave celerity (C). This is the form used by Noda
et.al. (1974) "

E = %‘- pg H (2.26)

c
=-£=1 __2kh
n=< =7 Y s Swsl)

wave number ( = 2%)
depth

wave length

wave height

W whn

{2 o3 =

This form is arrived at if turbulent Reynolds stresses and the mass

transport terms,

n n

E 5 .
[f ou'dz] and fpv‘dz fpu‘dz

-h -h -h
o (htn) o (hn)
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of Equations 2.18 and 2.19 are neglected as they are of order O(ka)4

for waves of small amplitude (a).
2.5 WAVE REFRACTION

The following discussion on wave refraction follows that given
by Noda et.al. (1974) as their procedure was adapted for use here. For
a more detailed derivation, the reader is directed to the original

paper.

Classical wave refraction in the absence of currents and dif-
fraction effects is fairly well understood; Munk and Arthur (1952),
and a number of numerical programs, such as those by Wilson (1966),
Dobson (1967), and Skovgaard et.al. (1975), have been developed. Noda
included the effects of wave-current interactions and devised a scheme
that would calculate wave angles and heights at specific points instead

of along a wave ray.

Starting from the equation of a progressive gravity wave field

of phase ¢, moving in the § direction,

nE,t) = a(,t)cos ¢

=t

= £ €
$ = Zﬂ(f '.'f)

]

T = wave period

wave amplitude = 2 zt) §

a(@,t)

a wave number field can be defined
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it ¢
k = V¢ (2.28)
along with a scalar frequency field

w38 (2.29)

From the fact that the curl of a gradient is identically zero, it is

easily seen that the wave number field is irrotational

VxUé = Vxk = O (2.30)

If ¢ is continuous then the order of differentiation can be

interchanged.

2 29.
= () = VG

Substituting in Equations 2.28 and 2.29, this becomes
ok

BE + Vo =0 (24313

which is commonly known as the conservation of waves equation; the

change in the number of waves being balanced by the convergence of E}
—

the flux of the waves. In the presence of a current u in the § direc=-

tion, to account for the moving coordinate system,
a=0g+ku (2.32)
where ¢ is the wave frequency with respect to the current system.

If it is assumed that h and u are slowly varying, then the

classic wave celerity equation will remain valid under interaction and
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2

2_8 - (&
c” = K tanh kh (k) {2.33)

where C is the velocity of the wave with respect to the current ).

Substituting Equations 2.32 into 2.31 and assuming a steady

wave number field, then

- =
V(o +k »u) =0 (2.34)
requiring
BL N
g + k » u = constant (2.35)

This constant can be evaluated in a region where W = 0 giving

g = constant = —Z-Tlr-

the non-interactive wave frequency. Expanding 2.34 in Cartesian

coordinates and utilizing Equation 2.33, Equation 2.35 becomes;

1/2 21 (2.36)

[gk tanh (kh)] + U(x,y) k cos6 + V(x,y) k sinb = T

In similar coordinates, Equation 2.30 becomes

= sk cosB dk sinb
k= S m———— — ————— ™
vx 0 5y i (2.37)
Expanding,
a0 38 1l 3k 1 3k
—_ 4 — = —_— a— =ai —_——
cosf o sing 3y cosf k 3y sin g (2.38)

The coordinate system is shown in Figure 2.



25

Equation 2.36 can bhe used to determine the wave number, k, for
a given current velocity, wave angle and depth. If k is known, then
Equation 2.38 can be used to find the wave direction (8). Noda et.al.
(1974) checked this equation by showing that without wave-current
interaction, it reduced to the classic wave ray equation of Munk and
Arthur (1952).
ok

Equation 2.38 requirES‘%§ 2 gg-which can be found from

Equation 2.36.

2 2
ok _ 26 g v gk sech” (kh)
5% = (K 5y (U sind-=V cos®) - k (cosd 5o+ sind =) - Sror=r gy 11/2
2
%} + {U cose+V sine + SLkh sech (kh) + f;rz‘h(kh”} (2.39)
2[gk tanh(kh)]
ok 36 U av gkzsechz(kh)
5 " {k 3;-(U sin®-V cosf) - k(cos® =" sinb 3;0 = 2lak tanh(kh)]llz
: 2
%E + {U cos6+V sin® + glkh sech (kh) + ;?gh(kh)]} (2.40)
7 2[gk tanh(kh)]
Rewriting Equation 2.38 as
% _ 1 3k 3 , 13k
cos8 [z ~ ¢ 7;-;] + siné [EY L ax] 0 (2.41)
shows that it is desirable to determine 2.3k , 4 3% -
k 39y ’ k ox

Using Equations 2.39 and 2.40 and after some manipulation

including the use of the identity
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2 2 tanh kh
sech kh = Cinh 2Eh
the following equations result:
1l ok _ 38 [U sin6-V 0056] 4+ L2k
k 3 ax A k 9x
13k _ 30 (U sind-V cos, , 1 3k
k 3y oy A k 3y
with
. __2kh _
A = U cosf+V sind + [l + sinh(Zkh)][k

- U cosf=V sinf]

and

au oV g-Uk cosf-Vk sinf, dh
) SL 2V d s ]
T ok _ feosé =+ eimb 57 ~ M nceny ) 3

k 9x &
_ U 3v. o-Uk cosf-Vk sin®. 3h
Tok _ leosl g P sid 5] - i@y ! gy

k 3y A

Substituting 2.42 and 2.43

arrived at.

38
3;-[cosa +

sin® (U sinf - V cosB)] 4 30

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

into 2.41, the following final equation is

w

]

o2

Pt

y

A

cosf =

"k

EE sin®

— [gin6 -
oy

cosd (U sinb-V cose)] >

A

(2.47)

As will be shown in the next chapter, this form of Equation 2.38, and

Equation 2.36 are used to calculate the wave number, and the refrac-

tion angle.
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2. 6 WAVE HEIGHTS

Since in linear wave theory, the energy of a wave is related
to the wave height squared, an energy balance is used to determine the
wave height (H). The derivation of the governing equation follows a
procedure similar to that for the equations of motion given before,

and results in

W, g U
XX 0X xy oy

E , 3 3
= 4 — — +
= * 5 [B(0 + ch)] 3y [BO + ng)] S

(2.48)

w5 Wgg 2 -
yy 3y yx 3y

The derivation of this equation can be found in Phillips (1966),
pages 45-50 and the above form is his Equation 3.6.21. Equation 2.48
represents that part of the total energy balance due to the fluctuating
motion of the waves and assumes negligible dissipation. Expanding in

