
A Compliant Hybrid Zero Dynamics
Controller for Stable, Efficient and Fast
Bipedal Walking on MABEL

The International Journal of
Robotics Research
30(9) 1170–1193
© The Author(s) 2011
Reprints and permission:
sagepub.co.uk/journalsPermissions.nav
DOI: 10.1177/0278364910379882
ijr.sagepub.com

Koushil Sreenath1, Hae-Won Park2, Ioannis Poulakakis3 and J W Grizzle1

Abstract
The planar bipedal testbed MABEL contains springs in its drivetrain for the purpose of enhancing both energy efficiency
and agility of dynamic locomotion. While the potential energetic benefits of springs are well documented in the literature,
feedback control designs that effectively realize this potential are lacking. In this paper, we extend and apply the methods of
virtual constraints and hybrid zero dynamics, originally developed for rigid robots with a single degree of underactuation,
to MABEL, a bipedal walker with a novel compliant transmission and multiple degrees of underactuation. A time-invariant
feedback controller is designed such that the closed-loop system respects the natural compliance of the open-loop system
and realizes exponentially stable walking gaits. Five experiments are presented that highlight different aspects of MABEL
and the feedback design method, ranging from basic elements such as stable walking and robustness under perturbations,
to energy efficiency and a walking speed of 1.5 m s−1 (3.4 mph). The experiments also compare two feedback implemen-
tations of the virtual constraints, one based on PD control of Westervelt et al., and a second that implements a full hybrid
zero dynamics controller. On MABEL, the full hybrid zero dynamics controller yields a much more faithful realization of
the desired virtual constraints and was instrumental in achieving more rapid walking.
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1. Introduction

MABEL is a novel bipedal testbed at the University of
Michigan. The robot is planar, with a torso, two legs with
revolute knees, and four actuators. Two of its actuators are
in series with large springs for the purpose of enhancing
both energy efficiency and agility of locomotion. The actu-
ators are housed in the torso and the legs are light, placing
the Center of Mass (COM) of the robot significantly above
the hips, as shown in Figure 1. A more detailed description
of the robot has been presented in Hurst et al. (2007), Hurst
(2008), and Hurst and Rizzi (2008) and the identification of
its dynamic model is reported in Park et al. (2010).

Bipedal robots that are simultaneously robustly stable,
efficient, and fast are extremely rare. The desire to achieve
these traits is driving the introduction of innovative mecha-
nism designs and feedback control methods. MABEL was
designed to be both a robust walker and a fast runner. It
pushes the state of the art in bipedal mechanism design
and provides an opportunity for effective control design
methodology to maximize the robot’s efficiency, speed and
stability. This paper reports analytical and experimental
results for walking on flat ground, a very important pre-
liminary stage for running on flat ground and for walk-
ing on uneven ground. In particular, a compliant Hybrid
Zero Dynamics (HZD) controller is designed and the HZD

controller is experimentally implemented to achieve stable,
efficient, and fast walking.

1.1. Background

The stability of a biped can be enhanced by introduc-
ing large feet, in which case relatively simple controller
designs can be used. Honda’s ASIMO (Sakagami et al.
2002), Sony’s QRIO (Geppert 2004), and the HRP series
(Kaneko et al. 2002) have large feet and use zero moment
point-based controllers (Vukobratović and Borovac 2004)
to achieve stable walking. The walking gaits are flat-footed
and the achieved energy efficiency is low.
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Fig. 1. (a) MABEL, an experimental testbed for bipedal locomo-
tion. The robot is planar, with a boom providing stabilization in the
frontal plane. The robot weighs 58 kg and is 1 m at the hip. The
robot’s drivetrain contains springs for enhanced power efficiency.
(b) The virtual compliant leg created by the drivetrain through a
set of differentials. The coordinate system used for the linkage
is also indicated. Angles are positive in the counter clockwise
direction.

Enhanced agility has been demonstrated on hopper-style
robots (i.e. a springy, prismatic leg) employing intuitive
controllers, as demonstrated in Hodgins and Raibert (1990)
and Brown and Zeglin (1998). These robots are highly
underactuated, although for the most part, their control
systems did not have to deal with stabilization of significant
torso dynamics; indeed, if a torso was present, its COM
was coincident with the hip joint (Poulakakis and Grizzle
2009b).

The bipedal robot RABBIT was planar, had revolute
knees, and a non-trivial torso (Chevallereau et al. 2003).
It was deliberately designed to have point feet in order
to inspire new analytical control approaches to stabilizing
periodic motion in underactuated mechanical systems, and
hence move beyond flat-footed walking gaits. Research on
RABBIT gave rise to the methods of virtual constraints
and hybrid zero dynamics (Grizzle et al. 2001; Wester-
velt et al. 2002, 2003; Morris and Grizzle 2005; Westervelt
et al. 2007), which provide a systematic method of design-
ing asymptotically stable walking controllers. A related
approach based on designing a linear feedback controller
that stabilizes the time-varying transverse linearization of
a hybrid system along a periodic orbit has been developed
in Shiriaev et al. (2005), Song and Žefran (2006), Manch-
ester et al. (2009), and Shiriaev et al. (2010). Other types of
controllers to achieve stable walking are based on machine
learning and neuronal control, as presented in Russ Tedrake
and Seung (2005), Sabourin et al. (2006), and Manoonpong
et al. (2007), respectively.

The efficiency of bipedal robots is being enhanced by
using minimal actuation, incorporating compliance, or a

combination of the two. Motivated by passive dynamic
walkers which exhibit stable gaits on small downward
slopes, and where gravity compensates for energy losses
at leg impacts, researchers have devised efficient means of
walking on flat ground by injecting minimal amounts of
energy at key points in the gait Kuo (2002) and Collins et al.
(2005). Another means of enhancing energy efficiency is by
introducing compliant elements. The energetic benefits of
springs in legged locomotion are well documented (Alexan-
der 1990). Springs can be used to store and release energy
that otherwise would be lost as actuators do negative work,
and springs can be used to isolate actuators from shocks
arising from leg impacts with the ground. Although these
benefits are more pronounced in running, compliance can
also be used beneficially in walking (Geyer et al. 2006; Iida
et al. 2007, 2008). Enhanced energy efficiency was shown
using pneumatic artificial muscles in Takum et al. (2008)
and Vanderborght et al. (2008a,b), using springs in series
with motors in Pratt and Pratt (1998) and Schaub et al.
(2009), and using springs in parallel with motors in Yang
et al. (2008). A combination of both methods, minimalis-
tic actuation and compliant elements, is employed in the
Cornell Biped (Collins and Ruina 2005), and the T.U. Delft
bipeds TUlip and Flame (Hobbelen et al. 2008) in order to
improve efficiency. The drawbacks of these highly efficient
walkers are that they cannot lift their legs over obstacles,
readily change speeds, or run.

The speed of a biped can be enhanced by careful mech-
anism and control design as suggested in Koechling and
Raibert (1993), and demonstrated in robots such as RunBot
(Manoonpong et al. 2007).

MABEL achieves stability, efficiency, and speed through
a combination of the novel design of its drivetrain and
the analytical methods being developed to control it. The
robot’s drivetrain uses a set of differentials to create a vir-
tual prismatic leg between the hip and the toe such that one
actuator controls the angle of the virtual leg with respect
to the torso, and another actuator controls its length. More-
over, the drivetrain also introduces a compliant element, a
unilateral spring present in the transmission, that acts along
the virtual leg in series with the actuator controlling the
leg length. A controller that properly utilizes this natural
compliant dynamics will lead to an efficient gait. Further,
with the above mechanical design, it is possible to place
all of the actuators in the torso, thereby making the legs
relatively light and enabling rapid leg motion for fast gaits.
More details on the design philosophy are available in Hurst
(2008) and Grizzle et al. (2009).

MIT’s Spring Flamingo achieved stable, efficient, and
fast walking by employing Series Elastic Actuators (SEAs)
and a virtual model controller (Pratt and Pratt 1998; Pratt
2000; Pratt et al. 2001). The virtual model controller cre-
ates virtual components, such as springs, dashpots, etc.,
through carefully computed joint torques. This enables intu-
itive tuning of parameters of the controller, though no for-
mal stability results exist. The spring in MABEL may seem
similar to that in the SEA, however the resemblance is only
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superficial. The SEA is designed for force control and can-
not store significant amounts of energy. MABEL’s springs
provide a revolute instantiation of a spring-loaded pris-
matic (pogo-stick) leg. They can easily absorb 150 J of
energy (the equivalent of dropping the robot from a height
of 25 cm). The spring in the SEA is several orders of mag-
nitude smaller in size, and is used primarily for filtering and
sensing of external forces, rather than energy storage.

The presence of compliance in MABEL’s transmission
has led to new control challenges that cannot be met with
the initial theory developed for RABBIT. On the mathe-
matical side, compliance increases the degree of underac-
tuation, which in turn makes it more difficult to meet the
invariance condition required for a hybrid zero dynamics to
exist. This technical difficulty was overcome in Morris and
Grizzle (2009) with a technique called a “deadbeat hybrid
extension”.

A second challenge arising from compliance is how to
use it effectively. A first attempt (Morris and Grizzle 2006)
at designing a controller for a biped with springs took
advantage of the compliance along a steady state walking
gait, but “fought it” during transients; the compliance was
effectively canceled in the HZD (for details, see Poulakakis
and Grizzle (2009b, p. 1790)). The problem of ensuring
that the feedback action preserves the compliant nature of
the system even during transients was studied in Poulakakis
(2008) and Poulakakis and Grizzle (2009a,b) for the task of
hopping in a monopod, where the HZD itself was designed
to be compliant.

1.2. Contributions

The key results of the paper are summarized next. Firstly,
a HZD-based controller is designed for walking such that
the natural compliant dynamics is preserved in the closed-
loop system (robot plus controller). This ensures that the
designed walking gait uses the compliance to do negative
work at impact, instead of it being done by the actua-
tors, thereby improving the energy efficiency of walking.
Stability analysis using the method of Poincaré is then
carried out to check stability of the closed-loop system.
Prior to experimentally testing the controller, simulations
with various model perturbations are performed to estab-
lish robustness of the designed controller. The controller is
then experimentally validated on MABEL.

Secondly, walking gaits are designed to optimize the
energetic cost of mechanical transport (Collins et al. 2005;
Collins and Ruina 2005). This results in a gait that is more
than twice as efficient on the testbed than a gait that we
had designed by hand and reported in Grizzle et al. (2009).
The resulting cost of mechanical transport is approximately
three times more efficient than RABBIT, and 12 times bet-
ter than Honda’s ASIMO, even though MABEL does not
have feet. This puts MABEL’s energy efficiency within a
factor of two of T.U. Delft’s Denise and a factor of three of
the Cornell Biped, none of which can step over obstacles
or run; it is also within a factor of two of the MIT Spring
Flamingo which can easily step over obstacles but cannot

run, and within a factor of three of humans, who can do all
of the above.

Thirdly, in preparation for future running experiments,
we turn our attention to fast walking, where each single
support phase may be on the order of 300–350 ms. Very
precise control is needed for accurately implementing the
virtual constraints of an HZD controller with these gait
times. All experimental implementations of the virtual
constraints reported to date have relied on local PD
controllers (Westervelt et al. 2004). The zero dynamics
controllers provide great tracking accuracy in theory, but
are often criticized for being overly dependent on high
model accuracy, and for being too complex to implement
in real time. Here we demonstrate, for the first time,
an experimental implementation of a compliant HZD
controller. The tracking accuracy attained is far better than
the simple PD controllers used earlier.

Finally, we attack the problem of achieving fast walking.
With a zero dynamics controller, we experimentally attain a
top sustained walking speed of 1.5 m s−1 (3.4 mph.)

The remainder of the paper is organized as follows.
Section 2 describes the general features of MABEL’s
morphology, and presents the mathematical hybrid model
used for walking. Section 3 provides the systematic
procedure based on virtual constraints that is used to
design a suite of walking gaits. Section 4 presents the
design of two controllers to realize the gaits and studies
the stability of the fixed points under the action of the
proposed controllers. Section 5 describes the experiments
performed to demonstrate the validity of the designed
controllers. Section 6 discusses various aspects of the robot
and the feedback controllers revealed by the experiments.
Finally, Section 7 provides concluding remarks and briefly
discusses future research plans.