Cartesian coordinates,

1 3E ok 1 3E )
- — 4 __._+ = — e —
E Bt (U+C cosf) E 3x (V+C sing) E dy o (U+Cg cosf)
(2.49)
) , 1 U |, = BV
+.._—. —_—
Iy (V+cg sinf) + [Gxx 3x T cyx ay . ny ax yy ay]
with
S
- XX
ks (2.50)
- ly
cyy =z (2.51)
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S
- =
Q’ = ¥ = 2-52
Y - —%Z ( )
defining
= - W ,— 3 ,— v, =
= ke — i .o die 2'
T [crxx = - ny 5y + dxy = ny ay] (2.53)
and using Equation 2.26, Equation 2.49 becomes
2 8H 2 9H 2 9H , AU , 3V 30
5 ot + (U+Cg cosB) E‘SE-+ (V+Cg sin® 3y §§-+ = Cg sin6 v
aC . aC B (2.54)
+ cos® —L 4+ ¢ cosf —— + sind —L4+T=0
ax g ay 9y

Thus if @, C_, U and V are known, the wave height can be found numeri-

Equation 2.54 can be simplified through the following substi-

cally.
tutions.
C = Qﬁ tanh kh)l/2 (2.55)
G 2kh
¢g =2 L * 5imn (zkmy! (2.56)
taking derivatives,
3aC C[kah + 12K« [sinh(2kh) - 2kh cosh(2kh)]
-8 - 3x 9x "
& sinhz(Zkh)
(2.57)
aC
%[14-_7:1‘}‘—-]5.;

sinh (2kh)
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8w B [k sechg(kh)(k 1 h-gki - tanh(kh) Eﬁﬂ (2.58)
3% an? % 3% 3
2K%C
5h . .3k
—-+ —] -
acg_= C[kay yJ [sinh 2kh - 2kh cosh 2kh]
ay sinh” (2Kh)
(2.59)
1 2kh 3¢
*3 1+ Ry oy
3€ . 8 [k sech®kh (k22 + bE) ~ tanh(kh) 2 (2.60)
ay ZkZC oy oy ay

Equations 2.54 to 2.60 allow the wave height to be calculated and
include wave-current interaction. Noda et.al. (1974) showed that
these equations reduce to the classical wave shoaling equations in

the case of no interaction under a steady state assumption,%% = (s

2.7 WIND STRESS

Although other methods exist for computing the surface stress
due to the wind, see Wu (1968), the one suggested in the Shore Pro-
tection Manual (1974) was utilized. This form was first developed by
Van Dorn and gives a fairly good fit to the experimental data, see
Figure 3. The form of the surface stress is quadratic in the wind
speed and is given by

R ™ pl{lw|wK (2.61)

Ty ™ pxjw|wy (2.62)
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where W is the wind speed, and Wx’ Hy are wind velocity components in

the x and y directions, as determined by the wind angle, a.

The wind stress coefficient K is determined empirically to be

dependent on the magnitude of the wind velocity such that

Kl W<W
cr
K = (2.63)
: 2
‘ W

Kl + Kz a+ Wcr/W) W > i

-6 -6
and Kl = 1.1 x 10 3 K2 = 2.5 % 10

wcr = 14 knots

2.8 BOTITOM SHEAR STRESS

The problem of a correct formulation of the bottom shear stress
is one of some debate and is one of the areas for further study sug-
gested by Noda et.al., (1974). It is generally assumed that it is of

the basic form of

T = pC ulu

b = PGl
where u is the instantaneous velocity vector at the bottom. Longuet—
Higgins (1970) showed that u is actually the total velocity vector
due to the combined effect of the wave orbital velocity and the mean
drift velocity. LeBlond and Tang (1974) state that for waves predom—

inantly in the x direction, the bottom stress is actually anisotropic

with
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_ 4pCy
Thx - — Umaxp (2.64)
2pCf
Tby = = umaxv (2+65)
where
U ] (2.66)

max T sinh(kh)

and is the maximum wave orbital velocity from linear wave theory, U
and V are as previously defined and Ce is a friction coefficient depen-
dent on the type of bottom, but shown by Longuet-Higgins (1970) to have

a value of about .0l.

Since the derivation of Equations 2.64 and 2.65 are not widely

known and of some interest, it is givem in Appendix A.
2.9 BREAKING CRITERIA

Since Equation 2.48 is applicable only in determining the wave
heights of nonbreaking waves, some method is needed to determine the
point of breaking and the wave heights after breaking. Though a number
of formulas for doing this have been developed, there is not as yet ome
which is universally applicable or accepted. The choice of a breaking
criteria, although somewhat arbitrary, must be made with care since it
determines the width of the surf zone and thus controls the set-up.

The simplest breaking criteria is that predicted by solitary wave
theory.
%

(=

75 = constant = .78 (2.67)
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where the subscript, b, denotes the value at breaking. There is, how-
ever, considerable evidence (Weggel, 1972) that this is an oversimpli=-

fication.

Noda et.al. (1974) used a modified version of the Miche formula
H D
(.L)B .12 tanh (_L)b (2.68)

hoth to predict the point of breaking and the decay of the wave after
breaking. This was done by calculating both a wave height from
Equation 2.48 and a breaking height from Equation 2.68. When the
point was reached where the wave height was equal to or greater than
the breaking height, the wave was considered to have broken and the

wave height from Equation 2.68 was used.

It was found in the course of this study that the above cri-
teria predicted too wide a surf zone. Better results were obtained

with the criteria proposed by Weggel (1972).

(%)b = b(m) - a(m) 5‘5& (2.69)
g
where
i) = 136000 (2.70)
e T (2.71)
1+ e-lQ.Sm
m = slope

This criteria has one serious drawback in that the breaking height
goes to zero for deepwater. It, therefore, cannot be used in a

similar procedure as the Miche formula which goes to infinity as the
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depth gets deeper. For this reason, though it was found to give
better results, it was only used in the one-dimensional wave channel

case. For the other cases, Equation 2.68 was used.



CHAPTER III
NUMERICAL FORMULATION
In order to formulate the numerical model, the basic framework
of the computer program must be established. This includes a grid
scheme, flow chart, finite difference forms of the equations, and a

set of boundary conditions.

In order to approximate true beach contours, a specific area
ig divided into a series of grids with a characteristic depth, and an
area of AxAy. It is, therefore, easy to vary the accuracy of the bot-
tom representation by adjusting the grid dimensions. The grid system
used is illustrated in Figure 4, The x-axis runs perpendicular from
the beach a distance of M grids, with the y-axis parallel to the shore
consisting of nN+2 blocks, where n is an integer. The purpose of the
extra grids will be discussed later in this chapter. Figure 5 illus-
trates block (i,j): all major quantities (H,B,k;ﬁ,sxx,sxy, etc.) are
calculated at the grid center, with velocities (U,V) calculated at the
edges. Central velocities are found by averaging U or V across the

grid.

Since they will be used later, the basic finite difference
approximations are given below. If the values of a variable (A) are

known for all the grid points, then there are three ways to express

JA, .
1.3 .
ax

35
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Figure 4 Grid Scheme [After Noda et.al. (1974)]
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By g Bpa 844
» _ ) ) .
Forward Difference, s o + 0(Ax), (3.1)
Central Difference Eﬁili = Ai+l’j-Ai_l’j + O(sz) {3.2}%
’ ex 24x ' d ‘
DA . A, .=-A, :
L, 1=i,] ;
Backward Difference, —Eili = - a; L + 0(Ax), (3.3)

where 0(Ax) refers to additional terms "of the order Ax'" and is an
indication of the error involved in the approximation. Note that the
i index does not change as it refers to the y direction. It is easily
seen from these equations, that the accuracy of the approximation
depends on the size of the grid (Ax) and also on the amount of change

in (A) from one grid to the next.

There are two numerical schemes that may be used to represent
differential equations, the explicit or implicit, each having some
advantages. Though only a brief discussion will be given here, the
interested reader is directed to Roache (1972) or Abbott and Ionescu

(1967) for a more rigorous analysis.

The explicit formulation is commonly used as it is the easiest
for computer programming. In this scheme, during one iteration in
time (At), the old value of a variable is updated to find the new
value, using other variables from the past iteration. Stability of
this type of procedure for hydraulic models depends on whether or not

the criteria,

it 3_¢§ﬁ , l-dimensional problem (3.4)
7S > V/2gh , 2-dimensiocnal problem (3.5)
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are gatisfied. The left side of these equations can be interpreted

as the "solution velocity" and the right side as the maximum shallow
water wave celerity. When the above criteria is not satisfied, the
solution becomes unstable. Inspection of Equations 3.4 and 3.5 reveal
that in an explicit operation, it is impossible to have both long
time steps that reduce computer costs, and small grids that increase

the accuracy of the calculations.

The implicit formulation differs from the explicit in that by
updating several variables at once, a computationally stable scheme is
achieved. This, therefore, allows longer time steps to be taken without

the loss of detail.

In this work, an explicit scheme was used in both the one and
two-dimensional cases. A one-dimensional implicit solution that included
the convective acceleration terms of Equation 2.20 was employed in order
to verify the explicit solution and reveal the importance of the neglec-

ted terms. This implicit scheme is discussed in Appendix B.

3.1 FINITE DIFFERENCE FORMS OF EQUATIONS

In this section, the finite difference forms of the governing
equations of Chapter II are derived using Equations 3.1, 3.2 and 3.3.
The continuity equation was approximated using a forward time, forward
space (FTFS) scheme. Through finite differencing, Equation 2.13

becomes by term,



40

on _ _i,j 1,3
3t s h denotes a step in time
[ D, .+D, D, #D, . , o
U G_Eli__Etlsz_ U (_izi__i:i;l)
3 = i+l,j 2 i,j 2
= [UCh+r) ] =
i ax
Py PP
L ywm =R 1,3 2
y 2
where
Dy,q = Uy (3.6)

is the total depth and is averaged across the grid sides where U,V

+
are known. Combining and solving for Ei ; a final form is obtained.
>

-+l _ -k { 1

= i —_— - + L) - i . aH
Mgy = My 5 * A qgar Uy, 30 5*010,5) = Usa1,1Ps,9*0sm, 5]

(3.7)

1 3

*oam Vq,9Pg,5-1%Pg,9) - Vi,j+1(Di,j+l+Di,j)]}
Values of U,V are found from Equations 2.21 and 2.22, which

rewritten are

i o 1 BS‘x an - .
X: T = =g T~ [ z + ——z - T il ] (3-8)
e —. d
3 3 i ¥3 9 sX bx
= as 38
v X 1 Pvx gy - =
y: — = =g — - = [ + - T + T ] (_309)
at y o (1) ax oy sy by

Recalling again from Figure 5 that velocities are calculated on the
grid sides, these equations are differenced forward in time and back-

wards in space (FTBS). Defining,
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- 1 k.
D = 30, *01q,5)
Equation 3.8 becomes,
k+1 k - - k k
I W R S RIS U e
— o ] - = { i,] i-1,4 +
pD Ax
g sf: st oy
" V1,341 Vi,9-1 . i-1,9  Vi-l,i-l,
2 20y 20y -
?Sx"z + ?th Tl +T bl
i,] i-l,i . 1.1 #ia}
2 2

Note that in arriving at the above form, central differences were
used in Sxy and then averaged to get —331 at the grid side. For a
gimilar reason, the shear stresses are averaged between grids (i,j) and

(i-1,j). Solving for UE+§, the final form is obtained.
]

R+1 2 R
U.=U.+m:{ (n )+-—-[-——( s )
- i | 0y Ax i=-1, j 0D Ax XX, _ 1,1 xxi’j
(3.10)
el -S +S - )+—(-c T
4AV X; g4 y,5-1 Yi-1,5 Pi-1,5-1 2Ry g 1Ld

x p= g k
2 (Tbx. T Tox, .)]}
1,] 1_1-’.]

In the v direction, Equation 3.9 becomes,
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vfz.+l k {g_ =
- =N L b AR + L =5
i,] i, Ay (g J-l )“ oD [Zulx XY3.1, §=1%V 441, 51
(3.11)
l R ——
+S -3 } —--(S =S ) + 5(t +T ) -
et e,y P Pgga Wiy 2 Ty Tiiw

l — —
=G + )] }
2 b : b ;

Vi, Yi,3-1

=_1 k
== +
where D Z@i,j Di,j-—l)
The major equations governing the refraction part of the pro-
gram are: wave height (2.54), wave number (2.36) and wave angle (2.47).
The solution procedure is to determine the refraction angle over the

entire grid field, and then to solve for the wave height. New values

of k are determined after every updating of H or 6. Rewriting Equation 2.47,

38 e sin® (U sinf -V cosf) & 26 SLiD - cos6 (U sinB-V cosB) _
X A 3y A

1 3k 1 sk

= SX - =2% 5in6

k 9y eeal k 9x —

Finite differencing this by using a forward difference in x, and a
backwards difference in y, and solving for ei It the following equation

was found by Noda et.al. (1974).

9 =—l-{£a—cose —g‘—a—sins
143 Bij k 3y 5 k 9x o s e
) cosf, .
d.i-1 [sin® e (U sinf, , = V cosf, )] - (3.22)
3 | Ay g s ] )

_itl.j 2
o [coaei 3 (U sinﬁi’j v cosei’j)]
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with.
ging, . cosf, . cosf, .
i] a3 1 ; L
B = - - — i 9. - +
1,1 = o Ai_,jws né; | Vcosei,j)(. Ay
(3.13)
sinei
-—75;410
where Ai j - as defined in Equation 2.44
]
'%'%% ,-%-%? - as defined in Equations 2.45 and 2.46

V,U,k - values taken at i,j

Values of cosei j and ainBi i are determined using an average of these
] ]
quantities from four surrounding grid blocks approximated to second

order in a Taylor series.