2. MABEL Testbed

This section presents details about the morphology of
MABEL, and develops the appropriate mathematical mod-
els for the study of walking.

2.1. Description of MABEL

MABEL is a planar bipedal robot comprised of five links
assembled to form a torso and two legs with knees; see
Figure 1. The robot weighs 58 kg, is 1 m at the hip, and
mounted on a boom of radius 2.25 m. The legs are termi-
nated in point feet. All actuators are located in the torso so
that the legs are kept as light as possible; this is to facil-
itate rapid leg swinging for running. Unlike most bipedal
robots, the actuated degrees of freedom (DOFs) of each leg
do not correspond to the knee and hip angles. Instead, for
each leg, a collection of cable-differentials is used to con-
nect two motors to the hip and knee joints in such a way that
one motor controls the angle of the virtual leg consisting of
the line connecting the hip to the toe, and the second motor
is connected in series with a spring in order to control the
length or shape of the virtual leg; see Figure 2. The reader
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Fig. 2. MABEL’s powertrain (same for each leg), all housed in the torso. Two motors and a spring are connected to the traditional hip
and knee joints via three differentials. On the robot, the differentials are realized via cables and pulleys (Hurst 2008) and not via gears.
They are connected such that the actuated variables are leg angle and leg shape, see Figure 1, and so that the spring is in series with the
leg-shape motor. The base of the spring is grounded to the torso and the other end is connected to the Bspring differential via a cable,
which makes the spring unilateral. When the spring reaches its rest length, the pulley hits a hard stop, formed by a very stiff damper.
When this happens, the leg-shape motor is, for all intents and purposes, rigidly connected to leg shape through a gear ratio.

is referred to Hurst (2008), Grizzle et al. (2009), and Park
et al. (2010) for more details on the transmission.

The springs in MABEL serve to isolate the reflected
rotor inertia of the leg-shape motors from the impact forces
at leg touchdown and to store energy in the compression
phase of a running gait, when the support leg must decel-
erate the downward motion of the robot’s COM; the energy
stored in the spring can then be used to redirect the COM
upwards for the subsequent flight phase when both legs
are off the ground. These properties (shock isolation and
energy storage) enhance the energy efficiency of running
and reduce the overall actuator power requirements. This is
also true for walking as we will demonstrate experimentally.
MABEL has a unilateral spring which compresses but does
not extend beyond its rest length. This ensures that springs
are present when they are useful for shock attenuation and
energy storage, and absent when they would be a hindrance
for lifting the legs from the ground.

2.2. Mathematical Model

A hybrid model appropriate for a walking gait, comprised
of a continuous single support phase and an instantaneous
double support phase, is developed next. The impact model
at double support is based on Hurmuzlu and Marghitu
(1994). The single support model is a pinned, planar,
5-link kinematic chain with revolute joints and rigid links.

Because the compliance is unilateral, it will be more conve-
nient to model it as an external force when computing the
Lagrangian, instead of including it as part of the potential
energy.

2.2.1. MABEL’s Unconstrained Dynamics The configura-
tion space Qe of the unconstrained dynamics of MABEL
is a simply-connected subset of S

7 × R
2: five DOFs are

associated with the links in the robot’s body, two DOFs
are associated with the springs in series with the two leg-
shape motors, and two DOFs are associated with the hor-
izontal and vertical position of the robot in the sagittal
plane. A set of coordinates suitable for parametrization of
the robot’s linkage and transmission is qe :=( qLAst ; qmLSst ;
qBspst ; qLAsw; qmLSsw ; qBspsw ; qTor; ph

hip; pv
hip), the subscripts

st and sw refer to the stance and swing legs respectively. As
in Figures 1 and 2, qTor is the torso angle, and qLAst , qmLSst ,
and qBspst are the leg angle, leg-shape motor position, and
Bspring position, respectively, for the stance leg. The swing-
leg variables qLAsw , qmLSsw , and qBspsw are similarly defined.
For each leg, qLS is determined from qmLS and qBsp by

qLS = 0.0318qmLS + 0.193qBsp. (1)

This reflects the fact that the cable differentials place the
spring in series with the motor, with the pulleys introduc-
ing a gear ratio. The coordinates ph

hip, pv
hip are the horizontal

and vertical positions of the hip in the sagittal plane. The
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hip position is chosen as an independent coordinate instead
of the COM because it was observed that this choice sig-
nificantly reduces the number of terms in the symbolic
expressions for the dynamics.

The equations of motion are obtained using the method
of Lagrange. The Lagrangian for the unconstrained system,
Le : TQe → R is defined by

Le = Ke − Ve, (2)

where, Ke : TQe → R and Ve : Qe → R are the total
kinetic and potential energies of the mechanism, respec-
tively. The total kinetic energy is obtained by summing the
kinetic energy of the linkage, Klink

e , the kinetic energy of the
stance and swing-leg transmissions, Ktransst

e ,Ktranssw
e , and the

kinetic energy of the boom, Kboom
e ,

Ke (qe, q̇e) = Klink
e (qe, q̇e) + Ktransst

e (qe, q̇e) +
Ktranssw

e (qe, q̇e) + Kboom
e (qe, q̇e) .

(3)

The linkage model is standard. Physically, the boom con-
strains the robot to move on the surface of a sphere, and a
full 3D model would be required to accurately model the
robot and boom system. However, we assume the motion
to be planar and, as in Westervelt (2003, p. 94), only con-
sider the effects due to mass and inertia of the boom. This
will introduce some discrepancies between simulation and
experimental results1.

Similar notation is used for the potential energy,

Ve (qe) = V link
e (qe) + V transst

e (qe)+
V transsw

e (qe) + Vboom
e .

(4)

Due to its unilateral nature, the spring is not included in
the potential energy of the transmission; only the mass of
the motors and pulleys is included. The unilateral spring is
considered as an external input to the system.

With the above considerations, the unconstrained robot
dynamics can be determined through Lagrange’s equations

d

dt

∂Le

∂ q̇e
− ∂Le

∂qe
= �e, (5)

where, �e is the vector of generalized forces acting on the
robot and can be written as

�e = Beu + Eext (qe) Fext+
Bfricτfric (qe, q̇e) + Bspτsp (qe, q̇e) ,

(6)

where the matrices Be, Eext, Bfric, and Bsp are derived from
the principle of virtual work and define how the actuator
torques u, the external forces Fext at the leg, the joint fric-
tion forces τfric, and the spring torques τsp enter the model,
respectively.

Applying Lagrange’s equations (5), with the kinetic and
potential energies defined by (3) and (4), respectively,
results in the second-order dynamical model

De (qe) q̈e + Ce (qe, q̇e) q̇e + Ge (qe) = �e (7)

for the unconstrained dynamics of MABEL. Here De is
the inertia matrix, the matrix Ce contains Coriolis and
centrifugal terms, and Ge is the gravity vector.

2.2.2. Dynamics of Stance For modeling the stance phase,
the stance toe is assumed to act as a passive pivot joint (no
slip, no rebound and no actuation). Hence, the Cartesian

position of the hip,
(

ph
hip, pv

hip

)
, is defined by the coor-

dinates of the stance leg and torso. The springs in the
transmission are appropriately chosen to support the entire
weight of the robot, and hence are stiff. Consequently, it is
assumed that the spring on the swing leg does not deflect,
that is, qBspsw ≡ 0. It follows from (1) that qmLSsw and
qLSsw are related by a gear ratio; qmLSsw is taken as the
independent variable. With these assumptions, the gener-
alized configuration variables in stance are taken as qs :=(
qLAst ; qmLSst ; qBspst ; qLAsw; qmLSsw ; qTor

)
.

The stance dynamics are obtained by applying the
above holonomic constraints to the model of Sec-
tion 2.2.1. The stance configuration space is therefore
a co-dimension three submanifold of Qe, i.e., Qs :={
qe ∈ Qe | qBspsw ≡ 0, ph

toest
≡ 0, pv

toest
≡ 0

}
. For later use,

we denote by
qe = ϒs (qs) (8)

the value of qe when qs ∈ Qs, and by

qs = �s (qe) (9)

the value of qe projected onto Qs ⊂ Qe, such that, �s◦ϒs =
id.

The resulting Lagrangian Ls : TQs → R can be expres-
sed as

Ls := Le (qe, q̇e) |{
qBspsw ≡0,ph

toest
≡0,pv

toest
≡0

}, (10)

and the dynamics of stance are obtained through Lagrange’s
equations, expressed in standard form as

Ds (qs) q̈s + Cs (qs, q̇s) q̇s + Gs (qs) = �s, (11)

where, �s := Bsu + Bfricτfric (qs, q̇s) + Bspτsp (qs, q̇s) is the
vector of generalized forces acting on the robot.

The state-space form of the stance dynamics, with the
state vector xs := (qs; q̇s) ∈ TQs, can be expressed as,

ẋs :=
[

q̇s

q̈s

]
=

[
q̇s

−D−1
s Hs

]
+

[
0

D−1
s Bs

]
u

=: fs( xs) +gs( xs) u,

(12)

where, fs, gs are the drift and input vector fields for the
stance dynamics, and Hs := Cs (qs, q̇s) q̇s + Gs (qs) −
Bfricτfric (qs, q̇s) − Bspτsp (qs, q̇s).

2.2.3. Stance to Stance Transition Map An impact occurs
when the swing leg touches the ground, modeled here as
an inelastic contact between two rigid bodies. In addition
to modeling the impact of the leg with the ground and
the associated discontinuity in the generalized velocities of
the robot as in Hurmuzlu and Marghitu (1994), the tran-
sition map accounts for the assumption that the spring on
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the swing leg is at its rest length, and for the relabeling of
robot’s coordinates so that only one stance model is neces-
sary. In particular, the transition map consists of three sub-
phases executed in the following order: (a) standard rigid
impact model (Hurmuzlu and Marghitu 1994); (b) adjust-
ment of spring rest length in the new swing leg; and (c)
coordinate relabeling.

Before entering into the details, the spring is discussed.
To meet our modeling assumption of Section 2.2.2, the
post-transition spring position on the new swing leg has to
be non-deflected. This requirement makes the pre- and post-
transition position coordinates not identical. Physically, the
spring being non-deflected is a well-founded assumption
because as soon as weight of the robot comes off the for-
mer stance leg, the spring rapidly relaxes and the pulley
qBsp comes to rest on the hard stop. This causes a change
in torque on the leg-shape motor, and either the motor shaft
or the leg shape needs to reposition to maintain a balance
of torques in the leg-shape differentials. Because the leg
shape has a high reflected inertia at the motor, it is the
motor that repositions. Further, since qLS is a linear com-
bination of qmLS and qBsp per (1), we can assume the spring
and motor position change appropriately such that the link-
age positions q+

LS, q−
LS are still identical. Thus, the pre- and

post-transition linkage coordinates still remain identical.
The robot physically transitions from one stance phase

to the next when the swing toe contacts the ground. It is
assumed that there is no rebound or slip at impact, and
that the old stance leg lifts off from the ground with-
out interaction. The external forces are represented by
impulses, and since the actuators cannot generate impulses,
they are ignored during impact. Mathematically, the tran-
sition then occurs when the solution of (12) intersects the
co-dimension one switching manifold

Ss→s := {
xs ∈ TQs | pv

toesw
= 0

}
. (13)

The stance-to-stance transition map, �s→s : Ss→s →
TQs, is defined as

�s→s :=
[
�

q
s→s

�
q̇
s→s

]
, (14)

where, the components �
q
s→s and �

q̇
s→s define the transition

maps for the configuration variables and their velocities,
respectively.