1 .
s:l’.nei’j Z (sinsi+l’j+ain3i_l’j+sin6i’j+1+51nai,j"l)

g

+3 [(ei+1,j‘ai-1,j)(°°561-1,j‘“°561+1,j) 2 (3.14)

-co0sf

g g0y qun) Coy 5y 1,5+1°)

-1
cosei’j > (cosai+l,j+cosei-l,j+c°sei,j+l+cosei,j—l) &+

1 : .
gl 4y 0y, j2(atn0,, ysind, ) o) + IS (3.15)

(51nai,j+l—sinai,. )]

j=1
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Using Equations 3.12 to 3.15, the angle, 6, is updated through itera=-

tion, until every grid point is within an acceptable error of itself.

In this study as in Noda et.al. (1974), the criterion was,

|enw - eoldl < .001|9new[

(3.16)

Convergence is usually very fast being obtained in 2 to 4 iterationms.

The wave number Equation 2.36,

(gk tanh(kh)]Y 2 + Uk coso + Vk sing = 2T
is solved through a Newton iterative technique defined as;

f(kbld)

::k e
new old £ (kold)

where £'(k) is the first derivative of f£(k). Defining:

£(k) = gk tanh kh - [%1 - Uk cos® - Vk sind]?

ft(k) = g[kh sechz(kh) + tanh(kh)] + 2[U cos8+V sin6]+
27
{E— - Uk cos8 -Vk sinf]

Equation 3.17 is iterated until

|
Iknew - koldl E-'OOllknewl

Rearranging the wave height Equation 2.54, it becomes,

oH 3H " oH H
22 4 LU ==
TS (U+Cg cosf) 5 (V+Cg sinf) 3y - 32 Q

(3.17)

(3.18)

(3.19)

(3.20)

(3+2L)
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with
= F EQ._ Eﬂ o ﬁg + 33 -
Q {Cg sin® - Cg cosH 5y {&x Byj
(3.22)
aC 2C
8 _ B
cosf " sin® 3y 1}

When this is finite differenced forward in time and x, backwards in

y, and is solved for HE i the following form is arrived at,
?

HE T k H?,j-l k
Hk+l T - (U+HC  cosb)  + Ay (V+Cs sinf)
M1 L1 e emn)® - L (e, cose)® U ¢ ek
At Ay g Ax g —?fJL

This is the finite difference equation used in the calculation of
time dependent input wave height. If steady state is assumed, the
terms containing At drop out and Equation 3.23 reduces to the form used

hy Noda et.al. (19?4)t

Taking central differences for %%-, %% and using Equations 2.53
to 2.60 given in Chapter II, the steady state form of Equation 3a23
can be solved through a row by row relaxation technique that begins in
deepwater and progresses onshore. Again the iteration is continued

until an accuracy criterion is satisfied and,

|H .001|H (3.24)

new HoldI = newl

3.2 COMPUTER PROGRAM

Since the complete flow chart of the program is very complex,

a highly simplified version is outlined in Figure 6. To facilitate
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understanding, it is written in subroutines which are explained
below:

MAIN - not actually a subroutine, this part of the
program handles all input and output func-
tions, and ties the subroutines together.

DEPTH - determines the initial depth (h) at each
grid. Changes in bottom topography are
easily accommodated by changing DEPTH only.

DGRAD - after each updating of the total depth
(D=h+n), this routine calculates

D 3D

ax ’ oy

REFRAC - this routine ties all refraction subroutines
together.

SNELL - called once only, this generates a starting
value for the refraction program by calcu-
lating Snell's law at each grid. This
routine also shoals in deepwater wave height
to grid system.

WUNUM - updates values of k using values of U, V,
D and 8, Equation 3.17.

ANGLE - solves for 8 by relaxation, Equation 3.12.

NEWANG - updates values of 6 including wave-current
interaction.

HEIGHT - calculates H through row by row relaxation,
including wave-current interaction, also
calculates radiation stresses, Equation 3.23.

NEWHT - updates H, checks for breaking, Equation 2.68
or 2.69.

TAUSB - calculates bottom and surface stresses, Equations
2.61, 2.62, 2.64 and 2,65.

UCALC - calculates U and V, Equations 3.10 and 3.11.
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ETAS - updates grid depth by calculating n. Also
allows heach. flooding, Equation 3.7,

GROUP - calculates values of C, Cg and their spatial
derivatives, Equations 2.55 to 2.60.

3.3 BOUNDARY CONDLTIONS

In order to satisfy the equations at the sides of the grid
system, extra grid columns are added at i=1, j=nN+2. Calculations
are performed from j=2 to j=nN+l with values at these side grids set
internally. No flow conditions are imposed at the beach, i=1 and at
the offshore row i=M, but the location of the beach boundary is allowed

to fluctuate through flooding.

For the open coast case, the boundary conditions are satisfied
by requiring a beach, of periodic length nN(dy), where n is an integer.
Values at side grids can then be established using the following

criteria

o]
'
[

I

P o]

[N
=

Q 3 (3.25)
Q.2 7 %4 w1

where Q is some quantity (H,U,V,etc.). These boundary conditions were
also used for the wave channel problem, with the addition that flow

was constrained to the x—direction (V=0).
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The two-dimensional wave hasin required that the periodic boundary
condition be modified to include walls at j=2, j=N+1, where a no-flow

condition was established,

e
1]

1l to M

2, NHL

.
Il

To accommodate this condition, a reflection boundary condition was used

as shown in Figure 7 with

Q . =Q

o s 1.2

QG w2 T U, w

While in theory this is a valid criterion, some unrealistic
results were obtained due to central differences taken across the side
walls. To avoid this problem and still retain the general finite dif-

ference Equations 3.7, 3.10, and 3.11, backwards differences were

35S 9S8
employed at the wall boundary. The effected quantities were _Eix’-7£§t'

The backwards differences were obtained by making the following substitu-

tion for the value of the quantity at the edge boundaries (j=1,j=N+2)

Q1™ R0~ Y,3
= 7 =
Q w2 = 2, m1 T U,
It is a simple procedure to show that these equations reduce the
central difference
Q2 %,37% 1 &

5y 20y
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Figure 7 Two-Dimensional Basin Boundary Condition Flow is Reflected Across the
Side and End Walls.
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to the backwards difference.

-Q
1,2 :
5y (3.28)

o %
[

AltHough this may not be the most rigorous approach, it allowed
a fairly quick testing of the general equations, and as will be showm,
provided :easonable results. The procedure also revealed that the

numerical scheme can be adopted to various basic configurations.

Since flooding is a very important consequence of wind and
wave action, it was included in the program. The procedure is
diagrammed in Figure 8 and requires only that the landward most grid
row (i=1) remain dry. When the situation shown in Figure 8a occurs,
such that the water depth at block (i,j) due to the set-up H;,j is
greater than the depth at grid (i-1,j), a small amount of the difference
is moved from (i,j) to (i-l1l,j) as shown in Figure 8b. Once the block is
"wet," it is included in the calculations, and very quickly fills with
water. Lf for some reason, the reverse occurs and the depth at block

(i-1,j) becomes less than the original amount placed in it, the program

drys the block by moving the remaining water to grid (i,j).
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Figure 8a Before Flooding, n, , > =D
gu e a e e o =49 nf.,j i—l,j

Figure 8b A Small Amount of ni ] is Moved to Grid (i-1,j) in Order
;]

to Flood the "Dry" Block.

FIGURE 8 FLOODING SCHEMATIC



CHAPTER IV

RESULTS

Although three different cases were tested, a number of com-
ments can be made about the program in general. The time dependency
while necessary in revealing transient effects is severely limited by
the stability criteria, Equations 3.4 and 3.5. It was found for all
cases that at least 400 or more time step iterations were needed to
arrive at a steady state condition. The implicit scheme was developed
in hopes of increasing the allowable time step and to determine the
effects of the convective acceleration terms. Although the implicit
program produced results similar to the explicit one for the same time
step, when the time step was increased, different results were obtained.
Though the solution was still stable, large time and grid sizes led
to inaccurate results (Abbott, 1967). Because of this and due to the
complexity of formulating a two~dimensional implicit model, all subse-

quent tests were made with the explicit formulation.

It was also found that due to the no-flow boundary condition at
row M, when the model was impulsively started up by applying the full
waye height field, it developed a high amplitude seiche. To reduce this
problem, the deepwater wave height was gradually increased from zero to
the desired value during the first 40 to 100 iterations. This did not

completely eliminate the seiching and it was found that the period of

53
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these oscillations could be accurately predicted knowing only the basin

configuration.

Another problem was also revealed by the flooding technique.
The refraction program was not able to converge on a solution if there
was a mixture of dry and wet grids in the same row. Since this situa=-
tion does occur when dry grids are flooded, the problem was avoided by
not allowing flooding until the water level had set up enough to flood
the entire row. Since this problem only occured during the beginning of

the run, it had no effect on final results.

In all test cases a friction factor of .0l was used as suggested
hy Longuet-Higgins (1970) for a sand bottom. It should, of course, be
adjusted to fit the bottom conditions and it is common practice to use
the coefficient of friction to calibrate the model. This has not been
done for the results given here for these tests were made, more to show

the validity of the model than to predict actual velocity magnitudes.

4,1 WAVE CHANNEL

This relatively simple case was used to verify the program by
using it to predict the experimental values of set-up measured by
Bowen et.al. (1968). Their experimental apparatus consisted of a flume
40 meters long, 0.5 meters wide and 0.75 meters deep with a wooden beach
at a 1:12 slope. This system was adapted to the program through a
6 x 34 grid system, Ax = 15 cm, Ay = 10 cm. Since the problem is one-

dimensional, only wave heights were calculated by the refraction program.
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Wave—current interaction was included. A deepwater wave height of
6.45 cm and period of T = 1.14 seconds was used. A total of 800 itera-
tions were run, (At = .05 sec) with the deepwater wave building up

during the first 80.

Figure 9 is a plot of the variations in set-up at the first
wet grid over time. The seiching of the tank is clearly evident and
has a period of 7.5 seconds. This value is accurately predicted by
the formula for first mode sloshing in a rectangular basin, with a

sloping bottom (Wilson, 1966).

T = 1.64 2% _ 7.5 sec (4.1)

/gh

where T_ = seiche period

=3
I

deepest depth = 34.4 cm.

=
]

length of basin = 420 cm.

Figure 10 plots the predicted set-up from the mean water line
for both the explicit and implicit schemes for iteratioms 380 (t =
19 sec.) and 400 (t = 20 sec.). It is evident that except for slight
variations offshore of the breaker line, the two solutions are the
same. It can be, therefore, theorized that at least in this one-dimen-—
sional case, the convective acceleration terms have had little effect.
Although no attempt has been made to show this in the two-dimensional

models, it is expected that they would be more important.

After 800 iterations (t = 40 sec.) a steady-state result was

obtained with the explicit model and is shown in Figure 11. Also
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] EXPLICIT FORMULATION
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Figure 10 Comparison of Explicit and Implicit Set-Up Results (ETA) for
the Same Time Step Iterations
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Figure 11 Final Results for Mean Water Level in Wave Channel Test. Squares
Correspond to Experimental Data from Bowen et.al. (1968).
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plotted are the experimental results of Bowen et.al. (1968). Maximum
set-down is at the breaker line, and it was during these runs that it
was found that Equation 2.69 approximated the experimental surf zone
width better than Equation 2.68. The generally lower set-down off=-
shore calculated by the model is the result of using a shorter tank

than Bowen did (4.0m vs. 40m) and the effects of conservation of mass.

Using the results of iteration 800 as a starting point, the
effect of a time dependent deepwater wave height was tested. This
was done using a sinusoidal variation of the wave height, similar to

what would be experienced when groups of waves impinge on a shore.

Ho = Hs + A sin (2mn %EQ (4.2)
g
Hs = gtarting wave height = 6.45 cm.
A = amplitude of variation = 1.15 cm.
n = iteration number (n =1, 2, 3, ...)
Tg = period of the wave group = 18 sec.

Figure 12 is a plot of the time variation of both the deepwater
wave height and the resulting set-up at the beach. In this run, the
set=up lags the wave height by about 2.5 seconds due to the travel time
of the wave to shore. Figure 13 shows cross sections of the set-up at
maximum and minimum points of Figure 12, t = 10 sec. and t = 15. There
is little variation offshore, but the breaking line has moved, a result

of the increased breaker height.
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An interesting variation of this test was found when the period
of the wave group was set equal to the natural period of the basin.
Starting at iteration 600 (t = 30 sec., Figure 10) a resonant condition
was quickly established and the solution became unstable after an addi-
tional 300 iterations. The results are shown in Figure 14. A practical
aspect of this is possible resonance of a harbor when excited by wave

groups at its natural frequency.
4,2 WAVE BASIN

This second test case, though it necessitated a change in boundary
conditions, allowed the entire program to be tested on a simple plane
beach. Two versions of the experimental wave tank of Dalrymple et.al.
(1975) were used. One modeled the basin directly with a 30 x 6 grid
system, and the other modeled only half of the length using a 15 x 6
grid. Both cases used the same grid size Ax = 5 cm., Ay = 10 cm.,
and slope (.086). A wave of Hy =0,35 em., T =0.96 sec., 8, = 204° was
employed. Runs of 600 iterations were made for both but as a result
of different At values, real time length differed. The short basin
used a At = .05 sec. corresponding to 30 sec. (31 waves) and At for

the long basin was .03 sec. resulting in a run of 18 sec. (19 waves).