The transition map for the velocities is derived as follows.
Let IR be the impulsive force on the foot due to the ground-
foot impact and let τR be the impulsive torque on the spring
due to Bspring hitting the hard stop2. Then the generalized
external impulsive force acting on the system is obtained
from the principle of virtual work as,

Fext =
(

∂ptoesw

∂qe

)T

IR +
(

∂qBspst

∂qe

)T

τR. (15)

We have three constraints that need to be satisfied at
impact. The first condition is for the new swing leg to have

zero spring velocity. The second condition is for the new
stance toe to have zero velocity. The third constraint is
obtained by integrating the unconstrained dynamics (7) over
the duration of the instantaneous event. These conditions
are

q̇+
Bspst

= 0 =⇒ ∂qBspst

∂qe
q̇+

e = 0, (16)

ṗ+
toesw

= 0 =⇒ ∂ptoesw

∂qe
q̇+

e = 0, (17)

De
(
q+

e

)
q̇+

e − De
(
q−

e

)
q̇−

e = Fext. (18)

By assembling the constraints (16)–(18), and solving for
the post-impact velocity, we can define a map, �, such that,
q̇+

e = �
(
q̇−

e

)
. Thus, the transition map for the velocities is

�q̇
s→s := ∂�s

∂qe
◦ R ◦ � ◦ ∂ϒs

∂qs
, (19)

where ϒs, �s are as defined in (8), (9), and R is a lin-
ear operator representing coordinate relabeling as found in
Westervelt et al. (2007, p. 57).

Next, as per earlier discussions regarding the adjustment
of spring rest length for the new swing leg, the transition
map for the coordinates can be expressed as

�q
s→s := �s ◦ R ◦ TmLSst ◦ ϒs, (20)

where TmLSst resets the spring to its rest position by modify-
ing the stance leg-shape motor position such that the stance
leg-shape position itself is unchanged.

2.2.4. Hybrid Model of Walking The hybrid model of
walking is based on the dynamics developed in Section
2.2.2 and transition map derived in Section 2.2.3. The con-
tinuous dynamics with discrete state transitions is repre-
sented as,

�s :

{
ẋs = fs( xs) +gs( xs) u x−

s /∈ Ss→s

x+
s = �s→s( x−

s ) x−
s ∈ Ss→s.

(21)

3. Gait Design using Zero Dynamics

This section presents a feedback controller for achieving
asymptotically stable, periodic walking gaits on MABEL.
In addition to orbital stability, a key objective is to take
advantage of the spring in the robot’s drivetrain that is
placed in series with the leg-shape motor and qLS. Inspired
by analysis in Poulakakis and Grizzle (2009b, p. 1784) and
Poulakakis (2008, Chapter 6) for monopedal hoppers with
compliance, this will be accomplished by controlling vari-
ables on the motor end of the spring and letting the joint
end of the spring, which sees the large ground reaction
forces, remain passive. In this way, the robot in a closed
loop with the controller will respond to impulsive forces at
impact in a manner similar to a pogo stick. In particular, the
closed-loop system will use the compliance to do negative
work at impact (i.e., decelerating the COM and redirect-
ing it upward3), instead of it being done by the actuators,
thereby improving the energy efficiency of walking.
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It will be shown that the method of virtual constraints and
hybrid zero dynamics is flexible enough to accomplish the
control objectives outlined above. The method of Poincaré
is used to verify stability of the closed-loop system. Prior
to experimentally testing the controller, simulations with
various model perturbations are performed to establish
robustness of the designed controller. The controller is then
experimentally validated on MABEL.

The rest of the section is as made up as follows. Sub-
section 3.1 presents the virtual constraint design for walk-
ing, Subsection 3.2 presents the compliant zero dynam-
ics for MABEL, Subsection 3.3 mathematically formalizes
the event transitions between the subphases of the virtual
constraints, Subsection 3.4 presents two cost functions for
optimization and, finally, Subsection 3.5 presents the fixed
points obtained by optimization.

3.1. Virtual Constraint Design for Stance

Recall that virtual constraints are holonomic constraints on
the robot’s configuration variables that are asymptotically
imposed through feedback control. They are used to syn-
chronize the evolution of the robot’s links throughout a
stride in order to synthesize a gait (Westervelt et al. 2007).
One virtual constraint is designed per independent actuator.

The virtual constraints are parametrized by θs, a strictly
monotonic function of the joint configuration variables, and
can be expressed in the form

y = hs (qs) = H s
0qs − hs

d (θs) . (22)

If a feedback can be found such that y is driven asymptot-
ically to zero, then H s

0qs → hs
d (θs) and thus the controlled

variables H s
0qs evolve according to the constraint H s

0qs =
hs

d (θs). Here, the controlled variables are selected to be the
rotor angle of the stance leg-shape motor, qmLSst , the swing-
leg variables, qLAsw , qmLSsw , and the absolute torso angle
qTor. From hereon, the rotor angle of the stance leg-shape
motor is simply referred to as stance motor leg shape.

3.1.1. Deciding what to Control The torso is selected as a
controlled variable instead of the stance leg angle, because,
for MABEL, the torso represents over 65% of the mass of
the robot, and hence the position of the torso heavily influ-
ences the gait. The stance motor leg shape, qmLSst , is chosen
instead of the stance leg shape, qLSst , so that the joint side
of the spring remains passive, as discussed above. Mathe-
matically, with this choice, the spring variable will become
a part of the zero dynamics, thereby rendering the zero
dynamics compliant. From (1), if qmLSst is held constant,
then qLSst responds to the spring torque through qBspst . On
the other hand, if qLSst were selected as a controlled variable,
then the actuator is forced to cancel the spring dynamics.

The swing-leg virtual constraints are similar to the con-
trolled variables on RABBIT, a robot without compliance.
This is because under the assumption that the swing spring
is at its rest position throughout stance, qBspsw ≡ 0, which

from (1) shows that the motor leg shape, qmLSsw , is related
to the leg shape, qLSsw , through a gear ratio.

In summary, the controlled variables are

H s
0qs =

⎡
⎢⎢⎣

qmLSst

qLAsw

qmLSsw

qTor

⎤
⎥⎥⎦ , (23)

The desired evolution of each of the controlled variables are
denoted by hd

mLSst
, hd

LAsw
, hd

mLSsw
, and hd

Tor respectively, and
assembled as

hs
d (θs) =

⎡
⎢⎢⎣

hd
mLSst

(θs)

hd
LAsw

(θs)

hd
mLSsw

(θs)

hd
Tor (θs)

⎤
⎥⎥⎦ . (24)

For MABEL, we choose θs to be the absolute angle formed
by the virtual compliant leg relative to the ground, i.e.,

θs (qs) = π − qLAst − qTor. (25)

3.1.2. Specification of the Constraints Virtual constraints
for the stance phase of MABEL are inspired by the con-
straints designed for Thumper in Poulakakis (2008) and
Poulakakis and Grizzle (2009a). The stance phase is broken
up into subphases: the motor-compression phase (mc), the
stance-compression phase (sc), the stance-injection phase
(si), and the stance-decompression phase (sd). The details
of these subphases are given later in this section. Figure 3
illustrates the evolution of each of these constraints on
qmLSst , qLAsw , qmLSsw , and qTor.

The reason behind breaking up the stance phases into
four subphases is to facilitate the design of virtual con-
straints that effectively make use of the compliance. A key
idea is to hold the stance motor leg shape at a constant value
shortly after impact in order to allow the spring (which
is in series with this actuator) to absorb the impact shock
entirely. Note that if the motor position is held constant,
then its velocity is zero and the motor performs no mechan-
ical work. The spring then does the negative work of decel-
erating the COM and redirecting it upwards; in other words,
the spring stores the impact energy and returns it later to
the gait instead of the actuator doing negative work and
dissipating it as heat. This effectively preserves the natural
compliant dynamics of the system and prevents the actuator
from fighting the spring.

Another key subphase involves the torso. Because it is
heavy, we have observed that making the pre-impact torso
velocity close to zero at the end of the gait helps in avoiding
excessive forward pitching of the torso just after swing-
leg impact. This is achieved by designing the torso virtual
constraint such that, before impact, the torso position is
constant and its velocity is zero, see phase sd in Figure 3.

Remark 1. The choice of the variables to be controlled
in the virtual constraints makes the zero dynamics compli-
ant. The choice of the evolution of the virtual constraints
facilitates efficient use of the compliance.
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Fig. 3. The general shape of the stance phase virtual constraints.
The thick solid lines illustrate the evolution of each of the virtual
constraints as a function of θs. Each virtual constraint is bro-
ken into subphases (mc, sc, si, sd) and each subphase is locally
expressed by a 5th order Bézier polynomial. The thin lines show
the evolution of corresponding local s that parametrizes the local
Bézier curve and goes from 0 to 1. The subphases can be com-
bined as, for instance, in the torso virtual constraint, which lumps
the first three subphases together and normalizes s appropriately.
The swing-leg virtual constraints combine all four phases. The
thick dashed lines are correction polynomials introduced to cre-
ate hybrid invariance of the zero dynamics and are discussed in
Section 4.

In our design of the virtual constraints for MABEL,
we use the framework for virtual constraints with sub-
phases developed in Appendix A, with the index set for the
subphases given by

P := {mc, sc, si, sd}, (26)

and with the index set for the virtual constraints given by

V := {mLSst, LAsw, mLSsw, Tor}. (27)

Further, we choose M = 5 in (52), and impose C1 continu-
ity between successive subphases. This ensures continuity
of position and velocity at the boundary of two phases of a
virtual constraint. However, acceleration, and consequently,
the actuator torques, are allowed to be discontinuous at
phase boundaries.

3.1.3. Stance Motor Leg-shape Virtual Constraint The
desired evolution of the stance motor leg-shape position,
hd

mLSst
, is as follows. During the motor-compression phase,

the velocity of the motor leg shape immediately after
impact, q̇s+

mLSst
, is usually non-zero and is smoothly brought

to zero by the end of the motor-compression phase, i.e.
q̇mc−

mLSst
= 0.

Throughout the stance-compression phase, the leg-shape
motor position is kept at a constant angle qsc

mLSst
. With the

motor position locked, the bending of the stance knee com-
presses the spring. The phase lasts until qBspst = qsc+

Bspst
with q̇Bsp < 0, the point at which the spring decompresses
to a value near the nominal spring compression at mid-
stance, a typical value being five degrees. This ensures that
the impact kinetic energy is first stored in the spring and
then returned to the gait without the actuator performing
unnecessary negative work on the leg shape, qLSst .

The stance-injection phase starts with the spring just
decompressed to qsc+

Bspst
. The actuator then rapidly reposi-

tions the motor shaft to a new desired position, qs−
mLSst

.
Under nominal conditions, this straightens the leg during
mid-stance for ground clearance of the swing leg. Under
large perturbations, this motion will cause the actuator to
inject (or remove) energy through compression (or decom-
pression) of the spring by rapidly repositioning the motor
end of the compliance.

Following the stance-injection phase, the motor shaft is
maintained at the position qs−

mLSst
throughout the stance-

decompression phase, waiting for the spring to decompress
again in preparation for leg touchdown.

The virtual constraints for the stance motor leg shape
are depicted in Figure 3. The thick solid line is the virtual
constraint, and the thin line is the local s that parametrizes
the local Bézier polynomial. The figure also shows the vir-
tual constraints for the other controlled variables. Appendix
A provides further details regarding choosing the Bézier
polynomial coefficients for each subphase.

3.1.4. Torso Virtual Constraint The desired evolution of
the torso angle, hd

Tor, does not need to be as finely specified;
it’s evolution will be primarily left to optimization, which
will be discussed in Section 3.4. The motor-compression,
stance-compression, and stance-injection phases, are com-
bined into a single phase. This phase serves as a transient
phase that drives the torso in a smooth manner from the
initial configuration,

(
qs+

Tor, q̇s+
Tor

)
, to the final configuration,(

qs−
Tor, q̇s−

Tor = 0
)
, in preparation for impact.
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During the stance-decompression phase, the torso is
held constant in preparation for impact. Simulations with
the model and experiments with a simpler PD controller
detailed in Grizzle et al. (2009) showed that achieving a
nearly zero pre-impact velocity tends to prevent the heavy
torso from excessively pitching after impact.