A plot of the set-up at the beach for grid i=3, j=3 is shown
in Figure 15. Again as in the wave channel, the basin is seiching.
It was also found that due to the oblique forcing due to the waves,
standing edge waves were formed. The period of the seiche can be pre-

dicted using Equation 4.1, which gives a period of 2.76 sec. for the



63

1]
n
H
I

1
SE TRUP {cm)

] N
70 — ®
'g 4 20
= A
s .
o
i 60 —
= 4 18 @
w o
% ] ® wave Height ® X
= 0® 0®
50 186 : ’ ‘
S 10 15
Time (Sec)

Figure 14 Resonance of Wave Channel When Forcing Function has
Same Period as Natural Seiche. Startup After 30 Sec,
from Figure 9,



*s3s3] Ursey
[eUOTSUSWIQ-OM]L 1I0YS pue SuoT Yylog 103 SWE] TEIY SNSIS) (c=f “¢=1) Prap e dp-32g uesy G 2In31g

(08s) INWIL
00< oGl o0l oS
1

oo0g
L 1 1 : 1 1 ' : <0

0'Ge
1

NISVE LUOHS

- Ol

64
5')_

(roes) INIL
002 ; O..m_ : 00l : O..m
1 4 G0
NISVE DNOT !
980 = W -0l
»9GE0Z = @
20896 = 1
wage =%H i
e

(Wd) dn - L3S



65

short basin (% = 60 cm. and h = 5.16 cm.) and 3.9 sec. for the long
one (£ = 120 cm., h = 10.32 cm.). These compare well with computed

values of 2,7 and 3.6 respectively.

Figure 16 plots the velocity vectors in the short basin at the
end of the run (t = 31 sec.). A strong longshore current has developed
with a maximum value of 6.3 cm/sec. Offshore yelocities are small but
continue the circular trend. The same pattern is found in Figure 17
which shows the velocity vectors for the long basin. The maximum long-
shore velocity has been reduced to 5.2 cm/sec., and as found in the
experiment, the offshore velocities are negligible but follow the same
circular pattern found for the short basin. Both these results compare
well with the experimental streamlines shown in Figure 18. This figure
was drawn from time exposure photographs of the movements of surface
floats in the test basin. Offshore velocities were too small to mea-
sure. Measurements were made of the longshore velocity and this is
compared to the values predicted by the long basin model in Figure 19,
It is obvious that the predicted wvalue is about half the measured one.
This underprediction is the result of using a friction factor typical
of a sand beach to predict velocities on a smooth plywood board.

Figure 19 does, however, show that the predicted change in the long-
shore velocity between the sidewalls is similar in shape to that of
the measured values, indicating that with a lower friction factor, the

model could accurately predict both current magnitudes and directions.

Satisfied that the model was working, the next step was to apply

it to a regular beach.
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Figure 19 Predicted and Measured Longshore Velocities for the
Long Basin Test Case.
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4.3 PERIODIC BOTTOM

In applying the model to the open coast, the periodic bottom
profile developed by Noda et.al. (1974) was used. The contours are

specified by

-m(4=-1)Ax 1=1ly 2, 3, 4

Dy g " 1/3

mAx{1+A exp [-BQE% ] sinlo-1

k - x tang)}i > 4 (4.3)
where x,y are coordinates of grid (4i,j)
m = average beach slope = ,025

A

length of beach period = 70 m.

A = amplitude of bottom variation = 20

B = angle of rip channel to beach normal = 30°
Using a square grid of 10 meters, the bottom contours shown in Figure 20
were calculated. This set-up of N = 8, M = 24 grids was used for all
the testing. The major feature of the contours is the large channel
running offshore at 30° to the beach normal. The part of the beach
which is initially dry is a plane beach of slope m. Offshore of the
grid system, the contours once again become uniform to allow Snell's

law to be valid in refracting the deepwater wave to the grid system.

It is not necessary to use Equation 4.3 to specify the depth
at each grid, depth values could be read in as data with the only
criteria being that the bottom be periodic. Equation 4.3 is, however,
convenient and the effects of the contours on the circulation can be

easily shown by changing A, A, and 8.
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Since it was desired to draw some comparisons from the data
for a similar topography obtained by Noda et.al. (19?4); the same wave
field (Hb =1m., T=4 sec., § = 210°) and friction factor (Cf =0,01)
was used. With a time step o£0.9 sec. the model was run for 400 itera-
tions (t = 360 sec.) without wave-current interaction. The calculated
velocities were similar to those predicted by Noda et.al. but were higher

than values found in the field.

With this loose verification of the model, wave-current inter-—
action was allowed and the program run for 600 iterationms (t = 540 sec.).
The resulting velocity vectors were found to be significantly lower than
those predicted by Noda et.al., even when they allowed 50 percent wave-—
current interactian} and were, therefore, closer to the field results.
The importance of the interaction is shown in Figure 21, which compares
the predicted velocity vectors for a section of the surf zone with and

without wave-current interaction after identical 400 iteration runs.

The velocity vectors for the entire area are shown in Figure 22
0ffshore velocities are not shown due to their small magnitudes. The
study area is dominated by a meandering longshore current with the
highest velocities (1.9 m/sec) concentrated in the out-going rip cur-
rent. The rip is surrounded by small eddies and feeder currents which
must be a result of the topography since lateral mixing has been
neglected. This compares well with the experimental circulation shown

in Figure 23 (Noda et.al., 1974).

Only 50% of the predicted current was able to be used in the refraction
procedure (REFRAC); more than that would lead to numerical instabilities.
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Like the previous two cases, the use of a wall at grid M
causes a seiche to develop. This is shown in Figure 24 wﬁich plots the
set-up for grid (i=4, j=6), denoted by a open circle in Figure 22,
versus time. Although this seiching is not characteristic of an open
coast, its period is predictable by Equation 4.1 which results in a

value of 9.1 sec.

Since the variations in set-up and set-down drive the nearshore
currents and are affected by the bottom topography, their inclusion in
the model is important. This can be seen in Figure 25,which is a con-
tour plot of the values of n for iteration 600. The effect of the rip
channel is obvious with the maximum set-—up being found directly in
front of it, providing a hydrostatic head to drive the rip current.
Figure 26 shows the time variations in longshore velocity for grid
(L =5, j =5), marked by a closed circle in Figure 22, It is evident
that after 600 iterations (t = 540 sec.) that a steady solution has

been obtained.