3.1.5. Swing Leg Virtual Constraints The desired evolu-
tion of the swing-leg angle, hd

LAsw
, and motor leg-shape

position, hd
mLSsw

are the simplest of all of the constraints as
no subphases are used. A single virtual constraint on swing-
leg angle is designed to bring the leg forward, preparing
it for impact with a desired step length. The constraint on
swing motor leg shape is responsible for lifting the swing
leg from the ground, avoiding foot scuffing during the gait,
and extending the leg before impact. These two constraints
are similar to RABBIT (Westervelt et al. 2004).

3.1.6. Discussion The use of subphases in the evolution of
the stance motor leg shape and torso introduces additional
independent parameters to be specified in the constraint
design. One benefit is that it approximately decouples the
evolution of these angles from one phase to another; chang-
ing the evolution in one phase does not strongly affect
the other as long as the boundary condition is maintained.
This facilitates intuitively specifying the initial shape of
the virtual constraints and makes the optimization task eas-
ier. For a list of independent parameters to be found by
optimization, refer to Table 4 in Appendix B.

For later use, we can organize the virtual constraints for
each phase separately. For each p ∈ P , we can define the
output,

yp = hp

(
qs, αp

) = Hp
0 (qs) − hp

d

(
θs, αp

)
, (28)

and,

hp
d

(
θs, αp

) =

⎡
⎢⎢⎢⎣

hd,p
mLSst

(θs)

hd,p
LAsw

(θs)

hd,p
mLSsw

(θs)

hd,p
Tor (θs)

⎤
⎥⎥⎥⎦ . (29)

The Bézier coefficients for each phase can be organized as,

αp =

⎡
⎢⎢⎣

α
p
mLSst

α
p
LAsw

α
p
mLSsw

α
p
Tor

⎤
⎥⎥⎦ . (30)

Remark 2. Both the local virtual constraint hp
d and the local

selection of the controlled variables Hp
0 can be modified for

each subphase resulting in (28). Here we only change the
parameters used in the Bézier polynomials α

p
v and leave

Hp
0 = H s

0 as defined in (23), and hp
d = hs

d as defined in
(24), for each phase p ∈ P .

3.2. Stance Zero Dynamics

The organization of the stance phase into four subphases
creates four continuous dynamics and discrete transitions

between them. As discussed in Section 3.1.6, for each phase
p ∈ P , an output function yp has been associated with
the continuous stance dynamics defined in (12). The zero
dynamics is defined as the maximal internal dynamics of
the system that is compatible with the output being iden-
tically zero (Isidori 1995). Differentiating the output twice
with respect to time results in

d2yp

dt2
= L2

fs hp

(
xs, αp

) + Lgs Lfs hp

(
qs, αp

)
u, (31)

where Lgs Lfshp

(
qs, αp

)
, the decoupling matrix, has full

rank. Under the conditions of Westervelt et al. (2007,
Lemma 5.1),

u∗ (xs, αp

)
:= − (

Lgs Lfs hp

(
qs, αp

))−1

L2
fs hp

(
xs, αp

)
,

(32)

is the unique control input that renders the smooth four-
dimensional embedded submanifold

Zαp = {
xs ∈ TQs | hp

(
qs, αp

) = 0,

Lfs hp

(
xs, αp

) = 0
} (33)

invariant under the stance dynamics (12); that is, for every
z ∈ Zαp ,

f ∗
p (z) := fs (z) + gs (z) u∗ ∈ TzZαp . (34)

Achieving the virtual constraints by zeroing the corre-
sponding outputs reduces the dimension of the system by
restricting its dynamics to the submanifold Zαp embed-
ded in the continuous-time state space TQs. Zαp is called
the zero dynamics manifold and the restriction dynamics
ż = f ∗

p |Zαp
(z) is called the zero dynamics.

From Lagrangian dynamics (the derivation is standard
(Westervelt et al. 2007, Chapter 5) and skipped for sake of
brevity), a valid set of coordinates on Zαp is

xp
zd =

⎡
⎢⎢⎣

ξ1

ξ2

ξ3

ξ4

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

θs

qBspst

∂Ls
∂ q̇Bspst

∂Ls
∂ q̇Tor

⎤
⎥⎥⎥⎥⎥⎦ . (35)

This set of coordinates explicitly contains the Bspring vari-
able, which illustrates clearly that the zero dynamics is
compliant:

ẋp
zd =

⎡
⎢⎢⎣

ξ̇1

ξ̇2

ξ̇3

ξ̇4

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

Lfsθs

Lfs qBspst

∂Ls
∂qBspst

+ τsp

∂Ls
∂qTor

⎤
⎥⎥⎥⎥⎥⎦ . (36)

3.3. Event Transitions

The division of the stance phase into subphases when spec-
ifying the virtual constraints in Section 3.1 necessitates the
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Fig. 4. The hybrid system for stance with continuous-time phases
and discrete event transitions.

specification of the transition maps between the subphases.
In preparation for the next section, we model the hybrid
dynamics on the zero dynamics manifold by concatenating
the solutions of the parameter-dependent hybrid systems for
each subphase

�p :

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

xp ∈ Zαp

ẋp = f ∗
p

(
xp

)
Sp→q = {

xp ∈ Zαp | Hp→q

(
xp

) = 0
}

x+
q = �p→q

(
x−

p

)
.

The model captures the continuous-time dynamics of the
system in phase p ∈ P and the discrete transition to phase
q ∈ P , with the only valid choice of transitions for walking
being (p, q) ∈ {(mc, sc) , (sc, si) , (si, sd) , (sd, mc)}.

The switching surfaces, Sp→q, for the transitions for
walking are defined by the zero level sets of the correspond-
ing threshold functions Hp→q : TQs → R, which are given
below,

Hmc→sc := θs − θ−
mc

Hsc→si := qBspst − 5◦

Hsi→sd := θs − θ−
si

Hsd→mc := pv
toesw

.

(37)

The transition maps, �p→q : Sp→q → TQs, provide the
initial conditions for the ensuing phase q ∈ P , and are given
below,

�mc→sc := id

�sc→si := id

�si→sd := id

�sd→mc := �s→s,

(38)

where id is the identity map and �s→s is defined in (14).
The event transitions are indicated in Figure 4. To find

a set of values for the independent parameters of the con-
straint design specified in Section 3.1, we employ the above
hybrid system and formulate the problem as a constrained
optimization.

3.4. Gait Design Through Optimization

A periodic walking gait is designed by selecting the free
parameters in the virtual constraints. As in Westervelt et al.
(2003) and Westervelt et al. (2007), this is most easily
done by posing an optimization problem, such as mini-
mum energy per step length, subject to constraints to meet
periodicity, workspace and actuator limitations, and desired
walking speed. The equations of the compliant zero dynam-
ics, which are of reduced dimension compared to the full
dynamics, are employed in the optimization for efficiency
of computation.

The non-linear constrained optimization routine
fmincon of MATLAB’s Optimization Toolbox is used
to perform the numerical search for desired gaits. The
quantities involved in optimization are the scalar cost func-
tion to be minimized, J , the vector of equality constraints,
EQ, and the vector of inequality constraints, INEQ. The
optimization algorithm, equality and inequality conditions
are given in Appendix B and the list of optimization
parameters is specified in Table 4.

Several popular cost functions for bipedal gait design are
given in Westervelt et al. (2007, Section 6.3.3). Here, two
cost criteria are used in the optimization process. First we
use a nominal cost function, as used in RABBIT in West-
ervelt et al. (2004), consisting of the integral over a step of
squared torque divided by distance traveled,

Jnom (αs) = 1

ph
toesw

(
q−

s
) ∫ TI

0
‖u( t) ‖2 dt, (39)

where TI is the step duration and ph
toesw

is the step length.
Minimizing this cost function tends to reduce peak torque
demands and minimizes the electrical energy consumed per
step.

Next we use a cost function that quantifies the mechani-
cal energy consumed. The specific mechanical cost of trans-
port, cmt is introduced in Collins et al. (2005) and Collins
and Ruina (2005) as a means of quantifying energy con-
sumed for bipedal locomotion. cmt is the energy consumed
per unit weight per unit distance traveled and can be defined
as a cost function,

Jcmt =
∫ TI

0

∑4
i=1 Ei (t) dt

Mgd
, (40)

where M is the mass of the robot, g is the acceleration due
to gravity, d is the distance traveled, and

Ei (t) =
{

ui (t) q̇i (t) ui (t) q̇i (t) > 0
0 ui (t) q̇i (t) ≤ 0.

(41)

Mechanical power can be either positive (energy is injected)
or negative (energy is absorbed). Some authors (Hobbelen
and Wisse 2008) consider the absolute mechanical power
while defining the cmt, whereas the definition in (40) and
(41) does not take into account any negative work that is
performed by the actuators, the idea being that if the actu-
ators were redesigned, energy could be absorbed mechan-
ically through a friction brake or electronically through
regenerative breaking.
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Fig. 5. Evolution of the virtual constraints and configuration vari-
ables for a nominal fixed point (periodic walking gait) at a speed of
0.8 m s−1 and step length 0.575 m. The dots on the stance motor
leg-shape virtual constraint illustrate the location of transition
between consecutive subphases.

3.5. Fixed Point for Walking

This section presents a nominal fixed point of 0.8 m s−1

obtained by applying the optimization procedure outlined
in Section 3.4 to the virtual constraints of Section 3.1, and
with the cost function (39). Figure 5 illustrates the nominal
evolution of the virtual constraints and other configuration
variables for one step. It is seen that the stance motor leg
shape is held constant for the first part of the gait right after
impact, and both the stance motor leg shape and the torso
are held constant towards the final part of the gait. Interest-
ingly, the torso moves less than two degrees throughout the
step.

Figure 6 illustrates the evolution of the leg shape and the
stance Bspring variables. Notice that the spring compresses
to its peak value, and the sc → si transition is triggered
as the spring decompresses to five degrees. The injection
of energy in the si-phase causes the spring to compress
again. Figure 7 illustrates the actuator torques used to real-
ize the gait. These torques are small in comparison to the
peak torque capacities of the actuators: 30 Nm at umLA and
55 Nm at umLS. The torques are discontinuous at phase
boundaries, as noted earlier, due to the choice of the virtual
constraints being C1 at phase boundaries. Figure 8 illus-
trates the evolution of the swing-leg height and the vertical
position of the COM of the robot. The COM moves down-
ward immediately after impact, before reversing course and
following a roughly parabolic path. Such a trajectory more
closely resembles that of a human (Lee and Farley 1998)
than that of a robot with rigid links and rigid gearing. The
specific cost of mechanical transport for this nominal gait is,
cmt = 0.0452. The corresponding power plot is very simi-
lar to the power plot for the next designed gait and is not
shown.

A second walking gait was designed, this time using
cost function (40), which optimizes for the specific cost of

Fig. 6. Evolution of the leg shape and stance Bspring variables
corresponding to the nominal fixed point. The dot on the Bspring
plot illustrates the location of the sc to si event transition and
corresponds to qBspst

= 5◦.

Fig. 7. Actuator torques corresponding to the nominal fixed point.
Note that the torques are discontinuous at subphase boundaries,
due to the choice of C1 continuity of the virtual constraints at
subphase boundaries as per Appendix A.

Fig. 8. Evolution of swing-leg height and vertical COM of the
robot for the nominal fixed point. The COM trajectory more
closely resembles that of a human gait than of a robot with rigid
links since the COM moves downward immediately after impact,
before reversing course and following a roughly parabolic path.

mechanical transport. The optimization terminated with a
value of cmt = 0.0385 which is over 10% lower than that
for the nominal gait. For this fixed point, Figure 9 compares
the total power provided by the stance leg-shape motor to
the total power at stance leg shape, where the latter is the
sum of the actuator and compliance power. It is clear that
the spring is doing the vast majority of the negative work
that is necessary on the stance leg.
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Fig. 9. Power plot of a fixed point obtained by optimization of
(40), specific cost of mechanical transport. The thick line illus-
trates the total instantaneous power at the leg shape from the
actuator and the spring, and the thin line illustrates the instanta-
neous power at the leg shape from the motor alone. The difference
is the energy that is saved and that would otherwise have to be
provided by the actuator if the spring were absent. This plot shows
the significant energy economy at impacts due to the presence of
the compliance in the transmission.

4. Closed-loop Design and Stability Analysis

The feedback presented in (32) renders the zero dynamics
manifold invariant under the stance phase dynamics. It is
used in the optimization process of gait design in order to
evaluate the torques along a solution of the model respect-
ing the virtual constraints. The feedback (32) does not how-
ever render the solution stable or attractive in any way. In the
following, two controllers based on the classic input-output
linearizing controller

u = u∗ (xs, αp

) − Lgs Lfs hp

(
qs, αp

)−1(
Kp,P

ε2
y + Kp,D

ε
ẏ

)
,

(42)

where p ∈ {mc, sc, si, sd}, are discussed.

4.1. A PD + Feedforward Controller

With an eye toward experimental implementation, we look
at successful controllers that have been employed to enforce
virtual constraints in experiments. For RABBIT, it was pos-
sible to implement the virtual constraints through a simple
PD controller (Westervelt et al. 2004), per

u = −KPy − KDẏ

for y given by (22), and ẏ computed numerically. On
MABEL, such a controller (employed in experiments in
Grizzle et al. (2009)) resulted in virtual constraints that
were not accurately achieved due to large tracking errors,
and attempts at reducing the errors with high controller
gains were unsuccessful. See Section 6.6 for a discussion
of this point.

To address this, the vector of nominal control torques u∗

from (32) is incorporated as a feedforward term in the PD
controller. In particular, along the nominal orbit, for each
of the actuated variables m ∈ M and for each of the phases
p ∈ P , u∗ is regressed against θs with 5th order Bézier poly-
nomials to obtain the Bézier coefficients βm

p and resulting in
the controller

uexp = u∗ (θs, βs) − KPy − KDẏ, (43)

where, y is as defined in (22), ẏ still computed numerically,

and βs =
(
βm

p

)
.

The stability of the fixed points with the proposed closed-
loop controller (43) can be tested numerically using a
Poincaré map P : S → S with the switching surface taken
to be the switching surface at the si → sd event transition,
i.e. S = Ssi→sd , and

P (xs) = φ (TI ◦ �si→sd (xs) , �si→sd (xs)) , (44)

where, φ (t, x0) denotes the maximal solution of (12), with
initial condition x0 at time t0 = 0 and with u as defined
in (43). Finally, TI is the time-to-impact function defined in
the usual way (Westervelt et al. 2007, p. 94).

Using the Poincaré return map (44), we can numerically
calculate the eigenvalues of its linearization about the fixed
point. The analysis shows that the walking gait obtained by
optimizing (39) and with the closed-loop controller (43) is
exponentially stable with a dominant eigenvalue of 0.6921.

Similarly, the gait obtained from optimizing (40) is also
exponentially stable, with a dominant eigenvalue of 0.8194.

4.2. Hybrid Invariance

The above controllers are not hybrid invariant. It was dis-
covered in Morris and Grizzle (2006, 2009) that, in the
presence of compliance, while the feedback controller (42)
will render the zero dynamics manifold of a given phase
invariant under the continuous dynamics, it will not nec-
essarily render it invariant under the transition maps, that
is, at transitions from one phase to another, invariance is
lost. The loss of invariance manifests itself as an impul-
sive disturbance to the control law at each transition off the
periodic orbit. These perturbations do not prevent asymp-
totic stability from being achieved, but they do cause the
actuators to do more work. Morris and Grizzle (2009) pro-
posed a supplemental event-based controller that eliminates
this issue and, in fact, creates a hybrid zero dynamics for
the closed-loop system, that is, the zero dynamics manifold
is invariant under the continuous dynamics as well as the
transition maps.

For the related robot, Thumper, Poulakakis (2008) and
Poulakakis and Grizzle (2009a) proposed an event-based
control at each phase transition. This is not practical here,
however, because we have certain phases with extremely
small duration (the mc phase for instance). Instead, we cre-
ate a hybrid zero dynamics by updating parameters only at
the impact event (swing leg contacts the ground).

Following Grizzle et al. (2008) and Morris and Grizzle
(2009), the virtual constraints are modified stride to stride
so that they are compatible with the initial state of the
robot at the beginning of each step. The new output for the
feedback control design is

yc = hs
(
qs, ys+, ẏs+)

= H s
0qs − hs

d (θs) − hs
c

(
θs, ys+, ẏs+) .

(45)

The output consists of the previous output (22) and an addi-
tional correction term that depends on the previous output
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evaluated at the beginning of the step, specifically, ys+ =
H s

0q+
s − hs

d

(
θ+

s

)
, and ẏs+ = H s

0q̇+
s − ∂hd(θs)

∂θs
θ̇+

s . The values
of ys+, and ẏs+ are determined at the beginning of each step
and held constant throughout the step. The function hs

c is
taken here as

hs
c (θs) =

⎡
⎢⎢⎣

0
hc

LAsw
(θs)

hc
mLSsw

(θs)

hc
Tor (θs)

⎤
⎥⎥⎦ , (46)

with each hc
v (θs), v ∈ V\{mLSst} taken to be twice contin-

uously differentiable functions of θs such that,⎧⎪⎪⎨
⎪⎪⎩

hc
v

(
θs, ys+, ẏs+) = ys+

∂hc
v

∂θs

(
θ+

s

) = ẏs+
θ̇+

s

hc
v

(
θs, ys+, ẏs+) = 0, θ+

s +θmc+
v

2 ≤ θs ≤ θmc−
v

. (47)

With hc
v designed this way, the initial errors of the output

and its derivative are smoothly joined to the original virtual
constraint at the middle of the first phase of the correspond-
ing virtual constraint. By the choice of θmc−

LAsw
, θmc−

mLSsw
and

θmc−
Tor (defined in Section 3.1), the joining of the swing-leg

virtual constraints occurs at the middle of the step, while the
joining for the torso virtual constraint occurs earlier, at the
middle of the combined phases mcscsi. This is illustrated in
Figure 3 with thick dashed lines.

As noted in the definition of hs
c in (46), we have selected

hc
mLSst

≡ 0 since the mc phase is too short to handle sig-
nificant transients without large actuator torques, and fur-
ther we want to enforce the virtual constraint in the sc
phase to be constant in order to effectively use the compli-
ance. To overcome this, we propose an event-based control
action specific for the mLSst virtual constraint that updates
αmc

mLSst
, αsc

mLSst
, αsi

mLSst
at the beginning of each step such that

during the mc phase, the virtual constraint only drives the
motor leg-shape velocity to zero, and during the sc phase,
the virtual constraint keeps the motor shaft locked at a con-
stant position. Not until the si phase does the modified vir-
tual constraint smoothly join the nominal virtual constraint.
This correction term is also illustrated in Figure 3 with thick
dashed lines.

Under the new control law defined by (45), the behavior
of the robot is completely defined by the event transition
maps and the swing phase zero dynamics, with hs

d replaced
by hs

d + hs
c. The stability of the fixed point x∗ can now be

tested numerically using a restricted Poincaré map ρ : S ∩
Z → S ∩ Z where Z = {xs ∈ TQs | yc (qs) = 0, ẏc (qs) =
0}, the switching surface is taken to be the switching surface
at the si → sd event transition, i.e. S = Ssi→sd , and

ρ (xs) = φ (TI ◦ �si→sd (xs) , �si→sd (xs)) , (48)

where, φ (t, x0) denotes the maximal solution of (12), with
initial condition x0 at time t0 = 0 and u as defined in
(42). Hybrid invariance is achieved because the transi-
tion map for these events, �si→sd is the identity map, and
�si→sd (Ssi→sd ∩ Z) ⊂ Ssi→sd ∩ Z .

Fig. 10. Experimental setup of the bipedal testbed MABEL.

Using the restricted Poincaré return map (48), we can
numerically calculate the eigenvalues of its linearization
about the fixed point. For the gait obtained by optimizing
(39), we obtain the eigenvalues

eig

(
∂ρ (xs)

∂xs

)
=

⎡
⎢⎣

0.7258

2.6380 × 10−5

−1.8001 × 10−6

⎤
⎥⎦ . (49)

From Morris and Grizzle (2009, Corollary 2), the feedback
(42) and (45) renders the periodic orbit of the closed-loop
system exponentially stable for ε in (42) sufficiently small,
and KP, KD such that λ2 + KDλ + KP = 0 is Hurwitz.

The orbit obtained from optimizing (40) is also exponen-
tially stable, with a dominant eigenvalue of 0.7065.

5. Experiments

This section documents experimental implementations of
the controllers of Section 4 in various walking scenarios.
Figure 10 depicts the experimental setup. To illustrate the
power and limitations of the proposed methods, five exper-
iments are presented. First, the robustness and efficiency
of walking motions, resulting from enforcing the virtual
constraints of Section 3 through a feedforward plus PD
controller developed in Section 4.1, is evaluated. Then,
to achieve fast walking motions, the full compliant HZD
controller developed in Section 4.2 is implemented.

For each experiment, the controller was first coded in
C++ and evaluated on a detailed simulation model of the
robot that included encoder quantization and numerical
estimation of velocity variables from encoder measure-
ments. The controller was tested under various model per-
turbations, such as errors in the torso mass, spring stiffness,
torso COM position, and deviations in initial conditions.
These simulations are not discussed here for the sake of
brevity. The simulation model was then replaced with the
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physical robot. The experimental protocol is identical to
that used in Westervelt et al. (2004, Section 4). The exper-
iments varied in duration from 78 steps to 265 steps, and
were ended in each case by the experimenter stopping the
robot and killing the power.

The results of the experiments are presented in Figures
11–19. In order to facilitate comparisons, Figures 11–13
assemble results from Experiments 1, 4, and 5; the remain-
ing figures pertain to individual experiments. In the exper-
iments, the left leg refers to the inner leg, which is closer
to the center boom, and the right leg refers to the outer leg,
which is further from the center boom. All walking speeds
are measured with respect to the center point of the hip
between the two legs4.

5.1. Experiment 1: Nominal Walking at a Fixed
Speed

This experiment approximately implements the virtual con-
straints depicted in Figure 5 with the feedforward plus PD
controller given in (43). It was noticed in early experiments
that the transition from the sc phase to the si phase given
by (37) did not always occur. The spring was not decom-
pressing to the 5◦ trigger point, and was probably due to the
initial few steps being far away from the nominal orbit, and
also because of inability of the controller to accurately track
the stance motor leg shape virtual constraint. To ensure
that the transition from the sc phase to the si phase always
occurred in the experiments, the switching surface for this
transition is modified to have a guard around the nominal
value of θ−

sc , such that the transition is guaranteed to occur
for θs ∈ ( θ−

sc − γ , θ−
sc + γ ], with γ being a small positive

quantity. The modified switching surface is

Sexp
sc→si := (Ssc→si ∩ {xs ∈ TQs | θs ∈

( θ−
sc − γ , θ−

sc + γ ]
})∪{

xs ∈ TQs | θs = θ−
sc + γ

}
.

(50)

This controller led to successful walking, as illustrated in
Figures 11–15. The evolution of the desired and achieved
virtual constraints is depicted for the swing-leg variables in
Figure 11(a) and for the torso and stance leg motor posi-
tions in Figure 12(a). The nominal tracking in the swing
leg is very good, whereas considerable errors occur in the
torso and stance leg motor position. This is consistent with
the fact that the swing leg is unloaded and lightweight,
and hence much easier to control. The torques are given in
Figure 13(a).