From this point, in order to see the effects that wind would
have on the solution, a 100-knot wind, in the same direction as the
waves, was instantaneously applied and the model was run for an addi-
tional 200 iterations. This is, of course, an extreme wind speed and
startup condition but it does show what might happen under storm condi-
tions. The changes in set-up and velocity are shown in Figures 24 and
26 respectively. There is a significant increase in longshore velocity
and in the set-up. The velocity vectors are shown in Figure 27, The

wind is clearly the dominate driving force causing an increase in all
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velocities. The longshore velocities close to the shore vary from
1.5 to 2 m./sec. The eddies are still evident but bigger, and there

are still high velocities in the rip channel.

It should be noted that no provision has been made to allow
wave height build up through wind energy input. This is a result of
not including the wind stress and bottom friction terms in the energy
balance (Equation 2.48) from which the wave height is determined.
While this may be a valid procedure for light wind conditions, it is
not applicable to storm conditions. Thus to accurately predict the
effects of high winds on the velocities, and the set-up, Equation 2.48

will have to be reformulated to include the stress terms.

One conclusion that can be drawn from these results is that
once a rip channel is formed in the surf zone, it tends to be self-
sustaining. It is also interesting to note that the currents induced

by the channel do not go offshore but re-enter the surf zone.

Figure 28 shows the changes that occur in the circulation
pattern when the same waves approach normal to the beach. As expected,
the magnitude of the longshore current is greatly reduced, and there
is now some onshore and offshore velocities. Maximum velocities are

again found in the rip channel.
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CHAPTER V

CONCLUSIONS

It has been shown that through numerical modelling it is pos=
sible to predict the current field in a study area for a given wave
and wind field. The knowledge is very valuable in determining possi-
ble beach changes and coastal flooding. The major limitation of the
model is that due to the time dependence, initial run times to obtain
a steady state solution are long and expensive. However, once the
steaﬁy state condition has been reached, the response of the system to

wave groups, or winds is immediate.

A number of things were included in the formulation due to
their direct effect on the circulation pattern. The variations in
water elevation as a result of wave-induced set-up produce the hydro-
static head drops that drive longshore or rip currents. This effect
can be accentuated by winds which, depending on their direction,
increase or decrease the mean velocities. The inclusion of wave=-
current interaction,while not important in some cases, becomes very
important when currents and wave speeds are similar in magnitude and
direction. As a first step toward numerically modelling wave spectra,
the effect of groups of waves with the same period but varying ampli-

tudes was examined.
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Since the major thrust of this study was in developing the
program, only a few cases were run to test it. There ére now a number
of interesting variations that can be run, including different wave
conditions for the same beach or slightly different beach configurations
for the same wave. The effect of wave groups on the regular beach
should also be interesting. With the inclusion of the stress terms

in the wave height equations, storm conditions could be studied.

Though the model is useful in its present form, there are a
number of further developments that should be made. A major effort
should be made to increase the efficiency of the program. There are
a number of numerical procedures that can be used. The grid system
could be scaled in such a way as to stretch the surf zone, where the
detail is needed, and shrink the offshore ones [Liu and Mei (1974)].
This will allow a smaller number of grids to be used thus reducing the
computer time needed. It might also be possible to solve the steady
state form of the equations and to use the result as a starting point
for the time dependency equations. One problem that may be encountered
in this procedure is a breakdown in the refraction program due to the

wave-current interaction as found by Noda et.al. (1974).

Since it is desirable to include the convective acceleration
terms in the two-dimensional problems, further study should be made of
the implicit formulation proposed by Abbott (1967). This will guaran-
tee a stable solution and make the formulation more complete. Care

will still have to be taken in selecting a grid size and time step that
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will result in the correct solution. A combination of grid scaling
and the implicit scheme should increase the program's efficiency

and allow longer time steps.

Besides including the effects of winds and bottom friction in
the wave height equation, a more realistic picture would be obtained
with the inclusion of:

1. Sediment transport which would allow the beach to
adjust itself to the wave field.

2., Varying wave periods to model wave spectra.

3. A diffraction scheme so that the effect of coastal
structures on the circulation pattern could be
studied.

4, The ability to handle two wave trains of different

magnitudes and direction as often found along the
coast.

A model of this sophistication is a direct extension of the
work discussed here and would be significant aid in predicting beach

changes.



APPENDIX A

ANISOTROPIC BOTTOM STRESS

As mentioned in Chapter II, the general form of the bottom

friction is

Ty ﬁFfIUtIUt (A-1)

where Ut is the total current due to both waves and local currents.

This current can be represented as the vector

Ut = Uxi + Uyq = (Uo cosf + U)i + (UO sinf + V)j (A=2)

where U0 is the current due to the orbital wave motion, and U and V are
mean currents as defined in Chapter II. The angle 6 is as before, the
angle of wave approach. If it is assumed that the waves are approaching

from a small angle, 8, and that the mean currents are small relative

to Uo’ then
[U | = [(U cose + 02 + U sine + V)Z]UZ (A-3)
t o ) d
simplifying , ]Utl = [UD cos + U| (A=4)
Solving for ;£x’
= = + -
Tbx Cfp1Ut|Ux Cfpl(Uo cosd U| (Uo cosd + U) (A-5)
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expanding and time averaging over a wave period.

T =1 'rT pC. | (U cosat)z cosze + 2U cos® U cosat|dt
bx T 0 £ max max
(A-6)

pCe

T
T e f | cosat)’ cos’8|dt + = = fo |2U cosb Umaxcosot[dt

where the U2 term has been neglected as it is very small relative to

the other terms and

u =1 cosot
max

where Umax is the maximum orbital velocity from Airy wave theory,

TH

Umax T sinh (kh) i
and ¢ is the wave frequency
- 2n
o= =7 (A=8)

To preserve the absolute value, the integral in Equation A-6 must be

evaluated in three parts such that,

T/4 3T/4 T

fT - -7 + 0 (A=9)

Q 0 T/4 . 3T/4

When this is carried out, the first term of Equation A-6 drops out

leaving a final answer of

- _ 4
-
T

fo Uma}: U coso (A-10)

Following a similar procedure in the y direction, Equation A-1 becomes,

o wm b iy e . r
tip pCElUthy on|UO cosd + U] (U, sind + V) (A-11)
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Time averaging and expanding,
- L it 2
ThY = Tffo |CE DUO sinf cosf + Usin® U, + UOV cosc|dt (A-12)

where the term (UV) has been neglected as small, Carrying out this

integration, using Equation A-9 as before,

_ 2pC 2pC
T, = —— Usine U + Vcosf U (A=13)
by T max T max

Both Equations A-10 and A-13 can be further simplified using the initial

assumption of small angle, (8) resulting in,

_ 4pCf
Tbx - ™ Umax v
_ 4pC
= f U v
by ™ max

the final forms employed in this study.