Figure 14 depicts the evolution of the torso angle and
the evolution of Bspring for the left and right legs in stance,
respectively, over 52 of the 78 steps in the experiment.
Each of these is compared to the nominal fixed point. There
is a pronounced asymmetry in the robot, as was noted in
Grizzle et al. (2009). This asymmetry is due to the boom
radius not being large enough and is currently not included
as part of the model. It is also evident that the experi-
mental gait is faster than the designed value: the nominal

Fig. 11. Tracking for the swing-leg virtual constraints for (a) PD
+ Feedforward controller in Experiment 1, and (b) Decentralized
zero dynamics controller in Experiment 5. The tracking for PD
+ Feedforward controller is quite good, whereas the tracking for
decentralized zero dynamics controller is worse right after impact
and recovers quite well near impact.

fixed point is 0.8 m s−1, whereas the average experimen-
tal speed is approximately 1.0 m s−1. One possible reason
for the speed discrepancy is the impact model; see West-
ervelt et al. (2004, p. 569). This is discussed in Section 6.
Another possible reason is the large errors in tracking the
virtual constraints. As will be seen, controllers in subse-
quent experiments will reduce these errors and the walking
speed will be closer to that of the fixed point. Finally, Fig-
ure 15 illustrates the evolution of the Bspring-pulley for the
stance and swing legs. Notice that the sc → si transition
does not occur at five degrees as on the nominal orbit,
and that in the swing phase, Bspring is not fixed at zero as
assumed in the model.

5.2. Experiment 2: Demonstration of Robustness
to Perturbations

To test the robustness of the controller used in Experi-
ment 1, external, short duration forces are applied at the
hip at various instants of time. The results are depicted
in Figure 16. Initially, the robot is pushed forward by the
experimenter, causing the robot to speed up by roughly
45%. During the subsequent ten steps, the speed slowly
converges back to the nominal. Next, a retarding force is
applied, causing the robot to slow down by roughly 45%.
Over the next three steps, the robot’s speed has essentially
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Fig. 12. Tracking for the stance-leg virtual constraints for (a) PD
+ Feedforward controller in Experiment 1, (b) Compliant zero
dynamics controller in Experiment 4, and (c) Decentralized zero
dynamics controller in Experiment 5. The PD + Feedforward con-
troller produces significant tracking errors. The tracking fidelity
is much improved using the compliant zero dynamics controller.
However, there are significant oscillations in tracking the motor
leg shape, corresponding to a peak variation of approximately 1.3◦
in qLS. The decentralized zero dynamics controller improves the
tracking even further, with the oscillations nearly eliminated.

returned to the unperturbed value. This experiment demon-
strates the robustness of the robot in closed loop with the
feedback controller given by (43) to external disturbances
and illustrates an asymmetry in the rejection of the speed
perturbation. A simulation of the model was carried out to
estimate the force applied. A constant force over the sec-
ond half of the gait was assumed to be applied at the end of
the boom. In order to achieve similar speed gains and speed
drops, the required force from simulation is around 78 N
in the forward direction, and around 71 N in the reverse
direction, respectively.

When the robot is pushed forward (external energy is
injected into the system), the speed of the robot increases,

Fig. 13. Motor torques for (a) PD + Feedforward controller in
Experiment 1, (b) Compliant zero dynamics controller in Experi-
ment 4, and (c) Decentralized zero dynamics controller in Experi-
ment 5. The torques for the PD + Feedforward controller are noisy,
but are comparable in magnitude to the nominal predicted values
presented in Figure 7. The torques for the compliant zero dynamics
controller appear more “noisy” and experience significant satura-
tion (saturation limits were set to 6 Nm on leg angle motors and
10 Nm on leg-shape motors). For the decentralized zero dynamics
controller, the leg angle motor torques are far less “noisy” than
those for the compliant zero dynamics controller, while the leg-
shape motor torques are still a little “noisy”, but still much reduced
when compared to the compliant zero dynamics controller.

and the robot takes a large number of steps to recover.
One would expect that, due to the increased speed, larger
amounts of energy would be dissipated at impacts after the
forward push perturbation. This would cause the robot to
converge to its nominal motion faster. However, this is not
the case in the experiment, indicating that the energy loss
at impact is fairly small. Thus a large number of steps are
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Fig. 14. This figure compares the evolution of qBsp for the left and
right legs in stance for Experiment 1 and the evolution of the torso,
over 52 steps, and compares them with the corresponding values
for the nominal fixed point. The step times for the left and right
legs vary, with the robot walking faster when the right (i.e. inside)
leg is stance, and both step times are shorter than the fixed point.
This is evident when we compare the average walking speed in
the experiment, 1.0 m s−1, with the designed fixed point walking
speed of 0.8 m s−1. Possible reasons for this discrepancy are dis-
cussed in the text. Next notice in the qBsp plot, right after impact,
in the experiments the spring compresses more slowly than in the
fixed point. This is possibly due to a non-instantaneous double
support phase in the experiments.

Fig. 15. Stance and swing Bspring evolution for nominal experi-
ment. The asterisks indicate the locations of the transitions from
subphase sc to subphase si. This transition occurs before the
qBsp = 5◦ event due to the presence of the additional guards in
the experiments, (50). It is also seen that the swing Bspring angle
is not at 0◦ as assumed in the model. This deviation is significant
right after impact, but appears to quickly die out to a small value
for the remaining part of the gait.

needed to dissipate the extra energy injected into the sys-
tem by the push. This is also what we see in simulation
in Section 6.2. This indicates that the compliance plays
an important role in the impacts. For pushes in the oppo-
site direction, additional energy is quickly injected into the
system by the actuators.

5.3. Experiment 3: Efficient Walking

The fixed point obtained by optimizing for the specific
energetic cost of mechanical transport (40) is implemented
experimentally using the feedforward plus PD controller
(43). The designed fixed point has a cost of cmt = 0.0385
and nominal walking speed of 0.8 m s−1.

Figure 17 depicts the power plots for the inside and out-
side legs obtained by averaging the experimental data over
77 steps. The realized energetic cost of mechanical trans-
port is cmt = 0.145. For comparison purposes, Figure 18

Fig. 16. Speed at each step for Experiment 2. An external distur-
bance in the form of a forward push is applied on step 9 (thick
line), and the speed of the subsequent ten steps is faster than the
nominal. An external disturbance in the form of a backward push
is applied on step 32 (thick line), and the speed of the subsequent
three steps is slower than the nominal. In both cases nominal speed
is recovered. Interestingly, it takes more steps for the robot to lose
energy and slow down rather than for the robot to gain energy and
speed up. This indicates that very little energy is lost at impact.

Fig. 17. Power plot of Experiment 3 implementing a fixed point
obtained by optimizing for cmt (40). The plots are obtained by
averaging the power over 77 steps (39 steps with the left leg as
stance and 38 steps with the right as stance). The vertical lines
indicate mean phase transition instants. Most of the negative work
is done by the compliance instead of the actuator.

shows the power plot for the hand-tuned virtual constraints
reported in Grizzle et al. (2009). It is clear that the new
control design makes more efficient use of the compli-
ance available in the open-loop plant than the controllers
previously designed.

The experimentally realized cmt is approximately three
times the designed value. This is discussed in Section 6.3.

5.4. Experiment 4: Compliant Zero Dynamics
Controller

This section focuses on achieving greater fidelity in the
tracking of the virtual constraints.
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Fig. 18. Power plot for the hand-tuned virtual constraints experi-
ment reported in Grizzle et al. (2009). The plots are obtained by
averaging the power over 32 steps. Immediately after impact and
during the first 10% of the gait, we can see the motor actually
fights the spring. In the rest of the gait, the motors do almost all of
the work.

Background An important goal of MABEL is running. As
an intermediate goal, we have started looking at fast walk-
ing. We consequently designed new fixed points using the
methods of Sections 3 and 3.4, for walking at 1.0 and
1.2 m s−1, and implemented them using the controller struc-
ture of (43). Experiments were unsuccessful, even when the
transition controller of Westervelt et al. (2007, Chapter 7)
was added. The experimental data showed poor tracking of
the torso and stance motor leg-shape virtual constraints and
led us to conclude that more precise control was needed in
order to achieve these higher speeds.

We thus stepped away momentarily from the problem of
fast walking and concentrated on achieving a higher fidelity
implementation of the virtual constraints. We decided to
use the full I/O linearizing controller (42), with correc-
tion polynomials as in (45). Although zero dynamics based
controllers are great in theory, all experimental implemen-
tations to date had been with simple PD controllers (West-
ervelt et al. 2004; Morris et al. 2006). Zero dynamics con-
trollers are often criticized for being overly dependent on
the model being accurate, and for being too complex to
implement in real time.

Results We report, for the first time, an experimental
implementation6 of the full compliant hybrid zero dynam-
ics controller to successfully achieve walking on MABEL.
The virtual constraints of Experiment 1 are used here. The
tracking accuracy obtained is far better than the feedfor-
ward plus PD controller used previously. The compliant
zero dynamics controller, (32), (42), with the correction
terms, (45), and with the modified event transition surface,
(50), is deployed. The output coordinates are normalized to
approximately the same magnitude for better conditioning
of the decoupling matrix. Unlike in Section 5.1, u∗ is com-
puted from the dynamics directly and is not approximated.
(Recall that in Section 4.1, u∗ was regressed against θs to
obtain a Bézier polynomial u∗ (θs, βs). This approximated
u∗ along the periodic orbit as a function of θs but provides
no velocity correction.)

Fig. 19. Bspring evolution for the compliant zero dynamics con-
troller in Experiment 4. The asterisks indicate location of transi-
tion from the stance-compression (sc) to the stance-decompression
(sd) phase. The transitions appear to be closer to the nominal value
of qBsp = 5◦ when compared with the PD controller, Figure 15.

The tracking of the swing virtual constraints is at least
as good as that obtained in Figure 11(a) with the PD con-
troller and is not shown. Figures 12(a) and 12(b) compare
the tracking of qTor and qmLSst under the effect of the PD
and the compliant zero dynamics controllers, respectively.
The tracking is greatly improved, where the error on qTor

reduced from a peak of 3.1◦ to 2.4◦, with a reduction in
Root Mean Square Error (RMSE) from 1.44◦ to 0.89◦. Sim-
ilarly, the error on qmLSst reduced from a peak of 59.1◦

to 39.5◦, with a reduction in RMSE from 29.82◦ to 0.28◦

(when scaled by a gear ratio of 31.42, this translates to a
reduction in error for qLSst from a peak of 1.9◦ to 1.3◦, with
a reduction in RMSE from 0.95◦ to 0.009◦.).

Figure 19 illustrates the stance and swing Bspring values
over a few steps. Notice that the sc → si transition occurs
more closely to the designed value. Figure 13(b) depicts the
control torques at the actuators. These are noisier than with
the PD control torques. This issue will be resolved in the
next section.

The average walking speed for this experiment is
0.9 m s−1. This is closer to the designed walking speed
than in Experiment 1. The reduction in errors in the vir-
tual constraint improves the correlation between the desired
and realized walking speeds.

5.5. Experiment 5: Fast Walking

We return to the problem of achieving fast walking. A
decentralized zero dynamics controller is implemented
using the virtual constraints of Experiment 1. This is simply
the zero dynamics controller as implemented in Experi-
ment 4, with the off-diagonal elements of the decoupling
matrix, Lgs Lfs h, set to zero. This was observed to reduce
the “cross-talk” in the control signal due to errors in one
output being transferred to another. Figures 11(b) and 12(c)
illustrate the virtual constraint tracking achieved with the
decentralized zero dynamics controller. Figure 13 compares
the torques obtained under the effect of the presented con-
trollers. The torques for the decentralized zero dynamics
controller are less noisy when compared to the torques for
the compliant zero dynamics controller.

With this controller, MABEL started walking at around
1.15 m s−1. The torso was gradually leaned forward to
increase the speed. A top walking speed of 1.52 m s−1 was
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achieved with a sustained walking speed of 1.5 m s−1 (3.4
mph). This made MABEL “the fastest walking biped of any
size” in the world on 31 October 2009, and the record was
held until 22 April 2010, when PETMAN reclaimed the
speed record with a 1.97 m s−1 walking gait7.

Section 6.4 compares the walking speed of several
bipedal robots.

6. Discussion of the Experiments

This section discusses various aspects of the robot and the
feedback controllers revealed by the experiments.

6.1. Asymmetry

The model used in the feedback designs has assumed a pla-
nar robot; in particular, this is predicated on the robot’s
dynamics being identical when the left leg is in stance or
the right leg is in stance. The data shows clearly that this
is false. The robot itself is nearly symmetric. The asymme-
try arises from the boom used to constrain the robot to the
sagittal plane. The facility housing the robot only permits a
boom of length 2.25 m from the center of the floor to the
center of the robot. The width of MABEL’s hips is 0.24 m,
which is approximately 10% of the boom. For comparison,
RABBIT has a boom of length 1.7 m, with a hip width of
0.074 m, which is approximately 4% of the boom. The robot
plus boom may need to be modeled as a 3D system.

It was noted that the experimental walking speed for
Experiment 1 in Section 5.1 was 1.0 m s−1. The average
speed with the left (inner) leg as stance is 0.98 m s−1 while
the average speed with the right (outer) leg as stance is
1.02 m s−1. The ratio of left and right stance speeds is nearly
equal to the ratio of distance of left and right legs to the
center column.

6.2. Impact Model

For legged robots, the accuracy of the model of the leg end
(foot) impact with the walking surface is difficult to ascer-
tain and to improve. The vast majority of researchers adopt
an instantaneous double support model, and use Hurmuzlu
and Marghitu (1994) to build the corresponding mathemat-
ical model. Several researchers have used or proposed com-
pliant ground models (see Westervelt et al. (2007, p. 278),
Freeman and Orin (1991), Wei et al. (1993), Pascal (1994),
Wei et al. (1994), Canudas de Wit et al. (1995), Bruneau
and Ouezdou (1997), Bruneau and Ouezdou (1999), Plestan
et al. (2003), and Roussel (1998, Chapter 5)) yielding a
double support phase of non-zero duration. Results exist in
the literature in which rigid impact models have also been
used to obtain non-trivial double support phases (Roussel
et al. 1998; Miossec and Aoustin 2005). While the compli-
ant models seem more physically realistic, the uncertainty
present in the parameters of such models does not neces-
sarily yield a more accurate result, and it certainly does
add considerable complexity to the model via numerical
stiffness and/or non-Lipschitz continuous dynamics.

Table 1. Effect of Impact Map Scaling on Walking Speed

Impact map scaling Steady-state walking
factor η speed (ms −1)

1.0 0.80
0.99 0.86
0.98 0.92
0.97 0.98
0.966 1.00
0.96 1.04

Fig. 20. This figure shows the plots of the Bspring and the Torso
separately for the left and right legs as stance for Experiment 1
and compares with a simulation of the nominal fixed point with an
impact scaling factor, η = 0.966.

The bottom line is that when comparing theoretical pre-
dictions to experiments, the impact model should be con-
sidered as one possible source of error. In all of the experi-
ments reported here, the robot walked faster than predicted
by the dynamic model. Westervelt et al. (2004, Figure 9)
suggested that this could be accounted for by scaling the
post-impact velocity predicted by (19). The scaling is per-
formed here in such a way that the post-impact velocity
still respects the constraints (16), (17), and (18). The impact
scaling is achieved by replacing q̇+

e with ηq̇+
e in these con-

straints, where η is an impact scaling factor. Table 1 shows
various steady-state walking speeds for different values of
the impact scaling factor. It is notable that for the simula-
tion to match the experimental walking speed, we require
η = 0.966, a change of less than 4% to the impact map.
Figure 20 compares the nominal walking experiment with a
simulation with this impact scaling factor.

6.3. Experiment 3: Efficient Walking

As mentioned in Section 5.3, the experimentally realized
cmt is approximately three times the designed value.

One may suppose that this discrepancy is due to the exis-
tence of non-negligible motion of the motor shaft during
the sc and sd phases, a consequence of the inability of
the actuator to function as an ideal brake. However, this is
not the case. Detailed examination of the mechanical work
performed in the sc and sd phases reveals that the stance
motor leg-shape already does little work in the experiment.
Introducing a brake in the experimental setup would then
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have little effect in improving the cmt value. After sev-
eral simulations, perturbing different parts of the model,
such as increasing friction and introducing cable stretch, we
have observed that both friction and cable stretch contribute
significantly to increase the specific cost of mechanical
transport.

Table 2. Efficiency Numbers for Various Bipedal Robots and
Various Controllers on MABEL

Robot cmt

Honda’s ASIMO* 1.60
RABBIT (Westervelt 2003, Section 6.5.1) 0.38
MABEL - Hand designed VC (Grizzle et al. 2009) 0.29
MABEL - 0.8 m s−1 FP, HZD Ctrl (Experiment 4) 0.18
MABEL - 0.8 m s−1 FP (Experiment 1) 0.15
MABEL - cmt = 0.0385 FP (Experiment 3) 0.14
T.U. Delft’s Denise* (Collins and Ruina 2005) 0.08
MIT’s Spring Flamingo (Collins and Ruina 2005) 0.07
Cornell Biped* (Collins et al. 2005) 0.055
McGeer’s Dynamite (Collins and Ruina 2005) 0.04

*3D, autonomous and untethered.

Table 2 illustrates the (mechanical) energy efficiency of
several bipedal robots, and is sorted by cmt. Although the
experimentally obtained cmt value for MABEL is not as
good as the designed value, it is 12 times better than that of
Honda’s ASIMO, over 2.75 times better than RABBIT and
twice better than the hand-tuned virtual constraints based
controller on MABEL. This puts MABEL’s energy effi-
ciency within a factor of two of T.U. Delft’s Denise and a
factor of three of the Cornell Biped, none of which can step
over obstacles or run; it is also within a factor of two of the
MIT Spring Flamingo which can easily step over obstacles
but cannot run, and within a factor of three of humans, who
can do all of the above.

6.4. Experiment 5: Fast Walking

In order to compare MABEL’s walking performance with
other bipedal robot designs and control methods, Table 3
lists robot parameters, peak walking speed, and the dimen-
sionless velocity8. The table is sorted by peak speed.
Of note is the bipedal robot RunBot (Geng et al. 2006;
Manoonpong et al. 2007), which is the fastest walker mea-
sured by dimensionless velocity and leg lengths per second.
MABEL was the fastest walker in terms of absolute speed
from 31 October 2009 until 22 April 2010, when PETMAN
took the record.

Notice that MABEL and it’s predecessor, RABBIT, are
the only ones in this list without ankles and feet. It has
been suggested in Lee and Piazza (2009) that ankles and
even toes in humans, are very useful to provide a push-off
to increase speed. The effect of push-off in bipedal robots
is studied in Kuo (2002) and is established as an energy
efficient way to increase speed.

Fig. 21. Cable stretch as measured by qLA − qmLA/23.53 for the
right (outer) leg over two consecutive swing and stance phases for
the fast walking experiment, Experiment 5. Negative cable stretch
values are not to be interpreted as cable compression. Cable differ-
entials require two sets of cables to “pull” in either direction. The
negative cable stretch values in the figure refer to cable stretch in
the second cable.

6.5. Cable Stretch

The differentials in MABEL’s drivetrain, cf. Figure 2, are
realized by a series of cables and pulleys. The reader is
referred to Hurst (2008); Park et al. (2010) for details. The
robot was designed under the assumption that the cables
undergo zero deformation, and this assumption has been
used in developing the dynamic model of the robot that
we used for control design. In the experiments, it has been
observed that there is significant cable stretch. A represen-
tative plot of the cable stretch in the leg angle is shown in
Figure 21, where the variable qLA + qmLA/23.53 is plotted
in degrees. If the cables were rigid, this variable would be
identically zero9.

6.6. Zeroing the Virtual Constraints

The theorems supporting the method of virtual constraints
are easier to prove when an input-output linearizing con-
troller such as (42) is used (Westervelt et al. 2007; Mor-
ris and Grizzle 2009; Poulakakis and Grizzle 2009b). In
practice, the benefits are achieved by any controller that
realizes the constraints h (qs) = H s

0qs − hd (θs) with “suf-
ficient accuracy”. This can be formalized using high-gain
feedback via singular perturbations (Viola 2008). On RAB-
BIT the actuators were connected to the robot’s linkage
through 50 : 1 gear ratios, and it turned out that a high-
gain PD implementation resulted in sufficiently accurate
realization of the virtual constraints. However, on MABEL,
this simple controller was inadequate for fast gaits, moti-
vating the implementation of an input-output linearizing
controller. We believe that three things limited our ability
to increase the PD gains in (43) sufficiently high to real-
ize the constraints: lower gear ratios in the drivetrain10;
encoder “noise” when estimating derivatives; and the addi-
tional compliance arising from the cable stretch discussed
above.

7. Conclusion

MABEL contains springs in its drivetrain for the purposes
of enhancing energy efficiency and agility of dynamic loco-
motion. This paper has presented a novel analytical design
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Table 3. Top Walking Speeds of Bipedal Robots; this Table is Motivated by Manoonpong et al. (2007, Figure 1)

RunBot RABBIT Spring Flamingo MABEL PETMAN Olympic Record
Mass (kg) 0.53 32.00 14.20 65.00 – ≈ 70.00
Leg Length (m) 0.23 0.80 0.90 1.00 – 0.9 ≈ 1.15
Peak Speed (m s−1) 0.80 1.20 1.25 1.50 1.97 4.60
Dimensionless Velocity 0.53 0.43 0.42 0.48 – 1.4 ≈ 1.5

method to realize the potential of the springs. An extensive
set of experiments was performed to illustrate and confirm
important aspects of the feedback design.

A HZD-based controller was designed to achieve asymp-
totically stable walking while recruiting the compliance
in the robot’s drivetrain to perform most of the negative
work required to decelerate the downward motion of the
robot’s COM after impact, instead of the actuators. This not
only improved the energy efficiency of walking, but also
made the gait more natural looking. Stability analysis of the
walking gait was performed using the method of Poincaré.

The analytically derived control law was experimentally
validated on MABEL. The controller was demonstrated to
be robust to external disturbances as well as to significant
differences between the design model and the actual robot.
In particular, the cables used to realize the differentials in
the robot’s drivertrain exhibited considerable stretch in the
experiments, none of which was considered in the design
model. Due to the observations made as part of these exper-
iments, a more accurate model incorporating cable stretch
has been presented in Park et al. (2010).

A walking gait was designed to optimize for the energetic
cost of mechanical transport cmt and then experimentally
evaluated on MABEL. Even though MABEL has no feet,
the experimentally realized cmt is 12 times better than that
of ASIMO, approximately three times as good as RABBIT,
and twice as good as a hand-designed virtual-constraint-
based controller that we had previously implemented on
MABEL. This puts MABEL’s energy efficiency within a
factor of two of T.U. Delft’s Denise, and a factor of three of
the Cornell Biped, which are specifically designed mechan-
ically for efficient walking. This demonstrates the interplay
of mechanical design and control design in achieving higher
efficiency.

For the first time, a real-time implementation of a
complete hybrid zero dynamics based controller has
been demonstrated in experiments. The tracking accuracy
attained is far better than that of simple PD controllers
used in prior experiments on RABBIT and MABEL. This
removed the restriction of hybrid zero dynamics to theory
or simulation, and establishes hybrid zero dynamics based
controllers in the experimental domain.

A controller was implemented on MABEL that realized a
sustained walking speed of 1.5 m s−1 (3.4 mph). This made
MABEL “the fastest robotic bipedal walker of any size” as

of 31 October 2009, and the record was held until 22 April
2010.

This work has experimentally demonstrated a novel con-
trol design that preserves natural dynamics and has estab-
lished MABEL as a successful stable, efficient, and fast
walker. This sets a very important preliminary stage for
running on flat ground and for walking on uneven ground.
Future research will be directed towards obtaining analyti-
cal and experimental results in these areas.
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Notes

1. The symbolic expressions for the transmission model
are available online at http://www.eecs.umich.edu/∼ griz-
zle/papers/robotics.html.

2. We have checked that first doing the standard impact for the
swing leg, and then doing a second impact for qBsp hitting
the hard stop, with the constraint that the new stance leg end
velocity remains zero, gives the same result as the model
presented here.