APPENDIX B

IMPLICIT FORMULATION

The one-dimensional (1-D) implicit scheme that was used for
set-up in a wave hasin followed that of Abbott and Ionescu (1967).
Rewriting Equations 2.13 and 2.20 in 1-D, including the convective

acceleration term, one obtains:

_a.ﬂ .a_ = = | g

s T ax D]~ 0 (B-1)
U L pdU o3 L {as_n_:; +T 2
ot 0% €x " p x s b] (B-2)

The first step is to transpose these equations into a normal form.

Multiplying B-1 by U and expanding gives

= 8U _ _y o0 _ g2 3(ktm)
UCtn) 9x Uat v ax (B-3)

Multiplying Equation B-2 by (h-!-E) and substituting in Equation B-3 it

becomes

e — - 35
— 09U _ ..on _ 23Ch+n) _ _ e R0 B O < Tl =~ "
(btn) ot U_ajt. o Ix g (frin) 3x p( 9% * b Ts) (B-4)

By rearranging the third and fourth term,

2 3(htn) — M o _ry2 —; 3(htn) _ s
g~ S 4 g(m) <o = -[07 - glhin)] =75 - g )

ar

% |=

89



90

fquation B-4 can be simplified to

= U _ N _ ey N - 2 3h i
(betn) 3t U ot [U"=g (h+n) ] X F+U = (B=5)
(B=10)
where
1 3Sxx _ _
F=-FI&x of Mg (B-6)
Multiplying Equation B-l by g and expanding
a1 — 3, 3R, g2 :
- a— _
Then multiplying Equation B-2 by U solving for gu 3& and substituting (8-11)
in Equation B~7 one obtains:
g 2~ U 2= = [Feg ()] 5 = G803 | (8-8)
where ,
08 _ _ (B-12)
¢ = —— [2E - T, + 7] (B-9)
p (hrtn)
Equations B-5 and B-8 constitute a normal pair and are next (B=13)
finite differenced using a forward time, forward space scheme with
averaging. Performing the operation on B-5 it becomes: (B~14)
ntl n ntl n _ntl _n
U =U n =N ; n - 2 et
ey i _u 1 i i-1 i-1 U~ =g (htn ;
) (i - U ALy et (3-15)
Hrﬁ-l- Fr1-i-1 Fr1 ~ HI'L , (3-8)
i i-1 i i-1 2 3h
= = S
= rranis Rab U

Jhere the subscript is a space step and the superscript denotes a time

step. Collecting nt+l terms, this simplifies to
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HF+1 {_ u_ _ [ -g(h+n1]} n+1 [hﬁn] & En+l.

i 248t 208x i i-1
(B-10)
_u —g(h-i-n) }
{ 2At + ]
where
D l..‘l. [h:H[J + = U % [ z'g(h'i';)]} +
i At ":L{ 24t 28x
. ‘ (B=11)
-n __U _ U -g(h+n) } 2 3h
Ny-1 { gie < O o 3y THO
this is of a form
. -+l n+1 n+l '
Agng T+ BJUS +Cny_q =Dy (B=12)
with
- B _ -ﬁ(h+n) - )
Ai 2At [ 28x 1 (8-13)
h+n
Bi At (B-14)
__ .U —g (h+n) A
=) 28t T = % (B-13)

Utilizing a similar procedure on the continuity equation, (3-8)

becomes
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-+l -n n+l n o+l
L s o e LA
gl e d -2t At ¥ - i=F—7 3
o+l n+l n n
[i+1"Ui P il DS |
Ax Ax 8% 3x

Collecting ntl terms

ntl g n+l{ i}

3 -—
U —g(h-!—n)_} ntl U
oy Ige] * U ¢+ U +

‘2a:‘[ 26x%

i 2At
(B-16)
P-g(i), | = of
[ J = D
2Ax i
where
o oA B et s [HE:ESBiED]
i~ "1 fac ::+1{ 2At 2hx }
5 (B-17)
nf U _ U-g(htn) 3h
+Ui{ oac L aax ]}“" G = 80 3z
Equation B-16 can then be rewritten as
n+1l *—n+1 n+l *
Aiui+l + Bini 4 CiUi Di (B~18)
with
B
- =
Bi AL (B=-19)

The solution to Equations B-12 and B-18 is through two simultaneous

1 —n+1

tridiagonal algorithms. It 1s first assumed that Uz+ and ny are

related such that
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—n+1 n+l
rLi-i-l = Eiui + Fi

ontl _kmtl |, %
Usiqg = Bg0y T F;

(B-20)

(B-21)

Suhstituting B-20 into B=12 and B-2l into B-18 the following equations

are ohtained respectively,

n+l n+l —n+1
Ai (_EiUi + Fi) + Bipi +Cing g = Di

+1 +C Un+1 D

*—n1+1 n
i B o i

A (E W "

Solying B=22 for U:+l,

-+l
oo ¢ D,-A.Fy
£ BfAE, « BOHAE

and B-23 for'ﬁg*l,

* *
o N DA
qotl _ _idi i ii

1 4B AE 4B
AJEAS; 24540y

It is important to note that by setting i

last two equations are of the form of B-20 and B-21, and thus the

following formulas are obtained:

M
e |

* A F‘-’C

B ok
- * %*
A.E.4+B,
- O

(B~22)

(B=23)

(B-24)

(B-25)

i+l in Equation B-24, these

(B=26)

(B=27)
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s
£y " BAE, Brizt)
o Bl |
D.-A.F
* i1
g woh AL (B-29)
i-1 Bi+AiEi

By employing the no-flow boundary condition at each end of the

wave. channel

U, =0 at i=1,M

% %

starting values of Ei and Fi can be found
. F* 0 at i=M
B ™ 0aq™ ®

from Equation B-21. Subsequent values (to i=1) of E, E*, F, F* can

then be found for the entire grid system through the recursion relation-
ship, Equations B-26 to B-29. Once these quanfities are determined,

U andla can be determined from Equations B-20 and B-21 through a reverse
sweep from i = 1 to 1 = M. This double-sweep algorithm results in an

unconditionally stable formulation.

The truncation error of the entire formulation is reduced to
O(Qx% atz) if the values of U and'H used in determining the constants
(A,B,C,D,B*,D*) are iterated within a time step. At the beginning of
a time step, the first iteration determines new values of U, and H
using constants calculated with the old U and n values. These con-
stants are then redetermined using an average of U and T from the
preceding time step and first iteration. A second iteration is made

and final values of U and ;-are determined.
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The problem that was encountered in the present testing was
that although the solution is stable, a too coarse grid or time
step combination will result in an inaccurate solution. This is

studied further by Abbott and Ionescu (1967) and the interested

reader is referred there.
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