3. The double support phase of human walking is spring-like
in the vertical direction and redirects the COM (Geyer et al.
2006; Rebula et al. 2009). The COM redirection is obtained
here without a double support phase.

4. Videos of the experiments are available on YouTube at
http://www.youtube.com/DynamicLegLocomotion.
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5. This is around 10% lower than the realized energetic cost
of mechanical transport for Experiment 1, which was cmt =
0.15. The designed values of the energetic cost of mechanical
transport for the corresponding fixed points also differ by the
same amount.

6. To enable computing all terms of the zero dynamics based
controller within a 1 ms sample time, an extremely effi-
cient matrix library based on C++ expression templates
(Veldhuizen 1995; Alexandrescu 2001) was used.

7. The video was posted to YouTube http://www.youtube.com/
DynamicLegLocomotion.

8. The dimensionless velocity serves as a speed metric and is
defined as the square root of the Froude number, with the
Froude number being the ratio of the centrifugal force due to
motion about the foot and the weight of the robot (Vaughan
and O’Malley 2005).

9. Encoders are present to directly measure both qLA and
qmLA.

10. MABEL has a gear ratio of 23.53 : 1 and 31.42 : 1 for leg
angle and leg-shape coordinates respectively. For comparison,
RABBIT has a gear ratio of 50 : 1 at both the knees and hips.
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Appendix A: Bézier Polynomials
for Subphases

This section develops a framework for virtual constraints
with subphases and provides details on how the Bézier
polynomials for the stance subphases are obtained.

Framework for Virtual Constraints
with Subphases

Let P be an index set representing the subphases of the vir-
tual constraints, and let p ∈ P denote a particular subphase.
Similarly, let V be an index set representing the virtual
constraints, and let v ∈ V denote a particular virtual con-
straint. In each subphase, the virtual constraint will be an
Mth order Bézier polynomial parametrized by θs, where,
θ

p+
v , θ

p−
v are the starting and ending values of θs respec-

tively within phase p of virtual constraint v. It is convenient
to normalize each θs to [0, 1] by defining

sp
v := θs − θ

p+
v

θ
p−
v − θ

p+
v

, (51)

where θs goes from θ
p+
v to θ

p−
v during phase p ∈ P . Then,

if α
p
v is the vector of Bézier coefficients, then the desired

evolution of the virtual constraint v for phase p can be
expressed as

hd,p
v (θs) =

M∑
k=0

αp
v (k)

M

k (M − k)
sp

v
k (1 − sp

v

)M−k
. (52)

To ensure Ck continuity between successive subphases
p1, p2 ∈ P , a standard property of Bézier curves spec-
ifies how the last k + 1 parameters of α

p1
v and the first

k+1 parameters of α
p2
v must be related (Westervelt et al.

2007, p. 139). Next, it can be convenient to treat succes-

sive subphases p1, p2, defined over domains
[
θ

p1+
v , θp1−

v

]
,[

θ
p2+
v , θp2−

v

]
respectively, as a single combined phase p1p2

with domain
[
θ

p1+
v , θp2−

v

]
. This is particularly useful for

virtual constraints that do not require the resolution of mul-
tiple subphases and enables parameterizing with a single
Bézier polynomial over both subphases. To do this, we
impose θ

p1−
v = θ

p2−
v , θ

p2+
v = θ

p1+
v , and α

p1
v = α

p2
v =: α

p1p2
v

in our general framework for virtual constraints with sub-
phases. Thus we obtain sp1p2

v |p1 = sp1
v and sp1p2

v |p2 = sp2
v ,

with sp1p2
v monotonically increasing from zero to one over

both phases p1, p2. With this setup, the transition event from
subphase p1 to p2 no longer has any effect on the com-
bined phase p1p2. This phase combination can be extended
to more than two phases, and in fact all of the phases of
a controlled variable can be combined, resulting in a sin-
gle virtual constraint over the entire stance phase with no
subphases.

Stance Motor Leg-shape Virtual Constraint

In the motor-compression phase, the motor leg-
shape position is given by a Bézier polynomial
parametrized by smc

mLSst
, with coefficients αmc

mLSst

and θmc+
mLSst

= θ s+, θmc−
mLSst

= θmc−. The bound-
ary conditions

(
qmc+

mLSst
= qs+

mLSst
, q̇mc+

mLSst
= q̇s+

mLSst

)
, and(

qmc−
mLSst

= qsc
mLSst

, q̇mc−
mLSst

= 0
)

specify the starting and the
ending two coefficients, and the middle coefficients are free
to be chosen as part of the control design ,and are chosen
to smoothly transition between qs+

mLSst
and qsc

mLSst
.

In the stance-compression phase, the motor leg-shape
position is given by a Bézier polynomial parametrized
by ssc

mLSst
, with coefficients αsc

mLSst
all equal to qsc

mLSst
, and

θ sc+
mLSst

= θ s+, θ sc−
mLSst

= θ sc−.
In the stance-injection phase, the motor leg-shape posi-

tion is given by a Bézier polynomial parametrized by, ssi
mLSst

,

with coefficients αsi
mLSst

and θ si+
mLSst

= θ si+, θ si−
mLSst

= θ si−.

The boundary conditions
(
qsi+

mLSst
= qsc

mLSst
, q̇si+

mLSst
= 0

)
,(

qsi−
mLSst

= qsc−
mLSst

, q̇si−
mLSst

= 0
)

specify the starting and end-
ing two parameters of αsi

mLSst
with the rest being free

parameters to be chosen as part of control design.
In the stance-decompression phase, the motor leg-shape

position is given by a Bézier polynomial parametrized
by ssd

mLSst
, with coefficients αsd

mLSst
all equal to qsc−

mLSst
, and

θ sd+
mLSst

= θ sd+, θ sd−
mLSst

= θ s−.
Thus, parameters of only αsi

mLSst
are available to be chosen

as part of control design. For notation purposes, we define
αmLSst := αsi

mLSst
.

Torso Virtual Constraint

The motor-compression, stance-compression, and stance-
injection phases, are combined into a single phase by setting
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θmc+
Tor = θ sc+

Tor = θ si+
Tor = θ s+, θmc−

Tor = θ sc−
Tor = θ si−

Tor = θ si−,
and αmc

Tor = αsc
Tor = αsi

Tor =: αTor. Thus the torso evolu-
tion in this combined phase is given by a Bézier polynomial
parametrized by sTor, with coefficients αTor.

The desired torso evolution in the stance-decompression
phase is given by a Bézier polynomial parametrized by ssd

Tor,
with coefficients αsd

Tor all equal to qs−
Tor, and θ sd+

Tor = θ sd+,
θ sd−

Tor = θ s−.

Swing Leg Virtual Constraints

For the swing virtual constraints, all subphases are com-
bined into one by setting θmc+

LAsw
= θ sc+

LAsw
= θ si+

LAsw
=

θ sd+
LAsw

= θ s+, θmc−
LAsw

= θ sc−
LAsw

= θ si−
LAsw

= θ sd−
LAsw

= θ s−,
and αmc

LAsw
= αsc

LAsw
= αsi

LAsw
= αsd

LAsw
=: αLAsw

. Thus the
evolution of the swing-leg angle is given by a Bézier poly-
nomial parametrized by sLAsw

, with coefficients αLAsw
. In

a completely similar manner, the swing motor leg shape is
parameterized by αmLSsw

.
The Bézier coefficients that are not specified above are

free parameters in the virtual constraints, and are specified
by control design. These parameters can be put in a vector
as,

αs =

⎡
⎢⎢⎣

αmLSst

αLAsw

αmLSsw

αTor

⎤
⎥⎥⎦ . (53)

Appendix B: Optimization Details

Equality and inequality constraints are used during the
optimization process to ensure that the closed-loop system
yields a desired behavior. These constraints could be limits
on peak actuator torques, joint space constraints, unilateral
ground contact forces, speed of walking, ground clearance,
etc. Further, the general form of the virtual constraints cho-
sen in Section 3.1 is assumed to be satisfied on the peri-
odic orbit. This enables integrating the stance zero dynam-
ics over the reduced-order closed-loop system dynamics
(established in Section 3.3) thereby reducing the compu-
tation time significantly. The details of the optimization
algorithm are described in the following.

Algorithm

1. Select θ−∗
s , q−∗

Bspst
, q−∗

LAsw
, q−∗

mLSsw
, q−∗

Tor. Determine q−∗
LAst

using (25). Determine q−∗
mLSst

by a Newton–Raphson
search to satisfy pv−∗

toesw = 0 as this ensures that the
impact condition, q−∗ ∈ Ss→s, is met.

2. Select θ̇−∗
s , q̇−∗

Bspst
, q̇−∗

LAsw
, q̇−∗

mLSsw
. Choose q̇−∗

mLSst
= 0,

q̇−∗
Tor = 0 to satisfy the virtual constraints described in

Section 3.1. Determine q̇−∗
LAst

using (25).
3. Using the stance-to-stance transition function, �s→s,

obtain x+∗
s = (

q+∗
s ; q̇+∗

s

)
, the state corresponding to the

beginning of the subsequent stance phase.

Table 4. The List of Independent Parameters to be Determined
by Optimization. The Choice of these Parameters is Non-unique,
and Depends on the Algorithm and Constraints Employed in
Optimization

Optimization Parameters

θ−∗
s , q−∗

Bspst
, q−∗

LAsw
, q−∗

mLSsw
, q−∗

Tor ∈ R

θ̇−∗
s , q̇−∗

Bspst
, q̇−∗

LAsw
, q̇−∗

mLSsw
∈ R

αs∗
2 , . . . , αs∗

M−2 ∈ R
4

4. Calculate θ+∗
s , θ̇+∗

s using (25). Set θ−∗
mc = θ+∗

s +
0.05

(
θ−∗

s − θ+∗
s

)
, and θ−∗

si = θ+∗
s + 0.7

(
θ−∗

s − θ+∗
s

)
corresponding to 5% and 70% of the stance phase
respectively, and set qsc∗

mLSst
= qs+∗

mLSst
+ sgn

(
q̇s+∗

mLSst

)
max

(
20◦, |q̇s+∗

mLSst
|). This facilitates the use of the first

5% of the gait to drive non-zero, post-impact, motor
leg-shape velocity to zero, and the last 30% of the gait
to hold the torso constant in preparation for impact.

5. Select α∗
s,2, . . ., α∗

s,M−2. Calculate α∗
s,0, α∗

s,1 to satisfy
the post-impact conditions, and calculate α∗

s,M−1, α∗
s,M

to satisfy the pre-impact conditions. Set αmc∗
mLSst,2

, . . .,
αmc∗

mLSst,M−2 to get a smooth transition between qs+∗
mLSst

and
qsc∗

mLSst
.

6. Integrate the stance dynamics for the motor-correction
phase, �mc, and the stance-compression phase, �sc,
until the spring undergoes maximum compression
and reaches a decompressed value of five degrees.
Set this value of θs as θ sc−

s . Integrate the stance
dynamics through the stance-injection, �si, and stance-
decompression, �sd , phases to obtain x−

s .
7. Evaluate the cost function J, equality constraints EQ,

inequality constraints INEQ.
8. Iterate the above steps until J is minimized and the

equality and inequality constraints are satisfied.

Equality constraints, EQ

• Error associated with finding a fixed point ||x−
s − x−∗

s
|| = 0.

• Toe position of the swing leg at the end of the step
pv

toesw
= 0.

Inequality constraints, INEQ

• Magnitude of the minimum normal force at the stance
leg to be positive, min

(
FN

st

)
> 0.

• Maximum of magnitude of coefficient of friction less
than one, | max

(
FT

st/FN
st

) | < 0.6.
• Walking speed greater than 0.7 m s−1.
• Swing leg toe profile to be above the ground throughout

the stance phase.
• Swing leg angle not to exceed 220◦.
• Stance leg angle not less than 140◦.
• Range of travel of torso less than 5◦.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        18
        18
        18
        18
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 18
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


